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ABSTRACT. We consider the inverse scattering problems for two types of Schrédinger
operators on locally perturbed periodic lattices. For the discrete Hamiltonian,

the knowledge of the S-matrix for all energies determines the graph structure

and the coefficients of the Hamiltonian. For locally perturbed equilateral met-

ric graphs, the knowledge of the S-matrix for all energies determines the graph
structure.

1. INTRODUCTION

1.1. The goal of this work. There are two basic models for describing the motion
of quantum mechanical particles on a periodic lattice. In the first model, the
configuration space consists of graph vertices only and the Hamiltonian is written
as a difference operator which is determined by the adjacency matrix. We refer
to this operator as the discrete Schrédinger operator in this paper. In the other
model, the wave functions are supported on the graph edges and the Hamiltonian is
a differential operator on the edges. This model is called the quantum (or metric)
graph.

The aim of this paper is twofold. The first topic concerns a locally perturbed
periodic lattice. We analyze the discrete Schrodinger operator having the form

Z Jowt(w) + q(v)a(v), ve G,

w~v,weEG

1.1 Hg i —
(1.1) G degv

on a finite part of the graph G and prove the following result (Theorem 5.10):

e Given a locally perturbed periodic lattice of a certain class and the associ-
ated discrete Hamiltonian Hg, we can determine the graph structure, g,
and ¢(v) from the knowledge of the S-matrix for all energies.

Here, a local perturbation of lattice means replacing a finite number of edges and
vertices by a finite number of other edges and vertices and changing the weights
gvw and the potentials ¢(v) on finite number of edges and vertices, respectively.
The other topic of this paper concerns the Schrédinger operator on a metric
graph I' = {V, £}, with vertex set V and edge set £, and the topology determined
by an appropriate adjacency matrix. The metric character of the graph means that
each edge is identified with a line segment, in our case finite, and parametrized by
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its arclength. This makes it possible to endow I' naturally with the metric defined
as the length of the shortest path between two points. We do not fix the orientation
of a given edge e, that is, the graph is undirected. We assume that for v,v’ € V,
there exists at most one edge with end points v, v/, and that T has no loops. This
can be assumed without loss of generality, since otherwise one can insert a ‘dummy’
vertex of degree 2 to any ‘superfluous’ edge. With each edge e € £, we associate a
one-dimensional Schrédinger operator

d2
(1.2) he := e +Ve(2), z€][0,£])=:1I,
where the length /. of the edge e is a positive constant. To convert the collection of
operators (1.2) into a self-adjoint Schrodinger operator on the whole graph, one has
to impose conditions matching the functions at the vertices. In general, self-adjoint
operators referring to the differential expression in question are parametrized by
degv x degwv unitary matrices, cf. [23] or [4], Theorem 1.4.4. If we require con-
tinuity of the functions at the vertices, however, this multitude is reduced to a
one-parameter family, which we adopt in our case. To be concrete, for f € HE (&),
we impose the generalized Kirchhoff condition, otherwise known as J-coupling: if
f = {fe}ece such that f € C(I') and f, € C'(I,), it holds that

(13) S i) = Cufw), vev,
where f!(v) is given by (2.2) and e ~ v means that v is an endpoint of the edge e,
C, is a real constant, f(v) = f.(0) if e(0) = v. Note that such a Hamiltonian can
be defined as the norm-resolvent limit as k — oo of the following operators,

2

hem:

= oy Ve(z) + kW (k2),

with the usual Kirchhoff condition . f/(v) = 0 for any v € V, where C, :=
> en J. We(2)dz and W, € L'(e) is a fixed function, cf. [10]. Note also that the
singular vertex couplings with functions discontinuous at the vertex also allow for
an interpretation, but the corresponding approximation procedure is considerably
more complicated, see [9].

We develop an inverse spectral and scattering theory associated with such quan-
tum graphs which would facilitate a recovery of the graph structure, potentials
V.(z), and constants C,. Roughly speaking, we consider a locally perturbed peri-
odic graph, and prove the following result (Theorem 7.2):

e Consider an infinite quantum graph I' = {V,£} on which all 4., V.(z)
coincide for all e € £, and C,/degv coincide for all v € V. If T' is a local
perturbation of a periodic lattice of a certain class, then we can determine
the graph structure of I" from the S-matrix for all energies.

Here a local perturbation of lattice means replacing a finite number of edges and
vertices by a finite number of other edges and vertices.
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The proof will be done by showing the equivalence of the S-matrix and the

Dirichlet-to-Neumann (D-N) map in a bounded domain, and by reducing the prob-

lem to inverse problems for discrete Schrodinger operators of the type (1.1).

1.2. Plan of the work. We proceed in the following steps.

(1) Preliminaries on metric graphs (§2).

(2) Inverse boundary value problem with the D-N map for a finite graph (§3):

Use the results from [5] to determine the structure of finite discrete graphs

and quantum graphs from the knowledge of the corresponding D-N map.

3)

Inverse scattering for discrete Hamiltonians (§5): Show that the S-matrix

and the D-N map are equivalent and thus reduce the inverse scattering

problem to the inverse boundary value problem.

(4)

Inverse scattering for quantum graphs (§6, §7): Develop the spectral and

scattering theory for locally perturbed periodic graph Laplacians, show that

the S-matrix and the D-N map are equivalent, and recover the perturbations

from the D-N map.

We end this section by the lists of assumptions and notations used in this paper

except standard ones.

Assumptions
(M-1) - (M-5) §2 (A1)- (A4) 233
(B-1) - (B-3) §2.3in [3] | (C-1), (C-2), (C-1)" §3.1, §3.2
(D-1) - (D-4) §5.1 (E-1) §5.4
Notations
he (12) | Cy (1.3) dy (2.1) | ¢eo(2,A)  (2.5) | Per(z,A)  (2.6)
re) @7 | Avx o (2100 | Qua (211 | Tun o (212) | Av(d)  (35)
Ae(N)  (3.3) | Le,Ve(z) (4.1) Ky (4.2) Uy (5.3) | Ar,  (5.4)
7. (D-1) To (D-2) Pt (5.9) ~ (5.15) X (5.34)
E(\)  (64) | c©On©) (6.6) | sO(-Ay) (6.7) | o (6.8) T (6.9)

The work of P.E. was supported by the Czech Science Foundation within the
project 21-07129S and by the EU project CZ.02.1.01/0.0/0.0/16_019/0000778. H.I.
is supported by Grant-in-Aid for Scientific Research (C) 20K03667 Japan Society
for the Promotion of Science. They are indebted to these supports.

2. METRIC GRAPH AND THE ASSOCIATED DISCRETE OPERATOR

Rephrasing the treatment of a Schrodinger operator, with or without a potential,

on a metric graph to the analogous problem on a combinatorial (or discrete) graph

is a well-known procedure that has been discussed in many papers, e.g. [7, 8, 11, 24].

We repeat it here mainly to fix notations. Let T' = {V, £} be a metric graph with

the vertex set V and edge set £. Note that for the metric graph, an edge e € £ is

a segment between two vertices while for the discrete graph, an edge is a pair of

vertices. To avoid the complexity of notation, we use the same symbol e, for an




4 EMILIA BLASTEN, PAVEL EXNER, HIROSHI ISOZAKI, MATTI LASSAS AND JINPENG LU

edge with endpoints v, w for both graphs, often omitting v, w. However, we will
make a distinction between them in the arguments in §2 following Definition 2.1
and those in §3.1. For v,w € V, we say that v and w are adjacent, denoted by
v ~ w, if there exists an edge having v and w as its endpoints. For a subset A € V
or £, v~ A and A ~ v mean that v is adjacent to some w € AN V. In particluar,
for an edge e € £ and v € V, e ~ v means that v is an end point of e. The degree
of a vertex v € V is defined as

(2.1) dy :=degv=t{e€&;e~v}.

Recall that for adjacent v,v" € V, the edge joining v and v’ is unique by assumption.
For a function f = {fe}eeg on I', with fe : I, — C, and e € &£ with e ~ v, we define

df o
()= f0).

When computing the right-hand side, we parametrize e as e(z), z € [0,4.] with

(2.2)

e(0) = v, and the boundary derivative is taken in the outward direction with respect
to v, see [4, Sec. 1.4]. Equivalently, the boundary derivatives can be written as

df £ df _ £
o (€(0) = JU0), G (elle) = — (L)

where /. is the length of the edge e. For the sake of brevity, we use the following

/ea - /Oeea(z)dz.

Then the following Green’s formula holds:
di
- / (@) = d;iw et / il

For an edge e € &, let L%(e) be the set of all L?-functions on e, conventionally

shorthand notation:

da

e(0) + duew

understood as equivalence classes of functions coinciding a.e., and put

LY(€) = @CES L?(e).

For @t = {{ic}ece and @ € {te}ece, let (G, w)e be the inner product:

('ﬂ,ﬁ))g = Z(ae»we)e = Z UeWe.

eel ecE V€

The Sobolev spaces are defined by

H™(E) = @665 H™(e).
Note that different conventions are used and sometimes the definition may involve
the continuity at the vertices, see [4, Def. 1.3.6].

Given a real-valued function V, € L!(e) on each e € &, we define a multiplication

operator V by

(Va),(2) = Ve(2)iie(2)-
Let C, be a real-valued function on V. Throughout the paper we impose the
following requirements:
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0 < inf. ¢, <sup, ¥ < 00,

SUP,cy dy < 00,

(M-1)

(M-2)

(M-3) supeeg [[Vell L1 (e) < o0,
(M-4) Ve(z) = Ve(le — 2),
(M-5) SUp,ey |Co| < 0.

Naturally all of these requirements except the symmetry condition (M-4) are satis-
fied automatically if the graph I is finite. We define the operator Hg by

(2.3) (Het), (2) = —al(2) + Ve(2)ite(2)
acting on I, with the domain consisting of functions

e H*&), aecC(),
(24) @€ DMHe) <=\ S i (0) = CLa(v), veV.
Here in the first line of the right-hand side, @ € C'(T') means that te(v) = e (v)
if v ~e, v~ ¢ and that @, thus defined globally on &, is continuous on the whole
graph T'. Tt is straightforward to check that Hg is self-adjoint.
Let A € C\R. For any edge e € &, let ¢eo(2,A) and ¢e1(2, A) be the solutions of
—¢" + Vo = A\ on I, satisfying the boundary conditions

(25) ¢€0(0’ )‘> = 07 ¢:30(0’ )‘> = 13

(2.6) Pe1(le, N) =0, ¢y (le, A) = —

Note that ¢e1(z,\) = ¢eo(le — 2, A) by the symmetry condition (M-4). Let r.())
be the Green operator of —d?/dz? + V,(z) — X on e with the Dirichlet boundary
condition:

@27 W= (-5 + V) —A)’lf; = / re(z, 2, N fel2')d?,

where the integral kernel is given by

/ _ # Qbeo(za/\)d)el('z,v)‘)v 0<z< Z/’
(BN =TT b5 ol ), 0< 2 <2,

( A) = ¢60(Z )‘)¢el (2, )‘) ¢IeO(Z’ )‘)¢61(Za /\)

Let @ = (ﬁg —A)~1f. Then on each edge e, the function i (z, A) can be written as

N Peo (25 A) Pe1(2, ) ?
2.8 Ue(2,A) = ce(le, \) ——5 + e (0, \) —= + 7 () fe,
(2.8) (2,A) = ce( )qf)eo(fe,A) ( )¢e1(0,)\) (M.
where the constants c.(fe, A), ce(0, \) are determined by the d-coupling condition
(1.3). Since ¢.,(0,A) =1 and ¢.,(0,\) = (&, )\) we infer that
d ¢el / !
@Te( / (z")d,
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and consequently we have

(60t = ot s 0.) = [ SN e

I.

(O )\) ¢eo(£e7 >‘)

Since (0, A) = ¢.(0, A), the d-coupling condition (1.3) can be rewritten as

Z (Cﬁeo(ze,)\) (Ce(&m)\) - d)/e()(ee,)\)ce(o’)\)) _ g:ce(o,)\)>

e(0)=v
/ d)el . (2') dZ.

e(0)=v
To make the dependence on the edge parametrization more visible, we alternatively
write f.(e(z)) instead of a function f.(z) on I,.
From here until the end of §3.1, we distinguish the edges in the metric graph and

(2.9)

those of the discrete graph, denoting the edges and the functions on the former by
e, i, i, and those for the discrete graph by e, @ and ..

Definition 2.1. The weighted discrete graph Laplacian KV’A D 2(V) = 2(V),
where £2(V) = C*, on V, associated with the Schrédinger operator on T' specified
by (1.2) and (1.3), acts on a function 4(v) on V as

@uat)0) =3 3 it
Y e(0)=v,ecg TN
(2.10) ) 1

== > ———i(w)

dv W, wEY QSeO(wa )\)
We introduce the discrete scalar potential @v A= {QU,A}UGV by

(2.11) Gur= 1+ 3 Gwlled) | O

e~v,ec€

Note that e(0) = v and e(f.) = w hold in the definitions (2.10) and (2.11).

Furthermore, defining
Peol ;
(2.12) (Tyf) () : -0 Ej/ 0 i 2)dz
e(0)=v d)eo

we can rewrite the coupling condition (2.9) in the following way.

Lemma 2.2. The §-coupling condition (1.8) can be expressed as

(2.13) (—ﬁv,)\ + @V,)\) @(U) = fv’,\f(v), v e V.

Assuming that the equation (2.13) is solvable, we write & = {7, }cce in the form
of (2.8) with c.(0,)), ce(fe, A) being the vertex values of 4(v) at v = ¢(0) and
v = e(le), respectively. Then we have

v = ( - KV,A + @v,x\)flfv,xf

u
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Note further that the adjoint operator (fv A)* acts as

-~ N ]- ¢60(27X) ~
(B 9), )= X 72222 )
L 20E g () LD ),

 deo) deo(le, )™ de(t,) Pe1(0,2)
where in the first line we consider both orientations of the edge e, while in the

second line we fix one orientation. Now we define the operator r¢(A) on £ by

re(\)f =re(\)f, on e,

€

and we arrive at the following Krein-type formula expressing the resolvent through
its comparison to that of the Dirichlet-decoupled graph.

Lemma 2.3. The resolvent ﬁg()\) = (ﬁg —A\)71 is expressed as

~

Re()) = (Ty5)" (- Ay + QV,A)_lfv,,\ +7re(A).

Let us note here that for A ¢ R, the coefficients of AV,A and @V,A are not real and

1

hence the existence of the inverse (—AV}A + @V)\)_ is not obvious. We postpone

its justification until §6, and admit Lemma 2.3 as a formal formula for the moment.

3. INVERSE BOUNDARY VALUE PROBLEM FOR A FINITE GRAPH

3.1. The D-N maps. In this section, we consider a finite graph I' = {V, £} with
boundary dV and assume that

(C-1) T consists of two parts called boundary 9V and interior V° whose vertex
sets are disjoint; each boundary vertex is connected to only one interior vertex.

Note that, topologically speaking, the notion of the graph boundary is not trivial;
here we use the freedom to determine it ad hoc to suit our purposes.

Let fIg be the quantum graph Schrodinger operator on the finite graph I' as in
the previous section with Dirichlet boundary condition on the boundary 0V. We
put

(3.1) o' i= (U othe)) U{r € C; det(~Avx + Qup) =0},
ee&
which is discrete in C, as I is a finite graph. Note o(Hg) C o’. Let he be the
differential operator on e as in (1.2). Then for any A € o(Hg) and given boundary
data f, there is a unique solution & = {1, }cce to the equation
(he = N)it, =0 on Veeé&,
(3.2) ] :f on 9V,

d-coupling condition (1.3).
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Here, as in (2.4), 4 is assumed to be in C(T"). Using the solution @, we define the

D-N map Ag(\) : C™ — C™, m = 9V, by

(3.3) Ae(N): f = l(v), €(0)=v e dV.

Note that & = {@, }ece is the solution to the edge Schrodinger equation (3.2) if and

only if 4 |V is the solution to the vertex Schrédinger equation (3.4) ( cf. [11]).
Under the Dirichlet boundary condition on the boundary e(0) and e(4.), h. has

discrete spectrum, and for any A\ € Ueego(he), we have ¢eo(le, A) # 0. Hence the

weighted discrete Laplacian (2.10) is well defined. We consider the boundary value

problem for the corresponding Schrodinger-type operator HV A = —Av A+ QV A
on the vertex set V with the boundary value f on JV, namely

(78\;7)\ —+ Q\VJ\) ﬂ(’U) = 0, veVP’ =Yy \ 6V,
a(v) = f(v), ve V.

Using the solution 4y, which depends also on A and is denoted by @y (v, A), we next
define the D-N map for Hy ) : C"™ — C™ by

(3.4)

(3.5) Ay f— ay(w, ), w=ce(l.), v=e(0)ecdV.

deo(w, N) Y
Therefore, Ag(A) and Ay (\) are meromorphic functions of A with poles in the

discrete set X. Recall that given a subset A C V and an edge e € £ (or ¢), we say

that e is adjacent to A, denoted as e ~ A or A ~ e, if e(0) € A and e({.) & A.

Lemma 3.1. Assuming that we know {. and Ve(z) for all e adjacent to OV, then
Ae(N) and Ay (N) determine each other for any A\ & o’.

Proof. Given the solution 4 to (3.2), the corresponding @ ’v solves (3.4). Conversely,
given the solution 4y of (3.4), we define @ by

N Peo(2;A) Pe1(2,A)
Ue(2) = Co(ley ) ———= —

2 = el Vg i) PRTORY
where on the edge with the initial vertex v = ¢(0) € 9V, we put

ce(0,0) = f(v).
The function @ defined in this way solves (3.2). The D-N map for He is
1 A /el (07 >‘)
+ f(v)—= , v=-e¢e(0) V.

ety L5000 T

The D-N map for I;Tv)\ is, by (3.5), taking w = e(fe),

+c.(0, )

Ae(N) : f = celle, M)

(3.6) Av(N) : f = m (Ce(ge’ A)ﬂ%)

Since we know ¢eo(z,A), ¢e1(z,A) for edges e adjacent to 9V, the knowledge of
the D-N maps for both the f]g and I;fv’)\ is thus equivalent to that of the initial
value problem or the two-point boundary value problem for h, — A on each edge e.
Consequently, the two D-N maps are equivalent. [
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3.2. A reminder: inverse problem for the discrete graph Laplacian. To
make this paper self-contained, let us recall a result obtained in [5] as follows.
We say that the collection G = {G,IG, E, u, g} is a weighted discrete graph with
boundary, if it satisfies the following conditions.

e {GUOG, E} is an undirected simple discrete graph, where G U 9G is the
set of vertices and E is the set of edges. Assume that GNOG = 0. We call
G the interior of the graph, and call G the boundary of the graph.
e 11: GUIG — Ry is a weight function on vertices.
e g: E — Ry is a weight function on edges.
We say G is finite (resp. connected) if {G U G, E} is finite (resp. connected).
When the weights u, g are not relevant in a specific context, we write {G, G, E'}
for short. In §3.2 and §5.4, we use z, ¥, z to refer to vertices in G.

Given a subset S C G, we say that x¢ € S is an extreme point of S with respect

to OG if
3z € OG such that d(zg, 2) < d(z,2), Yo € S, x # xo,
where d(z,y) is the distance of z,y € G U 9G understood as the minimum number

of edges forming a path connecting the two points x,y. The following Two-Points
Condition for {G, 0G, E'} is imposed:

(C-2) For any subset S C G with §S > 2, there exist at least two extreme points of
S with respect to 0G.

We consider the set of points adjacent to the boundary defined as
N(0G) = {z € G; 3z € 0G, such that z ~ z} U JG.
We say that two weighted graphs with boundary G, G’ are boundary isomorphic if
there exists a bijection ®q : N(OG) — N(0G’) with the following properties.
(i) ®o|,, : OG — G is bijective.
(ii) For any z € 0G, y € N(OG) the equivalence y ~ z <= Dy(y) ~' Dy(2)
holds.
The graph Laplacian Ag is defined by
1
(AGU) (.’L’) = - Z Gy (u(y) - u(x))w%' € G,
Ha y~z,yEGUIG

and the Neumann derivative at the boundary is defined by

(3.7) (Opu) (2) = L Z oz (u(z) —u(2)), z€0G.

i

r~z,x€EG

Moreover, adding a potential function ¢ on G to Ag, we can define the D-N map
in the same way as in the previous section.

The following result is valid, cf. Theorems 1 and 2 in [5].
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Theorem 3.2. Let G = {G,0G,E,pu,g} and G' = {G',0G',E',1',¢'} be two
finite weighted graphs with boundary satisfying (C-1), (C-2), and let q,q" be real-
valued potential functions on G,G’. Suppose G and G’ are boundary isomorphic

via Py, and their D-N maps coincide for all energies. Then, there exists a bijection
®: GUIG — G'UIG" such that

(1) (I)‘ac; = %’ac'
(2) ©~y<—= P(x)~ O(y), Va,ye€ GUOIG,
where ' ~' 3y’ means that x',y’ are adjacent in G' U9G'.

Identifying vertices of G with those of G’ by this bijection, assume furthermore
that p, = i, gzz = gl for all z € 0G, x € G. Then we have

(3) If u=p', theng=4g', q=¢".
(4)Ifg=q =0, then p= /" and g =g'.

In particular, if p(v) = degv and p'(v') = degv’ holds for allv € G and v' € G/,
respectively, then g =g, ¢ =¢'.

Remark 3.3. Let us add three remarks.

(1) The theorems in [5] that we refer to were formulated in terms of Neumann
boundary spectral data; however, the claims hold for the Dirichlet boundary spec-
tral data as well with a minor modification of the proof.

(2) Under the conditions (C-1), (C-2), the Neumann boundary spectral data deter-
mine the N-D maps for all energies, that is, the N-D map of —Ag — A for all A\, and
vice versa, see Lemma 5.7 below. In the same way, the Dirichlet boundary spectral
data and the D-N maps for all energies determine each other.

(3) We can replace the assumption (C-1) by

(C-1)’ For any z € G and any z,y € G, if x ~ 2z, y ~ 2z, then z ~ y.

cf. [5]. Inspecting Figures 1 — 4 in §5 below, we see that (C-1) is satisfied for the
hexagonal lattice, but not, e.g., for the triangular lattice. The latter, however, is
covered by (C-1)’. All the arguments below work under the assumption (C-1)’ with
minor modification. For the sake of simplicity, we adopt (C-1) in this paper.

4. EQUILATERAL GRAPHS

Suppose we are given a finite quantum graph I' = {V, £} satisfying (C-1), (C-2).
We further assume that there exist a number f¢ and a function Vg(z) such that

(4.1) be=Lg, V.(z)=Ve(z), Veef.
Moreover, assume that

(4.2) ky = % is independent of v € V.

v
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Let ¢p(z,A) and ¢1(2,A) be deo(2, ), de1(z,A) in §2. By (2.10) and (2.11), the
discrete graph Laplacian Ay, and the vertex potential @y x can be rewritten as

(4.3) (Ay i) (v) = d%m > a(w), wvev,

wn~v

(10 Qua= o Fe(N FeO\) = dh(Le, ) + Foolle, ).
Po(le, A)

Thus (4.3) and (4.4) differ by a multiplicative constant ¢¢(fg, A) from the discrete
operator with the graph Laplacian (Aya)(v) := i > we W(w) and potential Eg(\).

This amounts to considering a graph I with the same edge set £ and the vertex
set V as our original I', and p, = dy, gpw = 1. We let A vary and use analytic
continuation: if we are given the D-N map for the original quantum graph I" for
all energies, we can obtain the D-N map of the above discrete operator ﬁv for all
energies, and, mutatis mutandis, the Dirichlet boundary spectral data for ﬁy under
the conditions (C-1), (C-2). Note that the D-N map for the operator Ay, acts as
w(v)—=a(w), w~ v €V, w € V; by (3.6) it can be computed from the D-N map
of EV’)\ if we know ¢o(z, ), i.e. £g and Ve(z2).

Suppose now that we are given two such graphs I' = {V,€&} and I’ = V', &'

Applying then Theorem 3.2 with p, = du, g»y = 1, we infer that there is a bijection
&:T 1T’
preserving the graph structure. Setting v" = ®(v), we conclude that
dy =dy, Yv€EV,

and consequently
C»U = C,Z)/, VU c V

In this way, we have proven the following theorem:

Theorem 4.1. Let T’ = {V,E} and TV = {V', &'} be two finite quantum graphs
satisfying assumptions (C-1), (C-2), (4.1), (4.2) and be = ler,Ve(2) = Ver(2),
ky = ky.. Suppose that the D-N maps for the Schridinger operator for the two
quantum graphs coincide for all energies. Then there is a bijection ® : ' — TV
preserving the graph structure, and d, = d,, C, = C!, hold for all v € V and
v = ®(v).

5. INVERSE SCATTERING FOR THE DISCRETE HAMILTONIAN

It is known that the potential of the discrete Schrédinger operator on periodic
square or hexagonal lattices can be uniquely recovered from the knowledge of the
scattering matrix of all energies, see [1, 17]. Furthermore, the forward and inverse
scattering problems have been considered for infinite graphs that are local pertur-
bations of periodic lattices in [2, 3]. For several standard types of lattices, it was
shown in [3] that the scattering matrix for the discrete Schrédinger operator on



12EMILIA BLASTEN, PAVEL EXNER, HIROSHI ISOZAKI, MATTI LASSAS AND JINPENG LU

locally perturbed lattices determines the Dirichlet-to-Neumann map for the dis-
crete Schrodinger equation on the perturbed subgraph. In this section, we apply
Theorem 3.2 to recover the potential on locally perturbed lattices, as well as to
recover the structure of the perturbed subgraph (see Theorem 5.10). This result
may be applied, in particular, to probe graphene defects from the knowledge of the
scattering matrix, see Figures 1 and 2.

FIGURE 1. Periodic hexagonal lattice. The white vertices are con-
sidered to be the boundary vertices for the subgraph of the blue
(interior) vertices.

FIGURE 2. A hexagonal lattice of Figure 1 with one blue edge
removed. By Theorem 5.10, the exact structure of such graphs
and the potential can be uniquely recovered from the scattering
matrix.

5.1. Periodic lattices and local perturbations. To begin with, we review a
framework of the scattering theory on perturbed periodic lattices used in [2, 3]. A
periodic graph in R? is a triple ['g = {Lo, Vo, &}, where & is the edge set, and Lo
is a lattice of rank d in R? with a basis vj,j=1,---,d, in other words

d
(5.1) Lo={v(n): ne Zd}, v(n) = anvj, n=(ny,---,ng) € Z%
j=1
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FIGURE 4. A triangular lattice satisfying (C-1)’ of Figure 3 with
one blue edge removed. By Theorem 5.10, the exact structure of
such graphs and the potential can be uniquely recovered from the
scattering matrix.

The vertex set V is defined by
(5.2) Vo=J (w; + £o),
j=1

where p;, j = 1,---,s, are points in R? satisfying p; — p; & Lo if © # 5. We
assume that the degree of vertices are equal for all vertices v € Vy and denote
it by degy,. From (5.2), we know that any function f on Vy can be written as
fln) = (f/';(n), o, Js(n), n € Z%, where J/C;(TL) is a function on p; + L£y. Hence
the associated Hilbert space is ¢2(V,) = (?(Z%)*, and it is unitarily equivalent to
L?(T%)*, where T? is the flat torus R?/(27Z)%, by means of the discrete Fourier
transformation

(5.3) Uvf)(x) = Vdegy, 2m) "> >~ fn)e™™, weT,

nezd
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The Laplacian ﬁpo on the lattice I'g is defined by

(5.4) (Ar,u)(v) 1

= u(w), v E Y

degy, weVo,evuwEE ) :
where, e,,, denotes an edge € & with end points v,w € V,, and we will use the
symbol Hy = —31“0.

On the torus T¢ = R?/(27Z)?, the Floquet image of the Laplacian Hyis an s x s
matrix operator Ho(z), where x € T? is the quasimomentum variable. We denote
the matrix by Hp; its entries are trigonometric functions. Let A\ (z) < -+ < Ag(2)
be the eigenvalues of Hy(x). We put

pla,A) = det(Ho(z) = A), My := {z e T?: p(z,)) =0},
My, = {zeT%: \j(z) =2}, MY = {z€C?@2rZ)": p(z,\) =0},
M5 g = {2 € MY : V.p(2,)\) #0}, M5, == {z € MY : V.p(z,\) =0}
In the spirit of §3.1, we define
(5.5) I, :={v € Vo \ Q| epw € & for some w € Q}.
We impose the following assumptions on the periodic lattice I'y.

(D-1) There exists a subset Ty C o(Hy) such that for A € o(Hp)\ T, Mﬁgsng is dis-
crete, and each connected component of Mgreg intersects with T, the intersection
being a (d — 1)-dimensional real analytic submanifold of T?.

(D-2) There exists a finite set To C o(Hp) such that
M>\7iﬁM)\7j:® if i#j and )\EO’(H())\%.
(D-3) Vup(z,A) #0 holds on My for A € o(Hp) \ To.

(D-4) The last assumption consists of two requirements: (i) On the unperturbed lat-
tice Iy, there exist finite connected subsets {Qx 152, of Vo such that Qp C Qpi1, Vo =
U Qg, and the triple (Q, Or, Ly, Eo) satisfies assumptions (C-1), (C-2) for all k,
and (i) the unique continuation from infinity holds on Q¢ := Vo \ Qi for all k.

Assumption (D-4) requires a little explanation. For a subset U C V, satisfying
(Vo \U) < oo, by the unique continuation from infinity on U, we mean the following
claim. If 4 satisfies (*AFO —A)t =0on U for some A and @ = 0 near infinity, then
4 vanishes on whole U. Namely, if 4 satisfies (781"0 —A)t=0o0nU and & =0 on
|v| > R for some R > 0, then & =0 on U.

On the other hand, the unique continuation from the boundary in the finite
domain 2; follows from the first part of (D-4). Namely, if (—AFO — ANt =0inQ;
and 4 = 0,4 = 0 on Or,€;, then 4 = 0 in ;. This claim also holds for —ﬁpo +q(v)
with any potential ¢, see Lemma 3.5 in [5] or Lemma 2.4 in [6].

In particular, part (i) of (D-4) implies the unique continuation property on
from infinity.
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Lemma 5.1. If part (i) of (D-4) is satisfied for Ty, then the unique continuation
from infinity holds for the unperturbed equation (—Ar, — X\)i =0 on Ty.

Proof. If a solution 4 is finitely supported in Vy, we can find 0, such that supp (4) C
Qi by assumption (i) of (D-4). Then 4 vanishes outside §2; on the unperturbed
lattice I'g for some k. By definition (5.4), we know for any z € 0p,{y,
> (@) —a) = >0 (i)~ iz))
r~z,xeQ); r~z,xEV
= deggo(z) Ap,ti(z) = fdeggo(z) Ai(z) = 0.

This indicates that 4 is a solution of the equation (5.37) on (Qk, Or, Qs SO) satisfy-
ing simultaneously the Dirichlet and Neumann boundary conditions. Hence 4 van-
ishes everywhere by Lemma 2.4 in [6], provided that the subgraph (Qk, Or, Qs 80)
satisfies the assumptions (C-1) and (C-2). O

The assumption (D-2) implies that the eigenvalues \;(x) are simple for A ¢ 7o.
For A\ € T1, (D-1) guarantees the Rellich type theorem (cf. Theorems 5.1 and 5.7 in
[2]). Therefore, (D-1) and (D-4) yield the non-existence of embedded eigenvalues
for Hyo(z) and its perturbation for the energy A & 7o U T7.

For the square, triangular, hexagonal, Kagome, and diamond lattices, as well as
for subdivisions of square lattices, the subset 7 is finite. On the other hand, for
the ladder and ‘layered’ graphite lattices, 77 fills closed intervals, cf. §5 in [2].

By virtue of Proposition 1.10 in [5], our result applies to several standard types
of lattices and their perturbations. As for examples illustrating (i) of (D-4), see
Example 5.11 of the present paper. The unique continuation from infinity on Q¢**
is seen to be satisfied for e.g. the square, hexagonal, triangular lattices by directly
examining the figures.

Referring to the papers [2], [3], we note that their authors employed four as-
sumptions, (A-1)—(A-4), of which the first three coincided with (D-1)-(D-3) above.
The fourth assumption there, (A-4), follows from part (i) of (D-4) by Lemma 5.1.

Now let us consider an infinite connected graph I' = {V, £}, which is a local
(meaning compactly supported) perturbation of the periodic lattice Ty = {Lo, Vo, &0 }
satisfying the assumptions (D-1)—(D-4) above. We assume that the lattice T'g is per-
turbed only in a finite subset 2 C V, and the potential function is also supported
in Q. Later we will further assume (C-1) and (C-2) for the perturbed part in €.
Lemma 5.1 then holds also for the perturbed system by the same proof, see Lemma
5.9.

Let {G, Epert} be a finite connected graph which is a perturbation of the sub-
graph {Q, {evw € & :v,w € Q}} of T'y. Without loss of generality, we may
assume  is chosen sufficiently large so that the perturbation does not remove the
vertices (of 1) which are connected to the subgraph boundary dp,§2. We add an
unperturbed layer of edges to Fpe,+ defining

(5.6) E = Epert U{evw € & |v € Qw € 9p, Q).
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Then the weighted graph
(57) GF = {G78FoQaE7Mag}a

where p = {py; v € G}, 9 = {gow; v,w € G, v ~ w} are the vertex weight and
edge weight, fits into our setting for finite graphs studied in [5]. For the scattering
problem in this section, we set

0G = 0Or, L.

Observe that the edges connecting G and G are known, and that by construction
there are no edges between vertices in 0G.

In particular, we can simply choose the perturbed vertex set € to be ) for some
k as assumed in part (i) of (D-4). We define the following sets:

Vint := GUOG, Vi, =G, NV = 0G;
(5.8) Veur := V\G, o = V\NG)\IG, OVey := 0G.

ext

Then the unique continuation from infinity holds on Ve,: due to part (ii) of (D-4).
Hence Vin: and V., satisfy assumptions (B-1)—(B-3) imposed in [3], and conse-
quently, the Hilbert space ¢2(V) admits an orthogonal decomposition

62(]}) = KQ(ngt) S 62(Vznt)

Denote by ﬁext the orthogonal projection:

Pyt : 2(V) — 2(V2,,).

ext

The Laplacian 3[‘ on the graph T is defined in analogy with (5.4), replacing Vg, &
by V, €. Adding then a bounded self-adjoint perturbation of V', which is assumed
to vanish on V,,;, we consider Hamiltonian H of the form

H=—Ar+V:2(V) = 2(V).

Note that in the forward scattering problem, following the arguments of [2] and
those from §2-85 of [3], one can allow arbitrary structure modification on the finite
part of the graph.

5.2. Spectral representation and the S-matrix. Let us keep reviewing the
needed results from [2] and [3]. In general, scattering is a time-dependent phenom-
enon, and the S-matrix is defined through the wave operators. However, it has
the stationary counterpart which we employ here. Let us recall how it looks for
a Schrodinger operator in R™. We introduce a Banach space B(R™)* consisting of
L? (R") functions f(x) such that

loc

1
(5.9) 1)~ = sup & |f (@) dz < oo,
R>1 |z|<R

which is the dual space of the Banach space B(R") defined as follows,

(5.10) Il =3 Ry ( /
§=0

J

1/2
f(x)|2dfv> < o0,
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where R; = 27 and Q; = {z € R?; R;_; < |z| < R;}; for j = 0 we put R_; := 0.
These spaces give rise to a rigged structure of L?(R™), namely

Bc L*(R™) c B*
with continuous inclusions. Given u,v € B(R™)*, we define
(5.11) u~v<= lim 1/| | R|u(x) —v(z)|*dx = 0.
z|<

R—o00

We consider the Helmholtz equation
(5.12) (-A+V(z)—MNu=0 in R

where A > 0 and V(z) is a real function decaying sufficiently rapidly at infinity.
Then, for any ¢ € L?(S™~1), there exist a unique u € B(R")* satisfying (5.12)
and ¢°% € L?(S"~1) such that
eiVAT e—iVAr

(5.13) U~ mgﬁ"“t — mqﬁm.
The operator

S(\) : L2(S"7 1) 3 ¢™ — ¢t € L2(S™h)
is unitary and can be identified, up to a unitary operator, with the on-shell S-matrix
obtained by the direct-integral decomposition of the scattering operator defined in
the time-dependent theory.

As for scattering on perturbed periodic lattices, in some cases one can argue in
the same way as above, e.g., when a square lattice is concerned [20]. However, to
deal with general lattices, it is more convenient to pass the problem on the torus
by the discrete Fourier transform and to observe the singularities of solutions to
the Helmholtz equation.

On the torus T¢, the counterpart of the above space B(R™)* is defined as follows.
Let ¢ be a distribution on T¢. Multiplying it by a smooth cut-off function, passing
to the Fourier transform in the appropriate local chart, and denoting the resulting
function by ¢, we define B(T?)* to be the set of distributions such that

1 ~
(5.14) sp = [ [5(9)de < o0;
R>1 |¢|<R

for two distributions ¢, on T¢, ¢ ~ 1) means

1 ~ ~
V7 |6(6) —w(€)PdE 0 as R — oo,
lEI<R
We also define the space B(T?) similarly to (5.10). See §4 of [2] and §2.4 of [3].
Assume that the unperturbed periodic lattice I'y satisfies the above assumptions

(5.15)

(D-1)—(D-4). The spectral representation of Hy is nothing but the diagonalization
of Ho(z). Let P;(x) be the eigenprojection associated with the eigenvalue \;(z).
Let I; = {\;(2); z € T} \ To, and

{{x €T N\j(z) =2}, M€
ANjg —

5.16
(5.16) 0, N¢Ij.
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For X\ € o(Ho) \ To, we have My, N M, ; = 0 if i # j, hence each of them is a
C*-submanifold of T?. We define the Hilbert spaces h) ; equipped with the inner
product

Woson, = [ BEwE) o
and put
(5.17) hy = hyy @ --- @ hy.
For f € B(T%), we define
(5.18) Fo NS = Pi(@)f(@)], |
and
(5.19) FoANf = (For(N) s Fos(M) )

in the spirit of the above orthogonal sum, we often write the right-hand side as
ijl Fo,;(A)f. Then the operators

(5.20) Fo(A) € B(B(T?); hy)
provide us with a spectral representation (or a generalized Fourier transformation)
associated with Hy. It is related to the resolvent of Hy in the following way,

=1 . Fo,j(A)f
(5.21) (Ho — A F i0) 1f—;m’

f € B(T?),
where the relation ~ is defined by (5.15). This shows that the generalized Fourier
transform can be associated with the singular part of the resolvent of Hy on the
torus, which in turn describes the behavior at infinity of the resolvent of fIO in the
lattice space. Compared with the case of R™, the lattice and the torus here can be
matched off against the position space and the momentum space, respectively.
The same fact holds for the perturbed operator H=—Ap+V on (2 (V). One can
casily check that o.(H) = o(Hpy) = o(Hp), and furthermore, that ap(fl) Noo(H) is
discrete in 0. (Hy) \ 7o with possible accumulation points in Ty only [2, Lemma 7.5].

In the following we consider A\ € o(Hp) \ (To U 0,(H)). Define B = B(V) and
B* = B(V)* as direct sums,

(5.22) BYV) = BVeat) ® C(Vi): BYV)" = BVewr)™ ® £2(Viy),

where the spaces B(Veyt) and B(V.,:)* are defined on the torus in the way described
above!. Denoting R(z) := (H — z)~! and assuming A € o.(H) \ (7o U Jp(ji\[)), we
have

(5.23) R(\ +i0) € B(B; B*).

IMore explicitly, the norm of B(Vp)* is defined by ||1’Z||%(Vo)* = SUpRs % ZanR |a(n)|?,

while in the case of Vezt, the sum ranges over vertices of the set Vegzt only.
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The generalized Fourier transformation Fy () associated with H is given by?

(5.24) Fi(A) = Fo(N) Up Q1 (A £i0) Us,
where
(525) @1(2) = ﬁezt + I?lﬁ(z); I?l = ﬁoﬁezt - ﬁextﬁ~

It is related to the resolvent in the following way, see Theorems 7.7 and 7.15 in [2]:
Theorem 5.2. Let A € o.(H) \ (ToU ap(ﬁ)) For f € B we have the relation

S ~  Fii(Nf
) Uy Pegt R(A =2 0 =0
(5.26) 1% (A+i0)f ; A () — AT 0

As in the case of R", the S-matrix is defined by means of the Helmholtz equation.
Theorem 5.3. (1) For any solution u € B to the equation
(5.27) (H — \)a =0,

there exist unique pair of vectors ¢, ¢°%* € hy such that

s

N 1 ¢Qut (bi'n
2 P..u~ — J — J .
(5:28) Uy Fearlt 2; 2mi (Aj(x) —A—i0  N(z)— A+ z’0>

Jj=

Moreover, the operator S(A) € B(hy ; hy) defined by

(5.29) S(A) =1—2miA(N),
where
(5.30) AN) = Fy N Up KU Fo(A)*, Ky := HP.yy — PogyHo,

is unitary on hy, and satisfies
(5.31) ot = S(\)p™.
(2) For any ¢'™ € hy, there is a unique U € B and ¢°* € hy, such that
(5.32) (H — \)a =0,
and relations (5.28), (5.31) are satisfied.
The operator S()\) is the S-matrix for our perturbed lattice, in the physics liter-

ature usually referred to as the on-shell S-matrix.

2To get (5.24), we employ the resolvent equation, cf. the argument preceding Theorem 6.11 in
§6.6, in particular, the formula (6.43).
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5.3. The S-matrix and Dirichlet-to-Neumann map. Now we consider eigen-
value equations separately on Vez+ and Vint, assuming that (B-1)—(B-3) of [3] are
satisfied. Suppose that there is no perturbation outside V;,; and that the potential
is also supported in Vit only. For A € o.( ea:t) \ (To U T1), there exists a unique
solution 7, uezt € B* to the following equation,

(_AFO - /\)agza‘;:t) =0 in Vewt’
) =F on W,

Uegt =

satisfying the radiation condition® (outgoing for ﬂe:t and incoming for ﬂg;t) ). We
define the exterior D-N map A(,Tt( ) by

A(i)(/\)f — _8}1}emta(i)

ext ext ’

ext

where the normal derivative of a function u at z € OVey in V2, is defined by
Vet o 1
AR T=(C IR
degg™ (2) = t{w € Viy : {z,2} € £}
On the other hand, for A & o( mt) where ﬁmt is —3[‘ +Vin Vint with Dirichlet
boundary condition, there exists a unique solution 4;,; to the following equation,
(—EF +V - N =0 in V),

{ Wing = f on  MNVint.

The interior D-N map Aine(N) is defined by
Nint N f = 0" Tt |

int

(5.33)

where the normal derivative at OV, in V;,, is defined in the analogous way, re-
placing all the exterior sets in (5.33) with the respective interior ones.
We denote

(5.34) 2 = Wint = Ve
and define the operator
(5.35) BEI(N) = MintAine(A) = Moy AE) (A) — S5 — Axs,
where the operators M;,,;, Mz, §27 Xs= in (5.35) contain only information refer-
ring to X; for their definitions we refer to relations (3.30)-(3.33) in [3].

Next, letting

a(i) = XVfﬂ’taint + Xmetaezt + XZf

where, as above, the operators xys —and xye , contain only information referring
to V2, and V2,,, we define another operator, I3)()) : £2(3) — hy, by (sce (4.7) in

31),
TN = Fo(WU(Hy — \) Pt

3We speak here of the discrete analogue of the usual radiation condition, see Section 2.6 in [3].
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the right-hand side of this relation shows that the action of I(*)(\) depends neither
on V;,; nor on ‘7, in other words, it is independent of the perturbation.

Here, an important role is played by a Rellich-type result, Theorem 5.1 in [2],
and the following unique continuation property: if a solution of (—AFO —ANt=0
on V), vanishes except for a finite number of vertices for A € C, then this solution
vanishes identically on Vy. This is what was assumed as (A-4) in [2, 3]. The said
Rellich-type theorem, together with the unique continuation property in the exterior
domain Ve, (which follows from the assumption (D-4)), implies the following claim,
cf. Lemma 4.3 in [3].

Lemma 5.4. Let A € o.(H) \ (ToUTi U op(ﬁ) U U(ﬁmt)). Then
(1) the map T®(N): (2(X) — hy, is injective,
(2) its adjoint TE)(N)* : hy — (2(X) is surjective.

The scattering amplitude A(A) is defined by (5.30). In a similar way one can
define the scattering amplitude in the exterior domain which we denote as Azt (A).
These scattering amplitudes satisfy the following relation, cf. Theorem 4.5 in [3].

-~ ~ ~

Theorem 5.5. Let A € 0.(H) \ (ToUTi Uop(H)Uo(Hnt)). Then we have
(5.36) Acar(N) = AQ) = TN (B (0) T )",

By assumption, the exterior domain is free of perturbations, therefore Al(ei:g N
and Azt (A) are known. By virtue of (5.29), (5.35) and Theorem 5.5, the S-matrix
S(A) and the D-N map Ajn:(A) determine each other on some interval in the spec-
trum, and the same is true for the N-D map. Since the S-matrix, the D-N map and
the N-D map are all complex analytic, this mutual determination extends from the
said interval to the whole spectrum. Thus we arrive at the following claim.

—~ ~ ~

Theorem 5.6. For any A € 0.(H)\ (ToUT1iUop(H)Uo(Hnt)), the S-matriz S(X)
and the D-N map N;nt(N) determine each other.

Let us remark that the definition of the normal derivative used in [3] differs from
the present one given by (3.7), adopted from [5], by a constant only. Hence the
corresponding Neumann-to-Dirichlet maps determine each other.

Note further that the formula (5.36) is a discrete analogue of the one derived
by Isakov and Nachman in [15] for the Schrédinger operator in R™. For the dis-
crete problem, it provides us with a constructive route from the S-matrix to the
corresponding D-N map.

5.4. The inverse scattering problem. The aim of this subsection is to show that
the graph structure and the potential can be uniquely recovered from the knowledge
of the scattering matrix at all energies for the discrete Schrédinger operator.

First of all, let us recall the definition of the Neumann-to-Dirichlet (N-D) map for
a finite weighted graph with boundary, G = {G, dG, E, i, g}. Let g be a real-valued
potential function on G, and denote by {)‘k}szl the Neumann eigenvalues, with the
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multiplicity taken into account, of the discrete Schrodinger operator —Ag+¢q, where
N = f#G. We consider the following equation:

{(AGJrq)\)u(x) =0, z€G, ANeC,
Ol g = 1,
where the Neumann boundary value d,u was defined in (3.7). For A ¢ {\¢}&_,,

(5.37)

denote by uf\c the unique solution of the equation (5.37) with the Neumann boundary
value equal to f. The Neumann-to-Dirichlet map Ay (at a fixed energy \) for the
equation (5.37) is defined as Ay : f uf\c|8G.

Lemma 5.7. Let G be a finite connected weighted graph with boundary satisfying
the assumptions (C-1) and (C-2) in §3. Suppose the weights* plag, glagxc are
giwen. Then knowing the Neumann-to-Dirichlet map at all energies for the equation
(5.37) on G is equivalent to the knowledge the Neumann boundary spectral data for
the discrete Schrddinger operator on G.

Proof. The proof for the manifold case can be found in [22] or Section 4.1 of [21].
The proof in our case, for finite graphs, is simpler. Let {¢y}&_, be a family of
orthonormalized Neumann eigenfunctions of the discrete Schrédinger operator cor-
responding to eigenvalues {\r}. Recall from [5] that the L?(G)-inner product is
defined by

<u1, Uz L2(G E Mwul

zeG
By Green’s formula [5, Lemma 2.1], we infer that
<( AG+Q)“)\a¢k>L2(G) <u,\7( AG+Q)¢I~3>L2 - Z Uz¢k(z)(8l/u§)(z)
2€0G
= Ne(u, dr)ro(e) — Y Hetr(2

z€0G
which yields
A=) (ul, dr) 2y = — D padn(z
z€0G
Now take an arbitrary real-valued function wf on G U 9G satisfying 9, wf|sq = f.
Then the difference uf\c — w’ lies in the domain of the Neumann graph Laplacian
and we have

N
uf —wf = Z<U§ —w!, ) r2(c)dr
k=1
N 1 N
(5.38) =-> T ( > paon(z )cbk = W, ék) L2 ()P
k=1 k> seaa k=1

This shows that A, is a meromorphic operator-valued function of A with simple
poles at A = A only, and this in turn means that {A)} determines the set of

4We abuse the notation here writing glagx ¢ to indicate the weights of the edges connecting
the boundary vertices with the interior vertices.
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eigenvalues {\;}. Moreover, the residue of Ay at A = Ay is known as a finite-
dimensional linear operator. In particular, since plog is known, the data {A)}
determine
Qr(21,22) = Z d1(21)¢u(z2), V21,22 € 0G,
leLy,

where L = {px + 1, -+ ,px + §Lr}, pr € N, denotes the set of integers I satisfying
Al = Ag. This function Q(+,-) can be viewed as an m X m matrix Qy defined by
(Qr)ij = Qi (2, 2z;), where m = §0G, or in the matrix form

T
Qk = (¢pk+17 T 7¢p1«,+ﬁLk)m><ﬁLk- (¢Pk+17 T 7¢pk+ﬁLk)m><ﬁLk_ .

By Lemma 2.4 of [6], the eigenfunctions {¢;|sc}icr, are linearly independent on
OG, hence the rank of Qy is simply fLy.

When the eigenvalue Ay is simple, the matrix Q) determines ¢x|9c up to the sign.
In general, since @y is symmetric and positive semi-definite, it can be decomposed
into Q, = BBT, where B is an m x #L; matrix of rank #L;. Moreover, the
decomposition is unique up to an #L; X #L; orthogonal matrix. Thus we take
the column vectors of B, and they are the boundary values of orthonormalized
eigenfunctions found by applying the orthogonal matrix to {¢;}icr,. This shows
Q. determines the boundary values of the orthonormalized eigenfunctions (referring
to the choice of {¢y}_, we made).

To check the converse: the Neumann boundary spectral data determine the N-D
map in accordance with the formula (5.38). We choose w/ such that w/|g = 0
and d,w'|sc = f so that the last term in (5.38) vanishes. Since glagxc is known,
thus w’ |oc is uniquely determined by f, and consequently, the N-D map can be
determined from the Neumann boundary spectral data. (I

Without loss of generality, we assume that the perturbed vertex set Q = Q,
for some ko as assumed in part (i) of (D-4), cf. §5.1. With our choice (5.8) of the
domains, Theorem 5.5 and Lemma 5.1 yield the following statement.

Corollary 5.8. Let 'y be an infinite periodic lattice satisfying assumptions (D-1)—
(D-4). Let q be a finitely supported potential on T', and Gr be the perturbed finite
subgraph given by (5.7). Then the knowledge of the scattering matriz of the discrete
Schrodinger operator on T at an arbitrarily fived energy determines the Neumann-
to-Dirichlet map of the equation (5.37) on Gr with u = degg, g = 1 for the same
energy.

Now we impose the following assumption on the locally perturbed lattice I'.

(E-1) With the perturbed vertex set 0 = )y, for some kg as in part (i) of (D-4),
the perturbed finite subgraph Gr given by (5.7) is connected and satisfies (C-1),
(C-2).

The assumption (E-1), together with part (ii) of (D-4), implies the unique con-
tinuation from infinity for the perturbed system.
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Lemma 5.9. Assume (E-1) and part (ii) of (D-4) are satisfied. Then the unique
continuation from infinity holds for the perturbed equation (—Apr — A\)i4 =0 on T.

Proof. By assumption (E-1), the system is unperturbed outside of Qy,. If % vanishes
near infinity, then @ vanishes on Vp \ i, due to part (ii) of (D-4). Then the lemma
follows from the same argument as Lemma 5.1. O

Our main result of this section is stated as follows.

Theorem 5.10. Consider a periodic lattice satisfying assumptions (D-1)-(D-4),
and suppose that T" is an infinite graph obtained by a local perturbation of this lattice.
Let the potential q be finitely supported onT', and Gr be the perturbed finite subgraph
given by (5.7) with p = degp, g = 1. Assume that Gr satisfies (E-1). Then Gr
and q can be uniquely recovered from the knowledge of the scattering matriz for the
discrete Schrodinger operator on I' for all energies.

Proof. From our construction of Gr in §5.1, the edges connecting 0G and G are
known, and hence the weight ;1 = degy on 0G is known. The theorem then follows
from Corollary 5.8 and Theorem 3.2. O

Example 5.11. Finite square, hexagonal (see Figure 1), triangular, graphite and
square ladder lattices all satisfy the Two-Points Condition (C-2) with the set of
boundary vertices being the domain boundary. Moreover, any horizontal edges in
these lattices can be removed and the obtained graphs still satisfy the Two-Points
Condition, see Figure 2; the term “horizontal edges” here refers to the edges in the
non-gradient directions with respect to the function h in Proposition 1.8 in [5].

6. SPECTRAL THEORY FOR PERIODIC QUANTUM GRAPH

In this and the next sections, we study the spectral theory for the Schrodinger
operator on a quantum (metric) graph. Let Ty = {Lg, Vo, &} be a periodic lattice
introduced in §5, and let assumptions (D-1)—(D-4) be imposed. As in §5.1, we
consider a local perturbation I' = {V,£} of I'y. On each edge e € &, we are
given a one-dimensional Schrédinger operator h, = —d?/dz? + V,(z) satisfying the
d-coupling condition (1.3) together with the assumptions (M-1)—(M-5) in §2. We
assume that V.(z) is equal to a fixed potential Vj(z) except for a finite number
of edges e. For the sake of (mainly notational) simplicity, we further assume that
Vo(z) = 0 and £, = 1 for all edges e. The arguments below also works for the general
case by replacing gbi?(z, A)s qﬁg) (z,2) and o (h(0) by those associated with Vp(z).
Let ﬁg be the resulting self-adjoint operator in L?(£). In the unperturbed case,
when V. = 0 holds for each e € & and C,/d, is equal to a fixed constant xy,, that
is

)

OU
(6.1) ? =Ky, Yv€ )V,

the operator f]g shall be denoted by i éo). In what follows, we call ﬁg the ‘edge’
Schrodinger operator, and —Ay y the ‘vertex’ Schrédinger operator.
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6.1. Spectrum of j‘\Ig. Let us begin with the unperturbed operator ﬁéo). Amend-
ing all the symbols introduced in §2 with the superscript (0), we have ¢£%) (z,A) =
% and {9 (2, \) = M%, hence

RO oy VA L~ VA 4
(6.2) (Avo,/\u)(v)fsin ﬁ%zu(w)*sm ﬁ(Avu)(v),

with ﬁv being the vertex Laplacian on Vy, and

VA

wn~v

A(0)

6.3 = cos VA + k.
(6:3) @y sin v/ v
‘We put

(6.4) E(\) = —cos VA — ky o VA

VA
and then the resolvent R(SO)()\) = (Héo) — A)~! can be, in view of Lemma 2.3,

rewritten as
«sin v\
VA

(6.5) RPN = (T%)

~ 10 0
) ( Ay E(A)) T+ ().

Furthermore, we put

(6.6) o) = {(mj)*; j=1,2,...},
(6.7) oD (=Ay) = {\; E(\) € o(-Av)},
(6.8) o = (A e Int (o.(HD)); E(N) € T,

where Int I for a subset I C R means the interior of I, and
(6.9) T=ToUT.
Relation (6.5) allows us to write the spectrum in the following way:

Lemma 6.1. o(H") = (=A)) U@ (rO).

For example, in the Kirchhoff coupling case, k), = 0, we have a(ﬁ g))) = [0,00)
for square and hexagonal lattices. Note that o(®)(h(9)) is the set of eigenvalues of
infinite multiplicities embedded in o(H éo)).

6.2. Function spaces. For an edge e € & with the endpoints v, w € V,, we define
1
(6.10) lec| = §\v+w|,

i.e. the distance of its midpoint from the origin, where for x = (x1,...,24) € Vo C
R? we denote |z| = \/m It will serve as a radius-like variable allowing
to define the needed function spaces. Recall that our graph I' = (V,€) is a local
perturbation of a periodic lattice T'g = (Lo, Vo, &), which means that I' and T’y
coincide in the exterior domain

(6.11) Eeat,R D €<= |ec| > R,
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provided R is chosen sufficiently large; without loss of generality we may suppose
that R > 1. The interior domain

(6.12) Eint,R = E\ Eeat,r

in which all the perturbations are located is finite and the ‘radius’ plays no role
there. Hence we keep the definition (6.10) in the exterior domain, and for the
interior domain &;,: g We put instead

(613) |€C| =1 if ec€ 5int,R'
With this proviso we introduce the function spaces on £: we put r; = 27 and define
(6.14) L&) 3 f =Y lecl | fell o) < o

ec&

_ - R /
(6.15) BE&)> f+— Z@/Q( Z er|\%2(e)>1 ’ < o0,

ec& rj—1<|ec|<r;
- R 1 R
(6.16) B (&) 3fe=swp g 3 felliae <o
>1 lec|<R

equipped with their obvious norms. As the notation suggests, B* (€) can be identi-
fied with the dual space of g(é’), and the following inclusions hold for s > 1/2:

(6.17)  L**(&) € B(E) € L*V2(&)  L*(&) ¢ L*~Y2(€) € B*(€) € L* (&),
where 22(5) = 22’0(5). Moreover, B\S(S) is a closed subspace of B*(€) defined by

(6.18) By€)> = lim = 3 il =0,
lec|<R

Let us further note that for the ‘vertex’ Laplacian, the spaces L2*(V), B(V),
B* V), g{; (V) are defined in the same way as above with the norms || f. | 22(e) at the
right-hand sides of (6.14)(6.16) replaced by |f(v)|. This is one more manifestation
of the parallelism between the discrete graph and the quantum graph. In the
former, we consider C-valued functions on the discrete set V', while in the latter,
we deal with L2((0,1))-valued functions on the discrete set {e.; e € Eczs.r}. This
correspondence is inherited, in particular, in the resolvent estimates.

6.3. Rellich-type theorem.

Theorem 6.2. Let A € (Int ae(ﬁéo))) \UEFO), and suppose that @ € Bi(E) satisfies
ﬁéo)ﬁ = Al and the d-coupling condition in Eqqr r for some R > 1. Then @ =0
holds in Eezt g, for some Ry > R.

Proof. Since R is chosen large enough so that all the perturbations are inside of
Eint,r, on each edge e € &4+ r, the solution 4 can be written as
sinviz sin V(1 — 2
T () SV AL = 2)
VA VA

Ge(2) = (1)
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As the functions S2YA1=2) ;4 sin \62

e Ix are linearly independent for such a A, there
exists a constant C > 0 such that

(6.19) C5 ([ (0)] + lae(1)]) < [[ell2e) < Cx (Jae(0)] + [@e(1)])
for all e € et r. We put w = ﬂ’v, then in view of Lemma 2.2, we have
(—Ay —EM\)w =0, on VNEun

Since @ € By(&) holds by assumption, the inequality (6.19) implies @& € B (V). By
the Rellich-type theorem for vertex Schrodinger operators [2, Theorem 5.1], we have
w(v) =0 for |v]| > R’ with a sufficiently large R’. This proves the theorem. O

Definition 6.3. We say that the operator ﬁg — A has the unique continuation
property if the following assertion holds: If @ satisfies (Hg — A\)4 = 0 on &, and
U =0 on &gyt g for a positive R, then & = 0 holds on £.

For the unperturbed system, by assumption (D-4) in §5 (essentially coinciding
with (C-2) in §3), H, éo) — A has the unique continuation property for all A. Adding
a potential, it is also true for the unperturbed operator Hg.

Lemma 6.4. Under the assumptions (D-1)-(D-4), we have
(0 (0 0
op(HO) N oo (HY) c ol

Proof. Any eigenvector of Hg is in L2(V) C Bg(£), and therefore it vanishes ‘at
infinity’ by Theorem 6.2. By the unique continuation property, it vanishes every-
where. (]

As can be checked easily, the square and hexagonal lattices satisfy the unique
continuation property.

6.4. Radiation condition. For systems having R? as the configuration space,
the radiation condition is introduced either by observing the asymptotic behavior
at infinity, or, what is equivalent, from the singularities of the Fourier image of
solutions to the Schrodinger equation. Dealing with lattice Schrédinger operators,
we adopt the latter approach.

Definition 6.5. Given a distribution v € D’(T?), its wave front set W F*(u) is
defined as follows: a point (zg,w) € R? x S9! does not belong to W F*(u) if and
only if there exist 0 < § < 1 and y(x) € C§°(R?) such that x(zo) = 1 and

(6.20) lim © /|§|<R|Cw,5(£)(>'<ﬂ)(§)l2d§—0,

R—oo R

where xu is the Fourier transform of xu and C,, 5(£) is the characteristic function
of the cone {¢ € R%; w - & > 6[¢][}.
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Let X\j(z), j = 1,2,...,s, be the eigenvalues of Hy(z) and P;(x) the associ-
ated eigenprojections, and let Hy be the operator of multiplication by Hg(x) on
(LQ(']Td))s. In [2, Lemma 4.7], it was proven that the operator

d f({l?) * (rmd
B(T)afameb’(ﬁl‘)
is bounded if p ¢ (Int o(Hp)) \ 7. Furthermore in [2, Theorem 6.1] it was shown
that for any f € B(T?), 1< j <sand p¢€ o(Hp)\ T, it holds that

(RC)+ WF*(M) C{(z,wa); & € My},
(RC)_ : WF*(/\](Z)Pifp_HO) CH{(z, —wsz); x € M, },

where w, € S41NT, (M) ;)* and w(x)-V\;(z) < 0. Moreover, for any f € B(T?),
the function u = (Ho(z) — A Fi0)~1f € B*(T?) is the unique solution to the
equation (Ho(z) — p)u = f satisfying (RC)4 or (RC)_, respectively. These claims
also extend to the case with compactly supported perturbations.

We put
(6.21) " 1 for A>0, sinVA>0,

. sgn(\) =

—1 for A>0, sinvVA<O0,

and then we can write
(6.22) cos VA0 = cos VAT i0sgn (N), A > 0.

We recall the discrete Fourier transform Uy, defined by (5.3). Let ﬁezt’ Rr be the
orthogonal projection : L*(£) — L?(Eext.r). Taking (6.22) into account, we define
the radiation condition as follows.

Definition 6.6. A solution @ € B*(£) of the equation (—Ag +V — )i = f is said
to satisfy the outgoing radiation condition if either
(i) sin VA > 0, and w = L{ﬁemt,Rzﬂv satisfies (RC)4 with p = E(X),
or
(ii) sin VA < 0, and u = uﬁmﬁayv satisfies (RC)_ with p = E()),
holds. Similarly, we define the incoming radiation condition with (RC')y replaced

by (RC)s. If 4 satisfies either the outgoing radiation condition or the incoming
one, we simply say that @ satisfies the radiation condition.

In [2], the radiation condition was also introduced for the vertex Laplacian,
see Lemmata 4.8 and 6.2 there. Let f € B(£). Given a solution @ to the edge
Schrodinger equation (735 +V-XNa = f, denote by ﬂ’v its restriction to V.
Then {L|v satisfies the vertex Schrodinger equation

(6.23) (fﬁvaQDa:g

where § € B(V). Comparing these two definitions of the radiation condition, one
can make the following claim:
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Lemma 6.7. A solution @ of the edge Schrddinger equation satisfies the radiation
condition if and only if the solution ﬂ’v of the vertex Schrodinger equation satisfies
the radiation condition.

Lemma 6.8. Let A € (Int O’e(ﬁg)) \U%(-)). Then the solution @ € B*(E) of the

equation (—Eg +V — XN)u = f satisfying the radiation condition is unique.

Proof. For the vertex Schrodinger operator, such a result was proven in Lemma 7.6
of [2]; in combination with Lemma 6.7, it yields the claim for the edge Schrodinger
operator. ([

6.5. Limiting absorption principle. Let us first investigate the existence of the
limits (—Ay x+i0 + Qv a+io) '
Lemma 6.9. If E(\) € 0.(—Ay) \ T, there exists a limit
(—Ayasio + Quazio) ! € B(B(V); B(V)).
Proof. We use the limiting absorption principle for the vertex Schrédinger operator
proved in [2]. Taking into account (6.2) and (6.3), we define Wy, 5 by
~ ~ vV —~ —
(6.24) ~Bya+Qua = — = (“By = B + W),
sin v\

where Wv, A is a self-adjoint, bounded, and compactly supported perturbation of
—Ay. Then, regarding F(\) as the energy for —Ay,, and arguing in the same way
as in [2], we can prove the existence of the limit

(=Ay + Wyx — E(A+i0))"".
Using the identity
— Ay + Wy aaic — E(A £ ie)
= — Ay + Wy — B\ ie) + (Wyatic — Wya),

together with the fact that Wy x4 — Wy x — 0 as € — 0, we can construct the

(6.25)

inverse of the right-hand side by the Neumann series. This proves the lemma. O

For A € Uecgo,(—(d/dz)% + Ve(2)), where —(d/dz)% denotes —(d/dz)? in L?(e)
with Dirichlet boundary condition, the functions ¢.o(z, A) and ¢e1(z, \) are linearly
independent, hence by (2.14) there is a constant C > 0 such that

(6.26)  C3 ' (19(e(0))] + [g(e(1))) < I(T2) Gellz2e) < Cx (1(e(0)] + |a(e(1))])
holds for all e € £. This implies

(6.27) (Ty )" € B(B(V)*; B*(€)),
and
(6.28) Ty, € B(B(E); B(V)).

Combining Lemma 2.3 with (6.27), (6.28), we arrive at the following result.
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Theorem 6.10. Let I be a compact interval in (Int Je(ﬁg)) \cr%g).
(1) There exists a constant C' > 0 such that
(6.29) I(He — A i€) " p@e)a-ey < C

holds for any A € I and € > 0.
(2) For any A € I and s > 1/2, there exist strong limits

(6.30) s —lim(He — AFie)~t =: (He — AFi0)" € B(L**(E); L>~*(&)).
el0

(3) For any | € L**(&), (He —ATFi0)~ f is an L*~5(E)-valued strongly continuous
function of A € I.
(4) For any f,g € g(é’), there exist limits

(6.31) 161&1((1?5 ~AFie) L, 9) = ((He — A F1i0)711,9),

and ((ﬁg —AF i())_lf, g) is a continuous function of X € I.

~

(5) For any fe g(&'), (He —A— iO)*lf satisfies the outgoing radiation condition,
and (ﬁg — A +1i0)7Lf satisfies the incoming radiation condition.

6.6. Spectral representation. As we have noted in the paragraph following eq. (5.2),
there are unitary equivalences

(Vo) = ((2%))* = (L*(T))",
by means of the decomposition (5.2) and the discrete Fourier trandformation (5.3)
with deg & (x) = dy,. In the following, we freely make use of the identification

(6.32) CVo) 3 (f(0) ey, > f(n) = (H(n),-.., fu(n)) € (£*(2))°
and we put®
(6.33) O () =ty THA,

where j:‘()o; is the unperturbed fvﬁ)\ defined by (2.12). Let Py j(z) be the eigen-
projection associated with the eigenvalue \;(z) of Hy(z), and denote

DO\ £i0) = Sh\l/}a Up(—Ay — E(A +140)) U3
(6.34) sin VA « 1
TV & X\(@) - E(A£i0) Py ;).

Jj=1
By (6.5), the following formula holds:

(6.35) RO(A +i0) = 2O (V) DOA£i0)dO(\) + (V).
To construct a spectral representation of H (0), we put

Me ;= {z € T; X\j(z) — E(\) = 0},

5To be more precise, one should insert the operator of identification J : £2(Vo) — (£2(Z4))*
defined by (6.32) in front of T\\(}OZ\ We omit it, however, for the sake of simplicity.
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(6.36) (0 )as = /M Py (2)p(z) - B(z) dS;,

_|sin V| dMg

ds; .
! VA V(@)

Combining (6.35) with the formula
(ﬁg,o)(— cos VA +1i0)f — R (= cos VA —i0) f, q)

) ~ —— dMg ) ;
=2 Py f-Py,g—=20
FZ;/M&AJ V,jf V.,;9 |V/\j(f£)|7

valid for A € (Int oo (H)) \ oY), for which we refer to eq. (6.7) of [2], we obtain
the relation

(6.37)
2%_ (RO +i0) - RO —i0)[.5) = Zl (Pv ;O (N F, P00 (V) -
p
Furthermore, we put
(6.38) FONT= (P Wi [,

in other words, the restriction to Mg ) ; with the components

FOO) = (FOW), - FOW),

(6.39) hy = é Pv,j‘ L*(Me 553 dS;),

H = L?((0,00), hy; dA).
Then, by virtue of (6.37) we can write

(BP0 +i0) - B0 = 0)7,5) = (FONF, FON D,

Let E(O)()\) be the spectral measure for H éo). Integrating the last equality and
using Stone’s formula, we get

(EOD)].5) = / (FOM)F, 2O (\))n, A,

for any interval I C (Int oo(H éo))) \059). Hence F(© extends uniquely to an

isometry from the subspace® H,.(H g])) to H. Moreover, we define
FO =0, on ’Hp(fléo)).
As one can sce from (6.38), to obtain F(®(\) one has in fact to diagonalize the

matrix Ho(x).

6For a self-adjoint operator A, Hac(A) denotes conventionally its absolutely continuous sub-
space, while H,(A) is the closure of the linear hull of eigenvectors of A.
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The spectral representation for ﬁg is constructed by the perturbation method
well known in the stationary scattering theory. For the case of perturbation by a
potential, we make use of the resolvent equation

(6.40) Re(A+1i0) = R (A +i0) (1 — Ve Reg(A +i0)).
Then, defining ]?(i)()\) by
(6.41) FEN) = FON) (1 - VeRe(A£i0)) € B(B(E); hy),

and using the resolvent equation [2, Lemma 7.8], we have

1, RPN N PPN

5 (Re(A+i0) = Re(A = i0)) . §) = (FE N, FE (Ng)n, -

We define an operator F() by (F&) f)(A) = FE () f, and we also put
F& =0, on Hp(ﬁg);

this yields the sought spectral representation of ﬁg.

On the other hand, concerning the perturbation of the lattice structure, we
take a cut-off function yo whose support contains all the perturbation, and put
Xoo = 1 — xo. In that case the equality

(6.42) Xoo Re(A £10) = R (A +00) (xoo + [HY, Xoo] Re (A £ i0))

plays the role of the resolvent equation, and F (i)(/\) is defined by

(6.43) FEON) = FON) (xoo + [HY, Xoo] Re (A £ 0))..
Summarizing this discussion, we obtain the following result.

Theorem 6.11. (1) The operator F&) extends uniquely to a unitary operator from
'Hac(ﬁg) to H annihilating the subspace H,(Hg).
(2) The operator diagonalizes He, namely

(FEHF)(N) = MFHF)(N), Vf e D(He).
(3) The adjoint operator FE)(\)* € B(hy; B*(€)) satisfies the eigenequation
(He = NFH (N =0, Vo ehy.

(4) For any fe Hac(ﬁg), the inversion formula holds,

o~

f= / FE ) (FEF)(N)dA.
Oac(He)

We omit the proof, as it is almost the same as that of Theorem 7.11 in [2].
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6.7. Resolvent expansion. We look at the behavior at infinity of Rg(A=i0)f in
the sense of B*(£), which is equivalent to observing the singularities of its Fourier
transform in the sense of B*(E).

Lemma 6.12. For any compact interval I C (Int Je(ﬁéo))) \U(TO), there exists a
constant C' > 0 such that

{r&O(\) foYeeellzey < Cllfllee
holds for all A € I and e € £.
Proof. Since [ is in the resolvent set of —(d/dz)2, + Ve, the claim follows. O

For a pair f, ge B* (&), we consider the following equivalence relation
F~G f-geB&).
Lemma 6.13. For any A € (Int o’e(ﬁ(o))) \0(0) and [ € B( ), we have

- - ]-'(0

Proof. Lemma 6.12 in combination with (6.35) implies
RO\ +i0)f ~ @A) * DO (X +i0)d@ () f

(6~44) B sinﬁ ° 1
VA & (@) - B(A£40)

J

Py () (@O (N f) ().

By virtue of eq. (4.34) of [2], we have, for g € B(T%), the equivalence
1 (@) 1 |
S =09\ =5 — 9w
Aj(x) — pFi0 Aj(x) — pFi07'M
where M = {z € T?; \;(z) = p}. This proves the claim. O
Next, we extend this lemma to the perturbed case.

Theorem 6.14. For any A € (Int oe(flg)) \U(TO) and fe B(E), we have

sin f ~ ~
Us Yoo Re (A £i0)F Z ;i FHEW.

)\izO)

Proof. For the case of lattice structure perturbatlons, we use the resolvent equation
(6.13). By Lemma 6.13, the left-hand side is, modulo Bg(T¢%), equal to

sin vV < 1
Vx 2N@) - B Ei0)
and thus the claim follows from (6.43). For the case of potential perturbations, we
note that

FON (xoo + [HY X Re(A £10)) £,

Jj=1

UsXoo R (A £ 0) f ~ Us RY (A + zo)f,
since passing to the Fourier series, we see that (1 — Xoo)Rg (AE iO)fis a smooth
function on the torus T¢. Then, using (6.41) and the resolvent equation (6.40), we
obtain the sought result. O
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6.8. Helmholtz equation and S-matrix. Now one can obtain the asymptotic
expansion of solutions to the Helmholtz equation and derive the S-matrix.

Theorem 6.15. (1) For any solution U € B*(€) of the equation
(f[g - )‘)a = 07
there is an incoming datum and an outgoing datum ¢, ¢°** € hy satisfying

R s ¢;n S ¢?ut
(6.45) Us Xoot > — ; Aj(z) — BE(A —i0) * = Aj(z) = E(A+10)

(2) For any incoming datum ¢™ = (¢i", ..., ¢") € hy, there exist a unique solution
U € B*(&) of the equation

(He — \i=0
and an outgoing datum ¢°Ut = (¢9Ut, ..., ¢°%) € hy satisfying the relation (6.45).
The operator S(\) defined by

S()\) . (bzn N ¢out
is unitary on hy.

Proof. Let 4 € g*(é’) be a solution to (ﬁg — A4 = 0 and put ﬂ’v = w. Then,
@ € B*(V) and satisfies (73\;,)\ + cos V)@ = 0. By virtue of Theorem 5.3(1), this
@ admits an asymptotic expansion” (5.28). As 1 = ff} \W, the first claim follows.

The existence part of (2) can be proven by the same argument as above, reducing
it to the case of the vertex operator. To prove the uniqueness, we take ¢ = 0,
and consider the solution @ € B* (&) of the equation (He — M) = 0 such that

R oot
(6.46) UeXoo'h _; N (z) — E(A+10)°

Then u satisfies the outgoing radiation condition, and by Lemma 6.8, such a solution
vanishes identically. O

As this argument shows, the S-matrix for ﬁg at the energy A\ coincides with

the S-matrix for _EV, A at the energy gir‘(\%E()\), and hence the unitarity follows.

Stated more explicitly, we conclude:

Corollary 6.16. The S-matriz for ﬁg at the energy A coincides with the S-matriz

E(\) = —VAcot VA — ky.

- VA
for =Ay x at the energy ;Y
Remark 6.17. By checking the above proof, one can see that all the arguments in
this section remain valid in the situation when C,/d, is a fixed constant except for
a finite number of vertices v € V. Moreover, one can deal in the same way with the
case where the unperturbed operator A" has the same potential Vp(z) at all the
edges, that is, hl”) = —(d2/d22)p + Vi(z), Ve € €.

"Note that we have to replace —Ar by 73\;’)\ and the energy parameter A by E(\) in (5.28).
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7. INVERSE SCATTERING FOR QUANTUM GRAPH

Theorem 7.1. For the Schrédinger operator }AIg on a quantum graph of the con-
sidered class, the S-matriz S(\) for the scattering problem and the D-N map Ag(N)
for the interior boundary value problem determine each other.

Proof. By Corollary 6.16, knowing the S-matrix S(A) for Hp is equivalent to know-
ing the S-matrix for —ﬁv,)\ at the energy VA E()\). By Theorem 5.5, this is

sin VA
equivalent to knowing the D-N map for —Ay \ at the energy Sir‘lf\)‘ﬁ\E(/\). Finally
by Lemma 3.1, this is equivalent to knowing the D-N map for f’:’g at the energy
A O

We have now arrived at our next main theorem.

Theorem 7.2. LetT' = {V,E} and IV = {V', &'} be two infinite quantum graphs
as in §5 satisfying (4.1), (4.2), and (D-1)-(D-4), whose perturbed finite subgraphs
satisfy (C-1), (C-2). Assume further that lg = le,Ve(z) = Ve (2), ky = kyr.
Suppose that the S-matrices for the Schrodinger operator for the two quantum graphs
coincide for all energies. Then there is a bijection ® : T' — IV preserving the graph
structure, and d, = dy, C, = C}, hold for allv € V and v' = ®(v).

Proof. This is a direct consequence of Theorems 4.1 and 7.1. O
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