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ABSTRACT. We investigate the problem of the Lévy flight foraging hypothesis in an ecological niche
described by a bounded region of space, with either absorbing or reflecting boundary conditions.

To this end, we consider a forager diffusing according to a fractional heat equation in a bounded
domain and we define several efficiency functionals whose optimality is discussed in relation to the
fractional exponent s € (0,1) of the diffusive equation.

Such equation is taken to be the spectral fractional heat equation (with Dirichlet or Neumann
boundary conditions).

We analyze the biological scenarios in which a target is close to the forager or far from it. In
particular, for all the efficiency functionals considered here, we show that if the target is close enough
to the forager, then the most rewarding search strategy will be in a small neighborhood of s = 0.

Interestingly, we show that s = 0 is a global pessimizer for some of the efficiency functionals. From
this, together with the aforementioned optimality results, we deduce that the most rewarding strategy
can be unsafe or unreliable in practice, given its proximity with the pessimizing exponent, thus the
forager may opt for a less performant, but safer, hunting method.

However, the biological literature has already collected several pieces of evidence of foragers diffusing
with very low Lévy exponents, often in relation with a high energetic content of the prey. It is thereby
suggestive to relate these patterns, which are induced by distributions with a very fat tail, with a high-
risk/high-gain strategy, in which the forager adopts a potentially very profitable, but also potentially
completely unrewarding, strategy due to the high value of the possible outcome.

PREAMBLE

On the one hand, many popular adages share the idea that to achieve a prominent goal one
has to take risks (e.g., “no gain without pain”, “nothing ventured, nothing gained”, “no guts, no
glory”, just to name a few proverbs). On many occasions, the ambition to a high reward may lead
individuals to face potential dangers, and in some situations there is a full master plan centered
around a high-risk/high-gain plan: for instance, the blueprint of the European Research Council is
to fund high-risk/high-reward research, in which severe conceptual challenges (which, by definition,
are prone to scientific failure) are accepted downsides for a research project to be truly successful
and impactful.

On the other hand, there is nowadays a great interest in the investigation of optimal searching
strategies, e.g. in the study of animal behavior, and the research on this topic has necessarily to be
somewhat controversial, given the complexity of the phenomenon into consideration.

Our view on this point is that the difficulty of addressing the topic of optimal searching is not
only due to the enormous amount of parameters which should be accounted for (such as predators
and prey distributions, previous knowledge of the territory, interactions with the environment, social
factors, different reactions to adverse circumstances, competition phenomena, cooperative behaviors,
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etc.), and not only due to the difficulty of measuring many of these parameters via objective empirical
observations.

In fact, in our opinion, a core difficulty in this topic stems from the difficulty of assessing unam-
biguously and indisputably a suitable notion of “gain” which should be maximized by a searching
algorithm. This gain cannot be limited to the actual effectiveness of the procedure (i.e., whether or
not the predator captures the prey), but it has to take into account the cost of the procedure itself
(e.g., the time needed for the task, or the energy spent for it), and, at least on some occasions, the
possible value of the outcome of the search.

One of the findings of our research is indeed that the high-risk /high-reward situation may appear
naturally even in very simple situations, therefore the notion of “best strategy” requires a very careful
mathematical setting, in which an efficiency functional is chosen and maximized, and the location of
the maxima is confronted with that of the minima.

In doing so, one discovers immediately some interesting features. First of all, different efficiency
functionals can produce different results. This already highlights a structural complication towards
a full understanding of the notion of optimal searching strategy: for instance, in a biological study,
different species, or different individuals of the same species, may, implicitly or explicitly, address a
different type of efficiency functional.

In addition, in several concrete situations, the maximizers of some efficiency functional may end up
to be dangerously close to the minimizers: this is a clear case of high-risk/high-reward pattern and,
in this “unstable” situation, one should expect that the practical outcome of the optimal searching
pattern be influenced by intermediate strategies aiming at a balance between top performances and
conservative options (e.g., a risk assessment which compromises between the most rewarding and the
safest result). Quite likely, in these conditions, different biological species, or different members of
the same group, may end up adopting different search strategies.

Interestingly, in our setting, the situation in which the most rewarding strategy is arbitrarily
close to a complete failure of the searching pattern is related to Lévy distributions with a very low
exponent and a very fat tail. This pattern is known to be related to foraging modes of “ambush” type
(see [DGNBD17,DGV22b]). The literature has also collected experimental evidence of some species,
such as anglers and blonde skates, which do follow diffusive paths with very low Lévy exponent:
remarkably, a correlation has been found between this type of diffusion and the high content of
energy of the targets (see [DGNBD17]).

In our setting, this correlation is possibly motivated precisely by the fact that the most rewarding
Lévy exponent happens to be very close to the pessimizer. In a sense, it can be significant to imagine
that such a high-risk/high-gain strategy becomes particularly suitable when the possible outcome
is of exceptional value (in the case of a biological predator, a prey of exceptionally high energetic
content).

That is, in an implicit risk assessment, the value of the target may mitigate the prospect of an
unsuccessful search, thus favoring the emergence, in these specific situations, of high-risk/high-reward
diffusive patterns.

In this work, this general vision will be embodied into a precise mathematical study of the Lévy
flight foraging hypothesis, considering the possibility that processes with long jumps (instead of
standard Gaussian random movements) can optimize search efficiency by diminishing the repetitions
of visits to previously inspected sites. Different efficiency functionals will be taken into account, with
a thorough analysis of their optimizers and pessimizers. This phenomenon in which optimizers and
pessimizers cluster together will be also explicitly detected and discussed.

The Lévy flights will be modeled via a heat equation of fractional type in bounded domains. We
consider the case of a hostile environment (such as a “fence”, modeled by homogeneous Dirichlet
conditions which “annihilate” a biological species outside a confinement domain) as well as the case
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of reflecting boundaries (modeled by homogeneous Neumann conditions which maintain a biological
species within a niche without altering the number of individuals present in the region).

To implement these boundary conditions in the setting of the fractional heat equation, we will
make use of the spectral version of the fractional Laplacian.

In some of the efficiency functionals that we consider, predators and targets are modeled as points
in the space. In other cases instead we will model predators and targets as regions of space (assuming
e.g. that the biological individuals are uniformly distributed within these regions): this situation can
also be considered as a technical and conceptual simplification of the notion of “direct vision” which
was previously adopted in the literature, see e.g. [VBHT99|. That is, here we do not introduce an
additional parameter to truncate the Lévy distribution in the proximity of its singularity (which
entails in itself some delicate issues, see [PV21]) and we do not alter the diffusive equation to account
for foragers directly aiming at the prey when they lie at short mutual distance. Instead, the diffusive
equation is supposed to hold at every spatial scale and the role of a different region of influence (e.g.,
induced by uncertainties in the data or by a different hunting pattern at a small scale) is encoded
only in the efficiency functional.

Here, we do not restrict our analysis to the one-dimensional case; in fact, we deal with an arbitrary
large number n of dimensions. We note that the case of higher dimension is, in many instances, not
only a situation of utmost biological interest, but also a source of technical difficulties and scientific
controversies, see e.g. [LTBV20,BRB™21,|[LTBV21].

1. INTRODUCTION TO THE MATHEMATICAL SETTING AND MAIN RESULTS

In the last decades, anomalous diffusion has been investigated as an appropriate substitute for
normal diffusion in several branches of science, such as biology and in particular the foraging the-
ory (see for instance [SK86, VABT96, EPW*07,VBH"99, Rey18|). In this context a special case of
anomalous diffusion occurs when a forager in search of food, rather than diffusing according to the
classical Brownian motion, performs long-jump patterns characterized by a space and time steps
scale invariance, see e.g. [KS05] and the references therein.

This type of searches fits the model of the Lévy flight, according to the probabilistic description
given in Section 4.3 of [AV19]. In contrast to what happens with the classical random walk, the
forager performing these flights has less chances to revisit intensively the immediate surrounding
areas and then being confined in a narrow region. Therefore, in the biological framework, Lévy
flights seem to be a better search strategy when the source of food is scarce and sparsely distributed
and there is a large area to be covered in order to succeed in the hunt.

These kinds of foraging search strategies have been empirically observed in many ecological systems,
see e.g. [VABT96, ARMAO02, REFMM ™04, EPWT07,[SSHT08, HQD 10, HWQ™12,[HWS13|. Moreover,
several studies have been made in order to validate the Lévy flight foraging hypothesis from a math-
ematical and statistical point of view [VBHT99, BCFT02,[VAB™00, VBB 02].

In these models a number of assumptions are usually made on the environment, on targets and
foragers. For instance, a low prey density is often assumed and the targets are randomly distributed
in a wide area; the forager does not keep memory of previous encounters; the forager has scarce
information on the area to search and on the prey location. On the one hand, on some occasions,
these structural assumptions are introduced in order to simplify the problem, which otherwise would
be extremely challenging to be analyzed from a theoretical perspective; on the other hand, some of
these conditions can actually be structurally necessary for the convenience of the Lévy flight strategy
over more standard type of diffusive processes. In any case, the complexity of the raw problem
is a consequence of its dependence on a great number of environmental, evolutionary and biological
variables. Even though an oversimplification may lead to a less accurate model in some circumstances,
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we can evince from a simplified model some remarkable properties, advancing the knowledge on such
a complex topic.

In this paper we will investigate the Lévy flight foraging hypothesis relying on a fractional elliptic
operator. This is motivated by the fact that in the limit of the time step going to zero, the distribu-
tion of a seeker performing Lévy flights converges to the solution of a fractional heat equation, see
e.g. [Val09,BV16,AV19].

In order to test the Lévy flights foraging hypothesis, we consider some efficiency functionals,
accounting for the random encounter rate between the forager and the target. We maximize these
efficiency functionals with respect to the fractional exponent, with the aim of understanding which
flight was more advantageous for the forager. From a biological perspective, this optimization with
respect to the fractional exponent corresponds to the possibility of a forager to modify its searching
strategy by tuning e.g. the average length of a hunting path and the waiting times between different
paths.

We will assume that the forager is confined in some bounded region €2 C R™, which plays the role
of an ecological niche. Both Dirichlet and Neumann boundary conditions will be taken into account
to describe absorbing and reflecting boundaries.

For us, the choice of a spectral fractional heat equation as a diffusion equation for the forager was
motivated by its stochastic interpretation as a subordinate Brownian motion in 2, see [DGV22a].
See also [MPV13,/CDV17,SV17,DV21,|DPLV| and the references therein for several applications of
fractional elliptic equations to biological problems.

In this paper, we will test the Lévy flight foraging hypothesis by taking into account different
biological configurations, such as:

e the case in which the forager starting position and the target location coincide,

e the case in which the forager starting position is located in proximity of the target,

e the case in which the forager and the target, instead of being modeled as material points, are
uniformly distributed in some regions of space.

The situation in which the biological population is not confined into a bounded region of space and
can travel through the whole of R™ is technically different and has been treated in the papers [DGV|,
DGV22b).

The paper is structured as follows. In Section [I.I| we define the efficiency functionals for the
spectral search in the bounded region 2 C R"™. They will be taken to be proportional to the
encounter rate between the forager and the target. Moreover, different “penalizations quantities”
will be considered, such as the average distance and the mean square displacement, in order to build
physically reliable efficiency functionals.

Sections [1.2] and [1.3] are devoted to the study of the mazimizer for the aforementioned functionals.
These maximizers thus correspond to the most rewarding searching mode. In particular, in Section|[I.2]
we will assume that the forager starting position and the prey location coincide. This scenario, though
physically less relevant, will let us detect some monotonicity properties of one of the functionals, when
the domain satisfies suitable geometric properties, see Theorem below. This result shows how the
search for a maximizer is related to the geometric structure of the play field.

In Section [I.3] as well as in Section for the case of distributed foragers and targets, we analyze
the case in which the target is in some small neighborhood of the forager starting position. Here we
establish that if the target position converges to the initial location of the seeker, then the mazimizer
of the efficiency functionals is located in a neighborhood of s = 0. This is the content of Theorems|[1.7]
L3, [L15 and [L.10

Furthermore, in Theorems |L.6{and it will be proved that for some of these efficiency functionals
the strategy s = 0 is the unique global minimizer, thus corresponding to the unique pessimizer of
the searching mode. This minimality result, together with the convergence of the best strategy, will
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entail that, roughly speaking, the most rewarding strategy may end up being not reliable, presenting
arbitrarily close pessimizers, thus opening the dilemma of whether in practice one should follow the
most performant option, or the safest one, or, say, a balanced combination of the two (see Remark
below).

In Section [2f we collect the main analytical tools that will be employed in order to prove our main
results.

Finally in Section [3] we prove the results stated in Sections [1.2] and [I.3]

1.1. Efficiency Functionals. To measure the effectiveness of a foraging strategy, one can consider
different functionals which account for the rate of hunting “success” for the predator versus the
“effort” needed.

The possibility of accounting for different efficiency functionals plays, in our opinion, a crucial role
in biology and ethology, since, while the notion of “foraging success” may be somewhat objective (as
measured for instance by the amount of food eaten, or by the calories carried by such a food), the
notion of “cost spent to achieve the success” is intrinsically more ambiguous and different biological
theories may end up measuring this concept in different ways. As an example, we recall the debate
about the way honey bees assess how far they have flown (whether based on the energy expended
in flying or on the fatigue required by the action, as conjectured in former experiments, or on the
image motion of the surrounding landscape through visual perception, as pointed out in the “optic
flow hypothesis” and addressed in recent tests, see [SZATJ00]). Related to this, we also recall that
in some situations the measure of the distance traveled can be performed according to a number of
possible strategies (e.g., in the case of ants, which can use optic flow, pheromone and chemical trails,
as well as the “counting” of the number of steps, see [WWWO0G]). See also [Gad21] and the references
therein for further reading on how animals measure distances.

The mathematical setting that we consider here goes as follows. We model a forager moving
in some bounded region 2 C R"™ through a spectral fractional diffusion with either Dirichlet or
Neumann homogeneous boundary conditions. The domain 2 where the diffusion occurs can be seen
as an ecological niche where the forager is confined (the Dirichlet condition corresponding to the case
in which the forager is killed at the boundary of the niche, and the Neumann datum corresponding
e.g. to fences that prevent the forager to exit the niche).

Specifically, the probability density u = u(t, z) of the forager satisfies the diffusive equation

(1.1) Owu(t,z) = —(—=A)%u(t, ) for all (¢,z) € (0,400) x Q,

with either Dirichlet or Neumann homogeneous boundary conditions.

Here above s is a fractional parameter in (0,1) and the operator (—A)® represents the spectral
fractional Laplacian, see e.g. Sections 2.3 and 4.3 in [AV19] for the basics of this operator. See
also [DGNBD17] for different approaches to the problem of Lévy flights in (one-dimensional) bounded
domains.

We also assume that the targets are scattered in € according to a distribution p(¢, z), where (¢, x) €
0, +00) x €.

S

We consider, as an initial measure of the success of the hunting strategy of the predator, a forag-
ing success functional which accounts for the random encounters between the forager following the
dispersive equation in and the targets.

Specifically, in the situation considered here, given T' € (0,+00) and y € €, the foraging success
functional takes the form

(12) /0 ' /Q v (2 y) p(t, 2) da dt,
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where 7°(t, z,y) represents either the Dirichlet or the Neumann spectral fractional heat kernel, for
some fractional parameter s € (0, 1), see for instance [DGV22a] and the beginning of the forthcoming
Section [2| for definitions and basic properties of these kernels.

We notice indeed that the quantity in is associated with the probability that a forager starting
at the position y € Q and following the diffusion process modeled by the fractional heat equation
with either Dirichlet or Neumann boundary condition hits a target distributed according to p(t, x)
in the time interval (0,7).

To obtain an efficiency functional, we compare this quantity with some other quantities of physical
and biological significance that instead provide a penalization for the seeker. Here, we will consider
as penalization quantities the time T, the average distance traveled by the forager 1Y(s,T) after a
time T and the mean square displacement AY(s,T) after a time T.

More explicitly, the average distance traveled by the forager at time 7' € (0, +00) is given by

(1.3) (s, T) = / / ¢yl r*(t, ¢, ) dC dt.

The probabilistic interpretation underpinning this definition consists in taking into account the ran-
dom process Y; starting at y corresponding to a subordinate Brownian motion which is either killed
or reflected at the boundary (the generator of such a process corresponding to the spectral fractional
Laplacian with either Dirichlet or Neumann datum).

In this framework, the quantity |Y;| represents the distance at time ¢ for a single representation of
the process, whence it is natural to consider its expected value

B3Il = [ o=yl (ta.y) da

as the mean distance traveled at time ¢. The setting in ([1.3)) is thus the average over time t € (0,7)
of this quantity.
Similarly, the mean square displacement is given by

(1.4) AV(s,T) : / / C— g2 (t,Cy) dC dt

and represents the average over time ¢ € (0,7") of the expected value of the squared distance

E:[|Y]?] /!fﬂ—y!“tary)

Interestingly, subordinators related to waiting times may have an intimate connection to biology,
since spontaneous patterns of waiting times are known to occur in nature, and they can be species-
specific, depend on body size, foraging modes, prey preference, etc., see [WMHT14].

While the notations in and are the same for the Dirichlet and the Neumann cases (the
difference being only in the fractional heat kernel, which is sensitive to the boundary conditions), it
is convenient to distinguish explicitly between the two types of boundary data and for this we add
the subscript D or N to the notation, namely we write % (s, T), (%(s,T), A% (s,T) and A% (s,T)
to emphasize the dependence of the average distance traveled and of the mean square displacement
with respect to the Dirichlet or the Neumann boundary condition.

As a special case of target distribution p(t, ), we consider the situation in which there is only one
target located at x € Q. In this case, the distribution p(t, ) reduces to the Dirac’s delta 0,(¢) and
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the foraging success functional in ([1.2)) will be denoted (depending on the boundary condition) by

12
T T
5Y(s,T) = / / 1o (8, C.y)8(C) dC dt = / ri(t, 7, ) dt

T T
or q)f\}y(s,T):/O /Qrf\,(t,C,y)@(C)dCdt:/o ry(t,x,y)dt.

In this paper we focus on the optimal foraging strategy according to the following efficiency func-
tionals:

(1.5)

. @I,y(s’ T) . q)%y(S’ T)
gl %(S7T) = L T ) gl,%(S’T) = = T )
d7Y(s,T) O (s, T)
T,y T — D ) x,y T — N 9
(1'6) 82,D(87 ) l%(sa T) ) SZ,N(Sa ) l?\/'(s’ T) )
O7Y(s,T) DY (s, T)
TY (o T D \? d z,y T) = N D
Qo= gy BAEDE T

In addition to the functionals in ([1.6)), we consider the following set-dependent functionals. Here,
the exact initial positions of target and forager are replaced by uniform densities in two subregions
of 2. Namely, we assume that the targets are distributed in ) according to

X (l‘)
p(t ) : o
for some measurable set {21 C ), where yq, is the characteristic function of €; and |€2;| denotes the
Lebesgue measure of €2;.
The forager diffusing via the spectral fractional heat equation is initially uniformly distributed in
some measurable set 2y C €2 and therefore, dropping for the moment the subscript D and N, its
density in (¢,z) € (0,+00) X §2 is given by

fo(t ) =

see e.g. Lemmas 2.14 and 3.11 in [DGV22a].
With this notation, the set-dependent forager success functional takes the form

U2 (5 T) - //fst:t (t,z)dxdt

= — r(t,x,y) dx dy dt.
e, fyo 705

Furthermore, in this framework, the average distance traveled by the forager and the mean square
displacement are given by

1

r°(t, z,y) dy,
1l Jo,” )

(1.7)

(s, T) : //|§ I (t,€) de dt

=m/0 /Mrf—y!r (1,6, y) d dy dt

T
d  A%(s,T) = —y2fot,€) ded
an (.7) /O/QIé“ g £2(1,€) de dt

1 T
ZM/O /Q 5 € = y[*r*(t. &, y) dE dy dt.
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Therefore, with these set-dependent foraging success functional and penalization quantities, we define
the set-dependent efficiency functionals as

(s T) (s T)

ENDT (s, T) = —Pn =, E (5, 7) = S5,
o~ &)Ql,QQ(S T) - &)Ql,ﬂg(s T)
Q1,9 D , .0, 2 7
1. 8 ? S,T = —_ g s S’T =N )
L 25D 15(s,T) 2 (5. 1) 1%(s,T)
~ &')91,92 T B 591’92 T
e n = Bt g gy BT
| A (s 1) | A5 (s,T)

1.2. Prey at forager starting position and change of monotonicity. In this section we will
assume that the forager starts its search from the prey location. In this case, all the efficiency
functionals in diverge if n > 2 orn = 1 and s € (O, %}, as better specified in the following
proposition. For this reason, in this scenario where the forager starting position coincides with the
target location, we will only work in one dimension.

Proposition 1.1. Let 0 C R"™ be bounded, smooth and connected, x € €2 and &€ be any of the
efficiency functionals in (1.6 with x = y.
Then, for each T € (0,+00), if eithern >2 orn=1 and s € (0, %} it holds that £(s,T) = +o0.

In the one-dimensional framework, the connectedness hypothesis on €2 forces the domain to be an
interval. Thus, up to a translation, we can suppose that = (0,a) for some a € (0,+00). In this
case, several results can be obtained at the same time for all the efficiency functionals in (|1.6).

In the following proposition we establish that the range of the fractional exponent in which these
functionals achieve a finite value coincides with (%, 1}, and that in this interval they are continuous
in s.

Proposition 1.2. Let a € (0,+00), 2 = (0,a), x € Q, T € (0,+00) and E be any of the efficiency

functionals in (1.6 with z = y.
Then, E(s,T) € (0,+00) for all s € (1,1] and E(-,T) € C ((3,1]).

In terms of detecting the most rewarding foraging strategy with respect to the Lévy exponent s,
we show that if the initial position of the forager coincides with the location of the target then s = 1/2
1s the optimizer for all the efficiency functionals in (|1.6)):

Theorem 1.3. Leta € (0,+00), Q2 = (0,a), z € Q and € be any of the efficiency functionals in ((1.6)
with © = y.

Then, for all T € (0,4+00), the supremum over s € (%, 1] of € 1is attained at s = %, with
(1.10) lim £(s,T) = +o0
s\%

Even though the environmental scenario of a forager starting its search precisely from the target
location is physically less relevant than the other cases, it can serve as an example of the complexity of
the optimization problem and its dependence on external factors, such as the geometrical properties
of the domain.

In what follows, we provide an example of change of monotonicity for the functionals in equa-
tion . Specifically, we show that if the interval in which we consider the motion is small enough,
then the functionals are strictly decreasing in s. On the other hand, we prove that if the interval
1s large enough, then there is a region of this interval such that if the search starts there, then the
monotonicity property is violated in a neighborhood of the Brownian strategy s = 1, see Figure [I]

Theorem 1.4. Let a € (0,400), Q = (0,a), T € (0,400) and x € Q. Let ® be any of the foraging
success functional in (1.5)) with x = y.
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Then, if a € (0,7, for every sog € (%, 1} and sy € (so, 1], we have that
(1.11) D(s9,T) > D(s1,T).

Also, for every v € (O, %) there exists a, € (m,+00) such that if a € (a,,+00) then, for every T €

Va2, +00), z € (va, (1 — v)a), sy € (HTV> 1) and sy € (So, 1], it holds that

(1.12) 5 (51, T) > D% (s, T).

,3) there exists a, € (m,+00) such that if a € (a,,+00) then, for

every T € [va®,+o0), x € <0, @) U (%,a), S0 € (HT”, 1) and sy € (8o, 1], it holds that

Furthermore, for every v € (0

x,r x,r
(1.13) Oy (Sl,T) > Oy (SO,T).
25x10721 o
[ 28f
2.x10721}
[ 26
15x10721 |
r 24}
1.x10721F 29l
5.x10722} 201
i 18f ‘ ‘ ‘ ‘
: 0.6 07 0.8 0.9 1.0 06 0.7 0.8 0.9 1.0

FIGURE 1. Plot of (3,1) 2 s+ @3%(s,T) for Q = (0,a) with x = 2.5, T =100 and a € {3,10}.
We have approximated ®p, as explicitly given in (3.5)), by summing to the 5 x 10°th term.

In [DGV22a] we studied the monotonicity properties of the fractional heat kernel r*(¢, z, x) with
respect to the fractional parameter s and we showed that these properties depend on the geometry of
the domain. This dependence is expressed via the eigenvalues of either the Dirichlet or the Neumann
Laplacian, which are well-known to depend on geometric features of the domain, like its measure or
the Hausdorff measure of its boundary. For further details on this relation see the comments after
Theorems 1.11 and 1.23 in [DGV22a] and the references therein.

More precisely, in Theorem 1.10 of [DGV22a| we established that if the first eigenvalue of the
Dirichlet Laplacian is greater than 1, then the fractional heat kernel 7%,(¢, x, ) is strictly decreasing
in s. Analogously, in Theorem 1.22 in [DGV22a] we proved that if the first nonvanishing eigen-
value ;) of the Neumann Laplacian associated to a nonvanishing eigenfunction in x is greater
than 1, then 73(¢, x, z) is strictly decreasing in s. The monotonicity property given in (1.11]) is thus
a consequence of Theorems 1.10 and 1.22 of [DGV22a] and the definitions in (L.5).

On the other hand, in Theorems 1.11 and 1.23 of [DGV22a] we proved that under some circum-
stances there is a change of monotonicity for 7°(¢, z, z). Indeed, we showed that if the first eigenvalue
of the Dirichlet Laplacian, or p(,) as described above for the Neumann case, is smaller than 1, then for
every sg, 51 € (0, 1) such that sg < s; there exists some T" € (0, 4+00) such that r°0 (¢, z, x) < r®\(t, z, x)
for all t € (T, +00). This latter change of monotonicity in relation to the size of the eigenvalues in-
spired the search for a change of monotonicity also for the efficiency functionals ®3" and ®%3*, which

is proved to be true, as expressed by equations (1.12) and ([1.13]) above.

1.3. Prey in proximity of the forager. We now turn our attention to the efficiency functionals
in (1.6)) when the initial position of the forager y € € is different from the target location x € €2. We
begin by stating the following continuity result with respect to the fractional exponent s.
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Proposition 1.5. Let  C R"™ be bounded, smooth and connected. For every (z,y,T) €  x Q X
(0, +00) such that x # y, let us denote by E™Y any of the efficiency functionals in (|1.6).
Then, E*Y(s,T) € (0,400) for all s € (0,1] and E*¥(-,T) € C((0, 1]).

In the following result we establish that for each (z,y,T) € Q x Q x (0,400), satisfying = # v,
the first Dirichlet functional &% (s, T') attains its infimum at s = 0. Moreover, we show that the
Dirichlet functionals in (1.6)) admit a finite limit for s \, 0, as far as © # v.

Theorem 1.6. Let €2 C R™ be bounded, smooth and connected.
Then, for every (z,y,T) € Q x Q x (0,+00) with x # y, it holds that

1.14 inf EPL(s,T) =lim &} (s, T) = 0.
(1.14) 561%71)51,1)(57 ) SI\I‘%ELD(S? )=0

Moreover, we have that

(1.15) £1{‘155;%(3,T) € (0,+00) and ii{r(l)é’;%(s,T) € (0, 400).

From Theorem we evince that we can extend by continuity the Dirichlet functionals in (|1.6))
to the whole compact interval [0, 1]. Hence, from now on, we will adopt the notation

(1.16) THO.T) = T €55, T),

for all (z,y,T) € 2 x Q x (0, +00), with z # y and j € {1,2,3}.

The following two theorems are the most important results of this section. We state that if the
forager starting position y € § is close enough to the prey location x € §, then the best search strategy
for the efficiency functionals in (1.6)) will be in some small neighborhood of s = 0.

Theorem 1.7. Let Q@ C R" be bounded, smooth and connected and (y,T) € © x (0, +00).
Then, for each € € (0,1) there exists some § = 6.y 1.0 € (0,400) such that for each x € Bs(y)\{y}
it holds that

(1.17) z%pl) Ep(s,T) =& (sg;T,T> with S;{;,T € (0,¢).
Moreover, for each j € {2,3} it holds that
(1.18) Eip(0,T) = stlpl)gﬁg(s,T).

sE(eg,

We stress that the situation x # y treated in Theorem is conceptually quite different from the
case x = y presented in Theorem indeed, when the initial location of the predator is different
from the position of the target, the efficiency functionals are finite for all s € (0, 1] independently
from the dimension, as stated in Proposition [I.5]

The result in Theorem [1.7] is general enough to include different Dirichlet efficiency functionals
and detects a somewhat “universal” qualitative behavior.

Moreover, an analogous situation holds true also for the Neumann functionals in (1.6]):

Theorem 1.8. Let Q2 C R"™ be bounded, smooth and connected and (y,T) € © x (0, +00).

Then, for each for each € € (0,1) there exists some § = 6.y 10 € (0,+00) such that for each x €
Bs(y) \ {y} and for all j € {1,2,3} it holds that

(1.19) sup Ein (s, T) = &y (33(53/7T,T) with SSLT € (0,¢).
s€(0,1)

Therefore, from Theorems|[1.7]and [1.8 we deduce that if the initial position of the forager approaches
the position of the target, the fractional parameter s € (0,1) mazimizing the functionals in (|1.6)
converges to 0. Thus, in the regime of close proximity of seeker starting position and prey location,
the above functionals are mazximized by a search strategy with a very fat tail.
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It is interesting to notice that the maximizer 5;1,3),,T of & p given by Theorem may turn out
to be unreliable in practice, differently from the other two maximizers of the Dirichlet functionals,
according to the following remark.

Remark 1.9. On the one hand, Theorem establishes that s = 0 is a global minimizer for & p.
On the other hand, if s is a maximizer of €i 2 (-, T), then from Theorem we evince that

zy, T

. 1)
lim s( = 0.
By z,y, T

This means that as x approaches y, the maximizer of the functional 51”‘; P converges to s = 0, which

is a global minimizer. Therefore, a small perturbation of SS’;,T can lead to very small values for & p,
making such choice of the most rewarding fractional exponent quite unreliable. Therefore, in an
environmental scenario where the forager starts its search in proximity of the target and the efficiency
functional modelling the energy to maximize is given by & p, the “most rewarding” search strategy
is to be considered “unreliable”. '

Things turn out to be different for £ and &£57. Indeed, if sg;,T is a maximizer of the func-
tional £ (-, T) with j € {2,3}, then, according to Theorem one still has the limit

(1.20) lim s¥) . = 0.

Nevertheless, in contrast with the case j = 1, now s = 0 is not necessarily a global minimum.
Actually, see equation ([1.18)), for each ¢ € (0,1), if z and y are close enough, then

Sﬁg(O,T) > sup 5]%(5,T),
s€(e,l)
so that s = 0 in these two cases is “almost” a maximizer. Roughly speaking, we can say that the
functionals & p and & p present more reliable optimal configurations than & p, since the maximizing
fractional exponent is “separated” from the minimizers, whence the most rewarding strategy appears
to be safer.

Remark 1.10. It has been observed in [WMHT™14] that the case s = 0 occurs when some marine
predators, such as anglers and blonde skates, specifically aim at a type of prey with a high energy
content. It is therefore natural to relate the high-energy content of the prey and the high-risk/high-
reward strategy related to s = 0: namely a high gain prospected by the energy content of the prey
may serve as a mitigation of the chance of failure entailed by searching mode selected and as an
indirect encouragement towards a potentially very beneficial, but intrinsically very risky, strategy.

Remark 1.11. One may wonder whether the unreliability of the most rewarding strategies and the
corresponding high-risk /high-reward searching mode are specific of the situation considered in this
paper, i.e. of a forager confined in a bounded region and a nearby prey. This is not the case, in
fact in the paper [DGV22b| we will show that the same pattern persists, for instance, for a predator
diffusing in the whole space and also for a prey located arbitrarily far from the predator.

The case that will be addressed in [DGV22b| is technically different from the one here, since the
spectral analysis cannot be performed in unbounded domains and we will have to rely on singular
integral calculations instead.

In what follows we observe a phenomenon which arises in the one-dimensional framework as a
consequence of Theorem [[.4] In particular, under the same geometric assumptions of Theorem [I.4]
on the domain €2, we show that if the target location x € (2 is sufficiently close to the forager initial
position y € €2, then there exists a local mazimizer s}, , 1 for £’} and EY in a neighborhood of the
Brownian strategy s = 1.
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Corollary 1.12. Let a € (0,+00), Q= (0,a) and T € (0,+00).

Then, for every v € (0,3) and e € (0,1) there exists a, € (m,+00) such that if a € (a,,+o0) then,

for every T € [va®®,+00) and y € (va, (1 — v)a), there exists some 6 = 0,10 € (0,400) such that
if v € Bs(y) \ {y} then
(1.21) sup ED(s,T) = E1D (s, T)  with s} ,p€(1—g1].
SG(HTV,I)
Also, for every v € (0,3) and € € (0,1) there exists a, € (m,+00) such that if a € (a,,+00) then,
for every T € [va*, +o0) and y € (0, (1_2”)a) U <(1+2”)a, a), there exists some 6 = 0,10 € (0,+00)
such that if x € Bs(y) \ {y} then

(1.22) sup  EN(s,T) = EVNX Buyr, T)  with 5,7 € (1 —¢,1].
86(1;”,1)

It is interesting to compare this result with Remark [1.9 on the unreliability of the most rewarding
search strategy for Sx’y Indeed, as a consequence of Theorem n and Corollary [1.12| we have that

for each v € (O, 2) and e € (0,1) there exists some a, € (m,+00) such that for every a, T and y
given as in the statement of Corollary |1.12] there exists some 6* = d; _, 7 € (0, +00) such that, for

every € Bs-(y) \ {y},
sup Ep(s,T) = ng( W T) with s € (0,¢)

z,y, T x,y, T
s€(0,1)
and sup  Ep(s,T) = E1D (s T)  with si 7€ (1—e1].
se(“’” 1)

From this, we deduce that in this framework there exist a global and a local maximizer. The global
maximizer s( ) ,.r seems to be the most rewarding option for the forager performing the search. Nev-

ertheless, thanks to Remark [1.9] we also know that it is extremely unreliable for practical purposes.
1)

+yr Can lead to the unique global minimizer s = 0, that makes the

Indeed, a small deviation from s
functional vanish.

On the other hand, even though the local maximizer s; - is not optimal, it could be a better
choice due to its stability. As a matter of fact, as stated in Proposition (1.5, the functional &7,
vanishes nowhere near the Brownian strategy s = 1. Therefore, by choosmg sm 1 €ven under the
presence of a positive error in the choice of the strategy, the outcome would not be heavily affected,

as it could be for the most rewarding, but unreliable, strategy S:(vlz)/T‘

This observation highlights how the definition of “best search strategy” is arguable, and how in
some contexts it could not coincide with the classical notion of maximizer of a given energy: after
all, what does “best” mean, is it “most rewarding” or “safest”? Thus, it may be appropriate to
define new efficiency functionals that, rather than depending on an “exact choice” of the fractional
exponent s € (0,1), take into account a probability measure in (0, 1) that allows the existence of an
error range for the forager. This new approach will be investigated by the authors in a forthcoming
work.

1.4. Foragers and targets uniformly distributed in some regions. Now we focus our attention
to the study of the functionals in equation . In this case, the forager starting position and the
prey location are replaced by uniform densities in disjoint subsets €2y, {25, C 2. We begin by analyzing
the continuity of these functionals with respect to the fractional exponent s € (0, 1].

Proposition 1.13. Let Q C R™ be bounded, smooth and connected. For every T € (0,+00) and
measurable sets 1,y C Q, let us denote by E4% any of the efficiency functionals in (1.9).
Then, £ (s, T) € (0,+00) for all s € (0,1] and E4%(-,T) € C((0,1]).
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The following result can be considered as the set-dependent counterpart of Theorem [1.6

Theorem 1.14. Let 2 C R™ be bounded, smooth and connected.
Then, for all T € (0,4+00) and smooth and disjoint sets 21,y C Q, it holds that

1.2 inf E75%(s,T) = lim £5%(s,T) = 0.

(1.23) Anf & (s, T) = lm & 57(s,T) =0
Moreover, we have that

(1.24) lim, 35" (s,T) € (0,+00) and liny E45%(s,T) € (0, +00).

From Theorem we deduce that we can extend by continuity also the Dirichlet functionals
in (1.9) to the whole compact interval [0,1]. From now on, for j € {1,2,3}, we will adopt the
notation

(1.25) EX52(0,T) = lim EXL(s,T),

for all T € (0, +00) and 4, Qs C Q satisfying the hypothesis of Theorem m

In Theorems and we have established that the Neumann and Dirichlet functionals in (|1.6))
have a common feature. Indeed, if the prey location x € € is in a sufficiently small neighborhood of
the forager starting position y € €, then £} and £y attain their maximum for some value close
to s = 0.

This characteristic is somewhat preserved if we consider the set-dependent functionals in .
Indeed, we can show that if Q;, Qy are close enough (in a sense that will be made precise later), then
also for the functionals in a strongly nonlocal search strategy will be preferred.

Before stating the precise results we fix some notation. For each B C R", y € R" and r € (0, +00)
we denote

(1.26) ryB:={r(zr—y)+y st. zeB}.

Theorem 1.15. Let Q C R" be bounded, smooth and connected and (y,T) € Q x (0,400).
Then, for each € € (0,1) there exists some r = r., 1o € (0,4+00) such that for any smooth and
disjoint sets Q1,9 C B,.(y) it holds that

(1.27) sz]pl) gls?BQQ(S,T) = 5'3}3’92 (581),92,T>T> with sgfﬂﬂ € (0,¢).
se(0,
Moreover, let K € € be star-shaped with respect to some y € K. Then, for all j € {2,3}

and € € (0,1), there exists some r = r. g1 such that if Qy,Qy C r,K are smooth and disjoint it
holds that

(1.28) EXLP(0,T) > sup 5% (s, 7).
’ s€(e,1) '
As a consequence of Theorems and we can deduce that the most rewarding strategy may
not be the safest, similarly to what happens for the functional & p (recall Remark . Also, a
result analogous to Theorem holds true when considering the Neumann functionals in (|1.9)).

Theorem 1.16. Let 2 C R™ be bounded, smooth and connected and (y,T) € Q x (0, +00).
Then, for each ¢ € (0,1) there ezists some r = rey 10 € (0,400) such that for any smooth and
disjoint sets Q1,Qy C B,(y) and for each j € {1,2,3} it holds that

(1.29) sga)%?I{;QQ(s,T) = gJQ}VQQ (35{3792’T,T> with sg'j@ﬂ € (0,¢).
se(0,



14 SERENA DIPIERRO, GIOVANNI GIACOMIN, AND ENRICO VALDINOCI

2. MATHEMATICAL FRAMEWORK FOR THE EFFICIENCY FUNCTIONALS

In this section we establish some technical results regarding the efficiency functionals in ([1.5]), (1.6])
and . These are the main analytical tools that we will use to prove the results stated in the
introduction.

In Section we provide some estimates for the functionals in ((1.5)) and . This is the content
of Lemma Theorem and Corollary .11} These results will be employed in Section in
order to discuss the environmental scenario where the prey is in proximity of the forager starting
location, and thus to prove Theorems [1.7] [I.8] and [1.16] Moreover, we establish the limits of
the Dirichlet functionals in (]E and as s N\, 0 as stated in Lemma . These asymptotics
will be used to prove Theorems [I.6], [1.14] [1.7] and [1.15]

To conclude, in Theorem @ and Corollary [2.16} E we show that the Neumann functionals in
. . . and . do not vanish for s N\ 0, and we provide upper and lower bounds for thelr
liminf and lim sup. These results will be used in the proofs of Theorem [I.§ and [I.16]

To prove these results, it is useful to recall some properties regarding the fractional heat kernels 79,
and 7. It is well-known that for each s € (0,1) these two kernels can be written for each (¢,z,y) €
(0,400) x Q2 x Q as

+oo “+o0o
(2.1) T’E(t,x,y)z/ (L, y)pi (1) dl and ry(t T, y) =/ P (L oz, y)us (1) dl,
0 0

where p$} and p are the classical Dirichlet and Neumann heat kernels in €2, while xf is the density
of a s-stable subordinator in (0, +00) (see e.g. Definition 2.4 in [DGV22a]). For a proof of this latter
fact see for instance Propositions 2.8 and 3.5 in [DGV22a).

If s = 1, the kernels r} and r}, coincide respectively with the classical kernels p§ and p$}. Fur-
thermore, we also know that the density u; admits the explicit representation formula

1 [t 5 cos
(2.2) wi(l) = —/ e~ tutut cos(ms) gin (tu® sin(ns)) du. for all (I, 5) € (0,400) x (0,1),
T Jo
see Proposition 3.1 in [KV1§].
Moreover, we also recall the following fact on the spectral representation of r7, and 73,. In what
follows we denote by {(p s }x and {{x}x two orthonormal basis of L?(Q) satisfying

—Alpr=Pprlpr in —Alng = BypChgr in Q,
2.3 ’ S ’ and
23) {CD,k € Hy(9), —agN’k =0 on 09,
v

where 0 < Bp1 < Bpa... and 0 = By < fBn1 < ... are respectively the eigenvalues of the Laplace
operator with homogeneous Dirichlet and homogeneous Neumann boundary conditions.

Thus, thanks to Theorems 1.8 and 1.20 in [DGV22a], we can rewrite the Dirichlet and Neumann
kernels r}, and rj; as

+oo
ri(tz,y) =Y Cor(®)Cpr(y) exp(—t65 )

(2.4) k=l
and Stz y) ZCN’“ )k (y) exp(—t By 1),

for all s € (0,1] and (¢,z,y) € (0,400) x € x €.

Now, we establish some results on ;. In what follows we recall a scaling property for the density j;
of the s-stable subordinator. For the convenience of the reader the statement is proved.
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Lemma 2.1. Let | € (0,400), t € (0,+00) and s € (0,1).
Then, we have that

(25) 0 = 2 ()

Proof. Let o := u® cos(ws), B := u®sin(ws) and

gla, B) = e sin(t).
With this notation, we integrate by parts the expression on the right-hand side of (2.2)) and obtain
that

s Lo L e, d
pi(l) = —7—e"gla, B) ) +t ; g9, B) du
(2.6) =0+ % - e e sty (— cos(ms) sin(tB) + sin(7s) cos(tf)) du
st

= e et eos(ms)ys=Lgin (s — tu’ sin(ms)) du.
T Jo

We employ the change of variable v = uts and infer from the last identity that

S Foo _le s
pi(l) = _l/ e s eV sy ~lgin (s — v®sin(ns)) dv
T Jo
1
]_ t7 too -4 s
= —IS ; / e iF vt eos(ms)ysl sin(ms — v*sin(7s)) dv
ts T Jo

1 [
ts ts

Now, we discuss some asymptotic estimates for the the density pf(l) in [. As it is recalled
in [BBKT09] by R. Song and proved by Skorohod in [Sko61], one has that

s . (ms\ 1
(2.7) 15(1) ~ 27D(1 + ) sin (7) T for 1o oo
Using this estimate and Lemma on the time-scaling property of p; one obtains an interesting
asymptotic expansion in the forthcoming Lemma As a side comment, we point out that the
asymptotic properties of this type of distributions are relevant to understand how the tail of
changes by varying the fractional parameter s, which in turn provides some important information

about the optimization problem that we analyze in this paper.

Lemma 2.2. Let s € (0,1) and t € (0,400).
Then, we have that

t
(2.8) pi(t) ~ 2w (1 + s) sin <%) et for 1 — +oo.

Proof. Thanks to Lemma [2.1 we know that for each s € (0,1), I € (0,+00) and ¢ € (0, 4+00) one has

that ) l
0 = 2 ()

Thus, using this identity and the estimate in ([2.7)) one readily obtains that
1+s
t s

s 1 . (TS
s (1) ~ EQWF(l + ) sin <7> T

. (TS t
= 27['(1 4 s)sin (7> et
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for | — +o0. O

The following theorem provides similar estimates to the one given in in the range s € (0, %)
Here, the constants involved are less accurate than the one appearing in , but on the other
hand we gain some important information. In particular, while the estimate in holds true for
I — +o00, the ones that we prove below are true for each [ € (té, +00). This additional information
will be used several times.

Theorem 2.3. Let s € (0,3) and t € (0, +00).

Then, there ezists some constant Cy € (0,+00), independent of s and [, such that

ﬁ < (1) forall 1€ (t%,+oo>
(2.9) ml
s stI'(1+s
and wi(l) < % for all 1 € (0,+00).

Proof. Thanks to the scaling property proved in Lemma[2.1] it is enough to show the result for ¢t = 1.
Indeed, if for ¢ = 1 the inequalities in (2.9) hold true, then if ¢ > 1 and | > t%, we have in view

of (2.5)) that
s 1 s l SClt
pi(l) = Eﬂl (t_1> Z Tlit+s

s

The second inequality in (2.9) is proved similarly. For this reason, we focus our attention on the
case t = 1.
We will first prove the second inequality in (2.9)). If s € (O, %), from (2.2) we notice that

. +OO
pi(l) < M/ e Mt du <
T 0

7rl1+5F(1 + 3),

which conclude the proof of the second inequality in (2.9)).
Now we focus on the proof of the first inequality. To do so, we observe that thanks to equation ({2.6])

one has that
s

+oo
wui(l) = _l/ e~ lemutcos(ms)y s =l gin (s — u® sin(7s)) du.
Tt Jo

We perform the change of variable lu = # and obtain that

pi(l) = i +°° e Vet cosms) gs—l i (g — a sin(ws) | df
3 ml+s J, [s

S
= (s,

where by construction f(s,[) > 0 for each [ € (0, +00) and s € (0, 1).

Now we observe that, for each # > 1 and s € (0, %},

(2.10)

g 02 1 0° . -
e fe 1 cos(m)gs—lgip <7r5 - — sm(7rs)) ‘ <e .

(2.11) 7

Thus, by the Dominated Convergence Theorem we obtain that

+o0 s g5
lim e Pt os(ms) sl gipy <7rs - — sin(ws)) df = 0.
sN\O Jq1 s
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Also, by using the change of variable 6° = [*z we deduce that
! 0° 0°
/ e fe = cos(m)gs—lgip <7rs % sin(ws)) df
0

1
75 1
/ e_lzs 6—zcos(7r5) SiIl(7T5 — 2z sin(?TS)) dz
S Jo

400 1 . B .
:ls/ X[o,zfs]e_l” g7 cos(ms) sin(rs jsm(m)) dz.
0

If s e (O, %) we also notice that

1 sin(7ws — zsin(mws 2
’X[O,ls]e_lzs e—zcos(ﬂs) ( - ( )) ‘ < 7T€_§(1 + Z),

and therefore, since [ > 1, by the Dominated Convergence Theorem we obtain that

1 s

s 0 1
lim [ e fe = st)gslgin (s — — sin(ws) | df = 7T/ e (1 —2)dz.
sNO S [s 0

Consequently, for each [ > 1

(2.12) l{% f(s,0) = 7r/0 e *(1—2)dz = T

=
We also observe that, if s € (0, %},

0° , 0° . 9ps
e Ve 17 0s(m) sl gin <7TS % sm(ws)) ' <e 9

for all 6 € (0, 400).
As a consequence, by the Dominated Convergence Theorem we evince that

(2.13) lim f(s,1) =sin(7ws)['(s) > 0,
=400
for all s € (0, %]
Besides, by the definition of f(s,1), we have that f € C'((0,%) x (1,400)) and

(2.14) f(s,1) >0 forall (s,l)€ (0 1] X [1, +00).

"2
Therefore, using (2.12)), (2.13) and (2.14]) we deduce that there exists some C € (0, +00) such that

Cy < f(s,1) forall (s,1)€ (O,%) X [1,4+00).

In light of this observation and equation ([2.10|) we deduce that
018

ﬂ-ll—i—s =

1(0). 0

2.1. Structural results for the efficiency functionals. This section is devoted to the study of
the efficiency functionals in equations , and . In particular, here we develop the main
technical tools that will be employed in the proofs of the results contained in Sections and [L.3]

In what follows we adopt the subscript * to refer to the fact that the functional considered can be
the one associated with both the Dirichlet and the Neumann case.
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We begin by recalling here the following estimates for the classical Dirichlet heat kernel in relation
to the classical heat kernel. Using the Weak Maximum Principle for the heat equation one can show
that

1 _ 2

(2.15) ph(t,z,y) < = eXp _r=yP for all (¢,z,y) € (0,400) x © x €.
(4mt)2 4t

On compact subsets of €2 and for finite time spans, one can prove the following lower bound

for i (t, z,y).

Lemma 2.4 (See Lemma 2.1 in [Zha02]). Let @ C R" be bounded, smooth and connected.
Then, there ezists a constant Tg € (0, +00) such that for each K € Q, if we define

d*(xz, 00
(2.16) Ty o := min {TQ, minM},
’ zeK 2
then there exist two constants ¢y, ce € (0,+00), depending on K and ), such that
2
(2.17) ph(tz,y) > tc—;exp (—M) for all (t,z,y) € (0,Tko] x K x K.
2

Using the Weak Maximum Principle, it is also possible to compare the Neumann heat kernel with
the Dirichlet one, as better specified in the following result.

Theorem 2.5. Let 2 C R™ be bounded, smooth and connected and K' € §).
Then, for each s € (0, 1] we have that

(2.18) rp(t,zy) < ry(t, z,y) for all (t,z,y) € (0,400) x © x €.

Furthermore, if K C K' € Q is star-shaped with respect to some xy € K, there exist some
constants Crrq, crr o € (0,400) and g € (0,1), depending on K' and 2, such that

(2.19) ry(tz,y) < Crrarp(t, Te,ye) + ¢k g for all (t,z,y) € (0,400) x K x K,
for each € € (0,¢e¢), where (x,ye) := (ex + (1 — €)xg, ey + (1 — €)xy).

Proof. We begin by proving the lower bound in (2.18)). To do so, we observe that thanks to the
Maximum Principle for the heat equation, one has that

pp(txy) <pi(tey)  forall (t,2,y) € (0,+00) x Q x Q.
Therefore, using (2.1)) and the latter inequality, we obtain that

+o00 +oo
ro(t 2, y) = / P30z, ) (1) dl < / PR (02, () dl = (2, y),

for each (t,z,y) € (0,+00) x Q x Q. This concludes the proof of (2.18]).
Now we show ([2.19). Thanks to Theorem 3.2.9 in [Dav89], we have that there exists some con-
stant cq such that

1 2
(2.20)  pR(t,z,y) < cqmax {1, t—n} exp (—%) for all (¢,z,y) € (0,+00) x Q x Q.
2
Furthermore, if K C K’ € €2, thanks to Lemma [2.4] we obtain that
a2
(2.21) po(t,z,y) > tc—iexp (—M) for all (¢,z,y) € (0,Tr o] x K' x K,
2

where T o is introduced in (2.16)) and ¢;, ¢o depends on K’ and (2.
Up to a translation we can assume that K is star-shaped with respect to g = 0. Now we observe

that there exists two constants Cx/ o € (0, 4+00) and ¢y € (0, 1), such that

1
Ckrac1 2 cq and ce? < 6 for all ¢ € (0,¢).
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As a consequence, if for each € € (0,¢¢) we call (z.,y.) = e(z,y), then from (2.20) and (2.21)) we
obtain that

2 2
c ColTe — &) r—Y
CK’,Qp%(taxaaya) _p%(t’$’y) = CK’,Qt_é €xXp (_ 2’ Et E’ ) - t_% exXp (_‘ ‘ )

(2.22) 3\ e ? 6t

—_ ]2 1 12
> ggom (-E5E) (oo (- (7 5) 5575) 1)
= 0,

for each (t,z,y) € (0,Tk ] x K x K.
Thus, using equation ([2.1)) and the relation in (2.22)) we obtain that

+oo
T?v(t,fc,y)z/ Pyl z,y)ps(l) dl
0

~+

TK’,Q Q +0o0 0
- [0 [ Sy
0 T

K'.Q

TK’,Q +oo
< OK’,Q/ p%(l7x€7y€)ﬂf(l) dl+CQ/ ma’X{la
0

Tgr o

| —

= (—%) W)

w3

l

+o00
<Croa [ B a g (0)dl+ e
0
= Crrarp(t, xe,y=) + cxr 0,
for each (¢,z,y) € (0,+00) x K x K, where we defined

(2.23) - v =yl O
. Cg! = Inax max Co Imax — ¢ €X _— ] .
K 79 :B,yEK’ ZE[TK752,+OO) Q@ ’ l5 p 6l

As a useful consequence of Theorem we obtain that it is possible to compare the Neumann
functional ® 5 with the Dirichlet one ®p. The result goes as follows:

Corollary 2.6. Let Q0 C R™ be bounded, smooth and connected and K' € Q.
Then, for each s € (0,1] and T € (0,400) it holds that

(2.24) O3Y(s, T) < DJY(s,T) for all (x,y) €C,
where C has been given in (12.35)).

Furthermore, for each K C K' €@ Q) star-shaped with respect to some xo € K, s € (0,1) and T €
(0,400), there exists some ¢ € (0,1) such that

(2.25) (s, T) < Crr @5 (s, T) +cwoT for all (z,y) € CN (K x K),

for each € € (0,¢¢), where (zc,y:) = (ex + (1 — &)zo, ey + (1 — €)xo) and Crrq, crrq € (0,+00) are
given in Theorem [2.5

Proof. Inequalities ([2.24]) and (2.25|) are respectively obtained by integrating over the time ¢ in (0, 7))
both sides of ([2.18]) and (2.19). O

In Lemma below we establish a lower bound for ®%¥(s,T), for x € € in a sufficiently small
neighborhood of y € €.

This estimate is pivotal to determine the asymptotic behavior of the functionals in ((1.6)) when x
approaches y, providing some information on the best search strategy in the environmental scenario
addressed in Section [1.3] namely where the forager starts its search in proximity of the target.
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Lemma 2.7. Let Q C R"™ be bounded, smooth and connected. If (y,T) € Q x (0,+00) and s € (0,1),
then there exists some 6 = 51,0 € (0,400) such that, for each x,z € B;(y) satisfying x # z,

Os,y,Q

|$ _ Z|n—2$’

(2.26) (s, T) >

for some constant Cs, q € (0, +oo).

Proof. In virtue of inequality (2.24]) it is enough to show the result for ®p.

Let y € © and let us denote d = dwdY 89) , where

(y, o) == xlenafﬂ |z — yl.
With this notation we set B, := By, (y).

Now, by (2.16]) and (2.17) (used here with K := B,),

2
(2.27) pA(t,x,2) > tc—i exp (—M) for all (t,z,2) € (0,1p,,0] x By x B,.
2

We also observe that for each x, 2z € R™ such that x # z, the function

2
C1 Co|T — 2
g(t) == exp (_ | | )
2 14

has a maximum in ¢, , := 2%]3: — z|? and it is increasing in (0,¢, ) and decreasing in (g, ., +00).
We set

. 1
lsyr = min {TBy7Q, Ts}

and we choose § = /5\8,%T7Q such that

. 3
(2.28) By i=min { <"l8’y’T) ,dy} .
) 2,

It follows that if x, 2 € B;(y) with x # 2, then €, . < l,,r and z,z € B,,.
To simplify the notation, we simply write € = ¢, .. In this way, by (2.1) and (2.27)), if z, z € B;(y)

and = # z we have that
T +oo
et = [ [ b dd
o Jo
)
2
> [ e (-2 o
Q/E

€
/ l)dldt
where we set C' := ¢;2ze™ ™.
Now we substitute p; in ) with the expression in (2.2) and obtain that

+o0o
%7 (s, T) 2 / / / e~ lumtut cos(ms) gin (ty® sin(s)) du dl dt

7T€2

2.30 I
(2.30) _ / / / ~lumtut cos(ms) i (tu sin(ms)) dt du di.

7T€2

pp(la, z) p; (1) dldt
(2.29) 2
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Setting F(t) := e *“sin(tf), with a := u®cos(ms) and S := u®sin(ws), for each T € (0,+00) we
integrate by parts and see that
B / “cos(tf) d

T 1
/0 F(t)di =~
T
= —i@‘TO‘ sin(T8) — %e_m cos(tf) ) — §—2/0 e " sin(tf3) dt

— —éeTa sin(Tﬂ) — %e cos(Tﬁ) + ﬁ - 6—2/0 F(t) dt.

a2

Therefore, by replacing a and 8 with their corresponding values, one obtains that

/O R di

(231)  —_ MQ*T“S cos(ms) sin(Tu® sin(ms)) — e~ Twr cos(ms) cog (T sin(ms)) +
us u? u?

sin(7s) sin(ms)

1 s
=— (sin(ms) — e~ T (™) sin (T’ sin(rs) + 7s)) .
us

By ([2.30]), (2.31]) and the change of variables (U, L) = (ue, é) one obtains that

+oo —u
L= / / (sin(rs) —e™=™ cos(ms) sin(ms + %u’ sin(rs))) dudl

7T62

(2.32) e

(sin(ms) — eV cos(7s) sin (s + U* sin(ms))) dU dL

o—s

a5 s
e ?2

where J; does not depend on ¢ and is defined by

+oo —
(2.33) / / (sin(ms) — e cos(ms) sin(7s + U* sin(ms))) dU dL.

// s (1) dt dl,
ES

which means that J; € (O +00), since pi (1) € (0,+00) for each s, t and .
Accordingly, from ([2.30]) and ( -,
Cr1

(DgZ(SaT) P ?

Note also that by construction

TIs

‘.’L’ _ z’|n72s ‘7‘9
o Cs,y,ﬂ
- ‘QZ’ _ Z’n72s’

where we have defined

(2.34) Cya = Ier(l(lJI} — and  Cyya:=Cyals. O
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As a consequence of Lemma , we have that if x approaches y, then the functional ®%¥(s, T)
diverges to infinity as far as n > 2s.

In the following result we make this statement precise. In particular, we show that divergence
holds true as far as n > 2s.

Before stating the result, we define

(2.35) C:=QxD\{(p,p) st. p€Q}={(p,q) €VxQ s.t. p#q}.

Theorem 2.8. Let 2 C R™ be bounded, smooth and connected and T € (0,+00). Ifn >2 orn =1
and s € (O, %} we have that

(2.36) lim ®9Y(s,T) =
(#,y)=(2,2)
(2.37) and o2 (s,T) = +o0,

for each z € ().

Proof. We will prove only the Dirichlet case, since the Neumann one follows easily from the Dirichlet

one and (2.18).
We first focus on the proof of (2.37)). Using the identity (2.1)), equations (2.16)) and (2.17) together
with the formula in (2.2) we deduce that if

6s,x,T = min {Tx,ﬂu T%} )
where T}, o is given in (2.16]), then for each ¢ € (0, ) it holds that

T “+o00
q)%m(s?T)—/ / (1w, ) (1) dl dt
o Jo
o0 T
—/ p%(l,x,a:)/ (1) dt dl
0 0
5.5
(2.38) > / / 1) dt di
0
1 ! " oo —lu—tu® cos(ms) oz s -
= - l—ﬂ e sin (tu® sin(ws)) du dt dl

+oo o°
/ / / / —lu—tu® cos(ms) SlIl(tU Sln(ﬂ's)) dt du dl
7r5 2

where ¢; is 1ntroduced in -

Now, equations ([2.31]) and - 2.38)) together with the change of variables (L,U) = ( ,u5) yield
63

e~ tumtut eos(ms) gin (tu® sin(ms)) dt du dl

+oo
®5°(s, 1) >~

+<x>
Sln(ws) e~ 07Ut cos(ms) gin (550 sin(7s) + 7s)) dudl

(2.39)

+o0 1 s
— nl / / e_LUﬁ (sin(ms) — eV cos(ms) sin (U sin(ms) + ms)) dU dL

7r5§_5

= gs

7T(5 2
We also observe that G, does not depend on ¢ and by construction

63
gs 1) dtdl,
5l
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which means that G, € (0,400), since pf(l) € (0,+00) for each s € (0,1), t € (0,400) and [ €
(0, +00).
Therefore, recalling equation ([2.39) we deduce that

P57 (s,T) = lim

1
= 400.
\0 W&’_Sg

if either n >2orn=1and s € (0,%).

Hence, to complete the proof of (2.37)), it is left to consider the case n = 1 and s = % When s = %
equation (2.2)) boils down to

1 1 [t
(2.40) ,ut% (1) = —/ e " sin (tu%> du.
0

™

Therefore, using the latter identity, (2.16|) and (2.17)) we obtain that there exists T}, o € (0, +00) such
that if § € (0,7, q) then

+00 1
(IDI”T< ) // 2,2, x) p2(l)dldt
>/ / Pl 2) uf (1) d i
0
o (T
cl// —ui (1) dtdl
0o Jo [z
é T 400
cl/// 1 Sm< )
™ Jo Jo Jo
§ +00 T
1
-1 / / —e "sin %> dt du dl
m l2
+00 1
:—1/ / —16_1“ 1 — cos (Tu%>>—1dudl,
™ Jo Jo l2 uz2

where ¢; € (0,+00) has been introduced in ([2.17)).

Furthermore, by making the change of variable [u = a in the [ variable we deduce that

(I)ME( ) /+00/5u ; 1—COS<TUé>)£dadU
(2.41) > A /+00/5u _; 1 — cos (T )) 1dadu

We also observe that for each u > % one has that

1 - Su  —
a a 1

0<c:—/61da</ eldagf(—>.
0 a2 0 a2 2

1 T
4 27h2

dudtdl

w\»—t

\

(=2

Moreover, defining
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N\ 2
we find that <% + %) > %, and thus we deduce from (2.41)) that

=z — ,
T k=k (%'F%) u
2ccq i’il z—” + 27
= — n
T ~ ﬁ + 27
k=k
=:77.

Therefore, using Taylor’s expansion we infer that there exists some K € N with K > k such that

2ccq =<1 1
2.42 17> — —
(242) - ;;? 2% (kZ) oo

This concludes to proof of ([2.37)).

Now we prove (2.36). If n > 2s, equation (2.36]) is a direct consequence of inequality ([2.26]).
Therefore, to conclude the proof of (2.36) it is left to show the case n = 1 and s = % In order to

achieve this, we observe that if V,, € €2 is some neighborhood of x in €2, then there exists some ky € N
such that for each k > kg it holds that (xy,yx) € V X V

Thus, if we define g5 := |z — yi|?, in view of and , and recalling (2 , we obtain
that, if k& > ko,

) . T 1
o (i’T) :/ / pp(l e, yi)pd (1) dl dt
o Jo
+oo  pT 1
:/ /p%a,xk,yk i (1) dt dl
0 0

> 1 /TVI’Q /T /+OO A exp (—CQ—E‘“) e~ gin ( ) du dt dl,
(2.43) ) o Jo I3 I
Ty, [+ (1 — COS (Tu%>>
/ / C—l 625’“) el du di
5

l

1
2

u
B T SR P

where Ty, o € (0,+00) and ¢;,¢2 € (0 +00) are given respectively in (2.16]) and (2.17).
Now we choose j, j(¢) € N such that

- T2\ 1
j:=min<jeN st. 72> w\ T ) 1

T 3
and  j(ex) —max{jeN s.t. j < T ——}.

Note that if € is chosen small enough, then 3 < j(eg).
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With this choices one has that

~\ 2 2
27 2 27 |
(2.44) (W + 7”) > and (3_”+M) <L

2T T TV Q 2T T Ek

T

Therefore, with this latter notation we obtain from (2.43) that
ji(ex) 3r , 2m5\2 2
1 1 (GF+5)" re1 CoEk 1
O =T ) > — = (——) e dld
D (2 ) = . Z/(WJFZ;:J')Q /}L l% exXp ] (& u% U
3m , 2752 2
C1 (2T+T) u 9
. E~/( . K exp (—couey) e “dldu

\Y
|

Now, we deduce from ([2.44]) that since u < (g’—;ﬂ + %JT(E’“)> then uey < 1, and thus from the latter

computations we obtain that

3 ]
1 _CQ o T T
@Ilmyk _ _ d
D (2 ) > 7T€2 Z / _;'_2;] Uu
261 e j(zk:)l 37r + 27
ot JE

(2.45)

As we observed in ([2.42)), one has that

+o0o 37r + 27'('
Zl = +00.
k=1 Qk: + 2

With reference to that, from (2.45) and the latter observation we obtain that

— j(ek) 3 +00 37r
1 2cre7¢2 42 2016 = r 21
i cI)Ilmyk ZT) > 1l 1 2k In —
hiso D (2’ > Z oo me? Z n<%+27r Z 2k+2 oo

This completes the proof of (2.36)). O

In the following result we give some upper bounds for the functional ®%¥(s,T"). These estimates,
together with the lower bound in , will turn out to be pivotal in order to determine the most
rewarding search strategy in a regime where the initial position of the forager is close to the one of
the prey, and thus prove Theorems [1.7 and [1.8]

In the Dirichlet framework, the behavior of the functional ®3Y(s,T') for = approaching y could be
deduced from the already known estimates on the Green function G%4(z,y) of the Dirichlet spectral
fractional Laplacian, see Theorem 5.4 in [SV03].

Indeed, the Green function is given by

+oo
G3(.v) = [ rhlty)at
0
for x # y, and therefore
O (s, T) < G(x,y),
for each (z,y,T) € Q x Q x (0, +00) with x # y and s € (0, 1).
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Nevertheless, for our optimization purposes we need upper bounds where the dependence of the
constants on the fractional exponent s € (0, 1) is known. In this sense, the inequalities provided in
the following result are more suitable in this context than the ones available in the literature for G%.

Before stating and proving the theorem, we fix the following notation. For eachn € Nand s € (0, 1)
we define the set

(246) An,s::<0,1+g_3>m|:g_5,1+g—5)7

Theorem 2.9. Let 2 C R" be bounded, smooth and connected. Moreover, let K & ) be star-shaped
with respect to some xg € K.

Then, for each s € (0,1) and T € (0,400), there exists some Cy k1. € (0,400) such that if n > 3
then

(2.47) (s, T) < ’f_% for all (z,y) € CN (K x K),

where C 1s given in ((2.35)).
Furthermore, ifn < 2, s € (0,1) and p € A, there exists some C, , k10 € (0,400) such that

(2.48) d7Y(s,T) < Copriro for all (z,y) € CN (K x K),

|z =y
where A, 5 is defined ([2.46)).
Proof. We will first show the result for the Dirichlet case. To this aim, we recall the following identity
+00 1 +oo
(2.49) / rp(tx,y)dt = —/ ph(t,z, )t dt  for all (x,y) €C,
0 I'(s) Jo
see for instance equation (2.4) in [SV03|. For the convenience of the reader we give a proof of it in

the appendix, see Proposition [A.1]
We first prove (2.47)). If ((z,y),T") € C x (0, +00), thanks to the identity in (2.49) we have that

T too . .
7Y (s,T) = / rh(t,z,y)dt < / r4(tz,y) dt = Ts)/ p%(t,x,y)ts_l dt.
0 0 0

Using inequality (2.15]) and the change of variable a = 224 e obtain that

4t

1 +00 ts_l |I _ y|2
7Y(s,T) < = D —— | dt
p'(s: 1) I'(s) /0 (art)s P < 4t )

(2 50) 4=s 1 /+oo 2-1-s_—a d
) S a e “da
w2 (s) |z —y|"=% J,
R

Thus, by defining the constant

473 n
2.51 Cp:= sup — r (— — s) ,
( ) s€(0,1) 7T5F(8)
we conclude the proof of (2.47)) for the Dirichlet case.
Now, we prove (2.48). To this end, we observe that there exists some constant c3 € (0,+400),
depending on €2, such that for all v € [0, 1) it holds that

2
(2.52) pp(t,z,y) < t%Ciw exp (_|x 6ty| > for all (¢,z,y) € (0,400) x © x €,

see for instance Theorem 4.6.9 in [Dav89)].
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Accordingly, using the identity given in equation (2.49) and the inequality in equation ([2.52)), we
deduce that

T
o(s1) = [ it ds
0

“+o00
< / rp(t z,y)dt
0

! /%o 2(t,z,y)t "t dt
= 5N P y L, Y
['(s) Jo P

+o0 2
C3 1 |z — 9
< —_— ——2 ) dt
I'(s) /0 $3—sr1 P ( 6t

+00 2ty—s—1
_ % / (69)® ¢ do
P(s) Jo |z —ylr2077

. Cs,’y,n,Q 1
() o=yl

(2.53)

_ eyl

n and we defined

where we applied the change of variable 6
Compma i= 3627775711 <g +4— s) :

for all v € (s — %,1) N[0, 1).
Now, we observe that if we define y := § +v — s, then p € (O, 1+ 35— s) N [Q —s51+%2— s), and

2
equation (2.53) becomes

r
(2.54) Op(s,T) < = 6" W _ b

L(s) " o —yPr = |z -yl

where we defined

e G u-1
(2.55) Coy: 521(%)1,)1) F(s)6 D).
This concludes the proof of for the Dirichlet case.
Employing the result in Corollary we prove now (2.47) and for the Neumann case.
Let K € Q and, up to a translation, let us assume that it is star-shaped with respect to xq = 0.
Then, if T € (0,+00), n = 3 and s € (0,1) using equations and with K’ = K we
obtain the existence of some cx o, Crkq € (0,400) and ¢y € (0, 1), depending on K and €2, such that

CDEQS—n

T,y Te,Ye _—
PN (s,T) < Cr @5 (s, T) + cx ol < Cro z — y[n2s

+ CK,QT7

for all € € (0,&0) and (z,y) € CN (K x K).
Consequently, if in the last equation we choose ;1 € (0, () such that

d25_n n—2s
(2.56) e < inf (CK,QCD K ) )
s€(0,1) CK7QT

which depends on K, Q2 and T, we obtain that for all (z,y) € CN(K x K) and s € (0, 1) it holds that

Ckrao

LY (s, T) < — T2
N @ — y[n=2s
with
(257) CK7T’Q =2 sup CnE%SinCK’Q.

s€(0,1)
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Analogously, if n <2, s € (0,1) and p € A, 5, then one deduces from (2.54) and (2.25) that

CD € —2u

PN (s, T) < Cr @5 (s, T) + cxal < C’KQW

+ CK@T,
for all € € (0,¢0) and (z,y) € CN (K x K).
As a result, if we choose some e3 € (0, ) satisfying
4"
cxl’
which depends on p, K, 2 and T, we obtain that for all (z,y) € K and s € (0,1) it holds that

(2.58) < CraoCpu——

Curro
(I)U}c\}y(svT) < ’:CM_ y’zua

where we set
(2.59) Curra = QOK,QCu,Q52_2M- O

Remark 2.10. We note that for the Dirichlet case we obtained that the constants in equation (2.47))
and (2.48]) can be chosen independently from K and T. In particular, we have proved that if n > 3,
then

4= I' (5 —

(2.60) o5 (s,T) < 7M
T2 |ZL‘— |n—28

for all (x,y) € C. If n <2 and p € A, 5, where A, s is given in , then
6" les T(p)

2.61 7Y (s, T) <

200 L N P

for all (x,y) € C.

We now turn our attention to the functional ®2-? defined in (1.7). For this, it is convenient, for
every bounded and measurable sets O, C R™ and each s € (0, 1), to define
1
(2.62) Fi(g) = / ———dxdy.
QX0 |T =

y|n 2s

As a direct consequence of Lemma [2.7 and Theorem 2.9 we obtain the following upper and lower
bounds for <I>Ql £ These bounds will play a crucial role in proving Theorems |1.15| and [1

Corollary 2.11. Let Q0 C R™ be bounded, smooth and connected, K € §2 be star-shaped with respect
to some zg € K and gy € (0,1) be given as in Theorem [2.4
Then, for each s € (0,1) and T € (0,+00), if n > 3, we have that

~ C’*
(2.63) O (g T) < B2 P02 () for all O, Q C K,

€01 [[€2s ]
where F$9%2 s given in (2.62).
Furthermore, if n <2, s € (0,1) and pp € A, s, where A, 5 is given in (2.46), one has that

~ C, -2
(2.64) P15, T < IQMI—WW 22 <" 5 ’“‘) for all Q,Q C K.
111822
Moreover, for all s € (0,1] we have that
~ C.vo
2.65 P12 (5, T) > = P2 (g),
(2.65) (s,T) 0[] ()

with Cs o defined in (2.34).
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The following result is devoted to the proof of the continuity of the functionals ®,, [, and A, with
respect to the space, time and fractional variables. Also, we show that if n < 2s then the limit
in ([2.30) is finite, and similarly ®#(s,T") < 400 for each z € €.

Proposition 2.12. Let (2 C R" be open, bounded, smooth and connected.

Then, O2Y(s,T) € (0,+00) for all (s, (x,y),T) € (0,1] x C x (0,400) and ®%¥(s,T) € C((0,1] x
C x (0,400)), where C is given in

Also zfn— 1, then ®%¥(s,T) € C(( 1] x Qx Q% (0,+00)).

Moreover, for each T € (0,400) there exists some M € (0,400) such that I%(s,T), A% (s, T) €
(0, M) for all (s,y) € (0,1] x Q and I¥(s,T), A¥(s,T) € C((0,1] x 2 x (0, +00)).

Furthermore, there exists some M € (0,+00) such that1,(s,T), A%(s,T) € (0, M) forall (s,y,T) €
(0,1] x © x (0,400)

Proof. The positivity of the functionals follows from (1.3)), (1.4)) and the fact that r2(¢, x,y) is strictly
positive for all (¢, z,y) € (0,4+00) x Q x Q, see for instance Corollaries 2.15 and 3.12 in [DGV22a).
Now we establish the continuity statement. Thanks to equation (2.4) we have that

t Y y ZC*k g*k: exp(_tﬁf,k)’

and each term of the series is continuous in (s,t,:c, y) € (0,1] x (0, +00) x Q2 x Q.
Furthermore, thanks to Proposition A.1 and Lemma A.2 in [DGV22a|, we have the existence of
some M € N such that for each ¢ € (0,1] and § € (0, +00) it holds that

Z 1Gen(2) e (1) exp (=155 ) llooxax (e,1)x (6.4+00))

M
Z )G (y) exp (=5 4) loo@xax (e x6.400) T Como0r0 Z 52& ™) exp (—0854)
k= k=M

<+ o0

where C, .00 and a(myg) are positive constants given in Proposition A.1.

Consequently, 5(t,z,y) is continuous for all (s,t,z,y) € (0,1] x (0,+00) x £ x €.

Suppose now that ( ,y) € C, and that {(sk, Tk, yx) }, C (0,1] x (0, 4+00) x Q satisfies (sg, Tk, yx) —
(s,T,y) € (0,1] x (0, +00) x Q. Then, since ri(t,§,y) is continuous for all (s,y) € (0, 1] x Q, we have
that

k(& )X 0.m0 (B) = T2 (t, & y) X0, (1),
for almost every ¢ € (0, 400).
Moreover, if T := Supen 1%, then using equations , and we obtain that

“+oo
X, ()riF (t, & ye) < X:F(t)/o P E g (1) dl

<X~(t)/+OOC exp St 7 (1) dl
(2.66) SAT A

+oo
< ()M / (1) di
= X(t)M

- 1€ — il
M, := sup supCy exp | ——"].
1€(0,-+00) kEN 4l

where we defined
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The last function in (2.66) is in L'((0,+o0)), and thus by the Dominated Convergence Theorem
we obtain that ®$¥(s,T) is continuous for all (s,y,T) € (0,1] x (Q\ {¢}) x (0, +0c0), and since it
is symmetric with respect to the space variables, we deduce the continuity for all (s, (£,y),T) €
(0,1] x C x (0,400).

If n = 1 the eigenfunctions (, ;’s are uniformly bounded in L*>(Q2) and the eigenvalues f, ;’s are
proportional to k2, for each k > 1. More precisely, there exist two positive constants C,, ¢, > 0 such
that

C*k2 < 5*,k,’ < O*k27

for each k > 1, see for instance [Pro87].
Therefore, we have that

ri(t,x,y) = ZC*’“ y) exp(—t5; )
< D NGkl zoe (e exp(—t62 4)
(2.67) kzzo “ 7
+o0
<MY expl—tesh®)
k=0
= f*,S(t)7

where || i ||z (@) < M, for some M, € (0,+00) and we adopted the convention (po =0 = fp.
Thus, if s, s, € (%, 1}, then we can choose also (£,y) € Q x Q, indeed thanks to (2.67)) we have that

and the right-hand side is L'(0, 4+00).
Repeating the above reasoning, if n = 1, we obtain that ®¥¥(s,T) € C ((%, 1] x Q x Q x (0, +oo)).
Now, we observe that

T
(s, T) = /0 /Q €~ ylri(n,Ey) de dt
T
2.68 = — s dtd
(2.68) /Q|€ y|/0 r2(t,6,y) dt dé
- / € — y|EY(s., T).
[9]

Using this identity, the continuity of ®, and the estimates in Theorem 2.9 we conclude using the
Dominated Convergence Theorem. The proof of the continuity of AY(s, T is analogous

Also, if n > 3, from (2.68]) and (2.60)) we have that

15(s,T) <

for some suitable C,,, which proves that (%, is uniformly bounded in (0, 1] x  x (0, 4+00) if n > 3.
The proof of the uniform boundedness in the case n < 2 is done similarly replacing (2.60]) in the
above equation with (2.61]).
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Finally, using (3.10) in [DGV22a] we obtain that
T
B = [ [ 1= ulriteg de
0

T
<do [ [ raecndear
o Ja
= dqT.
The proof of the boundedness of A, is analogous. O

In the following two lemmas we establish the limits as s \, 0 of the Dirichlet efficiency functionals
given in and .

We will show that ®p, Ip, Ap, d p, Ip and ZlVD all go to 0 linearly in s. Moreover, we will also
determine the value of the limit for & p, €3 p, & p and & p so that we will be able to extend them
by continuity in [0, 1].

This asymptotic analysis is a fundamental tool in order to establish Theorems and and
the claims in and .

Lemma 2.13. Let Q C R™ be bounded, smooth and connected.
Then, for all ((x,y),T) € C x (0,+00), it holds that

(2.69) lim &y'(s, T) =0,
. T FD(.T,y)
2.70 lm &7 (s, T) = )
(2.70) W& n () = e (e y) dE
. FD(xuy)
2.71 lim E577(s,T) = ,
(2.71) M &sn D) = T e PR (e ) e

where we have defined

+oo 0
(2.72) Fp(x,y) ::/ Mdl for all (z,y) € C.
0

Proof. Equation (2.69) is a direct consequence of (2.60) and (2.61)), since I'(s) — +oo for s N\ 0.
Now we focus on the proof of (2.70). For this, we claim that

O7Y(s, T

(2.73) lim 205 7)
s\0 S
Thanks to (2.9) and (2.15)), if s € (0, 1) we have that
o t 2= y?\ T(1+5)

- l (D] < B — .
L) < e (50 ) FOE
This bound together with (2.1)), (D.1) and the Dominated Convergence Theorem yields to

=(1-e (T +1)) Fp(z,y) for all ((z,y),T) € C x (0,+00).

(2.74)

(T
(275) }gl\r‘% M = te_tFD(xa y)a

for all (¢, (z,y)) € (0,+00) x C. Therefore, if s € (O, %), from (2.1)) and (2.74)) we obtain that
Tﬁtﬁy)./”°tﬂl+$ |z —yl?
— < VTSR R ——— ) dl
s o (4m)zlatstl P 41

(2.76) < Cyt
|z — g+

=:fay(1),
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where we defined
Co = sup fits) 1@+ S)F <ﬁ + s) .
s€(0,3) e
Now, clearly we have that
(2.77) fey € LN(0, 7)),

and thus from (2.75)), (2.76]) and (2.77) we can apply the Dominated Convergence Theorem to obtain
that
(I):c,y T T
(2.78) l{r& *5 (1) = / te 'Fp(z,y)dt = (1 —e (T +1)) Fp(z,y).
S S 0
This concludes the proof of (2.73)).
Note that using (2.60f), (2.61) and (2.73|), we obtain that

. 19(s,T)
liy 2L S\OS//If yIr (4,6, y) de dt

fy
(2.79) —hm/|§— CD—ST)dg

= (1= (@ 1) [ €~ yiFo(e) de
Q
by means of the Dominated Convergence Theorem. Finally, from (2.73)) and (2.79) we deduce that

mw_ : f rp(t,z,y)dt s
(2.80) N0 L5 T) N0 [T [l — ylrp (6,6, y) dg dt 5
FD<x>y)

 Jolé = ylFp(& y) de’
which concludes the proof of (2.70)).
It is left to show (2.71). To do so, we observe that applying the same reasoning we used to

show ([2.79)), one can easily prove that

(2.81) g 225 (- () [ eyt ac

for all (y,T") €  x (0,400). From this identity and (2.73) it is immediate to deduce (2.71]). O
The following result can be considered as the set functional version of Lemma [2.13]

Lemma 2.14. Let  be bounded, smooth and connected and 21,2y C Q be smooth and disjoint.
Then, for all T € (0,+00), it holds that

(2.82) lim £1°5% (s, T) = 0,
Qo| Fp(Q1, Q)
2.83 lim E5%2 (s, T €2 ’
(2:83) s ) = T e IFo(E, y) dE dy
Q |FD((21 23
2.84 and lim E25%2 (s, T 2 d
(284) Wy &an (5 1) = Jauxa 1§ = yIPFp(&,y) d€ dy’
where
1
(2.85) Fp(Q1,9) := Fp(x,y)dx dy,
|Q HQZ’ QlXQQ

and Fp is given in equation (2.72]).
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Proof. We begin by proving (2.82)). We have that

Op (s, T) 1 1Y (s,T)
S |Ql||QQ| leﬂg S

dx dy.

Thanks to equations (2.60|) and (| -, if s € ( ), there exists some constant én depending on n
such that

S’ (s,T) _ C, 1 < G

s sD(s) -yl T eyl
where C3 depends only on Q. If Q;,Q, are smooth and disjoint, then g € L'(Q; x ). There-
fore, under these assumptions we can apply the Dominated Convergence Theorem, which together

with (2.73)) yields to

(2.87) lim —2——2"2 — (1 — e X(T + 1)) Fp(Q1, Q).

(2.86)

=:g(z,y),

Also, thanks to Lemma and the hypothesis on 4, Qs we have that F p(€21, ) is finite. From
this observation and (2.87)) one readily deduces ([2.82)).
Now, we show ([2.83)). To do so, we claim that

(s, 1) (1—eT(T+1
(2.88) g 2/ T) _ (L= T+ 1))
sN\O0 S ‘Qg|
for all T' € (0, +00). As a matter of fact

(s 1) 1 [ l(s.T) ”
§ | Jo, s
Hence, from (12.86|) and the definition of ,(s,T") we infer the existence of some Cy € (0, +00) such
that

/ €~ ylFp(E,y) dedy,
Qo x N

15(s,T)
s
for all s € (0 ) Therefore, by the Dominated Convergence Theorem we can conclude the proof

of - The hmlt in equation ([2.83 - ) follows easﬂy from and -

Following the same procedure adopted to prove , one obtams that

A (s, T 1—eT(T+1
(2.89) y\n%AD f’ ) _ | G‘Q; il ))/Q Q|§—y|2FD(€,y)d§dya

for all T € (0, +00). Thereby, the limit in equation (2.84)) follows easily from (2.87)) and (2.89). O

In the following lemma we study the asymptotic behavior of the Neumann functional ®3Y(s,T)
for s \( 0. In particular, we observe that the limit substantially differs from the one of ®7, which
was indeed vanishing, see Lemma With this result we establish also that the liminf and lim sup
of ®3Y(s,T) for s N\ 0 are controlled by some quantities that do not depend on z,y € €. This feature
will let us prove that if the forager starting position and target location are close enough, then the
most rewarding search strategy for the Neumann functionals in equation is not s = 0.

< 047

Lemma 2.15. Let Q C R™ be bounded, smooth and connected.
Then, there exist hy, hy € C([0,+00)) such that for each T € (0,+00) it holds that

T T
(2.90) hl; ) < ligrl\‘igf Ex(s, T) < hril\‘SSlp En(s, T) < hQ; ),
T T
(2.91) (1) <liminf E5X (s, T) < limsup &% (s, T) < ha(T)

ho(T)M(y) = "s\o 2 s\0 M(y)ha(T)
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hl(T> x,y z,y h2(T)
(2.92) and —hQ(T)M(y) hgn\lglf Exn(s,T) < hr?\i}lp Esn(s,T) < —M(y)hl(T)7
for all (x,y) € C, where we set
2.93 M(y):= [ € ~yld d  My):= [ |¢—y]de.
(2.93) W)= [le=vlde  and  3T)= [ ey

Proof. Let (z,y) € C. Notice that if ¢ € (0, +00) we can write

PRt z,y) |Q| +ZCNk )k (y) exp (=t Bn) ,

where (y’s and By ’s are given in (2.3)). Now, thanks to Proposition A.1 and Lemma A.3 in [DGV22a],
together with Weyl’s law on the asymptotic behavior of the eigenvalues Sy s (see for instance [Pro87]),
we have that

lim ZCNk ) (y) exp (=t Bni) = 0,

t—+4o0
from which we deduce that

1

Jim pn(lz,y) = T

Therefore, there exists some ¢y € (1,400) such that

1

3] S < p(t,z,y) for all ¢ € [ty, +00).

Thus, using (2.1)), we have that if ¢; ; = max {to, Ts } we can apply Theorem [2.3] and obtain that

o) = [ [T aa
+oo
o
+oo
27?!9!// l1—+dldt
27r|ﬂ|/ T
1

47T|§2| tl,s.

Therefore, if T € (1, +00) from the above inequality we obtain

. €T . . xT Cl
(2.94) hril\‘SSlp (s, T) > hgn\gﬁ (s, T) > MT,
while if T € (0, 1] we have that
(2.95) limsup @3/ (s,T) > liminf ®¥(s, T') > Gy .

s\,0 s\0 47 ’ Q ’
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Hence, we have just proved the left-hand side inequality in (2.90|) with

4%’T2 if T €(0,1],
(2.96) hi(T) = 7;
1 .
f Te(l .

Now we show the right-hand side inequality of (2.90)). Using (2.20]), we obtain that

T “+o00o
o) = [ [ e a
0 0
T 1 2 +o0
(2.97) g/ / C—Sexp( i 6ly|) dldt+/ / cops () dl dt
CQ | _y’2 s

Now, in view of (2.9) we have that

ca lz —y]?\ . teal'(1+ s) |z — y|?
[z exp (— ol )ut(l)‘ S s P\ )

and the function on the right-hand side in the above equation is in L'((0,7") x (0, 1)).
Therefore, using also (2.9) we can apply the Dominated Convergence Theorem and obtain the limit

T 1 2
: Ca |I‘ — y| s _
(2.98) }gl{l(l)/o /0 7 eXp < G ) pi (1) dldt = 0.
From this equation and (2.97)), we can infer that if T € (1, 4+00)
(2.99) lim\iglf O3 (s,T) < limsup @Y (s, T) < coT.
5 N0

Also, assuming that 7' € (0, 1], from (2.9)) we obtain that

oo e st (1 (1
// coup (1) dl dt < CQ// ° lHdezdt:wT;

Thus, from this latter observation, the limit in and equation (2.97) we deduce that

(2.100) lim inf @3 (s, T') < limsup ®Y(s,T) < “r2
s\0 s\0 2

In light of (2.99) and (2.100)), and defining

col? if T € (0,1],
coT if T e (1,400),

(2.101) ho(T) =

we conclude the proof of the right-hand side inequality of ([2.90)).
Now, we prove (2.91). To do so, we claim that

(2.102) hi(T)M(y) < lirsn\iglf I5(s,T) < limsup%,(s,T) < ho(T)M(y).

s\0
We recall that
5. 7) = [ I = 0l0§ (s, T e,

with (y,T) € Q x (0,400). Then, using (2.94), (2.95) and Fatou’s Lemma we prove the left-hand
side inequality of ([2.91]).
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Now, we focus on the proof of the right-hand side inequality . Let K & €2 be any compact such
that it is star-shaped with respect to y and y € K°, and dx < 1. Then, in view of (2.47)), (2.48)) and
Proposition with £ =Q\ K and F =y, we evince the existence of some u € L'(€) such that

€ = y|@F (5. T) < u(g),
for all £ € Q. Thus, thanks to Fatou’s Lemma and ([2.99) we obtain the right-hand side inequality

of (2.91] - Note that from (2.90)) and ( m one evinces (2.91)).

It is left to show ([2.92]). Reasomng analogously to the proof of claim (2.102]), one obtains that

hi(T)M(y) < lim vinf AY (s, T) < Tim sup AR (5, T) < ho(T) M (y)
s s\0

Making use of this two sided inequality and (2.90) we conclude the proof of (2.92)). O
The following result is the Neumann counterpart of Lemma [2.14]

Lemma 2.16. Let Q C R™ be bounded, smooth and connected.
Then, for all T € (0,400) and €1,y € Q smooth and disjoint, it holds that

hi(T = ~ ho(T
(2.103) Mghminfefz;v’%(s,T)<1imsup5§;ﬁ2(s,:r)< 2 ),
T s\0 ’ s\0 ’ T
hy(T) = 9 P 501, ha(T)
2.104 ———————— < liminf &y (s, T) < limsup &,y 2(s, 1) € — e
(2.104) ho(T)P(Qg) ~ 50 2N (5 T) < o BN (s.7) hi (T)P(€22)
T T
(2.105) and h(T) < lim inf S?}VQQ(S T) < limsup 5;2]1\,92(3 T) < LN),

hg(T)P(QQ) sNO s\ ha(T)P(s)
where hy and hy are given respectively in and (| m, and we set

||M||L1(92)
2|

1M]] 21 (0)

and P(Qy) = T
2

(2.106) P(Qy) =

where M and M are defined in (12.93)).

Proof. We begin by proving (2.103)). To do so, we notice that by definition we have

1
1020 Ja, xa,

From Proposition we know that ®3Y(s,7") > 0. Thus, by Fatou’s Lemma, and ([2.95)) we
conclude the proof of the left-hand side inequality of ([2.103)).

Now, if Q3 Ny = &, thanks to Proposition with 2, = F and 2y = F, we easily obtain the
right-hand side inequality of using Fatou’s Lemma.

We assume now that Q; N Qs # @. We claim that there exists some z € L(€2; x Q) such that for
all s € (0,4) it holds that

(2.108) (s, T) < z(x,y) forall (z,y) € Qy x Q.

(2.107) (s T) = O%Y(s,T) dx dy.

We prove claim ([2.108)). Thanks to the assumption Q;NQy # @, the set A := 9, NI, is nonempty.
Since 21,9 € Q and A is compact, then we can choose r > 0 and P, € A with i € {1,..., N}
such that

N
ACB:=|JB.(P) e
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If for some i,j € {1,..., N} it holds that B,(P;) N B,(P;) # &, then we can choose K;; = B,(F;) U
B,(P;) in (2.47) and (2.48) and deduce that

C
2.109 P%Y(s,T) < ————,

for all (z,y) € K;; x K;; with i, j such that B,(P;) N B,(P;) # &, where C' depends on B, T, .
Moreover, we define the constant

(2.110) C i=max {Cn,pym.imy st BP)NB.(P) =2},

where Cp, (p,),B,(p,) is given in (D.4) with £ = B,.(F;) and F' = B,(F;). Therefore, if x € ;N B,(F;)
and y € Qy N B,(P;), such that B,(P;) N B,(P;) = &, then by (D.3) and (2.110)) we see that

(2.111) d%Y(s,T) < CnT.

Finally, if we set
CQl,QQ = Imax {CglmKl,QQ\KIJ th\K’,QQﬂK’) CQl\KI,QQ\K/} )
thanks to Proposition we obtain that

(2.112) %Y (s,T) < Ca,.0,7T,

for all (z,y) € (W NK") x (Q\ K'))U (2 \K') x (QnK)U((2\ K') x(Q\ K)).

Thanks to , and we conclude the proof of claim ([2.108)).

By that means, we can apply Fatou’s Lemma and using (2.90) we prove the right-hand side
inequality in (2.103)).

Now, we focus our attention to the proof of . In order to do so, we claim that

(2.113) hi(T)P() < lim \iglf'z%(s,T) < limsup 1% (s, T) < ho(T) P ()
s s\0
We observe that
1= A %(s,T)dy

and, since I%,(s,T) > 0, see Proposition using Fatou’s Lemma and we prove the left-hand
side inequality of .

Furthermore, we discussed in Proposition that I%(s,T) is uniformly bounded in (s,y) €
(0,1) x Q. Thus, we can apply again Fatou’s Lemma together with (2.102) and conclude the proof

of the right-hand side inequality of (2.113)). The inequalities in (2.103|) and (2.113)) yields to (2.104)).
It is left to show (2.105]). To do so, it is enough to show that

(2.114) hi(T)P(£s) < lim vin AS2 (5,7 < limsup A% (s, T') < ho(T)P(y).

s s\0
From this and (2.103]) it is easy to deduce (2.105). The proof of (2.114]) is analogous to the one
of (2.113), and thus it is omitted. 0J

3. PROOF OF THE MAIN RESULTS

This section is devoted to the proofs of the main results discussed in the introduction. It is divided
into two main parts.

In Section [3.1] we prove the results stated in Section Namely, we analyze the environmental
scenario where the target location coincides with the forager starting point.

In Section (3.2 we instead discuss the best search strategy when the prey is in a small neighborhood
of the seeker initial position. In particular, we prove all the results contained in Sections [I.3]and [I.4]
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3.1. Proof of the results in Section [1.2] To prove the results presented in Section [1.2] we con-

sider 2 = (0,a) for some a € (0,400). The normalized eigenfunctions of the Laplacian in (0, a) with
Dirichlet datum as defined in ({2.3)) are

(31) Coate) = [ 2sin (=)

and the corresponding eigenvalues are

(3.2) B = (@)

a

As a consequence, recalling (2.4]), the Dirichlet spectral fractional heat kernel reads as

(3.3) ro(tx,y) = . ;sin (%) sin (%) exp (—t (%) > )

This and ([L.5)) lead to

9 T +o© L L L 2s
(3.4) LY (s,T) = E/o kzlsin (%) sin (%) exp (—t <%> ) dt

and accordingly, if s € (%, 1),

20271 X 1 mky wkx Th\ >
x?y p— - ] JE— — —
(3.5) LY (s,T) = s ,}1 725 Sin (_a > sin < " > [1 exp ( T ( - > .

We can also compute explicitly the average distance [%(s,T") and the mean square displace-
ment A% (s, T) as a series, as showed in detail in Appendix [B]
The normalized eigenfunctions of the Laplacian in (0,a) under Neumann conditions as defined

in (2.3) take the form

Cnp(r) = \/gcos (%) if ke{1,2,3,...},
(3.6) :

CN,O(]:) = ﬁ if k= 0,
and the corresponding eigenvalues are
1\ 2
(3.7) By = (%) if ke{0,1,2,3,...}.

Therefore, in view of ([2.4]), the Neumann spectral fractional heat kernel reads as

1 2 k k B\ 2
ry(t, T, y) = p + p Zcos (%) cos (%y) exp (—t (%) > .
k=1
Hence, by (|1.5]),

. T 2 [T nkx mky AN
(3.8) (s, T) = o + " ,;/o cos (T) cos (7> exp | —t <7> dt

and, as a result, when s € (%, 1),

. T 2a»1'X 1 nkx mky AN
(3.9) PN (s,T) = - + 5 ; 125 08 (T) cos (7> l—exp|-T (7) :
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Thanks to these preliminary observations, we are now in the position of proving the results pre-
sented in Section [I.2] We begin by showing Proposition [I.1}

We recall that we adopt the subscript * every time that a functional refers to both the Dirichlet
and the Neumann case.

Proof of Proposition[1.1 Let x € Q and T € (0,+0c). Then, thanks to Theorem we know that
if either n >2orn=1and s € (0, %} it holds that

(3.10) S0 (s, T) = +o0.

Furthermore, from Proposition we have that

(3.11) (s, T) € (0, +00) and AS(s,T) € (0, 400),

for all s € (0,1]. Therefore, as a direct consequence of and we obtain the desired
claim. 0

The proof of Proposition [I.2] that we present here below is a consequence of Theorem [2.8] For the
sake of completeness, in Appendix [C| we also provide an alternative proof of Proposition [1.2] which
employs directly the spectral structure of the efficiency functionals.

Proof of Proposition[1.4 Let z € Q = (0,a), for some a € (0, +00). Then, thanks to Theorem 2.8 we
have that for each s € (0, %} and T € (0,4+00) the statement in (3.10) holds true. Also, if s € (%, 1],

in view of Proposition [2.12| one has that
(3.12) o7 (s,T) € (0,400).

Furthermore, from Proposition we know that for each s € (0,1] and T" € (0, +00) the statement
in holds true as well. Therefore, using equation , in the notation of Proposition , we
conclude that

E.j(5,T) € (0,400) forall se <%, 1} :
for all j € {1,2,3}.

Hence, to complete the proof of Proposition [1.2] it is only left to show the continuity statement.
Thanks to Proposition we have that, for each z € Q and T' € (0, 4+00), the functional ®%*(-, T') is
continuous with respect to s € (%, 1] . Also, the continuity with respect to s € (0, 1] of the functionals
A?(s,T) and [7(s,T) was already established in Proposition [2.12]

As a consequence, recalling we conclude that the functionals in are continuous in s €
(%,1] for x = y. U

Now we prove Theorem . Here we establish that s = % is the best search strategy in (%, 1} when
the forager initial point coincide with the target location.

Proof of Theorem[1.3. We point out that, in order to prove Theorem [1.3] it suffices to establish (1.10)).
Indeed, once ([1.10)) is proved, we already know from Proposition that &, ,(s,T) € (0,400) for
all s € (%, 1] and j € {1,2,3} and accordingly the supremum over s € (%, 1) of &, is attained
at s =1/2.

Furthermore, thanks to (C.1)) it is enough to show ((1.10)) for a := 1. To prove it, we observe that
all the denominators in ((1.6)) satisfy (3.11]). Consequently, the claim in ((1.10)) is equivalent to

(3.13) lim ®3%(s, T) = +o0
sN\3

Thus, from now on we focus on the proof of the claims in (3.13]). We establish the claim for the
Dirichlet case, since the Neumann one follows from the Dirichlet one and (2.24)).
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For this, we recall (C.7) and we see that there exist Ky, N > 1 such that, for every N € N,

OL(s, T) >

We now pick L > 0, to be taken as large as we wish in what follows, such that el € N, and we
choose N := e*/' + 1. In this way, we find that

exp(2L) exp(2L)

1 €0 1 €o
(D> = D, w2 %
T {=exp(L)+1 (N + 3€K0) T {=exp(L)+1 <4€K0)
exp(L+j) 1 o L exp(L+j) 1
(AT \2s Z Z 02s > 2s Z Z ]
47TKO Jj=1 t=exp(L+j—1)+1 ¢ (47TK0> j=1 ‘l=exp(L+j—1)+1 eXp(QS(L + ‘7))
_eo(e—l)zexp(L+j—1)_ go(e—1) ZL:
(AmKg)? = exp(2s(L+j)) (4mKp)**exp((2s — 1)L+ 1) ]:1 exp((2s — 1)j)
B go(e—1) y exp(1 — 2s)(1 — exp((1 — 2s)L))
(47 Ko)2sexp((2s — 1)L + 1) 1 —exp(l — 2s)
_ go(e—1) y (exp((2s —1)L) — 1)
(dreKo)?s exp(2(2s — 1)L) 1 —exp(l—2s)
In particular, we can choose L € [25 T 252 1] such that e* € N and deduce from the above estimate

that
€0 (6 — 1)2 1

O (s, T) > X .
5 (57) (AmeKp)? et 1 —exp(l —2s)

Sending now s % we see that
lim ®3°(s, T') = +o0,

5\2
proving the claim in (3.13]) for the Dirichlet case, as desired. O

Finally, we prove Theorem [[.4] In this result, we discuss the impact of some geometrical properties
of the domain, such as the size of it, on the monotonicity of the efficiency functionals in ([1.5) with
respect to the fractional exponent.

Proof of Theorem[1.4l We prove the monotonicity properties of ®,. To this end, in the Dirichlet case,
when a € (0, 7] the first eigenvalue of the Laplacian is less than or equal to 1, thanks to : hence,
we capitalize on Theorem 1.10 in [DGV22a] and we conclude that, for all s, € (0,1) and s1 € (so, 1),
we have that, for every z € (0,a),

(3.14) ry(tx,x) > rp(t z, x).

Similarly, in the Neumann case, when a € (0, 7] the first nontrivial eigenvalue of the Laplacian is
less than or equal to 1, due to (3.7). This allows us to use Theorem 1.22 in [DGV22a] and obtain
that, for all sy € (0,1), s1 € (so,1) and = € (0,a),

(3.15) ry(t,z,x) > ry(t oz, x).
Now, from (L1.5)), (3.14) and (3.15)) it follows that, for all so € (0,1), s1 € (s,1) and z € (0,a),
(3.16) (s, T) > D>(sy, T).

From (3.16) we obtain the desired monotonicity property when a € (0,7, as stated in for-
mula (1.11]) of Theorem [1.4]
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Now we deal with the case in which a is sufficiently large and we prove ((1.12)) and ([1.13]). To this
end, we start with the Dirichlet case, utilize (3.5) with the notation o := 2 and deduce that, for
every T € (0,+00) and z € (0, a),

a, o 0| g <1 | 5 [ kx kN>
583<DD (s,T) = s [a ; 12 S ( - > [1 — exp <—T (a)
+0c0 2s
1 kx k
=2a*1 in® [ — ) [1-— ~T (-
o Inay i (Q)[ exp< (a) )]
+o0 2s
— 20 ln_k sin? k_x l—exp | T E
— k?2s Q Q
400 2s
s 1 . kx k
(317) —+ 2TO(2 - ﬁ SlIl2 (E) exp <_T (a) )

These observations lead to

a

z,x . . 9 f B _1 T
_4042885@17 (s,T) = Inasin (a) [1 exp( a25> (1+ azs)]
= 2s 2s
Ina—Ink ., (kx k k
st () e () (e (2)7))

We also observe that, if f(7) == 1 —e (1
Accordingly, we see that 1 —e™"(1+7) > f(0)
for all 7 > 0. As a result,

Zl% (%) [ e ( (g)gj ( T (g)?ﬁ)]

+ 7), we have that f'(r) = 7e™™ > 0 for all 7 > 0.
=0 for all 7 > 0. In addition, we have that f(7) <1

Ina—Ink ., (kx k% k%
> Z — sin (E) ll—exp (—T (a) > <1+T(a) >]
keNN(a,+o0)
Ink
2 B Z ]{;23'

keNN(a,+o0)
From these remarks, we arrive at
a

z,T . 9T T T Ink
mﬁsfbl} (5,7) > Inasin (5) [1 — exp (_a25> <1+ 0125):| — Z B

keNN(a,+00)
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Now, if T' € [va*, +00) = [vr*a*, +00) then

1 —exp (—aj;s) (1 + Ozj;s) =f (047;5) = f(V7r28) > f(v).

Hence, in this situation,

a z,T . X Ink
maSCDD’ (5,7) > Inasin® (a) f(v) — Z 125
keNN(a,+00)
We also recall that
/+°°h1_7 1+ (2s—1)In(a —2)
vy 72T (25— 1)2(a — 2)2 1
and therefore, if « is large enough,
Z lnk;< 1+ (2s—1)In(a —2) o 2sIn(a — 2) o 2slna
k2 = (25 —1)%(a —2)=1 T (25 — 1)2(a —2)2571 T (25 — 1)2(a — 2)2s 1

keNN(a,+00)

Besides, if z € (va, (1 — v)a) = (var, (1 — v)ar) we have that

(3.18) sin (2)‘ > sin(em).
These observations lead to
a 2s
—  H,0%%(s, T _
4a2s hqoza B (5 T) > sin*(vm) f(v) (25 — 1)?(a — 2)2s71
2
= SiIlQ(l/’ﬂ')f(V> - m > O,

as long as « (whence a) is sufficiently large, possibly in dependence of v.
This establishes ([1.12]) in the Dirichlet case and we now focus on the proof of (|1.13)) in the Neumann
case. In this situation, recalling (3.9)),

a¢>x’x(s T) I + o Z cos” ka 1—e T EY
b - - _exp | — i

9 N AT 2 k2s « P a
and therefore

ﬁ@séf\}x(s,T _ lnaZ—COS ( )ll—exp< T(g)?)]
b () [ ()]
rpttte (e (o (1)) ()

This puts us in the same position as in (3.17)), but with the sine replaced by the cosine. Hence, in
this case, we only need to detect the analog of (3.18]). For this, we observe that if z € <0, (1_2”)a> U

<(1—|—21/)a’a) _ (0’ %) U (Wv‘”) we have that

e (2] o0 (5,

Thus, the same argument as in the Dirichlet case leads to (1.13)). 0J
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3.2. Proof of the results in Sections and [1.4} In this section we prove the results stated in
Section (1.3l Here we discuss the optimal search strategy when the forager starting position y € € is
sufficiently close to the prey location x € €2, but does not coincide with it.

We recall that we adopt the subscript * every time that we refer to both the Dirichlet and the
Neumann case.

We start this section by showing that all the functionals defined in are continuous with respect
to s € (0,1].

Proof of Proposition[1.5. Let (x,y,T) € Q x Q x (0,+00) be such that & # y. Then, thanks to
Proposition [2.12] we have that
&7(5, T) € (0, +00),
and also
(3.19) (s, T) € (0,+c0) and AY(s,T) € (0,+00),
for each s € (0, 1]. These considerations give that £;(s,T') for all s € (0, 1].

Now, from Proposition [2.12] and (3.19)), we deduce that the functionals £;7(-,T") are continuous
with respect to s € (0, 1]. O

Now we prove Theorem . We show that s = 0 is a global minimizer for &7 (-,T) in (0,1) for
each z,y € Q such that = # y and for all T" € (0,4+00). Moreover, we discuss the existence of the
limit for s \, 0 of & p and & p.

Proof of Theorem[1.0. Let x,y € Q such that  # y and T' € (0, +00). Then, thanks to Lemma
we have that

(3.20) lim £ (. ) = 0.

Since ®3Y(s,T) € (0, +00) for each s € (0, 1], see Proposition [2.12] we establish (1.14). We point out
that the existence of the limits in (1.15]) was already obtained in Lemma [2.13]
Besides, making use of the Maximum Principle for the heat equation, we see that

(3.21) Fp(z,w) >0 for all z,w € Q,
and so the right-hand sides of the expressions in (2.70)) and (2.71]) are non negative. Also, using
and (3.21)) we deduce that the limits in (2.70]) and (2.71)) are also positive and finite. O

We prove now Theorems [1.7] and We recall that this result states that if the forager starting
position is close enough to the target location, then the optimal search strategy for the functionals
in equation ((1.6)) is in a small neighborhood of s = 0.

Proof of Theorems[1.7 and[1.8. Let (y,T) € Q x (0,+00). We recall the limit in (2.69) and we
observe that

. sup s, 5 1S , wit S e (0, 1],
3.22 EPB(s,T) = 04 (i) 1. T ith '), € (0,1
s€(0,1)

for each z € Q\ {y}.
Also, From Lemma and equation ([2.26)), we evince that if sq € (O, %) there exists some 3 =

Bsowra € (0,0) such that, if = € Bg(y) \ {y}, then
limsup 7% (s, T) < & n(s0,T),
s\0

for all j € {1,2,3}, where § is provided in ([2.25).
Thus, we deduce that there exists some 3 = 3, 7o such that if z € Bz(y) \ {y}, then

(3.23) sup E7Y(s, T) = E% (SQ{LE,T) with s € (0,1),
s€(0,1)
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for all j € {1,2,3}.
Let us first study the case n \ 2. We recall that thanks to Lemma . for each sy € (0 ) we

have the existence of some & = (550 y,7,0, given in (2.28)), such that, for each € B;(y) \ {y}, one has
that

Oso,y7Q
|z — |2’

where Cj, ;.o is provided in (2.34). Also, for each s € (0,1) and p € A,, 5, where A, ; is given in (2.46]),
thanks to (2.48) we have the existence of some constant C, Bs(y),T,0 such that

(3.24) 7Y (s0,T) >

Clop Bs(9), 1.9

(3.25) (s, T) <

)

|z —y|?

for each x € Bs(y) \ {v}.
Consequently, from the last two inequalities we obtain that if sy € (O ) s1 € (s, 1) and p € A, 4,,
then

EX(s0.T) _ ®2¥(50.T) _ Crsom )70
5 (517 T) (I)ic’y(shT) - |x—y|n—230—2#’

for all x € Bs(y) \ {y}, where we set

(3.26)

080721»9

(3.27) CrsowmBso) 70 = 7~
*,11,B5(y), T,

As a result, for each € € (0,1), by choosing s := £, s1 € (¢,1) and p := ( e)/2 in (3.26)), and
recalling also ( and (3.23), we infer the existence of some ¢ = 6(1 € (0 S) Such that for
each x € B(;m(y) \ {y} it holds that

sup E7Y(s,T) = &1 (s, T)  with 50, - € (0,).

s€(0,1) ’ o Y
This concludes the proof of (1.17) and (1.19)) with j = 1.

Let us now prove (1.18) for the functional & p. To this end, let d, := w and By, := By, (y).

Then, thanks to equation (D.5) in Lemma we have that there exists a constant cp, o such that
for each = € B, \ {y} it holds that

Fp(x,y) S CB,.Q 1
Jo 1€ = ylFp(&,v) df Jo 1€ = ylFp(&,y) d€ |z —y|™

Therefore, using (3.25)) and the estimates in (3.28), if s € (0,1), z € B;(y) \ {y} and p is given as
in (2.46]), we obtain that

(3.28) EXB(0,T) =

Ep(0,T) _ Fp(z,y) 1 (s,T)
(3.29) Ep(s,T)  Jol€—ylFp(& y)d€ (s, T)
) L(s)l%(s,T) B, .0 1

~ Jo € —ylFp(&,y) d Cp ppyma o =yl =2

Now, using (2.79) and the limit

ngl{r(l)sf(s) =1,

we obtain that

lim L'(s)l%(s,T)

=1—-e"(T+1).
e oG yae ¢ T
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Thanks to this observation and Proposition [2.12], we can define the positive constant

) ()l (s, T) B Q
3.30) CyB(y 1.0 = inf D &
( w.y,B3(y) s€(0,1) fQ |§ — y|FD(§, y) df CD7#7Bg(y),T7Q

Then, we obtain from ([3.29) that for each z € B, \ {y}, s € (0,1) and p as in (2.46) it holds that
5;%(07T) > Cﬂvvag(y)vTvg

Ep(sT) ~ |o -y

Therefore, for each € € (0,1) by taking s € (¢,1) and choosing p := (n —¢)/2 in (3.31), we deduce

that there exists some §(2) = 5£2y)TQ such that for each x € By (y) \ {y} it holds that

5;‘:’1%(0,T) > sup 5;%(8,T).
se(e,1)
The proof of for & p is analogous to the one for & p and therefore it will be omitted. This
last step concludes the proof of Theorem for n < 2.
Now we show when n < 2 for & . To do so, thanks to Proposition [2.12{and ([2.102)) we can
define the positive constant

> 0.

(3.31)

~ ly (81 T)

3.32 C = inf 2

(3.32) wro = Inf T
816(0,1)

Then, if sy € (0, %), s1 € (so,1) and pu € A, 5, thanks to equations (3.24) and (3.25) we have that
Exx(s0,T) @350, T) (51, T) _ _ Cusoiir

gét,%(‘sh T) (I)f\}y<517 T) l?\/(‘g(b T) ~ |I - y|n_250_2#’

for all x € B;(y) \ {y}, where we defined

(3.33)

(3.34) Chsowio = Csoym i) 0Cy m0.
Therefore, for each ¢ € (0,1), by choosing sy := §, s1 € (¢,1) and p := (n —€)/2 in (3.33), and

recalling (3.23)), we deduce the existence of some 62 = (552;“2 € (O,B) such that for each x €
Bso (y) \ {y} it holds that

sup EXY(s,T) = EY (5(2) T) with 52 . € (0,2).

z,y,1" zy, T
s€(0,1)

This concludes the proof of ([1.19)) for & y. The proof of (1.19) for & y is analogous to the one for
827]\7.
It is left to prove Theorems [1.7] and [I.§] when n > 3.

If n > 3, we just have to replace the inequality (3.25) with the one in (2.47]). Thus, repeating the
above procedure with this change, the inequalities in (3.26]) and (3.33)) become

gf’y(SO, T) C*,so,y,Bg(y),T,Q
EFV (51, T) ~ T — yfEtn—0)
for all so € (0,1), s1 € (s0,1) and =z € B;(y) \ {y}, where we denoted by &, any of the functionals

51,D, 51,N and 52,N-
The constant O*,S()’y’Bg(y)’T,Q is obtained substituting the constant O*yuyBg(y%T’Q with C*7Bg(y)TQ

in (3.27) for & p and & y, and in (3.34)) for & n.
Analogously, equation (3.31]) becomes

x, 1)
52,%(07 T) > Cy,Bg(y)’Tﬂ
Eplst,T) ~ |-y

(3.35)

(3.36)
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for all s € (0,1) and = € B;(y) \ {y}, where we defined

C(l) — inf F(s)l%(s, T) gBva
v se0,) [o € — ylFp(&,y) d€ Cp e’

Therefore, for each ¢ € (0,1), by choosing s¢ := § in (3.35)) and s; € (&, 1) in (3.35) and (3.36)), we
obtain ((1.17)), (1.18)) for & p and (1.19)) for both & y and & x when n > 3.
The proof of (L.18) and ([1.19) respectively for & p and &y are analogous to the one of & p

and & y when n > 3 and are therefore omitted. O

Now, we prove Corollary [[.12] Namely, we establish in the one-dimensional framework, and under
suitable geometric assumptions on the domain, that if the target location x € 2 is close enough
to the forager starting position y € €, then there exists a local maximizer for the functionals Ei ?
and 7y in a neighborhood of the local Brownian strategy s = 1.

Proof of Corollary[1.13. We will only prove (1.21]), since the proof of (1.22)) is analogous. For this,
let v € (O, %) Then, thanks to Theorem we have that there exists some a, € (7, +00) such that,

for all a € (a,,+00), T € [va*,+o00) and y € (va,v(1 — a)), it holds that
(3.37) DY (s0,T) < D%Y(s1,T),

for all 5o € (42,1] and s; € (so, 1].

T2
Now, for any & € (1£2,1) we define the positive quantity
0 = 0upyr = PUY(1,T) — %Y (1 —e,T).

Also, thanks to the continuity of ®7(s,T) with respect to (s,z,y) € (3,1] x Q x Q stated in
Proposition we can define 6., , 7.0 € (0,400), such that

5 1
D%V (5, T) — %Y (s, T)| < 1 for all s € ( —{Q_V,l] :

Thus, using the monotonicity of ®” in (3.37)), we obtain that, for each z € Q and sy € (42,1 —¢),
(1) — 3 (50, T)
=03Y(1,T) — ®%Y(1,T) + ®%Y(1,T) — 9%Y(s0, T) + ®%Y (50, T) — LY (50, T)
> %Y1, T) — D%Y(1,T) + 6 + %Y (50, T) — B (50, T)

From this, we infer that

sup  Ep(s,T) = EVD (s, T)  with s%, p€(1—g1],
(1)

which proves ([1.21)). O

We now prove Proposition [I.13]and establish the continuity with respect to the fractional exponent
of the set functionls in (1.9)).

Proof of Proposition[I.13. Since the proof for the Dirichlet and Neumann case are analogous, we
focus on the Dirichlet framework.

We already established in Proposition that for all y €  and s € (0,1) one has that
holds, and also the functionals in and ([1.4) are uniformly bounded in (0, 1] x €.
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Therefore, by definition we obtain that, for all Qs C €,

(3.38) 1%2(5,T) € (0,400)  and  A%(s,T) € (0,40),
for all s € (0,1] and T € (0, 400).

Besides, thanks to Proposition we know that [3,(-,T) and A% (-,T) are continuous in (0, 1].
Thus, by the Dominated Convergence Theorem we obtain that [72(-, T) and A% (-, T') are continuous
in (0,1].

Now, we observe that

~ 1 T
P2 s, T :—/ / ri(t, x,y) dr dy dt.
T T T oy, Y
Therefore, thanks to Theorem 1.9 in [DGV22a] we obtain that
(3.39) 2 (5 T € (0, +00).

Also, 7%,(t,x,y) is continuous for s € (0,1] for all (¢,z,y) € (0,+00) x Q x €, see e.g. Theorem 1.8
in [DGV22a]. Thanks to Proposition A.1 and Lemma A.2 in [DGV22a], we have that, for each
t € (0,400) and € € (0,1), the kernel r% (¢, z,y) is uniformly bounded in (s,z,y) € (g,1] x Q x Q.
Thus, as a consequence of the Dominated Convergence Theorem we obtain that

F(s,t) = / v (b, 2, y) d dy
QlXQ2

is continuous in s € (0, 1].
Additionally, in view of Theorem 1.9 in [DGV22a], we see that

Fs, 0] <[] forall (s,6) € (0,1) x (0, +00),

and therefore by the Dominated Convergence Theorem we obtain the continuity of 5%1’92 for s €
(0, 1].

Finally, the continuity of the functionals in (1.9)) with respect to s € (0, 1] follows from ([3.38]) and
the fact that 2% (.. T) € C((0,1]) and 2(-,T), A% (-, T) € C((0,1]). O

Now we prove Theorem In this result we show that s = 0 is a minimizer for the func-
tional SS }D’QQ, where ; and €2y are disjoint and smooth. Also, we show that 82? BQQ and 5;? BQQ admit
a positive and finite limit for s 0.

Proof of Theorem[1.14 Let T € (0,400) and €, Qs € Q be disjoint and smooth. Then, thanks to
Lemma [2.14] we obtain that

s o0,
}9{% gl,b Q(SaT) = 0.

Furthermore, thanks to (3.39)), we see that €SBQZ(S,T) € (0,+00) for all s € (0,1]. This latter

observation together with the above limit lead to (|1.23)).

Now we prove . The existence of the limit was already established in Lemma m
Using the fact that Q; and €2y are disjoint and smooth, together with the inequality in and
also (3.21)), we evince that

Fo(91,95) € (0, +00), / € — Y| Fo(€,y) e dy € (0, +o0)
QXQQ
and / € — Y Fp(€,y) de dy € (0, +00),
QXQQ

where Fpp and Fpp are given respectively in (2.72)) and (2.85]). Therefore, from (2.83)), (2.84]) and these

considerations we conclude the proof of (|1.24)).
0
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Now we focus our attention to Theorems [1.15| and [1.16| To prove these results, it is useful to
state and prove the following proposition regarding a monotonicity property with respect to s and a
scaling property for the functional F**2 introduced in . In what follows we denote by dp the
diameter of B for each bounded set B C R".

Proposition 3.1. Let K C R"™ be a compact set and 21,9 C K be measurable sets such that 1 N

Qg = .
Then, if dig < 1, we have that
d
(3.40) d—FQ“QQ(s) <0 for all s € (0,1).
S
Moreover, for each r € (0,+00) and y € R™, it holds that
(3.41) Frofuri () = pnt2s pnta (o),

Proof. We observe that, thanks to the Dominated Convergence Theorem,

1 —
oo g) = / =yl ey,
dS Q1><QQ |.Z' - y|n 5

Hence, if di < 1, then

d
TFM(s) <0,

which proves (3.40)).
Now we show the scaling property in (3.41)). Let r € (0,400) and, up to a translation, assume

that y = 0. Then, applying the change of variable (z,y) = (rX,rY’) we obtain that
1
Frinrz(g) — / ————dxdy
TQl XTQQ |.',U - y|n_28

/ 7,277,
= dX dY
QX rn72s‘X _ Y’n72s

— rn+28FQ1,QQ (S)

)

which completes the proof. 0J

With this preliminary work, we can now prove Theorems and We recall that the aim of
this result is to show that if €2y, s C 2 are disjoint, smooth and close enough, then the best search
strategy for the set efficiency functionals provided in (1.9) is in a small neighborhood of s = 0.

Proof of Theorems[1.15 and[1.16. Let (y,T) € Q x (0,400). If Q1,Qs C Q are smooth and disjoint,
then thanks to Theorem [1.14] we have that

(3.42) sup EM2 (s, T) = £ <5837927T, T) with s o, 7 € (0,1].

Moreover, If P and P are given as in ([2.106]), we observe that

Q12anQ P(Qs) € (0,400) and ngncfQP(QQ) € (0, 400).

~

Now, using (2.65)) we have that, for sy € (0, %) and r € (O,A), where § = Jso,y,7,0 has been given
in (2.28)), then

CSO7y,Q

F 21,02
N (50, T) = (2r)n—2s0"

for all Q4,Qy C B,.(y), where Cj, , q is given (2.34).
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Consequently, using also (2.103)), (2.104) and (2.105)), we deduce that there exists some 8 = 3, 1q €
(0,1) such that if ©, Qs C Bs(y) are smooth and disjoint then

(3.43) sup. £z (s, T) = Ey <s§{37927T, T) with 53 o 5 € (0,1],
se(0,
for all j € {1,2,3}.
We will first prove the results for n < 2.
We recall that, by Corollary if s; € (0,1) and p € A, 5,, where A, ,, is given in (2.46)), then

~ Ci 1, B:(y) 1.2 n—2u
3.44 QI (5, T) < — L2 2
( ) * (517 ) |Ql||Q2| 9 )

for all Q,Qy € B;(y), where C, , Bs(y), 1,9 1s Introduced in Theorem |2
Also, in light of (2.65)) we deduce that if sy € ( , ;) and 4, € BA( ), then

F,Q CSOyQ Q1,9
(3.45) G112 (50, T) = mF 122 (sq).
Now, we define
dp := min {3, 1} ,
2
and we consider Qy, Qy C By, (y) smooth and such that 1 NQy = &. Thus, from ((1.9)), (| ,
and we deduce that if r € (0,1), so € (0,3), s1 € (30, and 6’ — 80 ﬂAnSl,

where A, 4, is given as in (2.46)), it holds that
g{};ﬂl,ryﬂz (S(), T) _ 61y91,7‘y92 (80, T)
Er (s, Ty @ (5 T)

7y 21,7y Q2
S oM Frvtimz ()
= So,*#ng(y),%T’Q F’I“le,T‘yQ2 (n__zu‘)
2

(3.46)
Tn+250 FQl Qo (80)

2 C(l)

s0:%:0,B5(y)y, T2 .2n—2p 701,92 (ﬂ/ﬁ)
2

(1)
S0 y*:/‘l’ng(y) 7y7T7Q

7"”725072”

Y

where we defined
(1) Csoy,0

SO:*v#ng(y)ﬁ'JvT’Q T C* " BA(y) TQ :
Uy By Ly

We recall that in writing r,£}; and r,£)s we adopted the notation in ((1.26)).
As aresult, for all € € (0, 1), by choosing for instance sy := £ and p := (n—¢)/2 in (3.46), and using

also (3.42) and ([3.43), we infer that there exists some r!) = TS;TQ such that if ,Qy € B, (v)
are smooth and satisfy €2y N €2y = &, then

S?P)Sﬁ “2(s,T) = g&’m (35:{)21,92,TaT> with Sis)z a1 € (0,8).
s€(0,1

We now focus on the proof of ((1.28) for gQ,D. Let K € Q and assume that €2;,Q5 C K. Then,
thanks to equations (2.83) and (D.5|) we have that
5}( 9] FQl’Q2 (O)
Joxa, 1€ = ylFp(&y)dédy ]

(3.47) E557(0,T) >
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where Fp and ¢ are given respectively in (2.72)) and (D.8). Then, in light of (2.64) and (3.44)), if
s€(0,1) and p € A, 5N (0,1), where A, ; is given in ([2.46), we have that, for each r € (0,1),

g;fjgw%(aﬂ Q| Fp(ry 2,7, Q0) 7% (s,T)
ag) 0 D) e, € yIFD(E ) dedy &R s T)
17, Qa[Ck.al(s) [0 (s,T)  Fro®am@2(()

" Jaxeyon 1€ = Y[FD(&y) dEdy Cp i Frofum®e (B2

where Cp . k1,0 was introduced in Theorem [2.9]
Now, we observe that thanks to the limit in equation (2.88)) one has that

5 2 (s, T

lim 1772 (s, T)T(s) = lim wF(s)s

s\0 EAN) S
(3.49) a *T(T 1))

—e
S [ e iR dedy
) XTydl
Let us set the notation
|ry$2a[Cr ol (s) 13" (s, T)

350) C KTy Q2,0 = inf .
( " €01 fop00, 1€ = YIFD(E,y) d§ dy Cpykro

In view of (3.49), we see that if such infimum is attained at s = 0, then it does not depend on r,{2,.
If the infimum is attained for some s € (0, 1], then using Proposition and Lemma with

(3.51) f@) =BET)  and  gly) = / € — ylFp(.y) de,

we obtain that

C = inf C > 0.
/’L7K7T79 7"6(0,1) /L,K,T,T‘yﬂg,ﬂ
QCK
As a result, using equation (3.48) and Proposition , we deduce that if dig < 1, then
grthrsz O,T FTthryQQ 0 C
(3.52) 27D ( ) > M7K7T7Q ( ) > 1“'7K7T7Q

é/;,yDQLTyQQ(S,T) FTyQLTyQ2 (%) = 7“”_2.“ .

Therefore, for all € € (0,1) and K € € that are start-shaped with respect to y € K, by choosing s €
(e,1) and p := (n —¢)/2 in (3.52), we deduce the existence of some r? = rf}(m such that
if 1,0y C rl(/l)K satisfy 1 N )y = @ and are smooth, then

EL®(0.T) > sup E55%2(s,T).
' s€(e,1)

This concludes the proof of (|1.28)) for gg’D. The proof of (1.28) for g&D will be omitted, being
analogous to the one for &, p.
We now prove (1.29) for & n. To do so, we fix some sy € (O, %), and, in light of Proposition ,

we define the positive constant
in :l—]%g(sl’ T>.
s1€(so.1) (32 (80, T)
Also, if the above infimum is attained for some s € [s¢, 1], using Lemma with
) =IxET)  and  g(y) =Iy(s0, 1),

CSO,T,Qzﬂ =
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we set

(3.53) Cora = jof Cyra,0>0.

Thus, making use of equations ({3.40)), (3.41]), (3.44) and (3.45), we deduce that if Qy,Qs € Bs,(y),
and K D By, (y), r € (0,1), so € (0,1), s1 € (s0,1) and p € A, 5, N (0,2 — 59), we have that

EN (50, T) BT (50, T) T (50, T)
En (s, T) Iy (s, T) BT (51, T)
(1) FT‘yﬂl,TyQQ(SO)

= uﬁmyJﬂTJPFwynlmyQQ(n?fu)

_ oW A e G

T TS0y KT on—op 00 (n;2u)
1)

> CH7507y7K7T79
=

(3.54)

rn—2s0—2p )
where we defined
oW — MC
150,y KT - 50,702
N7/’I”Bg(y)7T7Q

Therefore, for each ¢ € (0,1), by choosing for instance sy := 5, s; € (g,1) and p == (n — ¢)/2

in (3.54), and also thanks to (3.43)), we deduce that there exists some r(?) = TiQy)TQ € (0,5) such
that, for each 2,y C B,),(y) smooth and disjoint,

sg)pl) gg’z}\}%(s,T) = 552]1\]92 (sgl)’Q%T,T) with S&{Q%T € (0,¢).
se(0,

This concludes the proof of for & n. The proof of for & y is analogous to the one
for 527 ~ just concluded and therefore it will be omitted.

This concludes the proof of Theorems and for n < 2.

Few changes are in order to show Theorems and also for n > 3. In particular, we have
to repeat the above arguments by replacing with the inequality in . The procedure will
determine changes only on the constants involved, in the same fashion of the proof of Theorems (1.7
and [L.§] for n > 3.

O

APPENDIX A. GREEN FUNCTION FOR THE DIRICHLET SPECTRAL FRACTIONAL LAPLACIAN

Here we give a proof of a well-known identity for the Green function G%,(z,y) of the Diriclet
spectral fractional Laplacian. The Green function is given by

1 oo
G3 = — 2t o=t dt
D($7y) F<3)/(] pD( ,l‘,y) )
see also [AD17]. Before we state the following result, let us recall the notation
C={(z,y) €eQxQ st.x#y}.

Proposition A.1. Let Q) C R™ be bounded, smooth and connected.
Then, for each (x,y) € C it holds that

+00 1 +o00
Al / ro(t,x,y)dt = —/ P (t, z, y) 5L dt.
(A1) it =5 [ st
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Proof. Given x,y € C, we let

+oo
I(z,y) = / rp(t,x,y) dt
0

1 [r _
and J(z,y) = m/o ph(t, z,y)t" dt,

Now, let {¢x}, be an orthonormal basis of L*(2) made of eigenfunctions of the Laplacian with
Dirichlet boundary conditions, ordered such that if A\;’s are the corresponding eigenvalues, then
0 < A < A< ... (see for instance [EvalQ]). In view of Theorem 1.8 in [DGV22a] we know that

D (t’ Z, y) = Z ¢k(x)¢k<y) exp(—t)\i),

for each (t,z,y) € (0,+00) x  x Q. In order to prove (A.1)), we first show that Z(z,y) and J(x,y)
are both continuous in C. Thanks to Theorem 2.8 we know that

T
/ rp(t,z,y) dy < +oo
0

for each T' € (0, +00), s € (0,1] and = # y. Moreover, thanks to Proposition A.1 in [DGV22a| we
observe that for each ¢ > 7" and s € (0, 1] it holds that

rh(t 2, y) = exp(—tA}) Y én(@)dr(y) exp(—t(A\s — A7)

(A.Q) . +oo 20(m0) . .

< Cing,0,0 €XP(—1AT) Z Ak exp(—T'(A}, — AY))
k=1

< Crsaexp(—tA]),

where the last inequality is a consequence of Lemma A.3 in [DGV22a], and Crsq > 0 is a constant
depending on 7' > 0, s € (0, 1] and €2. The constants a(mg) and ¢, o0 have been explicitly defined
in Proposition A.1 in [DGV22a]. Therefore, if we call

\ ry(t,xy)  for all (¢, z,y) € (0,T] x C,
gD(t7x7y> = {

Crsaexp(—tA]) forall (¢,z,y) € (T,+00) x C,
we obtain that g5 (¢, z,y) € L*(0,400) for each (z,y) € C, and also
rp(t, r,y) < gp(t,z,y),
for each (t,z,y) € (0,+00) x Q x Q and s € (0,1]. Therefore, thanks to the continuity of the ker-

nel 7%, discussed in Lemma 2.12 in [DGV22a], we conclude by the Dominated Convergence Theorem
that Z(-,-) is continuous in C.

Furthermore, thanks to the inequalities in (2.15)) and (A.2)) we have that if we define

1 |z — yl|?
foltzy) = Gn)s P\T T a for all (t,2,y) € (0,T] x C,

Crigexp(—tA;) forall (t,z,y) € (T,+00) x C,
then we get that fp(¢,z,y)t*" € L'(0,+00) for each (x,y) € C, and also

Ptz )t < fp(t,z,y)t ™

for each (t,z,y) € (0,+00) x C. Thanks to the continuity of p$ (see for instance Lemma 2.12
in [DGV22a]) and the last observations we can apply the Dominated Convergence Theorem and

conclude that J(-,-) € C(C).
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Now let f € C°(€2) such that f > 0. Then, for each x € Q we compute

[zewstras= [ [ rpani i
/+Oo/rDt:ry y) dy dt

(A3) 400 00
:/0 > frdw(x) exp(—tA}) dt

In the above computation we denoted

fwzéf@m@m%

and the identity between the first and the second line, as well as between the second and the third,
are due to Lemma A.2 in [DGV22al; in addition, the estimates on the coefficients f; given in Propo-
sition A.4 in [DGV22a].

Similarly, we also observe that

/Qj(x,y) Jdy = 7 //+Oopptfryt5 'f(y) dt dy
=

tha:y y) dy dt

+oo o0
_— / Z Jrte(x) exp(—the)t* " dt

0 k=1
(A4) —+o0 —+00
=fé5ggﬁ@Axyé exp(—tA) di
1
= () ; Te®r
_ 2 fkcli\ (z)

Therefore, from equations (A.3) and (A.4) we deduce that for each z € Q and f € C*(Q) such
that f > 0 it holds

Lamm—J@wmwwzu

Thanks to this latter identity and the fact that 7,Z € C(C) we conclude the proof of (A.1]). O
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APPENDIX B. SOME EXPLICIT FORMULA FOR THE 1-DIMENSIONAL FUNCTIONALS
Lemma B.1. We have that

+oo
—1)k+t y  y(=1)* 2 mky
ly T = 92 142s ( _ :
p(s,T) =2a Z ( ok * mka * mka (k)2 S

k=1
(B.1) k28
" s ky I —exp (_T (%) )
sin { — e
and
oo k+1 k 2 k 2 k
y o 2425 (=1) 2= 2 g1 y? 2y(-1)
Ap(s,T) = 2a ; < ok * (k) (7k)3 mka? i mka? ka
(B2) k)28
ok (Lo (ST ()Y)
sin | — e

Proof. The gist to obtain explicit formulas for the average distance 1% (s,T) and the mean square
displacement A%, (s, T) is to compute the L*((0, a)) components of the decomposition in eigenfunctions
of the functions |z — y| and (x — y)2. For this, it is first useful to consider the case a := 1 and then
to reduce to it via a scaling argument. Thus, we first suppose that a = 1 and note that

_ DMy y(ED)Esin(rky)
/ v = ylsin(rke)de = =+ Ce T -
> _ DM 2Dt 2 =Dty (e
and /0 (x —y)* sin(mkx)dr = — + R Pk —1—%— .

Therefore 1% (s, T) and A% (s,T) take the form

T +OO k+1 —1)k :
% (s,T) = 2/ ( % + y=L QSm(ka)) sin(wky) exp(—(mk)*t)dt
m

B3) mk (k)2
B.3
_ (1)’“+1 y . y(=D"  sin(rky) 1 — exp(=T'(wk)™)
_2k=1< et M e ()
and
Lo [N (EDT 2DF 2 DRy 21
AD(S’T)—2/0;( mk * (k) (k)  wk +%_ ok )
x sin(mky) exp(—(7k)*t)dt
(B4) S AV T N A Vi
_zkzl( Tk * (k) (7k)®  wk +%_ ok )

x sin(mky) (1 — eXI();;;s(Wk)QS)) :

which is the desired result for a = 1.
Now we address the case of a general a > 0. To this end, we denote with an additional subscript a
the quantities related to the interval (0,a) (and, consistently, with an additional subscript 1 the
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quantities related to the interval (0,1)). With this notation, we infer from (3.1)), (3.2)) and (3.3)) that

1 x A1 < 1 . t x y
Pra(T) = %%,1 (5) ) Aka = 2 and Dty T, y) = o D1 <a25 a al’
As a consequence, by ((1.3)),
I5.(5,T) / /
T/a?®
_ 1+2s/ /

_ 1425 7y/a
=a I (s a25) .
This and (B.3]) yield that

oo k+1 k
_ 1425 (-1) Y y(=1) 2 (mky
Dals:T) = 2a Z ( k * ka * rka (k)2 i

k=1

€= ol bt Coy) dC
t
b (azs,g y) dc de

o tg )dZdZ

__Q
a

(B.5)

X sin (Wk?y> 1 —exp (—T <%k)2s)

a (mk)?s

and this gives (B.1)), as desired.
Furthermore, by ([1.4)),

T a
Ay T) = [ [l = uP vt G dcar
0 0
1 T a 5 s t C y
= _/ / IC_y| rD,l (ﬁaa7a) dgdt
T/aQS
_ 2+25 . ~ g ~ i~
= / / ‘x D1 (t,x,a> dz dt

— g2t y/a
a2 Y ( a7> |
Thus, recalling (B.4)),

+oo
DM (1R 2 (- DF 2 2y(—1)F
y T — 2 2+2s (
AD,a(S7 ) a Z( Tk (mk)3 (k)3 mka? +7T]€CL2 Tka

k=1

which proves (B.2)), as desired. O

Additionally, the Neumann counterpart of Lemma reads
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Lemma B.2. We have that

2 5 e (2 + ) e ()

k=1
1 —exp (—T <M>28)
>< )
(w(2k +1))%
1 vy
2
and A?V(S’T)—“T(Trg_g)
00 k28
+2a2+2s+z 2 2y /(=D)F 1 cos AN <_T (%) >
~\(7k)* a \(7k)* (k) a (mk)?s '
Proof. As in the proof of Lemma [B.1] we can focus on the case a := 1, since the general case

then would follow from scaling. Thus, we consider the coefficients of the L?*((0,1)) expansion of the
functions |z — y| and (x — y)? in terms of the Neumann eigenfunctions, thus finding that

1

1 2" v =y if k=0,
/ |z — y| cos(mkx) dox = K
0 1 cos(mky) N (—1) if k£ 0
(mk)? (wk)? — (mk)?
and
1 , .
1 3 Yty if k=0,
/ (x —y)? cos(mka) dr = 9 (—1)* 1
0 B B :
w2 (e ) FEAO

Therefore I%(s,T) and A% (s, T') take the form

s = [ (% fyto y) 23 ( e zco(ifgfz” ¥ i;;;) cos(mhy) exp(—t(m(2k + 1)) dt

1
=T Z4+2—
)

N 2§ ((Wz . Hcos(thy) (—1>k) cos(rky) <1 — exp(—T'(m(2k + 1))28))

(mk)? (mk)? (m(2k +1))2s

and

A (s,T) = /0 Yy G b y) + 2§ ( (736)2 _ 9y (2;;))5 - (7;)2» cos(rhy) exp(—t(xk)>) d
)
)

o) o () e (=)

as claimed. 0
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APPENDIX C. ALTERNATIVE PROOF OF PROPOSITION

Here we showcase an alternative proof of Proposition [1.2] The advantage of this argument is that
it does not make use of the explicit formula . for the densfcy uy of a s-stable subordinator. The
details go as follows:

Proof of Proposition|[I.3. As in the proof of Lemma [B.I| we denote by an additional subscript a the
quantities related to the interval (0,a). In particular, by (3.4) and (3.8),

T s— z/ay/a T T S— z/ay/a T
(C.1) 7Y (5, T) = a1 @Y / v/ (s, %) and Oy (s, T) = a™ DY / v/ (s, ﬁ) :

From this, (B.5) and (and the corresponding scaling properties for the Neumann case), we
deduce that it suffices to establish Proposition for a := 1.
Hence, let x =y € Q = (0,1). We have that

1 —exp(=T(7k)?) 1 —exp(=T(r(2k +1))*) o ! N 1 o 2
(mk)?s (m(2k +1))2s = (nk)2 0 (w(2k +1))2 T (k)2
and, as a result, we obtain that
the series in Lemmata and converge absolutely for all s € (0,1) and 7" > 0

and uniformly in s in every set of the form (sg, 1) with s € (0, 1).

(C.2)

Consequently, the convergence or divergence of £(s,T) in this case is equivalent to that of ®3"(s,T')
or ®"(s,T), depending on the boundary conditions considered. Hence, when s € (0,1/2], for
all M € N, we infer from (3.4 @ ) that

M

sin®(rkx) (1 — exp(—T'(wk)*)

(C.3)  @5"(s,T) 22/ sin?(rkx) exp(—t(7k)*) dt = 2

=1

and from (| . ) that

k; 1 _ —T(rk)?s
(C4) DY(s,T) =2 Z/ cos?(rkx) exp(—t(mk)*) kz: (k) (WZ;PS( (mk) )) '
We now want to check the fact that, when s € (0,1/2], the quantities in and (C.4]) are divergent

as M — +oo. To this end, we need to estimate “how often” in k the functions sin?(mkx) and cos?(rkx)
can get close to zero. This concept is formalized via the following claim: given x € (0, 1),

there exist g > 0 and Ky € NN [1, +00) such that for every ko € N

(C.5) : .
there exists k € {ko, ko + 1,...,ko + Ko} such that sin®(wkx) >

To prove this, up to exchanging x with 1 — x, we can suppose that x € (O } Thus, we argue by
contradiction and we suppose that, for some = € (O, 2} for every € > 0, as small as we wish, and
every K € N, as large as we wish, there exists k. x € N such that for all k € {k. x, ke +1,... ke g+
K} we have that sin?(7kr) < e.

This means that for all £ € {k. k. ke x +1,..., ke x + K} the angle mkx is sufficiently close to
either 0 or 7, modulo multiples of 27. Hence, for concreteness, let us suppose that the angle 7k, x
is sufficiently close to 0 modulo multiples of 27, namely that

|The e v+ 2mJ| < 0 := arcsin /g,

for some J € N.
Therefore, for every j € N,

(ke +j)o+2nJ € (=0 + mjz,d + mjz).
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We also note that, if j < ”;—j‘s and ¢ is sufficiently small, it follows that (=6 + 7jx,0 + 7jz) C
(—=0,m—9). Chosing K > 1+ ”;125, we thus conclude that, for every j € NN [0 ”_25},

’ mx

m(kex +7)x+2nJ € (=6,9).
Now we remark that, for sufficiently small §, we have

7T—25>2(7T—25) >3

Tr T ~ 2
In particular, we can find j, € NN [” 2 _ 1, 1= 2‘5] It thereby follows that

d>mlkex +j)x+2n] =7k gx + 21 + i > =0+ 1 x

—6+wx<”_%—4>_w—35—mr 5—35>5

™

provided that ¢ is sufficiently small. This is a contradiction and the claim in (C.5)) is established.
Similarly, one can prove that given = € (0, 1)
there exist 9 > 0 and Ky € NN [1,+00) such that for every kg € N

C.6
(C.6) there exists k € {ko, ko +1,..., ko + Ko} such that cos?(mkz) > &g

We now pick arbitrary integers N, N € N with NV < N and take M N(KO +2) in (C.3)). Thus,
assuming N large enough such that exp(—7(wN)*) < 3 and using , we conclude that

N(Ko+2)
va( sin®(rkz) (1 — exp(=T'(wk)*))
<I> S T 2 Z (,ﬁkz)Zs
S N(§Sr2) sin?(mkx)
= (7rk;)23
k=N
N-1 NHEDKoH o (k)
(C.7) > > NCTER
(=0 k=N-+LKo+0
N 1 N—1 N+{+1)Ko+L SinQ(ﬂ'kl')
= 7T2S Z Z N g 1 K £ 2s
=0 kenNiikore (N 1)K+ 1)
1 N-1
= s

S (N+ (0 )K0+£)28

Sending now N — +o0o we conclude that, when s € (0,1/2],

+o0
o 1
(C.8) o5 (s,T) > —= _ — foo.
b 2 ;_;(N+(€+1)Ko+€)2

Similarly, combining (C.4)) and (C.6)), we find that, when s € (0,1/2],
PV (s,T) = +00

This and (C.8)) yield that £(s,T) = +oo for all s € (0,1/2], as claimed in the statement of Proposi-
tion [L.2
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We now consider the case s € (1/2,1]. In this situation, it follows from ({3.5) that, for every =z,
€ (0,1),

- 1 — exp(—T(7k)?) 2 X1
(CQ) (I) y S T 22 7T]€ 2s < 28 Z k25 < +00.
k=1

Similarly, using (3.9), for all s € (1/2,1] and z, y € (0,1),
(C.10) O3 (s, T) < +o00.

From this estimate and (C.9) we infer that £(s,T") € (0, 4o00) for all s € (1/2,1), as desired. O

APPENDIX D. SOME TECHNICAL RESULTS

In this section we collect some technical results which have been used throughout the paper.
Proposition D.1. Let (I,t) € (0,+00) x (0,+00). Then,

(D.1) i 20 _ te™
' s\O S l ’

Proof. Thanks to ([2.2]), we have that

Lim w = lim l /+OO eflueftus COS(ﬂ-s)tus Sin(tus Sin(ﬂ's)) "
sN\0 S sN\O T 0 P
— /+O° T o—lu—tus cos(ws) 4,8 Sin(tus Sin(ﬂs)) "
(D 2) 0 S\O tuss
| +oo
= te_t/ e—l’u, du
0
_te?
= T

where we have used the fact that for each s € (O, %) it holds that

sin(tu® sin(7s))
tu®s

—lu—tu® cos(rrs)tus

‘ <t () 4 X0 () € L((0.-406)

in order to apply the Dominated Convergence Theorem in (D.2)). O

Proposition D.2. Let € C R" be bounded, smooth and connected.
Then, if E,F C Q and ENF = @, there exists some constant Cg p € (0,+00), depending only
on E and F, such that for all (s,T) € (0,1) x (0,400) it holds that

(D.3) (s, T) < CppT for all (z,y) € E X F.
Proof. Thanks to the hypothesis E N F = @, we can define the positive constant

d:= -
b=l
yeF
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Then, by the definition of ®y and the upper bound in (2.20]), we obtain that

T “+00
5 (s, T) = / / P (0, 2, ) (1) dl dt
0 0
—2

T +oo 1 d
S/ / comax< —, 1 sexp | —— | p/(l)dldt
o Jo [2 61

T —+00
<[ [ it an
0 0
:CE,FTa

where we set

—2
1 d

(D.4) Cgrp:= sup cqmax {—n, 1} exp| —— | . O
1€(0,400) [2 6l

Lemma D.3. Let Q C R" be bounded and f,g € C(Q) be strictly positive in a compact set K € .
Then,

inf —fQQ fz) dv

o T ) € (0, 4+00).

Proof. We set

m := min f(z) € (0,+00) and M = rgg@cg(m) € (0,400).

Then,
Jo, f(z) dx

inf —=2—— >

m
= T r 0; . |:|
0CK [o g(x)de ~ M € (0, +o0)

We give some lower and upper bounds for the function Fp(z,y) defined in equation (2.72]). This
result is applied several times, when proving Theorem [1.7]

Lemma D.4. Let Q C R™ be bounded, smooth and connected.
Then, for each K € ) there exists some constant ¢k q € (0,+00) such that

(D.5) Fp(z,y) > |xcfZ|” for all (z,y) € CN (K x K),

where C has been defined in ([2.35)).
Furthermore, it holds that

Ch

D.6 Fp(x,y) <
(D.6) by <

for all (xz,y) €C,

for some C,, € (0,+00).

Proof. We first prove (D.5). Thanks to equations (2.16) and (2.17)) we observe that there exists two
constants ¢y, ¢; and some Tk o € (0,400) depending on €2 and K, such that

0 C1 02"]: B y’2
pp(t,x,y) = Texp (= for all (¢,z,y) € (0,+00) x K x K.
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Therefore, thanks to equation (2.72]) we deduce that for each (x,y) € C N (K x K) it holds that

+oo 0 l
0

l
Tk,0 a2
> [ e (<2 )
(D7) ClCQ_% oo 21 _—a
R /02w—yl2 az e da
Tr.Q
CK.Q

where, by calling as usual di the diameter of K, we defined
+oo

n_ —
, a2z e "da.
CQdK

w|3

(DS) gk’g = 6102_

Tk .0

This concludes the proof of (D.5)).
We now show (D.€]). By equation (2.175) and the change of variable § = l2=5% e obtain that

4l
+oo , Q
FD(m,y) :/ pD(Lx?y) dl
0

1 —+00 1 |.ZU - y|2
< o m ——— | dl
(47 / 3 P < al

Therefore, (D.6) is proved with C,, :=
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