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Abstract

We consider Schrodinger operators over a class of circle maps including C?t¢-
smooth circle maps with finitely many break points. We show that in a region of the
Lyapunov exponent — determined by the geometry of the dynamical partitions and
« — the spectrum of Schrédinger operators over every such map, is purely singular
continuous, for every a-Holder-continuous potential V. As a corollary, we obtain
that for every sufficiently smooth such map, with an invariant measure p and with
rotation number in a set S, and p-almost all z € T', the corresponding Schrodinger
operator has a purely continuous spectrum, for every Hdélder-continuous potential
V. Set S includes some Diophantine numbers of class D(§), for any § > 1.

1 Introduction

We consider a class of Schrodinger operators H = H(T,V,z) on a space of square-
summable sequences *(Z), defined by

(Hu)p = Up—1 + Upy1 + V(T")uy, u € (*(Z), (1.1)

where V : T — R is a potential function, 7" : T — T! is an orientation-preserving
homeomorphism of the circle T' = R/Z, and o € T!. The study of the spectrum of these
operators — referred to as Schrodinger operators over circle maps — initiated in [19]. For
an overview of earlier results on spectral theory of Schréedinger operators over dynamically
defined potentials the reader is directed, e.g., to [5].
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When the rotation number p of T is irrational, this class of operators is a natural
generalization of the one-frequency quasiperiodic Schrédinger operators for which T =
R,, where R, : v — x + p mod 1 is the rigid rotation. When T is transitive, it is
topologically conjugate to the rotation, i.e., there is a homeomorphism ¢ : T* — T, such
that T'o ¢ = p o R,. Hence, in that case, T" o ¢ = p o R7, for every n € N, and we have
H(T,V,z) = H(R,,V o ¢,y), where z = ¢(y), y € T".

In some cases, the spectral properties of H(T,V,x) can be deduced directly from the
spectral properties of the corresponding Schrodinger operator over R,, using this identity.
In particular, if T" is an analytic circle diffeomorphism with rotation number satisfying
Yoccoz’s H arithmetic condition [26], it follows from the theory of Herman [11] and Yoc-
coz |26] that ¢ is analytic, and the spectral properties of H (7, V, x), with V analytic [13|
follow directly from Avila’s global theory of one-frequency quasiperiodic Schréodinger op-
erators over rotations [1]. Although for circle diffeomorphisms 7" with Liouville rotation
numbers the conjugacy to the corresponding rotation can even be singular, certain spec-
tral properties of H(T,V,x), with potentials of the same regularity, are still analogous
to those of the one-frequency quasiperiodic Schrodinger operators over rotations with the
same rotation numbers [13].

In [19], the study of spectral rigidity properties of Schrodinger operators over more
general circle maps was initiated. In particular, in [19], we focus on spectral properties
of Schrodinger operators over circle diffeomorphisms with a singularity, i.e., smooth circle
diffeomorphisms with a single singular point where the derivative vanishes (critical circle
maps) or has a jump discontinuity (circle maps with a break). These maps play an
important role in the rigidity theory of circle maps — an extension of Herman’s theory on
the linearization of circle diffeomorphisms [3, 4, 6, 10, 14, 15, 16, 17, 18]. In this paper,
we focus on the spectral properties of Schrodinger operators over a class of circle maps
including circle maps with finitely many break points. We are interested in the spectral
rigidity properties of these systems, i.e., the spectral properties of these systems that are
the same in a large class of them. Here, we are interested in the spectral phase diagram of
Schrodinger operators over circle maps and, in particular, the singular continuous phase.
Such a phase diagram emerges in one of most studied examples — the almost Mathieu
family — which corresponds to ' = R, and V(z) = Acos(27z). It was conjectured
by Jitomirskaya [12] (Problem 8 therein), and proved by Avila, You and Zhou [2], that
the almost Mathieu operator has a purely singular continuous spectrum in the region
0 < L(F) < 8 and that L(F) = (8 is the boundary between continuous and pure point
spectrum, for almost all x € T', where L(E) is the Lyapunov exponent and

B = (p) = limsup nt (1.2)

n—oo q’I’L

with k,, and Z—:, n € N, being the partial quotients and rational convergents of p € (0,1)\Q
(see section 2.2). It was shown in [13] that, in the same region, the spectrum is singular



continuous for Schrédinger operators H (T, V,x) with Lipschitz continuous potentials V'
over C'*BV_smooth circle diffeomorphisms T, for almost all z € T', suggesting that
L(E) = f could be the boundary between continuous and pure point spectrum, in this
case as well. A natural question to ask is if the latter holds for Schrédinger operators over
general circle maps, for sufficiently regular potentials. The results of this paper, as well
as [19] and [20], for Schrédinger operators over circle diffeomorphisms with singularities,
provide a negative answer to that question.

In this paper, we consider Schrodinger operators over C"-smooth circle maps with k
break points, i.e., circle maps that are C"-smooth diffeomorphisms of a circle outside of

k (break) points m](;r) , 1 =1,...,k, where the sizes of the breaks are, respectively,

i=1,... k. (1.3)

Ergodic Schrodinger operators are intimately related to a family of cocycles — dynam-
ical systems associated with each eigenequation Hu = Fu. In the case of a Schrédinger
operator over a circle map 7" with an irrational rotation number p, the cocycle is given by

(T, A) : (z,y) — (Tx, A(z, E)y), (1.4)

where A € SL(2,R), z € T}, y € R% If u = (un)nez is a sequence satisfying Hu = Fu,

then
(“”“) = A,(z,E) < tn ) . where A,(z,E):= (E a Vl(T%) _01) (1.5)

<“1:7—ll) = Fula, B) (5_01) ) (1.6)

where P, (z, E) =[]} Ai(x,E) = Ap1(z, E) ... Ag(z, E).

i=n—1

is the transfer matrix. Thus,

Since the rotation number p of T is irrational, T is uniquely ergodic [8]. We define
the Lyapunov exponent

1
L(E) = lim [ L,(z,FE)dy, where L,(z,F):=—In|P,(z,E)|, (1.7)
n—oo n
and p is the unique invariant measure of 7. Due to submultiplicativity of P,(x, E), L(E)
exists.
Different components of the spectrum of an operator H(7T,V,z) are denoted by o,
(absolutely continuous), oy, (singular continuous) and o,, (pure point). We also denote



by Spp(x) the set of eigenvalues of H(T,V,z), with o,,(x) = Sp,(x). Finally, we set H =
(*(Z), Hse(x) the corresponding singular continuous subspace, and P4 () the operator of
spectral projection on a Borel set A, corresponding to H(7T,V, x).

The main result of this paper can be formulated as follows. Let

In ¢
5. limsup el (1.8)

n—oo Qn

where ¢, = min |7,(I)| is the length of the smallest renormalized

1€Ppt1,ICA ™A
interval of partition P,; inside the fundamental interval Aén_l)\A(()nH) of partition P,
(see section 2.2).

Theorem 1.1 Let T : Tt — T! be any C* ¢-smooth, € > 0, circle map with k breaks
of sizes ¢;, i = 1,...,k, with an irrational rotation number p € (0,1) and Hle ¢ # 1,
and let p be its unique invariant probability measure. For u-almost all x € T, and any
a-Hdélder-continuous potential V : T' — R, a € (0,1], we have

(i) Spp(x) N{E:0 < L(E) < admax} = 0,
(1) P{r:o<L(E)y<asma} (T)H C Hee(w).

Remark 1 It was shown in [20] that the theorem can be extended to include Schrédinger
operators over C®-smooth multicritical circle maps.

Remark 2 The claim can also be extended to a class of circle maps with breaks having
zero mean nonlinearity, for which the renormalizations converge to piecewise linear (but
not linear) maps. Recall that for T : T' — T! such that DIn DT € L', we define the
mean nonlinearity as N'(T) = [ .. DIn DT'(z) dx.

Remark 3 The result suggests spectral rigidity. It seems reasonable to expect that
for Schrodinger operators over sufficiently smooth circle maps, in a large class of maps
including circle diffeomorphisms with singularities, for u-almost all z € T, and sufficiently
regular potentials, the boundary between the singular continuous and pure point spectrum
is given by L(E) = dmax, i-€., that the spectrum is pure point with exponentially decaying
eigenfunctions for L(E) > dpax.

The following theorem is a corollary of our main result. To state the result precisely,
we begin with a few more definitions. A number p € R\Q is called Diophantine of class
D(8), for some § > 0, if there exists C > 0 such that |p — p/q| > C/¢**°, for every p € Z
and ¢ € N. The set of all Diophantine numbers is denoted by D := Us>qD(9) and the
complement of this set in R\Q is the set of Liouville numbers. If p € D(J) N (0, 1),



Inkp41
Ingn
characterized by B(p) = oo, will be denoted by S¢.

We define

then limsup,,_, < 4 and, thus, B(p) = 0. The set of super Liouville numbers,

Kon . i
B = Be(p) := limsup /22 and B, = B,(p) := limsup

Nn—00 don n—oo  (on—1

(1.9)

Let § = S, U S, where Sy, is the set of p € (0,1)\Q such that [y, = oo, where
6br = ﬁbr(p) = 56 if Hle ¢ < 17 and ﬂbr = ﬁbr(p) = ﬁo if Hle c; > 1.

Theorem 1.2 For every C**¢-smooth, ¢ > 0, circle map with k breaks of sizes c;,
1 =1,...,k, with Hle ci # 1, a rotation number p € S, and the invariant measure .,
and p-almost all x € T, the corresponding Schridinger operator H(T,V,x) has a purely
continuous spectrum, for every Holder-continuous potential V : T' — R.

Remark 4 The set S = S, U S, of rotation numbers for which the theorem holds
contains not only Liouville numbers but also some Diophantine numbers of class D(d),
for any § > 1.

The proofs of these results rely on methods of dynamics and renormalization of circle
maps. In the next section, we state a sharp version of Gordon’s theorem [13] (which is the
only input from spectral theory that we need), and introduce dynamical partitions of a
circle and renormalizations of circle maps that play an important role in our proofs. In sec-
tion 3, we define two sets of full invariant measure for circle maps whose renormalizations
are piecewise concave and convex, respectively, and prove our main results.

2 Preliminaries

2.1 A criterion for the absence of eigenvalues

In this section, we state an abstract sharp version [13| of a theorem of Gordon [9]. Such
a sharp version was first proved in [2] to establish the singular continuous phase for the
almost Mathieu operator.

Consider a Schrédinger operator H on (?(Z) given by the action on u € (%(Z), as
(Hu)p = tps1 + tpo1 + Vauy,. (2.1)

As in (1.5), we can define the transfer matrix A, (F) and, as in (1.6), the n-step
transfer matrix P,(E) =[] _, 4;(E). Let also P_,(E) = [[." (4;(E))". Let

i=n—1 i=—n

A(E) := limsup W

[n]—o0 n

(2.2)



Clearly, for bounded V, A(E) < oo, for every E. We will use the following sharp Gordon’s
lemma.

Theorem 2.1 ([13]) Assume that there exists 5 > 0, and an increasing sequence of
positive integers q, diverging to infinity, such that the sequence {V, }nez in (2.1) satisfies

R . < —Ban
oRax [V; — Vigg, | < €77 (2.3)

If B > A(E), then E is not an eigenvalue of operator (2.1).

Consider the Schrodinger operator (2.1) with V,, = V,,(z) = V(T™z) where V : T! —
R is a bounded real-valued function on the circle and T is an orientation-preserving
homeomorphism of a circle with an irrational rotation number p. Let the Lyapunov
exponent L(E) be defined as in (1.7). Since T is ergodic, by Kingman’s ergodic theorem,
for almost every =,

L(E) = L(z, E) = lim ~1n||P,(x, E)|. (2.4)

n—oo M,

Theorem 2.2 Assume that for some x € T', C > 0 and B > 0, there is a sequence of
positive integers q, — 0o such that

sup |Visg, (z) — Vi(z)| < CePan. (2.5)

0<i<gn
If L(E) < j3, then E is not an eigenvalue of the Schrédinger operator H(T,V, x).

Proof. In order to apply Theorem 2.1, it suffices to prove lim supj, w < L(E).
This follows from a result of Furman |7]. QED

For a sequence ¢, — 00, let

5 A 1 ; i — Ti !
S = p(x) := liminf n(supOSan i = Tignl) , (2.6)

n—o0 q’I’L

where z; = T"x.
Let S,p, Pa, H, and H,. be as in Theorem 1.1.

Theorem 2.3 Let V : T' — R be an a-Hélder continuous real-valued function on the
circle, with o € (0,1). Then, we have

(i) Spp(x) N{E:0 < L(E) < aff} =0,

) P{E:0<L(E)<QB}(1’)H C Hse(x).



Proof. It suffices to prove part (i) of the claim, i.e., to exclude the point spectrum. Part
(7) of the claim then follows from Kotani’s theory [21, 22, 23], the z-independence of the
absolutely continuous spectrum [24], and the minimality of 7", since the set {E : L(E) > 0}
does not support any absolutely continuous spectrum.

IfL< af, then Vi(z) = V(T"z) satisty the assumption (2.5) of Theorem 2.2 for any
B satistying L < f < af. The claim follows. QED

In order to prove Theorem 1.1, we need appropriate bounds on 3 (x).

2.2 Dynamical partitions of a circle and renormalizations

The quantity B () involves information about the geometry of the dynamical partitions
of a circle. These partitions are obtained using the continued fraction expansion of the
rotation number p € (0,1) of the circle map 7. Every irrational p € (0, 1) can be written

uniquely as
1
= ———— = |ky, ko, k3, . .. 2.7
k1+k2+11 [ 1, 2, 3, ]7 ( )
k3t

p

with an infinite sequence of partial quotients k,, € N. Conversely, every infinite sequence
of partial quotients defines uniquely an irrational number p as the limit of the sequence
of rational convergents p,/q, = [k1, k2, ..., k,], obtained by the finite truncations of the
continued fraction expansion (2.7). It is well-known that p, /g, form a sequence of best
rational approximations of an irrational p, i.e., there are no rational numbers p/q, with
denominators ¢ < g, such that |p— pq| < |p, — pgs|- The rational convergents can also be
defined recursively by p, = kn.pn_1 + pn—2 and ¢, = k,Gn_1 + ¢n_o, starting with po = 0,
0=1p1=14¢1=0

To define the dynamical partitions of an orientation-preserving homeomorphism 7" :
T! — T!, with an irrational rotation number p, we start with a marked point y, € T!,
and consider the orbit x; = T"xo, with i € Z. The subsequence Y, , n € N, indexed by the
denominators g, of the sequence of rational convergents of the rotation number p, is called
the sequence of dynamical convergents. It follows from the simple arithmetic properties
of the rational convergents that the sequence of dynamical convergents x,,, n € N, for
the rigid rotation R, has the property that its subsequence with n odd approaches xq
from the left and the subsequence with n even approaches y, from the right. Since
all circle homeomorphisms with the same irrational rotation number are combinatorially
equivalent, the order of the dynamical convergents of T" is the same.

The intervals [xg,, xo], for n odd, and [xo, X4,], for n even, will be denoted by A(()n)
or A (x0). We also define A = Ti(Al"), i € Z. Certain number of images of A"
and Aén), under the iterations of the map T, cover the whole circle without intersecting
each other, except possibly at the end points, and form the n-th dynamical partition of



the circle A
P i (AL ™) 10 < i < g} U{TH(AL) 0 < i < gur ). 28)

Intervals A" and A" are called the fundamental intervals of P,. These partitions are
nested, in the sense that intervals of partition P,,.1 are obtained by dividing the intervals
of partition P, into finitely many intervals.

The n-th renormalization of an orientation-preserving homeomorphism 7" : T' — T*,
with rotation number p, with respect to partition-defining point xo € T!, is a function f,, :
[—1,0] — R, obtained from the restriction of 7% to Aén_l , by rescaling the coordinates.
If 7,, is the affine change of coordinates that maps x,, , to —1 and x¢ to 0, then

fo=10T" o, 1. (2.9)

If we identify xo with zero, then 7, is just multiplication by (—1)"/ \A(()nfl)]. Here, and in
what follows, |I| denotes the length of an interval I on T'.

For two sequences A,, and B, n € N, we use the notation A4, = O(B,,) to specify that
there are two constants Cy,Cy > 0 such that C1B,, < A,, < C3B,, for all n € N.

3 Construction of sets of full invariant measure and the
proof of the main result

In this section, we construct two sets of full invariant measure for which we have appro-
priate control on the distances of dynamical convergents, i.e, control of the quantity 3
in (2.6), and prove our main results.

3.1 Piecewise concave renormalizations and a full-measure set E

In this section, we assume that there exists an increasing infinite sequence o,, n € N,
such that renormalizations f, are piecewise C*-smooth and concave (downwards) with
second derivative bounded and bounded away from zero by a negative constant, on each

of the bounded number of intervals.
) i)

dor 1 -+igo )| Let , € (0,1), n € N, be a sequence such

Let ¢,, ;= min |7, (A
0<i<kp +1—1

that the series Y > | (1 —mn,) diverges to infinity. We also assume that the sequence k,, 1,
n € N, diverges to infinity. For n € N, let

— Yop

Tooi= {1 € Popia | 1€ AT NAP, |, (D)) < 22} (3.1)

Let
Bno:=|J I, and E,;:=T'E,), for i=1,... ¢, —L (3.2)

)



We define

Qo —1
E,:= |J B (3.3)
=0
and
E:=limsup E, = (| |J B (3.4)
e n>1j>n

Proposition 3.1 There exists C' > 0 such that

(B, 1 —0,)Ck,
M(En)a (on—1) 0) (on) > ( L =
w(AY U AT o1 T2

, (3.5)

for all n € N.

Proof. If the renormalizations f, are piecewise C*-smooth and uniformly concave on
each of the bounded number of intervals, there exists v € (0,1) and, for each n € N,

g

there is an interval Z C A(() "71)\Ag’"+1) such that the renormalization f,, is uniformly
concave on T,, (Z), and such that the number of intervals of partition P, i which are
subsets of 7 is larger than vk, , . It follows that at least one of the subintervals on
which f,, is monotone contains ©(k,, 1) these intervals of partition P,, 41 and, thus,
Inl;! = O(ks,41). Furthermore, the number N, of intervals of partition P, inside of

A(()U"_l)\A(()U"H), that are subsets of F), , satisfies 5’;’;*1 < bV, for some b > 1. Hence,
N, > (1 —=n,)Inl ' /Inb> (1—n,)Cky, 1, for some C' > 0.

Recall that the partition P, consists of ¢,, “large” intervals AE”’FI) = THALY),

fori =0,...,q,, — 1, each of which has invariant measure ,u(A((]J"_l)) and ¢,,—1 “small”
intervals A§"”> = Ti(AéU”)), fori=0,...,q,,-1 — 1, each of which has invariant measure

/L(A(()J")). Since the interval A((]G”_l) consists of the union of k,, 1 disjoint (except at the

l(]i:)_IHqUn € Py,41, for i = 0,...,ks,+1 — 1, each of which has

invariant measure M(A(()J")), and A(()J"H) - A((IZZL +1, we have that the invariant measure of

E, is

end points) intervals A

N,
Ep) > Nugo, t(AL) > —2 3.6
#(En) = Nado, 11(Dyg )_k%+1+2 (3.6)
In the last inequality, we have used that

a1, 1AG™) + G 11(AF ) + o, 1 p(AG™) = 1. (3.7)

We have also used that ¢, _1 < ¢, and p(AY"™Y) < p(Al™).

Similarly,
E, Ny,

p ATV UAF) T ko 20



The claim follows. QED

Proposition 3.2 pu(E) = 1.
Proof. For a fixed m € N it follows from Proposition 3.1 that

(1 - TIWL)Ckom+1

Eey<1-— 3.9
() <1 - S 39)
It follows from Proposition 3.1 that
- 1 —1)Ckg,1

v B9 < (et ey (1 — S CRe ) 3.10
) < ogzhp) (1= 0 .10

Applying this estimate recursively, and using that 1 — z < e, for z > 0, we have
UisnFj) =1 —p(Nis, ES) > 1 — —E ! . 3.11
1(Uj>n Ej) (N> g> = eXp ( = ko1 +2 ( )

If the sequence 1, is such that the series 3 7%, (1 — ;) diverges to oo, u(Uj>nE;) = 1, for
any n € N. The claim follows. QED

3.2 Piecewise convex renormalizations and a full-measure set &

In this section, we assume that there is an increasing infinite sequence o,, n € N, such
that the renormalizations f, are piecewise C**¢-smooth, € > 0, and convex with second
derivative bounded and bounded away from zero by a positive constant, on each of the
bounded number of intervals.

We will use the following extension of Yoccoz’s lemma that was proved in [19]. Let
k € N and let Ay, Ag, ..., Ary1 be consecutive closed intervals on an interval or a circle.

Lemma 3.3 ([19]) Let I = AfyUA U ---UAg and let f: 1 — Ay UA3U -+ U Agyyg
be a C***-smooth diffeomorphism, € € (0,1), satisfying f(A;) = Asy1. Assume that there
exist constants K, K', K" > 0 such that

D) [flle> < K;
(il) the set B :={z €I : f(z) — z < K'} is either an open interval or empty;

(iil) f"(z) > K", for every z € By:.

10



If |Av], |Ag| > o], for some o > 0, then there exists a constant C > 1, such that, for all
i=1,...k
- 1 Al 1
(min{é, k+1—1:¢})2 = |I| = (min{i,k+1—4})?

(3.12)

Let n, € (0,1), n € N, be a sequence such that the series > > (1 — 7771/2) diverges to
infinity. We also assume that the sequence k,, 1, n € N, diverges to infinity as well. For
each n € N, let

on— o g"'
Coi=|J I, Juo:= {1 € Py 1|l C AP NALY 1r (1)) < —n}, (3.13)
I1€Jn0 n
and let .
¢ =T1"(C,p), for i=1,...,¢, — 1 (3.14)
We define
qon_l
¢, = J e (3.15)
i=0
and
¢ :=limsup &, = (] J & (3.16)
n—00 n>1j>n
Proposition 3.4 There exists € > 0 such that
1/2
(&, 1 —n")Ck,,
w(e,), (oni) o) oo 2 ( p )+ 5 =y (3.17)
(AU ALY

for alln € N.

Proof. If the renormalizations f,, are piecewise C?*T¢-smooth, ¢ > 0, and convex, for each
n € N, there exists v € (0, 1) and, for each n € N, there is an interval J € A"\ AL
such that f,, is convex on 7,, (J), with second derivative f! bounded and bounded away
from zero, and such that the number of intervals of partition P, ,; that are subsets
of J is larger than vk, . . It follows that there is a subinterval of J on which f,; is
smooth and monotone, contains O(k,, +1) of these intervals of partition P,, 1 and, thus,
(s, = O(k, ;). Furthermore, it follows from Lemma 3.3 that the number N,, of intervals

of partition P,, .1 inside of A(()Jrl)\Agj"H), that belong to &,,, satisfies N, > N,

where %—QW = O(n;"). Here, N, and M, are the numbers of intervals of partition

Py, +1 o0 that subinterval of 7 which do and do not belong to &, 0, respectively. Since
M, + N, = O(ky,+1), we have N,, > O(ky, +1)(1 — 77711/2).

11



Analogously to (3.6) and (3.8), we have

M(@n,o) > Ny,

1(€y), - > : (3.18)
M(A(()Un 1) U A(()O’n)) k‘o_n_,’_l + 2
The claim follows. QED
Proposition 3.5 u(€) = 1.
Proof. For a fixed m € N, it follows from Proposition 3.4 that
(1 — )€k, 11
e)<1— = 3.19
(e, < 1- S (319)
It follows from Proposition 3.4 that
1= i)k, 11
N0, €5) < Nzl es) [ 1 - ( ). 3.20
PO €) < () ]>< o (320)
Applying this estimate recursively, and using that 1 — z < e, for z > 0, we have
c (1 - 77]1‘/2)Q:k0j+1
(Uj>n€;) = 1 — (N>, €5) > 1 — exp (— ; e : (3:21)
If the sequence 7, is such that the series > 72 (1 — 77;/2) diverges to oo, p(U;>,€;) = 1,

for any n € N. The claim follows. QED

3.3 Distance of dynamical convergents

We consider orientation-preserving homeomorphisms 7" : T! — T!, with an irrational rota-
tion number and logarithm of the derivative of bounded variation V := Vargem: InT7(€) <
00, for which In (7T)" is bounded. In particular, the derivative of such a map T has at

most finitely many discontinuities that we will denote by x](;r) ,i1=1,...,k, k€ N. In ad-
dition to partitions P, defined with a marked point xo = a:,(;), we consider finer partitions

D1<i<k,

P, obtained by dividing the interval Al into at most k intervals A((]"g
on which T is C'-smooth, by the preimages T*j(x](;)), j=0,...,q.—1,i=2,... k,

and dividing the ¢, — 1 images Agnfl), t=1,...,q, — 1, into the corresponding images

Agg_l) = T"(Agi_l)) of these intervals. The following proposition holds for all intervals

32

Iy C A(()nfl) such that Iy € P,,1, and the corresponding intervals I; = T%(1Iy), i € Z.

12



Proposition 3.6 There exists C; > 0 such that, for alln € N and1=0,...,q, — 1,
| Lo]
A5 ")

L g s | Tt Hivag, | < C1IAY D) (3.22)

Proof. Let I be any subinterval of I, on which 7% is C'-smooth, and A(()nfl) be any
subinterval of A(()n_l) on which 7 is C''- smooth Such that I, C A(()n_l). For1=0,...,q,,
there exist (;_; € I,_; C A§i1 and &_ € A ) such that

1Ll T _T’(Cz 1) i

= = (3.23)
AP @A) T(E-) | AT
This implies the estimate
ji T/ i— —T, i— j-i,
| |1 S(1+| (¢ 13 (€ 1>|) | 111 | (324
|A"Y)| T"(&i-1) AT

By iterating this inequality, we obtain that, for some (;,§; € Agnfl)

j 1 |T/ Cj) T/(g])l |I_0|
|An Y H0< mlngeTl T’( ) ) ‘Aénfl)" (325)

At points of discontinuity of 7", both left and right derivatives are considered. Using the
inequality 1 + x < e*, we obtain

\f 7'(G) = T'"(EHN) 1ol
<exp 3.26
A Z Mingey: T’ © ) 1A (8.26)

Since, for v =0, ..., g, — 1, the intervals Ai"_ do not overlap, except possibly at the end
points, we have

gn—1 qn—1
D IT(G) = T(&) < maxT'(€) Y- |InT'(G) —InT'(g))| < Vimax T'(€),  (3.27)
j=0 Jj=0

where V = Vargem InT7(€). Since the intervals /; and AE”‘” are unions of finitely many
intervals of the type I; and Agn_l), respectively, we obtain

| L] VYV maxeer: 17(§) | o]
ety = P\ T , ()
|AY) minger 1(€) ) |AYV Y|

Since T” is bounded both from below and from above by positive constants, we obtain the
desired estimate on |[;|, for i = 0,...,¢, — 1. The estimates on |[;_, | and |I;4,,| (with
possibly with a different constant C}) now follow since the logarithm of the derivative of
T is bounded. QED

(3.28)
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Lemma 3.7 There exists Cy > 0 such that, for all x € E, there are infinitely many
n € N, such that x € A;U”_l), for some 0 <7 <4q,, —1, and

[T — 3] < Col ALV, (3.29)

i o
where x; =T"'T, i = —qp,s - -0, -

Proof. For every x € E, there are infinitely many n, such that = € E,. Further-
more, there exists an element I; of partition P, 4 inside FE, ; C A (on 1) , for some

j =0,...,¢,, — 1, such that z € I}, and, thus, the interval [z, z,, | 1f o, is even, or
[T, ] if 0, is odd is a subset of the union I; U I, . The claim now follows from
Proposition 3.6 as |T‘1"n:v — x| < ||+ |T%n (Ij)|. QED

Lemma 3.8 There exists C3 > 0 such that, for all x € €&, there are infinitely many
n € N, such that x € Aéa”fl) for some 0 <75 <4q,, —1, and

0l
| T%n 3, — 2] < C3|A Y n_ (3.30)

J+i
n

e S
where x; =T"'x, 1 = —qy, ..., 45, -

Proof. Forevery x € &, there are infinitely many n, such that x € &,,. Furthermore, there

exists an element I; of partition P,, 1 inside €, ; C A;‘T”fl), for some 7 =0,...,q¢,, — 1,
such that x € I}, and, thus, the interval [z, z,, | if o, is even, or [z, ,x] if 0, is odd, is
a subset of the union I; U I;,,, . The claim now follows from Proposition 3.6. QED

3.4 Proof of the main theorems

Proof of Theorem 1.1. There is an increasing sequence m,, n € N, such that ., =

lim,, 00 h;fzn. Since dmax > 0, the sequence k; 1, n € N, diverges to infinity. It follows

from the properties of the renormalizations of C**¢-smooth circle maps with finitely many
(k > 1) break points with [J_, ¢; # 1, that there is an increasing infinite subsequence
on of m,, such that the renormalizations f,, (defined with one of the break points as a
marked point) are piecewise C*t*-smooth and either all uniformly piecewise concave or
all uniformly piecewise convex with second derivative bounded and bounded away from
zero, on each of the bounded number of at most k£ (optimal) intervals (i.e., contained in
no proper superintervals) on which f, is smooth. Assume first that there is an increasing,
infinite subsequence o, of m,, such that the renormalizations f, are piecewise concave
with second derivative negative, piecewise bounded and bounded away from zero. Let
. € (0,1), for n € N, be a sequence converging to 1 such that the series » (1 — n,)
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diverges. We use this sequence to construct set E, as in section 3.1. By Proposition 3.2,
pu(E) = 1. For every x € E, by Lemma 3.7, there are infinitely many n, such that estimate
(3.29) holds. This implies B > Omax. Hence, if L(F) < adpax, then L(F) < 043, and the
claim follows from Theorem 2.3.

Assume now that there is an increasing, infinite subsequence o, of m,, such that
the renormalizations f,, are piecewise convex with second derivative positive, piecewise
bounded and bounded away from zero. Let n, € (0,1), for n € N, be a sequence converging
to 1 such that the series > (1 — 77,11/ 2) diverges. We use this sequence to construct set €,
as in section 3.2. By Proposition 3.5, (&) = 1. For every x € &, by Lemma 3.8, there
are infinitely many n, such that estimate (3.30) holds. This implies B > Sumax. Hence, if
L(E) < afpay, then L(E) < af, and the claim follows from Theorem 2.3. QED

Theorem 1.2 follows directly from Theorem 1.1, as In ;! > ©(k, 1), for n € 2N, and
ln < O(k;2), forn € 2N — 1, if [T, ¢; < 1; and In€;* > O(k,44), for n € 2N — 1, and
< O(k;2)), for n € 2N, if [[I_, ¢; > 1, and, thus, dpax > max{O(fu:), O(8)}.
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