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Abstract

We provide a fractional counterpart of the classical results by Schwarz and Malmheden on
harmonic functions. From that we obtain a representation formula for s-harmonic functions as
a linear superposition of weighted classical harmonic functions which also entails a new simple
proof of the fractional Harnack inequality. This proof also leads to optimal constants for the
fractional Harnack inequality in the ball.

1 Introduction

In 1934, Harry William Malmheden [Mal34] proved a simple algorithm to compute the value of a
harmonic function at a point of By, knowing its value on the boundary.
The Malmheden Theorem makes use of two fundamental geometric ingredients:

1. the notion of affine interpolation between the values of a given function at two different points
of the space,

2. the projections of a point inside a ball to the boundary in a given direction.

Hence, to state the Malmheden Theorem explicitly, we now formalize these two notions into a precise
mathematical setting. We start by introducing a notation for the affine interpolation between the
values of some given function. That is, given a set K C R", a function f : K — R, two distinct
points a, b € K, and a point x on the segment L joining a and b, we define E‘}?b(x) as the affine
function on L such that E‘J?b(a) = f(a) and E;’b(b) = f(b).

Of course, one can write this affine function explicitly by using the analytic expression

(b—x)-e b—a

M a where e (=
f(a), hete ¢ = — - (1.1)

a0t T

L4(z) =

One can call E(}’b(x) the “affine function of f with extrema a and b evaluated at the point 2”.
Now we discuss the notation regarding the projections of a point inside a ball to the boundary of
the ball in a given direction. For this, given a point # € B; and a direction e € 9By we consider the
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Figure 1: The projections Q% (e) used in the Malmheden Theorem.

intersections Q% (e) and Q* (e) of 0B; with the straight line passing through x € B; with direction
e, with the convention that Q% (e) — @” (e) has the same orientation of e, see Figure 1.
Clearly, from the analytic point of view, one can write explicitly these projections in the form

Q(e) =+ 1 (e)e

and Q" (e) :==x + 1" (e)e, (1.2)

where

ri(e) = —x-e+/(z-e)?—|z2+1

1.3
and r*(e)=—x-e—/(z-e)? —|z]2 + 1. (13)

We note from equations (1.2) and (1.3) that Q% (e) are continuous functions in (z,e) € By x 0B;.

Moreover,
lim Q% (e) = *e (1.4)

z—0

for each e € 0B;. This tells us that the maps Q% simply reduce to +idyp, when z = 0.

Given a boundary datum f : 0B; — R, the core of the Malmheden Theorem is thus to consider,
for every point x € B; and every direction e € 0By, the affine function of f with extrema Q% (e)
and @7 (e), namely the function

Q% (e),Q% (e)
L&A ) (1.5)

and then to average in all directions e.

The remarkable result by Malmheden is that this averaging procedure of linear interpolations pro-
duces precisely the solution of the classical Dirichlet problem in By with boundary datum f, according
to the following classical statement (see [Mal34]):

Theorem 1.1 (Malmheden Theorem). Let n > 2 and f : 0By — R be continuous. Then
up(z) == 4 L7 @) amr (1.6)
9B

1s the harmonic function in By with boundary datum f.

As usual, here above and in the rest of this paper, we denoted by H"~! the (n — 1)-Hausdorff measure
(hence, the integral on the right hand side of (1.6) is simply the spherical integral along 0B;; we



kept the explicit notation with the Hausdorff measure to have a typographical evidence of the surface
integrals, to be distinguished by the classical volume ones).

We remark that Theorem 1.1 contains the Mean Value Theorem for harmonic functions as a particular
case: indeed, in light of (1.1) and (1.4), if we take = := 0 then (1.6) reduces to

us(0) = ]éBl L;70)dH ™ = ]gBl (@ + f(;e>) dH ! = (e)dH ™, (1.7)

0B

which is the content of the Mean Value Theorem.

We also stress that an elegant result such as Theorem 1.1 is specific for balls and cannot be extended
in general to other domains, as pointed out in [AKS10].

Interestingly, Theorem 1.1 contains as a particular case a classical result due to Hermann Amandus
Schwarz [Sch72] about the Dirichlet problem in the plane and related to conformal mappings in the
complex framework.

Figure 2: The reflection *(w) used in the Schwarz Theorem.

To state Schwarz result it is convenient to introduce the reflection of a point w € 9B; through a
point x € By, see Figure 2. More precisely, given © € By and w € dB; we define

Q' (w) =w— QM(JE —w). (1.8)

|z = wl?

Comparing with (1.2), one sees that if e := “== then Q% (e) = w and Q7 (e) = Q*(w).

|w—z|

In this setting, the result by Schwarz is that the average of the boundary datum composed with the
above reflection returns the solution of the Dirichlet problem in the ball. More explicitly:

Theorem 1.2 (Schwarz Theorem). Let n =2 and f : 0By — R be continuous. Then
up(r) =1 f(Q"(e) dHy™ (1.9)
0B1

is the harmonic function in By with external datum f.

Theorem 1.2 can be proved in several ways using either complex or real analysis (see e.g. [Neu84,
Duf57, Nee94]), but it is also a direct consequence of Theorem 1.1, see e.g. [DV21] for a detailed
presentation of this classical argument.

Example 1.3. A very neat application of Theorem 1.2 (see e.g. [Nee97]) consists in the determination
of the stationary temperature u at a point x in a plate (say B;) when the temperature along the
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boundary of the plate is 1 along some arc 3 and 0 outside. In this case, the reflection in (1.8) sends X
into an arc >’ (the symmetric of ¥ through x, see Figure 3) and it therefore follows from Theorem 1.2
that )

u(e) = 2,

where || is the length of the arc ¥, thus providing an elementary geometric construction to solve
a problem of physical relevance.

Figure 3: The geometric construction to detect the temperature of a plate at the point x.

The objective of this paper is to obtain a fractional counterpart for the Malmheden and Schwarz
Theorems.

We will thus replace the notion of harmonic functions in By with that of s-harmonic functions, namely
functions whose fractional Laplacian vanishes in Bj, that is, for all z € By,

/ u(x) — u(y) dy =0, (1.10)

nlw =yl

where the integral above is intended in the principal value sense. Here above and throughout the
paper the fractional parameter s € (0, 1).

Rather than a boundary value along 0Bj, as usual in the nonlocal setting, we complement (1.10)
with an external condition of the type u = f in R\ Bj.

We recall that in general s-harmonic functions behave way more wildly that their classical counter-
parts, see e.g. [DSV17]. Therefore, in principle one cannot easily expect that a “simple formulation”
such as the one in Theorems 1.1 and 1.2 accounts for all the complex situations arising in the fractional
setting.

However, we will prove that a counterpart of Theorems 1.1 and 1.2 carries over to the case of the
fractional Laplacian, considering the following structural modifications:

1. the classical spherical averages are replaced by suitable weighted averages on spheres of radius
larger than 1,

2. the geometric transformations in (1.2) and (1.8) are scaled in dependence of the radius of each
of these spheres.

To clarify these points, and thus reconsider (1.5) in a nonlocal setting, given p > 1 and f : R"\ By —
R, for all z € 9By we define

fola) := f(pzx). (1.11)
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Hence, in the notation of (1.1), we define

Q(€),Q% " (e) (T
Lyep(r)=L] ¥ <;). (1.12)

Notice that when p = 1 the above setting reduces to (1.5), otherwise one is considering here a similar
framework but for a rescaled version of the function f and rescaled points.
To detect the long-range effect of the fractional Laplacian, it is also useful to consider the kernel

By x (1,400) 3 (z, p) — E(x, p) == c(n, s) 0 5(11):(L§|—)8|x|2)’ (1.13)
where n
I' =) sin(7s
c(n,s) = <223+1( ) (1.14)

For our purposes, the kernel £ will play the role of a suitable spherical average of a fractional Poisson
kernel and the constant ¢(n, s) is merely needed for normalization purposes.
We also define the space

|ZE|”+25

LYR"\ By) := {f : R" — R measurable : / /(@) dr < oo} . (1.15)
R"\B;

With this, we can state the main result of this paper as follows:

Theorem 1.4 (Fractional Malmheden Theorem). Let n > 2, s € (0,1), R > 1 and f € L>(Bg \
B1) N LYR™\ By).

Then, the unique solution (up to a zero measure subset of R™\ By ) to the problem

{(_A)su =0 in By, (1.16)

u=f in R"\ B

can be written, for each x € By, as

ul (@) = /1 h ( /a Blg(x,p) Ljep(2) ng—l) dp. (1.17)

As a fractional counterpart of the observation in (1.7), we point out that Theorem 1.4 entails as
a straightforward consequence the Mean Value Formula for s-harmonis functions. Indeed, by the
changes of variable e := w/|w| and y := pw/|w|,

u(0) = / N ( /a Bls(o, p) L e,(0) ng—l) dp

oy ol )
Nl

o f(pe) f(_pe) n—
N 1 By P ;0—1 (2+ 2 )dHel)dp

o (2 ) ).
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\}
[\

= dms) /\ T (f(y) ’ f(_y)) W

— lns f(y)
= m >/Rn\31 PRIt

which is the Mean Value Formula for s-harmonis functions, see e.g. formula (1.3) in [BDV20).

We consider Theorem 1.4 as the natural fractional counterpart of Theorem 1.1 and we mention that
indeed one can “recover” Theorem 1.1 in the limit as s 1, according to the following result:

Proposition 1.5. Letn > 2, so € (0,1), R > 1 and f € C(Bgr\ B1)NLL(R™\ By) for each s € (s, 1].
Then, for each x € By, it holds that

lim () = us(2),

where ugf) and uy are defined in (1.17) and (1.6), respectively.

As a straightforward consequence of the classical Malmheden Theorem (Theorem 1.1) and its frac-
tional formulation Theorem (Theorem 1.4), we deduce the following result.

Theorem 1.6 (An s-harmonic function is the superposition of classical harmonic functions). Let
n>2 se(0,1) and f € C(R*\ By) N LYR™\ By). For each p > 1 we define uy, as the unique
solution to the Dirichlet problem

(1.18)
U‘aBl = fplaBU

{ Au=0 in By,

where f, is defined in (1.11).
Then the unique solution ut to (1.16) can be written as

W) () = |0B,| /1 (e p)uy, (%) dp. (1.19)

The interest of Theorem 1.6 is that it allows us to write an s-harmonic function in B; as a weighted
integral of classical harmonic functions, where the weight coincide with £(x, p). Besides being inter-
esting in itself, this result is very useful to deduce properties of s-harmonic functions, as the Harnack
inequality (see Section 4), starting from their local counterpart.

As a matter of fact, as a consequence of Theorem 1.6 one obtains a simple and new proof of the
Harnack inequality for s-harmonic functions in B;. The result goes as follows:

Theorem 1.7 (Harnack inequality). Letn > 2, s € (0,1), R > 1 and u be non negative, s-harmonic

in By and such that uw € L>*(Bg \ By) N LY(R" \ By).

Then, for each r € (0,1) and x € B,,
(1—1r?)®
(1+7r)m

(1—1r?)®

u(0) < u(x) < WU(O) (1.20)

The constants in (1.20) are optimal, and for s /1 they converge to the optimal constants of the
classical Harnack inequality in B, for harmonic functions in By.

For different proofs of the fractional Harnack inequality see [Ka01,CS07,Kasl1] and the references
therein.

Another consequence of Theorem 1.4 is the fractional version of Schwarz result:
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Theorem 1.8 (Fractional Schwarz Theorem). Let n =2, s € (0,1), R> 1 and f € L®(Bg \ B1) N
LY(R%\ By). Then, the unique solution (up to a zero measure subset of R*\ By) to the problem

(—A)’u=0 in By,
u:f m R2\Bl

can be written, for each x € By, as

= [T [ e e ant) o (1.21)

This is a fractional counterpart of Theorem 1.2, in the sense of Proposition 1.9 below. Proposition 1.9
is a straightforward consequence of Theorems 1.2 and 1.8 and Proposition 1.5.

Proposition 1.9. Letn =2, sq € (0,1), R> 1 and f € C(Br\ B1)NL(R?\ By) for each s € (so, 1].
Then, for each x € By, it holds that
li () = s ()

), us are defined in (1.21) and (1.9), respectively.

(s
where u;
Remark 1.10. It is worth pointing out that from Theorem 1.4 we can evince the identity

> 1
E(x,p)dp = ——. 1.22
| @ = (122

for each x € B;. Indeed, if we consider as external data f = 1 in R™ \ By, then the unique solution
to the problem (1.16) is u = 1 in R™. Therefore, according to (1.17) and the fact that in this case
the linear interpolation £; . ,(x) = 1 for each € By, we obtain that

-/ ( 6<x,p>cl,e,p<x>dﬂz-l) dp= [ 10BiI €. ) d,
1 0B1 1

which gives (1.22).
As an application of Theorem 1.8, we have:
Example 1.11. Let n = 2 and take an arc ¥ C dB;. Consider the function defined on R? \ B; as

1 it Ley

) =4 WY (1.23)
0 if m € 831 \ >

It is clear that Yy is positively homogeneous of degree zero, and furthermore ys € L*(R? \ B;) C
LY(R%*\ By). Then by Theorem 1.8 we get that for each z € By

) = [ Il (124
1

where ¥/, /p is the projected arc of ¥ on dB; through the focal point x/p, as constructed in Exam-
ple 1.3. We denoted with [ | its length.



This gives a simple geometrical procedure to compute the solution of

(—A)’u=0 in By,
u =Yy in R*\ B,

at a point = of the two dimensional disc when the non local boundary condition is given by (1.23).
Note that as p is getting larger, the measure of ¥/, /p reaches the one of ¥, or more precisely

. / o
If 2 =0, formula (1.24) boils down to
(5) 1 Ry
5) () — 5 - gy 1.25
Uz (0) = el 5) ’/1 o =1 " 2 (1:25)

where we have applied identity (1.22). This example can be seen as the fractional counterpart of
Example 1.3.

This paper is organized as follows. In Section 2 we give some preliminary results on the s-harmonic
function written as a convolution with the fractional Poisson Kernel.

Section 3 is devoted to the proofs of the fractional Malmheden and Schwarz results, that is Theo-
rems 1.4 and 1.8, and of the convergence result in Proposition 1.5.

In Section 4 we use these results to provide a simple proof of the well-known Harnack inequality for
s-harmonic functions under some regularity assumptions on the external datum f : R"\ B; — R,
that is we prove Theorem 1.7.

2 Preliminary results on the fractional Poisson Kernel

In this section, we revisit the well-established result according to which fractional harmonic functions
can be represented as an integral of the datum outside the domain against a suitable Poisson Kernel.
For completeness, we extend this result to the case in which the datum is not necessarily continuous,
so to be able to present the results of this paper in a suitable generality. Notice that the extension
to functions that are not necessarily continuous is also useful for us to comprise situations as in
Example 1.11.

The framework that we consider is the following. For n > 2 and s € (0,1), we consider the
space L}(R™\ By;) as defined in (1.15). Given f € L:(R™\ By;), we denote the norm on L}(R"\ B)

by
X
T ::/ | f(z)] I

re\B, |T["T2

1.f1

Furthermore, we define the following fractional Poisson Kernel in the unit ball

Plz,y) == c(n, 5) (1 - W)S ! (2.1)

> =1/ |z -y

for x € By and y € R"\ By, and ¢(n, s) is the normalizing constant in (1.14).
As customary, the role of the constant ¢(n, s) is to normalize the Poisson Kernel, namely we have
that

/ P(z,y)dy =1, (2.2)
R"\Bl
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see e.g. formula (1.14) and Lemma A.5 in [Bucl6].
We also remark that
P(-,y) € C=(By)

and, for every p € (0,1), « € N” and y € R" \ By,

C
sup |DYP(x, < p ,
sup [De Pl y)l S =gy e

(2.3)

where C, > 0 depends only on p, n and s and, as usual, we have denoted the length of the multi-
index « as |af ;= a1 + -+ + .
Then, we define

/ Ple.y)f(y)dy itz € By,
R"\B1
(@) ifz € R"\ By,

and we have the following result on the representation of s-harmonic functions:

u(z) = (2.4)

Theorem 2.1. Letn > 2, s € (0,1) and f € C(R™\ By) N LYR™\ By). Then the function in (2.4)
1s the unique pointwise continuous solution to the problem

AV =0 in B
{<A) 0 in 5y, (2.5)

W) = f in R\ By.

For a proof of Theorem 2.1 see e.g. Theorem 2.10 in [Bucl6].
We now generalize Theorem 2.1 by allowing external data that are not necessarily continuous:

Proposition 2.2. Let n > 2, s € (0,1), R > 1 and f € L*(Bgr \ B1) N LY(R"\ By). Then the
function defined in (2.4) is the unique solution (up to a zero measure subset of R™\ By ) to the problem

AV =0 in By
{(A) 0 in By, 26)

ugf) =f in R"\ B;.

Proof. We argue by approximation, owing to Theorem 2.1. The gist is indeed to take a sequence of
continuous functions f; approaching f as k — 400, use Theorem 2.1 and then pass to the limit. To
implement this idea, one needs to take care of some regularity issues.
The details of this technical argument go as follows. By (2.3), for each x € B; and multi-index o we
have that

DeP(x,)f() € L'(R"\ By).

As a consequence, we obtain that ugf)(x) in (2.4) is well defined and smooth inside Bj.

)

To complete the proof of Proposition 2.2, we need to show that ugf , as defined in (2.4), is the unique

)

solution of (2.6). To do so, we start by checking that ugf is s-harmonic in B;. We consider a sequence

{fe}r € C(R™\ By) N LY(R™\ By), such that
fi — fin LY(R"\ By) as k — +o0. (2.7)

More specifically, we take fi := (x5, f) 11 with k > 2, where [ is defined as

f(z) if z € R"\ By,
@)= it ren
1
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1
L
the unique pointwise continuous solution to the problem (2.5), according to Theorem 2.1.
Then we have that for each multi-index «

and n is a mollifier of radius ¢, while xp, is the characteristic function of Bj;. We also let u(i) be

HDau;‘? — Dau}S)HLf&(Bl) —0 ask — 4o0. (2.8)

Indeed for each multi-index o and g € L>*(Bg \ By) N LY(R" \ B;) one finds that
Dua) = [ DEPlay)gly) dy
R”\Bl

for each = € By, and therefore, choosing Ry € (1, R), we see that, for every x € B’ with B’ € By,
DU (z) — D*u ()]

S /RH\BRO | D2 Pz, y)l|fe(y) — f(y)] dy+/j%\B1 |DSP(z,y)|| fx(y) — F(y)| dy 29)

< / 1ew) — FWll 4, / (D P, y)l|fe(y) = )] dy.
R™\BR, Bro\B1

|y|2s

where ¢ is a positive constant depending on «, Ry, n, s and B’. The first term in the third line
in (2.9) converges to zero as k — +o00, thanks to (2.7). We also observe that, if y € Bg, \ Bi,
then |fu(y) — f(y)| < 2||f|lzec(Br\B:), and therefore, by the Dominated Convergence Theorem, we
have that also the second term in the third line in (2.9) converges to zero as k — +oo. These
considerations prove (2.8).

Furthermore note that if « = 0, taking Ry € (0,1) and using also (2.2), we have that, for all x € By,

I [Pl [Pl

Bry\B1
()]

2.10
o+ / PGl (2:10)
Ro \B1

<C
R™\ B, |y

< O fe

where C' is a positive constant depending on Ry, n and s. Now, we observe that the sequence
| fell£1®m\5,) is uniformly bounded, thanks to (2.7). Accordingly, from (2.10) we see that

LI(R™\By) T HfHLOO(BR\Bl)’

ugfi) is uniformly bounded in Bj. (2.11)

Now, if z € By, taking 6 € (0,1 — |z|), we have that

(s) (s) (s) (5)
AV S N AN, () ug, () = up (y) —up”(2) +up”(y)
(-yue) - (-ayu @) = [ ik W o
=A+B+C+D+E+F,
where
(s) (s) (s) (s)
Uy () —u, (T u —u
A () +2( )d% B;:/ “(y) +2(y) .
rRe\B, T — Y[t re\B, T —y|vT
ujy (@) = up) () u () = u (@)
C .= s d% D = n+2s Ys
Bs () [z — y| Bs(x) |z —y
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(s) (s) s) (s)
u ) —Uu u — U
s ::/ 7 () nfzs( Dy and e ::/ ;W) nf;s(y) dy.
B\Bs(z) 1T =Y Bi\Bs(z) 1T — Yl

Notice that

0l (z) — ul ()] = O . .
A+ E| < & nZs dy < |uf) (z) = u) ()] s < e luf (@) — W (@),
B\Byz) [T YT 2 = 6
s(x

R7\ Bs ‘Z

which converges to zero as k — 400, thanks to (2.8).
Furthermore, we observe that if y € R™ \ B; then

|z —y| = |yl = |z| = 6ly| + (1 = 0)|y| — |=| = d|y| +1 =35 — |z = dlyl,

|[fe(y) — ()] 1 / [fe(y) — f ()]
B| < / o dy < —— "
| | R\ By |£B _ y|n+25 Y 5n+23 R\ By ‘y’n+2$ Y

which, in light of (2.7), converges to zero as k — +oc.

Moreover, from (2.8) and the Dominated Convergence Theorem, we see that the quantity C' + D
converges to zero as k — +o0.

Finally, recalling (2.11) and making again use of the Dominated Convergence Theorem, we have
that F' converges to zero as k — 4o00.

These considerations and (2.12) give that (—A)su;i)(x) converges to (—A)Sugf) () as k — o0 for

every x € By. Since, by Theorem 2.1, we know that (—A)Sugci) (x) = 0 for each x € By, we conclude

that (—A)Sugf) () = 0. This proves that ugcs) solves (2.6).
It is only left to show the uniqueness statement. Suppose that there exists u; : R™ — R satisfying

(—A)Sul =0 in Bl,
Ulzf in Rn\Bl

and thus

Then both v := ugf) —uy and —v = u; — u}s) are solutions to

(—A)’u=0 in By,
u=0 in R"\ By,

and therefore by the maximum principle for the fractional Laplacian (see e.g. Theorem 3.3.2.
in [BV16]) we have that v = 0 in By, leading to uniqueness. O

3 Proof of the Fractional Malmheden and Schwarz Theo-
rems

In this section we provide the proofs of the Fractional Malmheden and Schwarz results, as stated in
Theorems 1.4 and 1.8, and of the convergence result in Proposition 1.5.

We start with the main argument to prove Theorem 1.4. For this, we employ the following change
of variable result (see Lemma 2.13.3 in [DV21] for the proof of it):
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Lemma 3.1. Let n > 2, x € By and Q% and r5 be defined as in (1.2) and (1.3), respectively. Then
for each e € OBy it holds that

(£ri(e)"

det DQ? =
‘ € Q:I:(e)‘ 1—’%‘2—7”?{:(6)37'6

Y

and for each continuous f : 0B; — R we have that

ey = [ F(Q (o)) — =)

0B, 9B 1- |$‘2 ri(e)x €

dH™ .

With this notation, Theorem 1.4 will be a consequence of the following statement.

Theorem 3.2. Letn > 2, s € (0,1), R > 1 and f € L>(Bg \ By) N LY(R"\ By). Let uﬁf) be as
n (2.4).
Then, for each x € By,

@ = [T e tsoan) d. (31)

where the notation in (1.12) and (1.13) has been used.
Furthermore, if f is positively homogeneous of degree v for some v > 0, then we have that

0= [T( [ et £ () ) ao (32)

Proof. We first suppose that f € C(R™\ B;)NLL(R"\ B;). Let x € By, then, using polar coordinates,
from (2.1) and (2.4) we get that

W' (z) = T
P = [, P

~ cln5)(1 — JoP)’ | LW,

r\g, ([Y7 = 1)° |z = y\"

:c(n,s)(l—\x|2)s/loom (/w |_f<_ e)| dH! 1) dp
i o L b (5) )

= 7.

Hence, defining
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and applying Lemma 3.1 we obtain that

c(n, s)( —|$| )®

p n—1
/1 P~ )2 1) (/aB gle) dH, ) o
* p /o e (=) (34)
/1 (0% = |x?)(p? = 1)* </831g<Q_ ( ))1 — |z /p]? — (ac/p-e)rf/p(e) aHe ) i

B p F(pQ™P () (1 —|a/pP) (=r"(e)™
‘/1 (02 — |22)(p? — 1) </831|§— QY (e)|" 1 — |z/pl2 — (x/p- )/ (e) e )d”'

From equations (1.2) and (1.3) we deduce that

T
p
and also (see formula (2.13.25) in [DV21])

1—|z/p|’ _ 2

L—|a/p]> = (x/p-e)r”?(e)  r/7(e) — """ (e)

which, together with (3.4), gives that

o Tr/p e z/p e
T — c(n,s)(l _ ’x‘2)s[ (pQ — P </6B 2 + ( )f(pQ— ( )) ngl) dp. (35)

|z[*)(p* — 1)* rP(e) — r"*(e)

= |r?(e)| = —r"/"(e),

—Q""(e)

We now observe that
/ 27093/,0( )f(pQ:i/p(e)) dHn—l
om, 1P(e) —rP(e)
m/p z/p CC/P z/p
_ ()f(pQ () , ()f(pQ (€) rrn1

s rilf(e) = ()
-[ = e >f<pcffp<e>> () f(pQY(€)
0B r(e) — 1" (e) ‘

™

From (1.2), (1.3), (1.11) and (1.12) we also deduce that

P f(pQ™"(e)) — 7 (e) F(pQY " (e))

)
i/ (e) — " (e)

7€) £,(Q77 () — 17 (e) £,(QY " (e))
QY7 (e) — Q" (e)]
(@77(0) = 2) e £(@7(e) + (2 = Q77 (€)) - e £, (@)
QY (e) — Q" (e)|

Q7. [
= L 5, ;

13



= £f7€7p (x) :
Plugging this information into (3.6) we find that

/ 25/7() ] (0Q7"(€)) -1 _ | sty am
i o8, frep\T

B r(e) =) C

which in turn, together with (3.5), gives that

== (/a Crsale)aty™) do.

Thus, recalling (1.13), this and (3.3) establish the desired result in (3.1) under the additional as-
sumption that f is continuous in R" \ B;.

Now we remove the continuity assumption on f by an approximation argument. Given f € L>(Bg\
Bl)ﬂLl(R”\Bl) we consider a sequence of functions { i}, € C(R"\ By)NL(R"\ By) as in (2.7) and
we let ! f ) be the unique pointwise continuous solution to the problem (2.5), according to Theorem 2.1.
By (2.8),

Hufk —uf HL°° (B1) — 0. (3.7)

loc

Therefore we have that, for each = € By,

ugcs)(:c) = lim (/ E(x, p) Ly, ep() dHenl) dp.
1 0B1

k—o0

From this, we claim that there exists a subsequence { f, };, such that

i@ =tim [ ([ et ol i) dy
1 0B1

J]—00

-[7(/ )y it ) dy

For the convenience of the reader, the technical proof of (3.8) can be found in Appendix A.1.
The claim in (3.8) establishes the desired result in (3.1) also for non continuous functions.
To prove the claim in (3.2), we use (1.1) and (1.12) to see that

/Py 0% P (e
Lraple) = £87O9 ()G)
(2 - Q7)) - (@)~ 2) e
+ z/p z/p
Q47 (e) = Q27 (e)]
(2- Q7)) e (@)~ 2) e
)+ x/p z/p
@47 (e) =

Jo (Qi/p(‘f))

‘ F(pQ™"(e))

(e)
FQ77(e)) + ( m/,)e _%> F(Q77(e))
QY7 (e) — @/<>!

_ Q. (g)
d p

T
- ven())
Tt \ p

The claim in (3.2) then follows from this and (3.1). This concludes the proof of Theorem 3.2. O
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Proof of Theorem 1.4. From Proposition 2.2, we know that, under the hypotheses of Theorem 1.4,
the function defined in (2.4) is the unique solution (up to a zero measure subset of R \ Bj) to the
problem (1.16). Then, the desired result in Theorem 1.4 follows from this and Theorem 3.2. O

We now give the proof of the Schwarz result in Theorem 1.8.

Proof of Theorem 1.8. We first suppose that f € C'(R?\ B;) N L!(R?\ B;). Under these assumptions
we can apply Theorem 1.6 in dimension 2 and get

ugf)(:c) = 27r/ E(x, p)uy, <£) dp,
1 P

where @y, has been defined in the statement of Theorem 1.6. Therefore, when n = 2 we can apply
Theorem 1.2 to uy, and get

T 1

i (2) =52 [ pteepanz,

which leads to (1.21) in the case in which f € C(R?\ By).
Suppose now that f € L>(Bgr \ By) N LY(R? \ By), and consider a sequence of functions {fi}r C

C(R?*\ B)) N LYR?*\ By) as in (2.7). We let ugci) be the unique pointwise continuous solution to the
problem (2.5), according to Theorem 2.1. From the previous step, we have that, for each z € By,

o = [ ( [ e it ) dy

By this and (3.7), we have that, for each x € By,

o =g [*( [ st nneQ e an) a

k—o0

From this, one sees that there exists a subsequence { fi, }; such that

Jj—00

uSCS)@j) = lim ) (/33 S(.ﬁlﬁ,p)fkj (pr/P(e)) dH:_l) dp

- (3.9)
= / ( E(x, p) f(pQ"*(e)) dHS_l) dp.
1 0B,
For the facility of the reader, a detailed proof of (3.9) is given in Appendix A.2.
We observe that the proof of Theorem 1.8 is completed, thanks to (3.9). ]

We now deal with the convergence result in Proposition 1.5.

Proof of Proposition 1.5. Let f € C(Bg\ B1)NLL(R™\ By), for each s € (sg, 1]. Furthermore let ugf)
and uy as in the statement of Proposition 1.5. Then, Theorem 1.1 implies that the following identity
holds for each p € (1, R)

/P (o) 0%/ P (e
w (2) = f £ZTOS (D) dmt gt a 3.10)
P dB1 P 9B,

thanks to (1.12), where uy, is the unique solution to the classical Dirichlet problem (1.18).
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In particular, we have that

/P (o) 0%/ P (e
ug <E> :][ £y e (f) dH"™ =4 Lyoq(x)dH (3.11)
p 0B1 p 0B1

Now, using (1.17), (1.22) and (3.10) we obtain for each z € By and Ry € (1, R) the following identity

uf (@) = ug(w)
= [TBie o) (£ Loeple)dB —up(a)) dp
/ (1, )
= [T iomietn (w, (2) - uste)) do 1
v [0t (£ Lrtoram — ) do

By the continuity of uy and f, we have that for each 6 > 0 there exists some Ry € (1, R) such that

for each p € (1, Ry)
T
us (;) —up(z)| <0 foralxe B

(3.13)
and 1fo = fllzee(am) < 6.
Also, we point out that
s (2) = £ (2) iyt
7\ p Te p opi
thanks to (1.12).
Therefore, from this, (3.10), (3.11), and (3.13), for all z € By, we deduce that, if p € (1, Ry),
() st < o (5) = (5) o (7) - 0
up, | = | —ug(x)] <lug, | =) —us | = up | — ) —us(x
Io P ! I P ! P f P f
x . x
= Liep(®) = Lpea | = | dHI |+ |ug | — ) —uy(z)
9B, P P (3.14)
x _ x '
= ﬁfp—f,e,l — dHe + Uf — | — Uf(I)
dB; p p
< ][ Ly ten (f)‘ dH"" + 6.
B p
Now, if z € By and p € (1, Ry), we see that
xz/p x/p T ? |.Z‘|2 |'T|2
Q77e) — @) =2y (L) — P i s i BE
P P P (3.15)

VPP > VTP
0
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and thus, according to (1.1),

1y
e (5)

(2-Q7@) -«

TPy oz L,
_ - @) + A0~ 3)

(f, — £)(Q""(e))

QY (e) — Q%7 (e)| Q"(e) — Q7"(e)] (3.16)
< 4\/1R—_T’\fp Fllze o))
o 2Ry 6
SV e
and therefore, plugging this information into (3.14), we obtain that, if z € By and p € (1, Ry),
us (2) = usto)| < (% n 1) ; (3.17)

Furthermore, employing the change of variable e := w/|w| and recalling (1.13),

o0

) ([ Lrople)atz = 0Bslusto) ) dp
Ry

= £z, .
= / ;n_f) (/BB L foo/ful ol (@) dHZ ™ — IaBllw(x)) dp (3.18)

Ro

0B,

= c(n, s)(1 — |z|*)* [yl* T) — wr(x
=m0~ [ G @)~ 9Biluste)) dy

We also deduce from (1.1) the following pointwise estimate
L /101101 ()]
<x Q/M(Iy\))'%l f(Qw/w <i>) ( /ly|< )_ >
)N

’Qz/\yl ( ) _ Qﬂﬁ/lyl (_‘ [y |Qx/|y\ ( ) w/lyl <

< e (97 () b (o G ))1)

|<d @|@

e (2)

(3.19)
We claim that
the right hand side in (3.19) is L}(R™\ B;) for each s € (s, 1]. (3.20)
Indeed, if we define the following function
F. :R\B; - R"\ B
y = ylQF " (y/1y]). &2
we see that it is C'! and invertible. Note that, recalling also the limits in (1.4), one finds that
| det(DFL (2) | oo ey < C, (3.22)
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for some positive constant C', depending on z. Therefore by applying Theorem 2 in Section 3.3.3
of [EG15], we obtain that

i (@7 w/luD) |

i (@7 (w/luD) |
/ | |n+25 dy :/ z/|y| nizs O
wm Iy =B |1 My y)) (3.23)
[ : £2)]
- /]R"\Bl |Z|n+28 | det(DFil(Z))l o S ¢ R™\ By |Z|n+28 o

This and the fact that f € L{(R™\ B;) for each s € (s, 1] entail that (3.20) holds true.

As a consequence of (3.19) and (3.20) we have that the integrals in (3.18) are finite and bounded
n s.

Using this information and (3.17), we deduce from (3.12) that for each § > 0 there exists some Ry €
(1, R) such that for each p € (1, Ry) we have

uf, (%) — ug(x)

/ OB1|E(z, p) ( Lo (x) dH ! —uf(x)) dp‘
Ro 0B,

Ro 2
< [ oBile.p <¢+1>5dp
1

Wl () — uy(2)]

Ro
< / OBIE(x, p) dp
1

+

V1= |z
+ ‘/ |0B1|E(x, p) (][ Lie,(x)dH ! —uf(x)) dp‘
Ro 0B1
2
< C(x,R)0 + c(n, s 1—x23/ £l L x) — |0B1|us(x)) dy
(@ B0 el A=Wl [ TP =TIy = Pl (o) = 19511 ()

2
< C(z,R)d+c(n,s 1—3:28/ 1yl
(2 R el Y=Y [ e T = Do = 2P ol

(e () () i)

where C'(x, Ry) depends only on z and Ry.
By taking the limit as s * 1, we see that

lim c(n, s)(1 — |2[?)° v
s M ’

re\Bg, (W7 = 1)y = [z[*)ly|"

(o (e ) b () - i -

since ¢(n,s) — 0 for s 1 by (1.14). As a consequence

sy
}gl}lﬂuf (z) — up(x)] < C(x, R)S.

This and the arbitrariness of ¢ give the desired claim in Proposition 1.5. O
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4 Harnack inequality

In this section we provide a simple proof of the Harnack inequality for s-harmonic functions as stated
in Theorem 1.7. Our strategy is to use the Fractional Malmheden Theorem to show that this result
can be directly inferred from the classical Harnack inequality for harmonic functions.

Proof of Theorem 1.7. For convenience we call u|gn\p, = f. Let us first assume that f € C(R" \
By) N LYR™\ By). Under this assumption, we can apply Theorem 1.6 and obtain that

o) =108 [ &G phug, () ap

for each x € By, where uy, has been defined in the statement of Theorem 1.6. Therefore, we have
that

w(0) = ¢(n, $)|0B1| /1 h p(zgp—% dp. (4.1)

Now we fix r € (0, 1) and we consider x € B,. Applying the Harnack inequality for classical harmonic

functions to uy,, we have that
(14 [z]/p)" x
A0S g, )

From this, (1.13) and (4.1) we obtain that

w0 < cnsom [ AU (2,

1—z[/p p
G i ety e
'831‘/ D RGPy o) o)

oo [ 50 )
= I0Bl|/1 E(x,p) g(p. 1) uy, <;> dp,

where for convenience we have called t := |z| in the last line and defined

(p+10)"

g(p,t) == (=)

with (p,t) € [1,00) x [0, 7].
Since g(p,t) is decreasing in p and increasing in ¢, we have that

(147)"
= sup  g(p,1)
(1=72)*  (peonxor]

Therefore, from this, (1.19) and (4.2) we obtain that

u(0) < IaBl / E(x,p Ufp( ) dp = ((fjg)w(fc),

which establishes the first inequality in (1.20).
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To prove the second inequality in (1.20), we make use of the Harnack inequality for harmonic func-

tions, thus obtaining that
x 1+ |z|/p
up, | — | < —————~—uy,(0).
g (p) (1= fal/p) "7

Using this and (1.13) into (4.1), we find that
u0) = cln.9)oB| [
1
> 1 (L — |=[/p)"~ (iﬂ)
> c(n,s)|0B / ur | — | d
( )| 1| S 1 + \:E|/p fo P P
|~’UD (96)
= c¢(n,s)|0B / —|d
08 [ St e () %

i By

Using again the notation ¢ := |x|, we define the following function
(p—1)"
t) = ————— 4.3
gl(ﬂv ) p”(l _ t2>sa ( )

with (p,t) € [1,00) x [0, 7], and we see that

w0 > 081 [ @l ug, (2) do (1.4

Since g; is increasing in p, we have that, for all (p,t) € [1,00) x [0, 7],

1—-t" (A=t
(51 (,0, ) g1 (1 t) (1 _tz)s - (1_|_t)s

= 92(t)-

Notice also that g, is decreasing, and therefore, for all (p,t) € [1,00) x [0, 7],

(1—r)n—s _ (1—r)™
(1+7r)s (1 —r2)s

ai(p,t) = ga(r) =

Plugging this information into (4.4) and recalling (1.19), we get

u(0) = |831 / E(z, p) uy, ( > dp > ((f:r)) u(z),

which completes the proof of (1.20) under the additional continuity assumption on f.

To deal with the general case, we perform an approximation argument, whose details go as follows.
If fe LOO(BR \ B;) N LYR™\ By), we take a sequence {fx}x C C(R™\ B) N LL(R"\ By) as in (2.7).
Then for u( the two-sided inequality in (1.20) holds true, thanks to the previous step. Also, by (3.7),
we have the local uniform convergence

||u§i) —ullpe B,y = 0 as k — +oo,

and therefore we deduce the two sided inequality (1.20) also in this case.
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It is only left to prove that the constants provided in equation (1.20) are optimal. To show this let
us fix some direction e € 0By, a constant € > 0 and the function

) 0 if yeR"\ B((1+¢€)e),
\y) = (Jy|* = 1)* if y € B((1+ e)e).

Then the function

< 1— 2\s
ugce)(x) = ¢(n, 3)/ (G 0 |x|n) dy
Be((et+1)e) ly — |
is s-harmonic in By, as a consequence of Proposition 2.2. Therefore, if we fix x = —re for r € (0, 1),
we have that
St
W (0) ((erne) vl

s - _ 2)\s )
u;e)(—re) / (I—r%) dy
Bo((et1)e) [y +1E["

and thus, by Lebesgue Differentiation Theorem, we conclude that

u0) (1)

im )
S _ 22)\s
=0 ugc)(—re) (1—1r2)

€

This proves that the constant on the left hand side inequality in (1.20) is optimal.
Similarly, taking x = re, one sees that

uPre)  (1-12)

im = ,
) =

which shows that the constant on the right hand side inequality in (1.20) is also optimal. This
concludes the proof of Theorem 1.7. O

A Appendices

A.1 Proof of (3.8)
We recall (1.13) and we employ the change of variable e := w/|w| to see that

c(n, s)(ll— |2[2)s /100 (/aBlg(x,p)ﬁfk,e,p(x) ngl) dp

) P n—1
- W—WW—M%(%me@Me)@

= L /ol ol (T)dH | dp
/1 pn(pQ _ 1)s(p2 _ ’95‘2) /wp Jrow/|wl,| I( )
- / n(la|2 ’Z/E 2 2 Efk,y/lyHyl(:U) dy.
r\s, [Y[M (Y2 = 1) (Jy[* — [z]?)
It also follows from (2.7) that, for a.e. y € R™\ By,
Ly /tolol(®) = Ly (@) as k — +oo. (A.2)
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Now we take Ry € (1, R) and we deduce from (A.1) that
! / N ( E(z, )L o () dHnl) dp
c(n,s)(1 =) Sy \Jop, T ‘

’y‘2
L d
/BRO\BI Ty = 1) (o — [a) e/l (7) 40 (4-3)

ly|?
- / L u/ly(2) dy.
r\sg, [ (Y12 = 1) (Jy? = [=[?) " y/lyllyl

Recalling the computation in (3.16), for k large enough we have that

2Ry

1—|\2HfHL (Br\B1)-

1L 1l () oo (B \Br) <

Consequently, using this, (A.2) and the Dominated Convergence Theorem,

ly[?
lim Ly ’ (z) dy
k=+oo /g \B, ™ (y|2 — 1)y — |z]?) Try/lylsly] "
lyl® '
/BRO\Bl [yl (= 1) (yl? = J22)
Also, we claim that there exists a subsequence { fk], }; such that
|’£fkj,y/\y|7\yl($) = L y/lyl vl (7) L®RM\Bg,) 0 asj — +oo. (A.5)

To show (A.5), we recall (3.15) and we observe that, for every x € By and y € R" \ Bg,,

L fr /1ol (2)]

- Q€i< ;/y E;/»(j) A

< eI (e (7)) [+ (e () )] |

Moreover, by (2.7) there exists a subsequence {f; }; and a function h € LY(R"\ Bj) such that
|fe; ()| < h(y) for a.e. y € R™\ By (see for instance Theorem 4.9 in [Brell]). Therefore, using this
information into (A.6), we have

o] € s o (@™ (1)) + (e ()| 4

for a.e. y € R™\ Bp,.
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Now we recall the map F. defined in (3.21), which is C'! and invertible, and therefore, by Theorem 2

in Section 3.3.3 of [EG15] and (3.22), we get that

h (1@ /1)) ()

n+2s n+2
vl 1Y (/)|

s dy

h(z) / h(z)
= det(DFT dz < C dz.
/Rn\BR |z |n+2s e et DFE )] R™\Bg, |2|nt2s

Accordingly, we deduce that

h (@Y (/1)) € LLR™\ Ba,).

This, the bound in (A.7), the pointwise convergence in (A.2) and the Dominated Convergence The-

orem lead to (A.5), as desired.
Hence, putting together (A.3), (A.4) and (A.5), we obtain that

= / E(x, p)Lyep(x) dH" dp
1 Jom

for each x € By, which completes the proof of (3.8).

A.2 Proof of (3.9)

The proof of (3.9) is similar to the one of (3.8). We provide here the details for the convenience of

the reader.
From (1.13) with n = 2 and the change of variable e := w/|w|,

- T z/p (e n—1
i wr ), (U, eoneere i) i
P z/p (e n—1
[ i (L, s o)
h 1 w z/|wl w/lw n—1
/ ,0 _ |$|2) )s ( 5B, fk(| |Q ( /| |))de ) dp

1
= Fe(lylQ* ™ (y/lyD)) dy
/Rn\Bl (Iyl* = 1=[*)(ly[* = 1)*
By (2.7), we have that, for a.e. y € R"\ By,

Fy1Q° (y/1y) = F(yIQ™(y/lyl))  as k = +oo.
Now we take Ry € (1, R) and we get from (A.8) that

SR /w< o, S PpQIe)) B ) a0

= ! /1yl
/BRO\BI W = ) (g = 1 1@ W/ lyl) dy

1
)
s\, (9P = [2P) (3P = 17

23

Fe(ylQ"W N (y/lyl)) dy

(A.8)

(A.10)



Notice that, for k£ large enough,

[ fell oo (Bro\B1) < 1S | (Br\BY)-

As a consequence,
1

" o/l d
S8 o TP 1)ka(lle (y/lyl)) dy

- ! z/ly|
/BRO\Bl (lyl2 = =2 (|y|? — 1)sf<|y\@ (w/yl)) dy

Furthemore, recalling (2.7) (see also Theorem 4.9 in [Brell]) we deduce the existence of a subsequence
{fx,}; and of a function h € L;(R™\ By) such that

| fie, (I1Q7™ (yly )| < h(1ylQ* ¥ (y/1y])) (A.12)

(A.11)

for a.e. y € R™\ Bg,.
Furthermore, we claim that

h(ly|Q*"¥!(y/Iy])) belongs to Ly(R™ \ Br,). (A.13)
Indeed, the function
F :R™"\Bg, — R"\ Bg,
y = [yQ*"(y/1y)

is C'' and invertible. Moreover, since
lim Qx/|y‘(y/|y|) = id@Bu
|y|—o00

we find that

I det(DF " (2)) || ®m\Br,) < €'

for some positive constant C>0.
From this and Theorem 2 in Section 3.3.3 of [EG15] we have that

/ h(lylQ""¥ (y/Iy])) dy:/ Pyl QM (y/ 1)
R™\Bpg,,

|y[>+2s '8, |[VIQ W (y/ly])[>+2e

:/’ M”hm@mﬂ@nwgé
R™\Bpg,

|Z|2+25

which establishes (A.13).
From (A.9), (A.12) and (A.13) and the Dominated Convergence Theorem, we deduce that

1, (11Q" ™ (yly D) — f(|y1Q" ™ (yly]))
Gathering together this, (A.10) and (A.11), we conclude that

L1(R™\Bg,) — 0 asj— 4oo.

uf) (z) = / ( E(x, p) f(pQ"*(e)) dH?_l) dp.
1 2B,
This finishes the proof of (3.9). O
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