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\subfigcapmargin=\dimen119
\subfiglabelskip=\skip54
\c@subfigure=\count100
\c@lofdepth=\count101
\c@subtable=\count102
\c@lotdepth=\count103

****************************************
* Local config file subfigure.cfg used *
****************************************
(/usr/share/texlive/texmf-dist/tex/latex/subfigure/subfigure.cfg)
\subfig@top=\skip55
\subfig@bottom=\skip56
)
(/usr/share/texlive/texmf-dist/tex/latex/multirow/multirow.sty
Package: multirow 2016/11/25 v2.2 Span multiple rows of a table
\multirow@colwidth=\skip57
\multirow@cntb=\count104
\multirow@dima=\skip58
\bigstrutjot=\dimen120
)
(/usr/share/texlive/texmf-dist/tex/latex/graphics/color.sty
Package: color 2016/07/10 v1.1e Standard LaTeX Color (DPC)

(/usr/share/texlive/texmf-dist/tex/latex/graphics-cfg/color.cfg
File: color.cfg 2016/01/02 v1.6 sample color configuration
)
Package color Info: Driver file: pdftex.def on input line 147.
)
(/usr/share/texlive/texmf-dist/tex/latex/lineno/lineno.sty
Package: lineno 2005/11/02 line numbers on paragraphs v4.41
\linenopenalty=\count105
\output=\toks28
\linenoprevgraf=\count106
\linenumbersep=\dimen121
\linenumberwidth=\dimen122
\c@linenumber=\count107
\c@pagewiselinenumber=\count108
\c@LN@truepage=\count109
\c@internallinenumber=\count110
\c@internallinenumbers=\count111
\quotelinenumbersep=\dimen123
\bframerule=\dimen124
\bframesep=\dimen125
\bframebox=\box31
LaTeX Info: Redefining \\ on input line 3056.
)
(/usr/share/texlive/texmf-dist/tex/latex/preprint/fullpage.sty
Package: fullpage 1999/02/23 1.1 (PWD)
\FP@margin=\skip59
)
(/usr/share/texlive/texmf-dist/tex/generic/ulem/ulem.sty
\UL@box=\box32
\UL@hyphenbox=\box33
\UL@skip=\skip60
\UL@hook=\toks29
\UL@height=\dimen126
\UL@pe=\count112
\UL@pixel=\dimen127
\ULC@box=\box34
Package: ulem 2012/05/18
\ULdepth=\dimen128
)
(/usr/share/texlive/texmf-dist/tex/latex/tools/xspace.sty
Package: xspace 2014/10/28 v1.13 Space after command names (DPC,MH)
)
(/usr/share/texlive/texmf-dist/tex/latex/wrapfig/wrapfig.sty
\wrapoverhang=\dimen129
\WF@size=\dimen130
\c@WF@wrappedlines=\count113
\WF@box=\box35
\WF@everypar=\toks30
Package: wrapfig 2003/01/31  v 3.6
)
(/usr/share/texlive/texmf-dist/tex/latex/amsmath/amscd.sty
Package: amscd 2017/04/14 v2.1 AMS Commutative Diagrams
\athelp@=\toks31
\minaw@=\dimen131
\bigaw@=\dimen132
\minCDarrowwidth=\dimen133
)
(/usr/share/texlive/texmf-dist/tex/generic/epsf/epsf.sty
This is `epsf.tex' v2.7.4 <14 February 2011>
\epsffilein=\read1
\epsfframemargin=\dimen134
\epsfframethickness=\dimen135
\epsfrsize=\dimen136
\epsftmp=\dimen137
\epsftsize=\dimen138
\epsfxsize=\dimen139
\epsfysize=\dimen140
\pspoints=\dimen141
) (/usr/share/texlive/texmf-dist/tex/latex/amsfonts/euscript.sty
Package: euscript 2009/06/22 v3.00 Euler Script fonts
LaTeX Font Info:    Overwriting math alphabet `\EuScript' in version `bold'
(Font)                  U/eus/m/n --> U/eus/b/n on input line 33.
)
(/usr/share/texlive/texmf-dist/tex/latex/url/url.sty
\Urlmuskip=\muskip11
Package: url 2013/09/16  ver 3.4  Verb mode for urls, etc.
)
(/usr/share/texlive/texmf-dist/tex/latex/hyperref/hyperref.sty
Package: hyperref 2018/02/06 v6.86b Hypertext links for LaTeX

(/usr/share/texlive/texmf-dist/tex/generic/oberdiek/hobsub-hyperref.sty
Package: hobsub-hyperref 2016/05/16 v1.14 Bundle oberdiek, subset hyperref (HO)


(/usr/share/texlive/texmf-dist/tex/generic/oberdiek/hobsub-generic.sty
Package: hobsub-generic 2016/05/16 v1.14 Bundle oberdiek, subset generic (HO)
Package: hobsub 2016/05/16 v1.14 Construct package bundles (HO)
Package: infwarerr 2016/05/16 v1.4 Providing info/warning/error messages (HO)
Package: ltxcmds 2016/05/16 v1.23 LaTeX kernel commands for general use (HO)
Package: ifluatex 2016/05/16 v1.4 Provides the ifluatex switch (HO)
Package ifluatex Info: LuaTeX not detected.
Package: ifvtex 2016/05/16 v1.6 Detect VTeX and its facilities (HO)
Package ifvtex Info: VTeX not detected.
Package: intcalc 2016/05/16 v1.2 Expandable calculations with integers (HO)
Package: ifpdf 2017/03/15 v3.2 Provides the ifpdf switch
Package: etexcmds 2016/05/16 v1.6 Avoid name clashes with e-TeX commands (HO)
Package etexcmds Info: Could not find \expanded.
(etexcmds)             That can mean that you are not using pdfTeX 1.50 or
(etexcmds)             that some package has redefined \expanded.
(etexcmds)             In the latter case, load this package earlier.
Package: kvsetkeys 2016/05/16 v1.17 Key value parser (HO)
Package: kvdefinekeys 2016/05/16 v1.4 Define keys (HO)
Package: pdftexcmds 2018/01/21 v0.26 Utility functions of pdfTeX for LuaTeX (HO
)
Package pdftexcmds Info: LuaTeX not detected.
Package pdftexcmds Info: \pdf@primitive is available.
Package pdftexcmds Info: \pdf@ifprimitive is available.
Package pdftexcmds Info: \pdfdraftmode found.
Package: pdfescape 2016/05/16 v1.14 Implements pdfTeX's escape features (HO)
Package: bigintcalc 2016/05/16 v1.4 Expandable calculations on big integers (HO
)
Package: bitset 2016/05/16 v1.2 Handle bit-vector datatype (HO)
Package: uniquecounter 2016/05/16 v1.3 Provide unlimited unique counter (HO)
)
Package hobsub Info: Skipping package `hobsub' (already loaded).
Package: letltxmacro 2016/05/16 v1.5 Let assignment for LaTeX macros (HO)
Package: hopatch 2016/05/16 v1.3 Wrapper for package hooks (HO)
Package: xcolor-patch 2016/05/16 xcolor patch
Package: atveryend 2016/05/16 v1.9 Hooks at the very end of document (HO)
Package atveryend Info: \enddocument detected (standard20110627).
Package: atbegshi 2016/06/09 v1.18 At begin shipout hook (HO)
Package: refcount 2016/05/16 v3.5 Data extraction from label references (HO)
Package: hycolor 2016/05/16 v1.8 Color options for hyperref/bookmark (HO)
)
(/usr/share/texlive/texmf-dist/tex/generic/ifxetex/ifxetex.sty
Package: ifxetex 2010/09/12 v0.6 Provides ifxetex conditional
)
(/usr/share/texlive/texmf-dist/tex/latex/oberdiek/auxhook.sty
Package: auxhook 2016/05/16 v1.4 Hooks for auxiliary files (HO)
)
(/usr/share/texlive/texmf-dist/tex/latex/oberdiek/kvoptions.sty
Package: kvoptions 2016/05/16 v3.12 Key value format for package options (HO)
)
\@linkdim=\dimen142
\Hy@linkcounter=\count114
\Hy@pagecounter=\count115

(/usr/share/texlive/texmf-dist/tex/latex/hyperref/pd1enc.def
File: pd1enc.def 2018/02/06 v6.86b Hyperref: PDFDocEncoding definition (HO)
)
\Hy@SavedSpaceFactor=\count116

(/usr/share/texlive/texmf-dist/tex/latex/latexconfig/hyperref.cfg
File: hyperref.cfg 2002/06/06 v1.2 hyperref configuration of TeXLive
)
Package hyperref Info: Option `colorlinks' set `true' on input line 4383.
Package hyperref Info: Hyper figures OFF on input line 4509.
Package hyperref Info: Link nesting OFF on input line 4514.
Package hyperref Info: Hyper index ON on input line 4517.
Package hyperref Info: Plain pages OFF on input line 4524.
Package hyperref Info: Backreferencing OFF on input line 4529.
Package hyperref Info: Implicit mode ON; LaTeX internals redefined.
Package hyperref Info: Bookmarks ON on input line 4762.
\c@Hy@tempcnt=\count117
LaTeX Info: Redefining \url on input line 5115.
\XeTeXLinkMargin=\dimen143
\Fld@menulength=\count118
\Field@Width=\dimen144
\Fld@charsize=\dimen145
Package hyperref Info: Hyper figures OFF on input line 6369.
Package hyperref Info: Link nesting OFF on input line 6374.
Package hyperref Info: Hyper index ON on input line 6377.
Package hyperref Info: backreferencing OFF on input line 6384.
Package hyperref Info: Link coloring ON on input line 6387.
Package hyperref Info: Link coloring with OCG OFF on input line 6394.
Package hyperref Info: PDF/A mode OFF on input line 6399.
LaTeX Info: Redefining \ref on input line 6439.
LaTeX Info: Redefining \pageref on input line 6443.
\Hy@abspage=\count119
\c@Item=\count120
\c@Hfootnote=\count121
)
Package hyperref Info: Driver (autodetected): hpdftex.

(/usr/share/texlive/texmf-dist/tex/latex/hyperref/hpdftex.def
File: hpdftex.def 2018/02/06 v6.86b Hyperref driver for pdfTeX
\Fld@listcount=\count122
\c@bookmark@seq@number=\count123

(/usr/share/texlive/texmf-dist/tex/latex/oberdiek/rerunfilecheck.sty
Package: rerunfilecheck 2016/05/16 v1.8 Rerun checks for auxiliary files (HO)
Package uniquecounter Info: New unique counter `rerunfilecheck' on input line 2
82.
)
\Hy@SectionHShift=\skip61
)
\c@theorem=\count124

(./main.aux)
\openout1 = `main.aux'.

LaTeX Font Info:    Checking defaults for OML/cmm/m/it on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Checking defaults for T1/cmr/m/n on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Checking defaults for OT1/cmr/m/n on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Checking defaults for OMS/cmsy/m/n on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Checking defaults for OMX/cmex/m/n on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Checking defaults for U/cmr/m/n on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Checking defaults for PD1/pdf/m/n on input line 144.
LaTeX Font Info:    ... okay on input line 144.
LaTeX Font Info:    Try loading font information for U+msa on input line 144.
 (/usr/share/texlive/texmf-dist/tex/latex/amsfonts/umsa.fd
File: umsa.fd 2013/01/14 v3.01 AMS symbols A
)
LaTeX Font Info:    Try loading font information for U+msb on input line 144.

(/usr/share/texlive/texmf-dist/tex/latex/amsfonts/umsb.fd
File: umsb.fd 2013/01/14 v3.01 AMS symbols B
)
(/usr/share/texlive/texmf-dist/tex/context/base/mkii/supp-pdf.mkii
[Loading MPS to PDF converter (version 2006.09.02).]
\scratchcounter=\count125
\scratchdimen=\dimen146
\scratchbox=\box36
\nofMPsegments=\count126
\nofMParguments=\count127
\everyMPshowfont=\toks32
\MPscratchCnt=\count128
\MPscratchDim=\dimen147
\MPnumerator=\count129
\makeMPintoPDFobject=\count130
\everyMPtoPDFconversion=\toks33
) (/usr/share/texlive/texmf-dist/tex/latex/oberdiek/epstopdf-base.sty
Package: epstopdf-base 2016/05/15 v2.6 Base part for package epstopdf

(/usr/share/texlive/texmf-dist/tex/latex/oberdiek/grfext.sty
Package: grfext 2016/05/16 v1.2 Manage graphics extensions (HO)
)
Package epstopdf-base Info: Redefining graphics rule for `.eps' on input line 4
38.
Package grfext Info: Graphics extension search list:
(grfext)             [.pdf,.png,.jpg,.mps,.jpeg,.jbig2,.jb2,.PDF,.PNG,.JPG,.JPE
G,.JBIG2,.JB2,.eps]
(grfext)             \AppendGraphicsExtensions on input line 456.

(/usr/share/texlive/texmf-dist/tex/latex/latexconfig/epstopdf-sys.cfg
File: epstopdf-sys.cfg 2010/07/13 v1.3 Configuration of (r)epstopdf for TeX Liv
e
))
\AtBeginShipoutBox=\box37
Package hyperref Info: Link coloring ON on input line 144.

(/usr/share/texlive/texmf-dist/tex/latex/hyperref/nameref.sty
Package: nameref 2016/05/21 v2.44 Cross-referencing by name of section

(/usr/share/texlive/texmf-dist/tex/generic/oberdiek/gettitlestring.sty
Package: gettitlestring 2016/05/16 v1.5 Cleanup title references (HO)
)
\c@section@level=\count131
)
LaTeX Info: Redefining \ref on input line 144.
LaTeX Info: Redefining \pageref on input line 144.
LaTeX Info: Redefining \nameref on input line 144.

(./main.out) (./main.out)
\@outlinefile=\write3
\openout3 = `main.out'.



Package hyperref Warning: Token not allowed in a PDF string (PDFDocEncoding):
(hyperref)                removing `\@ifnextchar' on input line 188.

[1{/var/lib/texmf/fonts/map/pdftex/updmap/pdftex.map}]
Underfull \hbox (badness 10000) in paragraph at lines 209--212

 []


Package hyperref Warning: Token not allowed in a PDF string (PDFDocEncoding):
(hyperref)                removing `\@ifnextchar' on input line 223.


Underfull \vbox (badness 1867) has occurred while \output is active []

 [2]
<./normsA-p600-r13-2.pdf, id=106, 614.295pt x 794.97pt>
File: ./normsA-p600-r13-2.pdf Graphic file (type pdf)
<use ./normsA-p600-r13-2.pdf>
Package pdftex.def Info: ./normsA-p600-r13-2.pdf  used on input line 256.
(pdftex.def)             Requested size: 113.81102pt x 161.65892pt.
<./normsw-p600-r13.pdf, id=108, 614.295pt x 794.97pt>
File: ./normsw-p600-r13.pdf Graphic file (type pdf)
<use ./normsw-p600-r13.pdf>
Package pdftex.def Info: ./normsw-p600-r13.pdf  used on input line 297.
(pdftex.def)             Requested size: 113.81102pt x 161.65892pt.

[3 <./normsA-p600-r13-2.pdf>]
<logs.pdf, id=164, 614.295pt x 794.97pt>
File: logs.pdf Graphic file (type pdf)
<use logs.pdf>
Package pdftex.def Info: logs.pdf  used on input line 315.
(pdftex.def)             Requested size: 113.81102pt x 161.65892pt.

Underfull \vbox (badness 10000) has occurred while \output is active []

 [4 <./normsw-p600-r13.pdf>]
<./normAw-p600-r13.pdf, id=187, 614.295pt x 794.97pt>
File: ./normAw-p600-r13.pdf Graphic file (type pdf)
<use ./normAw-p600-r13.pdf>
Package pdftex.def Info: ./normAw-p600-r13.pdf  used on input line 327.
(pdftex.def)             Requested size: 113.81102pt x 161.65892pt.
 [5 <./logs.pdf> <./normAw-p600-r13.pdf>]
<normsA-p600-r13-fit2.pdf, id=243, 614.295pt x 794.97pt>
File: normsA-p600-r13-fit2.pdf Graphic file (type pdf)
<use normsA-p600-r13-fit2.pdf>
Package pdftex.def Info: normsA-p600-r13-fit2.pdf  used on input line 396.
(pdftex.def)             Requested size: 170.71652pt x 178.58801pt.

Underfull \vbox (badness 10000) has occurred while \output is active []

 [6 <./normsA-p600-r13-fit2.pdf>]
<normA7-p600-r13-22m3.pdf, id=280, 614.295pt x 794.97pt>
File: normA7-p600-r13-22m3.pdf Graphic file (type pdf)
<use normA7-p600-r13-22m3.pdf>
Package pdftex.def Info: normA7-p600-r13-22m3.pdf  used on input line 575.
(pdftex.def)             Requested size: 99.58464pt x 141.45155pt.
<normA7-p600-r13-sqrt3.pdf, id=281, 614.295pt x 794.97pt>
File: normA7-p600-r13-sqrt3.pdf Graphic file (type pdf)
<use normA7-p600-r13-sqrt3.pdf>
Package pdftex.def Info: normA7-p600-r13-sqrt3.pdf  used on input line 576.
(pdftex.def)             Requested size: 99.58464pt x 141.45155pt.
<normA7-p600-r13-31m1.pdf, id=282, 614.295pt x 794.97pt>
File: normA7-p600-r13-31m1.pdf Graphic file (type pdf)
<use normA7-p600-r13-31m1.pdf>
Package pdftex.def Info: normA7-p600-r13-31m1.pdf  used on input line 583.
(pdftex.def)             Requested size: 99.58464pt x 141.45155pt.
<normA7-p600-r13-93m1.pdf, id=283, 614.295pt x 794.97pt>
File: normA7-p600-r13-93m1.pdf Graphic file (type pdf)
<use normA7-p600-r13-93m1.pdf>
Package pdftex.def Info: normA7-p600-r13-93m1.pdf  used on input line 584.
(pdftex.def)             Requested size: 99.58464pt x 141.45155pt.

Underfull \vbox (badness 10000) has occurred while \output is active []

 [7 <./normA7-p600-r13-22m3.pdf> <./normA7-p600-r13-sqrt3.pdf>]
<zoom-2.pdf, id=347, 614.295pt x 794.97pt>
File: zoom-2.pdf Graphic file (type pdf)
<use zoom-2.pdf>
Package pdftex.def Info: zoom-2.pdf  used on input line 613.
(pdftex.def)             Requested size: 170.71652pt x 178.58801pt.

Underfull \vbox (badness 10000) has occurred while \output is active []

 [8 <./normA7-p600-r13-31m1.pdf> <./normA7-p600-r13-93m1.pdf>]
<./normA7-p600-r13-des.pdf, id=398, 614.295pt x 794.97pt>
File: ./normA7-p600-r13-des.pdf Graphic file (type pdf)
<use ./normA7-p600-r13-des.pdf>
Package pdftex.def Info: ./normA7-p600-r13-des.pdf  used on input line 631.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.
<./normA7-p600-r13-des_22m1.pdf, id=399, 614.295pt x 794.97pt>
File: ./normA7-p600-r13-des_22m1.pdf Graphic file (type pdf)
<use ./normA7-p600-r13-des_22m1.pdf>
Package pdftex.def Info: ./normA7-p600-r13-des_22m1.pdf  used on input line 632
.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.

Underfull \vbox (badness 10000) has occurred while \output is active []

 [9 <./zoom-2.pdf>]
<./normA7-p600-r13-des_sqrt2.pdf, id=427, 614.295pt x 794.97pt>
File: ./normA7-p600-r13-des_sqrt2.pdf Graphic file (type pdf)
<use ./normA7-p600-r13-des_sqrt2.pdf>
Package pdftex.def Info: ./normA7-p600-r13-des_sqrt2.pdf  used on input line 64
0.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.
<./normA7-p600-r13-des_sqrt3.pdf, id=428, 614.295pt x 794.97pt>
File: ./normA7-p600-r13-des_sqrt3.pdf Graphic file (type pdf)
<use ./normA7-p600-r13-des_sqrt3.pdf>
Package pdftex.def Info: ./normA7-p600-r13-des_sqrt3.pdf  used on input line 64
1.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.
<./normA7-p600-r13-des-22m3.pdf, id=429, 614.295pt x 794.97pt>
File: ./normA7-p600-r13-des-22m3.pdf Graphic file (type pdf)
<use ./normA7-p600-r13-des-22m3.pdf>
Package pdftex.def Info: ./normA7-p600-r13-des-22m3.pdf  used on input line 650
.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.
<./normA7-p600-r13-des-93m1.pdf, id=430, 614.295pt x 794.97pt>
File: ./normA7-p600-r13-des-93m1.pdf Graphic file (type pdf)
<use ./normA7-p600-r13-des-93m1.pdf>
Package pdftex.def Info: ./normA7-p600-r13-des-93m1.pdf  used on input line 651
.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.
 [10 <./normA7-p600-r13-des.pdf> <./normA7-p600-r13-des_22m1.pdf> <./normA7-p60
0-r13-des_sqrt2.pdf> <./normA7-p600-r13-des_sqrt3.pdf> <./normA7-p600-r13-des-2
2m3.pdf> <./normA7-p600-r13-des-93m1.pdf>]
<./logsuperror-ordn-2.pdf, id=576, 614.295pt x 794.97pt>
File: ./logsuperror-ordn-2.pdf Graphic file (type pdf)
<use ./logsuperror-ordn-2.pdf>
Package pdftex.def Info: ./logsuperror-ordn-2.pdf  used on input line 681.
(pdftex.def)             Requested size: 108.12054pt x 153.57529pt.
<./logsupinveq-eps2-step50-2.pdf, id=577, 614.295pt x 794.97pt>
File: ./logsupinveq-eps2-step50-2.pdf Graphic file (type pdf)
<use ./logsupinveq-eps2-step50-2.pdf>
Package pdftex.def Info: ./logsupinveq-eps2-step50-2.pdf  used on input line 68
2.
(pdftex.def)             Requested size: 98.16191pt x 139.4315pt.
<logsuperror-p600.pdf, id=581, 614.295pt x 794.97pt>
File: logsuperror-p600.pdf Graphic file (type pdf)
<use logsuperror-p600.pdf>
Package pdftex.def Info: logsuperror-p600.pdf  used on input line 699.
(pdftex.def)             Requested size: 113.81102pt x 161.65892pt.
<relerrorlogsup-p600.pdf, id=582, 614.295pt x 794.97pt>
File: relerrorlogsup-p600.pdf Graphic file (type pdf)
<use relerrorlogsup-p600.pdf>
Package pdftex.def Info: relerrorlogsup-p600.pdf  used on input line 700.
(pdftex.def)             Requested size: 113.81102pt x 161.65892pt.

Underfull \vbox (badness 10000) has occurred while \output is active []

 [11 <./logsuperror-ordn-2.pdf> <./logsupinveq-eps2-step50-2.pdf>] (./main.bbl)
Package atveryend Info: Empty hook `BeforeClearDocument' on input line 716.
 [12 <./logsuperror-p600.pdf> <./relerrorlogsup-p600.pdf>]
Package atveryend Info: Empty hook `AfterLastShipout' on input line 716.
 (./main.aux)
Package atveryend Info: Executing hook `AtVeryEndDocument' on input line 716.
Package atveryend Info: Executing hook `AtEndAfterFileList' on input line 716.
Package rerunfilecheck Info: File `main.out' has not changed.
(rerunfilecheck)             Checksum: 72234F7D488B2C87A46A66063E692E58;739.
Package atveryend Info: Empty hook `AtVeryVeryEnd' on input line 716.
 ) 
Here is how much of TeX's memory you used:
 7460 strings out of 494923
 105739 string characters out of 6180742
 194388 words of memory out of 5000000
 10438 multiletter control sequences out of 15000+600000
 12711 words of font info for 49 fonts, out of 8000000 for 9000
 175 hyphenation exceptions out of 8191
 34i,13n,32p,1585b,402s stack positions out of 5000i,500n,10000p,200000b,80000s
</usr/share/texlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmbx10.pfb></us
r/share/texlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmbxti10.pfb></usr/sh
are/texlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmcsc10.pfb></usr/share/t
exlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmex10.pfb></usr/share/texlive
/texmf-dist/fonts/type1/public/amsfonts/cm/cmmi10.pfb></usr/share/texlive/texmf
-dist/fonts/type1/public/amsfonts/cm/cmmi5.pfb></usr/share/texlive/texmf-dist/f
onts/type1/public/amsfonts/cm/cmmi6.pfb></usr/share/texlive/texmf-dist/fonts/ty
pe1/public/amsfonts/cm/cmmi7.pfb></usr/share/texlive/texmf-dist/fonts/type1/pub
lic/amsfonts/cm/cmmi8.pfb></usr/share/texlive/texmf-dist/fonts/type1/public/ams
fonts/cm/cmr10.pfb></usr/share/texlive/texmf-dist/fonts/type1/public/amsfonts/c
m/cmr5.pfb></usr/share/texlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmr6.p
fb></usr/share/texlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmr7.pfb></usr
/share/texlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmr8.pfb></usr/share/t
exlive/texmf-dist/fonts/type1/public/amsfonts/cm/cmr9.pfb></usr/share/texlive/t
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CORRIGENDUM AND ADDENDUM TO ”COMPUTATION OF DOMAINS OF



ANALYTICITY FOR THE DISSIPATIVE STANDARD MAP IN THE LIMIT



OF SMALL DISSIPATION”



ADRIÁN P. BUSTAMANTE AND RENATO C. CALLEJA



Abstract. We correct some tables and figures in [A.P. Bustamante and R.C. Calleja, Physica D:
Nonlinear Phenomena, 395 (2019), pp. 15-23]. We also report on the new computations that verify
the accuracy of the data and extend the results. The new computations have led us to find new
patterns in the data that were not noticed before. We formulate some more precise conjectures.



1. Introduction



The goal of this note is to present a correction of some of the tables and figures presented in
[BC19], see Section 3. We have also revised and extended the results with a new implementation of
the algorithms. This has lead to some new patterns in the data (Section 4) and new verifications
(Section 5).



We recall that the aim of [BC19] was to study quantitatively the domains of analyticity of
quasiperiodic orbits for the dissipative standard map (1) through a careful analysis of their Lindstedt
series, as well as with non-perturbative computations. The results in [BC19] agreed with the
conjectures in [CCdlL17]. In particular, the result in [BC19] verifies numerically the conjecture
about the optimality of the domains of analyticity described in [CCdlL17]. The qualitatively
conjectured optimal domain of analyticity for the map (1) does not contain any ball with center
at the origin nor angular sectors with width larger than π/3, so one does not expect the Lindstedt
series to converge. The shape of the domain of analyticity suggest the Lindstedt expansions might
belong to a Gevrey class.



In this work we present corrections and extended results related to the Gevrey character of the
Lindstedt series that was also studied in [BC19]. In particular, some of the figures and tables
presented in [BC19] are not accurate, see Section 3. The corrected tables included here contain
sharper results. With the corrected data and the extended computations performed, we have
reformulated a conjecture about the Gevrey character of the Lindsted series, see Conjecture 1.



We note that some rigorous studies compatible with the conjectures in [BC19] and Section 4
have been obtained recently in [BdlL20].



2. Summary of [BC19]



2.1. Lindstedt series. We recall that one of the goals of [BC19] was to study some properties of the
Lindstedt series of quasi-periodic orbits for the dissipative standard map fε(xn, yn) = (xn+1, yn+1)



xn+1 = xn + yn+1(1)



yn+1 = bεyn + cε + εV ′(xn)



defined on the cylinder M = S1 × R; bε = 1 − ε3, V ′(x) = 1
2π sin(2πx). When one chooses the



parameter cε appropriately, it is known that (1) has an analytic invariant circle corresponding to a
quasi periodic orbit with Diophantine frequency ω.



Key words and phrases. Gevrey estimates, Dissipative systems, quasi-periodic solutions, Lindstedt series.
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It is known that quasi periodic orbits of (1) can be described by a 1-periodic function uε : S1 → R
and a constant cε satisfying



(2) Ecε [uε] = 0



where Ecε [uε(θ)] ≡ uε(θ + ω)− (1 + bε)uε(θ) + bεuε(θ − ω) + (1− bε)ω − cε + εV ′(θ + uε(θ)).
Lindstedt expansions are obtained by considering the formal power series uε(θ) =



∑∞
k=0 uk(θ)ε



k



and cε =
∑∞



k=0 ckε
k, and solving (2) order by order. The coefficients uk and ck are determined by



the following cohomology equation



(3) Lωuk(θ)− ck + uk−3(θ)− uk−3(θ − ω) = Sk(θ), k ≥ 4



where Lwϕ(θ) ≡ ϕ(θ + ω)− 2ϕ(θ) + ϕ(θ − ω), and εV ′ ≡∑∞
k=0 Sk(θ)ε



k.



We note that given that the Lindstedt series in this case are not convergent in any ball and the
terms grow very fast, the numerical calculation of the coefficients uk is much more unstable that
in the cases where the Lindstedt series converges.



2.2. Gevrey character of Linsdtedt series. One of the goals of [BC19] was to study, numeri-
cally, the Gevrey character of the Lindstedt series



∑
ukε



k. To do this we considered the quantities



(4) Aρ(k) ≡ 1



k
log ‖uk‖ρ, Hr(k) ≡ 1



k
log ‖uk‖W r



which measure the growth of the coefficients of the Lindstedt series using different norms. The
norms were chosen as ‖f‖ρ =



∑
`∈Z |f̂`|2e2π|`|ρ and ‖f‖2W r =



∑
k∈Z(2πk)2r|fk|2.



We recall that a formal power series,
∑
fnε



n, is σ-Gevrey with respect to a norm, ‖ · ‖, if the
coefficients satisfy



‖fn‖ ≤ CRnnσn.



Equivalently,



1



n
log ‖fn‖ ∼ σ log(n) + log(R)



for n large enough.



3. Correction to [BC19]



The main correction is that the data in Table 1, Table 2 and in the plots on Figure 2, and Figure
3 in [BC19] do not correspond to their labels. These tables and figures were included to study the



growth of the coefficients of the Linsdtedt series
∑
ukε



k, corresponding to the frequency ω =
√
5−1
2 .



The correct Table 1 and Figure 2 in [BC19] must be:
2











eρ(k) := Aρ(k)− (log(R) + σ log(k))
R σ ‖eρ‖∞



ρ = 0.1 0.672269 0.227899 0.020793
ρ = 0.01 0.585740 0.238324 0.019491
ρ = 0.001 0.576278 0.240049 0.019325
ρ = 0.0001 0.575333 0.240225 0.019280
ρ = 0.00001 0.575239 0.240243 0.019282
ρ = 0.000001 0.575230 0.240244 0.019279
ρ = 0.0000001 0.575229 0.240244 0.019278



Table 1. Numerical fit of a function log(R)+σ log(k) to the data Aρ(k) for different



values of ρ and frequency ω =
√
5−1
2 . Computations were done using 213 Fourier



coefficients and 600 digits of precision. The numerical fit was made in for 100 ≤ k ≤
300.
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Figure 1. Plot of Aρ(k), 1 ≤ k ≤ 500, for the frequency ω =
√
5−1
2 .



The corrected Table 2 and Figure 3 in [BC19] must be:



er(k) := Hr(k)− (log(R) + σ log(k))
R σ ‖er‖∞



r = 1 0.685071 0.212840 0.020144
r = 2 0.816610 0.185284 0.023905
r = 3 0.974288 0.157572 0.028145
r = 4 1.163403 0.129713 0.032216
r = 5 1.390238 0.101731 0.036129
r = 6 1.662287 0.073651 0.039905



Table 2. Numerical fit of a function log(R)+σ log(k) to the data Hr(k) for different



values of r and frequency ω =
√
5−1
2 . Computations were done using 213 Fourier



coefficients and 600 digits of precision. The numerical fit was made for 100 ≤ k ≤
300.
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Figure 2. Plot of Hr(k), 1 ≤ k ≤ 500, for the frequency ω =
√
5−1
2 .



We note that the numbers R and σ in Table 1 and Tale 2 are just the raw numbers obtained by
fitting numerically functions of the form log(R) +σ log(k) to the data Aρ(k) and Hr(k), we are not
sure how to assess the reliability of these numbers. Also, we have added a column with a measure
of the remainder, ‖e‖∞, between the numerical fit and the data, this column was not included in
the tables in [BC19]. The measure of these remainders, which looks a little bit worrisome, seems to
come from an oscillatory behavior in the data, the structure of the remainders is studied in Section
4.2.



The problem with the figures and tables in [BC19] is that the data used on them corresponded
to the quantities 1



k log ‖k!uk‖ and not to the data given by Aρ(k) and Hr(k), defined in (4). Note



that, by the well known Stirling’s formula log(k!) = k log(k) − k + O(log(k)), if k−1 log ‖uk‖ ≈
log(R) + σ log(k) then k−1 log ‖k!uk‖ ≈ log(ã) + (σ+ 1) log(k) for k � 1. We recall that the values
corresponding to the column σ on the tables in [BC19] gave σ ≈ 1. The fact that the values of σ
in Table 1 and Table 2 are not approximate to zero can be explained by how the numerical fits are
done this time, which is explained in the next paragraph.



We note first that [BC19] used fits of the form log(R) + σ log(k + b) which involve an extra
parameter b. We consider that omitting the translation by b is more suitable for a systematically
study of the growth of the coefficients of the Lindstedt series, see Section 2.2. Note that by
adjusting R and b one can get log(R̃) + σ̃ log(k) ≈ log(R) + σ log(k + b) with k1 ≤ k ≤ k2, for
example, log(1.66287)+0.073651 log(k) ≈ log(0.57)+0.24 log(k+240) for 100 ≤ k ≤ 300, see Figure
3. We also note the numerical fits are made taking a smaller range for k in Aρ(k) and Hr(k), the
range for k in [BC19] was 100 ≤ k ≤ 1000 (which is another reason for which the tables needed to
be corrected). The fits in Table 1 and Table 2 were made considering 100 ≤ k ≤ 300, this is due to
the fact that we consider that the errors, in the computation of the coefficients uk, are small enough
within this range of parameters, see Section 5. Finally, the factor O(log(k)/k), that one gets using
Stirling’s formula, satisfies O(log(k)/k) = O(10−2) for 100 ≤ k ≤ 300, which could also affect the
values of σ at order 10−1. We consider that the observations above explain why the values in the
column σ in Table 1 and Table 2 are not only translations, by 1, of the values obtained in [BC19].
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Figure 3. Comparison between H6(k) and two different numerical fits for 100 ≤
k ≤ 300, ω =



√
5−1
2 . It can be observed that introducing a translation, b, could



make a significant change in the exponent σ.



For the sake of completeness we include a comparison between A10−7(k), H6(k) and their respec-
tive numerical fits, see Figure 4. Note that even if the norms considered in Aρ(k) and Hr(k) are in
principle not compatible, the fact that Aρ(k) and Hr(k) have similar trends seems to indicate that
there is a mechanism which is captured for any norm for the functions we study. This suggest that
a more detailed study of the structure of this functions could be interesting.
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2 .



The corrections in the tables have important consequences for the statement of Conjecture 9 in
[BC19]. The conjecture proposed the Gevrey character of the Lindstedt expansions with Gevrey
exponent σ ≈ 1, according to the tables included in [BC19]. The corrected tables, Table 1 and
Table 2 (with more reliable data), suggest that the conjecture about the Gevrey character is still
true but with a different exponent σ. We reformulate the conjecture in Section 4.1, after we present
the results we have obtained with the extended computations that have been performed. We recall



that the computations in [BC19] were done only for the frequency ω =
√
5−1
2 , in the next section



we present also results for different values of ω.
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4. Some new patterns and extension of the computations



Since the publication of [BC19] we have run several modifications of the program and re-
implemented some of the algorithms. This allowed us to find some new patterns in the data
and extend the computations to other frequencies ω. The new results allow us to reformulate the
conjecture established in [BC19], Conjecture 1, and also give evidence of new patterns that were
not noticed before, see Conjecture 3.



4.1. Results for different frequencies. We recall that the computations in [BC19] were done



using the Frequency ω =
√
5−1
2 . This time, we have performed the computations also for different



frequencies, of the same Diophantine type, and we have found a similar behavior in the growth of
the coefficients of the Lindstedt series. We present the results below.



Figure 5 contains a plot of Aρ(k), ρ = 10−7, for all the frequencies considered.
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Figure 5. Graph of Aρ(k) for different values of the frequencies ω, ρ = 10−7.



The plots in Figure 5 seems to indicate a logarithm growth for all the frequencies considered. To
study more systematically the growth of the coefficients of the Lindsted series we have also fitted
numerically functions of the form log(a)+σ log(k), the results are summarized in Table 3. We note
that all the frequencies considered belong to the same Diophatine class D(ν, 1), where ω ∈ D(ν, τ)
means that |e2πikω − 1| ≥ v|k|−τ .
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eω(k) = Aρ(k)− log(R) + σ log(k), ρ = 10−7



R σ ‖eω‖∞
ω =



√
5−1
2 = [0, 1, 1, 1, 1, 1, 1, ...] 0.575229 0.240244 0.019278



ω =
√
3−1
2 = [0, 2, 1, 2, 1, 2, 1, ...] 0.695887 0.225349 0.047762



ω =
√



2 = [1, 2, 2, 2, 2, 2, 2, ...] 0.583365 0.247799 0.033104



ω =
√



3 = [1, 1, 2, 1, 2, 1, 2, 1, ...] 0.460186 0.307029 0.038801



ω =
√
7−1
2 = [0, 1, 4, 1, 1, 4, 1, 1, ...] 1.300597 0.112924 0.045704



ω =
√
13−1
6 = [0, 2, 3, 3, 3, 3, 3, ...] 0.582937 0.258504 0.047840



ω =
√
5−1
6 = [0, 4, 1, 5, 1, 5, 1, 5, ...] 1.235768 0.158503 0.042327



Table 3. Numerical fit of a function log(R)+σ log(k) to the data Aρ(k) for different
values of the frequency ω and ρ = 10−7. Computations were done using 213 Fourier
coefficients and 600 digits of precision. The numerical fit was made in for 100 ≤ k ≤
300.



Figure 6 and Figure 7 contain comparisons between the quantities Aρ and their respective nu-
merical fits.
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Figure 6. Comparison between Aρ(k), ρ = 10−7, and its corresponding numerical



fit . Left panel: values for the frequency ω =
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2 . Right panel: values for the
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Figure 7. Comparison between Aρ(k), ρ = 10−7, and its corresponding numerical
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The extension of the computations to other frequencies and the information summarized in Table
3 allow us to reformulate Conjecture 9 in [BC19] for a more general case.



Conjecture 1. Given ω ∈ D(ν, 1), the Lindstedt series, uε =
∑
ukε



k, of quasi-periodic orbits for
the map (1) belongs to a Gevrey class with Gevrey exponent σ ≤ 0.307. That is, ‖un‖ρ ≤ CRnnσn
with σ ≤ 0.307 and ρ ≤ 10−7.



Remark 2. It is worth to note that Conjecture 1 is compatible with the rigorous results obtained
in [BdlL20]. Considering the map (1), with dissipation bε = 1 − ε3 and a frequency ω ∈ D(ν, 1),
the rigorous results in [BdlL20] yield a Gevrey exponent σ = 2/3.



It is also important to note that the results in [BdlL20] give the same upper bound of the Gevrey
exponent for frequencies, ω, of the same Diophantine type D(ν, τ). The behavior observed in Figure
5, Figure 6, Figure 7, and Table 3 seems to indicate that the upper bound of the Gevrey exponent
found in [BdlL20] is not optimal, but seems to be within a factor 2 for being optimal.



4.2. New patterns. A careful inspection of Figure 1, Figure 5, Figure 6, and Figure 7 shows that
the graphs of Aρ(k) present an oscillatory behavior of period three, see Figure 8. These oscillations
are present for all the values of the frequencies considered.
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Figure 8. Graph of Aρ(k) for ρ = 10−7, ω =
√
5−1
2 . The same oscillatory behavior



is also present for Hr(k).



As we mentioned before, the coefficients of the Lindstedt series are determined by solving equation
(3) in which the coefficient of order k depends explicitly on the coefficient of order k − 3. This is
due to the power three of ε in the function bε. At the same time this phenomenon is independent
of the frequency ω we choose. This gives an explanation of the appearance of an oscillating pattern
observed in the inset of Figure 8 which appears for all the frequencies we considered. However, the
computations show that the amplitude of the oscillations decreases as k grows and this oscillating
effect fades away.



To study how the amplitude of the oscillations decreases we have centralized the oscillations by
considering the differences between Aρ(k) and some moving averages. More precisely, denoting
ak = Aρ(k), ρ = 10−7, we have considered the following centralizations



(5) xk = ak −
1



5



k+2∑
j=k−2



aj , zk = ak −
1



3k



k+2∑
j=k



jaj ,



Since the oscillations have period three, the centralization xk is made by subtracting a moving
average that captures two periods of the oscillation. The results for xk are summarized in Figure
9 and Figure 10. For all the centralizations considered it is quite surprising that the amplitude
of the oscillations seems to decrease as k−β, with β ≈ 1. Due to this behavior we consider a
second centralization, zk, which assumes that the oscillations decrease as k−1. The results for zk
are summarized in Figure 11.
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Figure 9. Plots of the centralization xk. Left panel: Plot for the frequency
√
5−1
2 .



Right panel: Plot for frequency
√
3−1
2 .
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Figure 10. Plots oft the centralization xk. Left panel: Plot for the frequency
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The results collected in the figures above suggest that the centralizations behave like k−βf(k)
with f a periodic function. This observation motivates the following conjecture.



Conjecture 3. Let Aρ(k) = 1
k log ‖uk‖ρ, then Aρ(k) ≈ log(R) + σ log(k) + k−βf(k) with β ≈ 1,



f(k) a periodic function of period 3, and k � 1.



5. Validation of the results



To validate the results described above we verified that the cohomology equation (3) is satisfied
at every order with a suitable error. We also verified, as shown in [BC19], that the invariance
equation (2) satisfies that log10(‖Ec≤N (ε)[u



≤N
ε ]‖∞) ∼ O((N + 1) log10(ε)) as long as the error is



above machine precision. We recall that Ec≤N (ε)[u
≤N
ε ] means that we evaluate the operator E,



given in (2), in the finite expansions u≤Nε =
∑N



k=1 ukε
k and c≤N (ε) =



∑N
k=0 ckε



k.
In Figure 12, we show the results of these computations.
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Figure 12. Left panel: Plot of log10(‖Lωun(θ) − Sn(θ) − cn − un−3(θ − ω) +
un−3(θ)‖∞) for different values of the frequency ω, 1 ≤ n ≤ 500. Right panel:
Plot of log10(‖|Ec≤N (ε)[u



≤N
ε ]‖∞), with ε = 10−2.



For this Corrigendum, the computations have been performed using 600 digits and 2` Fourier
coefficients, with 10 ≤ ` ≤ 13. Using this precision we have verified that the coefficients un of the
Lindstedt expansion have a relative error less than 10−300 when n ≤ 400, see Figure 13. We have also
checked that the functions un are trigonometric polynomials of degree n, as predicted in [BdlL20],
up to an error less than 10−200 within the same range of parameters. All the computations were
done in pari/gp, [BBB+00].
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Figure 13. Left panel: Graphs of log10(‖un−vn‖∞) where un and vn are the same
coefficients of the Lindstedt series but computed using a different number, `, of
Fourier coefficients. Right panel: Graphs of the relative errors, log10(‖un −
vn‖∞/‖un‖∞).
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PARI-GP. Université de Bordeaux I, 2000.



[BC19] Adrian P Bustamante and Renato C Calleja. Computation of domains of analyticity for the dissipative
standard map in the limit of small dissipation. Physica D: Nonlinear Phenomena, 395:15–23, 2019.



[BdlL20] Adrian P Bustamante and Rafael de la Llave. Gevrey estimates for asymptotic expansions of tori in weakly
dissipative systems. 2020. preprint, https://arxiv.org/abs/2010.06006.



[CCdlL17] Renato C Calleja, Alessandra Celletti, and Rafael de la Llave. Domains of analyticity and lindstedt
expansions of kam tori in some dissipative perturbations of hamiltonian systems. Nonlinearity, 30(8):3151–
3202, 2017.



A.P. Bustamante, School of Mathematics, Georgia Institute of Technology
E-mail address, apb7@math.gatech.edu



R.C. Calleja, Department of Mathematics and Mechanics IIMAS, National Autonomous University
of Mexico (UNAM)



E-mail address, calleja@mym.iimas.unam.mx



12





https://arxiv.org/abs/2010.06006





			1. Introduction


			2. Summary of Bus-Cal-19


			2.1. Lindstedt series


			2.2. Gevrey character of Linsdtedt series





			3. Correction to Bus-Cal-19 


			4. Some new patterns and extension of the computations


			4.1. Results for different frequencies


			4.2. New patterns





			5. Validation of the results


			6. Acknowledgements


			References









main.tex

\documentclass[11pt]{amsart}
%\usepackage{lineno}
%\usepackage{lipsum}
%\usepackage{natbib}
%\usepackage{authblk}
%\usepackage{tocbibind}

\usepackage{amssymb}
\usepackage{amsmath, amsfonts}
\usepackage{amsthm}
\usepackage{epsfig}
\usepackage{graphicx}
\usepackage{graphics}
\usepackage{float}
\usepackage{subfigure}
\usepackage{multirow}
\usepackage{color}
\usepackage{lineno}
\usepackage{fullpage}
\usepackage[normalem]{ulem} 
%\usepackage{makeidx}
\usepackage{xspace}
\usepackage{wrapfig}
\usepackage{amsmath,amsfonts,amssymb,amscd,amsthm,amsbsy,epsf}
%\usepackage{graphicx}
%\usepackage{mathrsfs}
\usepackage{euscript}
\usepackage{url}
%\usepackage{showkeys}
\usepackage[colorlinks=true,citecolor=blue]{hyperref}

%\usepackage[top=20mm, bottom=20mm, left=15mm, right=15mm]{geometry}
%\usepackage[top=20mm, bottom= 20mm, left = 25mm, right=25mm]{geometry}

%%%%%%%  PAGE STYLE/SIZING  %%%%%%%%%%%%
%\textwidth=6.50truein
%\textheight=9.0truein
%\hoffset=-.75truein
%\voffset=-.75truein
%\footskip=18pt
%\numberwithin{equation}{section}
%%%%%%%  ENVIRONMENT SETTINGS %%%%%%%
\newtheorem{theorem}{Theorem}%[section]
\newtheorem{meta-thm}[theorem]{Meta-Theorem}
\newtheorem{lemma}[theorem]{Lemma}
\newtheorem{cor}[theorem]{Corollary}
\newtheorem{proposition}[theorem]{Proposition}
\newtheorem{algorithm}[theorem]{Algorithm}
\newtheorem{remark}[theorem]{Remark}
\newtheorem{definition}[theorem]{Definition}
\newtheorem{conjecture}[theorem]{Conjecture}
%\newtheorem{proof}{Proof}
\newcommand\avg[1]{{ \int_{\mathbb{T}^d} #1 d\theta}}
\newcommand\elem{ \end{lemma} }
\newcommand\lem[1]{ \begin{lemma}\label{#1}}
\newcommand{\kw}[1]{\textbf{#1}}
\newcommand{\noaverage}[1]{({#1})^0}
%\newcommand\T[1]{\mathbb{T}_{#1}}
\newcommand\normm[2]{\left\|{#1}\right\|_{#2}}
\newcommand\norm[3]{\left\|{#1} \right\|_{#2,#3}}
\newcommand\expan[2]{#1^{[\leq #2]}}
 
\newcommand\expanin[3]{#1^{(#2,#3]}}
\newcommand\ord[1]{\mathcal{O}\left(|\varepsilon |^{#1}\right)}

\newcommand{\Aa}[2]{\mathcal{A}_{#1,#2}}

\newcommand\beq[1] { \begin{equation}\label{#1} }
\newcommand{\eeq}{ \end{equation} }
\newcommand{\beqno}{ \[ }
\newcommand{\eeqno}{ \] }
\newcommand\beqa[1]{ \begin{eqnarray} \label{#1}}
\newcommand{\eeqa}{ \end{eqnarray} }
\newcommand{\beqano}{ \begin{eqnarray*} }
\newcommand{\eeqano}{ \end{eqnarray*} }

\newcommand{\balino}{ \begin{align*} }
\newcommand{\ealino}{ \end{align*} }

\newcommand\equ[1]{{\rm (\ref{#1})}}

\newcommand{\red}{}
\newcommand{\blue}{}
\definecolor{indiagreen}{rgb}{0.07, 0.53, 0.03}
\newcommand{\green}{}

\def\e{\varepsilon}
\def\bmid{\mathop{\,\big|\,}}
\def\dist{\operatorname{dist}}
\def\domain{\operatorname{Domain}}
\def\div{\operatorname{div}}
\def\Id{\operatorname{Id}}
\def\Im{\operatorname{Im}}
\def\Int{\operatorname{Int}}

%\def\rank{\operatorname{rank}}
%\def\Range{\operatorname{Range}}
\def\det{\operatorname{det}}

\def\A{{\mathcal A}}
\def\B{{\mathcal B}}
\def\C{{\mathcal C}}
\def\D{{\mathcal D}}
\def\E{{\mathcal E}}
\def\F{{\mathcal F}}
\def\G{{\mathcal G}}
\def\H{{\mathcal H}}
\def\M{{\mathcal M}}
\def\N{{\mathcal N}}
\def\R{{\mathcal R}}
\def\S{{\mathcal S}}
\def\O{{\mathcal O}}
\def\T{{\mathcal T}}
%\def\eps{\varepsilon}
\def\complex{{\mathbb C}}
\def\integer{{\mathbb Z}}
\def\nat{{\mathbb N}}
\def\real{{\mathbb R}}	
\def\torus{{\mathbb T}}
%\def\zed{{\mathbb Z}}
\def\Tau{ \mathcal{T}}
%\def\Ae{{\mathcal A}e\, }
\newcommand{\dpy}{\displaystyle}

\def\r{{\rho}}
\def\g{{\gamma}}
\def\l{{\lambda}}
\def\d{{\delta}}
\def\t{{\theta}}


\newcommand{\Addresses}{{
\bigskip
\footnotesize

A.P.~Bustamante, \textsc{School of Mathematics, Georgia Institute of Technology}\par\nopagebreak \textit{E-mail address}, \texttt{apb7@math.gatech.edu}

\medskip

R.C.~Calleja, \textsc{Department of Mathematics and Mechanics IIMAS, National Autonomous University of Mexico (UNAM)}\par\nopagebreak \textit{E-mail address}, \texttt{calleja@mym.iimas.unam.mx}

}}

\begin{document}

\title{Corrigendum and addendum to \emph{"Computation of domains of analyticity for the dissipative standard map in the limit of small dissipation"}}


\author{ Adri\'an P. Bustamante \and  Renato C. Calleja } 

\keywords{Gevrey estimates, Dissipative systems, quasi{-}periodic solutions, Lindstedt series}
%\subjclass{35C20, 70K70, 70K43, 37J40, 34K26,30E10}


%\thanks{Both authors have been supported by NSF grant DMS 1800241}


\begin{abstract}
We correct some tables and figures in [A.P. Bustamante and R.C. Calleja, \emph{Physica D: Nonlinear Phenomena}, 395 (2019), pp. 15-23]. We also report on the new computations that verify the accuracy of the data and extend the results. The new computations have led us to find new patterns in the data that were not noticed before. We formulate some more precise conjectures. 
\end{abstract}

\maketitle

%\pacs{02.60.Cb, 05.45.-a}% PACS, the Physics and Astronomy
                             % Classification Scheme.
%\keywords{Gevrey estimates, Dissipative systems, quasi{-}periodic solutions}



%\input{introduction.tex}
%\section{Corrections}
\section{Introduction}
The goal of this note is to present a correction of some of the  tables and figures presented in  \cite{Bus-Cal-19}, see Section~\ref{correction}. We have also revised and extended the results with a new implementation of the algorithms. This has lead to some new patterns in the data (Section \ref{patterns}) and new verifications (Section \ref{validation}). 



We recall that the aim of \cite{Bus-Cal-19} was to study quantitatively the domains of analyticity of quasiperiodic orbits for the dissipative standard map \eqref{dis-map} through a careful analysis of their Lindstedt series, as well as with non-perturbative computations. The results in \cite{Bus-Cal-19} agreed with the conjectures in \cite{Cal-Cel-Lla-16}. In particular, the result in \cite{Bus-Cal-19} verifies numerically the conjecture about the optimality of the domains of analyticity described in \cite{Cal-Cel-Lla-16}. The qualitatively conjectured optimal domain of analyticity for the map \eqref{dis-map} does not contain any ball with center at the origin nor angular sectors with width larger than $\pi /3$, so one does not expect the Lindstedt series to converge. %Moreover, the domain of analyticity only contains  sectors of small width, less than $\pi / 3$. 
The shape of the domain of analyticity suggest the Lindstedt expansions might  belong to a Gevrey class.  % makes one think that the asymptotic expansions might belong to a Gevrey class, see Section \ref{sec-gevrey}. 


In this work we present corrections and extended results related to the Gevrey character of the Lindstedt series that was also studied in \cite{Bus-Cal-19}. In particular, some of the figures and tables presented in \cite{Bus-Cal-19} are not accurate, see Section \ref{correction}. The corrected tables included here contain sharper results. With the corrected data  and the extended computations performed, we have reformulated a conjecture about the Gevrey character of the Lindsted series, see Conjecture \ref{conjecture1}. 

We note that some rigorous studies compatible with the conjectures in \cite{Bus-Cal-19} and Section~\ref{patterns} have been obtained recently in \cite{BustamanteL20}.




\section{Summary of \cite{Bus-Cal-19}}

\subsection{Lindstedt series} We recall that one of the goals of 
\cite{Bus-Cal-19}  was to study some properties of  the Lindstedt series of quasi-periodic orbits for the dissipative standard map $f_\e(x_n,y_n) = (x_{n+1}, y_{n+1})$
\begin{align}
x_{n+1} &= x_n + y_{n+1} \label{dis-map} \\  
y_{n+1} &= b_\e y_n +c_\e + \e V'(x_n) \nonumber
\end{align}
%\marginpar{according to the definition of \mathcal{M}, 
%the equation for $x_n$ goes first.}
defined on the cylinder $\M = \mathbb{S}^1\times \real$; $b_\e = 1-\e^3$, $V'(x) = \frac{1}{2\pi} \sin(2\pi x)$. When one chooses the parameter $c_\e$ appropriately, it is known that \eqref{dis-map} has an analytic invariant circle corresponding to a quasi periodic orbit with Diophantine frequency $\omega$. % The Lindstedt series analysis in \cite{Bus-Cal-19} yields that to have an invariant circle we must have $c_\e = \omega\e^3 +\O(\e^4)$.


It is known that quasi periodic orbits of  \eqref{dis-map}  can be described by a 1-periodic function $u_\e: \mathbb{S}^1\rightarrow \real $ and a constant $c_\e$ satisfying \begin{equation}\label{inv-eq}
    E_{c_\e}[u_\e ] = 0
\end{equation}
where $ E_{c_\e}[u_\e(\t)] \equiv u_\e(\t +\omega) - (1+b_\e)u_\e(\t) +b_\e u_\e(\t -\omega) +(1-b_\e)\omega -c_\e +\e V'(\t +u_\e(\t)) $.

Lindstedt expansions are obtained by considering the formal power series $u_\e(\t) = \sum_{k=0}^\infty u_k(\t)\e^k $ and $c_\e = \sum_{k=0}^\infty  c_k\e^k$, and solving \eqref{inv-eq} order by  order. %, that is , $\| E_{c^{\leq N}(\e)}[u_\e^{\leq N}] \| = \O(\e^{N+1}) $.
The coefficients $u_k$  and  $c_k$ are determined by the following cohomology equation \begin{equation} \label{order-equa}
    L_\omega u_k(\t) -c_k +u_{k-3}(\t) -u_{k-3}(\t -\omega) = S_k(\t), \qquad k\geq 4
\end{equation} 
where $L_w \varphi(\t) \equiv \varphi(\t+\omega) -2\varphi(\t) +\varphi(\t - \omega) $, and  $\e V' \equiv \sum_{k=0}^\infty S_k(\t)\e^k$.
\\

We note that given that the Lindstedt series in this case are not convergent in any ball and the terms grow very fast, the numerical calculation of the coefficients $u_k$ is much more unstable that in the cases where the Lindstedt series converges.

\subsection{Gevrey character of Linsdtedt series}\label{sec-gevrey}
One of the goals of \cite{Bus-Cal-19} was to study, numerically, the Gevrey character of the Lindstedt series $\sum u_k\e^k$. To do this we considered the quantities \begin{equation}\label{growths} 
A_\r(k) \equiv \frac{1}{k}\log \| u_k \|_{\r}, \qquad  H^r(k) \equiv \frac{1}{k}\log \| u_k\|_{W^r}
\end{equation}
which measure the growth of the coefficients of the Lindstedt series using different norms. The norms were chosen as  $\|f \|_{\rho} = \sum_{\ell \in \integer}|\hat{f}_\ell |^2 e^{2\pi|\ell|\rho} $ and $ \|f\|_{W^r}^2 = \sum_{k\in \integer} (2\pi k)^{2r}|f_k|^2 $.

We recall that a formal power series, $\sum f_n\e^n$, is $\sigma$-Gevrey with respect to a norm, $\|\cdot \| $, if the coefficients satisfy $$\|f_n\|\leq CR^n n^{\sigma n}.$$ Equivalently, $$\frac{1}{n}\log \|f_n\|  \sim \sigma \log(n) + \log(R) $$ for $n$ large enough.

\section{Correction to \cite{Bus-Cal-19} } \label{correction}

The main correction is that the %normalization of  
data in Table 1, Table 2 and in the plots on Figure 2, and Figure 3 in \cite{Bus-Cal-19} do not correspond to their labels. These tables and figures were included to study the growth of the coefficients of the Linsdtedt series $\sum u_k \e^k$, corresponding to the frequency $\omega = \frac{\sqrt{5} -1 }{2}$.

The correct Table 1 and Figure 2 in \cite{Bus-Cal-19}  must be:

\begin{table}[H]
\begin{tabular}{ |p{3cm}||p{2cm}|p{2cm}|p{2cm}| }
 \hline
 \multicolumn{4}{|c|}{ $e_{\rho}(k): = A_\rho (k) -( \log(R) + \sigma \log(k))$  } \\
 \hline
% value of $\rho$   
 &$ R$  & $\sigma$ & $\|e_{\rho}\|_\infty$  \\
 \hline
$\rho = 0.1$ &  0.672269  & 0.227899 & 0.020793  \\
$\rho = 0.01$ & 0.585740 & 0.238324 & 0.019491\\
$\rho = 0.001$ & 0.576278 & 0.240049  & 0.019325 \\
 $\rho = 0.0001$ &  0.575333 & 0.240225 & 0.019280 \\
 $\rho = 0.00001$ &   0.575239  & 0.240243 & 0.019282 \\
 $\rho = 0.000001$ &  0.575230 &  0.240244 & 0.019279 \\
 $\rho = 0.0000001$ & 0.575229 & 0.240244 & 0.019278 \\
 
 \hline
\end{tabular}
\caption{Numerical fit of a function $\log(R) +\sigma\log(k)$ to the data  $A_\rho(k)$ for different values of $\rho$ and  frequency $\omega = \frac{\sqrt{5}-1}{2}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$.}

\label{tab-analytic}
\end{table}

%The correct version of Figure 2 in \cite{Bus-Cal-19} should be:
\begin{figure}[H]
%\begin{center}
\includegraphics[ trim = 8cm 10cm 8cm 10cm, width=4truecm]{./normsA-p600-r13-2.pdf}
\caption{ Plot of $A_\r(k)$, $1\leq k\leq 500$, for the frequency $\omega = \frac{\sqrt{5}-1}{2}$.  } 
%\end{center}
\label{norm1}
\end{figure}  





The corrected Table 2 and Figure 3 in \cite{Bus-Cal-19} must be: 





\begin{table}[H]
\begin{tabular}{ |p{2cm}|p{2cm}|p{2cm}|p{2cm}| }
 \hline
 \multicolumn{4}{|c|}{ $e_{r}(k) := H^r (k) -( \log(R) + \sigma \log(k))$  } \\
 \hline
% value of $\rho$   
 &$ R$ & $\sigma$ & $\|e_{r} \|_\infty $   \\
 \hline
 $r = 1$ & 0.685071 & 0.212840  & 0.020144 \\
 $r = 2$ & 0.816610 & 0.185284 & 0.023905 \\
 $r = 3$ & 0.974288 & 0.157572 & 0.028145 \\
 $r = 4$ & 1.163403 & 0.129713 & 0.032216  \\
 $r = 5$ & 1.390238 & 0.101731 & 0.036129  \\
 $r = 6$ & 1.662287 & 0.073651 & 0.039905 \\
 
 \hline
\end{tabular}
\caption{Numerical fit of a function $\log(R) +\sigma\log(k)$ to the data $H^r(k)$ for different values of $r$ and frequency $\omega = \frac{\sqrt{5}-1}{2}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made for $100\leq k\leq 300$.}


\label{tab-analytic2}
\end{table}
 
 \begin{figure}[H]
\begin{center}
\includegraphics[ trim = 8cm 10cm 8cm 10cm, width=4truecm]{./normsw-p600-r13.pdf}
\caption{ Plot of $H^r(k)$, $1\leq k\leq 500$, for the frequency $\omega = \frac{\sqrt{5}-1}{2}$.  } 
\end{center}
%\label{norm}
\end{figure}  



We note that the numbers $R$ and $\sigma$ in Table \ref{tab-analytic} and Tale \ref{tab-analytic2} are just the raw numbers obtained by fitting numerically functions of the form $\log(R) + \sigma \log(k)$ to the data $A_\r(k)$ and $H^r(k)$, we are not sure how to assess the reliability of these numbers. Also, we have added a column with a measure of the remainder,  $\|e\|_\infty$, between the numerical fit and the data, this column was not included in the tables in \cite{Bus-Cal-19}. The measure of these remainders, which looks a little bit worrisome, seems to come from an \emph{oscillatory} behavior in the data, the structure of the remainders is studied in Section \ref{new-patterns}.
%The measure of the remainders, $e_\r(k)$ and $e_r(k)$, seems a little bit worrisome   

The problem with the figures and tables in \cite{Bus-Cal-19} is that the data used on them corresponded to the quantities $\frac{1}{k}\log\|k!u_k\|$ and not to the data given by $A_\rho(k)$ and $H^r(k)$, defined in \eqref{growths}. Note that, by the well known Stirling's formula $\log(k!) = k\log(k) -k +O(\log(k)) $, if $k^{-1}\log\|u_k\|\approx \log(R) + \sigma\log(k) $ then $k^{-1}\log\|k!u_k\| \approx \log(\Tilde{a}) + (\sigma +1)\log(k)$ for $k \gg 1$.  We recall that the values corresponding to the column $\sigma$ on the tables in \cite{Bus-Cal-19} gave $\sigma  \approx 1$. The fact that the values of $\sigma$ in Table \ref{tab-analytic} and Table \ref{tab-analytic2} are not approximate to zero can be explained by how the numerical fits are done this time, which is explained in the next paragraph.

We note first that \cite{Bus-Cal-19} used fits of the form $\log(R) + \sigma \log(k+b)$ which involve an extra parameter $b$. We consider that omitting the translation by $b$ is more suitable for a systematically study of the growth of the coefficients of the Lindstedt series, see Section \ref{sec-gevrey}. Note that by adjusting $R$ and $b$ one can get $\log(\tilde{R}) + \tilde{\sigma} \log(k) \approx \log(R) + \sigma\log(k+b)$ with $k_1\leq k \leq k_2$, for example, $\log(1.66287) + 0.073651\log(k) \approx \log(0.57) + 0.24\log(k+240)$ for $100\leq k\leq 300$, see Figure \ref{logs}.  We also note the numerical fits are  made  taking a smaller range for $k$ in $A_\rho(k)$ and $H^r(k)$, the range for $k$ in \cite{Bus-Cal-19} was $100\leq k\leq 1000$ (which is another reason for which the tables needed to be corrected). The fits in Table \ref{tab-analytic} and Table \ref{tab-analytic2} were made considering $100\leq k \leq 300$, this is due to the fact that we consider that the errors, in the computation of the coefficients $u_k$, are small enough within this range of parameters, see Section \ref{validation}. Finally, the factor $O(\log(k)/k)$, that one gets using  Stirling's formula, satisfies $O(\log(k)/k)=O(10^{-2}) $ for $100\leq k \leq 300$, which could also affect the values of $\sigma$ at  order $10^{-1}$. We consider that the observations above explain why the values in the column $\sigma$ in Table \ref{tab-analytic} and Table \ref{tab-analytic2} are not only translations, by 1, of the values  obtained in \cite{Bus-Cal-19}. 


\begin{figure}[H]

\includegraphics[ trim = 8cm 10cm 8cm 10cm, width=4truecm]{logs.pdf}
\caption{ Comparison between $H^6(k)$ and  two different numerical fits for  $100\leq k \leq 300$, $\omega = \frac{\sqrt{5}-1}{2}$. It can be observed that introducing  a translation, $b$, could make a significant change in the exponent $\sigma$. } 
\label{logs}
\end{figure}  




For the sake of completeness we include a comparison between $A_{10^{-7}}(k)$, $H^6(k)$ and their respective numerical fits, see Figure \ref{different-fits}. Note that even if the norms considered in $A_\r(k)$ and $H^r(k)$ are in principle not compatible, the fact that $A_\r(k)$ and $H^r(k)$  have similar trends seems to indicate that there is a mechanism which is captured for any norm for the functions we study. This suggest that a more detailed study of the structure of this functions could be interesting.

\begin{figure}[H]

\includegraphics[ trim = 8cm 10cm 8cm 10cm, width=4truecm]{./normAw-p600-r13.pdf}
\caption{ Comparison between $H^6(k)$ and $ A_{10^{-7}}(k)$ with their respective numerical fits, $\omega = \frac{\sqrt{5}-1}{2}$.  } 
\label{different-fits}
\end{figure}  

%For the sake of completeness we also present here the data associated with the label $\frac{1}{k}\log\|k!u_k\|$, see Table \ref{tab-analytic}. It can be observed that including a $k!$ factor changes the Gevrey class of the series. 




%\begin{table}[H]
%\begin{tabular}{ |p{4cm}||p{3cm}|p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{4}{|c|}{$\frac{1}{k}\log \| k! u_k \|_\r = log(a) + \sigma \log(k+b)$} \\
% \hline
% value of $\rho$   
% &$ a$ & $b$ & $\sigma$\\
% \hline
% $\rho = 0.1$   &  0.190968    & 9.347232 & 1.269728 \\
% $\rho = 0.01$ &   0.195334  & 5.575384 & 1.254451\\
% $\rho = 0.001$ &  0.184519 &  6.511191 &  1.262724 \\
% $\rho = 0.0001$ & 0.183601 & 6.587410 & 1.263435 \\
% $\rho = 0.00001$ &   0.183509  & 6.595088 & 1.263507\\
% $\rho = 0.000001$ &  0.183500 &  6.595856 &  1.263514 \\
% $\rho = 0.0000001$ & 0.183499 & 6.595933 & 1.263515 \\
 
% \hline
%\end{tabular}
%\caption{Numerical fit of $\frac{1}{k}\log \| k! u_k \|_\r$  for different values of $\rho$, for the frequency $\omega = \frac{\sqrt{5}-1}{2}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}



%\label{tab-analytic}
%\end{table}




The corrections in the tables have important consequences for the statement of Conjecture 9 in \cite{Bus-Cal-19}. The conjecture proposed the Gevrey character of the Lindstedt expansions with Gevrey exponent $\sigma \approx 1$, according to the tables included in \cite{Bus-Cal-19}. The corrected tables, Table \ref{tab-analytic} and Table \ref{tab-analytic2} (with more reliable data), suggest that the conjecture about the Gevrey character is still true but with a different exponent $\sigma$. We reformulate the conjecture in Section \ref{more-frequencies}, after we present the results we have obtained with the extended computations that have been performed. We recall that the computations in \cite{Bus-Cal-19} were done only for the frequency $\omega = \frac{\sqrt{5}-1 }{2} $, in the next section we present also results for different values of $\omega$.




%\section{Some new conjectures}
\section{Some new patterns and extension of the computations}\label{patterns}
Since the publication of \cite{Bus-Cal-19} we have run several modifications of the program and re-implemented some of the algorithms. 
This allowed us to find some new patterns in the data and extend
the computations to other frequencies $\omega$. The new results allow us to reformulate the conjecture established in \cite{Bus-Cal-19}, Conjecture \ref{conjecture1}, and also give evidence of new patterns that were not noticed before, see Conjecture \ref{conjecture2}.

%MAY BE THE LOGARITHMIC HERE


%THE PERIODIC PATTERN





\subsection{Results for different frequencies} \label{more-frequencies}

We recall that the computations in \cite{Bus-Cal-19} were done using the Frequency $\omega = \frac{\sqrt{5}-1}{2}$. This time, we have performed the computations also for different frequencies, of the same Diophantine type, and we have found a \emph{similar} behavior in the growth of  the coefficients of the Lindstedt series. We present the results below.

Figure \ref{all-freq} contains a plot of $A_\rho(k)$, $\rho = 10^{-7}$, for all the frequencies considered.




\begin{figure}[H]
%\begin{center}
\includegraphics[ trim = 7cm 10cm 7cm 10cm, width=6truecm ]{normsA-p600-r13-fit2.pdf}
\caption{Graph of $A_\rho(k)$ for different values of the frequencies $\omega$, $\r = 10^{-7}$. }
%\end{center}
\label{all-freq}
\end{figure}  
%This seems to indicate that the Gevrey class of the Lindstedt series is the same for frequencies of the same Diophantine type.



The plots in Figure \ref{all-freq} seems to indicate a logarithm growth for all the frequencies considered. To study more systematically the growth of the coefficients of the Lindsted series we have also fitted numerically functions of the form $\log(a) + \sigma\log(k)$, the results are summarized in Table \ref{tab-fits}. We note that all the frequencies considered belong to the same Diophatine class $\D(\nu,1)$, where $\omega\in\D(\nu,\tau)$ means that $|e^{2\pi i k\omega} -1|\geq v|k|^{-\tau} $.


\begin{table}[H]
\begin{tabular}{ |p{6cm}||p{2cm}|p{2cm}|p{2cm}| }
 \hline
 \multicolumn{4}{|c|}{$e_{\omega}(k) = A_\rho (k) - \log(R) + \sigma \log(k),\qquad \rho = 10^{-7}$ } \\
 \hline
 & $R$ & $\sigma$ & $\|e_{\omega} \|_\infty $ \\
 \hline
 $ \omega = \frac{\sqrt{5}-1}{2} = [0,1,1,1,1,1,1,...] $ &  0.575229 & 0.240244 & 0.019278 \\
 $ \omega = \frac{\sqrt{3}-1}{2} = [0,2,1,2,1,2,1,...]  $ &   0.695887  & 0.225349 & 0.047762 \\
 $\omega = \sqrt{2} = [1,2,2,2,2,2,2,...] $ &  0.583365 &  0.247799 & 0.033104 \\
 $\omega = \sqrt{3} = [1,1,2,1,2,1,2,1,...] $ & 0.460186  &  0.307029 & 0.038801 \\
 $ \omega = \frac{\sqrt{7}-1}{2} = [0,1,4,1,1,4,1,1,...]  $ &   1.300597  & 0.112924 & 0.045704 \\
 $ \omega = \frac{\sqrt{13}-1}{6} = [0,2,3,3,3,3,3,...]  $ &   0.582937  & 0.258504 & 0.047840 \\
 $ \omega = \frac{\sqrt{5}-1}{6} = [0,4,1,5,1,5,1,5,...]  $ &   1.235768  & 0.158503 & 0.042327 \\
 \hline
\end{tabular}

\caption{Numerical fit of a function $\log(R) +\sigma\log(k)$ to the data  $A_\rho(k)$ for different values of the frequency $\omega$ and $\rho = 10^{-7}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$.}
\label{tab-fits}
\end{table}







%\begin{table}[H]
%\begin{tabular}{ |p{3cm}||p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{3}{|c|}{$A_\rho(k) = \log(a) + \sigma \log(k)$} \\
% \hline
%% value of $\rho$   
% &$ a$  & $\sigma$\\
% \hline
%$\rho = 0.1 $ & 0.156506  & 0.545849   \\    
%$\rho = 0.01$ & 0.728146 & 0.218063 \\
%$\rho = 0.001$ & 0.699046 & 0.224621 \\
% $\rho = 0.0001$ &  0.696202 & 0.225276 \\
% $\rho = 0.00001$ &   0.695918  & 0.225342 \\
 %$\rho = 0.000001$ &  0.695889 &  0.225348 \\
 %$\rho = 0.0000001$ & 0.695887 &  0.225349  \\
 
 %\hline
%\end{tabular}
%\caption{Numerical fit of $A_\rho(k)$ for different values of $\rho$, for the frequency $\omega = \frac{\sqrt{3}-1}{2}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}

%\end{table}


%\begin{table}[H]
%\begin{tabular}{ |p{3cm}||p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{3}{|c|}{$A_\rho(k) = log(a) + \sigma \log(k)$} \\
% \hline
% value of $\rho$   
% &$ a$  & $\sigma$\\
% \hline
%$\rho = 0.1 $ & 0.433033  & 0.324783   \\    
%$\rho = 0.01$ & 0.583400 & 0.249329 \\
%$\rho = 0.001$ & 0.583354 & 0.247955 \\
% $\rho = 0.0001$ &  0.583364 & 0.247814 \\
% $\rho = 0.00001$ &   0.583365  & 0.247800 \\
% $\rho = 0.000001$ &  0.583365 &  0.247799 \\
% $\rho = 0.0000001$ & 0.583365 &  0.247799  \\
 
% \hline
%\end{tabular}
%\caption{Numerical fit of $A_\rho(k)$ for different values of $\rho$, for the frequency $\omega = \sqrt{2}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}


%\end{table}

%\begin{table}[H]
%\begin{tabular}{ |p{3cm}||p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{3}{|c|}{$A_\rho(k) = log(a) + \sigma \log(k)$} \\
% \hline
% value of $\rho$   
% &$ a$  & $\sigma$\\
% \hline
%$\rho = 0.1 $ & 0.646217  & 0.262314   \\    
%$\rho = 0.01$ & 0.479156  & 0.301046 \\
%$\rho = 0.001$ & 0.461940 & 0.306475 \\
% $\rho = 0.0001$ &  0.460360 & 0.306974 \\
% $\rho = 0.00001$ &   0.460203  & 0.307024 \\
% $\rho = 0.000001$ &  0.460188 &  0.307029  \\
% $\rho = 0.0000001$ & 0.460186 &  0.307029  \\
 
% \hline
%\end{tabular}
%\caption{Numerical fit of $A_\rho(k)$ for different values of $\rho$, for the frequency $\omega = \sqrt{3}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}


%\end{table}


%\begin{table}[H]
%\begin{tabular}{ |p{3cm}||p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{3}{|c|}{$A_\rho(k) = log(a) + \sigma \log(k)$} \\
% \hline
% value of $\rho$   
% &$ a$  & $\sigma$\\
% \hline
%$\rho = 0.1 $ & 0.159609  & 0.562507   \\    
%$\rho = 0.01$ & 1.320516  & 0.113519 \\
%$\rho = 0.001$ & 1.367871 & 0.105667 \\
% $\rho = 0.0001$ & 1.372524 & 0.104909 \\
% $\rho = 0.00001$ &   1.372988  & 0.104834 \\
% $\rho = 0.000001$ &  1.300594 &  0.112925  \\
% $\rho = 0.0000001$ & 1.300597  &  0.112924  \\
 
% \hline
%\end{tabular}
%\caption{Numerical fit of $A_\rho(k)$ for different values of $\rho$, for the frequency $\omega = \frac{\sqrt{7}-1}{2}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}


%\end{table}


%\begin{table}[H]
%\begin{tabular}{ |p{3cm}||p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{3}{|c|}{$A_\rho(k) = log(a) + \sigma \log(k)$} \\
% \hline
% value of $\rho$   
% &$ a$  & $\sigma$\\
% \hline
%$\rho = 0.1 $ & 0.296708  & 0.410133   \\    
%$\rho = 0.01$ & 0.573695  & 0.263091 \\
%$\rho = 0.001$ & 0.581984  & 0.258968 \\
% $\rho = 0.0001$ & 0.582841 & 0.258550 \\
% $\rho = 0.00001$ & 0.582927 & 0.258508 \\
% $\rho = 0.000001$ & 0.582936  &  0.258504  \\
% $\rho = 0.0000001$ & 0.582937  &  0.258504  \\
 
% \hline
%\end{tabular}
%\caption{Numerical fit of $A_\rho(k)$ for different values of $\rho$, for the frequency $\omega = \frac{\sqrt{13}-1}{6}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}


%\end{table}


%\begin{table}[H]
%\begin{tabular}{ |p{3cm}||p{3cm}|p{3cm}|  }
% \hline
% \multicolumn{3}{|c|}{$A_\rho(k) = log(a) + \sigma \log(k)$} \\
% \hline
% value of $\rho$   
% &$ a$  & $\sigma$\\
% \hline
%$\rho = 0.1 $ & 1.808926  & 0.097233   \\    
%$\rho = 0.01$ & 1.283067  & 0.152463 \\
%$\rho = 0.001$ & 1.240412  & 0.157900 \\
% $\rho = 0.0001$ & 1.236231  & 0.158442 \\
% $\rho = 0.00001$ & 1.235814 & 0.158497 \\
% $\rho = 0.000001$ & 1.235772  &  0.158502  \\
% $\rho = 0.0000001$ & 1.235768  &  0.158503  \\
 
% \hline
%\end{tabular}
%\caption{Numerical fit of $A_\rho(k)$ for different values of $\rho$, for the frequency $\omega = \frac{\sqrt{5}-1}{6}$. Computations were done using $2^{13}$ Fourier coefficients and 600 digits of precision. The numerical fit was made in for $100\leq k\leq 300$}
Figure \ref{norm_other_omegas} and Figure \ref{norm_other_omegas2} contain comparisons between the quantities $A_\r$ and their respective numerical fits.

\begin{figure}[H]
\includegraphics[trim = 8cm 10cm 8cm 10cm,width=3.5truecm]{normA7-p600-r13-22m3.pdf}\hfil\hfil\hfil
\includegraphics[trim = 8cm 10cm 8cm 10cm,width=3.5truecm]{normA7-p600-r13-sqrt3.pdf}
\caption{Comparison between  $A_\r(k)$, $\r= 10^{-7}$, and its corresponding numerical fit . Left panel: values for the frequency $\omega = \frac{\sqrt{7}-1}{2}$. Right panel: values for the frequency $\omega=\sqrt{3}$ }
%\end{center}
\label{norm_other_omegas}
\end{figure}  

\begin{figure}[H]
\includegraphics[trim = 8cm 10cm 8cm 10cm,width=3.5truecm]{normA7-p600-r13-31m1.pdf}\hfil\hfil\hfil
\includegraphics[trim = 8cm 10cm 8cm 10cm,width=3.5truecm]{normA7-p600-r13-93m1.pdf}
\caption{ Comparison between  $A_\r(k)$, $\r= 10^{-7}$, and its corresponding numerical fit. Left panel: values for the frequency $\omega = \frac{\sqrt{13}-1}{6}$. Right panel: values for the frequency $\omega= \frac{\sqrt{5}-1}{6}$ }
%\end{center}
\label{norm_other_omegas2}
\end{figure}  

%\end{table}

The extension of the computations to other frequencies and the information summarized in Table \ref{tab-fits} allow us to reformulate Conjecture 9 in \cite{Bus-Cal-19} for a more general case.

\begin{conjecture} \label{conjecture1}
Given $\omega\in\D(\nu,1)$, the Lindstedt series, $u_\e =\sum u_k\e^k$, of quasi-periodic orbits for the map \eqref{dis-map}  belongs to a Gevrey class with Gevrey exponent $\sigma \leq 0.307$. That is, $\|u_n\|_\rho \leq CR^n n^{\sigma n}$ with $\sigma \leq 0.307$ and $\rho\leq 10^{-7}$.  
%\marginpar{Do we want to say something like $\sigma \leq 1/3$? Maybe, but I am using only the numerical data }
\end{conjecture}

\begin{remark}
It is worth to note that Conjecture \ref{conjecture1} is compatible with the rigorous results obtained in \cite{BustamanteL20}. Considering the map \eqref{dis-map}, with dissipation $b_\e = 1-\e^3$ and a frequency $\omega\in \D(\nu,1)$, the rigorous results in \cite{BustamanteL20} yield a Gevrey exponent $\sigma = 2/3$.

It is also important to note that the results in \cite{BustamanteL20} give the same upper bound of the  Gevrey exponent for frequencies, $\omega$, of the same Diophantine type $\D(\nu,\tau)$. The behavior observed in Figure \ref{all-freq}, Figure \ref{norm_other_omegas}, Figure \ref{norm_other_omegas2}, and Table \ref{tab-fits} seems to indicate that the upper bound of the Gevrey exponent found in \cite{BustamanteL20} is not optimal, but seems to be  within a factor 2 for being optimal. 
%
%the optimal Gevrey exponent for frequencies of type $D(\nu,1)$, if not the same, differs by very little.
\end{remark}


\subsection{New patterns} \label{new-patterns}
A careful inspection of Figure \ref{norm1}, Figure \ref{all-freq}, Figure \ref{norm_other_omegas}, and Figure \ref{norm_other_omegas2} shows that the graphs of $A_\rho(k)$ present an \emph{oscillatory behavior} of period three, see Figure \ref{zoom}. These \emph{oscillations} are present for all the values of the frequencies considered.

\begin{figure}[H]
%\begin{center}
\includegraphics[ trim = 7cm 10cm 7cm 10cm, width=6truecm ]{zoom-2.pdf}
\caption{Graph of $A_\rho(k)$ for $\r = 10^{-7}$, $\omega = \frac{\sqrt{5}-1}{2}$. The same oscillatory behavior is also present for $H^r(k)$. }
%\end{center}
\label{zoom}
\end{figure}  

As we mentioned before, the coefficients of the Lindstedt series are determined by solving equation \eqref{order-equa} in which the coefficient of order $k$ depends explicitly on the coefficient of order $k-3$. This is due to the power three of $\varepsilon$ in the function $b_\varepsilon$. At the same time this phenomenon is independent of the frequency $\omega$ we choose. This gives an explanation of the appearance of an oscillating pattern observed in the inset of Figure \ref{zoom} which appears for all the frequencies we considered. However, the computations show that the amplitude of the oscillations decreases as $k$ grows and this oscillating effect fades away.

% The pattern observed in Figure \ref{zoom} can be explained by noting that the coefficients of the Lindstedt series are computed by solving equation \eqref{order-equa} where the coefficient of order $k$ depends on the coefficient of order $k-3$. This structure of \eqref{order-equa} is due to the fact that $b_\varepsilon = 1 - \varepsilon^3$ and is independent of the frequency $\omega$ we choose. Therefore, the period three observed in Figure \ref{zoom} (which also appears for all the frequencies considered). However, the effect of this dependence on the previous coefficients seems to \emph{dissipate} as $k$ grows, that is, the amplitude of the oscillations decreases. 
 
 To study how the amplitude of the oscillations decreases we have \emph{centralized} the oscillations by considering the differences between $A_\rho(k)$ and some moving averages. More precisely, denoting $a_k = A_\rho(k)$, $\rho = 10^{-7}$, we have considered the following \emph{centralizations} \begin{equation}
     x_k = a_k -\frac{1}{5} \sum_{j=k-2}^{k+2}a_j, %\qquad   y_k = a_k -\frac{1}{7} \sum_{j=k-3}^{k+3}a_j, 
     \qquad z_k = a_k -\frac{1}{3k} \sum_{j=k}^{k+2}ja_j, 
 \end{equation}
 
Since the oscillations have period three, the \emph{centralization} $x_k$ is made by subtracting a moving average that captures two periods of the oscillation. The results for $x_k$ are summarized in Figure \ref{centra-1} and Figure \ref{centra-2}.   For all the \emph{centralizations} considered it is quite surprising that the amplitude of the oscillations seems to decrease as $k^{-\beta}$, with $\beta\approx 1$. Due to this  behavior we  consider a second \emph{centralization}, $z_k$, which assumes that the oscillations decrease as $k^{-1}$. The results for $z_k$ are summarized in Figure \ref{centra-3}. 

\begin{figure}[H]
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./normA7-p600-r13-des.pdf}\hfil\hfil\hfil
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./normA7-p600-r13-des_22m1.pdf}

\caption{Plots of the centralization $x_k$. Left panel: Plot for the frequency  $\frac{\sqrt{5}-1}{2}$. Right panel: Plot for frequency $\frac{\sqrt{3}-1}{2}$. } %for the values $N=50, 100, 150, 200, 250, 300, 350, 400, 450, 500$. }
%\end{center}
\label{centra-1}
\end{figure}  

\begin{figure}[H]
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./normA7-p600-r13-des_sqrt2.pdf}\hfil\hfil\hfil
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./normA7-p600-r13-des_sqrt3.pdf}

\caption{Plots oft the centralization $x_k$. Left panel: Plot for the frequency  $\sqrt{2}$. Right panel: Plot for frequency $\sqrt{3}$. } %for the values $N=50, 100, 150, 200, 250, 300, 350, 400, 450, 500$. }
%\end{center}
\label{centra-2}
\end{figure}  


\begin{figure}[H]
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./normA7-p600-r13-des-22m3.pdf}\hfil\hfil\hfil
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./normA7-p600-r13-des-93m1.pdf}

\caption{Plots of the centralization $z_k$. Left panel: Plot for the frequency  $\frac{\sqrt{7}-1}{2}$. Right panel: Plot for frequency $\frac{\sqrt{5}-1}{6}$. } %for the values $N=50, 100, 150, 200, 250, 300, 350, 400, 450, 500$. }
%\end{center}
\label{centra-3}
\end{figure}  


The results collected in the figures above suggest that the \emph{centralizations} behave like $k^{-\beta}f(k)$ with $f$ a periodic function. This observation motivates the following conjecture.
\begin{conjecture}\label{conjecture2}
Let $A_\rho(k) = \frac{1}{k}\log\|u_k\|_\rho$, then $A_\rho(k) \approx \log(R) + \sigma \log(k) + k^{-\beta}f(k) $ with $\beta \approx 1$, $f(k)$ a periodic function of period 3, and $k\gg 1$.
\end{conjecture}


\section{Validation of the results} \label{validation}
To validate the results described above we verified that the 
cohomology equation \eqref{order-equa} is satisfied at every 
order with a suitable error. We also verified, as shown in \cite{Bus-Cal-19}, that the invariance equation \eqref{inv-eq} satisfies that 
$\log_{10}( \| E_{c^{\leq N}(\varepsilon)}[ u^{\leq N}_\varepsilon]\|_\infty)\sim \O((N+1)\log_{10}(\e)) $
as long as the error is above machine precision. We recall that $  E_{c^{\leq N}(\varepsilon)}[ u^{\leq N}_\varepsilon] $ means that we evaluate the operator $E$, given in $\eqref{inv-eq}$, in the finite expansions $u_\e^{\leq N} = \sum_{k=1}^N u_k\varepsilon^k$ and $c^{\leq N}(\varepsilon) = \sum_{k=0}^N c_k\varepsilon^k $.

In Figure~\ref{inveq-graphs}, we show the results of these computations.
%We also verified that the invariance equation  is satisfied by the %Lindstedt series.
%the order at which   We also verified that, at every order, the %cohomology equation  is satisfied with a small error.   





\begin{figure}[H]
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.8truecm]{./logsuperror-ordn-2.pdf}\hfil\hfil\hfil
\includegraphics[trim = 8cm 10cm 8cm 10cm, width=3.45truecm]{./logsupinveq-eps2-step50-2.pdf}

\caption{Left panel: Plot of $\log_{10}(\| L_\omega u_n(\t) -S_n(\t) -c_n -u_{n-3}(\t -\omega) +u_{n-3}(\t) \|_\infty )$ for  different values of the frequency $\omega$, $1\leq n\leq 500$. Right panel: Plot of $\log_{10}( \| |E_{c^{\leq N}(\varepsilon)}[ u^{\leq N}_\varepsilon]\|_\infty)$, with $\epsilon =10^{-2}$.} %for the values $N=50, 100, 150, 200, 250, 300, 350, 400, 450, 500$. }
%\end{center}
\label{inveq-graphs}
\end{figure}  


For this Corrigendum, the computations have been performed using 600 digits and  $2^\ell$ Fourier coefficients, with $10\leq \ell \leq 13$. 
Using this precision we have verified that the coefficients 
$u_n$ of the Lindstedt expansion have a relative error less 
than $10^{-300}$ when $n\leq 400$, see Figure \ref{errors}. We have also checked that the functions $u_n$ are trigonometric polynomials of degree $n$, as predicted in~\cite{BustamanteL20}, up to an error less than $10^{-200}$ within the same range of parameters. All the computations were done in pari/gp, \cite{pari}.




\begin{figure}[H]%[H]
\includegraphics[ trim = 8cm 10cm 8cm 10cm, width=4truecm]{logsuperror-p600.pdf} \hfil\hfil\hfil
\includegraphics[ trim = 8cm 10cm 8cm 10cm,  width=4truecm]{relerrorlogsup-p600.pdf}
\caption{Left panel: Graphs of $\log_{10}( \|u_n -v_n\|_\infty)$ where $u_n$ and $v_n$ are the same coefficients of the Lindstedt series but computed using a different number, $\ell$, of Fourier coefficients. Right panel: Graphs of the relative errors, $\log_{10}( \|u_n -v_n \|_\infty / \|u_n\|_\infty)$.} 

%\end{center}
\label{errors}
\end{figure}  
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