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1 Introduction

We recall that a linear operator L acting from a Banach space E into another Banach space
I satisfies the Fredholm property if its image is closed, the dimension of its kernel and the
codimension of its image are finite. Consequently, the problem Lu = f is solvable if and only
if ¢;(f) = 0 for a finite number of functionals ¢; from the dual space F'*. Such properties of
Fredholm operators are extensively used in many methods of linear and nonlinear analysis.

Elliptic equations in bounded domains with a sufficiently smooth boundary satisfy the
Fredholm property if the ellipticity condition, proper ellipticity and Lopatinskii conditions
are fulfilled (see e.g. [1], [10], [15]). This is the main result of the theory of linear elliptic
problems. In the case of unbounded domains, these conditions may not be sufficient and the
Fredholm property may not be satisfied. For example, Laplace operator, Lu = Au, in R? fails



to satisfy the Fredholm property when considered in Holder spaces, L : C?t%(RY) — C*(R%),
or in Sobolev spaces, L : H?(RY) — L*(R?).

Linear elliptic equations in unbounded domains satisfy the Fredholm property if and only
if, in addition to the conditions stated above, limiting operators are invertible (see [17]). In
some trivial cases, limiting operators can be explicitly constructed. For instance, if

Lu = a(zx)u” + b(z)u' + c(z)u, z € R,

where the coefficients of the operator have limits at infinity,

4+ = :cl—l>rziloo a(x), b:t - x1—1>I:Eoo b(I)’ = x1—1>I:Eoo C(ZIZ’),

the limiting operators are:

Liu=asu” + by + ciu.

Since the coefficients are constant, the essential spectrum of the operator, that is the set of
complex numbers A for which the operator L — A fails to satisfy the Fredholm property, can
be explicitly found by means of the Fourier transform:

Ar(6) = —a & +byil+cy, EER.

Invertibility of limiting operators is equivalent to the condition that the essential spectrum
does not contain the origin.

In the case of general elliptic equations, the same assertions hold true. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or if the limiting
operators are invertible. However, these conditions may not be explicitly written.

In the case of non-Fredholm operators the usual solvability conditions may not be ap-
plicable and solvability conditions are, in general, not known. There are some classes of
operators for which solvability conditions are obtained. Let us illustrate them with the
following example. Consider the problem

Lu=Au+au=f (1.1)

in R?, where a is a positive constant. The operator L coincides with its limiting operators.
The homogeneous equation admits a nonzero bounded solution. Hence the Fredholm prop-
erty is not satisfied. However, since the operator has constant coefficients, we can apply the
Fourier transform and find the solution explicitly. Solvability conditions can be formulated
as follows. If f € L%(RY) and xf € L'(R?), then there exists a solution of this equation in
H?(RY) if and only if

ipx

e
f(z), d) =0, pe S ae
< (27m)2 / rawe) v

(see [24]). Here and further down S¢ stands for the sphere in R? of radius r centered at
the origin. Hence, though the operator fails to satisfy the Fredholm property, solvability




conditions are formulated in a similar way. However, this similarity is only formal since the
range of the operator is not closed.
In the case of the operator with a potential,

Lu = Au+ a(z)u = f,

Fourier transform is not directly applicable. Nevertheless, solvability conditions in R? can
be obtained by a rather sophisticated application of the theory of self-adjoint operators
(see [21]). As before, solvability conditions are formulated in terms of orthogonality to
solutions of the homogeneous adjoint equation. There are several other examples of linear
elliptic operators without Fredholm property for which solvability conditions can be obtained
(see [17]-[24]). The bi-Laplacian is relevant to the studies of the solvability conditions for
a linearized Cahn-Hilliard equation (see e.g. [18]). The boundedness of the gradient of
a solution for the biharmonic equation was established in [11]. The behavior near the
boundary of solutions to the Dirichlet problem for the biharmonic operator was studied in
[12] and [13]. The Dirichlet problem in Lipschitz domains for higher order elliptic systems
with rough coefficients was considered in [14].

Solvability relations play a significant role in the analysis of nonlinear elliptic equations.
In the case of operators without Fredholm property, in spite of some progress in under-
standing of linear problems, there exist only few examples where nonlinear non-Fredholm
operators are analyzed (see [5]-[7]). In the present work we treat another class of nonlinear
problems, for which the Fredholm property may not be satisfied:

—A%u 4+ a®u + / G(r—y)F(u(y),y)dy=0, a>0, (1.2)
Q

generalizing the results derived in [22] for the equation analogous to (1.2) but containing
the standard Laplace operator. Here € is a domain in R?, d = 1,2, 3, the more physically
interesting dimensions. Some applications of this model are presented in Appendix 2. The
linear part of the corresponding operator here is similar to problem (1.1) above, it only
contains the negative bi-Laplacian. We will use the explicit form of solvability relations and
will study the existence of solutions of the nonlinear problem.

2 Formulation of the results

The nonlinear part of problem (1.2) will satisfy the following regularity conditions.
Assumption 1. Function F(u,z): R x Q — R is such that
|F(u,x)| < klu|+h(z) for uweR, z€f) (2.1)

with a constant k > 0 and h(z) : Q — RT,  h(z) € L*(Q). Furthermore, it is a Lipschitz
continuous function, such that

|F(uy, ) — Fug,x)| <lluy —us| for any w2€R, z€Q (2.2)
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with a constant | > 0.

We introduce the auxiliary problem

A%y — a*u = /QG(:B —y)F(v(y),y)dy, a>0. (2.3)

Let us denote
(@), fola)) 2y = / f1(2) o), (2.4)

with a slight abuse of notations when these functions are not square integrable, like for
example those used in the orthogonality relations (6.4) and (6.5) of Lemma A1 of Appendix
1. Indeed, if fi(x) € L' () and fo(x) € L>(Q), the integral in the right side of (2.4) makes
sense. In the first part of the work we treat the case of Q = R%, 1 < d < 3, such that the
appropriate Sobolev space is equipped with the norm

[l gy = lullZa@e) + 1A ] L2 ga)-

The main issue for the equation above is that the operator A2—a? : H4(R?) — L?(R%), a > 0
fails to satisfy the Fredholm property, which is the obstacle to solve problem (2.3). The
similar situations but in linear problems, both self- adjoint and non self-adjoint involving
non Fredholm second or fourth order differential operators or even systems of equations with
non Fredholm operators have been studied extensively in recent years (see [16], [17], [18],
[19], [20], [21], [22], [23], [24] ). However, we manage to establish that problem (2.3) in such
case defines a map T, : H*(RY) — H*(R?), a > 0, which is a strict contraction under the
given technical conditions.

Theorem 1. Let Q = RY d <3, G(z) : R - R, G(z) € LY(R?), 2G(z) € LY(RY), the
constant a > 0, N, 4 is defined in (6.3) and Assumption 1 holds.

Let orthogonality relations (6.4) hold ford = 1 and (6.5) when d = 2,3 and \/5(2%)% 0 dl <
1. Then the map T,v = u on H*(RY) defined by equation (2.3) has a unique fized point v,,
which is the only solution of problem (1.2) in H*(R?).

The fixed point v,, a > 0 is nontrivial provided the intersection of supports of the Fourier

—

transforms of functions suppF(0,x) N supp@Y is a set of nonzero Lebesque measure in RY.

In the second part of the article we consider the analogous problem on the finite interval
with periodic boundary conditions, i.e. @ = I := [0, 27| and the appropriate function space
is

HY(I) = {u(x) : I = R | u(x),v"(z) € L*(I), u(0) = u(27), «/(0) = «/(27),
u"(0) = u"(27), «"'(0) = " (27)}.
We introduce the following auxiliary constrained subspace

e:l:inox

V21

HAI) == {u e HAI) | <u(x), )LZU) =0}, n € N, (2.5)
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which is a Hilbert spaces as well (see e.g. Chapter 2.1 of [9]). Let us establish that equation
(2.3) in this situation defines a map 7,, a > 0 on the above mentioned spaces which will be
a strict contraction under the given assumptions.

Theorem 2. Let Q =1, G(x) : I - R, G(z) € L'(I), G(0) = G(27), F(u,0) = F(u,2n)
for uw € R and Assumption 1 holds.

I) Ifa >0 and a # n3, ng € N, we assume that 2,/tN,l < 1. Then the map T,v = u
on H*(I) defined by equation (2.3) has a unique fized point v,, the only solution of problem
(1.2) in HY(I).

II) If a = ng, ng € N, we assume that orthogonality conditions (6.11) hold and 2\/_/\/ 2 < 1.
Then the map T,2v = u on HY(I) defined by equation (2.3) possesses a unique ﬁxed point
Unz, the only solution of equation (1.2) in HF(I).

In both cases I) and II) the fized point v,, a > 0 is nontrivial provided the Fourier coefficients
G, F(0,2), # 0 for somen € Z.

Remark. We use the constrained subspace Hi(I) in case II), such that the operator

d4
which possesses the Fredholm property, has the empty kernel.

Let us conclude the article with the studies of our problem on the product of spaces,
where one is the finite interval with periodic boundary conditions as before and another is
the whole space of dimension not exceeding two. Hence, in our notations 2 = I x R? =
0,27] x R4, d =1,2 and x = (2,2, ) with 2; € I and z; € R%. The appropriate Sobolev
space for our problem is H*(Q) defined as

{u(x) Q=R | u(z), A%u(x) € L*(Q), u(0,z,) = u(2m,x,),

ou ou 0*u 0*u Pu Pu
81’1(0 SL’J_) 81’1(27T SL’J_) 02(0 LL’J_) 02(27{' SL’J_) 03(0 LL’J_) 03(27{' SL’J_)}

where 2, € R? a.e. Analogously to the whole space case considered in Theorem 1 above,
the operator A% —a? : H*(Q) — L*(2), a > 0 is non Fredholm. We prove that equation
(2.3) in this context defines a map ¢, : H*(Q) — H*(Q), a > 0, a strict contraction under
the given technical conditions.

Theorem 3. Let Q =1 xRY d=1,2, G(z):Q — R, G(z)e L), G0O,z,) =
G2m,xy), F(u,0,r)) = F(u,2m,2,) for ;. € R? a.e. and u € R and Assumption 1
holds.

I) When n3 < a < (ng+1)%, ng € Z" = NU{0} let x;G(z) € L (), condition (6.23)
holds if dimension d = 1 and (6.24) if d = 2 and v/2(27)“ M, < 1. Then the map t,v = u

bt



on H*(Q) defined by equation (2.3) has a unique fived point vy, the only solution of problem
(1.2) in HY(S).

II) When a = n, ng € N let 22 G(z) € L'(Q), conditions (6.20), (6.22) hold if dimension
d =1 and conditions (6.21), (6.22) hold if d = 2 and \/5(27r)%Mn(z)l < 1. Then the map
th2v = u on HA(Q) defined by equation (2.3) possesses a unique fized point Unzs the only
solution of equation (1.2) in H*((2).

In both cases 1) and II) the fized point v,, a > 0 is nontrivial provided that for some n € 7

the intersection of supports of the Fourier images of functions suppF(0,z), N supp@n 5 a
set of nonzero Lebesque measure in RY.

Remark. Note that the maps discussed above act on real valued functions by means of the
assumptions on F(u,x) and G(x) involved in the nonlocal term of equation (2.3).

3 The Whole Space Case

Proof of Theorem 1. First we suppose that in the case of Q = R? for some v € H*(R?)
there exist two solutions u;» € H*(R?) of equation (2.3). Then their difference w(z) :=
uy(x) — up(x) € HA(R?) will be a solution to the homogeneous equation

A’w = a’w.

Since the bi-Laplace operator acting in the whole space does not possess any nontrivial
square integrable eigenfunctions, w(x) vanishes a.e. in R%,

We choose arbitrarily v(z) € H*(RY). Let us apply the standard Fourier transform (6.1)
to both sides of (2.3). This yields

ap) = <2w>?ip—<’” (3.1)

~

where f(p) stands for the Fourier image of F'(v(x),z). Evidently, we have the estimates from
above ) R ) R

[a(p)| < (2m)2 N, al f(p)] and  |p*(p)| < (27)2No, al f(p)],
where N, 4 < oo by virtue of Lemma A1l of Appendix 1 under orthogonality conditions (6.4)
in dimension d = 1 and (6.5) for d = 2,3 respectively. This allows us to obtain the bound

from above for the norm
[ullFagay = TP 72 gay + 110D 172 ey < 221)INZ | F(v(2), 2) 175 50y,

which is finite due to (2.1) of Assumption 1. Thus, for any v(x) € H*(R?) there is a unique
solution u(z) € H*(R?) of equation (2.3) with its Fourier image given by (3.1) and the map



T, : H4(R?) — H*(R?) is well defined. This enables us to choose arbitrarily v »(z) € H*(R?)
such that their images u; o = T,v12 € H*(R?). Hence

B~ aur = [ Gla = )P () )i,
R

By~ aus = [ Gl = y)P(ualw). )iy
R

Let us apply the standard Fourier transform (6.1) to both sides of these equations. This
yields

where fm(p) denote the Fourier images of F'(vy2(x), z). We estimate

~ ~ d N N ~ ~ d -~ -~
@ (p) —Ua(p)| < (27)2 N, al f1(p) = ()], |p"Ui(p) —p"Ta(p)| < (27)2 No, al fi(p) — Fo(p)].
Therefore, for the appropriate norms of functions we arrive at

lur = wal[Gagpay < 202m)INE S| F (01(2), ) = F(va(2), )| 2(ga)-

Clearly, v15(z) € HY(R?) C L>*(R?), d < 3 by virtue of the Sobolev embedding. By means
of condition (2.2), we easily obtain

d
HTavl - Tav2||H4(]Rd) S \/5(271')5]\7&, leUl - U2HH4(R‘1)7

where the constant in the right side of this bound is less than one due to the assumption of
the theorem. Therefore, by virtue of the Fixed Point Theorem, there exists a unique function
v, € H*R?) with the property T,v, = v,, which is the only solution of problem (1.2) in
H*(R?). Suppose v,(x) vanishes a.e. in R%. This will contradict to our assumption that the
Fourier transforms of G(x) and F'(0,z) do not vanish on a set of nonzero Lebesgue measure
in R<. [ |

4 The Problem on the Finite Interval

Proof of Theorem 2. We present the proof of our theorem in case I) and when a = nZ, ng € N
the ideas will be similar, using the constrained subspace (2.5) instead of H*(I). Let us first
suppose that for a certain v € H*(I) there exist two solutions u; o € H*(I) of equation (2.3)
when Q = I. Then function w(z) := uy(x) — up(z) € H(I) will satisfy the equation

"
= a2w.
4

Since a > 0, a # n2, ny € N, a? is not an eigenvalue of the operator pri L*(I) with
x
periodic boundary conditions. Hence, w(z) vanishes a.e. in I.
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Let us suppose v(xz) € H*(I) is arbitrary. We apply the Fourier transform (6.8) to
equation (2.3) treated on the interval I and arrive at

un:\/QW%, n e’z (4.1)
n*—a

with f, := F(v(z), x),. Evidently, for the transform of the fourth derivative we obtain

n'Gy fr

nt —a?’

(u////)n _ \/ﬁ

n € 7.

This allows us to estimate

lullZary = Z [n]* + Z [ntun]* < ATNZ(F(v(2), 2) |72y < 00

n=—00 n=—00

via (2.1) of Assumption 1 and Lemma A2 of Appendix 1. Thus, for an arbitrary v(z) € H*(I)
there is a unique u(x) € H*(I) satisfying equation (2.3) with its Fourier transform given by
(4.1) and the map 7, : H*(I) — H*(I) in case I) is well defined.

We consider any vy € H*(I), such that their images under the map discussed above
U9 = T,v12 € H*(I) and obtain easily the estimate from above

[T Z |1, — | + Z " (ur, — ug,)|* <

< ATNZ|F (vi(2), ) = F(va2(@), 2) |21y

Evidently, vy o(z) € H*(I) C L>(I) by means of the Sobolev embedding. By virtue of (2.2),
we easily arrive at
| Tav1 — Ta2 || gy < 2v/TNGL o1 — val| gagr).

The constant in the right side of this inequality is less than one as assumed. Therefore, the
Fixed Point Theorem yields the existence and uniqueness of a function v, € H*(I) satisfying
TaVa = Vg, which is the only solution of equation (1.2) in H*(I). Suppose v,(z) = 0 a.e.
in /. Then we obtain the contradiction to our assumption that G, F(0,x), # 0 for some
n € Z. Note that in the case of a > 0, a # n3, ny € N the argument does not rely on any
orthogonality relations. [ |

5 The Problem on the Product of Spaces

Proof of Theorem 3. Let us first suppose that there exists v(z) € H*(2) which generates
uo(x) € H*(Q) satisfying equation (2.3). Then their difference w(z) := ui(z) — ug(x) €
H*(Q) will be a solution of

A’w = a*w



in our domain Q. We apply the partial Fourier transform (6.16) to both sides of this equation
and easily obtain
(n* = A wn(x1) = d*wn(z), neL.

Here A, is the transversal Laplace operator acting on z,. Obviously,

Hw||2L2(Q): Z Hwn(fci)||2L2(Rd)-

n=—oo

Hence, w,(z,) € L}*(R%), n € Z. Since each operator (n? — A )%, n € Z does not possess
any nontrivial square integrable eigenfunctions belonging to L?(R?Y), w(z) vanishes a.e. in
Q.

We choose arbitrarily v(z) € H*(2) and apply the Fourier transform (6.14) to both sides
of equation (2.3). This yields

Un(p) = (2m) 2 7 +(n)2)2(—)a2’ neZ peRY d=1,2, (5.1)

where J?n(p) denotes the Fourier image of F(v(x),z). Evidently,

[Gn(p)| < (27)F M| fu(p)] and (0 + n2)2Ta(p)| < (27)F M| fu(p)].

Note that M, < oo by virtue of Lemma A3 of Appendix 1 for a = n2, ny € N and of Lemma
A4 when n2 < a < (ng+1)%, ng € Z* under the appropriate orthogonality relations stated
there. Therefore,

ol = Y [ s 32 [ 16+t el <

< 22m) M| F(v(2), 2)||72) < 00

by virtue of (2.1) of Assumption 1, such that for any v(z) € H*(Q2) there exists a unique
u(z) € HYQ) satisfying equation (2.3) with its Fourier image given by (5.1) and the map
t, : HY(Q2) — H*(Q) is well defined.

Then we choose arbitrarily vy o(z) € H*(2) such that their images under the map are
U9 = t,v10 € HY(Q) and derive

o= walfoy = Y [ 1000~ TaPdpt 3 [ 1P 000 (0) ~ o) P <

< 2(2m) M| F (vi (), ) — F(va(2), 2) || Z2(q)-

Obviously, vy o(z) € H*(Q) C L>®(€) due to the Sobolev embedding theorem. By means of
(2.2) we easily obtain the upper bound

d+1
[tav1 — tava |l m2) < V2(2m)F Myl|jor — Vol (0
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with the constant in the right side of it less than one as assumed. Hence, the Fixed Point
Theorem implies the existence and uniqueness of a function v, € H?*(Q) which satisfies
tava = v, and is the only solution of equation (1.2) in H*(Q2). Suppose v,(x) vanishes a.e.
in ). This gives us the contradiction to the assumption that there exists n € Z for which

supp@n N suppF(0,x), is a set of nonzero Lebesgue measure in R, [ |

6 Appendix 1

Let G(x) be a function, G(z) : RY = R, d < 3 for which we designate its standard Fourier
transform using the hat symbol as

. 1 .
Glp) = —— / Gz)e P dz, p € RY, (6.1)
(2m)2 Jre
such that ]
|G (D) oo may < 711Gl ra) (6.2)
(2n)?
1 ~ )
and G(z) = v G(q)e"dq, = € R%. We define the auxiliary quantities
(2m)z Jra
G(p) p'G(p)
Vo a=mar{ |25 5] s
- max{ p* — a? llLee(rd) p* — a? LOO(Rd)} (6:3)

with @ > 0. In our notations p* denotes |p|* for p € RY, d < 3. We have the following
technical statement.

Lemma Al. Let G(x) € LY(R?), d <3, 2G(x) € LY(R?) and a > 0.
a) If d =1 then N, | < oo if and only if

e:l:i\/am

(G(:)s), Vo )m@m —0. (6.4)
b) If d = 2,3 then N, 4 < oo if and only if
e'rr d
(G(x), (QW)Z)LZ(Rd) =0 for peS); ae (6.5)
Proof. Evidently, we have R R
Z]jjci(zz = G(p) + azpfﬁpzﬂ (6.6)
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The first term in the right side of (6.6) is bounded under the given conditions by means of esti-

4
f (piz e L°(R?), it will imply that 201 ¢ 1oo(Ri)
e

mate (6.2). Then if we establish that TR
pt—a

as well. Obviously,

Gip) _ 1 G 1 Gp
pt—a?  2ap? —a 2ap®*+a

(6.7)

Under our assumptions, the second term in the right side of (6.7) belongs to L>°(R?), since it

can be easily bounded from above in the absolute value by WHG (z)[| 21 (rey by means
)220

of (6.2). Let us recall the part a) of Lemma A1l and the part a) of Lemma A2 of [22]. Hence,

we have C;Lma € L™(RY) if and only if orthogonality conditions (6.4) and (6.5) hold on the
2 —

real line and for d = 2, 3 respectively. [ |

Let the function G(x) : I — R, G(0) = G(2m) and its Fourier transform on the finite
interval is given by

27 6—imv
G, = G dz, €z 6.8
| o =dn (65)

and G(z) = Z Gn%. Evidently, we have the estimate

1
1Gnllie < —=IGllLr(r). (6.9)
2
T
Similarly to the whole space case we introduce
G ntG
N, = " , “ 6.10

with a > 0. We have the following trivial proposition.

Lemma A2. Let G(x) € L'(I) and G(0) = G(2).
a) If a >0 and a # n?, ng € N then N, < oo.
b) If a =n3, ng € N then N, < oo if and only if

(G(x), ej:_;x)ym = 0. (6.11)

Proof. Obviously, we have

G
_ 2 n
=Gnta' (6.12)
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The first term in the right side of (6.12) is bounded under the stated conditions due to
4G
5 €17, it will give us that

inequality (6.9). Then if we prove that > €17 as

well. Evidently,

G, 1 G, 1 G,
kU S . 6.13
n*—a? 2an?—a 2an?+a ( )

Under the given conditions, the second term in the right side of (6.13) belongs to [*, since
it can be easily estimated from above in the absolute value by

1
V2r2a?
virtue of (6.9).
We recall the results of Lemma A3 of [22]. Hence, in the case a) of the present lemma,
the first term in the right side of (6.13) is contained in [*° as well, such that N, < co.
If a = ng with some ny € N, orthogonality relations (6.11) are necessary and sufficient
for N, < oo. []

|G (@)l[Lr(1) < o0 by

Let G(z) be a function on the product of spaces treated in Theorem 3, G(z) : 2 =
IXxRY =R, d=1,2, G(0,2.) = G2, z,) for r; € R? a.e. and its Fourier transform on
the product of spaces is given by

. 1 . I ,
G.(p) == 7d+1/ d:)sle_”’“/ G(x1, 7 )e ™ dx,, peRY nel. (6.14)
(2m)z Jre 0
The norm 1
1Gn (D)l Lz, == suPpere, nezy|Gn(P)| < —a7 1G] L1 @) (6.15)
(2m) "
and G(x) ﬂ Z / p)ePrLe™1dp. Tt is also useful to consider the Fourier
transform only in the ﬁrst variable, such that
2T 6—imv1
Gnlxry) = G(ry,x))——dx;, n€Z. 6.16
@)= [ Gloven)=dn (6.10)
G
We define £ (p) == T n2(§';)— o and introduce
M, == mazx{||&(P)llez,, (0" +0°)°E (D)1, } (6.17)
with @ > 0. In our notations the momentum vector p € R?. Clearly, we have
(0” +n)Eh(p) = Gulp) + a*€(p). (6.18)

The first term in the right side of (6.18) is bounded under the conditions of Lemmas A3
and A4 below via inequality (6.15). Then if we show that (p) € Ly°,, it will imply that
(p* +n*)?*€e(p) € LyS, as well. Apparently,

Glu(p) Gl

gg(p) = 2(1,(]92 +n? — a) 2a(p2 +n? + CI,) ‘

(6.19)
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Under the conditions of Lemmas A3 and A4 below, the second term in the right side of (6.19)

is contained in Ly, because it can be easily bounded from above in the absolute value by
1

WHG@)HE(Q) < oo via (6.15). Let us first consider the case when the constant a

is a square of a natural number.

Lemma A3. Let G(z) € L*(Q), 23G(z) € LY(Q) and G(0,z,) = G(2m,x,) for z, €
R? a.e., d=1,2 and a =n2, ng € N. Then M, < oo if and only if

einxl e:l:i\/n(z)—nsz_
) =0, |n|<ny—1, d=1, (6.20)
L%(Q)

(G(:L"l,:u)a N T

6in:c1 eip:cJ_
G =0 52 . <ng—1, d=2, (6.1
( (xlva_)u \/ﬁ 2 )LQ(Q) ) p e \/ng——nz a.c., |n| > Ny ) ) ( )

e:l:inoml

e:l:inoml
(G([L’l, ZL’J_), \/% ) = 0, (G([L’l, ZL’J_), ﬁll’ k) = O, 1 S k S d. (622)
L2(2) L2(2)

Proof. Let us recall the result of Lemma A5 of [22]. Under the stated conditions, the
first term in the right side of (6.19) belongs to L;°, if and only if orthogonality relations
(6.20) for d = 1, (6.21) for d = 2 and (6.22) for d = 1,2 hold. Since the boundedness of

Gn : : n :
2R+ 7(3;)— ) is equivalent to &ﬁ(p) € Ly?,, which follows from formula (6.19), the result
of the lemma is obvious. [ |

Finally, we treat the case when the parameter a is located on an open interval between
the squares of two consecutive nonnegative integers.

Lemma A4. Let G(z) € L'(Q), x,.G(x) € LYQ) and G(0,2,) = G2, x1) for v, €
R? a.e., d=1,2 and n < a < (ng+1)2, ng € Z™ = NU{0}. Then M, < oo if and only if

einxl 6:|:i\/m:cl
(G(xl,xl), T )L2(Q) =0, |n|]<ny, d=1, (6.23)
6inm1 eipml )
<G($17$J_>7 N )L2(Q) =0, peS —zae, [nf<ny, d=2. (6.24)

Proof. We recall the result of Lemma A6 of [22]. Under the given conditions, the first

term in the right side of (6.19) is contained in Ly, it and only if orthogonality relations

(6.23) for d =1, (6.24) for d = 2 hold. The boundedness of Gnlp) is equivalent to
2a(p? +n? — a)
§n(p) € Lys,, which stems from (6.19). Therefore, the result of the lemma is evident. u
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7 Appendix 2

We will discuss here the derivation and some applications of equation (1.2). Let us begin
with the system of two second-order equations

A
oA _ DiAA+ W, (7.1)
ot

B
_aat = DyAB + W, (7.2)

where A and B denotes the concentrations of some entities, the first terms in the right-hand
sides of equations (7.1), (7.2) describe their random motion, W; and Wj are the source
terms. The concentrations A and B are considered here in a general framework without
discussing their specific origin. In population dynamics they can be related to biological
species, in neuroscience to neuron activation and inhibition, in chemistry to concentrations
of some substances. We suppose that A acts on B, and B act on A in such a way that W,
is a function of B and W is a function of A. Furthermore, we set

Q

The first dependence is conventional, and it does not require further comments. Nonlocal
dependence of the source term W, can arise in various applications. In population dynamics
it describes intra-specific competition and nonlocal consumption of resources (see e.g. [2],
3], [8]). In neuroscience it corresponds to the nonlocal interaction of neurons (see [4] the
references therein). If G(z) is a d-function, then W; is reduced to a conventional local
dependence. Hence, the integral term corresponds to a more general and interesting situation.

In the stationary case, we can use equation (7.1) in order to express B through the
Laplacian of A and substitute into equation (7.2). Thus, we obtain equation (1.2) up to
notation.
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