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Abstract

We study a singularly perturbed PDE with cubic nonlinearity depending on a complex perturbation
parameter e. This is the continuation of the precedent work [22] by the first author. We construct two
families of sectorial meromorphic solutions obtained as a small perturbation in € of two branches of an
algebraic slow curve of the equation in time scale. We show that the nonsingular part of the solutions of
each family shares a common formal power series in € as Gevrey asymptotic expansion which might be
different one to each other, in general.
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1 Introduction

The main aim of this work is to study a family of singularly perturbed PDEs of the form

(1)
Q(0.)(Py(t, €)u(t, z,€) + Pa(t, €)u’(t, z,€) + Ps(t,€)ud(t, z, €)) = f(t, 2, €) + Py(t, €,0r, 0. )u(t, z, €),

where @, P; are polynomials with complex coefficients, for all j = 1,2,3,4, and f is an analytic
function with respect to (¢, €) in a vicinity of the origin, and holomorphic with respect to z on
an horizontal strip Hg = {z € C: [Im(z)| < 8} C C, for some § > 0.

Here, € is considered as a small complex perturbation parameter. The study of singularly
perturbed ordinary and partial differential equations has been recently developed by several
authors. We can cite [3, 7, 10] as works in which the study of ODEs in which irregular singular
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operators appear. In [32], the authors study singularly perturbed semilinear systems of equations
involving fuchsian singularities in several variables. This study is now being generalized by the
authors concerning both irregular and fuchsian operators [33].

Recently, Carrillo and Mozo-Ferndndez [9] have studied integrable systems of PDEs involv-
ing irregular singularities in two variables obtained as coupled singularly perturbed problems.
In [10], the authors study families of linear PDEs in which the action of the sum of two singularly
perturbed operators appear.

This work follows a series of previous advances by the authors in which fixed point techniques
are used to solve such problems, such as [17, 19, 21, 22].

It provides a natural continuation of the study made by the second author in [22]. In that
work, the author considered a quadratic nonlinearity, which corresponds to our equation in the
case of P3 = (0. The main goal was to construct actual holomorphic solutions and study their
asymptotic properties with respect to the complex perturbation parameter e. More precisely, the
author has constructed a family of analytic solutions (y,(t, 2, €))o<p<c—1 defined on a product
of a finite sector with vertex at the origin, an horizontal substrip Hg C Hg and &,; where
(Ep)o<p<c—1 is a finite set of bounded sectors which cover a pointed neighborhood of the origin.
We notice that such solutions are singular with respect to € and ¢ at the origin. Indeed, each
solution can be split into the sum of two terms: a singular part and a bounded analytic function
which admits an asymptotic expansion with respect to € in &£,. This asymptotic expansion turns
out to be of Gevrey type. Each solution has a multiple-scale expansion in the sense of [5],
Chapter 11, which has the form

(2) Yplt, z,€) ~ € | Yo(et) + ) Va(et)e™ |

n>1

for some a > 0, 5 € Q. Here, Y} is the unique nonvanishing rational solution of a second order
algebraic equation.

The main aim of the present work is to construct sets of actual solution of (1), and investigate
their asymptotic behavior at ¢ = 0, as much like as in the precedent work [22], in this more
general framework.

As in the previous work, we construct families of solutions admitting a multiple-scale expan-
sion of the form

| Up(et) + Z Un(e“t)e™ |,
n>1

comparable to those described in (2), where a > 0, 8 € Q satisfy some restrictions described in
the paper, and where Uy now satisfies the algebraic equation

A(T)U(T)? + B(T)U(T) + C(T) = 0,

with A(T) = Pi(T,0), B(T') = P5(T,0) and C(T') = P5(T,0). Up is an algebraic function ad-
mitting two different branches, Uy; and Uye. This gives rise to two families of singular solutions.
On the one hand, one family, associated to Up; is given by

u?p (t,z,€) = 7 (Ui (e¥t) + (e“t)™ v?’ (t, z,€)),

is an analytic solution of the problem (1) defined in 77 x Hg x &, for every 0 < p < ¢ — 1.
Here, 71 stands for a finite sector with vertex at the origin and Hg is an horizontal strip in the
complex plane and (&)o<p<c,—1 is a good covering (see Definition 4) of C*.



On the other hand, a second family related to Uys is given by

WP (t, 2, €) = 2 (Una(e¥t) + (€4t)203% (¢, 2, €)),

is an analytic solution of the problem (1) defined in 75 x Hg x ép, for every 0 < p < ¢ — 1,
where 73 is a finite sector with vertex at the origin and (ép)ogpggQ_l is a good covering of C*.
The crucial and surprising point is that the nonsingular part of each family of solutions
admits a Gevrey asymptotic expansion with respect to €, which are distinct, in general.
More precisely, for every 0 < p < ¢; — 1, one has that v?p (t,z,€) admits the formal power
series 91 (t, 2, €) as its Gevrey asymptotic expansion of order (Ap + 8 — ako1) 16p, with respect

to € on &, uniformly in 77 x Hg . Also, one has that vgp (t,z,€) admits 0a2(t, z, €) as its Gevrey
asymptotic expansion of order (Ap + 8 — a(2kp 2 — kovg))_léD with respect to € on c‘fp, uniformly
in 7-2 x H B

Gevrey orders come from the highest order term of the operator Py which is an irregular
operator of the shape eADthﬁfDRD(OZ), and the lowest powers with respect to t in Py, P, Ps.

This work falls into the recent trend of research on singular solutions of nonlinear partial
differential equations. In the framework of linear PDEs, the case of so-called Fuchsian or regular
singularity in one complex variable is a well understood subject until the fundamental works
of M. Baouendi and C. Goulaouic [4], H. Tahara [25] and T. Mandai [23] who extended the
classical Frobenius method working for ODEs in order to provide the structure of all analytic,
singular with polynomial growth and logarithmic solutions near the isolated singularity. In the
nonlinear context, the results are however more partial. Nevertheless, we can quote some deep
and recent results regarding this topic. Namely, we can refer to the work by T. Kobayashi [16]
(inspired by the seminal contribution by J. Weiss, M. Tabor and G. Carnevale on the celebrated
Painlevé property for PDEs, [30]) who constructed solutions having the form of a convergent
Puiseux expansions 7 3", < uy(x)t*/? for some o € Q, p > 1 integer, for some PDEs with non
singular coefficients and polynomial nonlinearity. The situation of general analytic nonlinearity
has been performed later on by H. Tahara in [26]. This study has been further extended by
H. Tahara and H. Yamane in [27] when resonances appear for which solutions with logarithmic
terms can be built up. In the case with singular coefficients, first order PDEs with Fuchsian
singularity known as Briot-Bouquet type equations (as defined in the monography by R. Gérard
and H. Tahara [13]) have been extensively studied. Namely, the general structure of bounded
singular solutions with polynomial growth and logarithmic terms near the Fuchsian singularity
has been exhibited first under non resonant constraints by R. Gérard and H. Tahara [14] and
by H. Yamazawa in the general case, see [31].

Our main result in this paper provides in particular an example of analytic unbounded
singular solutions with polynomial growth in the framework of nonlinear higher order PDEs
with irregular singularity and singular coefficients. Notice that very few works exist in this
direction among the literature.

The paper is organized as follows.

In Section 2, we recall the definition and main properties under certain operators of certain
Banach spaces of exponential decay and growth in different variables. Section 3 is devoted to the
review of analytic and formal my-Borel transformation, which is a slightly modified version of
the classical ones, and which have already been used in previous works by the authors. We also
describe the link between them via Gevrey asymptotic expansions. We finally consider Fourier
inverse transform acting on functions with exponential decay.

In Section 4, we make successive transformations on the main problem (1) to finally arrive
at two auxiliary problems in Section 4.1, studied in detail in Section 4.2 and 4.4. In Sections 4.3



and 4.5, we study the analytic solution of each of the singularly perturbed problems which have
arisen from the main problem under study. This is made by means of a fixed point argument in
the Banach space of functions described in Section 2.

Section 5 studies the singular analytic solutions of the main problem in two different good
coverings (see Theorem 1), and provides upper bounds on solutions with non empty intersection
of the corresponding elements in the good covering, with respect to the perturbation parameter.
In Section 6, we recall Ramis-Sibuya theorem which allows us to conclude with the second main
result in the present work, Theorem 2, in which we guarantee the existence of two formal power
series which asymptotically approximate some analytic functions quite related to the analytic
solutions of the main problem. The work concludes with an example in which the theory
developed is applied.

The following sections consist of the proofs of some results which have been left at the end
for a more comprehensive lecture of the work.

2 Banach spaces of exponential growth and decay

The Banach spaces defined in this section are adequate modifications of those appearing in [18,
19]. They incorporate both, exponential decay with respect to m variable which is linked to
Fourier transform, and exponential growth in 7 variable, which is associated to different levels
in which Borel-Laplace summation is held. This behavior is also connected to the action of the
perturbation parameter €, as it can be observed in the following definitions.

We denote D(0, p) the open disc centered at 0, with positive radius p, and D(0, p) stands
for its closure. Let S; be an open unbounded sector with bisecting direction d € R and vertex
at the origin, and let £ be an open sector with vertex at the origin, and finite radius r¢ > 0.

Definition 1 Let 8> 0, > 1 be real numbers. We denote Eg ) the vector space of functions
h:R — C satisfying

1P ()l .,y = Slé%(l + [m[)! exp(Bm|)|h(m)] < oc.

The pair (E(g ) |Ill(g,4,)) turns out to be a Banach space.
In view of Proposition 5 in [18], it is straight to check the following result.

Proposition 1 The Banach space (Eg ), H'H(ﬁ,u)) s a Banach algebra when endowed with the
convolution product

(Fx)m) = [ fm = mi)g(ms)dm.
More precisely, there exists C1 > 0, depending on w, such that

1(F*a)(m)ll g, < CLILF(m)lls,0 l9(m)l 5, -
Jor every f,g € E(g -

Definition 2 Letv,p >0 and 8 > 0, u > 1 be real numbers. Let k > 1 and x,a > 0 be integers.

Let e € £. We denote F(ij,ﬁ%xyaﬁ’e) the vector space of continuous functions (t,m) — h(T,m)

on (D(0,p) U Sy) x R, holomorphic with respect to T on D(0, p) U Sy and such that

(3) Hh(Tvm)”(y,ﬂ,u,x,a,n,e)
;2
1+ ||

T |K
= s (e (Bml) T exp (v | [ ) Irm)) < oo
7€D(0,p)USg,meER ‘ exto ‘ €



The pair (F?

(V,B,H,X,Q,H,E) ’ H ' || (Vvﬁnu'vaa:K:E)) ZS a BanaCh Space

The next results describe inner transformations in the spaces introduced. Through the whole
section, we preserve the notations in Definition 1 and Definition 2.

Lemma 1 Let 41 > 0,72 > 1 be integer numbers. Let R(X) € C[X] such that R(im) # 0
for all m € R. Let B(m) € Eg,yand let a,, (1,m) be a continuous function defined on

(D(0,p) USy) xR, and holomorphic with respect to T on D(0, p) U Sy, satisfying

1
(1 + |r|=)n | R(im))|

|y, (T, m)| < ,7€D(0,p)US;, meR.

Then, the function e X172 B(m)a, (1, m) € F and it holds that

Uy, 00, 85,€)
Rl
@) e Bm)as, «(rm) <Oy =P e,
(1,8, x,00,55,€) inf,,er |R(im)]

for some Cy > 0.

Proof The definition of the norm in the space F% allows us to write
(,8,1,X504,85,€)

HE_X”T”B(m)a%n(T, m)

(1,8, 14,X,04,K,€)
| Bm)

< 2O epeeup(1 4+ 22)a ™ exp(—va®),
mfmeR \R(zm)] x>0

which yileds to the result. O

A similar result to the following one can be found in Proposition 2, [18]. However, more
accurate bounds are needed in the sequel, which will be provided by estimates on Mittag-Leffler
function as those appearing in Proposition 1 and Proposition 5 in [19].

Proposition 2 Let v1,72,73 € R, with y1 > 0. Let R(X),Rp(X) € C[X] with deg(R) <
deg(Rp) and such that Rp(im) # 0 for all m € R. Let ay, »(7,m)be a continuous function
defined on (D(0, p) U Sy) x R, and holomorphic with respect to T on D(0, p) U Sy, satisfying

1
(1 + |7[=) |Rp(im)]

|a"/1,/‘€(7-a m)| < , T € D(O,p) UsSy, meR.

We also assume that
1
(5) — 120, YA +220, >l

We consider two cases:

1) If 43 < —1, then, there exists C3 > 0 (depending on v, k, 72,73, R(X), Rp(X)) such that

K

(6) € Pay, «(T, m)R(im)T“ /T (" — 5)72573f(81/“,m)d5
0

(1,8, x50,55,4€)
2)—
< ngey(x+a)n(’72+73+ )=0 If(r, m)||(l/,ﬂ,u,x,a,n,e) ’

for every f(r,m) € F(Cll/ﬂ,u,x,a,me)'



2) Ifys > —1 andy1 > 143, then, there exists C% > 0 (depending on v, k,v1,72, 73, R(X), Rp(X))
such that

K

(7) € Pay, (T, m)R(im)T“ /T (" — 5)72573f(51/”,m)d5
0

(V767#’X7a)ﬁ’6)

< C:/))|6|(X+a)n(72+’73+2)*70*(X+o¢)n’¥1 I1£(r, m)||(u,ﬁ,y,x,a,n,e) ’

d
for every f(r,m) € 6 pxame)”

Some norm estimates concerning bilinear convolution operators acting on the Banach space
above are needed.

Proposition 3 There exists Cy > 0, depending on v and x, such that

® | [ = gl

Cy
< i I e 19T a0

/ds'dml

1
(tF —8')s

(1,8,115X50t,55,€)

for every f(7),9(7) € F(Cffyﬁ,u,x,a,w)'

Corollary 1 There exists Cy > 0, depending on p and k, such that

k
[ dmids
k k_ Nk o _ 1/k 1
T /0 /_OO FUr" = 8)"%,m —mi)g(s ’ml)(Tk o)

(9)

(V757H7X7a7’€76)
< Cy ||f(7—7 m) ”(V,B,y,x,a,n,e) ||g(T7 m)”(y,ﬁ,p,x,a,n,e) )

for every f(r,m),g(T,m) € Fé,ﬁ,u,x,a,n,e)'

Proof The proof of Proposition 3 can be followed step by step. O

3 Review on analytic and formal transformations

This section provides a brief review on the concept of the k—Borel summability method of formal
power series, under slightly modified transformations, which provide adecquate conditions when
applied to the operators appearing in the problem under study, considered in previous works
such as [17] and [18] when studying Cauchy problems under the presence of a small perturbation
parameter, and also in [22]. The classical procedure is described in detail in [1], Section 3.2.

We also define and state some properties associated to Fourier inverse transform acting on
functions with exponential decay.

Definition 3 Let k > 1 be an integer. Let (my(n))p>1 be the sequence

mg(n) =T (%) = /0 te e tdt, n > 1.

Let (E, ||-||g) be a complex Banach space. We say a formal power series

X(T) = ianT” e TE[[T]]

n=1

is my—summable with respect to T in the direction d € [0,2m) if the following assertions hold:



1. There exists p > 0 such that the my— Borel transform of X, B, (X'), 1s absolutely conver-
gent for |T| < p, where

B, (X)(7 Z " e TE[[7]].

Q
k

2. The series By, (X) can be analytically continued in a sector S = {T € C* : |d—arg(7)| < &}
for some § > 0. In addition to this, the extension is of exponential growth at most k in S,
meaning that there exist C, K > 0 such that

HBmk(X)(T)HE < el s e
Under these assumptions, the vector valued Laplace transform of By, (X) along direction d is
defined by

R A _ kdu

Ly (B (X)) (1) =k | B (X)(w)e” D,
Y

where L., is the path parametrized by u € [0,00) — ue', for some appropriate direction
depending on T, such that Ly C S and cos(k(y — arg(T'))) > A > 0 for some A > 0.

The function £g~% (B, (X)) is well defined and turns out to be a holomorphic and bounded
function in any sector of the form S,y gy ={T € C* : [T| < RYE |d — arg(T)| < 6/2}, for
some T <0 < T +26 and 0 < R<A/K. This function is known as the my—sum of the formal
power series X (T)) in the direction d.

The following are some elementary properties concerning the mg—sums of formal power
series which will be crucial in our procedure.
1) The function £4, . (Bm (X))(T) admits X (T) as its Gevrey asymptotic expansion of order
1/k with respect to T in Sq9.r1/k- More precisely, for every 7 T < 61 <0, there exist C, M > 0
such that

£t (B Zapr < CM"T(1+ )\T]"
E
for every n > 2 and T' € S, 5 pi/x. Watson’s lemma (see Proposition 11 p.75 in [2]) allows us to
affirm that L&, (B, (X))(T) is unique provided that the opening 6 is larger than T

2) Whenever E is a Banach algebra, the set of holomorphic functions having Gevrey asymp-
totic expansion of order 1/k on a sector with values in E turns out to be a differential algebra
(see Theorem 18, 19 and 20 in [2]). This, and the uniqueness provided by Watson’s lemma allow
us to obtain some properties on mj—summable formal power series in direction d.

By * we denote the product in the Banach algebra and also the Cauchy product of formal
power series with coefficients in E. Let X1, X3 € TE[[ ]] be my—summable formal power series
in direction d. Let q; > g2 > 1 be integers. Then X1 + Xg, X1 * X2 and T 8q2X1, which are
elements of TE[[T]], are mj—summable in direction d. Moreover, one has

L, B (X0))(T) + L3, (B, (X2))(T) = L3, (B, (X1 + X2))(T),
L3 By (X0))(T) % L3, (B, (X2))(T) = L7, (B, (X1 % X2))(T),
TP L3, (B, (X1))(T) = L3, (B, (T 07 X1))(T),

for every T' € Sy 4, pi/»-
The next proposition is written without proof, which can be found in [18], Proposition 6.



Proposition 4 Let f(t) = Yons1 ot and §(t) = 3, <1 gnt™ that belong to E[[t]], where (E, ||-||g)
is a Banach algebra. Let k,m > 1 be integers. The following formal identities hold.

By, (1" 10, f () (1) = k7" By, (£(2))(7),

S

. Tk’ T ™ . S
B, (1" f())(T) = /0 (- S)TIBmk(f(t))(Sl/k)df
and

By, (f () % §(1)) (1) = 7F OT Bmk(f(t))((fk—s)l/k)*Bmk(ﬁ(t))(sl/k)wds'

The proof of the next result can be found in Proposition 7 in [18], and it is concern with
the properties of the inverse Fourier transform acting on continuous functions with exponential
decay on R.

Proposition 5 1) Let f : R — R be a continuous function with a constant C > 0 such that
|f(m)| < Cexp(—p|m|) for all m € R, for some > 0. The inverse Fourier transform of f is
defined by the integral representation

1

1 i Foo .
FUDE = G | fm)explizm)dm

for all x € R. It turns out that the function F~'(f) extends to an analytic function on the
horizontal strip

Hy = {= € C/[im(z)| < B,
Let ¢(m) = imf(m). Then, we have
0. F1(f)(z) = FH9)(2), =€ Hp.

2) Let f,g € B,y and let (m) = Wf*g(m), the convolution product of [ and g, for
all m € R. From Proposition 1, we know that ¢ € Eg ). Moreover, one has

FHHRF H9)(2) = F ' (¥)(2), =€ Hp.

We adopt some additional notation which makes the technical reading more easy to handle.
Let k € N. For every f(7,m) € E(g ,)[[7]], and all g(7) € C[[7]], we write

k

T)* T,m ::Tk ' Tk—sl/k sl/kmL.
o) )= [ =P
For every f(7),g() € C[[]], we write
T)* ) i=1F " Tk—sl/k sl/k L
o) )= 7t [ (et = 9 ) S

Finally, for every f(r,m),g(t,m) € Eg,[[T]], we write

dmyds

g(T, m) *E f(T, m) — Tk:/o /_OO g(<,rk _ 8)1/k7m — m1)f(81/k’m1)m.



4 Main and related auxiliary problems

Let My, My, Ms > 0, D > 2 be integer numbers. For every A =1,2,3 and all £ € {0,1,..., M)}
we take non negative integers kg x,my ) and complex numbers ay y, with ag y # 0. We assume
that kpy < key1n for every 0 < ¢ < My — 1. Let Ay, dy,6¢ be non negative integers for
¢e{l,...,D} such that 1 < dp < §pyq for £ € {1,...,D — 1}, and assume that k1, ko are fixed
positive integers which are determined in the sequel.

We also assume the two following conditions hold:

(10) koo + ko2 > ko3 + ko1 > 2ko 2, >1,
and
(11) koi <d¢—0, 1<0<D.

More precisely, we assume that
(12) ko1 = dp — 00 — 6pr1 — dpo, 1<¢<D,

where dyg > 1for 1 </ <D —1and dpo=0.
Observe that, under (10) and (11), we have 2kg o — ko3 < dy — g for all 1 < ¢ < D. We also
consider elements satisfying

(13) koo — kos = dy — 0 — Sz — dgg, 1< €< D,

where JZ,O >1for1<f<D-1and pro =0.
Observe that, in view of conditions (12) and (13), we get that

op > 0, dg’o — dg@ < 5@(%&2 — Hl), Ko > K1,

forevery 1 </ <D —1.
Let Q(X), R¢(X) € C[X] for every 1 < ¢ < D which satisfy there exists a common positive
integer v such that

(14) Q(X) = X"Q(X),  Ry(X)=X"Ry(X),
and such that
(15) deg(Q) = deg(Rp) > deg(Ry) ,Q(im) #0 , Rp(im) #0

forallm e R, all 1 </ < D — 1. We consider the main problem under study:
(16)  Q(8:) (p1(t, e)ult, z,€) + pa(t, )u?(t, 2, €) + ps(t, €)u’(t, 2, €))

Q D
= Z bj(2)e"ithi 4 Z eA‘td@szg(az)u(t, z,€),
j=0 =1

where py(t,€) € Clt, €], for A = 1,2,3. More precisely, for every A = 1,2, 3, we write

My
p)\(t, E) — Za&)\emz,xtkz,x’
/=0
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for some non negative integers My, my », k¢ » and some ayy € C. We assume that ag y # 0.

The coefficients b; are constructed as follows. For every 0 < j < (), we consider functions
m + Bj(m) in the space Eg,) for some > 1 and g > 0. We write B;(m) = (im)? Bj(m),
where v is determined in (14), and put

(17) bj(2) = F~H(m = Bj(m))(2).

Observe that the construction of b; and the properties of inverse Fourier transform described in
Proposition 5, one has b;j(z) = 07b;(z), where

bj(z) = F~!(m = Bj(m))(2).
We search for the solutions of (16) of the form
(18) ult, z,€) = YU (e, z, €)

for some «a, € Q with @ > 0. We write the initial problem (16) in terms of U(T, z, €) to get

M1 M2
(19) Q(az) ((Z (1,(716me’1+/8_ak2’1Tk2’1) U(T,Z,E) + <Z a£726m5,2+25—akz,2Tkz,2> UQ(T,z,E)

=0 £=0

M3

/=0
Q D
= b)Y AeteCrddtBTd R )(9.)0% U (T, 2, ¢).
§=0 =1

4.1 Construction of two distiguished solutions

In this subsection, we determine two distinguished solutions of (19), Uy; and Upg, from which
two different families of solutions are provided.
We assume «, 8 in (18) can be chosen so that

(20) Ag + Oé((Sg — dg) + B > 0, ng — Oébj > O,

for every 1 </ < D and 0 < j < Q. Moreover, we assume that for every A = 1,2, 3 there exists
0 < sy < M) — 1 such that

=0 if 0< < sy
(21) m&,\ + /\B — Oék‘g,)\
>0 if sy+1<0< M,y

The motivation for this last assumption is related to the nature of the roots of the polynomial
pa(t,€). In order to illustrate this, let us consider My = 1 and 1 < kg ) < k1,x. Then, py admits
t = 0 as a root of order kg » when considered as a polynomial in ¢ variable. The modulus of the
other nonzero k1 ) — ko roots of py equals

TOATTLA
(’ag )\’/|a1 /\’)1/(’61,,\—1607“‘6‘ Fia—Fo

Assumption (21) entails that the only root of p) with respect to ¢ which remains bounded for
all € closed to zero is t = 0.
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We assume a solution of (19), U(T), z, €), can be written as a power series with respect to e
in the form

(22) U(T, z,¢) = Uo(T) + Y _ Un(T, 2)e

n>1
where Up(T') # 0 is chosen among the nonzero solutions of
(23) <Z a 1Tk“> Uo(T (Z as sz“> (Z ag3T “") o(T))® =0.
=0

Such a function is known as a slow curve following the terminology in [6].
Under the hypotheses (15) and (17), we observe by factoring out the operator 07 from (19),
that U(T), z, €) solves the related PDE

Afl A4§
(24) Q(az) ((Z ag,leml’lJrﬁake’lTkl’l) U(T, z,€) + <Z a£72€me,2+2ﬁake,2Tke,2> U2(sz’€)

=0 {=0
Mg
3B8—akyp 3ky - 3
[ Y aggemestimakiahes ) U3(T, 5, ¢)
(=0

Q D
= " bi(2)en TN T + F(T, z,¢) + y_ Ao telemddtBrdi Ry (9,) 00U (T, 2, €).
§=0 =1

where the forcing term F(T, z,€) is a polynomial in z of degree less than v — 1.

According to the assumptions (20), (21) and using the fact that Q(0) # 0, by taking € = 0
into equation (24) we see that the constraint (23) is equivalent to the fact that F'(7,z,0) = 0.
The precise shape of the term F(T), z,¢) will be given in Section 5, see (254) and (266).

The nonzero solutions Uy (T') of (22) satisfy the following equation

(25) A(T)(Uo(T))? + B(T)Us(T) + C(T) = 0,
where

S3 S92 S1
T) = Z agsT*, B(T) = Z aggT*?,  CO(T) = Z ag  TFr.
=0 =0 =0

Let A(T) = B%2 — 4AC. Equation (25) has two nonzero solutions, namely

(26) Uor(T) = _B;A‘/Z, Uoa(T) = _Bz_A\/Z.
We have
A(T) = apsT™*(1 + A(T)), A e C[T],A(0) =0,
B(T) = ageT*2(1 + B(T)), B e C[T],B(0) =0,
C(T) = ag T* (1 4+ C(T)), C eC[T],C(0) =0,

which yields

>
|
S
3
g
_F
=
=3
\
o
S
w
8
N
E
&
g
_F
P
_F
Q
3
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Regarding (10), we can write

N 4 y N
A = a2, 702 ((1 + B(T))? — %T’fo,zﬁ-ko,l—?kog(l + A(T))(1 + C(T))) .
0,2

Again, by (10), we guarantee the existence of By(T') € C[T] with By(0) = 0 such that

B(T) — Tk0,3+ko,1—2k0,2B2 (T)
This yields

\/Z — a()QTkO’Q (1 + 2Tk0,3+k0,1*2k0,2352 (T) + (B2(T))QTQ(koerko,l*?ko,Q)

1/2
4G0,3CL0,1T tho1— b ~
ag o Fothos %0’2(1 A(T))(1+C(T1))

2

1/2

4

— aong0'2 <1 _ %T’%,S‘Fko,l—m%j(l + D(T))) ,
0,2

2

= aOQTk(M (1 — MT%,3+/€0,1*2’€0,2 + Tk0,3+k0,12k0,2E(T)> ’
a
0,2

with D(T), E(T) € C{T'} with D(0) = E(0) = 0. Taking this into account, we get the two
solutions of (25) have the form of (26), and are given by

—ag 2Tk0,2(1 + B(T)) + ap 2Tko,2 <1 - 2a0,§a0,1 Tko,3+ko,1—2ko,2 + Tk0,3+k0,12k0,2E(T>>

a0,2
Uoi(T) = 2T (1T fl(T))
—agoTHo1 k0.2 By(T) — 2“33%]"/?0,1—760,2 + Thoa—koz (T
- 2a03(1 + A(T))
() ==S0drhache g gy(T),

ag,2

with J1(T") € C{T'} and J1(0) =0, and

—aongO?(l + E(T)) — CL(]yQTkOQ (1 — %Tkoﬁ‘kko,l_ZkO,Q + Tk0,3+k0,1—2ko,2E(T))

0,2
Uge(T) = =
(1) 2a0 5T 03 (1 + A(T))
—ag T2 (2 + Es(T ,
(28) _ @0,2 ) ( ~2( )) _ _a0,2Tk072—k:0,3(1 +j2(T)),
2(1073T 0»3(1 + A(T)) ao,3

with E(T) € C{TY}, E»(0) = 0, and J2(T) € C{T} with J»(0) = 0.
The behavior of Uy;(T") and Upa(T') near the origin motivates the choice as candidates for
solutions of (19) described in the two following subsections.

4.2 First perturbed auxiliary problem

The form of Up;(T") in (27) motivates a first concrete form of a solution of (19):

(20) VAT, 7€) = =222 TR0 7002 (14 53(T)) + T VA(T, 2, )
0,2
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for some v; € Q. We assume this choice is made accordingly to the following conditions:

(30) 7 > ko1 — ko2,
and
(31) 1 < bj — ko, j=0,...,Q.

Observe that, in view of (10) we derive
(32) v > ko2 — ko3, and 271 > ko1 — ko,3-

In order to search for such a solution, we plug the previous expression into (19). In view
of Assumption (14), only those terms depending on z appear on the resulting equation when
Q(0;) or Ry(0,) are applied. This yields

S1 M,y
(33) Q(0.) Zaé,lTk“—’_ Z a€71€mz,1+ﬂfakg,1Tke,1 TV(T, 2, €)
=0 l=s1+1

S2 M2
+ § as 2Tk/z,2 4+ § ay 26m4,2+25—akz,2Tkz,2
=0 {=s5+1

2
y (T% VAT, z,€) — —2Lpkoa—hozta1(1 1 7, (T))Vi(T, 2, €)>
ap,2

$3 M3 2
+ Z ae,?’Tng’g + Z ag73€mg,3+35—akg,3Tk:g,3 {3 (Zz;Tko,l—koz(l + 7 (T))) T i (T, 2, 6)
/=0 f=s3+1

-3 <a01T'€°’1_k°’2 (1+ J1(T))> T*NVE(T, 2z, €) + TN V(T 2, 6>H
ao2

§=0
A So— : -
3 ettty | YT S T = T P |
=1 q1+q2=0; d=0

where we have used the notation [[2,(y1 — d) = 1.

In view of conditions (10), (30), (31) and the monotony of the sequence (k¢ x);>o for all
A =1,2,3 one can divide equation (33) by T k0147 and preserve the analiticity near the origin
with respect to 7" in the terms involved in the equation. In addition to that, the coefficient of
Q(0:)Vi(T, z,€) turns out to be invertible at T' = 0 since a1 # 0. The resulting problem, whose
terms have been arranged by increasing powers of Vi (T, z, €), reads as follows:
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S1 My
(34) Q(0)Vi(T,z,€) |—ap1 + ZamTWvl*kovl + Z ag,lemf’ﬁﬁ*o‘ké’lTké,l*kovl
/=1 l=s1+1

82 M2

_ _ _ 2&01

+ E a&ng‘va ko,2+ E a4726m5*2+2*8 akeakea—ko,2 (_av(l_{_jl(T))
=1 (=s3+1 0.2

S3 M3 2
+ Do arsTheTior 4 Y T aggemes I akeo s o 3(‘“”T’f°vl-k°v2(1+\71<T>>>

Q
=0 l=s3+1 02
52 M2
FQUVAT 2,0) [ | D aaTh + Y appemeat2iakarhes | ptos
/=0 l=s9+1

53 M3

| D aeaT™e + Y aggemes It <_3a01T'“°’1k°’2(1 + J1(T))> T ko

b bl a
=0 (=s3+1 02

83 M3
+ QT 2,0) | [ o aeaThe + 3 aggemeatdimokeartes | ko
=0 €:83+1

Q

D q1—1

¢!

Ap+a(b— } : ¢ -

+ ) etetalimdodh q1!qe! [[ (v = )T =501 Ry(8,)0F VA(T, 2, €)
(=1 q1+q2=0¢ d=0

At this point, we specify the form of Ui (T, z,€) in (29), with

Ap +a(dp —dp) +

(35) VI(T, z,€) :=V1(e¥' T, z,€), with x1 :=
dp — ko1 —9dp

Equation (34) reads as follows:
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(36)
s1 My
Q(az)vl (’]1“7 2, 6) —ap1 + Z a[’IG*Xl(k&l*ko,l)Tkéd*ko,l + Z a£’16m2,1+ﬁfake,1*><1(keylfko,l)’]rkz,lkaJ
/=1 l=s1+1

S2 M2
+ § ae 2€_X1(kZaQ—koj)TklaQ—kO,Q + E CLZ 2€mg,2+2ﬁ—ak472—xl(kg,g—ko,g)?]rkg,g—ko!g <2a071>
K K (1/
=1 (=s5+1 0,2

Mo
Zagge Xl(k“_k“)Tk“_kOQ-k Z ermez-ﬂﬁ akya—x1(ke,2—ko,2) hke,2—ko,2 (_2a0’1j1(e_X1T)>

a
=0 (=sa+1 0,2
83 M3
§ a£736—><1(kz,s—ko,l)’]l‘ke,s—ko,l + E ae73eme,3+3ﬁ—ak4,3—>{1(/fe,s—ko,l)’]rke,s—ko,l
=0 {=s3+1

2
«3 (am6—X1(1€0,1—k0,2)T/€0,1—k0,2(1 —l—jl(E_XlT)))
a

02
S2 Mo
+Q(8z)V%(T, z,€) E ae’2€*X1ke,2T’€z,2 + E az726mz,2+25*ake,2*><1ktz,zTke,z e~ x1(n—ko 1) py1—ko1
/=0 l=s2+1

83 Mg
E ag’ge_mk‘v?"ﬂ‘kzv?’—f- E ae73€me,3+35—ake,3—><1ké,sTke,s

=0 l=s3+1
% <_3a01E—Xl(ko,l—ko,z)Tko,l—k0,2(1 + Jl(e_XlT))> e~ x1(m—ko,1)Tv1—ko1
ap2
s3 M3
+Q(8z)V?(T7276) Za&%*Xlke,gT’%s + Z a£73€me,3+35*ak‘e,3*>{1kz,afﬂ*kz,s e X1 (2v1—ko, 1) 2y1—ko,1
=0 l=s3+1

Q
_ Z bj (Z)enj_abj_X1(bj_k(),l_’Yl)’I[‘bj_k’U,l_'Yl

=0
D-1 -1
+Z Aeta(de—dy)+p Z p q' H (71 — X1(de*qlfko,l*QQ)Tde*qlfko,lRe(az)a%zvl(T,Zje)
1-42
=1 q1+g2=0¢
q1—1
IS | GRS
q1+q2=6p

Observe that the choice in (35) makes the term with index ¢ = D on the right handside
of (36) do not depend on e. We have split this term for the sake of clarity of the subsequent
argument, and the prominent role played on it.

Let 1 < ¢ < D. It is worth pointing out that for every nonnegative integers ¢i, g2 such that
q1 + g2 = 9y, and in view of (12), it holds that

(37) de —koy —q1 = (k1 +1)q2 + do gy g0

with dyg, g, > 1for 1 <€ <D —1orf=D and gz <dp; and dp,os, = 0.
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Regarding (12) and (37), one can apply Formula (8.7) in [28] p. 3630 which yields
(38)

TdDikO’la%Dle(T, z,€) = (TerlaT)(sD + Z AéD’me(tb*P) (TerlaT)p Vi(T, z,¢),
1<p<ép—1

Tde=k01=Ce=Dgry | (T, 2, €) = T5e-11 (T 190V (T, 2, €),

Tde_ko’l_Q18%2V1 (T, 2, 6) _ ng,ql,(m (Tm-l-laT)QQ + Z AqQ’me(QQ—p) (TH1+18T)17 V1 (’]I" z, 6),
1<p<g2—1

for every 1 < ¢ < D — 1, and all integers ¢ > 0 and ¢o > 2 with ¢; + g2 = ;. Here, A, , for
1<p<ép—1and Ay ), for 1 <p < go — 1 stand for real constants.

The previous identities allow us to obtain positive results in the Borel plane due to the
properties held by Borel transform with respect to the terms involved in those identities. For
that purpose, we assume that Vi (T, z, €) has a formal power expansion of the form

(39) Vi(T, z,6) = > Vni(z,0)T",

n>1

where its coefficients are defined as the inverse Fourier transform of certain appropriate functions
in E(g,,), depending holomorphically on € on some punctured disc D(0, €p) \ {0}, for some ¢y > 0.

Vn,l(z, 6) = ]:_l(m — wn,l(m7 E))(Z)

Our main aim is to search for such coefficients, and we proceed following a fixed point argument
in appropriate Banach spaces. We consider the formal m,, —Borel transform with respect to T
and the Fourier transform with respect to z of V1(T, z,€), and we denote it by

wi(T,m,€) = Z @n.1(m, €) 7"

= (%)

By plugging wj (7, m, €) into (36) and taking into account (38) and the hypotheses made on
the differential operators in (14), we arrive at the following auxiliary problem

(40) Ly, (wi(m,m,€)) + Lo g, (wi(T,m,€)) + L3 o, (w1 (T, m, €)) = Ry, (wi(1,m, €)),

with wy(0,m,e) = 0. We have taken into account the properties and the notation described in
Section 3, for a more compact writing. We write By, Ji(,€) for the m,, —Borel transform of
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J1(e X1 T) with respect to T. The operators in (40) are given by

S1 k ) Tkg’lfko,l
~ . —xa(kep—kor) °* w1
(41) L1k, (w1) = Q(im) | —ap,1w1 + Z%le r (M) "
/=1 K1
My Tkz,1*k0,1
my1+B—ake1—x1(ke1—ko1) _* T ks W1
+ g af,le 61 k[’l—ko,l L
D=5
l=s1+1 1
keo—ko,2
52 ¢,2—Ko,
_2(1@,2@0,1 —Xl(ke,g—koz)Ti *py W1
+ — ¢ ke 2—ko 2
=1 0,2 r Tk
ke,2—ko,2
M. ¢,2—Ko,
2 —2@&2@071 myp o+28—aky 2—x1 (k472—k072)7-7 K W1
+ E E— keo—ko,2
ao,2 (=%
l=s2+1
keo—ko,2
$2 0,2 s
—2ay2a0,1 e xilkea—koo) T 7 7 *y Brey J1(T, €) *pey w1
+ § k472*k0,2
0,2 P\ =%
keo—ko,2
2 TVEs s
—2ay20a0,1 eme2t2B—akeo—xi(kea—koo) T T T %y Bioy J1(T, €) *pe, wi
+ E —_— r (ke,z—ko,2>
ap,2 T
l=s2+1 1
s3 2 ke 3+ko,1—2ko,2
30,0}1&[73 _Xl(k€,3+k0»1_2k072) T *K/l w1
g — 5 € T ke,34ko0,1—2ko,2
= 902 —
3 2 ke 3+ko,1—2ko 2
351003 | (ky ko1 —2kos) T X0y 2By J1(T, €) %1y w1
+ g fe r k¢ 3+ko,1—2ko,2
=0 02 R
S3 2 kl,3+k071_2k0»2
3&071016,3 —x1 (ke 3+ko,1—2ko,2) T K101 B,ﬂ Jl(T, 6) Kk B,ﬂ Jl (7-7 6) *ry W1
+ Z — 3 € T k4,3+k0,1—2k0,2>
= %02 R
k¢ 34+ko,1—2ko,2
M 2 7kes+ko, ,
3 3a071a€,3 my 3+3B8—ake 3—x1(ke,3+ko,1—2ko,2) *pp W1
+ E —5 ¢ " r kg 3+ko,1—2ko 2
l=s3+1 %0,2 o
ke 3+ko,1—2ko,2
M. 2 TRe3 ) ;
3 3a071a€,3 my 3+3B8—ake 3—x1(ke,3+ko,1—2ko,2) *1q 2851 J1 (7', 6) *rp W1
+ E — 5 €7 T ko 3+ko,1—2ko,2
ap,2 Tk
l=s3+1 ’
M3

ke,3+ko,1—2ko 2

n Z 3(1()1 0,3 mg 3+38— Ock‘gg X1(ki 3+k0 1—2ko, 2) */{1 Bnle]l('r, 6) *lﬂ B/{lJl(T, 6) *Hl w

(kg13+k0,172k072 )
0 2 [ .
{=s3+1
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52

(42) Loy, (w1) = Q(zm) Z aweﬂa(kegﬂrko,l)

Tke2tr1—ko1 5
K, W1 X W
r (kz,2+71—k0,1) r1 WL Ty S

=0 e
Mo k —k
¢,2+71—FKo,1
+ E as 26mz,2+25—ake,2—X1(ké,2+’71—k0,1) T ey W1 *E Wy
’ T ke 2+v1—ko,1 1
l=s2+1 K1

3. _ ke,3+v1—ko,2
n 3ag3a01 X1 (kestm—ko2) T s w1 %E Wy

—y o2 T (M,sﬂrko,g) ! o

— o

ke,3+7v1—kKo,2
+ E 3%3&01 eme3+38—ak 3—x1(ke3+71—ko,2) T I «E w1y
I ((Festrizkoo m1 k1
{=s3+1 K1
s3 ko 3+1—Fk,
_3a£3a01 _ _ T £,3T71 0,2
+ ——€ Xl(ke,3+’Yl ko’g) *m Bm Jl (7_7 6) *m w1 *HE w1
a ke 3+v1—ko,2 1
— 02 I ( Festorizkoz
(=0 -

ke3+y1—ko2

Ms
3(1@ 3401 —a - —
§ : ) +38—ak ke 3+ k E
Eme,3 4,3 Xl( 0,3 T71 0,2) *Hl B”l ]1 (7.7 6) *fﬂ 1*'%1 1

a ke3+v1—Fo2 ’
f=s3+1 02 r (,.@71>
53 ke 3+271—ko1
— Ofi —x1(ke3+2vi—koa) T E E
(43) Ly, (w1) = Q(im) Z Qe3¢ [ (Feat2n—os Ky W1 Ky W1 X, W1
=0 B —
M3

ke s+2v1—ko1

+ § ay Séme,3+3ﬁ*ake,3*><1(kz,3+271*k0,1)

T ke 3+2v1—ko,1
l=s3+1 T

E E
*p W1 *m w1 *m w1

For the righthand side of the equation, we make use of (38) and the properties of m,, —Borel
transformation. We have
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Q b —ko 1—
- o . - 795 0,171
(44) Ry, (w1) Z (im)e" abj—x1(bj—ko,1—71) —
F j —R0,1—71
Jj=0 T
D—-1 5! q1—1
Agta(d—d ! i (dy—1 o 1—a) B 1
+ Z Aeta(di—d)+8 Z — (1 — d)e X1(de—q1—ko,1 qz)RE(Zm)
=1 q1+q2=0; D92 52,
Tdf,qpqz e d@,ql,q2+’$1(Q2*p) .
x| — (1T Pwr) + ) qup = —~ *ny ((R1771)Pwr)
T £,q1,92 é,q1,q2+’{1(q2 D)
K1 1<p<g2—1 K1
‘ q1— 1
+ Z v [ H 71— d)Rp(im)
= q1:92°
q1+g2=0p,q1>1
79D,q1,a2 K1\q 4 dD»ql»q2+“1(Q2—P) P
X | ———* KT Z * R1T™)Pw
T dD,ql,qg m1 (( 1 ) 1) - q27p dD,ql,qQer(fD*p) k1 (( 1 ) 1)
K1 1<p<g2—1 K1
~ . K1\S Tﬂl(éD_p) "
+ Rp(im) | (am™)Pwr+ Y Asp w7y, (B17™)Fwr)
1<p<ip—1 F(im )

4.3 Analytic solution of the first perturbed auxiliary problem

The main purpose of this section is to state the existence of a unique solution of (40) within
an appropriate Banach space of functions. The geometry of the problem is analogous to that
stated in [18] which demands some restrictions on the domains and the functions involved in the
problem. More precisely, we assume there exists an unbounded sector

So.h, =12 €C 2| 25 5 s larg(2) —dg p | < va R

for some bisecting direction dQ, Rp € R, opening Vo.hp > 0, and TO.Rp > 0 such that

Q(im)

45 ——— €855, m € R.
) Rp(im) ~ @fp

For every m € R, the roots of the polynomial P,, = —Q(im)am —Rp (im)lif’j 7ODR1 are given
by

|Rp (im)|x5P Rp(im)siP " dpk1 ~ dpki

(46) qe(m) = (W(im)\) o exp (\/T(arg(_ao 1Q(Zm))) 1 n 2ml ) |

for 0 < ¢ < dpr1 — 1. Let Sy be an unbounded sector of bisecting direction d € R and vertex at
the origin, and p > 0 such that the three next conditions are satisfied:

1) There exists M; > 0 such that
(47) |7 = qu(m)| = My (1 +|7]),

for every 0 < ¢ < §pr1, m € R and 7 € S;U D(0,p). This is possible due to (45), for some
adecquate choice of 6.k and p >. By choosing small enough Vo.hp > 0 the set

(2m)

T E€Sg,meR0<l<dépk; —1}
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is such that it has positive distance to 1.
2) There exists My > 0 such that

(48) |T - qeo(m)‘ > MQ‘qZOL

for some 0 <y < épky —1,allm e R and all 7 € S5 U D(O, p). This fact is immediate in view
of 1).
By construction of the roots (46), and by (47) and (48), we get a constant C's > 0 such that

. _ (i 1
(49) ()| > M2 Ay R i) (12039 s 4 (s
[ Ro(im) 7

dp o

K ’ao’l‘ Dr1 _1 . .
e G, T o)
K1 DAL

1 dpr1—1 1
X (min (At z)oomm +—)(1+ ]T|“1)6D K1

IZO (1 + Scﬁl)éD_“l

> M{SDm*lM2

1~ . PN} _ 1
= Cp(rg.p,) Pt [Rp(im)|(1 + |7|™)™" =

)

for all 7 € SqU D(0, p), all m € R.
In the next proposition, we provide sufficient conditions under which the main convolution

equation (40) admits solutions w? (7,m,€) in the Banach space FZ

Section 2.

Lemma 2 One has 3
By, J1(T,€) %15y Brey J1(7,€) = Bioy J1 (T, €),

where By, Jy (T, €) stands for the m,., —Borel transform of the formal power series J(T) = Jy(T) -
J1(T), evaluated at e X' T, i.e.

) J
(50) B, J1(T, €) %1y Biy J1(T,€) = Z e X1 Z I s L,
i>1 1+ia=j r (%1)
with (Jj)j>0 stands for the sequence of coefficients of the series Ji. We denote

Ji= > JpJn, =L
Jitje2=j

Proof From the definition of x,,, and usual properties of Gamma function, we get

B, J1(T, €) %15, By J1(T, €)
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T K1 _ o\J 1
7'“1/ ZJ E_XU J; E_XU , 5) ds
0 (F1 — s)s

j>1 Jj=1 K1
K1
o [Ty /T N
Jj=1 Jitj2=j ( >F< )
= [ e 3 e [ el
Jj=1 ]1+]2] ( )F< )

r(2)r(2)
SRS Tindia _jem_ \5) " \s1)
i>1 Jit+j2=j r (%) r (%) r ('%1)

which coincides with (50). O

Lemma 3 Under the assumption (30), one has

(61) (x1+a)(kes+71 — koo —k1dp + 1) — x1(kez +71 — ko2)
< (x1+a)(kesz+2v1 — ko1 — k10p + 1) — x1(kes + 2v1 — ko)

for every 0 < £ < Ms.
The proof of the next result is left to Section 8.

Lemma 4 Let the following conditions hold:

2
(52) 5D2;1 , M =>koi—ko2 , bj—ko1i—m>1,

(x1+ @) (kg2 + 71 — ko1 — k16p + 1) — x1(kgy2 + 71 — ko) >0
(x1+ a)(kes 3+ — koo —k16p + 1) — x1(kes 3+ 71 — ko) >0

fOT’a”OSEQSMQ,OSEgSM&OSjSQ,
1

(53) 6p = — + du,
R1

d 1
Ap+ a(de —de) + B+ (x1 +04)’f1(£’:711’q2 +q2—6p + ;1) — x1(d¢ — ko1 —9¢) >0

for all g1 > 0,q2 > 1 such that g1 + g2 = oy, for 1 <L <D —1 and

d 1

(54) Ap+a(ép—dp)+ B+ (x1+ aml(% + 62 = 0p+ ) = x1(dp — ko1 = 9p) 2 0
for all g1 > 1,92 > 1 such that g1 + g2 = 0p.

Then, there exist large enough T6.kp > 0 and small enough eg > 0, @w > 0 such that for every
e € D(0,¢)\ {0}, the map H. satisfies that H.(B(0,w)) C B(0,w), where B(0,w) is the closed
disc of radius w > 0 centered at 0, in F(Vﬂ sy )2 Jor every € € D(0, e0) \ {0}. Moreover, it
holds that
(55) [He(wr) — He(wa)|l

Jwr —

(W Bxronm1€) = 2 W2l 0801 amr.0)



for every wi,ws € B(0, @), and every e € D(0,¢) \ {0}.
Here,
He =Ml +H?+H>+H,,

22
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where
1 2 —ab;—x1(b;—k rhi—ko1Tm
(56) H}(wi(r,m)) =Y Bj(im)e"s—txalbi—kor=m)_
' P ( )F bj—ko,1—71
Jj=0 m\T K1
Q( ) 51 aé716—x1(ke,1—ko,1) 7ke1—koa
— m = *rp W1
P (7 ke1—ko,1
/=1 m() r R
ay leme,1+5—ake,1—><1(k/z,1—k0,1) ke1—ko
+ Z : = *rqp W1
ke 1—ko1 !
(=s1+1 Pn(7) r (T)
N S2 _2a£2a016—X1(/€e,2—k0,2) 7ke2—ko,2
9 9 - * wl
keo—k i
~  ao2 P (7) T (42’{7102>
N Z _2a€72a071 eme,2+t2B8—ake2—x1(ke,2—ko,2) rhe2—koz2
= K’ W1
kgo—k R
a ¢,2—ko,2
=spp1 102 Pn(7) r (T)
52 —2ay 9001 e X1(ke,2—ko,2) Fe2—ko,2
+ = ko 2—ko 2 XK1 Bm Jl(Ta 6) *r1 W1
~  ao2 Py (1) T (T)

—2ay2a0,1 €™ 2+2B—ake2—x1(ke,2—ko,2) Tke2—ko2

+€§2:+1 Po(7) r(w)

K1

*iey By J1(T, €) %4, Wi

53 3aa1a473 e X1 (ke,3+ko,1—2ko,2) Tke,3+ko,1—2k:0,2

+ g = Ko W1
2 ko 3+ko.1—2k K1
= agp P (1) T <W)
S3 ?)CL% 1403 E—Xl(kg,3+ko,1—2k072) Tk(g’3+k071—2k’0,2 B T ( )
+ E ; = * 1(T, €) %o, w1
2 k ko 1 —2k K1 K1 ) K1
P P (1) T (W)

53 3(1(2)71(1&3 e X1 (kl,3+k0,1—2k0,2) Tkz,3+/€071—2k0,2

+ =
; ag P,.(7) r (M)

%10y Broy J1(T, €) %y Broy J1(T, €) *pey w1
K1
Ms 3a0 1ae 3 ¢me,3+3B—aky3—x1 (ke 3+ko,1—2ko,2) ke stko,1—2ko,2

+ = iy W1
ke 3+ko,1—2ko 2 1
i Bulr) Ny

Ms 3a0 1ag 3 Me,31+3B8—ake 3—x1(ke,3+ko,1—2ko,2) rhe3tko1—2ko,2

+ Z = kg 2By J1(T, €) %1y w1
ke 3+ko,1—2ko,2 1 1 ’ 1
TP Pu(r) r (g
Ms 3a0 1a,g 3 Me,31+3B8—ak 3—x1(ke,3+ko,1—2ko,2)
+ > _
f=s3+1 0 2 Pm(T)

ke 3+ko1—2ko 2

X * * *
P(M> K1 ijl(T?e) K1 Blﬂjl(Tae) K1 W1 )

K1
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(57)
D-1 q—1 1
S S M - | (R Lo
=1 q1+q2=0y m\T
de de,qy a5 ++1(q2—p)
T7%,q1,92 . A T7%,q1,92
1\42 q2,p K1\D
X quz */{1 ((K/]_T ) wl) + Z p (7-) d[ o q2+’{1(q27p) *Hl ((K/]_T ) (U]_)
F( K1 ) 1<p<go—1°~ M r (H—1>
—x1(ke,2+7v1—ko,1) Fheatri—ko .
Qa = K W1 K W
Z“ P (1) T ( Fe2tn—koa L T
K1
Mo eme,2+2B—akg2—x1(ke,2+71—ko,1) ke ty—koa .
+ E ag2 = *p W1 *., W1
keo+v1—kKo1 1 K1
l=s9+1 P (T) T (1471
> —3ay 3a01 e~ x1(kes+71—ko,2) ke s+v1i—ko 2 5
+ Z a’ 5 s oS *py W1 K, W1
02 T ko | 1L M4
(=0 m T ( o )
M3 —3(1@ 3001 eme,3t+3B—aky3— X1 (ke 3+v1—ko,2) ke stri—koz2
+ Z - Koy 2t % K W1 *51 w1
¢,3+71—ko,2
l=s3+1 P(7) T (T)
s3 —3ay 3a01 e X1(ke,3+71—ko,2) rkesty1—koz .
+ av 5 T By, J1(T, €) %y w1 %y, W1
02 T PRET BN E AL
(=0 m T ( o )
Ms 36—ak k —k k K
*3&4 3a01 €M 3+38—akp3—x1(ke,3+71—ko,2) ke s+y1—ko2 5 7 N .
+ D A & *py Brey J1(T, 6) K1 W1 kg Wi
Pp(7) I ( keatni—koz
f=s3+1 o
q—1
1 )
3 - D!
(58) H(wi(r,m)) == ]57(7) Z 0l H 7 RD(Zm)
MY q1+q2=0p,q1>1
74D.q1,92 1\ A 79D,q1 .02 F51(q2—P) .
X | =7 * R1T w1) + Z * T w
T dD,qy .49 K1 (( 1 ) 1) QQﬁD dD,qy a9 +1(q2—P) K1 (( 1 ) 1)
K1 1<p<ga—1 K1
Rp(im) k1(6p—p)
T |2 sy e (T )|

and
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(59)
4 N 53 e—x1(ke3+2y1—ko,1) ke +27v1—ko,1 5 5
HE (w1 (T, m)) := —Q(im) g ap3 B) P R MR W WK W
=0 m\T IR (1){717)
Ms eme,3+3B—ake3—x1(ke,s+27v1—ko,1) Tkes+2v1—ko,1 5 5

+ g a = ), W1 K, W k.. W

E,g P (T) 1’1 kz,3+271—k0’1 K1 1 K1 1 K1 1

l=s3+1 m K1

Proposition 6 Under the assumptions (52), (53), (54), there exist rg > 0, €0 > 0 and
d

w > 0 such that the problem (40) admits a unique solution wg, (T,m,¢€) belonging to the Banach
< w,

space F? ) with
‘ (VB X1,00K1,€)

(V,B,10,X1,0,K1,€
for every € € D(0,€) \ {0}, where d € R is such that (47) and (48) are satisfied.

wgl (T,m,€)

Proof Let To.kp > 0s €0 >0 and w > 0 be as in the proof of Lemma 4. That result allows us
to apply a fixed point argument on H, for every € € D(0,¢p) \ {0} and obtain a unique element

wgl (t,m,€) € F(Cf/”B,,U«,XLOth,ﬁ) with norm upper estimated by o, which satisfies that

He(wgl (7_7 m7 6)) = wgl (T7 m7 6)-

This function also depends holomorphically on € € D(0,¢p) \ {0}.
Observe that the terms in the equation (40) can be rearranged to write it in the form

wy(1,m,€) = He(wi (T, m,€)),

by leaving Q(im)am and Rp(im)(k1771)%P on one side and dividing the resulting equation by

the polynomial P, (7) = —Q(im)ao1 — Rp(im)(k7)%P.
Therefore, w? (7, m, €) turns out to be a solution of (40), with initial data w¢ (0,m,€) = 0.
(]

4.4 Second perturbed auxiliary problem

The form of Up2(T') in (28) motivates a second particular form of a solution of (19):

(60) Up(T, 2, ¢) = — 22 ho2—kos (1 4 7o (T)) + T2 Va(T, 2, ),
a0,3

for some v € Q. We assume this choice is made accordingly to the following conditions:

(61) Y2 > ko2 — ko3,
and
(62) Yo < bj — 2k 2 + ko 3, i=0,...,0Q.

We proceed as in Subsection 4.3 and plug (60) into (19). We get
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S1 My
(63) Q(0.) Zaé,lTk“—’_ Z az’lemz,1+ﬁfakg,1Tkz,1 T2Vo(T, 2, €)
=0 l=s1+1

S2 M2
+ Z ar 2Tk/z,2 + Z ag 2€m4,2+25—akz,2Tkz,2
=0 {=s5+1

2
% (T272V22(T72’6) B CL0,2Tko,2—ko,3+72(1 +j2(T))V2(T,z,e)>
ao,3

83 M3 2
+ Z ag,3Tk‘“3 + Z az736m4,3+3/3—04ke,3Tke,3 {3 (ZZ;T’“‘)72_I€O’3(1 + T (T))) T2Vo(T, z,€)
/=0 f=s3+1

-3 <ZOQT'“°’2_’“”3(1 - Jz(T))> T*2VH(T, 2, €) + TP V(T 2, 6>H
03

=0
D 5o -1
+ Y eetrelrddtirdp ) [N 5 [ (e — T 1 OFVA(T, 2, €)
=1 q1+q2=0; R
Observe that, in view of (10) and (12) we have
(64) 2ko2 — ko3 < ko1 =dp— ¢ — dpk1 — deo < dg — Oy.

Conditions (10), (61), (62), (64), and the fact that (k¢2)e>0 and (kg3)e>o are increasing
sequences, allow us to divide equation (63) by T2k0.2=k0.3+72  preserving analyticity of the coef-
ficients involved. Invertibility of the coefficient of Q(0,)Va(T, z,¢) at T' = 0 is guaranteed due
to ap,3 # 0. The resulting problem can be rewritten in this form:
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2 My
k ko 1—2k ki
(65) Q(az)VQ(T’Zvﬁ) a[1€m£ 1+f—a ¢,1 ke, 1—2ko,2+ko,3
a0’3 =0 l=s1+1
2 _2ap9a Mo 2ag9a
+ a02 ZQT]{?EQ k?02+ Z 02 42 m22+2ﬁ ak[ZTkZZ koz
Q
=1 0,3 tmaat1 0,3
2aq0.2a My —2ap.2a
+ Z MTW 2~ ko, QJQ( ) Z Memé,2+2/3*akl,2Tk£,2*k0,2j2 (T)
a a
=0 0.3 l=s5+1 03
M3
+ZMT7%3 ko,3 T Z M mg3+3ﬁ ak¢3Tk¢3 ko,3
2
a
=1 03 I—sgt1 ag 3
3a02 63 kg 5—ko 3 — 3(102 €3mr+35—akr ko 3—k 2
+ Z e + Z 03 t3ke3—ko3 (QJQ(T) e (T))
£=0 (= S3Jr1 73
52 Mo
—|—Q(8Z)V22(T,z,e) Za&ZTkeg—ko,z-i-ko,:s + Z ae726m572+25—ak5’2Tk&g—k‘(),g-‘rko,g Tr2—ko,2
£=0 l=s2+1
Ms
Zaf 3Tk23 + Z ay 3€m£ 3+38—aky 3Tk43 (1 +j2<T))
=0 f=s3+1

S3 M3
+ Q(0.)V5 (T, z,¢) Zag’ng“ + Z ag gemts 3Pk hes | 21— 2k0 24ko s
=0 (=s3+1

Q
— Z bj (Z)enj —chj Tbj —2k2072+k0,3—"/2
j=0

+ f: Aeta(éi—do)+p Z
/=1

q1+q2=0

6' q1— 1
H (yg — d)THen=2ko2tkos B9, ) 9L Vo (T, 2, €)

q1!q2!

We specify the form of Us(T), z,€) in (60), where

Ap+a(ép —dp) +
dp — 2ko2 + ko3 — 0p

(66) Va(T, z,€) := Vo (eX' T, z,€), with yg :=

Equation (65) reads as follows:
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2 S1
(67) Q(8:)Va(T, z, €) (ke,1—2ko,2+ko,3) ke,1—2ko,2+ko,3
a
0,3 —0
My
+ Z ae16m£,1+ﬁ*ak1{,1*Xz(kz,l*2k0,2+k0,3)’]rke,1*2k0,2+k0,3
Z:S1+1

52
+Z (1026152 *X2(k22 kOZ)']I‘kZQ k02+ Z _2(102&[2 me2+2ﬁ akg o— X2(k22 koz)v]rkgg ko,2

a
—1 0,3 (a1 103
2 _92ag0a
02 22 _
+§ x2(ke,2—ko,2) ke,2— kozj( XQT)
=0 ap,3

+ Z —2a0,2a1,2 me2+2B—aky s —xa(ke,2—ko,2) pke,2— k02j2( —x2T)

l=s9+1 ao 3
83 3 M3 2
a2 .a 3af oa
+ E 0, 2 £3 ¢x2(ke3—ko3)ke3—kos E 0722 63 eme,3+3B—ake3—x2(ke,s—ko,3)Tkes—ko.s
a? a
=1 0,3 l=s3+1 03

Z 3ag 02 a3 e X2(ke.3—ko,3)ke,3—ko,3 (2j2(e_X2T) +j22(6_X2T))

=0
- 3a02 63 m23+35—04k’e3—><2(k23—k03) ke,3—ko,3 —X2 2(.—X2
+ > , 7 a—kos)mhes=kos (27, (e7X2T) + JF (e X2T))
f=s3+1 73
s2
+Q(8Z)V§(T Py 6) E ag2€—X2(kz,2—2k0,2+k0,3+’72)']1‘k‘4,2—2k0,2+k0,3+’)/2
) <y s
=0
Mo
+ § a6726mz,2+25—a/€e,2—xz(km—2k0,2+k0,3+’y2)’]I‘ke,z—%o,z-i-ko,s-i-’yz
f=s2+1
M3
Zaé?’E szegrﬂ‘k43+ Z a636m43+3ﬁ aky 3—x2ke3kes (1+j2(€—><2?]1‘))
=0 = s3+1
s3
+Q(az)V%(T Py 6) E ae36*X2(kz,3+2’72*2k0,2+k0,3)Tkz,3+2’72*2k0,2+/€0,3
)~y R
=0
M3

+ E g 3€™3 +3B—aky,3—x2(ke,3+2v2—2ko,24ko,3) ke,3+272—2ko,2+ko,3

{=s3+1
Q D-1
Z b] i —abj—x2(bj—2ko,2+ko,3— Y2) b —2ko,2+ko,3—72 + Z Detald— de)+p

J /=1

=0
q1—1
dp—q1—2k, ko.3— dp—q1—2k k
N H o — X2( —q1 0,2+k0,3 CI2)T 1 —q1 0,2+ 0’3R4(82)8%2V2(T,z,e)
1-42-
fh+qz )

q1—1
H ,}/2_d)6 x2(dp—q1—2ko 2+ko,3— QQ)TdD Q1*2k02+k03R (82)8%2V2(T,Z,6).

>

|
q1+q2=0p N'ge!
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Let 1 < ¢ < D. It is worth pointing out that for every nonnegative integers ¢, g2 such that
q1 + g2 = 6y, and in view of (13), it holds that

(68) de — (2ko2 — ko3) — q1 = (k2 + 1)q2 + di.qy g0
with CZAWB >1for1<f<D-1lorf=Dandqg <dp; and JD’(),(;D = 0; Indeed, we have
ko1 — (2koa — ko) = (k1 — K2)q2 + dogy.qr — db.gy go-
Observe that, in view of (37), we have that
(69) (K2 — K1)q2 > doggo — di,qygo0
for1</<D-—1orf=D and ¢ < dp. Observe that, indeed it holds
(70) koa — (2koz — ko3) = q2(k2 — K1) + drgy g0 — Br.qy,0-
It also holds that
(71) ko1 — (2ko2 — ko3) = dp(k2 — K1).

In view of (13) and (68), we get

(72)

Té0=2h02Thos 0PV, (T, 2,€) = [ (T™T00)P + Y A, TR0 PU(T=Hap)P | Vy(T, 2,¢),
1<p<ép—1

Tde=2ko2+ko.s == gy, (T, 2, €) = TU5e-11 (T A0) V(T 2, €),

Te—2ko.2+ko3=01 902, (T, 2, €) — T.a1.0 (Tr2+19p)% + Z Aqwr[nz(qrp)(vﬂ‘%ﬁlaqr)p Vo(T, 2, €),

1<p<g2—1

for every 1 < £ < D — 1, and all integers ¢; > 0 and ¢o > 2 with ¢1 + ¢o = ;. Here, Aép,p for
1<p<ép—1and flq%p for 1 < p < g9 — 1 stand for real constants.

We make an analogous assumption as in the first problem, namely, we assume that V5 (T, z, €)
has a formal power expansion of the form

(73) Va(T, z,6) = > Vyo(z,0)T",

n>1

where its coefficients are defined as the inverse Fourier transform of certain appropriate functions
in E(g,,), depending holomorphically on € on some punctured disc D(0, €) \ {0}, for some €y > 0:

Vina(z,€) = f_l(m = wp 2(m, €))(z).

We consider the formal m,,—Borel transform with respect to T and the Fourier transform with
respect to z of Vo(T, z,€), and we denote it by
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By plugging wa(7,m, €) into (75) and taking into account (72) and the hypotheses made on
the differential operators in (14), we arrive at the following auxiliary problem

(74) Ly o (w27, m, €)) + Lo o (wa(T,m, €)) + L3 1o (w2 (T, m, €)) = Ry oo (wo(T,m, €)),

with wy(0,m,e) = 0. We have taken into account the properties and notations described in
Section 3 for a more compact writting. We put By, Ja2(7,€) for the m,,—Borel transform of
J2(e7X2T) with respect to T. The operators in (74) are defined by

2 s1 ke 1—2ko,2+ko,3
- a 0,1—2ko,2+ko,3
. 0,2 —x2(kp1—2ko o4k T
(75) Ly, (w2) = Q(im) Wy + E ag 1€ x2(ke,1—2ko,2+ko,3) Ky WO
agp.3 I ( Fei=2ko2tkos
) =0 P
M ko1 —2ko o4k
me1+B—ake1—x2(ke,1—2ko,2+ko,3) T OLTT0RTRS
+ ae 1€ s s ) s s *Iiz w9
’ T ko1—2ko 2+ko 3
{=s1+1 K2
ke2—ko,2
+ 2@020%2 7X2(kg2 kOQ) T X0y W9
ao,3 T ( Fe2=ko.2 2
=1 o
_ ke2—ko 2
+ E 200,204, me2+28—akya—x2(ke2—ko,2) T N
ke o—k Ka W2
03 F 0,2 0,2
l=s2+1 Ko
52 ke o—k
_2a0 2a£2 _ _ T 0,2 0,2
+Y S E R eelkemhor) B Jo (7, €) key w2
a ke 2—ko,2
— 0,3 T (22202
=0 s
—2a0,2a1,2 ke2—ko2
2 k ko o—k
+ 2 : emeat28—akea—x2(kea—ko,2) T *rey BR2J2(7—,€) rey W9
o1 003 I (T)
53 2 ko s—k
ag oa 0,3—k0,3
k 07227E’36_X2(k’573_k073)77 Kg W2
ko 3—k 2
~ apy I‘(’3N7203)
Ms3 2 ky 3—k
ag 50y 3 Tkes—ko,3
3 0,249 my 3+38—akes—x2(ke,3—ko,3)
+ 5 € Ko W2
ag s T ke3—ko,3
l=s3+1 ’ K2
53 3 2 k k
ag oa 0,3— k0,3
029e,3 _ _ T
E — xalkes=hos) _— o 9B, Jo(T,€) %, wo
a ko 3—ko,3
/=0 0,3 T (T)
M3 302 kp 2 —ko -
ag »a 0,3—ko,3
0,2 0,3 _ kya—k T
+ E —a € xz(ke,3 o,:«s)m*ﬁ2 2By, Jo (T, €) %1, w2
=sz+1 03 T (T)
83 3 2 k —k
ag 5a 0,3—k0,3
0,244,3 _ ko - T
+ —5—¢€ xa(kes—hos) %1y Brog J2(T, €) Ky By Jo (T, €) Ky o
a ke 3—ko,3
— 0,3 [ =203
/=0 K2

M3

+ Z 3%2@3 e x2(ke3—Fo,3)
ke 3—ko,3
s =y

rkes—ko3
%1y Brog J2(T, €) Hpgy By Jo (T, €) K*pey w2,
f=s3+1
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- 52 (kg 2—2ko 2+ ko 3-172) ke2—2ko 2+ko,3+72 =
L wo) = O(im ay oe—X2(ke2—2ko,24ko,3+72 s o % W
(76) Lok, (w2) = Q(im) E 02 Fea— ko thoatas 2 W2 Fre W2
(=0 r{= p
2
Ma kg 2—2ko,2+ko 3+
0,2 0,2+ko,3+72
+ E af2€me,2+25—ake,2—X2(kz,2—2k0,2+k0,3+72) T Kroy Wo oF ws
’ T k¢.0—2ko 2+ko 3+72 - 2
l=s2+1 K9
53 ke 3
_ T
+ E ag3e X2ke,3 - *pgy W2 *EQ w2
0.3
/=0 F TQ)
S Cxakes T3 E
+ Z agp 3€ X2Ke,3 s Kiog W e W
{=s3+1 r (ﬁ)
233 36—ak hps THP E
+ CLg736me’3+ B—akez—x2kes - K0 BHQJQ(T, 6) Ko KrgW2 Koo W2
£=0 T2>
< g s 35—oke s —xokes T3 E
+ E ap €™’ 6,37X2 2*3753 *rip Broy Jo (T, €) Hpy Hppw K, wa |
l=s3+1 r K; )
(77)
3 k¢ 34+2v2—2ko,2+ko, 3
~ 3 _ _ ’7— 3 ] ’ E E
L wa) = Qim E ay e X2(kest272—2ko 2 +ko3) iy W9 Ko W K W
3,&2( 2) Q( ) 4,3 r kg.5+2v2—2ko 2 +ko s Ko W2 Xy W2 %y, W2
=0 -
Ms kg 3+2v2—2k
0,3+272 0,2+k0,3
—x2 (ke 3+2v2—2ko2+ko3) T E E
E) bl £ * * *
i Z s T k¢,3+2v2—2ko,2+ko,3 Ry W2 Ky W2 %y W21
f=s3+1 K2
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bj—ko,2+ko,3—72
”J —ab;—x2(bj—ko,24ko,3—v2) _ T ’

M@

(78)  Ri iy (w2)

bj—ko,2+ko,3—72
j=0 F( Ko )
q1—1
I I | (ST
q1+q2=0¢ n'g2! d=0
7—‘21,111412 Ko\ - 7—d~27q1,q2+“2(q2_p) Ko \p
o ((R2m™)Pwa) + Y Agyp et (k27" )Pw2)
£,q1,92 <p<go— £,q1,92 Kk2(q2—p
F(;@ ) 1<p<g2—1 F<@
qa—1
op!
S DR | G
q1+q2=4p,q1>1
TJD,qpqg Ko\ - TJD,q1,q2+'f2(CI2*p) 2 \p
N N e ((h27™)%wa) + Y Agy - P ((r2m™)Pw2)
D,q1,92 _ D,q1,99 TH2(q2—P
F(Fig) 1<p<g2—1 F( P >
k2(dp—p)
+ Rp(im) | (ka™)%Pwsy + Asp e ((Kam")Pun)
D 2T w2 op,p 200 —p) ro (\K2T w2
1<p<dp—1 F(ifm )

4.5 Analytic solution of the second perturbed auxiliary problem

This section states the geometry of the second problem, in the same way as in Section 4.3. We
omit the details on this construction.

We assume there exists an unbounded sector

Soiy =12 €C i 2| 21 o arg(2) — dg o | < Vo s )

for some bisecting direction Q Rp € R, opening Vo.hp > 0, and TO.Rp > 0 such that

(79) M € NQ R m € R.
Rp(im) b
. 2 .
For every m € R, the roots of the polynomial P ,, = —Zg—’zQ(im) — RD(z'm)/ﬁ;gDT‘SDH2 are
given by 7

a3 ,Q(im %%2 —a2.06m -
(80)  qe(m) = ( | 0~’2Q( ) ) exp (ﬁ(arg( PZQ( ) ) 1 n 2l >,

\ao,gRD(im)]ng ao, sRp (’Lm)lﬁ2 dpka2 dpkKa

for 0 < /¢ <épry—1. Let S 7 be an unbounded sector of bisecting direction d € R and vertex at
the origin, and p > 0 such that the three next conditions are satisfied:
1) There exists M; > 0 such that

(81) |7 = Ge(m)| = My (1 + |7),

for every 0 < £ < dpko, m € Rand 7 € SJUD(O,p).
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2) There exists My > 0 such that
(82) |T_650(m)‘ > MQ‘Q@QL
for some 0 < ¢y < dpko —1,allm € R and all 7 € S;U D(0, p).
Following the steps in (49), we get a constant Cs > 0 such that
~ _1 < . Sp—-L
(83) |Pom(T)| = Cp(rg 7,,) P72 [Rp(im)| (1 4 [7]™)77 2

for all 7 € S;U D(0, p), all m € R.
The proof of the next result is analogous to that of Lemma 2, so we omit it.

Lemma 5 One has }
By, J2(T, €) %10y By J2(T, €) = By Jo(T, €),

where B, jQ(T, €) stands for the my,— Borel transform of the formal power series
Jo(T) = (Jo(T) - Jo(T)),
evaluated at e X2T. Its coefficients are notated by jgj.

The following result reduces the number of global restrictions on the parameters involved in
the problem, relating those appearing in the first problem, with those naturally arising from the
second one.

Lemma 6 Under assumptions (12) and (37), the following statement holds: Let 1 < ¢ < D —1,
q1,q2 € N such that ¢1 + qo = 6y, and g2 > 1. Then, it holds that

d 1
(84) A+ a(dp—de) + B+ (x1+ C’Z)fﬂ(z’;jz’q2 +q2—0p + ;1) — x1(d¢ — ko1 — d¢)
d, 1
>Ap+a(dp—dp) + 8+ (x2 + Oz)/ﬂg(e’l:i;’qz +q2—0p + ;2) — x2(de — ko2 + ko3 — d¢).
Under assumption (52), and ka2 < k1, one has
2 1
op > —, dp = — +dy,
Ko K9
for every1 <£< D —1.

Proof We apply (70) and (71) reduce the inequality (84) to
(X1+) (g gy g +(q2—0D) k1 +1)—x1(de—ko,1—0¢) > (x2+)(dp g g0+ (q2—0D)Ka+1)—x2(dp—ko 2+ko 3—0¢).-

After an arrangement of the terms, and the application of (37) and (12) we derive that the
previous inequality holds if the following does:

X1(1 —dpk1) > x2(—=0pr1 + 1 — ko1 + ko2 — ko3).

Finally, the definition of x; and x2 in (35) and (66) resp., and again the application of (12) leads
to the equivalent inequality
dp (k2 — K1) + ko20pK1 > 0,

which is satisfied.
The second statement is direct from the hypotheses made. |

The proof of the next result is left to Section 9.
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Lemma 7 Let the following conditions hold:

2
(85) dp > P Y2 > ko2 — ko3 , bj —2koa+ ko3 — 72> 1,

(x2 + @) (key 2 +v2 — 2ko2 + ko3 — k20p + 1) — x2(key 2 + 72 — 2ko2 + ko3) > 0
(x2 + @) (keg 3 — k26D + 1) — Xx2key 3 > 0

fOT’allOSEQSMQ,OSEgSM&OSjSQ,

(86) op > L + 0y,
K2

dy 1
A+ a(de —de) + B+ (x2 + a)@(% +q2—9dp + /?2) —x2(d¢ — ko2 + ko3 — d¢) >0,
for every q1 > 0,q0 > 1 such that q1 + q2 = 6y, for 1 <L <D —1.

Then, there exist large enough To.Rp 0 and small enough @w > 0 such that for every
e € D(0,¢9) \ {0}, the map € defined by

He = H + H2 4+ 12 + HE,

satisfies that 7:[5(3(0,@)) C B(0,w), where B(0,w) is the closed disc of radius @ > 0

centered at 0, in F(Cf/ﬂ’“m’am’e), for every e € D(0,¢e9) \ {0}. Moreover, it holds that

(87) [Fe(wor) = Aelun) <

1
(V757,L"7X2 ,OLK2 76) - 2

s — WQH(Vﬁ,u,X%av“?:f) ’

for every wi,ws € B(0, @), and every e € D(0,¢) \ {0}.
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Here, we have defined

bj—ko,2+ko,3—2
n~—abj—Xz(bj—ko,2+k0,3—’)’2) L

M@

(88) 7:[ (wz T, 6

P bj—ko,2+ko,3—2
j=0 P2,m(T)F (K—Q
L ag 1€ —x2(ke,1—2ko,2+ko,3) ke, 1—2ko 2+ko,3
Ky W
Py (1) [ (Fea—2hoatkos) "
/=0 ) pos
< ay 1€me‘1+ﬁiak£*17X2(k5’172k0;2+k0,3) ke 1—2ko2+ko3
+ d _ o
ke,1—2ko,2+ko,3 2
2T R e
4 Z —2007261572 e¢—x2(ke2—Fko,2) ke 2—koz2
= s Wo
ky o—k K2
= 03 Py(T) |T <%202)
—2a0 oy 5 €M +28—akez—xa(kea—ko2) | phea—koz
+ E 24¢, - -
a ke,2—ko,2
(=sp1 03 Py (7) r (T)
> —261072(1572 e_X2(ke,2—k0,2) rke2—koz
" “ P ( ) ke,2—ko,2 *riz Brey J2 (T’ 6) Krg W2
=0 703 2,m(T r (T)
Z ,2a0 sagy €M 2+2B—ake2—x2(ke,2—ko,2) kea—ko
: b () keo—ko,2 Fry By J2(T, €) %y w2
(=541 2,m(T r (T)
= BG% 2043 e—x2(ke,3—ko,3) 7ke3—Fko,3
+ Z ’ = * w9
3 ky a—k K2
o %3 Pw(n) T (HTOQ
> 3“0 QCLZ 3 M3 38—k 3—x2(ke3—ko,3) Tke3—ko3

i . Ko W2
¢ %:Jrl Py n(7) T (M)

K2

3“(2),2a£73 e—xz2(ke3—ko3) ke s—ko,3

+ ~
182:% a3 Py (7) T (M)

Kz 2852 J2 (T7 6) Kig W2

K2

Ms 3&%726%3 e—Xx2(ke,3—ko,3) Thes—kos

p>

*NQ 2652 J2(7—, E) *52 w2

2 P koa—Fk
a 0,3 0,3
=ss+1 103 Pom(r) T <T>
s - 33— o —
3 3&3720{73 € X2(k‘l,5 k0,3) ka,d k0’3
2 =~ P *52 Bﬁlz JQ(T, 6) *K)Q Blig JZ (7', 6) */@2 w9
= 93 Py (7) r (%)

Ms 3(10 2(1@ 3€ —x2(ke,3—Fo,3) Tkgyg*ko’g

+
= %1 73 Py (1) r <M>

K2

X159 Brg J2(T, €) *10y Brog J2(T,€) %y wa | 2,
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7‘[2(0)2 7'7

le,qpqg

FM
K2

q1—1

q1! qg' H 72— d

D—1
ZeAg—i-a (50—do)+8 Z
=1

q1+q2=0d,
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e X2(de—q1—ko 2+ko,3—g2) M
Pon(7)

Jag tH2 (¢2—p)

A 7"247111
)“AMwmwm»+ > S | T

1<peae1 Pom(7) | <‘W“2(‘12_p)

K2

) *pey ((K2T"™)Pws)
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—Q(im) E ag 2 =
’ ko o—2k k
=0 Po o (T) T ( £,2 0:; 0,3+72
Mo

eme,2+2B—aky 2 —x2(ke,2—2ko 24ko,3+72)

E
) Kig W2 *Hg w2

ke2—2ko,2+ko,3+72

E
- Z a2 D, Ko W2 Ko WY
’ koo—2ko 2+ko 3+72 2 K2
l=s2+1 P27m(7—) r ( K2
N 53 e Xz2ke3 PLTR: 5
E Ay 3= Ko W Ko, W2
b k H2
=0 Pym(T) | T (%23)
M me 3-+38—ake 5—x2k k
e'’e,3 2,37 X2R¢,3 75,3 5
+ E ag.3 2 ) e Kiog W2 Ky W2
e ot r(%e)
S3 —X2k473 Tk£73

=0 p2,m(7') T (ke—?’)

E
Xy Bro J2(T, €) *py Wa e, Wo

K2
M, eme,3t+3B—ake3—xakes Tkes
+ E ag3 =
7 ko3
Lot Py(7) r(%e)

E
*rin Broy Jo(T, €) Ky wa K, wo

q1—1
(90) Hi(wa(rie) = =——— ) op! H 2 — d)Rp(im)

and

~) *1y ((R2T™2)Pwy) + Z A

q2,p ~
1<p<q2—1 T (dD,ql,q2+ff2(q2—p)

|
PQ’m(T) q1+q2=6p,q1>1 nlg!

7'd~D,ql Jag TH2 (g2—p)

" RD (im)

—_— K 7'K’2 5Dw _|_ A
Py () (o) Z *0p

1<p<ép—1

> *ry ((127"2)Pw2)

K2

7r2(6p—p) o
p (st e V)
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e—x2(ke3+27v2—2ko,2+ko,3) ke +272—2ko, 2+ ko, 3

53
4 (i E E
He (w2(7,€)) := —Q(im) E ag3 = X0y Wo ¥2 wo xE wo
€ ) ’ k¢ 34272 —2ko,2+k 2 K2 K2
=0 PZ,m(T) I ( 0,37272 = 0,2+ o,3>
Ms eme,3+3B—ake3—x2(ke,3+27v2—2ko,2+ko,3) ke,3+272—2ko,24ko,3 5 5
+ Z a = ko W ko W * o W
o3 Py (1) T ( Fest2v2—2ko.2+kos K2 W2 Ty W2 Ty T2
l=s3+1 1M P

Proposition 7 Under the assumptions (85), (86), there exists 6.5 > 0, €0 >0 and @ >0

such that the problem (74) admits a unique solution w,‘i(r,m, €) belonging to the Banach space
d
F(Vvﬁ#"vXQva:HQvﬁ)’
< w,

with
‘ (V,B“U‘,XQ,CM,K,Q,E)

for every e € D(0,€) \ {0}, where d € R is such that (81) and (82) are satisfied.

w,ﬁfz (1,m,€)

Proof It is analogous to the proof of Proposition 6, so we omit it. O

5 Singular analytic solutions of the main problem

This section describes the analytic solutions of the problem in two good coverings in C*, and
construct them by analyzing the procedure followed in the two problems considered in the
previous sections. A Ramis-Sibuya type theorem applied to each problem will lead to the formal
solution of the main problem under study.

Definition 4 Let j € {1,2}, and let ¢; > 2 be integer numbers. For all0 < p < ¢ — 1
(resp. 0 < p < ¢ — 1), we consider open sectors &, (resp. c‘j) centered at 0, with radius
€0 > 0 and opening larger than m (resp. (xfra 52) such that £, N Epy1 # O for all
0<p<gq —1 (resp. g’p N gp+1 £ 0 for all0 < p < ¢ —1). Moreover, we assume that the
intersection of any three different elements in {E,Yo<p<c,—1 (resp. {EpYo<p<er—1) is empty and
that U3 o0& =U\{0} = U 2 &y = U\ {0}, where U is some neighborhood of 0 in C. Each set
of sectors {Ep}o<p<c—1 and {5p}0SpS<2—1 is called a good covering in C*. In order to distinguish
both good coverings, we will refer each of them as the good covering related to the Gevrey order
(X1 + a)k1 (resp. (x2 +a)kz).

Definition 5 Let {€,}Yo<p<e, 1, and {E,Yo<p<e—1 be two good coverings in C*, related to Gevrey
orders (x1 + a)k1 and (x2 + a)kg, respectively. For j € {1,2}, let T; be an open bounded sector
centered at 0 with radius r and consider a family of open sectors

Sop01,corr =1L € C*/IT| < eorr , |0, —arg(T)| < 0/2}

(resp.
={T e€C*/|T| <err , [0, —arg(T)| <6/2}

Sﬁpﬁg,eom—

) with aperture 61 > w/Kk1 (resp. 0 > m/ka) and where 9, € R, for all 0 < p < ¢ — 1 (resp.
0, € R for all 0 < p < ¢ — 1), are directions which satisfy the following constraints: Let
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qe(m) (resp. Ge(m)) be the roots described in (46) (resp. (80)) of the polynomials P () (resp.
Pyn(7)), and Sy,, 0 <p < <1 —1 (resp. S5, 0 < p < @ — 1) be unbounded sectors centered at

0 with directions 0, (resp. 6p and with small aperture. We assume that
1) There exists a constant My > 0 such that

(92) [T —qe(m)| > Mi(1+|7])
for all0 < £ <épr1—1, allmeR, all T € Sy, U D(0,p), for all0 < p < ¢ — 1, and also
(93) |7 — Ge(m)| > My(1+|7])

forall0 < (¢ <dpky—1, allmeR, all T € SﬁpUD(O,p), forall0 <p<g¢—1.
2) There exists a constant My > 0 such that

(94) |7 = qeo(m)| = Mz|ge, (m)]

for some £y € {0,...,0pk1 —1}, allm € R, all 7 € Sy, UD(0,p), for all0 < p <1 —1, and also
(95) |7 — e, (m)| = Ma|ge, (m)]

for some 1 €{0,...,0pke — 1}, allm € R, all T € Sgp U D(0,p), for all0 <p<q — 1.

3) For all0 <p < —1, forallt € Tq, all € € E,, we have that etxit ¢ Sﬁ 0y, X1 and
B p,U1,€g
for all0 <p < —1, forallt € Tz, all € € E,, we have that e* X2t € 5’5

atx9 .
0 T

P7027€
Then, we say that both families, {(So, 0, orr)o<p<a—1,T1} and {(Sﬁp792760rT)0§p§§2_1,’7'2} are

associated to the good covering {E,Yo<p<c,—1, and {Ep}o<p<cy—1, Tespectively.

We construct two families of holomorphic solutions of the main problem under study (16),
with a pole at (¢,t) = (0,0), defined in the sectors &, and gq, for0<p<g-—-land0<g<¢e-1,
with respect to e. We also determine the exponential rate of decrement of the difference of two
solutions in the intersection of two consecutive sectors of the same family of good coverings.
Moreover, this rate depends on the good covering under consideration.

Theorem 1 Let us consider the parameters described at the beginning of Section 4, which sat-
isfy (10), (11), (12) and (13). We consider the nonlinear singularly perturbed PDE (16) with
elements determined as in (14), (15) and (17). We choose a,, f € Q, 1 < K1 < ko and y1,72 € Q
such that (20), (21), (30), (31), (61), (62) hold, and assume that (37) and (68) hold. We finally
assume (45), (52), (53), (79), (85), (86).

Let (Ep)o<p<e,—1 and (Ey)o<p<ey—1 be two good coverings associated to the Gevrey orders (x1+
a)k1 and (x2 + a)ka, respectively, for which families of open sectors {(So, 0, corr)o<p<ei—1,T1}
and {(S5, 9, cory J0<p<ca—1, T2} are associated to each corresponding good covering.

Then, there exist a radius TORp 0 large enough, €g > 0 small enough, for which two

families {ui”(t,z,e)}ogpgq,l and {ugp (t,z,€) o<p<e—1 of actual solutions of (16) can be con-

structed. More precisely, the functions u?p (t,z,€) and ugp (t,z,€) solve two singularly perturbed
PDEs

(96) Q(@Z) (p1 (t,€)u(t, z,€) + pa(t, e)uZ(t, z,€) + ps(t, e)u3(t, z, e))

Q D
= " bi(2)emith + ) et d) Ry(0: )ult, 2, €) + Fi (et €)
j=0 =1
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and
(97) Q(@Z) (p1 (t,€)u(t, z,€) + pa(t, 6)u2(t, z,€) + ps(t, e)ug(t, 2, e))

Q D
= Z b;(2)e"itb 4 Z eAftd‘]@fZRg(@Z)u(t, z,€) + Fa(e%t, €)
j=0 =1

respectively, where the forcing terms F1(T,€) and Fy(T,€) are described in (254) and (266),
respectively, and define holomorphic bounded function provided that the additional constraints
(257) and (268) are fulfilled.

Each function u?” (t,z,€) can be decomposed as

(98)  uy(t,z,€) =€’ (—“0’1(6%)’@0*1—’%72 — Q0L (eayhoahoz 7 () 4 ()10 (1, z, e>)
ap,2 ap,2
where J1(T') is holomorphic on some disc D(0,dz,), d7, > 0 and v?p (t,z,€) defines a bounded
holomorphic function on Ty x Hg X &, for any given 0 < ' < 3, with v?p (0,2,€) =0 on Hg X Ep.
Furthermore, there exist constants K,, M, >0 and o > 0 (independent of €) such that
M,
) 1)

Opt1 _ .0 P
(99) sup |07 (t, z,€) — " (¢, 2,€)| < Kpexp( ot

teTiND(0,0),2€H g/

foralle € &1 NEp, for all0<p < —1.

Each function ugp (t,z,€) can be decomposed as

(100)  uy’(t,2,€) = €’ <‘““’2<eat>’“0»2"“°v3 — 02 capyoa—hos 7, (e24) 4 (1) Puy (¢, 2, e>>
ap,3 ap,3

where Jo(T') is holomorphic on some disc D(0,dz,), dz, > 0 and v;p (t,z,€) defines a bounded
holomorphic function on Tz X Hgr X gp for any given 0 < 8/ < 3, with vgp((), z,€) =0 on Hg x gp.
Furthermore, there exist constants K,, M, >0 and o > 0 (independent of €) such that

M,
)2)

6104—1 _ 5@ _
(101) sup 0" (t, 2, €) — 07 (¢, 2,€)| < Kpexp( e[ora

teTaND(0,0),2€H g/

for all € GépH ﬂgp, forall0 <p<¢ —1.

6 Doubly parametric Gevrey asymptotic expansions of the so-
lutions

In this section, we first recall some classical facts on k—Borel summability of formal series
with coefficients in a Banach space as introduced in [1], and a cohomological criterion for k-
summability of formal power series with coefficients in Banach spaces (see [2], p. 121 or [15],
Lemma XI-2-6) which is known as the Ramis-Sibuya theorem in the literature.

Afterwards, we provide the second main result in the present work, in which we obtain the
existence of two formal power series, written in power series of the perturbation parameter, and
with coefficients in some Banach space, which turn out to be the common Gevrey asymptotic
expansions of the functions v?” (t,z,€) forall 0 < p < ¢ —1, and ng (t,z,e) forall 0 < g < g —1,
in (98) and (100), of Gevrey orders ((x1 + a)x1)~! and ((x2 + a)k2)~! respectively. We recall
that both functions determine solutions of the main problem (16), as determined in Theorem 1.
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6.1 k—Summable formal series and Ramis-Sibuya Theorem

Definition 6 Let k > 1 be an integer. A formal series X () = >0 ajel € Flle]], with coeffi-
cients in a Banach space (F,||.||r) is said to be k—summable with respect to € in the direction
deR if

i) there exists p € Ry such that the following formal series, called formal Borel transform of

X of order k
B =3~ B[l
ST+
is absolutely convergent for |T| < p,

ii) A positive number § exists such that the series Bk(X)(T) can be analytically continued
with respect to T in a sector Sqs = {7 € C* : |d — arg(7)| < 6}. Moreover, there exist C > 0,

and K > 0 such that ||B(X)(7)||r < CeXIT" for all 7 € Sd.s-

If the definition above is fulfilled, the vector valued Laplace transform of order k of Bj(X)(r)
in the direction d is set as

LIBUX)) () = | Br(X)(w)e™ W/ kub1du,
L'Y
along a half-line L, = Re"" C Sy U {0}, where v depends on € and is chosen in such a way
that cos(k(y — arg(e))) > 91 > 0, for some fixed d;, for all € in a sector
Suomn ={€€C il <RV | |d—arg(e)| < 0/2},

where 7 <60 < 7 +20 and 0 < R < 01/K. The function L'%(Bk(f())(e) is called the k—sum of
the formal series X (t) in the direction d. It is bounded and holomorphic on the sector Sa.0,R1/*

and has the formal series X (e) as Gevrey asymptotic expansion of order 1/k with respect to €
on de97 pri/k- In addition to that, it is unique under such property. More precisely, one has that
for all < 61 <0, there exist C, M > 0 such that

n—1
N n
ILE(BR(X))(e) = D ape’|lr < CM"T(1 + 7lel”

p=0
for all n > ]., all e € Sd,el,Rl/k'
Theorem (RS) Let (F,||.||[r) be a Banach space over C and {&E,}o<p<c—1 be a good covering
in C*. For all0 < p <¢—1, let G be a holomorphic function from &, into the Banach space
(I, ||./lr) and let the cocycle ©,(€) = Gpi1(€) — Gp(€) be a holomorphic function from the sector
Zy = Epr1 NEy into E (with the convention that & = & and G¢ = Gy). We make the following
assumptions.

1) The functions Gp(€) are bounded as € € &, tends to the origin in C, for all0 <p <¢—1.
2) The functions Op(€) are exponentially flat of order k on Z,, for all 0 < p < ¢ —1. This
means that there exist constants Cp, A, > 0 such that

10p(e)llr < Cpe™ /1"
foralle e Z,, all0 <p <¢—1.

Then, for all 0 < p < ¢—1 the functions Gp(e) are the k—sums on &, of a common
k—summable formal series G(e) € F[[e]].
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6.2 Parametric double Gevrey asymptotic expansions of the solutions and
construction of their associated sum

In this subsection, we denote IF; the Banach space of holomorphic and bounded functions on

(T; N D(0,0)) x Hz equipped with supremum norm, where o > 0 is defined in Theorem 1, and

0 < B’ < B is a fixed real number. We preserve the choice of 7j, for j = 1,2 in Definition 5.
The second main result in this work is the following.

Theorem 2 Under the hypotheses of Theorem 1, there exist two formal power series

it z,6) = Y vma(t,2)e™ €Fi[fe]], bt z,€) = D vma(t, 2)e™ € Fa[[]],

m>0 m>0

such that the functions v}?(t, z, €) (resp. v;p (t,z,€)) in the decomposition (98) (resp. (100)) are
its (x1 + a)k1—sums on the sectors &,, for all 0 < p < ¢ — 1, viewed as holomorphic functions
from &, into Fy (resp. its (x2 + a)ka—sums on the sectors &,, for all 0 < p < ¢ — 1, viewed
as holomorphic functions from &, into Fa). In other words, there exist two constants C, M > 0
such that

n—1
(102) teﬂmD?&E),zeHﬁ/ \v?p(t, #e) mz::ovm’l(t’ e < OMTTF (x1 -:Za)lil JIel”
foralln>1, all0<p<q —1, and all € € &,, and
5 = n
(103) te?}mD%l,E),zeHﬂ/ |vy” (t, 2, €) — mz_:ovmg(t, 2)e™ < CM"T'(1+ m)]d"

foralln>1, all0<p<g¢—1, andalleegp.

Proof We give the proof for the first family of functions, whereas the proof is analogous for
the second family. Let UTP (t,z,€), 0 < p < ¢ — 1 be the functions constructed in Theorem 1.
For all 0 < p < ¢ — 1, we define Gp(e) = (t,2) — v?p (t,z,€), which is by construction a
holomorphic and bounded function from &, into Fy. In view of the estimates (99), the cocycle
Op(e) = Gpt1(€) — Gp(e) is exponentially flat of order (x1 + a)k1 on Z, = £, N Ey41, for any
0 < p < ¢ — 1. Therefore, Theorem (RS) guarantees the existence of a formal power series

Gr(e) = ) vm(t,2)e™ =t 01(t, 2,€) € Fy[[e]

m>0

such that the functions G, (¢) are the (x1 + a)r1—sums on &, of G (¢) as Fj—valued functions,
forall 0 <p<¢ —1,in &,. O

Remark: It is worth mentioning that the formal power series in €

01(T, 2, €) == (e“T) "y (T, 2, €) + @(EOAT)ko,l—ko,g—m _ %(EaT)km—ko,z—vljl(eaT)
ag,2 ap,2

and

02(T, 2, €) == (e¥T) 0y (T, 2, €) + %(&T)kwkw*w - ?(eaT)kw*kO»M?jg(eaT)
0,3 0,3
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are formal solutions of (251) and (264), respectively. This stament follows from (102) and (103).

Indeed, one has
1 .
o (0% (t, 2, €))|e=0 = vja (¢, 2),

forall j > 0and 0 <p<¢ — 1, and also

1_. 3
ﬁag (UQP (ta Zs 6))|6=0 = Uj,2(tv Z),

forall j >0and 0 <p<g —1.
Remark: Concerning the Gevrey orders appearing in the asymptotics, we observe that

(X1 + @)r1 < (x2 + a)ka.
Indeed, from the definition of x; and x2 in (35) and (35) respectively, one has

Ap+ B —akoy  Ap+ B —ako
dp —dp — ko op ’

ki1(x1+a) = k1

and
Ap + B — a(2ko2 — ko 3)

)

ka(x2 +a) =

The inequality follows from (10).
We conclude the work with an example.
Example: We consider the equation

(104)  Q(9.)((ap1€t* + ap2e®t®)ult, 2, €) + " H0u?(t, 2, €) + MU (t, 2, €))
= bo(2)E3 + €990, R1 (0, )u(t, 2, €) + 5190, Ry (D, )ul(t, 2, €).

Here, ]{1071 = 2, koyg == 6, k073 == 14, K1 = 1, R = 3, mo1 = 5, mi1 = 6, mo2 = 14, mo3 = 11,
a=28=-1,A1=10,A2=12,d1 =5,61 =1,d2 =6, 2 =2, bp =1, n9 = 3, 1 = -2,
72 = L.

The constraints (10), (12), (13), (20), (21), (30), (31), (52), (54), (61), (62), (85), (86) are
satisfied in the example.

Observe that one can divide every term appearing in the previous equation by €3¢, but still
one observes the presence of an irregular singularity at ¢ = 0 and the appearance of singular
operators which are treated in the manner we describe in the present work.

The next sections are included for the sake of completeness, and describe in detail the proofs
of the results provided throughout the work. We decided to leave it at the end for a more
comprehensive reading.

7 Proof of Proposition 2 and Proposition 3

Proof of Proposition 2:

Proof Let us denote

A= |le Pay, (T, m)R(zm)T“/ (7% — )25 f (s m)ds
0

(38, 1,X,05,4€)
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It holds that

(105)
1+ |5 ™ . 1 |R(im)|
A= s (ml) exp(Blml)— T exp (<v [T ) Je T e e
7D(0,0)US3,meR ‘EXJroz ‘ ex (]‘ + ‘T| )’YI ‘RD (Zm)‘
" |s[?
x| ’ (14 |m|)* exp(ﬁ|m|)Mexp —1/& F(st%,m) | A(r, s,m,e)ds
O ‘6)(:’& ‘ |€‘(X+Q)H ’ ’ ’ ’ ’
where
1 exp <V7<‘i|a)n> | |1/n
A(T,8,m,€) = o X2 - +a (17— 5)72573.
(1+ [m|)#exp(Blm|) 1+ M(LS% e[
This last expression yields
R(im)
A< Cald fnlé% RD(Zm)' £ m) v uxcame)
where
2K
1+ | 5=| T 1
(106) Cjs.1(e) = sup ————exp (—1/ ‘ ) le| 70— —
7D(0,0)USs,meR ‘eXZ‘X ‘ exte (L4 |7[=)m

|7)* exXp (Vﬁ) hl/ﬁ:
x |7|* bl (I7]® = h) 2R dh.
0o 14 [

|E|(X+cx)2n
After the change of variable h = |¢|X+®%h/ in the integral of C3(€) and usual estimates one
arrives at

1+ | 5=

(107) 03'1(6) == sup ﬁ exXp (—]j ‘ 1

T K _
S e==rer
x (T [y

7D(0,p)USg,mER oxta
|7|®
w [le0ces exp (Vh') o, 1/k 7] / b N3 31| | (xF )k (v2+73+1)
x |7 /0 T(h/)z(h) m*h (R) 2 dh|e|
_ 1+ x2 . T

< |e|(xHa)r(rz+ys+1) —yo+(xta)k vz a a

< |e| SV S |6|(x+a)n$)’yl( 1(7) + Ga(x)),
with

Gi(x) = /93/2 th(h/)%JrWs(x _ h’)wdh/ Ga(z) = /x i(h’ﬁ*”’(x _ h/)’ygdh/
o L+ (W)? ’ 22 1L+ (0)? .

The steps on stating upper bounds for G; and G2 are described in Proposition 1,[19], in
detail. For the sake of completeness, we give the detailed proof.

Estimates for G (x).

We first consider the case in which 1 < 5 < 0. Then, it holds that (x — k") < (2/2)7? for
0 <h' <z/2, and every x > 0. The first condition in (5) yields

/2 (z/2)x tretl

T\ V2 1 T\ V2 x

< (% va/2 Ntz gp — (2 ve/2\V12)T > 0.
Gl(:v)_(Q) e /0 (h") dh (2) e RTPIER r =0
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Then, one has

1+ 22 x 1+ 22
108 su e T Gi(z) <su
( ) leg 21/ (1+ |6|(X+a)ﬂx)’)’1 1(z) < xZI()) pl/k

which is finite.
In the case that 75 > 0, then we have that (z — h')"2 < 272 for all 0 < A’ < x/2, for z > 0.
Therefore we get

/2 Liystl
Gi(x) < a2ev®/? /x (W)x+3dn = $72el’m/2(alj/2)773
0 st +1
for all x > 0. We conclude
1422 vz x 1+ 22 B
v G < vx G ,
W W gy 1) = b e )

which is finite.
We study Ga(z).
One has 1+ (h/)? > 1+ (x/2)? for all /2 < I/ < x. Hence,

1 z / 1 1
(109) Gole) < — / e (YA (2 — WY2dR < — G ()
L+ (3)% Jay2 1+ (%)?
where .
Go(z) = / e”h/(h/)%+73(l‘ . h/)'y2dh/
0
for all x > 0.

The same estimates as in (18) in [19] on Mittag-Leffler function lead to
(110) Gg.l(x) S Kg_lx%Jr%eV‘r, T Z 1.

We now distinguish two cases: v3 < —1 and ~3 > —1.
In the first situation, we get
1+ a2 x 1+ 22

—vT G < K 1+s
2(z) < i‘él; 1+ (2/2)? 217 5

su (&
952];1) zl/k (1+ ’6’(X+a)’€x)71

and by the change of variable b/ = zu’ we deduce

1+ 22 T 1+ 2?2 T 1
—vz GQ(JJ) < sup + —vz prtrstyetl

111 su e
(111) D = o<a<1 1+ (2/2)2 zl/r

e
0<z<1 xl/F (14 |e|Octadrg)m

1
x/ e””/(u’)%JFV?’(l —u')2du,
0

which is finite.

The second situation, i.e. 73 > —1 and 1 > 7y3+1 is considered by using that 1+|e|(X+o‘)”x >
|e|(X+°‘)”:L' for all x > 1, and (110) to check the case in which > 1. For those 0 < z < 1 we
proceed as in (111) to conclude the result.

O

Proof of Proposition 3:
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Proof The proof is analogous to that of Proposition 3 in [22] and follows the guidelines of
Proposition 3 in [18]. For the sake of completeness, we reproduce the proof.

We write
(112)
1 ™ oo N1 N1 1 !
Bl [ [ = = () ) s s
—o0
1+ | =™ .
= sup (14 |m|)" exp(B|lm|) ——S—— exp(—v| x+a| )
T€D(0,p)USy,mER |m| €
Th +o00
<t [ [ = ) exp(8pm = )
0 —00
L+ J&%i;l; |7 — §| 1
- gy K __ ! K _
X |T"|€szﬁl/n eXp( V|€|(X+Oé)/i)f((7— § ) , M ml)}
€ «@
sl|2
u I+ Je]xFa)2m |s'| N1/k ’
x{(1+|mal) exp(ﬁ\mﬂ)w (—VW)Q((S) yma)} x B(T, s, m,mq)ds'dm |
|E|X+0¢
where
‘SI|1/I€|TN_SI‘1//€
B(r, s, m,my) = exp(—pB|lm — my|) exp(—p|m1|) [2cFor
99 9 - o n n g2 /|2
(14 |m — mq|)#(1 + [ma]) (1—}—7@'(%2)'2&)(14—‘6‘&9%)
|7 — §| Ed 1
X exp(VW) p( |€|(X+a)n) (T” . S/)S"

We also have |m| < |m — mq| + |mq] for all m, m; € R, from which we get

(113) B < 04(6)Hf(7—a m)‘|(V,/3,u,x,o¢,n75)”g(7_a m)H(V,,B,/L,X7Oé,H,6)

where

Hl + ’6XTFDC|2H

Gl = swp (Ll S exp(—v] S )
7€D(0,p)USg,meR ’W| €
x/'T'ﬁ/“" 1 (W)= (|7 | — h1)1/ 1
0 oo (THTm—mal(U Tl el (G gy R
‘T|I£_h/ hl 1

X exp(v

L /
o) P o) (i —pw

We provide upper bounds that can be split in two parts,

(114) Cy(e) < C11C42(e)
where
+oo 1
115 Cy1 = su 1—|—m“/ dm
(115) =D | b= e e ™
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is finite under the condition that p > 1 according to Lemma 4 of [20], and

1 + T |12k
Cyo(e) = sup 7| G;H_a | \7’]“_1
T€D(0,p)USy |5x+a ‘

(h/)l/“(‘ﬂ“fh’)l/“

I7|"

[e]20cFe) 1 ,
X — ; - dh
/0 (1+ U+ \e|<(f+)2 ) (I7l* = Bk

|€|(X+a)2n )2k

The change of variable b’ = |¢|X+®)%} yields

1+| T |2I{

(116) Cya(e) =  sup el ||t
T7€D(0,p)USy ’m|
|e\<|>:‘+na)*’~ hl/&(\evllam — )V 1 1
7]~ 2 2 |7| (X+a)ndh = | |x+a supB(x)
0 (1 =+ (W - h‘) )(1 + h ) (|E|(x+a)n - h)h |6| € z2>0

where ) y y

1 r h % (x — h)*" 1

B(z)=— " :c/ @=h) ™ dh.
22/ o0 (14 (x—h)%)(1+h?) (x—h)h

A change of variable h = zu in this last expression followed by a partial fraction decomposition
allow us to write

1
1 1
117) B(z) = (1 +2? d
( ) (-T) ( +z )/O (1+1’2(1—u)2)(1+$2u2) (1_u)17%u17% u
1+x2/1 3 —2u 1 p +1+m2/1 2u+ 1 1 p
2 +4 Jo 1+ 22(1 —u)? (1—u)1—%u1—% 22 +4 Jy 1+ 2202 (l—u)l_%ul_%

which acquaints us that B(x) is finite provided that x > 1 and bounded on Ry w.r.t z.
The estimates in (112), (113), (114), (115), (116) and (117) allow us to conclude the result.
|

8 Proof of Lemma 4

Proof Let € € D(0,¢) \ {0}. We first prove that H.(B(0,w)) C B(0,w), in Fg/,ﬁ,u,xl,a,m,e)‘

We first consider the terms in H! in order to give upper estimates.
By Lemma 1, we have

(118) )
Cy HBj(m)H(ﬁ,u)

= 1. ~ .
(1,8, 1,X1 0,1 ,€) CP(TQ,RD) Opr1 ll’lfmeR ’RD (’Lm)’

bj—ko,1—71
~ 703 )

. —x1(bj—ko,1—m

HB](m)e (b5 )

|€|(bj—k0,1—"/1)a
P (T)

)

for some Cy > 0, depending on x1,71, ko1 and bj, 0 < 5 < Q.
We also make use of the first part of Proposition 2. There exists a constant Cs > 0 depending
on v, k1, keq for 0 <€ < My, ko for 0 <€ < My, ks for 0 <4 < Mg, Q(X) and Rp(X) such
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that
" (Vﬁ,,ﬂ,xha,m,e)
Cs ko1—k
=0 ( )5D1,€1 |6|a( 2,1—ko,1) Hw1\|(u,g,u,xwm,e),
P\"Q,Rp
" (Vvﬂ),u‘)xl,aﬂﬁl,e)

Cs

. |€|a(ke,2—ko,2) leu(

V,B,1,X1,06,K1,€)
Cp(ry p )=
P\ Q,Rp

wl)

—x1(k¢,3+ko,1—2k0,2) Q<Zm) ke 3+ko,1—2ko, 2
(121) |l = (T *py
P (7)

(V7B’/I"X1’a7/{1’e)

<

|6‘a(k473+k071_2k0’2) le H (1,8, 14,X1 00,51 ,€) *

Let j > 1. A constant C3(j) > 0, depending on v, k1, kgo for 0 < £ < My, Q(X), Rp(X),
exists such that

(122) ||e—X1(ke,2—ko,2+j) ?D(Z(T:) (The2=ho2Hd o )
m

~—

(’45:#:){1 QK1 76)

IN

1

Cs.1(j) |6|Ot(ke,2*k072+j) leu(
Cplrg,p,) o™

V,ﬂ,,u,xha,nl,e) ’

and
(123) E_Xl(kf,3+k0’1_2k012+‘j) g(zm) (Tk£a3+k0’1_2k0‘2+‘j *Hl (.L)l)
m(T) (V.8 11,X 100,51 46)
- Cs.2(7) e[ x(kes o1 =2ko.243) |1 |
> C5 (T N R )5D1.‘€1 (B, X1,0,515€) *
P\ Q,Rp

We now determine the dependence on j of the constants C51(j), C3.2(j) > 0 obtained by the
application of Proposition 2. More precisely, one has

oo i (kea — ko2 +d ‘
(124) Cs.(j) < 3A§F<W), >

and

. o i kes+ ko1t —2koa+ 7
(125) Cs0(j) < 3A§F< % 0,1/{1 0,2 J),
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for some C’g,Ag > 0 which do not depend on j. The proof of (124) is based on a deeper look
at the estimates in the proof of the first part of Proposition 2. We follow the notations in such
proof. We only give detail on the proof of (124), because the proof of (125) is analogous.

proof of(124): Let j > 1 such that ky o — ko2 + j > k1. The classical estimates

126 su a:mle 2T — Lnl 16 m
( ) p
>0 ma

for any real numbers m; > 0, mo > 0 yield the following:

1+ 2 . kg o—ko 247 L 1 1/k1
Sup — e TxGi(x) <sup(l+a22)z” = e 2% (= K1

>0 T x>0 2
koo — koo + j fr2=to2td koo — ko2 +7
S ) ) K1 GXp(— ) ) )
K1v/2 K1
ke 2—ko,2+J _ ; . 1/k
—= = 4 L) kgo—kooti kpo — koo + 1 1
w2 (M2 T R02 T -
H——) exp(~(M2=02 5 g ) (1)

Furthermore, according to the Stirling formula I'(x) ~ 2ma® 27 as x — +oo and bearing

in mind the functional relation I'(z 4+ 1) = zT'(z) for all > 0, we get two constants Cy > 0 and
As > 0 independent of j such that

(127) sup — e G (x) < CoAy(P(F2— 02 p(H2 2 T g
220 T/ K1 K1
40 (2= Roatd, L ko2 —kop +J koo —kog + . koo — Koz +J
1 k1 R1 K1

On the other hand, by direct inspection, we observe that there exists a constant Coq > 0
(independent of j and €) such that

1+22 . T -
<
(128) 021;21 T L Fjearamm Ga(z) < Coq

Furthermore, there exists a constant Ko 1(j) depending on v, k1, kg2 for 0 < £ < M, and j, such
that

1+ 22 T 14 22
129 24 G < K .
(129) A N P T SRR O

2

Regarding the proof of Proposition 1 in [19], we guarantee the existence of a constant K2.1 >0
independent of j such that

keo — koo +J

(130) Ka1(j) < KaaT( o

)
for all j > 1. Finally, gathering (127), (128), (129) and (130), we conclude (124).

end of proof of (124).
In view of Lemma 2 and again by Proposition 2, we have



(131)

e~ X1 (ke 3+ko,1—2ko,2) Q(Zm) [Tk£,3+k011*2k0v2+j *py By J1(T, €) kg Bry J1(T, €) %4, wl]

Py (7)
— €—X1(kz,3+ko,1—2ko,2)p(”n) [Tk€,3+k0,1_2k072+j *ry By Ji (T, €) *pey W1
m(T) (VsBsf1sX 1 50, K1 4€)

< 033(]) |6‘a(kg,3+k07172k0,2+j) ||OJ1||
=~ < 1N (Vﬁ,#,Xl,aﬁluE) ’

Cplrg.p,) ™™
where

. 5 i [(Ke3 ko1 — 2ko2 + ,
152) Caali) < 03A§F< 03 + ko1 — 2kop J>’ P>
K1

This last estimates for C5 3 are obtained in the same manner as those in (124).
We choose large enough To.Rp > 0 and @ > 0 such that

49

(’457#7){1 &K1 76)
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: |B56m)]
(133) > feg|mebstalbi—hor =) e ; [T
j=0 C]s(TQ RD)éDxl infmeR\RD(im)\
+Z lag,| IEO‘Q(kLlfko’l) Cs =
ke —ko,1 C=(r~ - (;D%l
Rl (r6,7)
M C
+ Z |ag,| le |m11+ﬂ kg1 +o(ke1—ko,1) 3 —
ko 1—k
l=s1+1 I ( : 1N1 0Y1> Cﬁ(rQ,RD)éDnl
$~ Zacaaoa| ol o0y
aval T (Reahz) T
=1 ’ 1 (o) P
+ %2: 2|ag 20,1 |eo|™e2 T~ keatalkia—ho) Cs
w
|ao 2] [ (ke2—hoz Cs(ry 7 )513%1
f=s9+1 K1 P TQ7RD
+ i Hocatn| Dl HEOI‘Y(’“‘*T’“O*?”) Cs 4%
N J ko o—ko, 1w
o lwal 5 F(*“m “) Cplrg )
- 1
l=s2+1 j=1 r ( mm 0’2) CIB(?AQ:]%D)(;DK1
3lag,1[*ag,3] |eg| *keatho.1 —2ho.2) Cs
+ Z ’ao 2|2 ke 3+ko,1—2ko 2 % @
) F(,{il> C’”(T‘QR ) DRl
+Z Slaoal"aes| > 1 Heola(’“”“m*l‘”““’”j) C3 A}
" a0z kegtkoa=2hoz) o yipe
=0 i>1 "1 p(14,7,) P
3lag,1[*acs] \Eola(k"ﬁko’rzko’ﬁj) CsAj
+Z ’ 02‘2 Z‘ J k¢ 3+ko,1—2ko,2 #w
= ST (MTETRR) Cplrg p,)
+ %43 3Jao,1|*[ag3| |eo|™es F3F ke atalkestho =2k 2) Cs
2 k¢ 3+ko,1—2ko, L%
(o aogl r <W> Cp(rg )"
M3 6|a01| ‘a£3| |60|m43+36 aky 3+a(kez+ko,1—2ko,2+5) C‘3A§
+ > > il v
¢=s3+1 i>1 K1 54,7
. % 3|a01’ |a43] Z’ B ’60‘m53+3ﬁ aky z+a(kez+ko,1—2ko2+j) C’3A§ o < w
p (Beathoa g Chlry » )iom 4
f=s3+1 j=1 K1 P TQyRD)

Observe that the convergence of the series in j appearing in the previous expression converge
provided that |eg| is small enough, according to the fact that J; and Jy are convergent series
in a neighborhood of the origin, which yields |J;| < Cy(A;)?, and |J;| < Cy(Az)?, for some
Cy, Ay >0.

After the choice in (133), one can apply (118), (119), (120), (121), (122), (123) and (131),
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together with (124), (125) and (132) to deduce that
1 w
(134) H,He (wl)H(V757M7><17a,H176) < 4
We now give upper bounds associated to H2.
1 /
(T = s ds'dm;.

We define
Tl o0
(135) hi(r,m) = Tml/ / wi((T™ —S/)l/’“,m—ml)wl((s’)l/"‘l,ml)
0 —00

Observe that
w1 (T, m) *51 wi(T,m) = Thy(r,m).
In view of Proposition 3, there exists Cy > 0, depending on p and k1, such that

Cy 2
[Jeor ]|

(V767/>1"X1 ;LK1 76)

th(T’ G)H(Vﬁ#%haﬁlvﬁ) S |€|X1+OL

(136)
We apply Proposition 2. 2) to get the existence of C > 0, depending on v, k1, dy, d¢, ko1, 0D,

Ry(X), for 1 < ¢ < D, such that
TKIqQWl)}

{le,quqz *10y (
(V1,85 15X1, 0,51 4€)

e X1 (d¢—ko,1—dr) M
P (1)
[lewr ] (V,B,1,X1, 0,1 5€) 2

(137)

d
(xata)rs (75’?1’” +qz—5D+ﬁ) —x1(de—Fko,1—0¢)

C/
’ €]

1

<

Cp(rg.pp) ™™
for every g1 > 0, g2 > 1 such that ¢; + ¢o = dy, and also

[Td&ququr“l(QQ*P) - (Tfﬂpwl)

(V7B7P’7X1 ;K1 76)

HWIH(V,,B,u,xl,a,m,E) ’

1 (di—ho,—5) Be(im)
Bin(7)

d
(x1+a)r1 (Z’iill’”+qz—5p+ﬁ) —x1(de—ko,1—5¢)

(138)
C/
: €]

1

<
Cp(rg.pp) P

for every 1 <p < go — 1.

We apply (136), and Proposition 2.2) to guarantee the existence of C4 > 0, depending on

v, K1,7,0D, ko,1, and kg o for 0 < £ < My such that

(Vﬁ,#,XI O, R1 76)

[Tkz,2+71—ko,1 *re, (Thl(T, m))

a0y [entersnminn Qim)
m(T)
= . TRl kp o+v1—k
= e_Xl(k£,2+’Yl_k0,1)g(zm)’i"ﬂ/ (77 — 5) - 0’1*15711*1h(81/”1,m)ds
m(T) 0 (Vﬁ,MﬂXha,“lve)
! keootvi—ko1 | 1) _ _ _1
< 03 : |€|(X1+a)m< o +K1> x1(ke,2+v1—ko,1)—(x1+a)k1(dp ,ﬂ) ||h1(7', €)||(Vﬁ Lox1,001,6)
) ) ) 6 - 9. b b K I b
Cplrg,p,) ™™
C4Cj (x1+0) (ke 2491 —Ko1 —518p+1)—x1 (ke 2471 —ko,1) 2
< |6| X1TaQ)(ke,2TY1—FK0,1—K10D X1(Re2T71—Fo,1 ||OJ1(7'7 G)H(V,B,LLX1 ak1,€)
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The same arguments as above follow to get

(140) |[exrlhestri—hos) Q(lz”)) [T’%Wl*’m %y (Thi(T,m))
mAT (Mﬁv/"vxlvavﬁlve)
C4CY ke o pi1 S B o )
< 3 . |€|(x1+a)(kg,5+71 ko,2—r18p+1)—x1(ke,3+7v1—ko,2) l|w: (7, E)H( 5 s
- V,0,1,X1,0,K1 ,€
Cp(rg,m,) P
and
(141)  ||exa(kestmn—ko2+j) g(zzn)) phestn—koati o (rh (7, m))]
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for every j > 1, where

J=1

(142) C3(0) < Canr (M2t =Rz

K1

The proof of such dependence on j is proved in an analogous way as for that of (124).
One can choose To.Rp > 0 and @ > 0 such that the following condition holds:
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The choice in (143) allows to guarantee from (137), (138), (139), (140), (141), together with
(142), that
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We now give upper estimates for H2(wy (1, m))

w
< —.
4
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Proposition 2.1) yields
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for some C'3 > 0, depending on v, k1, ko 1,0p,dp.
We also apply Proposition 2.2) to guarantee the existence of C%, > 0, depending on v, k1, ko.1,0p, dp
with
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The choice in (148) allows to guarantee from (145), (146) and (147) that

3 w
(149) HHE (w:l)H(VnBvaleale:e) S Z
We finally give upper bounds for the elements involved in H2(w1).
Let
TF 0 1
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Regarding Proposition 3, one has
150 h < G B
( ) ” 2(7—7 m)”(y,ﬂ,u,xha,nl,e) — ’6’X1+0¢ leu(y,ﬁ,y,XLa,nl,e) le *51 WIH(V7ﬁ7M7X17OC,K/17E) .

Moreover, in view of Corollary 1, we get

E 2
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Following the same argument as in (139), in view of (150), (151), and from Proposition 2.2,
we have that
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We recall that Lemma 3 holds, and hypothesis (52). We choose r  ~and @ such that
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The choice in (153) allows to guarantee from (152) that

(154) e <

w
U7B7/>L7X17a)”l7€) 4 )

Observe that (52) and (30) imply

(x1 +a)(kes + 271 — ko1 — w16p + 1) — x1(ke3 + 271 — ko,1) > 0,
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for every £ € {0,..., Ms}.
In view of (134), (144), (149) and (153) we conclude the first part of the proof of Lemma 4,

namely, the existence of @ > 0 such that H, sends B(0,w) C F(Cf/ﬁ Jixt s ) O dtself.

We proceed to give proof for (55). For € € D(0,¢y) \ {0} fixed above, we take wi,ws €

R d
B(07 w) g F(”?:B7M7X1 ,O,R1 76) ’

We start with .. Analogous arguments as in the first part of the proof leading to the upper
bounds for H!, we get that
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We also have
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We choose large enough TO.Rp > 0 and @ > 0 such that
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As a result, we can affirm that
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We proceed with the upper bounds associated to H2. For this purpose, we observe that
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For j = 1,2, we define
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, and
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for every j > 1.
One can choose T6.kp > 0 and w > 0 such that the following condition holds:
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We now study the term H2. Analogous estimates as those stated in the first statement of
this part of the proof lead to
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We conclude with the estimation associated to the last term, H2.
We have
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Regarding Proposition 3, (151), (178) and by (177) we have

Cy
‘6‘X1+Ot

(179)  [[ho1 (7, m) — hoa(T,m)|| ) <

V7ﬁ7u7xl7a75176
E
X |:||w1 a wQH(Vﬁ:ﬂ:XLQ,Hl,C) le X1 le(V,ﬂ,u,x1,a,nl,e)
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In view of (179), and analogous arguments as for the corresponding part of the first statement
we have
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201 2
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We choose r4 5 and w such that
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53 2 2
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The choice in (181) allows to guarantee from (180) that

(182) [ (w1) = H(

H(VB;,LX1,06 K1,€ ) - 8 ||w1 B WQH ):87“'7X17aa“4176) '

Finally, from (162), (171), (176) and (182), we conclude that

(183) [He(wr) — He(wa)]l w1 =

(’457/1/7)(17047517 ) - 2 | w2||(l’757ﬂ7x1706ﬁ176) :

9 Proof of Lemma 7

Proof The proof is analogous to that of Lemma 4, adapted to the elements involved within the
second auxiliary equation.

We first study the terms in 7).

By Lemma 1, we have

7bj—ko,2+ko,3—72

(184 Py (T)

Bj(m) —x2(bj—ko 2+ko 3—v2) T

(V)B“u;XQ y O, KR2,€ )

Bim)|,
< & (B:m) | |(b'—k02+k03 72)

C = ( o Rp )5D~2 1nfm€R|RD(Zm)|

for some Cy > 0, depending on k2,72, ko2, ko3 and b;, 0 < j < Q.

We also make use of the first part of Proposition 2. There exists a constant Cs > 0 depending
on v, fﬁg,kjg,l for 0 < 14 < Ml 5 k&g for 0 < l < Mg, kg’g for 0 < 14 < Mg, Q(X) and RD(X) such
that

E—Xz(ke,1—2k0,2+ko,3) Q(zm) (Tke,1—2ko,2+ko,3 *ry w2)

1) Py (T)

(’45#:){2 ;O R2 76)

‘e‘a(ké,1*2k0,2+k0,3) HWQ H

IN

(V,,B,}L,X2 ;O R2 76) ’
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Cs ko s—k
< 2 I [ [P PV
Cﬁ’ (rQ,RD) "o

Let j > 1. A constant C3(j) > 0, depending on v, kg, keo for 0 < £ < My, Q(X), Rp(X),
exists such that
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2,m(T) (1,811,250, K2, €)

Cs1(7 j
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27m(7') (v,B,1,X2,00,K2,€)

C3o(j _ -
3,2(]) . |6|Ol(kg’3 ko,3+7) HWQH(

Cp(rg.rp,) ™™

IN

V):BHU'7X2 ;O R2 76) '

The constants C31(j), Cs.2(j) > 0 are such that

& i (ko2 — kK '
(190) Cs.1(j) < CsAST (“ﬁ““) .oz
2
& i [ Rez — kK '
(191) Cs2(j) < C3AIT (W) , =1L
2

The proof of both estimates is analogous to that of (124), so we omit them.
In view of Lemma 2 and again Proposition 2, we have
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(192) ||<kk>Q<m> (7075054 sy By (7€)t B (7€) o )

Py 1, (T) (,B,1,X 2,05 2,4€)

m . ~
e’XQW’S’kW)iQ( ) [T’““’S’kov:“’“ Xy BroJ2(T, €) iy WQ}

Py (T) (v,8,1,X2,01,K2,€)
C33(4) - j
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CP(T@7RD) "D
where
S kes — k ]

This last estimates for Cs 3 are obtained in the same manner as those in (124).
We choose large enough TORp > 0 and @ > 0 such that



67

: |56
(194) Zleo‘nj*abj+06(bj*k0,2+k0,3*72) & . / _ (8,1)
j=0 CP(TQ7RD)‘SDTQ infper ‘RD(Zm)‘
+ i ’aé,l‘ |€ |a(kz,1—2k0,2+k0,3) Cs w©
T k¢ 1—2ko,2+ko,3 0 C ﬁ
=0 P P(TQ,RD) DR2
+ Z |a€vl’ ’€O|mg,1+ﬂ—akz,1+a(k2,1—2k0,1+k0,3) Cs -
T ke,1—ko,2+ko,3 —
msi I (= ——= Cp(ro,r,) P
i 2|agga0 2| |eg| 2 ko 2) Cs w
ke 2—ko, 1
=1 |a073| T <%202> CP(TQRD)‘;DW
2|a£ 2a0 2| |60|mg,2+25—ock‘g,2+a(kg72—k:()’Q) 03
t 2 ’Cio 3\7 ke.2—ko.2 .
l=s2+1 ’ r (T) OP(TQRD) DR2
n Z 2|ag2a02| Z s |!eo\a (ke,2=ko,2+7) C Al _
»J k k 1
=0 o3| i>1 <é2,€7202) CP(TQ’RD)‘SD"Q
M ’60‘mz,2+2ﬁ—ake,2+a(ke,2—ko,z—i-j) CEA%
N Z la 03’ il ke,2—ko,2 =
(=s2+1 i1 I (T) Cp(ro.rp) ™
i 3laoa|?|ass| [eo|*Fea—kos) Cs -
2 ko 3—ko,: 1
=1 ’a0’3‘ T (%) C~(1"QR )5DH2
+Z |60’04 (ke,3—ko,3+7) ABAé _
k ki 1
() g
+Z3‘CL02| ‘aZ3|Z‘J |’60‘a kzs ko,3+7) égA% -
|ag 3|2 2, ke,3—ko,3 ——
(=0 j>1 e CP(TQ,RD) DR2
3|(10 2|2|CL£ 3| ‘60|m573+3ﬂ—ak473+a(k573—koyg) 03
»y \(;03|27 I (Fes—kos e
l=s3+1 ’ T ke Cﬁ(rQ,RD) D2
- 6|a02| 3 \eo\a (keo—koatd) Gy Af
+ > > 1l -
2. ko 3—ko,3 %
f=s3+1 j>1 T ke CP(TQR ) DHK2
G 3laga|’lags| |€0|a(k‘3 koatd)  CyAd -
+ Z T aa L2 Z|J2J’ Ty ke #wg—.
| 03| ke¢,3—Fko,3 C~(r~ = )oDr2 4
f=s3+1 j>1 po 5(r6.7p)

This choice allows us to deduce that
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We now give upper bounds associated to 7:[2
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We define
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T2 00
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Observe that .
wa (T, m) *52 wa(1,m) = Thi(T,m).

In view of Proposition 3, there exists Cy > 0, depending on p and ks, such that
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We proceed as in the previous proof on the upper bounds for #? to get that
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for every 1 < p < ¢ — 1. Also,
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The same arguments as above follow to get
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for every j > 1, where

~ .

k
(203) C4(j) < ChAIT (f) >t

The proof of such dependence on j is proved in an analogous way as for that of (124).
One can choose To.Rp > 0 and @ > 0 such that the following condition holds:
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We have that

(205) [

w
<“.
(V:57#7X27Q,H27€) 4

We now give upper estimates for H?2(ws (7, m)).
It holds that
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for every g1 > 1 and ¢2 > 1 with ¢; + g2 = dp. In addition to that, it holds
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This choice guarantees that
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We finally give upper bounds for the elements involved in ﬂf(wg).
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This choice allows to guarantee that
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In view of (195), (205), (210) and (214) we conclude the first part of the proof of Lemma 7,

namely, the existence of w > 0 such that H, sends B (0,w) C F¢ ) into itself.
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In order to prove the second part 9f Lemma 7, we split the proof into four parts, which

correspond to the terms associated to H.. Let wy,ws € B(0,w) C F(‘iﬁ fox2,0H2E)

We state upper bounds concerning the term 7—22 We have
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Let j > 1. A constant C3(j) > 0, depending on v, kg, kgo for 0 < £ < Moy, Q(X), Rp(X),
exists such that
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The constants C31(j),Cs.2(j) > 0 are as in (190) and (191), respectively.
We also have
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ko1 —ko,2+ko3 € 5 1
t=s1+1 T (T) CF’(TQ,RD) Dr2
3§ o) oy
k k 1
£ agyl p(wﬁi;w) Cplra )
+ % 2|a£72a072| |€0|m2,2+26_o¢k:£,2+06(k472—k,‘()yg) 03
ky o—k 1
l=so+1 ‘a0’3‘ T <Z’2’{720’2> CIB(TQ,RD)(SD'Q
‘a ke2—ko,2+5) CAng%

2|ap2a0,2 €
vy Hoeatoal 'zbﬂ'o(m

1
=0 |ao.3] J>1 s )Cﬁ(rQﬁD)“DNQ

‘mg,2+26—ak5 ota(kea—ko2+7) égA]

M,
n i Q‘QMCLOQ'Z‘J €0 ’ 2 3
p(@) -

|ao 3]

= = = Ciplrg 5,) P
3|ag,2|?|ag,3] g kes—ko.3) Cs
+Z lag.s|? I kes—kos -
’ ) Cplrgp,) o
83 2 |60‘a(k‘473—k073+‘j) CAng%
+ZW / r ke 3—ko3 ﬁ
£=0 , i>1 T CP(TQ,RD) D*2
3‘(10 2| \ag3| leo|™ (ke,3—ko,3+7) C'gA%
+Z |ap,3|? 2 Il kes—ko3 1
izl (T) Cp(ro.ppy) P
n i Blao,2|*|ars| |eo| e TEI— ke atalkes ko) Cs
2 ke 3—k 1
o 03 I (faces) Cp(rg.py) 0"
Ms 6|a02| \ag3| ‘60‘0‘ (ke,3—ko,3+7) CA'SA%
+ Z Z ‘J2J’ k k 1
¢,3—R0,3 Sos
l=s3+1 7>1 ( Ko ) CP(TQ7RD> DR2
M .
4 ZS 3|a02| |ag3| Z‘J "60|a(kzs ko,3+7) C3Ag)) <1
aosl? P (Rrakos Cplrgp, ) S
l=s3+1 j>1 o B TQ,RD
This choice allows us to deduce that
293 7 . < 1
( ) €(W1) B E(WZ) (V757:U'7X27067K/27€) o g ||W1 N WQ||(V767M7X27Q75276) :

We now give upper bounds associated to 7:[2
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We have

(224) w1 (772 — %2 m — my)wi ((8) Y52, my) — wa (772 — )V%2 m — my)ws ((s) /52, my)

= (wr (7" = )/ m ) — o ((7 = )/ m = ) ()72, mn)

(7 = ) m =) (s ()12, ) — ()17, )
For j = 1,2, we define

B T2 00 1
g (r,m) = 777! /0 /_oo (T = )12 m — ()72, ) o= s/ dm.
We get

(225)
Hilll(’T, m) — Blg(T, m) C

(,8,1,X2,0,K2,€) = |e|xata (Jles H(%/imxz,mm&) + |’w2‘|(V757M7x27aﬂ2,6))

x ||W1 o wQH(V,,B,,U,,XQ,CM,I{Q,E) ’

which leads to

(226) exaldubo ko =6 Felim) [TJZ’“’” ey (77292 (w1 — WQ))}
Py (T)

(Vvﬁ’HaXQ ;QLR2 76)

d, -
4 £,41,9 1
< (04 ’6|(X2+04)/€2( e +q2*5D+,$2)*Xz(de*k0,2+k0,3*5e

= 1
Cp(rg.pp) 0"

)
s — ""2“(1/,,3,%)(2:0’@:6) ’

for every g1 > 0, go > 1 such that ¢; + g2 = dy, and also

(227) e~ X1 (de—ko,2+ko,3—0¢) ?Z(Zm) [Tjé,qpqg'*‘@(@—]o) *py (TF2PLy — wﬂ}
Py (7) "

(v,8,1,X2,01,K2,€)

Cé (x2+a)k2 (de,ng +Q2—5D+%> —x2(d¢—ko,2+ko,3—0;)
< 1 el lor — WQH(Vﬁ,M,XQ,a,m,e) ’
Cp(rg.p,) 0™

for every 1 < p < ¢ — 1. Also,

(228)
e X2(ke2+y2—2ko,2+ko,3) Q(sz) rhe2ty2=2ko.24 ko3 Koo (T[l~111(7’, m) — il12(7'7 m)])}
Pg,m(T)
(’457/‘/7)(27057”275)
/
0403 . ‘6’(x2+04)(kz,z-l-”m—2k0,2+k0,3—525p+1)—X2(ke,2+72—2k0,2+k‘0,3)
Cp(rg,p,) "0

X (leu(l/,B,H,XQ,O{,Hz,E) + ”w2H(V767“aX27a7K/276)) ||w1 - wQH(VnBuu':X27a’527e) :



The same arguments as above follow to get

(229) E*Xle,sw Tke,s Xreo (T[iln(T, m) _ }~l12(7—7 m)])}
Pyn(7) (0,8, 1.x20552.6)
< C4C£/’> |6|(X2+Oé)(kz,g—’i25D+1)_X2ke,3
Cp(ro,rp) P
X (leu(%ﬂ,u,xza,ﬁzﬁ) + ||w2”(l/75,u,xz,a,ﬂ27€)) lon — w2‘|(l',57u7><27a,ﬁ2,6) ’
and

(230) ||6_X2(’“v3+j)f% TRt s, (rlhan(r,m) — haa(T, m)])]

(VHBHU‘7X2 ;O R2 76)

C4C§(j) - |6|(X2+a)(’€e,3+jfﬁ25D+1)*X2(/€z,3+j)

Cp(rg,p,) "

X (HUJI || (Vﬂ,M,X%aﬁ?af) + ||w2 ” (V7B7/1/7X270575276)) ||W1 — w2 || (Vvﬁvl%x?vaﬂf??e) ’

for every j > 1, where C%(j) is determined in (142).
One can choose T6.kp > 0 and w > 0 such that the following condition holds:

7
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D—-1 So—
(231) > e[ A dTE N TT |72 — d Cs leg|ede ko2 +ko3—d1)
=1 d=0 C~(T‘* 5 )‘;D%?F (dz,ée,o)
B P\"Q,Rp TR

q1+q2=6¢,g2>1 CP(TQ RD)(SDHZF it

* Z ) a'ge! H e 1 <Jg,q1’q2>

d
| ’(X2+a)52(£’i12’qg+Q25D+,32)Xz(deko,2+ko,35é)
X |€0

! ,..D
C3ky

+ Z |AQ27P| 1 (

1<p<g2—1 CIS(TQ RD)(;DHQF

)

,q1,92 +qo — )

d,
| ‘(X2+a)l€2 (Z’zigq?HIz*tsDJré) —xz2(d¢—ko,2+ko,3—d¢)
X €0

52

/
+Z |af,2’ 0403 - |€0‘(X2+a)(k272+’72_2k0y2+k0,3_’€25D+1)_X2(k£,2+’72—2k'0,2+]€0,3)2w

ke a+v2—2ko,2+ko,3 —
=0 F( . CP(TQ,RD) Dr2

M / 2B8—ak k —2k ko3—kabp+1)—xa(k —2k k
’ag 2‘C4C3 ’60‘m5,2+ B—atkg,2+(x2+a) (k2 +v2—2ko,2+ko,3— k20 p+1) —x2 (ke 272 —2ko,2+ko,3)

2 ;
kg,2+v2—2ko,2+ko,3 e
( Cp(ra . )5

2w

t=sat1 T K2 "Q.Rp

S3 C4Cé |€0|(X2+O’)(k[73—525D+1)—X2k&3

+ Z g3 1

kg s 1
£=0 r (,ﬁij) 015(7“@ Ao )2Dr2

£

kes o2
l=s3+1 (72) CP(TQ,ED)(SD 2
’60‘(X2+Oé)(kz,3+j_"i25D+1)_X2(kz,g"t‘j) CyC3 Al

+ J
Z‘CL[3|Z‘ 27]| I‘(@) C]B(

j>1 P

2to

040:/)) |€0|me,3+35—ak5,3+(><2+a)(kz,s—ff25D+1)—X2kz,3
2to

2o

R Spko
TQ,RD) b2
‘m2,3+35—ak2,3+(><2+a)(kz,3+j—f€25p+1)—x2(kz,3+j) C'4C'3A§

M3
€
+ Y agal Y [ ol - T
r(%) Cp(rg pp) >

f=s3+1 i>1 o

2w

IN
OO.\ —

We get

H (1) = HE ()|

< £ flwr - wal
ZMewr —
= g llen 2

(232) ‘

(V,B1:X2,00,2,€) W Bopxz,0k2,6) *

We now give upper estimates for the difference associated to 7—2?
It holds that
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Rp(i i
(233) ||€_X2(dD—2k0,2+k0,3—5D) P~D(Z(77:)) [Tde‘;D!O Ko (w1 — OJ2)}
2,m

(V76’/J"X2 ;QLR2 76)

a(dp—2ko 2+ko 3—0
< . ‘6()| (dp—2ko,2+ko,3—0p

) lwr — WQH(V,B,mxzvamﬁ) ’

Rp(i i
(234) e~ Xx2(dp—2ko 2+ko,3—0p) PD(Zm) [TdD,quz *pp (7722 (w1 — WQ))}
27771(7—) (V7ﬁ7u’x2’a7l€276)
Cé (x2+a)k2 ((MD,;%+Q2*5D) —x2(dp—2ko,2+ko,3—0p)
S 1 |€0| ||w1 o W2||(V7ﬁ7 7X27a7’{276) ?
Cﬁ,(T‘Q B ) Spr2 g
> IvD

for every ¢1 > 1 and g2 > 1 with ¢; + g2 = dp. In addition to that, it holds

R .
(235) ﬁD(Zm) [Tnz(ép—p) sy (T72P (w7 — m))}
27m(7—) (V,B,/L,XQ,OL,HQ,E)
Cy
= leo P2 et = wall 4,5, x2,00m2.0)
CP(TQR )5D“2
s IvD
forall1 <p<édp—1.
We choose To.kp and w such that
op—1 C
(236) |60|AD+a(6D—dD)+5 H lya — d 3 |60|04(dD—2k0,2+k0,3—5D)
; =
d=0 Cp(rg.p,) 2T (dD}sz .
dp! a1 O 22
S ) o
Q1!QQ! ﬁ dequz
q1+92=0p,q1>1,g2>1 d=0 CP(TQ,RD) pr2 T —
« | ’(X2+0<)52(ddD:;1’qQ+Q2—5D+,32)—X2(dD—2ko,2+ko,3—5D)
€0
7 Cikh
+ > |Apyl —
1spse-l Cp(rg p,) o2l (Dﬁi’” + —p>
(X2+a):‘62(ddD,;ﬂ‘HD*&D*F%)*XQ(dD*ZkO,Q‘HﬂO,B*(SD)
x |eo] 2 2
- Chrb 1
T Z ‘A5D7p’ 1 ‘EO‘XTHX < s

1<p<op—1 Cp(rg,py) P21 (0D —p)
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This choice guarantees that

~ ~ 1
(237) |72 () = ) < < llwr = wnll

1% a,K2,€) *
(V,B,'LL,XQ,OC’NQ,E) 767M7X27 ’ 27 )

We finally give upper bounds for the elements involved in 7—2?
We have

(238)  wi((T72 — 872 m — my)wy 5, wi] ()52, my)

— wo (72 — & )"2 o — ) [wa *E wo] ((8)/52,my)

= (w7 = )72 m =) — o (7 = )52 m = ) ) [+, wn] ()72, o)

(e — )V m = ) ([on +E, @l ()72, mn) — g 5, wal ()12, m1))

For j = 1,2, we define

1 /
md!ﬁ dml.

T2 [e%S)
hy(rm) =7 [T [ (e ) o) )
0 —o0
It is straight to check that

(239) - [llwr oy er] = o %, @21l x00000

< Cyfler - WZH(V,ﬁ,u,xz,a,nz,e) (||w1||(1/75,u7xz,0c752,6) + |’w2‘|(v,5,u,xz,a,f€2,€)>
Followig the same steps as in the proof of (179), we derive

~ 3022
ho1(T,m) — haa(1,m) 4

(v.B.px2,0nkz,6)  |€[x2te lor = w2ll 8,50, 02.0) -

It also holds that

Cy

(V,5,N7X27CY,H2,€) - ‘6’X2+a’ HWQH(VHBHU':XQ:Q’KQﬁ)

HBQ(T, m)

E
w3 H gy wa| )
H 2 %k 2 (1,8, x2,0,K2,€)

Both, together with (212), yield

(240)

6"@(’“’3“”’2‘2’“°'2+’“°*3)g(“ﬁ) [Prest2m=2haathos o (g (7,m) — (7, m)]
2,m

(V’57”7X27a7'{276)
2 2

3w (C4)°Cy ‘60|(X2+a)(ke,3+2'yz*2k0,2+k0,37525D+1)*X2(ke,3+2’72*2k0,2+k0,3
1

Cp(rg.rp) 0"

) le - WQH(Vﬁ,u,szamvﬁ) ’

We choose r4 5 and = such that
Q,Rp
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(241)
53 2 2
Z a3 (Cy) C;’gwl | Oxz0) st 37+292 ~2Ko0,2-ho 2 =20 -+1) =02 (e 7292 ~2K0,2-Hho,)
k —2ko a+k 1
7T ( £,31272 Hz 0,2+ 0,3) C~(TQ,I~{D)6DN2
i Z |ags| (Cy)*Cy?
T ( Fest2r2—2koatkos Frrry
{=s3-+1 P Cﬁ(r@,ép) D*R2
« ‘60‘m2,3+3ﬁ*ak2,3+(){2+0¢)(kl,3+2’}/2*2’90,24’]@0,3*K26D+1)*X2(k£,3+2’72*2k0,2+k0,3)
1
< —.
-8
This choice allows to guarantee that
242 {4 4 <1
( ) H€ (W1) a HE (w2) (,B,10,X2,00,k2,€) o g HWI N W2H(V7/87//':X2:a,/€276) :
In view of (223), (232), (237) and (242) we conclude that
243 H H <1
(243) [ ~ A, <G e~ alls s
which completes the proof. O

10 Proof of Theorem 1

Proof We proceed with the construction of the two families of actual solutions of the main
problem through the steps taken in Section 4. We start with the first family of solutions.

Let (&p)o<p<c,—1 be a good covering in C* associated to the Gevrey order (x1 + o)k, and
let {(So,.,0,,cors)0<p<ci—1,T1} be a family of sectors associated to this good covering. From
Proposition 6, we see that for each direction 9,, one can get a solution wZ’{ (1,m,€) of the

convolution equation (40) that belongs to the space F,” and thus satisfies the next

2
(Vvﬁnuvxl ,QGLR1 76)
bounds

||
1-i-|€><1%|2m1

h) . T
(244) W (rym, )] < (1 + [m]) e P exp(v] 7al™)

for all 7 € D(0,p) U So,, all m € R, all € € D(0,¢g) \ {0}, for some well chosen @ > 0. Besides,

. ? . . . .
these functions wy} (7, m, €) are analytic continuations w.r.t 7 of a common convergent series

Wy, (T, My €) = Z 7w"1;1 (T’ J) T

n
77,21 (Hl)

with coefficients in the Banach space E(g, solution of (40) for all 7 € D(0, p). In particular,
we see that the formal power series

Qe (Tym,e) = Ewnlme

n>1
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is my;, —summable in direction 9, as a series with coefficients in the Banach space Eg ) for all
e € D(0,¢p) \ {0}, in the sense of Definition 3. We denote

d
(245) O (T, m, €) = Ky / Wi (1, m, €) exp(—(5)"1)
L'y ']T u

its my, —sum along direction ?,, where L, = R e C Sy,, which defines an Fg ,)—valued
analytic function with respect to T on a sector

89,01, |e|x1+a = {TeC*:|T| < W™ | |o, —arg(T)| < 6/2}

for - < 6y < I+ Ap(S,) (where Ap(S;,) denotes the aperture of the sector S,) and some
R’ > 0 (independent of ¢), for all € € D(0,¢) \ {0}.
Bearing in mind the identities of Proposition 4 and using the properties for the m,, —sum

with respect to derivatives and products (within the Banach algebra E = E(g ) equipped with

the convolution product * as described in Proposition 1), we check that the functions Q2 (T, m, €)
solves the problem

(246) L o (U5 (T, m,€)) = Ry (24 (T, m, €)),
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where
(247)
S1 Ml
oV - - - —akg 1 —x1 (ke —ko 1 )mke1—k
Q(im)QWE (T, m, €) —a071+2ag,1e xa(ke—ko1)hea—ko1 4 Z ag€emetPmokea—xa(kei—koa)hea—ko.
/=1 l=s1+1

S2 Mo 9
_ _ _ — —4a0,1
E ay 26*X1(kl,Z*k0,2)Tk2,2*k0,2 + E a£72€me’2+25 akpo—x1(ke2 kO,Q)TkZ,Q ko,2 <>

’ ao,2
/=1 l=s2+1

M:
- - —2a
+ E ag ge X1 (ke2=ko2) ke 2—ko2 4 E ag ge™2 20—k 2 —xa (ke 2—ko2)hke2—ko 2 ( 0,1 Jl(e_X1T)>

ao,2
=0 {=s2+1
83 M3
Za&gE—Xl(kz,s—ko,1)Tke,3—k0,1_|_ Z ag736mev3+3ﬁ_ak4»3_)ﬁ(k273_k071)’]1‘k€,3_k0,1
/=0 l=s3+1

2
><3< 01 —xa1(ko,1— k‘02)*’]I‘k01*k02(1+\71( XlT)))
ap2

+ Q(im) (/+OO Q¥ (T, m —my, € )Qg‘i(T,ml,e)dm1>

— o0
My
> ZWZE Xike2ke2 | Z ae2€mez+2ﬂ akea—xikeaTke2 | ¢—x1(vi—ko, 1) yi—koa
(=0 l=so+1
M3
ZU«@SG Xtkeskes | Z a£3€mz3+3ﬁ aky3—x1kezke,3
/=0 l=s3+1

% <—3001 67X1(ko,1*k0,2)']1‘k0,1*/€0,2(1 —l—jl(EXlT))) 6X1(’Ylk0,1)T’Y1k0,1]
ap2

~ +oo “+oc0 ) ) ;
FQtm </ / Q) (T, m — my, €)1 (T, my — ma, €)1 (T, ma, €)dmadmy

M3
E (g 3€ —x1keakes 4 § ay 36me s+3B—akes—x1keskes | ¢—x1(2v1—ko,1)271—ko,1
f=s3+1



84

and

Q
(248) Ron (B4 (T,m,0) = 3 By(m)ens=ebimabimioa =gty hoa—

=0
D—-1 5, ~
D AT S i (n = e TR Ry (im)
pa _s, 1122
q1tg2=0¢
¢ Tearaz {(TF1+1gp)e2 Z AQQ’me(qz—p)(Tmﬂaﬂ)p}gzzi (T, m, )
1<p<ga—1
op!

HZ;}E (1 — d)e_Xl(dD—kO,l—q1_q2)RD(/L'm)

+ Apt+a(ép—dp)+8 o Z
q1+q2=6p,q1>1

x Tdeln»qz {(Tm—i-la]r)qg + Z Aq%pTHl(fh—P) (Tm—i-laT)P}Qbﬁq (']I‘7 m, 6)

q1'qo!

1<p<g2—1
+ Rp(im){(T"T10r)°> + Y~ Ay, , T o2 (TP YO0 (T, m, ).
1<p<ép—-1
We consider the function
(249) V(T 2, €) = F~H(m = % (T, m, €))(2),

which defines a bounded holomorphic function w.r.t T on Sy g, prjepxa+a, W.r.t z on Hg for any
0 < f' < B and for all € on D(0,¢€p) \ {0}. Using the properties of the Fourier inverse transform
described in Proposition 5 and the expression in (38), we derive from (246) the next equation
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satisfied by Vi” (T, z, €):

(250)
S1 Ml
~ > _ B _ _ _ B B
Q(0,)V (T, z,¢€) —ao,l—i—Zame x1(ke1—ko,1) ke —ko1 4 Z ag,leme’l'i_ﬁ akg,1—x1 (ke —ko,1) ke, —ko,1
/=1 f=s1+1

S2 M2
+ E ay 26*)(1(kzyszo,Q)Tkgyszo,z + E ay 2€m2,2+257aké,27>(1(kf,27k0,2)TkZ,2*k0,2 ( _2a0,1 >
b ) a
/=1 l=s9+1 0,2

S2 M2
_ _ _ kg g _ _ —2a9,1 _
+ § ap2€ x1(ke,2—ko2)he2—ko2 | § : Cngeme,z—wﬁ akg2—x1(ke,2—ko2)ke,2—ko,2 (ayjl(ﬁ ar)
=0 l=s2+1 0,2

83 M3
+ Z ay 3€—X1(ke,s—ko,1)']rke,3—k0,1 + Z ag 36m£’3+3ﬁ_ak£’3_xl(k£’3_k071)’]1‘k£73_k071
/=0 32834»1

2
%3 <a016X1(k0,1k0,2)Tk0,1ko,z(l +j1(€X1T))>
aop2

S M:
+Q(8z)(Vip(T,Z,e))2x iaﬁ,ZG_Xlke’QTké’Q—l- i a4726m5’2+25_ak5’2_>€1k€,2’}I‘ké,2 G_Xl('Yl_kO,l)']I"Yl—ko,l
£=0 l=s2+1
83 ]\4’3
+ Za£,36*X1kz,3Tke,3+ Z ae’3€mg,3+3ﬁfak¢’37><1]gé’3T]%S
£=0 l=s3+1

x <_3a01 e xalko1—ko2)ho1—koz (1 4 Jl(exv]r))> e o) hos
ao2

83 M3
_i_Q(aZ)(V?P (’]1‘, Z, 6))3 Z ae’36*X1k6,3T’€[,3 _|_ Z a[736m£’3+3’870‘kz’37X1k2’3Tk[‘3 67)(1(2’717]6071)’]?2’717]6071
=0 l=s3+1
Q D-1
- Z Bj(z)enj_abj_XI(bj_ko,l—’YI)Tbj—kO,l—Wl + Z Deta(di—de)+B
j7=0 =1
O¢! -1

Q1!q2!Hd:0 (’Yl — d)E*X1(defk’o,lflh)ngka’lfql Re(@)e"lq?a%vﬁp (T, . e)

<D

q1+q2=0

+€AD+OZ(5D—dD)+5 Z (5D' H3161(71 _ d)E_Xl(dD_kO,l_‘ﬂ)’]I‘dD_kO,l_‘H
qlg!

q1+9q2=0p,q1>1

X Rp (.)€ 2oLV (T, 2, €) + TP k01 Ry (8,)85P VI? (T, 2, ).

The function Vla” (T, z,¢€) = V?” (eX1T, z, €) defines a bounded holomorphic function w.r.t 7" such
that T' € € X1Sy 4 pjepa+e and w.rt z on Hy for any 0 < 8 < 3, for all € € D(0,¢€) \ {0}. It
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holds that Vlap (T, z, €) solves the equation

S1 My
~ 2 _
(351) QUOIVI (T, 2,6) | —a0aTH1 1 +3 agy Theats 1 3 gy emeath-akua bt
/=1 l=s1+1

82 M2
+ E as 2Tk‘1z,2—ko,2+ko,1+’y1 + Z ay 2€mz,2+25—ake,2Tke,z—ko,2+ko,1+v1 (—2&0’1)
b b a
=1 (=sa+1 0,2

S2 Mo
_ _ _ —2ap,1
§ a&QTk"ﬂ ko,2+ko,1+ E { ag72€m[’2+2’8 akyake2—ko,2 k’o,l " ( - ) jl(T)

=0 {=s9+1 )
53 M3
+ Za€,3Tk£’3+%+ Z a€736m573+3,87akg,3Tkg,3+'y1
=0 {=s3+1

2
<3 (6101T2k0,1—k0,2+71(1 + 7 (T))>
ao2

S92 Mo
Q(a )(Vlap (T, z 6))2 X E ay ZTke,erko,lJr’Yl + E ay 26mz,2+2ﬂfakg’2Tkg72+ko,1+71 20
) ) 3 3
=0 l=s2+1

+ Q(0:
53 M3
+ as 3Tk4,3+k0,1+W1 + E ag 3€mg,3+35—ak£,3 Tkes+ko+m
=0 l=s3+1

y (—3@01 T2k0,1—k0,2+%(1 +j1(T))> T2’Y1]

ap2
83 M3
~ 0 k ki —ak k k
+ Q(az)(vl p(T’Z7€))3 ZGZ,ST 0,3+ko,1+71 + Z a€73€me,3+36 ake3m ¢,3tko,1+m T3’Y1
=0 l=s3+1

Q D
— Z Bj(Z)Enj_abj Tbj + Z 6Ag+a(§g—dg)+/8
=0 =1

Op! _ .
gps Chlijz!ﬂgl:ol(’h — )TN0 Ry(0,)0E V" (T 2, ).

q1+gq2=0;

We now consider the function

(252) UP(T, 2, €) = ——2Lpkoa—hoo _ S0Lpkoi—koz 7, (T) 4 TNV (T, 2, ).
ap,2 ag,2

which defines a bounded holomorphic function w.r.t T on €7X1.S; 4 ps|xi+a, W.r.t z on Hg
for any 0 < 8/ < 8 and for all € on D(0,¢) \ {0}. Notice that this function might exhibit a pole
at T'= 0 in the case that ko1 < koo. Regarding (251), we derive that U% (T, z,€) is a solution
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of the PDE
(253)
My Mo
Q(9:) ((Z aé,lemfvl"'ﬁ_akf*lka*l) Ula” (T, z,¢€) + (Z a€72€m£,2+26—ak272Tk272) (Ulb” (T, z,€))?
£=0 £=0

M3
+ (Z ag,gemévﬁ?’ﬁ—akasw?») (T, 2, e>>3>

=0

Q D
= " bi(2)em TN T + Fy(T,e) + Y eAetelemddtbrde Ry (9,)00tUY (T, 2, €),
j=0 =1

where F (T, €) contributes to the forcing term and is given by

(254) FI(T7 5) = —Q(O) <a0 1Tko 1—ko,2 + ao,1 Tko,l*kogjl (T))
ap,2 ap,2

S1 My
% _a071Tk0,1+§ ae’lT’W,l_’_ E az’16m4,1+ﬁ*ak4,1Tk4,1
/=1 l=s1+1

S2 M2 2
ke 2—ko,2+ko,1 my o+2B8—aky 2ke 2—ko 2+ko 1 —4a0,1
+ ag2T + ag2€ T
a
=1 (=sa+1 0,2

S2 Mo
- —~ - —2ap,1
Z aeQTkZ,Q ko,2+ko,1 + Z a€,26mZ’2+26 ak@72Tkg72 ko,2 + /€0,1 < Q 7 jl (T)
(=0 £:52+1 072

s3 Ms 2
13 (Y agaThes + 3 aggemestIiakearhis s<%1T2k°71k0’2(1+\71(T)))

=0 (=s5+1 @02
2 52 Mo
= ao,1 aop,1 — _
—Q(O) < ko, 1—ko,2 4+ 29 20,1 pko k‘o,2jl (T)) E aZ’QTke,2+ko,1 + E a£72€me,2+25 aky,2 ke a+ko,1
0,2 0,2 =0 (=sot1

83 M3

_ —3ao1 _

§ a€73Tkz,3+ko,1 + E ag736m"’3+3’8 ak4,3T1€4,3+k0,1 ( 0 T2k0,1 k0,2(1 —|—jl(T))
a

(=0 f:s3+]_ 02

3 83 Ms
—Q(O) <a0 ,1 Tk:o 1—ko,2 + ap,1 Tko 1—ko, 2\7 ( )) Z a[73Tke’3+kO’1 + Z a£736m[,,3+36—ak’g,3Tk‘g,g-i-k()J
Qa a
0,2 0,2 =0 l=s3+1

D
+ Z €Az+a(5e—dz)+ﬁTdef{€(0)a:}£ (Zz ;Tko 1=koz 4 Zg;Tko 1—ko, 2 (T ))
/=1

Taking into account that Upi(T') is a solution of (25), we derive the following expression of
Fi(T,e):
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(255)
M1 M2
~ —2(10 1Ay .2
o) (T, €) = Q(O)Um(T) E a&lemé,l“"ﬂ_aké,lTké,l + E 19, M2 +2B8—aky ke s —ko,2+ko,1

a

f:sl+1 Z282+1 072
Mo 2a

_ _ —<«d0,1

| D agaemertAimobiaphiahor 4 g ( 7 ~71(T)>
- a2
=so+1

M3 2
+3 Z aé73€me,3+35—ake,3Tke,3 (aOlTZkO,l—kO,Q(]__’_jl(T)))

Q
l=s3+1 02
S2 M2
— Q(O)UM (T)2 Z ae72Tkl,2+k'0,1 + Z a€72€m2,2+26_ak2,2ka,2+k0,l
=0 l=s9+1

83 M3
-3
+ Zagyngz,s-i-ko,l + Z ae’36m2,3+3ﬁ—ake,3Tke,3+ko,1 ( a01T2k0’1_k0’2(1+j1(T))>

a
=0 l=s3+1 02
83 MB
— Q(0)Un (T)? E ap3Tresthor g agzemes T3 —akeshesthon
=0 (=s3+1

D
_ ~ aop,1 — aop,1 _
+ ZeAeJra((sé dz)+BTdeRZ(O)agg (aOvQ Tko,l ko,2 + a072 Tk0,1 ko,zjl(T)> ]
/=1 ) ,

The function Fi (T, €) turns out to be bounded holomorphic with respect to € and it is analytic
with respect to T in some neighborhood of the origin in the case that

(256) kél,l + kO,l — k:o,g >0, k‘gzg + 2(]60,1 — 2]4:0,2) >0
ey 3+ 5ko1 — 3ko2 >0, 2(ko1 — ko2) + ke, + ko1 >0, ke, 3+ 4ko1 — 3ko2 > 0,
d¢ + ko1 — ko2 — 00 >0

holds for every s14+1 < 01 < My, s90+1</ly < My, s3+1 <Vl < Mszand1l</{<D. In view of
the assumptions made on these parameters, and (10), the next conditions are sufficient so that
(256) hold:

(257) 2ko,1 — ko2 >0 de + ko — ko2 — d¢ > 0.

We conclude by writing
(258) u?” (t,z,€) = EBUlap(eo‘t, z€) =’ (Um(eat) + (eat)'“Vip(GXH'o‘t, z, e)> ,

which defines a holomorphic function w.r.t ¢t on 71, w.r.t z € Hg for any 0 < 8 < 3, w.r.t
e € &, where 71 and &, are sectors described in Definition 5. As a result, u?” (t,z,€) admits the
decomposition (98) with v?” (t,z,€) = V?” (eX11%¢, 2, €) which determines a bounded holomorphic
function on 71 x Hg x &, for any given 0 < ' < B with the property v?p (0,z,¢) = 0 for all
(2,€) € Hg x &,. Again, the function u?” (t,z,€) may be meromorphic in both ¢ and € in the
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vicinity of the origin. From (253) and (254) we deduce that u?” (t,z,€) solves the next main
problem

M,
) ((z mt) (t5,0 (z mt) (2,0
{=0
+ (Z aagem“’t’%) (W, e>>3)
=0

D
2)eMith 4 Fy(e%t, €) + Z eAetd‘{f?g(ﬁz)u? (t, z,€),
j=0 =1

1
Me
QQ“I

with additional forcing term Fj(e“t,€). We apply the operator 07 on the left and right handside
of this last equation, to get that u?p (t,z,€) is an actual solution of the main problem (16).

We proceed with the proof of (99). The steps followed are analogous to those taken in
the proof of Theorem 1 in [18]. We give the details for the sake of completeness. Let p €

{0,...,¢1 —1}. The function v?” (t,z,€) can be written as a m,, —Laplace and Fourier transform
+oo
0 Kl o U e iem du
(259) vy (L, 2, €) = W /OO /Lw wiy (u, m, €) exp( <eXl+at) He ;dm

where L, = Ry e C Sp,. Using the fact that the function u — we, (u, m, €) exp(—(s5t%=7)"™)/u
is holomorphic on D(0, p) for all (m,e) € R x (D(0,¢€p) \ {0}), its integral along the union of a
segment starting from 0 to (p/2)e?»+1 an arc of circle with radius p/2 which connects (p/2)e" 7+
and (p/2)e"” and a segment starting from (p/2)e? to 0, is vanishing. Therefore, we can write

. ? 0 :
the difference v;”*' — v;” as a sum of three integrals,

Foo —(—% ___k . du
(260) 17" t:2,) = 01" (7,) (2 1/2/ / wer ™ (u,m, e (arFa) ™ e m E gy,
7T P/2 Yp+1 u
+OO u K .
(u,m e)e_(m) 16”7”@01771
27T 1/2 u
Ly, Ip
+o00 o du
i 211/2/ | o (s €)™ T B iy
( 7T) - Cp/%/p,'vpﬂ u

where Lo . = [p/2,+00)e™ 1, L, = [p/2,4+00)e"” and Cpa,, ., is an arc of circle

with radius connecting (p/2)e“» and (p/2)e?»+! with a well chosen orientation.

We give estimates for the quantity

(—u Yk d

Foo 1 U
wgf{“ (u,m,€)e (ZiFay) e —dm
27r 1/2 U

Lo, p41

By construction, the direction 7,41 (which depends on eX1*%¢) is chosen in such a way that
cos(k1(yps1 — arg(eX1 7)) > &y, for all € € £, N Epya, all ¢ € Ty, for some fixed d; > 0. From
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the estimates (244), we get that

“+o0o +oo _r
R1 —p,—Blm le]x1te
(261) I, < [y
M2 ) oo Jppo 1+ (| |><1+a)2m
K cos(r1(Ypt1 — arg(e1tt))) —mIm(z) dr
X exp(v(‘e‘xﬂm) Y exp(— oatagm re 7dm
+00 400
e ~(8—4")m| / IR SV S T
< d d
B (27[')1/2 ;/—oo ‘ m /2 ’6|X1+Oé exp( (’t’nl V)<‘6‘X1+Oé) ) T
— 61 I{lfl
2Kk1 too . +o00 |€|(x1+oz)(m 1) (W —V)kyr 5y . )
~ 21/2/ e (B-8") dm/ 5 5 Rl_lx It] ET exp(_(|t|ﬁl —V)(‘ ‘X1+oz) 1)d7"
(@m)% Jo o2 (i = v)Ra(§) e :
2w |e|(xata)(r1=1) 51 (p/2)"
T @2mY2 (B - B (0 — v)ki(G)rT eXp(_(|75|m —) ’€|(X1+06)I$1)
[t~1 12
2Kk |e| i) (m—1) (p/2)"

eXP(_52 |€|(X1+04)"‘€1 )

(2m)V/2 (B = B)dark1(§) L

for all £ € 71 and [Im(2)| < B with [t < (5% 4 )1/’“, for some 9y > 0, for all e € £, N Epy1.

In the same way, we also give estimates for the integral

+oo w e d
— 1 U

1/2/ / Wik (u,m, €)e (v gizm C8 gy |
u

P/2 Tp

Namely, the direction 7, (which depends on eX17%¢) is chosen in such a way that cos(k1(yp —
arg(eXtt2t))) > 61, for all € € £, N Epy1, all t € Tq, for some fixed §; > 0. Again from the
estimates (244) and following the same steps as in (261), we deduce that

(p/2)™

’€|(X1+OA)N1)

(2m)1/2 (B — ﬁ’)52/€1( )Rt

for all ¢t € T and |Im(z)| < ' with |¢] < (%)1/”1, for some 0o > 0, for all e € £, N Epp1.

(262) I <

exp(—d2

Finally, we give upper bound estimates for the integral

+o0 Uk d
— 14 U
W, (u, m, €)e (avay)™ gizm O gy
(2m) 1/2 u

Cp/2, TP Vp+1

By construction, the arc of circle C /5 . ., is chosen in such a way that cos(ky (6—arg(eX17t))) >
01, for all 8 € [vp, Yp+1] (v < Ypt1), 0 € [Ypr1, W) (if Ypr1 < ¥p), forallt € Ty, all e € E,NEp41,
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for some fixed d; > 0. Bearing in mind (244) and (126), we get that

Tp+1 %
/ w(l+ |m’)7uefﬁlml‘€|—
Y 1 +( P/2 )2,‘{1

|5|X1+Ot

+oo

K1

263) I3 < —L _
(263) 3_(%)1/2/00

o2 . cos(r (0 — arg(17°1))) p
’€’X1+a) ') exp(~ |exitat|r (5

x exp(v( ) e ™M E gl dm
R1T0

S (G — ”)( p/2
- (2%)1/2

K
2 ‘e’XlJFOl) Y

—(B-8")|m| ] P/Z
€ m X |'7p '7p+1| leate exp(
—0o0

(|t63'~1_’/)( p/2 1)
2 ‘6’X1+a
21| — Y1l 1/k1 —(‘jffﬁl—lﬂz (Ittfiéliy) PI2
= eniGE-p) S <ot ™)
261w — W41l 1/ 1/k1 —1/k1 _@ p/2 K1
S emeGopm e )¢ ey ()™

2
for all £ € 71 and |Im(z)| < B’ with [t| < (525)/%1, for some dy > 0, for all € € £, N Epy1.

x exp(—

Finally, gathering the three above inequalities (261), (262) and (263), we deduce from the
decomposition (260) that

4/q/1w |6‘(X1+a)(‘%1_1)
(2m)1/2 (B = B)daka (§)™ !

261w — Y1l 1/ka 1/k1 —1/k1 _@ p/2 K1
e PE—5) & ) P ([epara)™)

for all ¢ € 71 and |Im(z)| < B’ with |t| < (62&”)1/1@’ for some d; > 0, for all € € & N Epi1.
Therefore, the inequality (99) holds.

For the proof of (100) and (101) we can follow the same arguments as in the first part of the
proof. We only give some details on the procedure which differ from the previous ones.

(p/2)" )

0p+1 _ 0p —_— 7
‘Ul (tazvf) Uy (t,Z,E)‘ < ’6’(X1+a)n1

exp(—da

The construction leads us to V;” (T, z,€) = Vg”(eX?T, z,€), defining a bounded holomorphic
function with respect to T" on those T' such that such that T" € e~ X2 Sﬁp}@z’h/‘e‘ngra and w.r.t z on
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Hg for any 0 < 5/ < f3, for all e € D(0,¢€p) \ {0}. It holds that V;" (T, z, €) solves the equation

2 My
~ ap,2 -
(264) Q0 ) (T z,€) 0.2 p2ko,2—ko,3+72 + Z ar, 1Tkz 172 4 Z ag €™ 1+B8—ake ke 1472
a
0.3 =0 f=s1+1
82 2
+ Z —2a0,2ar,2 Tke2tko,2—ko,3+72 + E —2a0,204,2 M2 2B8—ake 2 ke tko,2—ko,3+72
a
=1 0,3 =gy 203

Mo
—2ap2ay2 _ —2ap,2a¢2 _ _
Z _T0,27,2 ok o 4-ko,2—ko 3+ To(T) + Z 2702 oy o268 —ake ke atko,2—ko,3+71 Jo(T)

a a
— 0,3 l=59+1 0,3
83 2 M3 2
+ Z 30,203 Tkest+2ko2=2ko3+72 4 Z 30,2003 M3 +3B—aky 3rpke 3+2ko,2—2ko 3472
2 2
=1 %03 t=ap1 103
53 3(12 a M3 3 2
0,24¢,3 _ ap,20¢,3 _ _
+ Z = Tkes+2ko2—2ko3+72 | Z = M3 +3B8—aky 3k 3+2ko,2—2ko,3+72 (2j2 (T) + j22 (T))
a a
=0 03 t=s3+1 03
~ 82 M2
o 0 2 28— _
+ Q(az)(‘/zp(T, 2, 6)) Z CL&QT}CZ’Q—FkO’Q—F’m + Z a£726m472+ Jé] Oék[’QTk,g’Q-'rkog-'-’YQ T"/g k:oyg
=0 l=s9+1
83 M3
Z ag gTHesT2ko2—koatyz 4 Z agzema T3k Phes ko2 kst | (1 4 7(T))
{=0 €:SS+1
- M3
~ 0
OV @) | (S anaThe ¥ 3 qggematsi-akiaghiain
=0 f=s3+1
Q ~
_ Z bj(z)enj —ab; Tb]-
Jj=0

D q1—1
_ 0! 3
w3 e | 57 o [ 0n = T R0 )0V (T 500
q1+q2=0¢

We define the function US” (T, z,€) taking into account (60), which solves the equation

(265)
My - Mo ~
Q(0:) ( (Z em+5ka) Uy? (T, 2,€) + (Z em“”T’“) (U™ (T, 2,€))?
£=0 £=0
M3 -
+ (Z ag g™tk TR | (U (T, 2, e>>3>
=0
Q@ D ) .
= " bi(2)em TONTY 4+ Fy(T,e) + Y eAetelemddtbrde Ry (9,)00t UL (T, 2, €),
j=0 =1

with



93

(266) Fy(T,¢) = —Q(0) (a“T’fon + O’QT’“OvQ’“O’SJz(T)>

ap,3 ap,3
2
> T2k02 k03+ E ag, lTku + E a[lﬁmé 1+B—ake ke
aO 3
=0 l=s1+1
2 _2ap9a My —2ap.2a
+ 0,2¢4,2 Tke24ko,2—ko,3 + E 0,2¢04,2 M2 28—aky ke 2 tko2—ko,3
a a
=1 ’ =s9+1 ’
P 0,3 ) 0,3
52 M2
4 —2@0720,&2 Tk2,2+k0,2_k0,3 jg (T) 4 Z —2(1072045,2 6m£,2+2/3—06k5[,2Tk[,2+k0,2_k0,3 j2 (T)
a a
=0 0,3 l=sp+1 0,3
83 M3
3a0 2043 Tke,3+2ko,2—2ko,3 3&0 2043 M3 +3B8—aky 3k 34+2ko,2—2ko,3
+ 5 + 5
a Qa
=1 0,3 l=s3+1 0,3
83 2 Mg
n Z 3(10’22a8 3Tk5 5+2]€0 - Qko 3 + Z 3a0 2 ay )3 mz 3-{-3,3 aky 3Tk‘z 3+2k0 2—2ko )3 (QJQ(T) + ._722 (T))
=0 %03 l=s3+1 a0,3
2
_Q(O) a02Tk02 k03_|_ 02Tk02 k‘osj( )
ap,3 ap,3

52 M2
E a&ng“—i- § ae,QGme,er?ﬁ*akz,sze,z

=0 f=s9+1
M3
Zae Tkes+2ko2—kos 4 Z ag3 eme3+3B—aky ke 3+2ko,2—ko3 (14 Jo(T))
/=0 l=s3+1
3
~ CLO 2 aop,2 _
_ Q(O) < Tko,2—ko,3 4+ 2 0.2 pko,2 k0,3j2(T))
ap,3 ap,3
M3
> Zae 3Tkes + Z ar, 3€™ 31+3B8—ake3pkes
=0 {= s3+1

D
_ ~ a a
+ Z €Az+a(5e dz)-&-ﬁTdeRé(O)a:}e <az§Tko 2—ko,3 + ag sz’o 2—ko, 3J2( ))

which can be rewritten in the following form:
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(267)
~ M Mo 9ag9a
FQ(T, 6) = —Q<O)U02(T) Z ae,lgm&l"'ﬁ_ak&lTW,l + Z Memlﬂ‘i‘Qﬁ—amgTk£,2+k0,2—k0,3
t=s1+1 tZopp1 103
e —2a02a47 Mg a+2B—ake o ke a+ko 2—k O 3af a3 me 3+38—ake 3 ke 3+2ko 2 —2k
+ Z ﬁe 0,2 vaheatho2—kos 7, (T 4 Z an M3 0,37 ke,3+2k0,2—2ko 3
l=s9+1 ) f=s3+1 0,3
o 3ag ya03 m _ _
+ Z e 0,3+3B—aky 3k 3+2ko,2—2ko,3 (2j2(T)+j22(T))
{=s3+1 CL073
Mo
— Q(0)(Un2(T))? D aggemer Tk he
l=s9+1
Ms
+ Z a£736m473+3ﬂ—ak5’3Tkg73+2k072—k073 (1+j2(T))
l=s3+1
M3
QU | 3 aggemet ek
{=s3+1

D
B ~ ap,2 - 0,2 -
D R R L) ]
—1 ’ ’

The function F5(T,e€) is holomorphic with respect to € and is analytic with respect to T in
some neighborhood of the origin if it holds that

(268) 3]{7072 — 2]4:073 >0, dy+ ]{30,2 — k‘o73 —0p >0,

for every 1 </ < D.

In view of the condition (268) and (10), we can affirm that (268) is more restrictive than
(257).

We put

(269) ugp (t,z,€) = eﬁUg”(eo‘t, z,€) = €° (U()Q(Eat) + (eat)WVg”(GXﬁo‘t, z, e)) ,

which defines a holomorphic function w.r.t ¢ on T2, wrt z € Hg for any 0 < ' < §,
w.r.t € € gp, where 75 and gp are sectors described in Definition 5. As a result, ugp (t,z,¢€)
admits the decomposition (100) with ng (t,z,€) = Vgp(exz+at, z,€) which determines a bounded
holomorphic function on 73 x Hgr x gp for any given 0 < 3 < 8 with the property vgp (0,2z,6) =0
for all (z,¢) € Hg x &,. Again, the function ugp (t,z,€) may be meromorphic in both ¢ and €

in the vicinity of the origin. From (265) and (266) we deduce that ugp (t, z,€) solves the main
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problem

M -
2(9.) ((Z amem“’ltk‘“) P (t,z,€) (Z ag Qem“tk“> (ug”(t,z,e))2
=0

+ (Z emt) (o <t,z,e>>3)
=0

2)eith 4 Fy(et,€) Z At Ry(8,)ul (t, 2, €),

|
Mo
Q@‘I

§=0

with additional forcing term Fg(eaé, €). We apply the operator 0¥ on the left and right handside

of this last equation, to get that ugp (t,z,€) is an actual solution of the main problem (16).

The proof of (101) coincides with that of (99) step by step.

The proof is completed. O
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