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Abstract. We investigate properties of a particle confined to a hard-wall spiral-
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the spectrum above the continuum threshold is absolutely continuous away from the
thresholds. The subtle difference between the radial and perpendicular width implies,
however, that in contrast to ‘less curved’ waveguides, the discrete spectrum is empty
in this case. We also discuss modifications such a multi-arm Archimedean spirals
and spiral waveguides with a central cavity; in the latter case bound state already
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situation occurs in the asymptotically Archimedean case where the existence of bound
states depends on the direction from which the asymptotics is reached.
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1. Introduction

Investigation of the dynamics of quantum particles confined to tubular regions gave
rise to interesting results among which the probably most unexpected one concerned
localized states that owed their existence exclusively to the geometry of the confinement
[EKT5]. This discovery had an influence, both theoretical and experimental, to the
(much older and more developed) theory of electromagnetic waveguides [LCM99| from
the simple reason that, at least in some circumstances, the corresponding Maxwell
equations are well approximated by the same Helmholz equation that one encounters in
the quantum case.
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This paper is devoted to a class of quantum waveguide structures which so far
escaped attention, namely two-dimensional spiral-shaped strips with hard-wall, that is,
Dirichlet boundaries. The lack of attention to this problem is somewhat surprising
because spiral regions appear often in physics, usually with practical applications in
mind. Without aspiring to an exhausting survey, let us mention a few examples. On
the quantum side spirals can be used as guides for cold atoms [JLX15] which may help
to construct atomic gyroscopes [JLZ16]. Predictably, a number of examples concern
electromagnetic or optical systems, for instance [BBP09, [CEFWT15], sometimes again
with practical purpose in mind such as nanoparticle detection [TLY1§| or spectrometry
[RLB16], or combinations of spiral guides [CLV14]. Spiral shapes have also been studied
for acoustic waveguides [PRB17].

Spirals involved in all the above examples are finite, however, we are going to discuss
spiral regions of infinite length. This is not only the usual theoretical license, but also
another aim of this paper, namely to show that that many spectral properties of such
systems have a truly global character. To specify what we have in mind, consider a
quantum particle in the plane divided by Dirichlet conditions at concentric circles of
radii 7, = 2man, n = 1,2,..., into the family of annular domains with impenetrable
boundaries. The spectrum of this system covers the halfline ((2a)~', 00) being there
dense pure point, which one can check either directly or using the limit of suitable radially
periodic potentials, cf. [EF07], and in addition, there is a discrete spectrum below (2a)™!
which is infinite and accumulates at (2a)™'. We will show that the spectral character
changes profoundly if the Dirichlet boundary is instead imposed on an Archimedean
spiral of the slope a, despite the fact that if we observe the two boundaries in a simply
connected region sufficiently distant from the center they look very similar.

Archimedean waveguides are used as a case study. Their essential spectrum starts
predictably at the lowest transverse Dirichlet eigenvalue, however, it is absolutely
continuous away from the transverse thresholds. What is more surprising is that the
passage from concentric circles to the spiral region destroys the infinite discrete spectrum
mentioned above. We will also consider modifications of this example which involve
making a cavity in the center of the region and/or imposing the Dirichlet condition at
more than one spiral arm. Not surprisingly, bound states occur provided the central
cavity is large enough; we will analyze this example both theoretically and numerically.

After dealing with the Archimedean case we turn to more general spirals. The
decisive property for the spectrum is the asymptotic behaviour of the coil width. The
extreme cases are when it diverges or shrinks to zero, then the spectrum covers the whole
positive halfline or it is purely discrete, respectively. The situation is more interesting
when the region is asymptotically Archimedean in the sense that the coil width has a
finite and nonzero limit. The character of this asymptotics then determines whether
a discrete spectrum is present in the gap between zero and the continuum threshold.
We illustrate this effect on the regions the boundary of which interpolates between the
Fermat and Archimedean spirals, adding again a numerical analysis of this example.
We conclude the paper with a list of open problems.
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2. Case study: Archimedean waveguide

Let ', be the Archimedean spiral in the plane with the slope a > 0, expressed in terms
of the polar coordinates, I'; = {r = a# : § > 0}, and denote by C, its complement,
C, := R?\ T', which is an open set. The object of our interest is the operator

Ca
H,= -7,

the Dirichlet Laplacian in L?(C,). In other words, H, it is the Laplacian in the plane
with Dirichlet condition imposed on I',. Since scaling transformations change I', into
Archimedean spiral again, with a different slope, the above introduced H, is unitarily
equivalent to (%)QHQ/ for any o’ > 0. It is thus sufficient to analyze the spectrum for a
fixed value of a. For aesthetical reasons we may choose a = % in which case we drop the
the subscript; the general case is restored easily multiplying the length scale quantities
by 2a, energy by (2a)~2, etc.

In the polar coordinates our Hilbert space is L?((0,00) x [0,27);rdrdf) with
Dirichlet condition at {(6 + 27n,0) : n € Nyo}. This can be equivalently written as
L2(Q; rdrdf) where Q, is the skewed strip Q, := {(r,0) : r € (rmm(0),ad), 6 > 0}
and rmin(0) := max{0,a(f — 2r)}. The Dirichlet condition is imposed at the boundary
pointdf] of ©, with » > 0. As for 7 = 0 we note that the boundary of C, is not convex

there and the spiral end represents an angle 27, hence the operator domain is

D(H,) = H*(24) N Hg(Q) © C(sing), (2.1)
cf. [Ko67], where
wsing(ra 9) - X( ) 1/2 sin 20

and y is a smooth function with compact support not vanishing at » = 0. In the
conventional way we pass to the unitarily equivalent operator H, on L?*(2) using

U : L*(Qq;rdrdd) — L2(Q),  (UY)(r,0) = r/2%(r, 6),

which acts as 2 10 .
Hf=——% - ——© _ 2.2)[tildeH
/ or?2  r200?  4r? (2.2)[cildeh]
Note that this differential expression is independent of the spiral width parameter a > 0,
the difference is in the curve at which Dirichlet condition is imposed.

We can also write the quadratic form associated with H, which is

2 L Lovp

a-1 !ar g Jarao
r+27ra /a aw 2

[

1 They are not a part of €Q,, as we work with the usual convention by which the region where the
particle is confined is an open set.

!
rloo

} d0dr
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with the domain consisting of function 1) € H'(),) satisfying Dirichlet condition at the
point of 90, with » > 0 and such that the limit

lim ¥(r.0)

r—0+ sin %0

(2.3) singet]

exists and is independent of #. Note that when we pass from the operator to the
quadratic form integrating by parts, the boundary term

lim /ZW P(r, 0) rg—@f(r, ) do
0

r—0+
vanishes even for ¢ = e = 1~ ey
Fop: infspess) Proposition 2.1. inf o (H,) > (2a)2

Proof. As pointed out above, it is sufficient to consider a = % We cut the skewed strip
Q) into two parts,

QY= {(r,0) : r € (max{0,16 — 7},16), 0 < 0 < bx}
and
QY == {(r,0): re (30—, 10), 0 > o}

for some 6y > 27, and consider the operator obtained by imposing additional Neumann
condition at 8 = fy. It has the form of a direct sum and estimates our operator from
below, H > HN @ ﬁfi\l . The first component corresponds to a bounded set so that it
does not contribute to the essential spectrum. The quadratic form associated with H N

fe’e) 2r+2m 2
— / / ‘ }d@dr
%GN 7w J max{2r, 9N}

defined for functions ¢ € H'(Q2Y) vanishing for a fixed value of r at § = max{2r,Ox}
and 6 = 2(r 4+ 7). Consider first the inner integral. Since Dirichlet condition is imposed

1 2r+2m
AR LGORY

16 max{2r,0x }

18

on at least one endpoint, we have

/2r+2ﬂ' aw(rj 0) 2
max{2r,0N }

a0
and for 2r > 6y the coefficient on the right-hand side changes to 1. For f € Dom(H)

this is equivalent to

) 2r4-27 82f<7’ 9) ] 2
A S >
/QN W/maX{MN} S [ TS0 — < 1£00)F rdrdo > 0

which implies the following operator estimate,

YN > 8_2 — 3
¢ T or2 16r?

However, the ‘vertical’ width of Qf is 7 and r > %GN — m where Ay can be chosen
arbitrarily large, hence inf aess(ﬁf ) = inf aess(l:[ M >1. a
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The question about the existence of spectrum below (2a)~?

positivity violation of the shifted quadratic form,

¢ = QaW] - (22)2

Since ¢ (r,r/a) = ¢ (r, (r + 2ma)/a) = 0, we have

(r+2ma)/a) 1 (r4+2ma)/a)
/ W aw= 1 [T wopas

a

hence ]
Gal)] — WWHZ > P(o,00) (Y],
where )
B 8@& (r,0 1 r 9
= dg/ ‘ +<E—4—a2>|¢(7",9)| ]dT
If a > 27, we have 1y, () = a(0 — 27r) and

_/“9 70 0 1

a(6—2m) [ — /) Or? 4_702’][(7", 9)|2} dr

[ oy
(0—27r) or
) af 1 ) af r
2l = [ gl ot = [ (G e orar

because f(a(f — 27),0) = f(ad,0) = 0, which implies

Pla,g) Y] >0 for any 27 < a < f < cc.

5

is equivalent to the

(2.4) poinctheta]

(2:5) pforn

(2.6) [cLassford]

On the other hand, to assess p,g)[¢] for (o, ) C (0,27) we have the Dirichlet condition
only at t = a#, not at ry;,(0) = 0, and therefore the factor ﬁ is the above estimate has

to be replaced by (ﬁ)2 = (1)2 which yields the inequality

r
/ de/ 47__ o (r, 0)|2dr.

(2.7) [estsnall]

This means that p g)[1] > 0 for f < 7 and the only negative contribution can come

from the interval (m,27), in particular, that there can be at most a finite number of

bound states. In Sec. [|we will present a convincing numerical evidence that the discrete

spectrum is in fact empty.

From what we know about curved hard-wall waveguides this conclusion may seem

surprising. In order to understand the reason, we look at the problem from a different

point of view introducing another parametrization of C,, this time by locally orthogonal
coordinates — sometimes called Fermi or parallel — in the spirit of [EK15, Chap. 1]. The

Cartesian coordinates of the spiral are

xr1 =abcosl, x5=absinb,
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hence the tangent and (inward pointing) normal vectors are

cos@—@sin@,sin@—i—@cos@),

0= e

1
") = T

The transverse coordinate u will then measure the distance from I',,

—sin@—@cos@,cos@—&sinﬁ).

x1(0,u) = ab cos — sinf + 0 cos ),

L(
N
\/% (cosQ—@sin@),

with v > 0. A natural counterpart to the variable u is the arc length of the spiral given

by
(archilength)

x9(0,u) = afsinf +

0
s(0) = a/ V1462dE = 5a(0v1+ 62 +In(0 + V1 + 6?)) (2.8a) [arclength]
0
which for large values of # behaves as
8(9) = %a92 + (’)(ln 9). (2.8b) ?arclengthas?

While we do not have an explicit expression for the function inverse to (2.8al), the last
relation yields at least its asymptotic behaviour. Another quantity of interest is the
curvature of the spiral given by

?(archicurv)?
2+ 6? 1 L
which means that 1
K(s) = +0(s7') as s — o0 (2.9b) ?curvas?

vV2as

With an abuse of notation we will denote the points of C, as x(s, u), however, we have to
keep in mind that the described parametrization cannot be used globally, as it becomes
non-unique for small # when the normal to I fails to cross the previous coil of the spiral;
this obviously happens for 6 < 6y with some 6, € (%7‘(‘, 27).

Nevertheless, we can use it elucidate the properties of H, that depend on the
behaviour of I', at large values of s. To be specific, we use the decomposition

L*(C,) = L*(Cue) ® L*(Cyne), where

Came = {2(s,u) : s> s(2m),u € (0,d(s))}, (2.10) [noncomp|

where d(s) is the distance of the point z(s,0) of I', from the previous coil of the spiral,

s(2m) ~ za x 42.51 &= 1.077 x 3a(27)?, and C, is (the interior of) the complement

Co \ Came- By HP,. and HY = we denote the restriction of H, to L*(Cync) with

a,nc a,nc

the Dirichlet and Neumann condition, respectively, imposed at the perpendicular cut
referring to s = s(2m).
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The question is now about d(s), the range of the variable u, or in other words, the
transverse width of C, at a given s. It is given by the intersection of the normal to I'
with the previous coil of the spiral. Let us denote the corresponding angle as 6_, then
we have to solve the equations

af cos ) — — (sinQ—i—QcosQ) =abf_cosf_,

N

U
afsin + ——— (cosf — Osinf) = ab_sinb_.
\/1+92( )

This yields, in particular, the relations

9(@ - ﬁ) —af_cos(0 —0_),
—\/% —af_sin(0 — 0_),

which can be viewed as equations for v and 6_, and from that we get

2
62 <a2 . %) Fu? = a%0?. (2.11) [eransw]

and
O(1+6_sin(d —6_)) = 6_cos(6 — 6_). (2.12)

We can get easily an asymptotically exact lower bound to the width d(s). Abusing
again the notation we write it as d(6) meaning d(s(#)). The radial dropped from the
point z(6,0) towards the coordinate center crosses the previous coil of I', at z(#',0)
where 0 = 6 — 27. The spiral slope at this point, i.e. the angle 5(6') between the
tangent to I', and the tangent the the circle passing through this point is easily found:
we have

0/

and since the radial distance between the two coils is 27a, we get

cos B(0') =

- 2mwal’ _ 2mab
VI+0?  J1+6?

in particular, the transverse contribution to the energy is

d(0)

(1+0(67), (2.13) [exansest

2 1 1 1 s
W<W(1+(0—2w) )_(27)2<1+§+(9(0 ))

To see that the bound ([2.13)) to the solution u = d(f) of (2.11)) is asymptotically exact,
let us put _ = ¢ + § and rewrite (2.12)) as

0=F(n,6):= (14+n2r —6))(n—sind) — ncosé,
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where 7 := 6! and use the implicit function theorem to solve this equation in the
vicinity of (n,d) = (0,0). The solution exists because f5 = ZE satisfies F5(0,0) =1 # 0
and we have

do F,

=—-——(0,0)=0

GO =-F0.0=0

d26 1 9

d—nQ(O) = (B F3 — 2F5F, Fs 4+ F5s F7)(0,0) = 4,
so that

2m 2 4
5(0-) = 73 +0(67) = 97; (1+ 7” +0072)).

On the other hand, (2.11)) is solved by

a204

- _ — a2(02 — B2
d(8) Nip \/1 i (02 —02)
and substituting 6_ = 0 — 27 + 6(0) we get
2mal _
0) = (1+00™))

The coordinates s, u allow us to pass in the standard way [EK15, Chap. 1] from
the the operator H, Enc and its Neumann counterpart to a unitarily equivalent operator

on L*(X, ), where
Yane = {(s,u) D s> s(2m),u € (O,d(s))}

is a semi-infinite strip with the straight ‘lower’ boundary and the varying, but

asymptotically constant width, which acts as
straightening)
L0 0%

0
ancw = —%(1 —uk(s)) a(s,u) — W(S u) + V(s,u)(s,u), (2.14a) [straightH]

where

Kk(s)? uk(s) u?f(s)?

5)
V) = i wn®)? 20— un@P 4 (L= un(a))" (2.14b) [eftpot]

with Dirichlet condition at the boundary of C, ,,c, which in AN s replaced by Neumann

a,nc

one at the cut, s = s(27).
The described parametrization allows us to strengthen Proposition

(prop: spess) pyoposition 2.2. Ooss(Hy) = [(2a)72, 00).

Proof. In view of Proposition it is sufficient to check the inclusion oe(H,) D

[(2a)72,00). Let us first prove the analogous result for the operator HP__ without loss

a,nc’

of generality we can put again a = % We introduce the following family of functions,

U

Yra(s,u) = pu(As) ™ sm@ (2.15) [weyltest|
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with k£ € R, where u € C§°(R) with suppp C (1,2), and use Weyl’s criterion. For
A € (0, s(2m)7") the support of 1y, x lies in ¥ nc. Since d(s) = 7(1 — & + O(s7*/?)) and
st < )\, we have

[l = A2 lull + O(1)

as A — 0. Next we have to express the norm
H(ﬁC]L),nc —-1- k2)¢k:)‘H'

Application of (2.14al) to (2.15) produces a complicated expression, however, it is
sufficient to single out the terms which dominate in the limit A — 0. To this aim,

we note that the presence of Aji(s) yields the factor A'/2||i1 in the norm, and A%ji(s)
. 572+ O(s7°/2) = O(\?) and

gives rise similarly to A%?||ji||. Furthermore, d(s) = &

1

Vis,u) = ==+ 0(s7%) = O(\). (2.16) [effasympt|

It is easy to see that after cancelation of the leading terms we get

0% 1 —3/2
<_ A 1>¢k,k(3=u) = (g5 T OG72) (s, u) = ONea(s, u).
The expression
0 () 2K Y5, ) O W5, 1)
ds ds

is more complicated but the leading terms containing k2 cancel and in the next order
we have a single one, namely —2ik\ji(As) e sin %; combining these observations we
infer that .
[(Hne =1 = k)|
[l

so that 1+ k2 € o(HP_ ) for any k € R, and the same holds for AN _ because the

a,nc a,nc

supports of the functions (2.15)) are separated from the boundary of ¥, .. at s = s(27).
Furthermore, by the indicated unitary equivalence their preimages in the original

O(\) as A—0

coordinates constitute a Weyl sequence of the operator H,, the ‘full’ one as the cut
as s = s(2m) is again irrelevant from the viewpoint of the essential spectrum. Finally,
one can choose as sequence {\,}>°; in such a way that the supports of different ¢y, 5,
do nor overlap, say, by putting A, = 273", Then ¢, — 0 weakly as n — oo which
means that 1+ k% € 0.s(H,) concluding thus the proof. O

Another question concerns the nature of the essential spectrum. To answer it, we
employ Mourre method, cf. [Mo81] or [CFKS87, Chap. 4]. As usual in waveguides, we
exclude from the consideration the family of transverse thresholds at which the spectral
multiplicity changes, that is, the set T = {(2"—&)2 n=12,... }

Proposition 2.3. Let I be an open interval, I C [(2a)72,00) \ T, then the spectrum of
H, in I is purely absolutely continuous.
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Proof. In the spirit of Mourre’s method, we have to find a suitable conjugate operator
A. Working with the unitarily equivalent operator H, on §2,, we choose

1/ 0 0
A= -5 (TE + Er) (2.17) ?conjugate?

with the domain consisting of functions from H'(€),) satisfying Dirichlet condition at

the boundary of €2, except its part corresponding to » = 0. This is the generator of
#4 .t € R} of dilations of the skew strip €2, in the direction parallel
itA

the group {e
to the line r = af. It is obvious that the scaling €4 preserves the domain of H,
corresponding to D(H,) given by , and from the self-similarity it follows that the
map t — e (H, —i)"'e” has the needed regularity. The commutator [H,,iA] is
easily evaluated,

Pf 2 0*f 1
2o e 2l
The corresponding quadratic form can be estimated as in (2.4) which shows that the

[]:-IaaiA]f -

contribution of the of the last two terms in nonnegative and we have

0?2 1
255 Er, (1) 2 g Bp, (1) (2.18) mourre]

-8
because, with at least one boundary Dirichlet, one has

/ “0 ‘ of(r,0)
Tmin(e) a,r

Since the bound ([2.18)) contains no compact part, there are no embedded eigenvalues
and the spectrum of H, in I is purely absolutely continuous. O

Eg (D)[H,, iAlEz (1) > —

2 1 af
dr >

- T4 ‘f(ﬁ 9)’2(17’
16 Tmin(e)

As we hinted already, a reader familiar with the theory of quantum waveguides
[EKT5] might expect that there a rich discrete spectrum below (2a)~2 because the
effective curvature-induced potential is attractive, and moreover, of long-range
character as we noted in . It is not the case, however, and the reason is that the
width of X, ¢ equals (2a)~? only asymptotically. In the sense of quadratic forms we

have 5 p
}AI(EHC > —a(l — u/{(s))_ga + Wi(s,u),
where W (s,u) := (ﬁ)2 + V(s,u). Since we do not have an analytic expression for

the inverse function to s(#), it is more practical to write these quantities in terms of
the angular variable 6. We can use the implicit function theorem again to find d(6) by
(machine assisted) solution of equation (2.12)) with respect to € directly, obtaining

2

( 7r )2_ 1 1 T T m(4m? — 1)
4

d(s)) ~ 4a? ). 2.1
d(s) a? * 4a?6? + 2a203 + a264 + 40205 +0(07°) (2.19)[transen|

One the other hand, V(6,u) can be expressed from the definition relation (2.14b)) using
fi(s) = a1+ 6%)7124(0) and k(s) = a=2(1 4 6%)7'i(6); expanding then the curvature
and its derivatives we get

1w a3 N u(7a® 4 4u?)
40202  2q203 4a204 4a50°

V(s,u) = — +0(679).
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This shows that the contributions due to the strip width and from the effective potential
are competing: from the above expansions we get

1 ma—u  a*(4n® —1) — 3u?
— + +
4a?  2a303 4a*6*

Wi(s,u) = +0(07°). (2.20)
We see that, apart from the constant corresponding the continuum threshold, the leading

terms cancel mutually here, and the transverse mean of the following one vanishes,

modulo a correction coming from the difference between d(6) and 27a. These heuristic
considerations correspond well to the observation made above about the sign of the
contribution to the form p, from the region with 6 > 2.

3. A variation: spiral waveguide with a cavity

(s:cavity) Consider now the situation when one ‘erases’ a part of the Dirichlet boundary imposing

the condition on the ‘cut’ spiral I', s for some § > 0, where I', s = {r = af : 6 > §}.
The particle is thus localized in its complement, C, 5 := R?*\ T', 5 which is open set, and
its Hamiltonian, modulo unimportant physical constants, is

Ca.
Ha’ﬁ - _AD 57

the Dirichlet Laplacian in L*(C,3). The above results about the essential spectrum
reflect the behaviour of the system outside a compact region, hence they are not affected
by the presence of the cavity,

Oess(Hag) = [(2a)72, 00).

On the other hand, the discrete spectrum is for sure nonempty provided [ is large
enough.

>: disccavity)

Proposition 3.1. There is a critical angle By = 2j01 ~ 4.805 =~ 1.5317 such that
Odise(Ha,g) 7# 0 holds for all B > B1. Furthermore, let B = {;}32, be the sequence

B = {2jo.1,2j1,1, 2511, 252,1, 22,1, 20,2, 2512 21,2, - - - | (3.1)

consisting of multiples of the zeros of Bessel functions J,, n = 0,1,..., arranged in
the ascending order in which the contributions from J, with n > 1, are doubled, then
for any B > B; the operator H,p has at least j eigenvalues, the multiplicity taken into
accountg.

Proof. The result follows by bracketing; we can again put a = % We estimate Hy/o g
from above by imposing additional Dirichlet condition at a circle that does not intersect
with I'y /5 . The latter can be chosen in different ways. One possibility is to choose the

§ We expect the discrete spectrum to be simple but we it would need a separate analysis to prove this
conjecture; we postpone it to a future work.
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circle of radius %B with the center at the coordinate origin, alternatively we can take
the osculation circle to I'y 2 g at the point 6 = 3 the radius of which is

(1+ 5

p(B) == ECENDR

We want the circle to be as large as possible, from that point of view the first option
is preferred for # > 1/3(v/5—1) ~ 0.786. The claim will be valid if the lowest

Dirichlet eigenvalue in this circle, equal to ji,(30) > where jo; is the first zero of
Bessel function Jy, is smaller than inf oo (H; /275) = 1 which happens if 3 > 2j5;. The
second choice would give p(3) > jo1 leading to a cubic equation for the square of the
critical angle which has a single positive root 37 ~ 24.0189; this yields a slightly worse
result, 51 ~ 4.901 ~ 1.5607. The same bracketing argument yields the critical values of
the angle for a larger number of eigenvalues. O]

Note that the bracketing bound could be still improved because one can embed into
the cavity a slightly larger circle by shifting its center, however, we avoid trying that as
the obtained sufficient condition would be rough only as we will see below.

3.1. Numerical results

To get a better insight we also analyze the problem numerically using FEM techniques.
The numerical analysis here and in the following sections is performed on finite spiral
regions obtained by restricting the range of the angular parameter 6 to a finite interval
sufficiently large to ensure numerical stability. There are different ways to check that
such a cutoff is appropriately placed. One is based on bracketing [RS78|, Sec. XIII.15]
which we already employed in several proofs above: imposing Dirichlet and Neumann
condition at the cutoff we squeeze the true eigenvalue between the corresponding pair of
the ‘truncated’ ones which allows us to estimate the error margin. One can also watch
the eigenfunctions decay in both cases and place the cutoff far enough to make their
values there sufficiently small.

There is more than one way to address our problem numerically. One can apply
the FEM technique to the Laplacian in the spiral region directly, alternatively one can
analyze operator in the (truncated) skewed strip depicted on Fig. 1| which is easier
to tackle. Using both schemes and comparing the results represents a useful reliability
check; the second method also allows for the spectral method as an alternative approach.

Let us pass to the results. In Fig. 2| we plot the eigenvalues H, g with respect to the
cutoff angle 3. As expected, they are monotonously decreasing functions. We also can
identify the critical angle at which the first eigenvalue appears as 5, &~ 1.43 ~ 0.4557.
This a substantially smaller value than the sufficient condition of Proposition 3.1 and
what is more important, it provides the indication that the discrete spectrum of the
‘full’ Archimedean spiral region is void mentioned in the previous section.
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Figure 1. A truncated skewed strip for the spiral region with a cavity. For 0 < 6 < 8
the Dirichlet condition is replaced by the periodic one, at the cutoff both Dirichlet and

) Neumann conditions are used.
(skewstrip)

1+t

0.8}

0.6
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L
04r
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Figure 2. Eigenvalues of Hy/; 3 as functions of 3.
(cavity_ev)

Furthermore, in Fig. we plot the eigenfunctions of H, i/ indicating their
horizontal levels, in particular, their nodal lines. The results are in accordance with
the Courant nodal domain theorem [CH53, Chap. V.6]. We note that the nodal lines
are situated in the cavity only which, as well the finiteness of the spectrum, corresponds
nicely to the observation expressed by which says that the part of C, s referring to
the angles 6 > max{2w, §;} is a classically forbidden zone.

4. A variation: multi-arm Archimedean waveguide

(s :multi) Let I'™ be the the union of m Archimedean spirals of the slope a > 0 with an angular

shift, I = {r = a(0 — 222) : § > 22 j =0,...,m — 1}. As before we denote by CI"
its complement, C™ := R? \ '™, and consider the corresponding Dirichlet Laplacian in
L*(Cy),

H,=-AY,
and note that it again has the scaling property with respect to the slope parameter a.
Using polar coordinates we work as L?(€,;rdrdf) again but now the skewed strip Q,
contains additional Dirichlet boundaries at the lines r = a(@ + 2]—”), j=1...,m—1
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Figure 3. The first nine eigenfunctions of Hj ;21,2 shown through their horizontal
levels (colour online). The corresponding energies are 0.1280, 0.2969, 0.3456, 0.5312,

05811, 0.6825, 0.8266, 0.8852, and 0.9768, respectively.
(cavity_ef)

There is a difference, however, coming from the regularity of the boundary. For m = 2
the set C? consists of two connected components and has a smooth boundary, for m > 3
it consists of m connected components separated by the branches of I']", each of them
them has an angle at the origin of coordinates which is %, that is, convex. This means
that for any m > 2 the singular part appearing in is missing. Moreover, the
operator has a symmetry with respect to the rotation on multiples of the angle %’r
which allows us to decompose it into the direct sum of m mutually unitarily equivalent
components. It is thus sufficient to investigate operator I:[ZZ‘ acting as the right-hand

side of (2.2)) in L*(2™) referring to the skewed strip

Q= {(r,0): r € (r,(0),a6),0 > 0},

where 77 (0) := max {0,a(f — 2%) }, the domain of which is

min

D(H) = H> (") N H ().

Proposition 4.1. ¢(H") = [(;”—a)z,oo) for any natural m > 2. The spectrum is
absolutely continuous outside T, = {(%)2 n = 1,2,... } and its multiplicity s

divisible by m.

Proof. The claim about the multiplicity follows from the mentioned direct sum
decomposition. The arguments used in Sec. [2| to determine the essential spectrum



m-disccavity)
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and to prove its absolute continuity outside the thresholds modify easily to the present
situation, and it is now also easy to check that there is no spectrum below (%)2 Indeed,
the corresponding quadratic form can be estimated by

2
)= (52) 117 = Py ),

2

where P(0,00) 1 analogous to ([2.5) with ;- replaced by 7+

3. As before we can check that

2
Plapl] >0 for any T <a<B<oo;
’ m

on the other hand, the functions from the domain of p{j ;) now satisfy Dirichlet condition
at 7 = 0, hence the the second term in the bracket in the analogue of (2.7)) is four
times larger, (%)2 instead of (%)2, and consequently, we have p?&oo) (4] > 0 for any

¥ € dom[q)"]. O

A discrete spectrum can be again generated, of course, if a part of the Dirichlet
boundaries is removed. As a simple example, consider a circular cavity centered at the
origin, obtained by passing from I'y" to I'}'s = {r = a(9+ 2J—”) :0>p5,7=0,...,m—1}.
Denoting then the corresponding Dirichlet Laplacian by H;"; we can modify easily the
proof of Proposition to obtain the following result:

Proposition 4.2. o4i(Hs) # 0 holds for all m > 2 and 3 > QJm# If g > %Bj,
where B; is the j-th element of the sequence (3.1), H;'s has at least j eigenvalues, the
multiplicity taken into account.

4.1. Numerical results

To illustrate the results of this part, we plot in Fig. @ the eigenfunction H, _ for a six-

a2
arm spiral region with the central cavity. The picture confirms the expectation that with
the growing m, the eigenfunctions — with the possible exception of those corresponding
to eigenvalues situated very close to the threshold — become similar to those of the
Dirichlet Laplacian in a disc; it is instructive to compare the nodal lines to those of the

single arm region shown in Fig.

5. General spirals

After looking into the Archimedean case one is naturally interested what can be said
about waveguide properties of other spiral shaped regions. A general spiral curve I is
conventionally described in polar coordinates as the family of points (r(),6), where
r(+) is a given increasing function. Unless specified otherwise, the spirals considered are
semi-infinite » : R, — R,. In some cases we also consider ‘fully’ infinite spirals for
which 7 : R — R,. The monotonicity of » means that I' does not intersect itself, in
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s

2\

Figure 4. The jth eigenfunction, 7 = 1,2,4,6, of ngw, shown through their
horizontal levels (colour online). The corresponding energies are 0.1296, 0.3282, 0.5871,

and 0.6783, respectively.
11ticavity_ef)

other words, the width functz’owm

0 al6) = %(r(@) (6 —2m)). (5.1) [coiTe]

is positive for any € > 27, or for all § € R in the fully infinite case. As before we denote
C := R?\ T and ask about spectral properties of
c
HT - _AD7

the Dirichlet Laplacian in L*(C). We restrict our attention to the situation when r(-) is

a C'-smooth function excluding thus well-known curves such as Fibonacci spiral, spiral

|| The ‘inward’ coil width at the angle 6 is, of course, 2wa(f); we choose this form with the
correspondence to the Archimedean case in mind.
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of Theodorus, etc. [wiki]

Remark 5.1. Another modification is represented by multiarm-arm spirals generalizing
those discussed in Sec. ] Given an m-tuple of points 0 = 0y < 61 < -+ < 6,1 < 27
and increasing functions r; : [#;,00) = Ry, j =0,1,...,m — 1, satisfying
1 2 1
a;(0) = 5= (r;(0) = rj11(6)) > 0, H(Q) N Hy (),

for all relevant values of 6, we define such a spiral as the family of points {(r;(#),8) :
j=0,1,...,m—1}. Note that a two-arm spiral can also be alternatively described by
means of a function 7 : R — R such that £r(0) > 0 for 6 > 0 interpreting negative
radii as describing vectors rotated by 7. The simplest situation occurs when the system
has rotational symmetry, 6; = 2%] and r;(0) = 7"0( — 2%]) for 0 <j<m—1. The
corresponding domain C then consists of m mutually homothetic components and in
view of the Dirichlet conditions at the boundaries one is able to simplify the task by

considering one of them only.

One of the most important properties from the waveguide point of view is the
asymptotic behaviour of the function of the width function (5.1)). We call a spiral-
shaped region C simple if the function a(-) is monotonous, or in the case of spirals
parametrized by 6 € R if a is monotonous on each of the halflines Ry. A simple C is
called expanding and shrinking if a is respectively increasing and decreasing for 6 > 0;
these qualifications are labeled as strict if limg_,o, a(f) = oo and limg,o a(f) = 0,
respectively. For regions referring to multi-arm spirals we use same term if these limit
properties apply to all the a;, 7 =0,1,...,m — 1.

A spiral-shaped region is called asymptotically Archimedean if there is an ay € R
such that limy_,, a(0) = ag, for multi-arm spirals this classification means the existence
of finite limits of all the a;. A region C is obviously unbounded iff limy_,o 7(6) = oc.
If the limit is finite, limy . 7(f) = R, the closure C is contained in the circle of
radius R, it may or may not be simply connected as the example of Simon’s jelly roll,
r(0) = 3 + 5= arctan 0, shows.

The Hilbert space can be now written as L?*(€,;rdrdf), the skewed strip Q,
of the Archimedean case being at that replaced by the region Q, = {(r,0) : r €
(rmin(0),7(0)), 0 > 0}, where ry;,(0) := max{0,r(0 — 27))} and the Dirichlet condition
is imposed at the boundary points with > 0, while for = 0 we have to add a singular
element, so that the domain of H, is

D(H,) = H*(Q) N H () & Ctsing)
with X
Vsing(1,0) = x(7) r'/2 sin 59,

x being again a smooth function with a compact support not vanishing at » = 0.
For multi-arm spiral regions we replace a single € by m regions €2, ; := {(r,0) : r €
(7 min(6),75(0)), 6 > 0} With 7jmin(0) := max{0,r;4+1(6 — 25))} and the domain of the
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jth component of the operator is H?*(2,;) N H§(25), 7 =0,1,...,m — . Finally, for
‘fully” infinite spiral regions the operator domain is D(H,.) = H?*(Q,) N H(Q,.).

As in the particular case discussed above we can get rid of the Jacobian and consider
the H, on L?*(2,) obtained by means of the unitary transformation

U : LX(Q,;rdrdd) — L3(,), (U)(r,0) = r/?p(r, ),

and the action of H, is again independent of the function r(-),

and similarly for the multi-arm spiral regions. The associated quadratic form is

2 1 81#
/ /m © ’87" rl 00 }drde
+271'
= rl—
/o /01(7’) (97”

where 0~1(-) is the pull-back of the function 7(-); its domain consists of function
Y € H'(Q,) satisfying Dirichlet condition at the point of 9, with the singular element
(2.3) added. The modifications for multi-arm and ‘fully’ infinite spirals are again

2
+

] dodr,

straightforward.
Using function r and its derivatives, we also can express the quantities

corresponding to ([2.8a]) and (2.9a)) in the general case; they are

0
- | Ve er ac (5.2) [gsnarcienger]
and
r(0)% + 27(0)* — r(0)7(0)
(07 + 1027

In contrast to the Archimedean case, however, it is not always possible to amend the

k(0) =

arclength (5.2)) with the orthogonal coordinate u to parametrize C,. globally, at least with
an exception of a finite subset of the plane, by

x1(0,u) = r(0) cos — AT (7(9) sin @ + r(6) cos §),
2900, u 9) sin 0 a +(0) cos 6 — r(6) sin 0).
(0, u) =r(0) + (Q)Jrr(@)(() (6)sin )

The reason is that for strictly expanding spirals the inward normal at a point may not
intersect the previous spiral coil; it is easy to check that in the examples of a logarithmic
spiral, 7(0) = ae* with a,k > 0, or hyperbolic spiral, r(f) = af~!, in which cases this

€ Unless one of the angles at which the spiral arms meet at the origin is non-convex, of course, in such
a case a singular element would be present again.
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happens for all § and 07!, respectively, large enough; note that for the line n() spanned
by the normal to I' at the point (r(6), ) we have

r(0)r(0)
r(0)? + 7 (0)>

dist(n(6),0) =

where O is the origin of the coordinates. Fortunately, some properties of H, can be

derived without the use of the locally orthogonal system.
>+ genspecess) Proposition 5.1. 0(H,) = 0ess(H,) = [0,00) holds if T" is simple and strictly expanding.
Proof. Under the assumption one can find a disjoint family {D,} C C, of discs with
centers at points z,, € C, and diam D,, = n. Then it easy to construct a Weyl sequence,
say ~ (L] - —xz,|) e?*, where ¢ € C5°(R;) is nonnegative with supp¢ C [0,2) and
||| = 1, which shows that |p|? € oes(H,) for any p € R?. Since H, is positive by
definition, the claim follows. O

On the other hand, the parallel coordinates can be used in regions generated by
shrinking or asymptotically Archimedean spirals provided we exclude a suitable central
region as we did in ([2.10). Using them, for instance, we obtain a result which is an
antipode of Proposition

. genspecdisc)

Proposition 5.2. If ' is simple and strictly shrinking, the spectrum of H, is purely
discrete.

Proof. We divide C into a precompact C. and C,. = (C \ CC)O in which the parallel
coordinates can be introduced, separated by Neumann boundary at some sy > 0. It is
sufficient to show that restrictions of H,. to the two regions have purely discrete spectra.
For the former it follows from the precompacteness of C., the latter is unitarily equivalent
to the operator HY, of the form (2.14). Estimating the transverse contribution to the
energy from below we get

0 2

A 0
Dy _ Y9 —2
H. > 83(1 uk(s)) 55 + i(s)?

+V(s,u) (5.3)[shrinkest]

Since d(s) — 0 as s — oo holds is a strictly shrinking region, the sum of the two last
term explodes in the limit and the absence of the essential spectrum can be checked in
the standard way, see e.g. [RS78, Thm. XIII.16]. O

(r:3elly roll) Remnark 5.2. An example of a strictly shrinking spiral domain is provided by Fermat

spiral, 7(0)? = b?0. Furthermore, the above result holds a fortiori for regions contained
in a bounded part of the plane, limg_,,, 7(0) < oo, where the spectrum would be purely
discrete even without the Dirichlet spiral barrier. This illustrates one more time the huge
difference between Dirichlet and Neumann Laplacians. Recall an example in which that
the Dirichlet barrier is replaced by Neumann one and the spectrum covers the halfline
R, being absolutely continuous, up to a possible discrete family of embedded eigenvalues
of finite multiplicity [Si92].
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5.1. Numerical results

As an illustration, we plot in Fig. 5| several eigenfunctions of H, corresponding to the
Fermat spiral region mentioned in the previous remark. By Proposition[5.2]the spectrum
is purely discrete and we see that apart from the central region the eigenfunctions
have a quasi-one-dimensional character. A natural question concerns the distribution

Figure 5. Eigenfunctions of the Fermat spiral region with b = 1, shown through
their horizontal levels (colour online), corresponding to the eigenvalues, E7 = 19.5462,

FEy5 = 28.3118, Eo7y = 38.8062, and E4o = 48.8367.
(fermat_ef)

of eigenvalues with respect to the increasing energy. The dominant contribution comes
from the second term on the right-hand side of , the transverse Dirichlet eigenvalue
v(0) (ﬁ)2 as a function of the arc-length variable s, where this time we have
d#) = r(0) —r(0 —m) =~ ixb0~12(1 + O7'() as § — oco. Using we find
s(0) = 206%2(1 + O(67'(), hence the said leading term of the effective potential is
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~ ¢s*? with ¢ = (%)2(%)2/3 giving the estimate of the number of eigenvalues with
energy < F is N(E) ~ 6%1 b* E? as E — oco. This is plotted in Fig. @together with the

E

Figure 6. The number of eigenvalues in Fermat spiral region vs. energy in comparison

with the asymptotics taking into account the strip width only.
(fermat_ev)

true number of eigenvalues. We see a significant excess which is naturally attributed to
the geometry-related effects expressed by first and third terms on the right-hand side of
. In addition, the plot suggests that there are finer effects in the asymptotics; we
leave this to a future work.

5.2. Asymptically Archimedean regions

Between the above discussed extremes the situation is more interesting:

p: asymptess) Proposition 5.3. If the spiral I' is asymptotically Archimedean with limg_,, a(0) = ay,

we have oess(H,) = [(2a9) ™2, 00). In the case of a multi-arm region with limg_,o a;(0) =
aoj, the essential spectrum is [(2a)2,00), where @ := maXo<j<m_1 o ;-

Proof. Mimicking the proof of Propositionwe can check that any A > (2ag) 2 belongs
to the essential spectrum. To complete the proof, we note that

inf Ooss(H,) > inf ess(H2) > inf {#52 +V(s,u): s> 80, 0<u<d(s)}

The point sy where the Neumann segment separating C. and C,. is placed can be chosen
arbitrarily large, and since the expression at the right-hand side tends to (2ag)~? as
sg — oo we get the sought result. The argument in the multi-arm case is analogous. [

The question about the discrete spectrum of asymptotically Archimedean spiral
regions is more subtle. There is no doubt that, similarly to Propositions and [4.2]
localized states arise when C would be locally wide enough. However, the discrete
spectrum, and a rich one, may also come from the asymptotic behaviour of the spiral
width provided that r(-) approaches the linear asymptote from below. To be specific,
consider the spiral

r(0) = agh + by — p(6) (5.4)
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with the polar width function

a(®) = av +ax(6), @ (6) =5 (p(6—2m) — (0)),

T

where p(-) is a positive function such that limy_,, p(#) = 0; for the sake of definiteness
we restrict our attention to functions satisfying

() = —9% L0071 as 0 oo (5.5) [derdecay|

with 1 < 7 < 3, so the width function variation is ai(0) = 2 + O(0—~'). The

restriction v > 1 means that the spiral is not too ‘inflated’; there is a finite bound to
the distance between the respective coils of the spirals with different ¢’s, including the

one with ¢ = 0. Under assumption (5.5) we have a;(f) = 2% + O(6~77'), hence the
length-type quantities such as the orthogonal distance d(#) scale by the factor

ay(0) 27e
1 =1
+ ao + aom

+ 0,

and energy-type quantities such as (%)2 by

-2
a1<9>) AT o, (5.6) [transscale

1 7
( + Qo CL()Q’Y

hence the sum ([2.20)) of the energy of the lowest transverse mode and the effective

potential (2.14b]) behaves as

1 T /

W(s,u) = 12 a0 +0077), (5.7)[inflatsun|

where v := min(y + 1, 3). This allows us to make the following claim:

orop: infspec) Proposition 5.4. Under the assumption (5.5), #0qisc(H,) = oo holds for any ¢ > 0.

Proof. We use a variational argument with trial functions ¢, = ¢y given by (12.15));
the aim is to show that

plin] = (tr, HEW,) - 4i NG (5.8) (shifeed]
= (¢x, —0s(1 — ur(s)) 20sx + (% +V(s,u) — ﬁ)%)

can be made negative; as in the proof of Proposition A is to be chosen small
enough to ensure that the support of ¥, lies in the region where the parallel-coordinate
parametrization applies. The right-hand side is the sum of two terms; the first one can
be through integration by parts rewritten as

221 d(s)
)\2/ / (1 —uk(s))7?) [(rs)|? sin2% duds
a1t Jo
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and since k(s) — 0 and d(s) — ag holds as s — oo, the expression can be for small
enough A estimated, say, by A i—g l|42/[?. The second term on the right-hand side of (5.8
can be with the help (5.7) written as

2271 d(s)
/ / (W(s,u) — é)w,\(s,u)Pduds.
At Jo

To proceed we have to relate the arc length (5.2) to the angular variable It is easy to
see that for the radius given by (5.4) the change against (2.8)) shows in the error term

only, we have s() = 2ao6*> + O(f), and conversely, § = ,/2—3 + O(1) holds for large s,

so (5.7) becomes
/2 ,
Wisu) = -5 (22) 4+ 0(s72), (5.9)[inflatsun-s]

a2
The leading term is negative, independent of u and increasing with respect to s, hence
its maximum on the support of v is reached at s = 2A\~! and we can estimate the
expression in question as

(T(@AYT L oy /2”12_7f 2
(ag< T) o) L d(s) AP

hence we finally get

2

i) < AT 2 = (T () A2 L o (A0 2 ),
agp ag \4

where the right-hand side is negative for all A small enough. Finally, since the support

of p is compact, one can choose a sequence {\,} such that A\, — 0 as n — oo and the

supports of ¢, are mutually disjoint which means that the discrete spectrum of H, is

infinite, accumulating at the threshold (2ag)~2. O

6. Fermat meets Archimedes

We have mentioned that Fermat spiral gives rise to the region with a purely discrete
spectrum. Something different happens if we consider an interpolation between it and
an Archimedean spiral, in the simplest case described parametrically as

r(0) =a 0(9+Z—z), a,b>0, (6.1)[fermarch]

with the asymptotic behaviour

2
r(6) = WO+ 6% + 0677,
2

b
r(6) = af + % + 007,

for # — 04 and @ — oo, respectively. The Fermat spiral is conventionally considered
as a two-arm one dividing the plane into a pair of mutually homothetic regions, the
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interpolating one would thus coincide asymptotically with the two-arm Archimedean
spiral. In view of Proposition the essential spectrum of the corresponding H, is
[a™%,00). What concerns its discrete spectrum, taking the asymptotic expansion of

(6.1) two terms further, we can write () in the form (5.4)) with by = % and

bt 30°

— -3
p(0) = Ra30 164562 +0(07) (6.2) [fermarho]

which means that the present interpolating region satisfies assumption (5.5 with ¢ = %

and v = 2. Proposition then says that the operator H, has an infinite discrete
spectrum in (0,a"?) accumulating at the threshold. Moreover, one can also specify the
corresponding accumulation rate: the one-dimensional effective potential is in this
case 1725155 571+ O(573/?), with the leading term of Coulomb type, which shows that the
number of eigenvalues below a2

— F behaves as

Nz p(H) = ooz —=+o(E"'?) it E— 0+ (6.3) [accurate

Remarks 6.1. (a) It is worth noting that while the experimentalists sometimes label
their spirals explicitly as Archimedean [CEW15| [CLV14] [JLX15], in fact they are not.
The reason is that they are produced by coiling fibers of a fixed cross section, hence
their transverse width is constant instead of changing with the angle as it would for

the true Archimedean spiral. Comparing relations (2.19)), , and (6.2) we see

that such waveguides behave asymptotically rather as the current interpolation with
b= (2m)"Y* ~ 0.632.

(b) Let us finally note that different asymptotically Archimedean regions may exhibit
very different spectral behaviour. Consider, for instance, involute of a circle, r(0) =
av/1 + 62, where the asymptotic behaviour of 7(6) has the form with by = 0 and
p(0) < 0 which means that Proposition does not apply; the polar width of the region
is smaller than that of its Archimedean asymptote acting thus against the existence of
bound states. A similar conclusion one can make for Atzema spiral |wiki], for which
r(t) = a(t+t'), where t > t, for a suitable ¢y to avoid self-intersections. The parameter
in this case is not the polar angle, but 6 = ¢ — 3 + O(t™1), hence we have by = 0 and
p(0) < 0 again. On the other hand, modifying the last example slightly by choosing
r(0) = a(6 — 0~') with € > 1, such a spiral obviously satisfies with by = 0 and
~v = 2 so that the corresponding region gives rise to an infinite discrete spectrum below
(2a)~! accumulating in a way similar to (6.3)).

6.1. Numerical results

Let us finally show some numerical results about the interpolation spiral region discussed
here. By Proposition the discrete spectrum is infinite. In Fig. [7| we plot the lowest
nine eigenvalues of the corresponding operator H, with respect to the parameter b that
controls the interpolation; we choose a = 1 to fix the essential spectrum. As expected
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Figure 7. The lowest eigenvalues of interpolating region as functions of b.

the ground state is close to the continuum threshold for (sufficiently) large values of b
and the whole discrete spectrum disappears in the limit b — oo, while for small b the
region has a large bulge in the center and the spectral bottom drops to appropriately
low values. We also see in the picture how the eigenvalues accumulate towards the
continuum in correspondence with .

Furthermore, in Fig. |8 we show an eigenfunction with an appropriately high
index and the eigenvalue very close to the continuum. The figure corresponds to the
interpolation parameter b = (27)~'/* mentioned in Remark 6.1a above. The difference
from the two-arm Archimedean region is hardly perceptible by a naked eye, however,
the discrete spectrum is now not only non-void but it is rich with the eigenfunctions the
tails of which have a distinctively quasi-one-dimensional character.

7. Concluding remarks

The topic we have addressed in this paper is broad and offers a number of other
questions. Let us briefly mention some of them:

e There are other spiral-shaped regions of interest. Apart from the example
mentioned in Remark with the mostly mathematical appeal, we discussed
situations in which the closure C was simply connected. This is often not the
case in physical applications, recall, for instance, [BBP09, [CLV14| [JLX15, TLY18],
where the guide looks like a two-arm Archimedean region — in the experimentalist
reckoning mentioned above — however, with an opening in the center where the two
‘loose ends’ meet each other in an S-shape way.

e With respect to Propositions and [4.2] a discrete spectrum can also be created
by erasing a part of the Dirichlet boundary away from the center. There is no doubt
that a large enough ‘window’ would give rise to bound states, the question is how
small it can be to have that effect.

e Having in mind that (single-arm) spiral-shaped regions violate the rotational
symmetry, one is naturally interested whether the spectrum is simple.
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Figure 8. The eigenfunction corresponding to the energy Fi4 = 0.999952 for the
interpolation with b = (27)~/* (colour online).

e Another question concerns the spectral statistics for strictly shrinking spirals, one

would like to know whether they give rise to quantum chaotic systems.

We mentioned in Remark that properties of the Neumann Laplacian may be
completely different. On the other hand, one expects that a Robin boundary
(with a nonzero parameter) would behave similarly to the Dirichlet one with some
natural differences: in the asymptotically Archimedean case the essential spectrum
threshold would be not (2a)~! but the appropriate principal eigenvalue of the Robin
Laplacian on an interval of length 27, and in the case of an attractive boundary
the operator will no longer be positive.

In some physical applications a magnetic field is applied, hence it would be useful to
investigate spectral properties of the magnetic Dirichlet Laplacian in spiral-shaped
regions of the types discussed here.
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e And last not least, in real physical system the separation of the spiral coils is
never complete, which motivates one to look into the ‘leaky’ version of the present
problem, that is, singular Schrodinger operators of the type —A + adr.
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