Universal supercritical behavior for some skew-product maps

Hans Koch !

Abstract. We consider skew-product maps over circle rotations  — z + a (mod 1) with
factors that take values in SL(2,R). In numerical experiments with a the inverse golden mean,
Fibonacci iterates of almost Mathieu maps with rotation number 1/4 and positive Lyapunov
exponent exhibit asymptotic scaling behavior. We prove the existence of such asymptotic scaling
for “periodic” rotation numbers and for large Lyapunov exponent. The phenomenon is universal,
in the sense that it holds for open sets of maps, with the scaling limit being independent of the
maps. The set of maps with a given periodic rotation number is a real analytic codimension 1
manifold in a suitable space of maps.

1. Introduction and main results

We consider the asymptotic behavior of skew products

A (z) = A (z — o),

1.1
A (z) E Alw+ (g—1)a) - Az + 20) Az + a)A(z) (1)
as ¢ — oo along certain subsequences, where « is an irrational number and A is a real
analytic function from the circle T = R/Z to the group SL(2,R). Products for negative ¢
are defined by replacing the factors A in the above equation by A=1(. — a).

The typical growth of such products is described by the Lyapunov exponent. The
Lyapunov exponent of a pair G = («, A) with A : T — SL(2,R) continuous is defined as

1
= li — *q
L(G) qlig)lo . log||A*(z)|| - (1.2)
Assuming that « is irrational, this limit exists by ergodicity and is a.e. constant in z.

The work presented in this paper was motivated by the observation in [23] of system-
atic slower-than-typical growth of certain products, as will be described below. We restrict
to factors that are reversible in the following sense.

Definition 1.1. The symmetric factor A, associated with a pair G = («, A) is defined by
setting A,(z) = A(z — ) for all x. We say that G is reversible if ST'A,(z)S = A,(—z)T
for all x, where

S:[? (1)] MT:[_dC ‘a"] if M:[‘; Z] (1.3)

Notice that MTM = det(M)1. We will refer to MT as the quasi-inverse of M.

To be more precise about the type of products being considered, let a = @ be the
inverse golden mean and p,, the n-th Fibonacci number. Then the following holds.

1 Department of Mathematics, The University of Texas at Austin, Austin, TX 78712.
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Theorem 1.2. Let A : T — SL(2,R) be real analytic and reversible. Assume that
G = (o, A) has a positive Lyapunov exponent. Then there exist real numbers M, M, . ..
such that every subsequence of

n s M, A" (™) (1.4)

has a subsequence that converges to a nonzero function z — b, (z)B, where B is a constant
2 X 2 matrix of rank one. The scalar factor b, is an even entire function, and convergence
is uniform on compact subsets of C.

A more restrictive version of this theorem was given in [23]. The main objects under
investigation in [23] were parametrized factors A at the boundary between zero Lyapunov
exponent (subcritical or critical factors) and positive Lyapunov exponent (supercritical
factors). In this context, products of supercritical factors were computed numerically, and
limit functions b, were found with surprisingly regular zeros. Our goal here is to describe
this type of limits.

Our main focus is on Schrodinger factors

| M(t+z)—E -1

A(z) = X o | (1.5)

and perturbations of such factors. Here, A, ¢, and E are real parameters, and v is a
1-periodic continuous function on R. The choice v(z) = —2cos(27x) defines the almost
Mathieu (AM) family of factors [12,17,19]. Schrodinger factors arise naturally in the study
of Schrédinger operators on £2(Z) of the form 2

(Hiu)g = Mo(t + qa)ug — ugy1 — ug—1, q€Z. (1.6)

To be more specific, A*?(0) is the transfer matrix that maps [uuol} to [u“ql ], for a formal
_ .

solution u of the equation Hiu = Eu. Many properties of H} are reflected by properties of
the corresponding products (1.1), and vice versa. The Lyapunov exponent of the AM factors
with A > 0 is known to be L(G) = max{0,log A} for all energies in the spectrum [14].

Another quantity associated with H} that is relevant in the present context is the
integrated density of states E — €(E). Notice that H} is self-adjoint and bounded. Denote
by P, the canonical inclusion map from ¢%(Z N [-L, L]) into ¢*(Z). Given E € R, the
integrated density of states £, (HY, F) is defined as the fraction of eigenvalues of P}H} P,
that belong to (—oo, E]. The integrated density of states for HY is the limit ¢(F) =
limy, o0 €, (M, E).

Clearly, £ is an increasing function, taking the value ¢(F) = 0 for E below the spectrum
of H} and the value ¢(E) = 1 for E above the spectrum. And it is constant on any spectral
gaps (connected components of the resolvent set). For the AM operator, it is known that
there are no isolated eigenvalues [16], so £ is continuous. For A > 1, the spectrum is
pure point, with exponentially decreasing eigenfunctions [13]. (This holds for arbitrary
Diophantine «, and for “nonresonant” values of ¢ that include our choice @/, below.)

2 We adopt here the “physical” choice of signs, which makes the kinetic term positive.
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Among the intriguing features of the AM operator is the following resonance phe-
nomenon. H} has an infinite number of spectral gaps. Each gap can be labeled canoni-
cally by an integer k, known as the Hall conductance, and (F) = ka (mod 1) holds for all
energies E in the spectral gap labeled by k. For details we refer to [5,6,9,11,18].

A related quantity for Schrédinger pairs G = (a, A) is the rotation number rot(G).
In cases where A is of the form (1.5), with a potential v that is continuous, we can define
the rotation number by the equation

Rot (G
rot(G) = lim Rotw (&) ) (for Schrédinger G) (1.7)
g—o0 N
where Roty (G) is half the number of sign changes on {1,2,..., N} of a nonzero solution

u of the equation Hiu = Eu, adding 1 if u(N) = 0. Notice that 0 < rot(G) < 5. The
rotation number for more general pairs G, and its properties, will be described in Section
3. Assuming that « is irrational, the value of rot(G) is independent of the solution u. For
an AM pair G with spectral energy F, it can be shown [9] that the rotation number is
related to the integrated density of states via £(E) = 2rot(G). Roughly speaking, this
relation expresses the fact that the wave number (inverse wave length) of eigenfunctions
increases with the energy F.

Convention 1. In what follows, we fix the phase ¢ in the definition of the Schrodinger
factor (1.5) and the Schrodinger operator (1.6) to the value ¢t = @/, , unless specified other-
wise. This makes the symmetric AM factors A, reversible in the sense of Definition 1.1.

The above-mentioned gap-labeling property associates spectral gaps with rotation
numbers that belong to 1Z[a]. We will now describe a different phenomenon that is
associated with some other rotation numbers in Q[a].

Definition 1.3. A number p € [0, /5] will be called positive periodic (as a rotation number)
if p = '+ % for some integers u, v, w withv > 2 and ged(u,v,w) = 1, and jf‘% — %a| < %

We will call p € [—1/5, 0] negative periodic if p + 1/, is positive periodic. Notice that,
for any given integer v > 2, the (positive or negative) periodic rotation numbers in %Z[a]
constitute a discrete subset of R.

In what follows, a denotes the inverse golden mean, unless specified otherwise. Let
prn be the n-th Fibonacci number, and define ¢,, = p,,41. Our main result in this paper is
the following.

Theorem 1.4. Let p be positive periodic. Then there exists a positive integer n and
two nonzero even entire functions b, and a., such that the following holds. Consider the
family of AM maps, parametrized by the coupling constant A > 0 and the energy E. Then
there exists a real analytic function €, defined on an open neighborhood of zero, such that
if 6 = A\7! belongs to the domain of €, and if E = Xe(§), then G has rotation number
rot(G) = p. In this case, there exist sequences of positive real numbers k — M), and
k — Ny such that
lim My APk (@®"Fz) = b, ()AT,

k— 00
1.8
lim Ny AX* (0®"F2) = ao(2)A, (18)
k—o0
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for some constant 2 x 2 matrix A of rank one. Convergence in (1.8) is uniform on compact
subsets of C. An analogous result holds for any two-parameter family (A, E') — G g that
is sufficiently close to the AM family (in a sense described later).

Both b, and a, have infinitely many zeros, all simple and on the real axis. The zeros
can be determined rather explicitly, and this is used to construct the functions b, and a,.
We note that the function € = €(J) and the matrix A in the above theorem can depend on
the family. But the scaling limits b, and a, are universal.

We expect that an analogous result holds for all A > 1. Numerically, this is observed
at energy E = 0, which corresponds to p = 1/,. For this particular value of p, a proof
seems feasible, since the emergence of the limiting zeros is quite transparent in this case
[23]. We also expect that Theorem 1.4 generalizes to arbitrary quadratic irrationals a.

Remark 2. For non-Schrédinger maps G = («, A), the rotation number rot(G) in
Theorem 1.4 has to be replaced by the rotation number o(G) defined in Section 3. Using
0(G) in place of rot(G), an analogous theorem holds for negative periodic rotation numbers
as well. This corresponds to replacing A by —A. For a Schrodinger factor A, we can get
— A via a conjugacy by [(1) _(1)} and then replacing v, F by their negatives. The conjugacy
is equivalent to replacing u by ¢ — (—1)%u, in the equation (1.6).

Theorem 1.4 is best understood in a dynamics context. The pairs G = (a, A) with
A(z) € SL(2,R) are naturally associated with skew-product maps

G(z,y) = (z+ a, A(z)y) reX, yeyY, (1.9)

on X xY, where X = T and Y = R2. The ¢-th iterate of G is G4 = (qa,A*q), with A*¢
as defined in (1.1). So Theorem 1.4 can be viewed as describing the asymptotic behavior
of long orbits for skew-product maps. Due to the scaling involved in (1.8), we will also
need to consider the case X = R. The condition det(A) = 1 will be weakened as well, and
Y = R will be used for limit cases.

Our proof of Theorem 1.4 involves the use of a renormalization transformation R
that acts on pairs P = (F,G) of skew-product maps F' = (1,B) and G = (a, 4). We
consider families of pairs Pj . that admit a scaling limit as 6 — 0. For Schrodinger factors
(1.5), we use § = A~ multiply A by §, and set E = Xe. If o(Gs.) = p with p positive
periodic, then the asymptotic behavior (1.8) is governed by a fixed point P, of (a modified
version of) the transformation R3". The local stable manifold of this transformation at
P, is of codimension 1 and agrees with the level set o(G) = p. So the real analytic curve
d +— €(6) described in Theorem 1.4 characterizes the intersection of the given family with
this manifold.

Given the relation 2rot(Gz) = €(F) for the AM family, the above suggests that the

values ¥ = )\6()\*1) are eigenvalues of the operator ’H?\‘/ 2, Analytic curves of eigenvalues
are a standard feature in real analytic families of compact self-adjoint operators, even in
the presence of level crossings [4]. This applies e.g. to the operators P;H’ P, mentioned
earlier. So it seems possible that £ = \e ()\_1) is a limit as L — oo of such eigenvalue
curves.

From a dynamics perspective, the zeros at 4+p of the limit function a, seem associated
with factors A, (z) in large products that map the expanding direction (from the product to
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the right of this factor) to the contracting direction of the product to the left of this factor.
This suggest that x is near +p, which is where A (z) can cover a wide range of rotation
angles. The location of such factors may be associated with peaks of an eigenvector.

The remaining part of this paper is organized as follows. In Section 2 we introduce the
renormalization transformation R and prove a result that implies Theorem 1.2. Section 3 is
devoted to limits of Schrodinger factors and the rotation number. In Section 4 we construct
the periodic orbits of R that are associated with positive periodic rotation numbers. A
proof of Theorem 1.4 is given in Section 5.

Remarks 3.

o If we allowed v = 1 and v = 2 in Definition 1.3, then {0, %, 1/} would count as
positive periodic as well. The associated energies for the AM operators correspond to
spectral gaps. We believe that Theorem 1.4 can be proved for these rotation numbers
as well, but they would require special treatment.

o Numerically, critical fixed points (for the appropriate power of R3) have been found
for rotation numbers in {0, Vs, Y, Yo — Y, Yu, Y, %, 35, /o . Existence proofs have
been given in [21,23] in the case of rotation numbers {0, 1/, 1/ }.

o Conjecture 1.1 in [23] on critical periods only covers rational rotation numbers. A
reasonable amendment would be to include all (positive or negative) periodic rotation
numbers.

o Numerically, the unstable manifold associated with the critical fixed point of R3 de-
scribed in Theorem 2.3 of [23] leads into a supercritical fixed point P, of the type
described here. This concerns the case p = 1/,, where the curve F = )\e()\_l) is
trivial, namely F = 0 by symmetry. Still, ...

o A possible renormalization picture would be that something similar occurs for any
periodic rotation number p. Then the curves E = )\e()\_l) should extend all the way
to criticality.

2. Renormalization

We use renormalization as a combinatorial tool for generating factors of the type that
appear in (1.8). From an arithmetic point of view, the renormalization (RG) transformation
R defined below lifts the Gauss map for real numbers to pairs of maps (F,G). From an
analysis point of view, R constitutes a dynamical system on a space of such pairs.

Consider a pair (F,G) of skew-product maps F' = (1,B) and G = («, A) acting on
R x R? via factors A, B : R — SL(2,R). If G commutes with I, then G can be viewed
as a map on a cylinder in R x R? whose points are the orbits of F. Assume that a < 1
is a positive irrational number, and denote by ¢ the integer part of a~!. Then the basic
renormalized pair is defined by

R(F,G) = (F,G), F=A'GA, G=A'FG°A, (2.1)

where A(z,y) = (az,y). By construction, the first component of F' is again 1, while the
first component of G is & = a~! — ¢. Notice that o + ¢ is the Gauss map that appears in
the continued fraction expansion of a.
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In what follows, we restrict to the inverse golden mean, which satisfies a=! — 1 = a.
So we can fix ¢ = 1 in (2.1). The transformation R extends readily to factors in GL(2, R).
In this case, G~! is replaced by the quasi-inverse G defined below. We note that a map
G = (a, A) is reversible in the sense of Definition 1.1 precisely if

SIS =GT = (~a, A(.—a)T),  S(z,y9) = (~=,5y). (2.2)

A pair P = (F, G) is said to be reversible if both F' and G are reversible.

The conjugacy by A only renormalizes the translational parts of our skew-products.
We will often have to renormalize the matrix part as well. When considering periodic
orbits of length k, it is best to do this only once per period. So for R* we use a scaling

where Ly, a suitable matrix in £SL(2,R) that commutes with S. This matrix can depend
on the pair P = (F,G). It will be specified as needed, when the choice matters.

The definition (2.1) of R involves the basic composition operator C(F,G) = (G, FG).
Due to the symmetry A — —A mentioned in Remark 2, we restrict to powers of C that
are multiples of 3. Then it is convenient to replace C* by the transformation C3 defined by

C3(F,G) = (GF'G,G'FGTFGT). (2.4)

The only difference between C? and Cs is the order of the factors. This is irrelevant for
commuting pairs; but for non-commuting pairs, which need to be included in our analysis,
the transformation C3 does not in general preserve reversibility, while Cs does.

Given any n > 1, we define the RG transformation Rg,, by setting

Ran(F,G) = (A3 FAzn A5 FAs),  (F,G) =CH(F,G). (2.5)

Consider first the case n = 1. Let ( 2 é) = Rs3(F,G). A straightforward computation
shows that the symmetric factor B, for F' is

B.(z) = L3' A, (o — 552) B, (o®2) A, (0®z + 152 L, (2.6)

and that the symmetric factor A, of G is

flo(:z;) = Lgle (an +(1- Oz))TBO (a3x + 1_TO‘)AO (a?’x)Tx

x B,(a’z — 152)A, (0®z — (1 — O[))TLg .

(2.7)

Notice that, if B, and A, are analytic in a strip |Imz| < §, then BO and flo are analytic
in the strip |Imz| < a=34. The following is equally straightforward to verify.
Let r, and r, be positive real numbers.

Proposition 2.1. Assume that o3r, + %oﬁ <r, <adr, — %a‘l. Notice that r, = %y

and r, = Y, satisfy this condition. If the domains of B, and A, include the (real or
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complex) disks |z| < r, and |z| < r,, respectively, then the domains of B, and A, include
the same disks. Assume now that

a 1 3 1.2 -3 1 -1
Ty > 5, T, > 5, a’r, + 50" <ry <a Cr,—ga . (2.8)

Suppose that the domains of B, and A, include the disks |x| < r, and |z| < r,, respectively.
Then the domains of the symmetric factors associated with RY(F,G) include the same
disks. Furthermore, these domains grow asymptotically like a=3", as n — oo. Moreover,
the values of these factors on any given compact set are determined (for sufficiently large
n) by the values of B, on the disk |x| < r, and the values of A, on the disk |z| <r,.

This motivates the following choice of function spaces. Given r > 0, denote by F,. the
space of all real analytic functions f on (—r,r) that have a finite norm

17l = 3217 )] 5 (2.9
n=0 :

Notice that every function f € F,. extends analytically to the complex disk |z| < r.
Furthermore, F, is a Banach algebra under pointwise multiplication of functions. This
was crucial in [21,23] but is less important here.

The space of matrix functions

2 A (z) = {Z((;“")) Zg))] (2.10)

with entries in JF, will be denoted by F2*. The norm of A, € F2 is defined as || A, =
laollr =+ [|6o]]r + ||co|l + [|do ]| . Given a pair r = (r,,r,) of positive real numbers, we define

H. to be the vector space of all pairs P = (B,, A,) in ffB X ffA, equipped with the norm
IPllr = 11Ballr, + 1A, -

Given that every skew-product map that appears in our analysis has a pre-determined
first component, we will identify a skew-product map G = («, A) with its symmetric factor

A,. Referring to (2.10), we note that G is reversible if and only if a, and d, are even, while
b,(r) = —c,(—x). The subspace of reversible pairs in H, will be denoted by H..

Convention 4. We always assume that domain parameters r = (r,,r,) satisfy the
domain condition (2.8). And whenever L : H, — £SL(2,R) remains unspecified, it is
assumed to be continuous.

Lemma 2.2. The transformation R3 : H, — H, is compact and preserves reversibility.

The reversibility-preserving property is a consequence of the fact that the products
GF'G and GTFGTFG' that appear in (2.4) are palindromic. Compactness is a consequence
of the fact that R3 is analyticity-improving, in the sense that Rs maps bounded sets in
H, to bounded sets in H,, for some 7/, > r, and r/, > r,. Now combine this with the fact
that the inclusion maps F,. — F, and v — F, are compact.
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The same holds of course for the transformations Rs,, with n > 1.
When the exact growth of products is not needed, we also consider a modified version
of our RG transformation, defined by

Ran = NoRsy, (2.11)

where 91 is a suitable normalization. Unless specified otherwise, 1 consists in normalizing
B, = ||B.|l;,} B, and A, = ||| ' A..
The following implies Theorem 1.2.

Theorem 2.3. Pick Ly = S. Let P’ = (F',G’) be a pair in H,, of the form F' = (1,1)
and G' = (a, A’). Assume hat G’ has a positive Lyapunov exponent and is reversible.
Denote by K the set of all accumulation points of the sequence n +— R5(P"). Then every
pair P = (F,G) in K has the following property. F = (1,B) and G = (a,A), with
B,(z) = b,(x)AT and A,(x) = a,(z)A for all x, where b, and a, are nonzero even entire
functions and A is a constant 2 X 2 matrix of rank 1.

Proof. First, notice that SC,(z)S = C,(—z)" for any reversible map H = (vy,C). So
the conjugacy by L3 = S in (2.6) and (2.7) just replaces each factor C(x) by C(—z)t. In
particular, the leftmost factor in (2.7) becomes A, (—a?z — (1 — a)).

Since the transformation Rz is compact, the set K is compact and non-empty. And
by Proposition 2.1, the symmetric factors B, and A, of any pair P € K are entire analytic.
They have norm 1 and thus cannot be zero. Without the normalization 91, the norm of
RE(Py) tends to infinity, since G has a positive Lyapunov exponent. So the factors B, and
A, have determinant zero and rank 1.

Consider the representation (2.10) for A,. By reversibility, the functions a, and d, are
even, while b, (z) = —c,(—x). Consider first the case where one of a,, b,, ¢, d, is identically
zero. Then a,d, = b,c, = 0, implying that A, = a, [(1) 8} or A, =d, [8 (1)} Using now (2.6)
and (2.7), we see that P = 93(P) has symmetric factors with the properties described in
Theorem 2.3.

Assume now that none of a,, b,, c,, d, is identically zero. Consider the ratio rq = ¢, /a,.
This is a meromorphic function describing the angle between the range of A, and one of
the coordinate axis. Denote by 7, the corresponding ratio for the pair P, = R5(P). By
(2.7) we have

ri(z) =ro(—a’z — (1 —a)). (2.12)

Notice that the function z — —a3z — (1 — «) has 29 = —, as a fixed point. Setting
R, (t) = rp(zo + t), the identity (2.12) becomes

R, (t) = Ro((—)*"t), (2.13)

with n = 1. The same holds for any n > 0 by iteration. Unless R has a pole at the
origin, we see that R, — R(0) on some open neighborhood of the origin. If R has a
pole at the origin, we repeat the above with ro = a,/c, in place of g = ¢,/a,. Using
compactness again, this shows that K includes a pair P with constant ratio ry in some
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open neighborhood of zy. In the case where ry = a,/c,, this implies that a, = rgc, and
b, = rod, on all of C. If rp = 0, then we are in the case discussed at the beginning.
Otherwise, the reversibility property b, = —c, shows that a,,b.,c,,d, are all constant
multiples of ¢,. A similar argument applies in the case ro = ¢,/a,. In either case, since
a, and d, are even and not both identically zero, K includes a pair P that admits the
representation described in Theorem 2.3. QED

We are interested in describing the points  where the limiting factors B, and A, in
Theorem 2.3 are zero. For a limit pair P = (F,G) with F' = (1, B) and G = («, A), the
equations (2.6) and (2.7) can be used to describe how zeros propagate under renormaliza-
tion. Let B be the set of zeros of B, and A the set of zeros of A,. Let B and A be the set
of zeros of the symmetric factors for P = R3(P). From (2.6) and (2.7) we see that

B=a?B, B=8B |J (A+ %a2>, (2.14)
m==%1
and 3 ) )
A=a34, A= m:ﬂ(B + %oﬁ) mgﬂ (A + ma2> . (2.15)

The map (B, A) — (B, .A) will be described in more detail in Section 4.

3. Limit skew-products and the rotation number

In order to describe the behavior of factors (1.5) with large values of A, we divide these
matrices by A and consider the resulting factors

vit+z)—€ =0

(3.1)

where § = A~! and e = A\"'E. Here, and in what follows, we assume that A > 1. Orbits for
the associated skew-product map G = (a, A) on T x R? are in one-to-one correspondence
with solutions of the equation Hiu = eu,

(Hiu)y = v(t + qa)uy — Sugr1 — dug_1, qgeZ. (3.2)

Clearly, the operator H} on ¢*(Z) has a well-defined limit as § — 0, given by setting § = 0
in the above equation. A sequence u € ¢?(7Z) is an eigenvector of H¢ with energy e if and
only if [v(t + ga) — €|uy = 0 for all g. So for every integer ¢, the function v = J, supported
at ¢ is an eigenvector of H} with eigenvalue v(t+ga). Given that these eigenvectors span a
dense subspace of £2(Z), the spectrum of H} coincides with the range of v, and it consists
purely of eigenvalues and their accumulation points.

The integrated density of states £(¢) is the fraction (in the usual limit sense) of integers
q for which v(t + ga) < e. By ergodicity, this is simply the measure of the set of all points
x € T for which v(z) <.
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Let us compute £(¢) for the AM potential v(x) = —2cos(27x). For simplicity consider
t = @,. Then the symmetric limit factor associated with (3.1) is

A,(x) = a.(z) [(1) 8} ) a,(r) = —e — 2cos(2mx) . (3.3)
Given € in the spectrum [—2,2] of Hf, we define p = p(e) in [0,1] by the equation
€ = —2cos(2mp). Then

a,(z) = 2cos(2mp) — 2cos(2mx) = 4sin(w(z — p)) sin(w(x + p)) . (3.4)

If we represent T as the interval [—1/y, 1/5] with the endpoints identified, then a, is negative
on (—p, p) and positive on the complement of [—p, p|. This shows that £(¢) = 2p.

In order to determine the rotation number of the skew-product map G, = (a, A) with
symmetric factor (3.3), let us first reformulate the definition of the number Roty (G) that
appears in (1.7). It counts half the number of times that the first component of the vector
A**(t)y changes sign as k is increased from 1 to N. The limit (1.7) is independent of ¢
and of the initial condition y € R?\ {0}. We choose the same definition for degenerate
skew-products with A(z) = a,(x)A, but we assume that Ay # 0.

Notice that A**(t)y changes sign as k is increased to k + 1 precisely when a,(t + ko)
is negative. So by ergodicity, the average number of sign changes is the measure of [—p, p|.
The limit (1.7) is half this number, which is p. So in summary, we have

te) =2p, rot(G.) = p, e = —2cos(2mp) . (3.5)

In particular, €(¢) = 2rot(G.), which corresponds to the known relation for the AM factors.
Notice that HE + 261 > Hf > H{ — 201, where H > K means that H — K is a positive
operator. Using the definition of £, given in the introduction, we have €, (Hg + 261, e) <
¢, (H} e) <t,(H{—261,¢€). Taking L — oo and then § — 0, and using that €(e) = 2rot(G.)
for 0 < § < 1, we obtain the following.

Proposition 3.1. Let G5 = (a, A), with A given by (3.1) and v = —2cos(27.). Then
rot(Gs) — rot(Gp) as § — 0, uniformly in e.

The same holds for real analytic potentials close to v = —2 cos(27 .).
Notice that a skew-product map G = («, A) with A(x) = a(z) [(1) 8] is for practical

purposes a skew-product map g = (a,a) on T x R, where a(z) acts on R by multiplication.
The rotation number of g, determined via sign changes, is clearly the same as the rotation
number of G.

Recall our definition (1.7) of the rotation number rot(G) is restricted to Schrodinger
factors as defined by (1.5). The formula (1.7) can be applied to other pairs G = («, A) as
well. But it does not yield the desired result, in general, not even modulo 1/,.

For a more general definition of a rotation number for skew-product maps G = («, A)
on T x R?, assume that A : T — SL(2,R) is continuous. Consider the map y +— A(z)y on
R\ {0}. Writing y as ||y[|[$>°/] and n = A(2)y as ||n]|[$>°T], we have a continuous function

sin t sin T

T =7(x,t) from T xS to S, where S = R/(27Z). Each of the maps t — 7(z,t) on S admits
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a continuous lift ¢t — ¢ + g(z,t) to R. This lift is unique up to an additive constant 2wm,
with m, € Z. Assuming now that A is homotopic to x — 1, we have m, = m for all x.
Using the map G defined by G(z,t) = (x + a,t + g(z,t)), one now defines

Q.
Y

. 2Nn(G
o(@) = Jim =

| N

Here, a can be any irrational number. Using the unique ergodicity of x — = + « on T,
it is possible to prove [6,7] that the limit (3.6) exists, is independent of (x,t), and that
convergence is uniform in (z,t). Due to the freedom of choosing m € Z, the rotation
number o(G) is unique only modulo 1.

Y 5 (G) measures the amount of rotation on the interval {1,2,..., N}, in units of 1 per
revolution. For Schrédinger maps G = («a, A), we assume that the lift g has been chosen
in such a way that ¢(0,0) € [0,27). Then X (G) agrees within an error < 1 with half the
number of sign changes Roty (G). This follows from the fact that the second row of A(x) is
[1 0], implying that A(z) maps the right (left) half-plane to the upper (lower) half-plane.
So every full revolution is associated with a single sign change positive — negative and a
single sign change negative — positive; see also [8,10,15]. This implies in particular that
rot(G) = o(G) for Schrédinger maps with continuous potentials.

4. Periodic orbits

In this section we consider pairs of skew-product maps p = (f,g) with f = (1,b) and
g = (a,a), where b and a are even real analytic functions whose values a(x) and b(x) act
on R by multiplication. The RG transformations R 3, extend naturally to such pairs, if we
define b = b and a' = a. Conjugacy has no effect for scalar factors, so A, = A* for all k.
The condition that a and b be even corresponds to reversibility.

Our goal here is to construct periodic orbits under renormalization and to describe
some of their properties.

Convention 5. Throughout this section, the second component A in a pair («, A)
representing a skew-product map denotes the symmetric factor. So the composition rule

here is (8, B)(«, A) = (a+ 3,C) with C(x) = B(x + @/ ) A(z — B/y).

First we need to establish some properties of the map (B,.A) — (l’;’, fl), defined by
the equations (2.14) and (2.15). A crucial ingredient in the proof below is the well-known
identity

)

Pk — e = (—« Qk = DPk+1 5 (4.1)

where p, denotes the k-th Fibonacci number.
Lemma 4.1. Let By = {}. Given Ay C R, define B,, = B,_1 and A, = A,_; for
n = 1,2,3,... For every r > 0 define A, (r) = A, N [—r,r] and B,(r) = B, N [—r,7].

Consider now Ay = {p} with 0 < p < 15. Then B, (Y,) and A, (i) contain at most one
point, for each n. The sequence k — Ay (1/,) is periodic if and only if p is positive periodic
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or belongs to {0, %/, Y, }. Furthermore, some set A, (1) includes a point p € 1Z[a] if and
only if p— p € Z|a].

Proof. Let By = {} and Ay = {p}, considered as sets on the circle T = R/Z. Let
B, = B,_1 and A, = A,,_; for n = 1,2,3,..., using the map (B,A) — (é,A) defined
by (2.14) and (2.15). Consider the functions by,aq : T — R defined by bo(z) = 1 and
ap(x) = sin(mw(z — p)). If we set b, = b, 1 and a, = a,_; for n = 1,2,3,..., where

b(z) = a(z — 152)b(x)a(x + 152) (4.2)
(

) 5 )
a(z) =a(z+ (1 —a))b(z + 52)a(z)b(z — 5%)a(c’zs — (1 — @),
then the zeros of b,, and a,, are precisely the sets B,, and A,,, respectively. Notice that

by (x) = ao(«’lf + q?’"T_la) X -ao(aﬁ + %a)ao(x — %a) "'ao(x _ QBB—la) ’

4.3
ao(z + L2=La) - ag(z + a)ag(w)ag(z — @) -~ ap(z — Lz—La). (4:3)

Q
3
~~
8
N~—

I

So the zeros of a,, constitute an orbit on T under translation  — x + « (mod1). This
orbit has length ¢3,, and its center point is at p. By the three-gap theorem [1,2,3], the gaps
between adjacent points in A, can only take the values a3"~2, 3"~ !, and o>". In fact,
the gap o> =2 cannot occur, since it gets closed in the last step of the orbit. So the gaps
in the scaled orbit A, = a=3"A4,, are either ! or 1. Thus, A, (1) contains at most one
point. Similarly, the gaps in B,, are no shorter a®"~!, so the scaled orbit B, = a=3"B,
has at most one point in [—1/5, 1/5].

Consider now the condition that 4, contains a given real number p. This condition
is equivalent to G, (p) = 0, where @,(z) = a,(a®"z). From (4.3) we see that a,(p) = 0
exactly when

Q3n_1
2 Y

(o) =1]p - +ria=p—p, |n|< (4.4)

for some v € Z?2. Using that (p3,—1 — 1) — pana = (—a)3™ — 1, this can be written as

q3n_1

5 (4.5)

[((P3n—1—1) — pana]p— 12 + 1106 =p—p, 1] <

If p = 0, then (4.5) can be satisfied from some n if and only if p € Z[a]. And a

straightforward computation shows that p = 0 yields A, (1/5) = {0} for all n. Consider
now an arbitrary g € $Z[a]. In this case, the equation (4.5) can be written as

11 ~ %

Q?m_l
5 .

(4.6)

Notice that ps,—1 — 1 and ps,, are even. So we must have p € p + Z[a]. For p = 1/, and
p = %, an explicit computation shows that A, (1/5) = {£p} for all n. We note also that
(4.6) has no solution for p = 15 — @,



Supercritical skew-product maps 13

Consider now the periodicity condition a,(p) = 0, which corresponds to setting p = p
in (4.5). Clearly, we need p € Q[a] for (4.5) to have a solution in this case. So write
p =%+ “a for some v > 0. Without loss of generality, we can restrict restrict to values
of n for which p3,_1 = 1 and p3,, = 0 modulo v. This condition is satisfied e.g. if n is a
multiple of the Pisano period ¢(v). By definition, the Pisano period ¢(v) is the period of
the Fibonacci sequence k — pr modulo v. Then we have a,(p) = 0, if and only if

-1 —1
Pan-17 7 Dsn (w4 ua) —ve + 110 =0, | < 3n , (4.7)
v v 2
for some v € Z?. Multiplying out the product [...](w + ua) in the above equation and
using that o® = 1 — o, one finds that
—1 1 —1
v = Pan ), B3n u, vy = Pan=1 = 2y Diny,, (4.8)
v v v v
And the condition || < q3712—1 becomes
P3n W U 1
i (4.9)
q3n — 1 v v 2

Assume now that p is neither 0 nor 1/,, since these values have been covered already. Then

equality in (4.9) can hold only for finitely many values of n. Given that qf‘”—il — «, we

have a,(p) = 0 as n — oo along multiples of ¢(v) if and only if ‘ o — %‘ < 1, meaning
that p is positive periodic or equal to @,. This show that the sequence k — Ag(1/y) is
periodic if and only if p is positive periodic or belongs to {0, %/, 1/, }. QED

w
v

We note that, since points evolve independently, having m > 1 points in Ag results
in A, (1Y) and B, (1) containing m points or none. Furthermore, if A is invariant under
t — —t, then so are all the sets A,, and B,,.

Convention 6. In the remaining part of this paper, p is a fixed but arbitrary positive
periodic rotation number. Referring to the periodicity statement in Lemma 4.1, the fun-
damental period of the sequence k — Ay, generated from By = {} and Ay = {p}, will from
now on be denoted by n.

Recall from (2.11) that Rs,, = MoRs3,, where N is a suitable multiplicative normaliza-
tion. The following theorem deals only with (zeros of) specific functions, so we “normalize”
here simply by identifying functions that are constant multiples of each other.

Theorem 4.2. R3,, has a fixed point p, = ((1,bs), (o, a,) with the following properties.
The functions b, and a,, are entire and even, and as functions of \/x, they are of order /.
The zeros of b, and a, are all real and simple. a, has zeros at +p and no other zeros in
the interval [—1/5,1/5].

Following an approach used in [22], we construct the functions b, and a, by first
determining their zeros. In what follows, we identify nonzero functions v and v that are
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constant multiples of each other; in symbols, u = v. The set of zeros of a function u will
be denoted by Z(u).

By reversibility, the factors of our skew-product maps f = (1,b) and g = («, a) admit
a factorization b(z) = b(x)b(—z) and a(z) = a(x)a(—=x). This factorization is canonical
(via orbits) and propagates under renormalization. The functions b and a will be referred
to as the semi-factors of f and g, respectively. Consider the sequence of zeros j + b; of
b and the sequence of zeros j + a; of a. If the sums > [b;|~* and 3y~ |a;| =2 are finite,

then
2 2

b(z) = H<1 - %) . alz) = H(1 - ;’j—z) , (4.10)

J J j J
with uniform convergence on compact subsets of C. In the cases considered below, all
zeros are simple, so we may work with the sets B = Z(b) and A = Z(a) instead of the
sequences j — b; and j — a;, respectively.

If P =(B,.A) is a pair of subsets of R, define the pair P = (l";’, fl) by the equations
(2.14) and (2.15). Denoting the map P P by R, we define P, = Rt" (P)fort=0,1,2,....
To recall the connection of R with the transformation Rg3, consider two reversible maps
f=(1,b) and g = (a,a). If B = Z(b) and A = Z(a), then we have B, = Z(b") and
Ay = Z(a'). Here b’ and a’ are the semi-factors associated with the pair p! = R (p),
where p = (f, g).

Proof of Theorem 4.2. In order to simplify the description, consider the explicit pair
p=((1,1),(ev,a)) with a(x) = 4sin(n(z — p)) sin(w(x + p)). Its semi-factors are given by

b(z)=1, a(x) = sin(w(xz — p)) . (4.11)

Notice that a is periodic with period 2. But its zeros are periodic with period 1, that is,
B ={} and A = {p} + Z. Since the transformation R involves a scaling by a2, the sets
B; and A; are periodic with period r; = a=3™. So we can regard them as subsets of the
circle Ty = R/(r:Z). Representing this circle by the interval [—r; /2,7 /2] whose endpoints
are being identified, the zero sets B, C T; and A, C T, associated with p’ are given by
B, = B:NT; and A} = A; N'Ty, respectively.

As described in the proof of Lemma 4.1, the set A} is a scaled orbit of length g3,
under x — x + «, centered at © = p. As a result, the gaps between two adjacent zeros
in A, are either a=! or 1. Similarly, the gaps between two adjacent zeros in B} are no
shorter than a~!. Recall also that A, C A} by Lemma 4.1. Thus, given that B} C B,
the inclusions B; C B ; and A; C A}, hold for all ¢.

Now we can define B, = lim; B; and A, = lim; A, using either the lim inf or lim sup,
with the same result. Due to the above-mentioned gap properties, the zeros b; of b" and
the zeros a of a’ satisfy 3, (b%) ™ < oo and 3 (a})™? < oo, respectively. This includes
the case t = 0o as well. We note that all zeros are real. And they are simple: we have
p & 3Z[c], so —p is not on the orbit of p under translation z — x + « on T.

Clearly, Poo = (Boo, Aso) is a fixed point of R3". Now define b, and a, as products
(4.10), for the zeros b; = b3° and a; = a$°, respectively. Since we are dealing with a class
of entire functions (even, and of order 1/, in the variable v/z ) that are determined up to a
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constant factor by their zeros, it is not hard to see that the pair p, with symmetric factors
b, and a, is a fixed point of Rg3,, up to a normalization by constant factors. QED

We note that b* — b, and a® — a,, uniformly on compact subsets of C. This is a
straightforward consequence of our uniform gap-bounds, together with the property that
B, C Bi,, and A} C A}, for all t. But we need not prove this here, since it follows from
Theorem 4.3 below.

For a more detailed description of the convergence argument we refer to [22], where a
similar analysis has been carried out (related to the critical case) for meromorphic factors
a(z) = a(zr)/a(—z) and quadratic irrational «.

We note that the product (4.10) for the function a, is in effect an infinite product
of sine functions, albeit rescaled. The classical product of sines is the Sudler product
P,(a) = H;nzl |2sinmja|. Perturbed versions of this product, for a the golden mean,
have been investigated recently in [20].

Let us return to the issue of normalization. As can be seen from (2.6) and (2.7), we
may replace b, — —b, and/or a, — —a,, in such a way that b,(0) > 0 and a.(0) < 0.
This corresponds to the signs of the limit AM pair, with b, = 1 and a, given by (3.3).

The symmetric factors of p, = Rs3,(ps) are of the form 60 = bee and G, = ae™ for
some real constants 7, and u,. Consider a pair p = ((1,a), a, b)) with symmetric factors
b =b,e” and a = a,e". If u and v are constants, then the symmetric factors for p = R3,,(p)
are b = Z;Qe@ and @ = aoe, where

MR R H A S i

Since U is hyperbolic, it is clear that we can determine v and u in such a way that v = v
and @ = u. Thus, we will assume from now on that b, and a, have been normalized in
such a way that p, is a fixed point of R3,.

For the normalization 91 that enters the definition (2.11) of Rgs,, we now choose
(b,a) — (Mb, a), with M defined by the condition Mb(0) = b,(0). Clearly, p, is a fixed
point of Rg,.

Denote by x the positive zero of b, that is closest to the origin. Presumably x > o/,
but we are not sure. In any case, all zeros of p, are determined (via orbits) from the two
zeros of a, at +p. Under renormalization, zeros of b, in [—9/5, %] could only generate
zeros of b, outside [—</5, @/5] and/or zeros of a outside [1/5, 1/5].

The following holds for some open neighborhood Z of «.

Theorem 4.3. Let b be even and real analytic on [—%/, %], satisfying b(0) > 0. Let a
be even and real analytic on [—1/5,1/5], satisfying a(0) < 0. Assume that b has no zero
in (0,%5] \ Z. Assume that a has a simple zero at p and no other zeros in (0,1/,]. If
p=((1,b), (a,a)), then RE (p) = po as k — oo, uniformly on compact subsets of C.

Given any real numbers r, and r, satisfying (2.8), define G, = F,._ X F;, and denote
by G the subspace of reversible pairs.

Proof of Theorem 4.3. Consider first the sequence of pairs p,, = R%},(p). For suffi-
ciently large m, the zero sets of b,, and a,,, agree with the zero sets of b, and a,, respectively,
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on any given compact subset of C. This includes the absence of non-real zeros, since their
imaginary parts expand by a factor =3 under R3, as can be seen from (2.14) and (2.15).

Now pick r, and r, satisfying (2.8). If mg has been chosen sufficiently large, then
for m > my, the pair p,, belongs to G, and its zeros agree with those of p, on the disks
|z| < r, for b and |z| < r, for a. To simplify notation, replace now p by p,,.

Then we have b = bse” and a = aqe® for a pair of functions (u,v) € G,.. And the
symmetric factors of p = M3, (p) are again of the form b = bee? and @ = ace®, with
(4,?) € Gr. The map L : (v,u) — (0,%) on G, is linear, compact, and rather simple: its
eigenvectors are pairs of polynomials of degree 2k with eigenvalues a®"(25%1): except at
degree 0, where our normalization condition 91 acts. Without 91, the constant functions
transform via the matrix U?" in (4.12). Our normalization condition 9 eliminates the
expanding eigenvalue o ~3" and makes the constant terms contract as well. Thus, v and v
tend to zero under iteration of L, implying that R (p) — po in G, as k — oco. QED

Remark 7. Theorem 1.2 and Lemma 4.1 indicate that the periodic orbits p, associated
with periodic rotation numbers p are merely periodic points in a supercritical attractor
for MR3. It should be possible to determine non-periodic orbits associated with many other
values of p. In such an analysis, there would be no reason to restrict a to the inverse
golden mean or another quadratic irrational. But we have not looked into these questions.

5. Hyperbolicity and consequences

Let ps be the fixed point of A3, that was described in the last section.

Theorem 4.3 implies that the stable subspace of DR, (p,) has codimension one and
includes all reversible pairs p = ((1,b), (o, a)) that satisfy a(p) = 0. Perturbations with
a(p) # 0 are unstable: (2.14) and (2.15) show that small perturbations of zeros grow at a
rate a2 under R3. This implies the following.

Corollary 5.1. The derivative of DR3,,(p,) on G has a simple eigenvalue a=3" and no

other spectrum outside the open unit disk. The stable subspace is characterized by the
condition a,(p) = 0.

Consider now the transformation Rs for skew-products with factors in GL(2,R).
Given the form of our matrices (3.1), we associate with the fixed point p, the pair
P, = (Fs,G,) with symmetric factors

Bo(x) = bo(2)AT,  Ag(z) = ao(z)h, A= {3 8]. (5.1)
Recall from (2.5) that the transformation R, includes a scaling Az, (z,y) = (o™, L3,y).
Consider first the choice Ls, = S™. Then it is straightforward to check that P, is
a fixed point of Rs,. If we restrict Rs, to pairs P = (F,G) with symmetric factors
B,(z) = b,(z)AT and A,(z) = a,(7)A, where A is fixed as in (5.1), then DR3,,(P,) is clearly
equivalent to DR3,(ps). But in the full space H.., the derivative of DRg,(P,) has an

eigenvalue 1 associated with conjugacies by constant matrices that commute with S. This
eigenvalue can be eliminated as follows.
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Let (F, G) = Rsn(F,G), still with the choice Lg,, = S™. As an extra normalization

step, we include a conjugacy A, — A, = e~ 9mS 4 _e%nS and B, — B, = e 93nS B 305

in order to normalize the off-diagonal terms l~)o and ¢, of the matrix flo. To be more precise,
we choose 03, = 03, (P) in such way that

5O(I0) = 0, rog = — (52)

[N]fe)

This is possible if A, is sufficiently close to A, since as(zg) # 0. Here we use that p # xg.
Our reason for normalizing at x( is that this is the point about which we have the scaling
(2.13). This normalization step can now be incorporated into the scaling As,, by choosing

L, = S™e7% = 5" [cosh(03,)1 + sinh(03,) 5], O3n = 03,(P). (5.3)

In what follows, the transformation R3,, is defined with the above choice of Lg,,.

We also have to define a proper version of Rz, = 9toR3,. This can be done the same
way as for scalar factors. Let P = s, (P). If B, denotes the symmetric factor of F, then
N consists of the scaling B, — M BO, where M is determined by the condition that

M tr(B,(0)) = b6 (0) . (5.4)

Clearly, P, is a fixed point of fRs,.
Consider now the derivative of Rs,, (P,), applied to a pair P = (F,G) with symmetric
factors

B. — [aB bg}, A = [aA bA]‘ (5.5)

cg dp CcA dA
Theorem 5.2. DR3,,(P,) is hyperbolic, with a simple eigenvalue a~3" and no other
spectrum outside the open unit disk. The stable subspace of DRs,,(P,) is characterized
by the condition a,(p) = 0 in the representation (5.5).

Proof. Consider a representation analogous to (5.5) for the pair P = DR, (P,) P, with a
tilde over the matrices and their elements.

The factors B, and A, naturally decompose into sums of products of matrices from
{B,,A,,B;, As}. But only a few products are nonzero, due to the fact that each product
can only have one factor B, or A,. The other factors all are B, or A,, which are “sparse”
in the sense that they only have one nonzero matrix element.

In order to describe some nonzero terms, let us split B, into a “1d” part that has
ap = bg = cg = 0, and into a “2d” part that has dz = 0. Similarly, we split A, into a
1d part that has by, = ¢, = d4, = 0, and into a 2d part that has a, = 0. If we split B,
and A, analogously, then DR, (P,) becomes a 2 X 2 “matrix”. A useful feature of this
matrix is that it is upper triangular, meaning that the entry “1d — 2d” is zero. So the
eigenvalues of DfRg,,(P,)P are those of the operators “1d +— 1d” and “2d — 2d”. The
former is hyperbolic, with a single expanding direction, as described in Corollary 5.1.

Consider now the “2d +— 2d” part. The first observation is that a; and d, are zero
when o3, = 0. So these functions are determined by c,(xg) only. As a result, DRs3,,(P,)
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has an an eigenvalue 0 with eigenvectors whose only nonzero components are a; and d,.
Furthermore, the terms az and d, do not contribute to the off-diagonal entries of B, or
A,. So it suffices to consider the operator “off-diagonal — off-diagonal”. Here, only the
rightmost or leftmost factors contribute, and this is always a factor A, or Al. So &, and
b, are determined by ¢, and b,. And DfRs,,(P,) has an an eigenvalue 0 with eigenvectors
whose only nonzero components are c; and by.

Consider now the case o3, = 0, where the conjugacy by e?#»° is trivial. Then ¢,
satisfies

C—A(xo +t) = C—A(ﬂio —a®'t), (5.6).
s Qo
near t = 0, where xg = —®4,. This corresponds of course to the relation (2.13). So

DR, (Ps) has eigenvalues (—a)3"™ with eigenvectors whose only nonzero components are
ca(z) = ao(x)(z — z0)™, cp(z) = =bo(x)(z — z0)™, (5.7)

as well as b,(z) = —c4(—2) and by(x) = —cz(—x). These eigenfunctions are contracted
for m > 0. But for m = 0 we have an eigenvalue 1. This is due to the fact that we
considered o3, = 0. With o3, = 03,(P) as defined by the condition (5.2), the eigenvalue
becomes 0.

This shows that the only unstable direction of D3, (P,) is the one inherited from
DRs,,(po), which is associated with a nonzero value of a,(p). So the stable subspace W*
of DRs3,,(Ps) consists of all pairs P with the property that a,(p) = 0. QED

Our proof of Theorem 1.4 below involves the pre-limit versions

rotn (G) = R‘)t+(G) Re)

_ En(G)
==

(5.8)

of the rotation numbers defined in (1.7) and (3.6), respectively. Let P = (F,G) with
F = (1,1). Then the rotation numbers (5.8) for N = g3, can be computed via iterates
P, = RE (P), using that for even k,

Py = (Fy,Gy), G =AgL (FN)PrEGerk gy, . (5.9)

Here, Aspi(z,y) = (a?’”kx, e"3nksy). Assuming that G = («, A) commutes with F', mean-
ing that A is periodic with period 1, the factors FT in (5.9) contribute nothing to the
matrix part of Gj. We will be using (5.9) in the case where P, — P,. Then the sequence
of normalization constant k +— o3,k (P) converges, since o3,k (P,) = 0.

Proof of Theorem 1.4. Let R; be a small rectangle in H!., centered at P,. To be
more precise, let us call the stable (codimension 1) subspace W* of DRs3,,(P,) vertical and
the unstable (dimension 1) subspace W* horizontal. Then R, is a rectangle centered at
Ps, of width and height 2d, whose left/right sides are vertical and top/bottom sides are
horizontal. Denote by W?* (W*) the local (un)stable manifold of Rs,, at P,. It is tangent
to Po + W* (P, + W*) at P,. If d > 0 is chosen sufficiently small, then W9 (W") leaves
the rectangle through the top/bottom (left/right) sides within O(d?) from their centers.
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Consider first the AM factor, multiplied by § = A~1, with energy E = Xe. So we have
a pair P = (F,G) with F' = (1,1) and G = («, A), and the symmetric factor A, is

Au(z) = {“Ogl’) _05}  au(w) = — — 2cos(2ma). (5.10)

To indicate the dependence on § and e, we will use the notation P° or P°(e).
Consider first the case 6 = 0. Let €(0) = —2cos(2mp). If we fix € = €(0), then
the sequence k +— ﬂ%lgn (PO) converges to P, by Theorem 4.3. If we consider the family

€ — P%(e), with € close to €(0), then for sufficiently large k, the family e — %5 (P%(e))
enters and leaves R, through the vertical sides and it is transversal to the stable manifold
W¢#. This follows from the way the zeros of a, transform under renormalization; and we
assume that d > 0 has been chosen sufficiently small.

The same holds for the family e — P?(¢), for § # 0 sufficiently close to 0. So if d > 0
has been chosen sufficiently small, then the renormalized family e — 9% (P°(e)) crosses
W# transversally at some value € = €(d). Clearly, the curve 0 — €(d) is real analytic near
the origin, and it does not depend on k.

What remains to be shown is that G°(e(d)) has rotation number p. To this end, let
P? = P%(e(8)) and P = RE (P‘s). To simplify notation, let us restrict to § > 0.

We note that, if k is sufficiently large, then the symmetric factor Aim (0) of Gi is close
to As(0) = as(0) [(1) 8}. Thus, given that a,(0) # 0, the first component of Aivo(O) [é] stays
bounded away from 0 and thus does not change sign, as ¢ is varied. This holds uniformly
in k and 6, if £ > kg and § < &g for some ky > 0 and some dg > 0.

We need a slight variation of this property. Recall from (5.9) that Ai’o(()) is the
product (A‘S):qsnk (0), conjugated by a matrix e*m+% with 03, = o3k (P5). Here, and in
what follows, we assume that k is even. Notice that o3,k (P‘S) — 0 as § — 0, uniformly in
k. Thus, by decreasing the value §y > 0, if necessary, the absence of sign changes described
above still holds if Ai’o(O) is replaced by (A‘;):qsnk (0).

Now choose a fixed but arbitrary positive § < §p. Then the above implies that

roty, (G°) = roty, (G°), Ni = qsnk, k=ko. (5.11)

Here, and in what follows, we use as starting point z = %a in the definition of Roty (G).
This corresponds to the argument of the rightmost factor in our symmetric products
A*N(0). Due to the uniform convergence in (3.6), we still have Roty(G) — rot(G) as
N — oo.

Let now € > 0. If & > kg is sufficiently large, then ’rotNk (G5) — rot (G‘S)‘ < €/2 and

|rot v, (G°) — p| < €/2. Combining this with (5.11), we have

’rot(G‘;) — p’ < ’rot(G‘S) —roty, (G‘S)‘

5.12
+ ‘rotNk (G‘S) — roty;, (GO)| + ‘rotNk (GO) — p‘ <e€. ( )

Since € > 0 was arbitrary, we conclude that rot (G5) = p.
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The extension to more general families of reversible factors assumes that we have again
two parameters A and E, and that multiplication by § = A~! and substitution £ = e
yields a real analytic family of symmetric factors (d,€) — A% that are close in F2 to the
rescaled AM factors (5.10), uniformly in & (near 0) and e (near €(0)). If (6,¢) > A%€ is
sufficiently close to the rescaled AM family, then we can repeat the above argument for
this family (using >, in place of Roty) and get the same conclusion. The main point here
is that transversality to YW?° is stable under small perturbations. QED
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