MULTISUMMABILITY OF FORMAL SOLUTIONS OF
INHOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

SLAWOMIR MICHALIK

ABSTRACT. We consider the Cauchy problem for a general inhomogeneous lin-
ear partial differential equation with constant coefficients in two complex vari-
ables. We obtain necessary and sufficient conditions for the multisummability
of formal solutions in terms of analytic continuation properties and growth
estimates of some functions connected with the inhomogeneity. The results
are presented in the general framework of 1/p-fractional equations.

1. INTRODUCTION

We study the initial value problem for a general inhomogeneous linear 1/p-partial
differential equation with constant coefficients in two complex variables ¢, z

(1) P37, 07 )ult, 2) = f(t,2), (8}/")"u(0,2) = pn(2) forn=0,..,m—1,

where p € N, P(), ) is a polynomial of degree m with respect to A, the inhomogene-
ity f(t, z) is a formal t!/P-power series and the Cauchy data o, (z) are 1/p-analytic
functions (i.e. the functions z + ¢, (2P) are analytic) in a complex neighbourhood
of the origin. By the fractional 1/p-derivative we mean the linear operator on the
space of z/P-power series defined by

o I( 1+n/p ~ =T +n/p)
For p =1, 927 is the usual derivative and then (1) is the initial value problem for
inhomogeneous linear partial differential equation with constant coefficients, where
the inhomogeneity f (t, z) is a formal power series with respect to ¢ and the Cauchy
data ¢, (z) are analytic functions in a complex neighbourhood of the origin.

The characterisation of summable solutions of homogeneous linear PDEs with
constant coefficients was previously studied by Balser [1, 3, 4], Balser and Miyake
[8], Ichinobe [10], Lutz, Miyake and Schéfke [15], Malek [16], Michalik [17, 19, 20]
and Miyake [21]. The summability properties of formal solutions of inhomoge-
neous equations was also investigated. Let us mention the papers of Balser [5] and
Michalik [18] about the inhomogeneous heat equation, Balser and Loday-Richaud
[7] about the inhomogeneous heat equation with variable coefficients and the paper

of Balser, Duval and Malek [6], which is devoted to the abstract inhomogeneous
Cauchy problem. We also refer to Balser and Yoshino [9], where the Gevrey order
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of formal solutions of general inhomogeneous linear PDEs with constant coefficients
is characterised.

Since 1/p-derivative is the Caputo fractional derivative for 1/p-analytic functions
[13], our previous papers [19, 20] and the present one give a new insight into the
theory of fractional partial differential equations. Our approach is based on formal
1/p-power series solutions, 1/p-analytic functions and their integral representations.
On the other hand, the a-analytic solutions of fractional ordinary differential equa-
tions was studied in [12, 14] and the kind of fractional version of Duhamel principle
was obtained in [23]. The survey of last results about the fractional partial differ-
ential equations can be found in [11].

In the paper we construct the formal solution (¢, z) of (1) and study its Gevrey
asymptotic properties. The main result concerns a characterisation of multisumma-
bility of solutions (¢, z) in terms of inhomogeneity. We proceed as follows. After
making a suitable transformation of 4(t, z) and of f(¢,z), we can assume that the
Cauchy data vanish. We represent P(\, ) in the form

(2) P(X, &) = Po(§)(A = Ac(€))™ (A = M(€)™,

where Py(€) is a polynomial and Ay (£),...,A;(§) are characteristic roots of multiplicity
my,...,my (m1 + ... + my = m). In general, the formal solution of (1) may be not
uniquely defined. To avoid this inconvenience, we choose a formal series §(t, 2)
satisfying the equation Po(ai/p)g(t,z) = f(t,2) and we find the formal solution
@(t,z) of (1), which is uniquely determined by §(¢,z). Next we show that @(¢, 2)
satisfies

3

J

’lljk(t, Z)
1

!
a(t,z) = Z
j=1

with @i (¢, z) being a formal solution of

b
Il

(0177 = X (017 ujn(t, 2) = gjut, 2),

where \; (le/ P} is a kind of pseudodifferential operator introduced in our paper [20]
with \;(&) defined by (2), and g;x(t, z) is a formal series connected with §(t, z).
We prove that the Gevrey order of @;x(t,2) depends on the order ¢; of the pole
of A\;(§) at infinity and on the Gevrey order of §(t,z). We also characterise the
analytic continuation (for ¢; = 1) and summability (for ¢; > 1) of @;,(¢, 2) in terms
of §(t, z). Finally, we obtain the characterisation of multisummable solutions of (1)
in terms of §(t, z).

In the paper we apply the similar tools to that introduced in our previous papers
[19, 20]. In particular, we use the fractional derivatives 8;/ P the pseudodifferential
operators )\(6;/ P) and the operators B*# which are related to the Borel transfor-
mations.

2. NOTATION, GEVREY FORMAL POWER SERIES AND BOREL SUMMABILITY

We use the following notation. The complex disc in C"” with a centre at the
origin and a radius r > 0 is denoted by D' := {z € C" : |z| < r}. To simplify
notation, we write D, instead of D!. If the radius r is not essential, then we write
it D™ (resp. D) for short.
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A sector in a direction d € R with an opening € > 0 in the universal covering
space C of C\ {0} is defined by

S(de):={2€C: z=re", d—c/2<0 <d+¢/2, r>0}.

Moreover, if the value of opening angle € is not essential, then we write Sy for short.
We denote by Sd the set Sy U D.

By O(G) we understand the space of analytic functions on a domain G C C"™.
The Banach space of analytic functions on D,, continuous on its closure and
equipped with the norm ||¢||, := Im‘zix |o(2)| is denoted by E(r).

z T

The space of formal power series
a(t, z) = Zuj(z)tj with  wu;(z) € E(r)
§=0

is denoted by E(r)[[t]]. Moreover, we set E[[t]] := | E(r)[[¢]].
r>0
In this section we also recall some definitions and fundamental facts about the

Gevrey formal power series and Borel summability. For more details we refer the
reader to [2].

Definition 1. A function u(t,z) € O(S(d,e) x D,) is of exponential growth of
order at most s > 0 as t — oo in S(d,¢) if and only if for any m € (0,7) and any
g1 € (0,¢) there exist A, B < oo such that

max |u(t, z)| < AeBIt

[z]<r1

for every t € S(d,eq).

The space of such functions is denoted by O*(S(d, ¢) x D,.). We also write (’)S(S'd X
D) for the space O%(Sg x D) N O(84 x D).

Analogously, a function ¢(z) € O(S(d,¢€)) is of exponential growth of order at
most s > 0 as z — oo in S(d,e) if and only if for any e; € (0,¢) there exist
A, B < oo such that

Blz|®

lo(2)] < Ae for every z € S(d,e1).

The space of such functions is denoted by O%(S(d,e)). We also set O%(Sy) :=
0% (54) NO(Sy).

Definition 2. Let k£ > 0. A formal power series
(3) a(t, z) = Zuj(z)tj with  u;(z) € E(r)
§=0

is 1/k-Gevrey formal power series in t if its coefficients satisfy

‘m&x luj(z)| < ABT(1 +j/k) for j=0,1,...
z|<r
with some positive constants A and B.
The set of 1/k-Gevrey formal power series in ¢ over E(r) is denoted by E(r)[[t]]1 /-

We also set E[[t]],/ := TLJOE(T)[[t]]l/k.
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Definition 3. Let £ > 0 and d € R. A formal series u(t, z) € E[[t]],/;, defined by
(3) is called k-summable in a direction d if and only if its k-Borel transform

= ZUJ 1+j/k) EOk(SdXD).

The k-sum of u(t, z) in the dzrectzon d is represented by the Laplace transform of

(t, 2)

t
where the integration is taken over any ray e?R, := {re’ : r > 0} with 6 €
(d—c/2,d+2)2).

For every k > 0 and d € R, according to the general theory of moment summa-
bility (see Section 6.5 in [2]), a formal series (3) is k-summable in the direction d if
and only if the same holds for the series

= JTA+/k)
jz::o“j(z)m TR

1 [® "
ul(t, z) = —k/ e /05 (s, 2) ds®,
0

Consequently, we obtain a characterisation of k-summability (analogous to Defini-
tion 3), if we replace the k-Borel transform by the modified k-Borel transform

Jitg
oft, 2) = = Z% T(L+ (1 + 1/k))

and the Laplace transform by the Ecalle acceleration operator

oo (0)
u(’(t, o) = e / v(s, Z)Cl+1/k((5/t)k/(1+k)) ds*/ (R
0

with 6 € (d —¢,d+ ). Here integration is taken over the ray e’’R and C141/(¢)
is defined by

1 _ e (R D)
Cripayk(Q) i= 5= [ w/FHDen ¢ 7 du

2me
.
with a path of integration ~ as in the Hankel integral for the inverse gamma function
(from oo along argu = —m to some ug < 0, then on the circle |u| = |ug| to argu = ,

and back to co along this ray).
Hence the k-summability is characterised as follows

Proposition 1. Let k > 0 and d € R. A formal series u(t,z) given by (3) is
k-summable in a direction d if and only if its modified k-Borel transform

Gt N
Zuj 1+](1+1/k))60k(SdXD)'

We are now ready to define multisummability in some multidirection.

Definition 4. Let k; > ... > k,, > 0. We say that a real vector (dy,...,d,,) € R" is
an admissible multidirection if and only if
|dj*dj_1|Sﬂ'(l/k‘j*l/k]’_l)/Q for j:2,...,’ﬂ
Let k = (ki1,...,k,) € R} and let d = (di, ...,d,) € R™ be an admissible multi-
direction. We say that a formal power series (¢, z) given by (3) is k-summable in
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the multidirection d if and only if 4(t, z) = 41 (¢, 2) + ... + Gn (¢, 2), where 4;(¢, 2) is
kj-summable in the direction d; for j =1,...,n
3. a-DERIVATIVES, a-ANALYTIC FUNCTIONS AND OPERATORS B/

In this section, in a similar way to [20], we introduce some tools to study divergent
solutions of linear partial differential equations. First, we define some kind of
fractional derivatives 9% of the formal power series in C[[2*]]. These operators are
the natural generalisation of the derivative 9, defined into the space C][[z]]. Namely,
we have

Definition 5. Let a € Q.. The linear operator on the space of formal power series
02 : C[[z“]] — C][2%]] defined by the formula

feY = Un an) _ = Un+1 an
) az(nZ_OF(IJran)z )_HZ_OF(l+om)Z

is called an a-derivative.
The right-inversion operator d;“: C[[z%]] — (C[[za]] given by

(Z an) Un—1 an
F1+an F +an

is called an a-integral.

Remark 1. Observe that such defined a-derivative satisfies

o Zam 0 for n=0
2 % = T'(l1+an aln— _
e ze=l - for p=1,2,3,..

The same property has the Caputo derivative, which is defined (see (2.4.15) and
(2.4.14) in [13]) by

L oy ar
c
Dy, o(2) = F(n—a)/o =)ot for a¢Nyg,neN, n—1<a<n
and D&, p(2) := p™(2) for n € N. Precisely speaking, the Caputo derivative
satisfies (see Property 2.16 and (2.1.17) in [13])
PA+8) 5
C nHa a o
D0+Zﬁ = mzﬂ , CD0+Zk =0 for k:O,...,n717

wheren —1<a<n,8>n—1,and n € N.

8 ajan Mza(n—&-l)
I'(1+a(n+1)) .
property has the Riemann-Liouville fractional integral defined (see (2.2.1) in [13])

b
! o L [T et
R o) Seer

which satisfies (see (2.2.10) in [13]) for 5 > —1:

_ F(1+6) a+p
B e

Analogously, the a-integral satisfies The same

‘We have
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Proposition 2. If ¢(z) € C[[z%]] and m € N then

5 0;%) =0, ds.
) ( | et ds
Proof. Let ¢(z) =Y 0" %z"a. Then the right-hand side of (5) is equal to

RHS = (’92 1+na +ma)/0(z—s) s"Yds.

Moreover, using the beta integral we have

z 1
/ (Z _ S)masna ds = Z(m+n)a+1 / (1 _ t)matna dt
0 0

(mtn)a+1 I'(1+ma)T(1+ na)

_ (m+n)o¢+1B 1+ 1+ _
z ma, na) =z
( ) I'2+ (m+n)a)

Hence
RHS = 0. (mtn)atl Pn (mtn)a
HZOF“ (m+n)a) ;F(l+(m+n)a)z

o0

Pn—m no
_— = LHS.
Z I'(1+ na) :
n=m
(]

Definition 6. We say that a function u(z) is a-analytic on G C C (or, generally,
on G C C"), where G is a complex neighbourhood of the origin, if and only if the
function ¢ — u(¢Y/®) is analytic for every z = ¢/® € G. The space of a-analytic
functions on G is denoted by O, (G).

We also say that a function u(t, 2) is (a, B)-analytic on G1 x Gy C C? if and only if
the function (7,¢) = u(r/, ¢Y/P) is analytic for every (¢,z) = (r'/*,¢V/#) € Gy x
Gs. The space of («, 8)-analytic functions on G; X Gz is denoted by O, s(G1 X G2).

Moreover, analogously to Definition 1, we denote by @2 (S4) (resp. by OZ)B(Sdl X

Sd2)) the space of a-analytic functions on Sy (resp. the space of («, 3)-analytic
functions on Sg, X Sg,) of exponential growth of order at most s there.

If the formal power series 4(z) € C[[2?]] is convergent in a complex neighbour-
hood of the origin, then its sum u(z) is the a-analytic function near the origin. For
such functions we have well defined a-derivative given by (4), which coincides with
the Caputo fractional derivative (see Remark 1).

We also define the a-Taylor series of u(z) € O, (D) by the formula

-~ (02)"u(0)
) — z ZO(’I’L
7;) I'(l1+an)

Remark 2. For any zy € C we define the a-derivative on the space C[[(z — 2z9)®]] by
the formula

zzo(z 1+a _Zoan> Zrunﬂ z = 2)*"

n=0
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If the formal power series @(z) € C[[(z — 20)?]] is convergent in a neighbourhood
G of zp, then its sum u(z) is the a-analytic function with respect to zp on G. The
a-Taylor series of u(z) with respect to zg is given by

o (02 5,)" u(20)

u(z) = Z 220

(z — 2z0)*™.
— T(l+an)

Definition 7. The a-exponentional function e, (z) is defined by

ea(s) = Fa(z") = 3 o
nz:% I'(1+4+an)

where F,(z) denotes the Mittag-Leffler function.

The function e, (z) plays the role of the exponential function e* in the case of
a-analytic functions. By the definition of e, (z) and by the results on the Mittag-
Leffler function (see [22]), we have

Proposition 3. The function e, (z) satisfies the following properties:

a) eq(2) € Ou(C) and there exists C < oo such that |eq(2)| < Cel?l for every
z € C,

b) for every a € C we have 0%e,(az) = a%eq(az),

¢) ifa<2andargz € (/2,21 /a — 7/2) then eq(z) — 0 as z — 0.

Remark 3. Observe that e, (z) satisfies

{ (0% —1)eqa(2) =0
eq(0) =1.

More generally, for every m € N we define the function eq () as the solution of
the Cauchy problem

(8? - 1)mea,m(z) =0

(02) ea,m(0) =0 for 7=0,...,m—2

(a?)m_lea,m(o) =1.

It means that
(6)

= nn-1) .. (n—-m+2) =z O no\ oz
ea,m(2) = nz:% (m —1)! L(1+an) ngn:_l (m - 1) I'(l1+an)

an

In a similar way to e, (z), the function e, ., () satisfies the properties a) and ¢) of
Proposition 3.

Since a € Q4 and every g/p-analytic function is also 1/p-analytic, without loss of
generality we may take o = 1/p, where p € N. Observe that 1/p-analytic function
is in fact an analytic function defined on the Riemann surface of ¢z. Hence we
have the following integral representation

Proposition 4 (see Lemma 1 in [20]). Let ¢(z) € Oy/,(D;). Then for every
|z| < e <71 and k € N we have

pVEp(2) = L ' w = k/pe 20)e~ ¢ w
(M (OY)e(2) 7{ o )/0 CHlPey p(2C)e S dC d

2pmi J )=
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for 8 € (—argw — 7/2, —argw + 7/2), where f\i}\:& denotes that we integrate p
times around the positively oriented circle of radius €.
Moreover, there exist o € (0,7) and A, B < 0o such that
sup |(9/P)*p(2)| < ABMPT(1 + k/p) for k=0,1,...
lz|<e
The formula (7) motivates the introduction of some kind of pseudodifferential
operators on the space of 1/p-analytic functions. To this end, let ¢(£) be an analytic
function for [£| > |Cé/ P| of polynomial growth at infinity. Following [20] we define

a(02/7)e1 /() = a(CHP)ersp (20),
Hence for every ¢(2) € Oy/,(D,) we have

P oo (0)
® a0 =g o) [ e (0 dC

with 0 € (—argw — 7/2, —argw + 7/2). Since ¢(§) is a holomorphic function for

€] > |Cé/ P| and is of polynomial growth at infinity, the left-hand side of (8) is a
well-defined 1/p-analytic function in a complex neighbourhood of the origin.

Now we introduce the operators B%?, which are related to the modified k-Borel
operators B*. Using the operators B®? we reduce the question about summability
to the study of the solution of the appropriate Kowalevskaya type equation.

Definition 8. Let o, 8 € Q. We define a linear operator on the space of formal
power series

B*7: E[[t°]] — E[[t7]
by the formula

Ba’ﬁ(ﬂ( BQB(ZF 1+ an) tom). ZI‘l—i—Bn

Observe that for any formal series 4(t, z) € E[[t]] and p,v € N, p > v, we get
B*u(t, z) = (BYM a) (/" 2)  with p/v=1+1/k.
Hence for k € Q4 we reformulate Proposition 1 as follows

Proposition 5. Let u,v € N, u > v, k = (u/v —1)~L. Then the formal series
a(t, z) € E[[t]] is k-summable in a direction d if and only if

Bt 2) € O (Saszjmup/u X D) for j=0,.p—1.

We recall the important properties of the operators B*#, which play the crucial
role in our study of summability. Namely, immediately from the definition we have

Proposition 6 (see also Proposition 4 in [20]). Let a, 8 € Q4+ and 4(t, z) € E[[t“]].
Then operator B*P and derivatives satisfy the following commutation formulas:

a) B*Poxa(t, z) = 8 BYPa(t, ),

b) BB u(t, z) = 0,B*¥Pu(t, z),

¢) BYPP(92,0,)iu(t,z) = P(07,8.)B¥Pu(t,z) for any polynomial P(X,¢€)

with constant coefficients.
At the end of this section, following [20], we extend the notion of Gevrey orders

and Borel summability to formal power series in /7.
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Definition 9. Let v € Q4. The Banach space of y-analytic functions on D,
continuous on its closure and equipped with the norm |||, := Im‘ax |p(2)] is denoted
z|<r

by E, (7).

Definition 10. Let £ > 0 and v € Q4. A formal power series
a(t, z) == Zuj(z)tj/” with  u;(z) € E,(r)
§=0

is 1/k-Gevrey formal power series in t1/P if its coefficients satisfy

Imlix lu;j(2)] < ABY/PD(1 4 j/kp) for j=0,1,...
with some positive constants A and B.
The set of 1/k-Gevrey formal power series in t'/? over E,(r) is denoted by
E, (r)[[t*/P))1/5- We also set B, [[t"/7]]1, := UOE’Y(T)Htl/pHI/k
>

Definition 11. Let & > 0 and d € R. A formal series 4(t, z) € ]EV[[tl/p]]l/k is
called k-summable in a direction d if and only if the series w(t, z) := a(t?, z) is
kp-summable in a direction d/p.

Similarly to Proposition 5, we have the following characterisation of k-summability
by the operators B*#

Proposition 7 (see Proposition 7 in [20]). Let p,v € N, u > v, k= (u/v — 1)1
and d € R. The formal series i(t, z) € By ,[[t'/?]] is k-summable in a direction d
if and only if

BYPRit2) € OTL, 1 (Suavaimgu X D) Jor 5= 0vespi= L

4. THE FORMAL SOLUTION

In this section we find the formal solution of inhomogeneous fractional linear
PDE and we prove the version of Duhamel principle for fractional equations. We
also show that the solution of general inhomogeneous fractional equation is equal
to the sum of simple inhomogeneous pseudodifferential equations.

Let us consider the Cauchy problem for general inhomogeneous fractional linear
PDE with constant coefficients

o) POV, 01 Pya(t, 2) = f(t, 2)
(0/7)"(0,2) = ¢n(2) € Oryp(D) for n=0,...m—1,

where f(t, z) € El/p[[tl/p]] and P (), §) is a polynomial of degree m € N with respect
to A. In other words

m

(10) PO = RO = Y PN = Rofe) (X" = Y Ao ).

where Py(€), ..., P (€) are polynomials and P;(€) := P;(€)/Po(€) (j = 1, ...,m) are
rational functions.
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Without loss of generality we may assume that the Cauchy data ¢, (z) vanish.
Indeed, after substitution

u(t, z) == a(t,z) — _#nl2) _yasp
(t,2) = lt, 2) T;)F(l—i—n/p)t

we reduce the Cauchy problem (9) to

(11) P}, 0: P yu(t, 2) = f(t, 2)
(6151/1”)71111(072) =0 for n:O,...,m— 17

where

F(t,2) == f(t,2) — POY?, 017 Z T /P e By, [[EYP]).

1+n/p

Using the pseudodifferential operators defined by (8) we have

P}? 01y = po(azl/p( L/rym Z P07y (0 1/p)m,j>

Po(dM/P)P ()", al/P).

Observe that, if Py(0: ) # const. then the Cauchy problem (11) is not uniquely
determined. In the homogeneous case this problem was solving by the choice of
so called normalised formal solution (see [3] and [19]). In the inhomogeneous case
the formal solution is determined by the function §(t, z) € El/p[[tl/pﬂ (see also [9]),
which satisfies the equation

Py(02/7)g(t,2) = f(t, 2).

For given g(t, z) there is exactly one formal solution 4(¢, z) of the Cauchy problem

{ P(9,", 0. )ult, 2) = §(t, 2)

12
(12) (82/17)"11(0,2') =0 for n=0,...m—1,

which is also a solution of (11) and is called the formal solution of (11) determined

by §(t, 2).
We have

Proposition 8. The formal solution of (11) determined by §(t, z) is given by

o0

(13) at,z) =3 (0,7, (9Y/7)g(t, ),

n=0

where ¢, (§) is the solution of the difference equation

(14) an(€) =D Pi(©an5(&) for n>1

with the initial conditions qo(§) =1 and q-1(§) = ... = g—m+1(&) = 0.

Proof. Since g, (£) are rational functions, they are of polynomial growth at infin-
ity and they are holomorphic for sufficient large |£|. Hence the pseudodifferential

operators qn(ai/ P) are well defined.
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To finish the proof, it is sufficient to show that the formal series given by (13) is

a solution of (12). To this end observe that (a}/”)”a(o, z)=0forn=0,..,m—1
and

PO, 0y, 2)
= (7)Y g (07 f)i Y By (017 qn (9173t 2)

n=0 j=1ln

>0 )Py (017 ) a5 (014 (1, 2)

Jj=1

Mg

(@7)" 4 (9273

I
3
gk
Il

n

(0,7 g (82/7)q (1, 2)

NE

0, 7)Y g (81/P)i(t, 2) —

Mg

3
I
<
3
Il
_

40(92/7)i(t, 2) = §(t, 2).

Now, we show the following version of Duhamel’s principle.

Theorem 1. The formal power series u(t, z) is a solution of (11) determined by
g(t, z) if and only if

where 4(t, z; s) is a formal solution of homogeneous equation

PP, 0 yu(t, 2 5) = 0

(15) (al/p)s’ (t,2;8)|1=s = 0 (n=0,..,m—2)
(0 /2) ™ ult, 21 8)|=s = §(5,2)

for every s € [0,1].
Proof. By the 1/p-Taylor formula, the solution of (15) is given by

e _g)n/p
(16) itz =3 F(f)qnw;/p)g(s,z),

where ¢, (&) satisfies the difference equation (14) for n > m with the initial condi-
tions ¢o(€) = ... = Gm—-2(§) =0 and G,p,—1(§) = 1. It means that

(17) qn(§) = gn-m41(§) for n >0,
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where ¢,,—m+1(€) were defined in Proposition 8. Hence, by (16), (17) and Proposi-
tion 2, we have

t

to(t — g)n/p
7 — 1/p) (8" .
(t, z;s)ds = ana /o F(1+n/p)g(s,z)ds

S~

G (0X/7)(8, /7)Y P (1, 2)

M8

Gn—mi1 (a;/p)(at*l/lﬂ)n—m-i-l ((:);1/1I>)m—1-‘rpg(t7 Z)

I
e

-1

3
Il
3

an (02/7)(@, 7Y @) g, 2).

thg

0

3
Il

Finally, by Proposition 8, we have

@y / it zi5) ds = 3 an(@Y/7)(O7 P07 T, 2) = e, ).

n=0
(Il

Let A1 (£), ..., M\i(€) be characteristic roots of A — P(\, £) of multiplicity my,...,my
(my + ... +my = m), where P(\,§) is a polynomial defined by (10). It means that

(18) P(A,€) = Po(§)P(X,€) = Po(&)(A = M(§))™ . (h = M(€)™

and A;(§) are algebraic functions. Hence there exists R < oo such that the functions
A (&) are holomorphic for |{| > R, at least in the multiple-valued sense. Moreover
for every characteristic function A;(§) there exist a pole order ¢; € Q and a leading
term X\; € C\ {0} satisfying lime_, o0 A;(£)/£% = A;. Hence, as in (8), we have the
pseudodifferential operator A; (8;/ P), which for every ¢(z) € Oy ,(D,) is defined by

p 0o(6)
19 MO = g e [ e (e i,

where (g = RPe®, 0 € (—argw — 7/2, —argw + m/2) and € < r. Observe that by
(18) we can factor the operator P(&‘tl/p, c’);/p) as
PO}, 01/7) = Po@l/) (0" — M(9Y/7)™ (@7 = M@/,
Now, using Proposition 8 and the factorisation of operator P(@l/p Bl/p)
obtain the following decomposition of solution of (11) determined by §(¢, z) .

, we

Theorem 2. Let 4u(t, z) be a formal solution of
PP, 0P u(t, z) = §(t,2), (B)P)"u(0,2)=0 n=0,...,m—1,

where

PO}7,01/7) = (07 = M@ (07 = M@ )™
Then 4(t, z) = 22:1 Soed djk(t, 2), where Gy (t, ) is a formal solution of

(07 = X (0P)) Fun(t, 2) = Gn(t. 2)
(atl/p)nujk(az):o n=0,.,k—1
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and §;i(t, z) = d;x(0: /p) (t, z) for some holomorphic functions d;i(§) of polynomial
growth.
Proof. By Theorem 1, 4(t,z) = (atl/”)P—l fot a(t, z; 8) ds and 4(t, z; ) is a solution
of

P(@tlfz, O PYu(t, z5) = 0

(821’;)”u(t,z;s)|t:3 =0 for n=0,....,m—2

(DL Mu(t, 7 8)la=s = (5, 2)-

Let us recall that
~ ) _ - (t — S) ~ 1/p\ 4
au(t, z;8) = E T+ n/p) Gn(0,'7)4(s, 2),

where the rational functions ¢, (&) satisfy

= Pi()Gm—i(©) (n=m), qo(&) = . = Gm—2(€) =0, Gm-1(6) =1.

J=1

On the other hand

mj—1

l

j=1 k=0

where ¢;ji(§) are the holomorphic functions of polynomial growth for sufficiently
large |¢| (see Section 5 in [19] for more details) and \;(§) are characteristic roots
of multiplicity m;.

It means that

| m;—1 00
\ ! (t—s)n/P
u(t, z; s) Z ¢k (0 /p)z A(AYP) ) (s, 2).
(j_l P o (n—Fk)"" F(l—l—n/p))
Hence
I m;—1
au(t,z;8) = Z Uk (t, 23 s)
j=1 k=0
and
; ! (t— )"/
it 2zi8) = ¢r(9LP) Y X (OMP) o= (s, )
—(n—Fk) I'(1+n/p)

satisfies the equation
(0112 = X (0YP)) ouj(t, 2 8) = 0
(6,511’;)"%-;@(@ ;8)|t=s =0 for n=0,...k—1
(02 (¢

where
Gin(t, z) = dj(02/P)g(t,z) and  dji(€) = k!Cjk(f)Af(f)

Applying once again Theorem 1 we obtain the assertion. [
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By the above theorem, it is sufficient to consider the equation

(877 — MOYP))kult, ) = §(t, 2)
(0;/7)"u(0, ) = 0, n=0,..k—1.

We will investigate the behaviour of solution (¢, z) depends on the pole order g of
the characteristic root A(§).

e For ¢ = 1 we will study the analytic continuation property of u(t, z) depends
on g(t, z).

e For ¢ > 1 we will study the summability property of (¢, z) depends on
g(t, 2).

5. GEVREY ESTIMATES

In this section we study the Gevrey order of formal solution to inhomogeneous
equation. The similar result was proved by Balser and Yoshino [9].

Theorem 3. Let 4(t, z) be a formal solution of (11) determined by a Gevrey series
§(t,z) € Ky, [[tVP)]s of order s > 0 and let a(t,z) = 22:1 Z;nzjo_l Uk (t, 2) be a
decomposition of solution constructed in Theorem 2. Then ;i (t,z) is a Gevrey
series of order max{q; — 1, s} with respect to t, where q; € Q is a pole order of
characteristic root A;(§).

Proof. By Theorem 2, (¢, z) is a formal solution of

(017 = N (027 Fuzu(t, 2) = gu(t, 2)
(8:/p)"ujk(0,z) =0forn=0,..,k—1,

where g (t, z) = d;j(85")§(t, z). By Theorem 1, i (t, 2) = (9,/7)P~1 fg Uk (t, z;8) ds,
where @;;(t, z; ) satisfies

(077 = (0P euji(t, z;8) = 0
(04/7)"u(t, 25 8)]i= = 0 for n =0, ...k — 2
OV ult, 25 8) =5 = Gin(s, 2).

~ e’} m (2 m ~ e e} 3 /P m{(Z) m
If g(t,2) =3, F(sl’Jrifn}p)t /P then gi(t, 2) = > o, %t /P Hence

(t — s)/Psm/p n!

u(t, % 5) er 1—|—n/p T(1+ m/p) (n — k)]

n=0m=0

NH(02/7)d i (9/7) g (2)
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and using the beta integral

S
<
e
—~
\.@F
I\
~—
|

t
U ; *(83/1))]”71/ Uk (t, 2;8) ds
0

S)n/psm/p

= Sk n! ngl/pyg., (§1/P 2 (9L/Pyp—1 ! (t—
ZZ _k)!)‘ (az )djk(az )gm( )(af ) /0 F(l—l—n/p)r(l—i-m/p)

tHTm*f’l
[(2+4 m2m)

n+m-+41
P

=3 Y O 0 g ()0

=> > n!k (A0 7) i1 (D7) g (2)

~

T o ntmEly
L1+ 202

PN — I”LM N (OYP)dj (97) g (2)

Since §(t, z) € Ey,[[t'/*]]s, there exist A, B < co and ¢ > 0 such that

sup |gm(2)| < AB"T(14+m(s+1)/p) for m=0,1,...
|z|<e/2

Now, repeating the proof of Theorem 1 in [19], we obtain the estimate

-1

L e MG G e
-1
< AB'> T+ (1 —m—1)g/p)I(1+m(s+1)/p)
m=0

for z € D, /5. Hence there exist C', D < oo such that

sup |u(2)| < CD'T(A+1(5+1)/p) for 1=0,1,2,..,
lz[<e/2

where § = max{s,q — 1}. O

6. ANALYTIC SOLUTION
In this section we study the solution of the Cauchy problem

(20) { @)% = OY") "t 2) = (.2
(0;"")"u(0,2) =0, n=0,..,m-—1,

where g(t, 2) € Oy /,(D?), A(§) € O([¢] > |¢’?]) and lime 0 A(€)/€ = A € C\ {0}
We would like to find the necessary and sufficient conditions for the analytic
continuation property of solution

(21) u(t, z) € 03 ,(Sa x D)

in terms of inhomogeneity g(t, z).

ds
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Since g(t, z) (Btl/p - A(@;/p))mu(t,z), we immediately obtain the necessary

condition for (21)
u(t, z) € Of/p(gd x D) = g(t,z) € Of/p(ﬁd x D).

But this condition is too weak, as the following example shows. Let us consider the
equation

Ou — Ou = u(0,2) = 0.

(1-2)
Observe that the inhomogeneity satisfies g(t,z) = ﬁ € O(Sy x D), but the

solution u(t, z) = t—— — 2 is not analytic on Sy x D.

To find the better characterisation of (21) in terms of ¢(¢,z), we define the
function

22
Gulo At 2) = [ o) [~ (0= e o) s

Co

where the function e/, ,(2) is given by (6).
Deforming the path of integration with respect to w in (22) and repeating the
proof of Lemma 3 in [20] (see also Lemma 2 in [19]) we obtain

Lemmal. Lets > 1 andg(t,z2) € Of/p(SdX§d+parg/\)- Then also G (g, \(+);t, 2) €
O3 /(S X Sisparer)-

We show the connection between the function Gy, (g, A(+);¢, z) and the solution
of the Cauchy problem (20)

Lemma 2. Let u(t,z) be a solution of (20). Then the function Gn(g,A();t,2)
satisfies the following formulas

(a) AL Pyu(t, 2) = (07 S G (9, A ()i, 2),
(b) N0 P)Grmi(g, A()it, 2) = (07— MO ) *Con(g. ()it 2) fork =0, ...y m—
17

(c) g(t,2) = (8" = A@")) (3}~ 55 G (g, A ()3t 2).
Proof. By Theorem 1 we have that

) (t—
AL ai/put,z Up” L
@it =@ 3 g

n=

= @y / 2pmi ﬁm—s /co e1/pm((t = $)AP(CP))er s (2Q)e ™ dC duw ds

(9,7~

n/p

() @gts, ) as

oG9 At )
Hence we obtain (a). To show (b) we take k € {0,...,m — 1} and v(t,2) = (82/17 -
A(@;/p))ku(t,z). Applying (a) we have

(28)  AMTHOYot,2) = <83/P>pflﬁ<as“ﬂ — @) Gl AC)st, 2).
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On the other hand, v(t, z) satisfies (20) with m replaced by m — k. Hence by (a)
1

7Gm— 7A : 7ta

i k(9 AC)it, 2)

Combining (23) and (24) we obtain (b). To show (c¢) we consider the Cauchy
problem (20) with m = 1. Then by (a) we have

(24) ALk QLY (8, 2) = (9] /7)P

L g A0t 2).

9(t,2) = (O1" = MOY)ult,2) = (0177 = MO )@Y 5

O

Combining Lemmas 1 and 2 we obtain

Proposition 9. Let us assume that s > 1, d € R and u(t, z) is a formal solution
of (20). Then

u(t, z) € Of/p(gd X gd+pargA) — g(t,2z) € Of/p(gd X Sd-ﬁ-pargz\)-
By the above, we have the sufficient condition for (21)
9(t.2) € 05 ,(Sa X Sirpargr) = ult.2) € 01, (84 x D),

which unfortunately is too strong. Indeed, the function u(t,z) = - € O(Sy x D)
is a solution of
P Do — 1 t B
A e = u(0,z) =0,

but inhomogeneity is not analytic on So x So.

From this we must find another condition on inhomogeneity, which characterise
the solution of (20) satisfying (21). Such condition, unfortunately not so direct, is
given by

Proposition 10. Let us assume that s > 1, d € R and 4(t, 2) is a formal solution
of (20). Then

u(t,z) € 03,(Sa x D) <= G(g, \(-);t, 2) € 05, (Sa x D).
Proof. Immediately by Lemma 2. (I
By Lemma 2, we have

Remark 4. I Gy, (9, M(-);, 2) € O, (84 x D) then also G;(g, A(-);t, 2) € O, (8a X

D) forj=1,..,m—1and g(t,z2) € Of/p(gd x D).

Similarly, by Proposition 9, we obtain

Remark 5. If g(t,z) € Of/p(éd X Sqipargr) then Gm(g,/\(ai/p);t,z) € Of/p(Sd X
D).

As a corollary to Theorem 2, we have

Proposition 11. Let 4(t,2) = Zé‘:l Z;n;al Uk (t, z) be a decomposition of solu-
tion of (11) constructed in Theorem 2. Then forni,ny € N, s > 1 and dy,ds € R we
have that u(t,z) € O, ,, ../, (Sa, X D) if and only if uji(t,z) € O /. (Sa, X D)
foreveryk=1,..m; and j =1,...,1.
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Proof. (<) If u;i(t,2) € O/ n/p(S'dl x D) for every k=1,..,mj and j =1,...,1
then also 4(t, z) = Z;Zl Sond k(L z) satisfies the same property.
(=) We define for k =1,..,m; and j = 1,...,1 the operator

l
Py (0777, 017) = (9,77 = x; 0P E T (0077 = Aa(0Y/P))me.

n=1,n#j

Observe that ;,(t, 2) == ij(a,}/”, 8;/p)u(t, z) satisfies the equation

(077 = X (8P ¥ (t,2) = (t, 2)
(atl/P)najk(O’Z) =0, n=20,...k—1.

On the other hand, by Theorem 2, u;x(t, z) satisfies

07 = MY ") kun(t, 2) = Gi(t, 2)
(0, /7Y uj (0, 2) = 0, n=0,..,k—1,

where §,,(t, 2) = jk(a;/p)g(t,z). Hence

wik(t, 2) = djp(0P)au(t, 2) = djp(0L/7) Py(9)/7, Y/ P)u(t, 2)
and if u(¢, 2) € O2 (S4, x D) then also u;i(t, 2) € OF (Sq4, x D). O

m/pn/p m/p.n/p

7. SUMMABLE SOLUTION

If the pole order of A(§) is equal to g > 1, we apply the operator B1/P:4/P to the
study of summability property. In this way we reduce the problem of summability
to the study of the analytic solutions of the Kowalevskaya type equations considered
in the previous section. As a result, we obtain the characterisation of summability
of 4(t, z) in terms of §(¢, z).

Theorem 4. Let us assume that U(t,z) is a formal solution of the equation

1/1’7 1/p Mo, 2) = § Py
25) {@W M) =gt
(04/")7u(0,2) = 0 j= 0, m 1,

a pole order of M\(€) is equal to q = pu/v > 1 (u,v € N) and d € R.
Then the following conditions are equivalent

(a) a(t,z) is (¢ — 1)~ t-summable in a direction d,

~ 1)/ 4
(b) BYPa/i(t, z) € 0N D (S(asanmyq X D) forn=0,...p—1,

(¢) Gun(B/P/g,X;(0:/"):t,2) € O ) (Stasanm) X D) forn =0, ... p—1

and j =0, ..., — 1, where X;(€) := e2™/H\I/1(gV).

Proof. The equivalence between (a) and (b) is given by Proposition 7. To show
equivalence between (b) and (c), observe that v(t, z) := BY/P4/Pq(t, 2) satisfies the
equation

{ (17 = \((2X/"P)" )™t ) = hit, 2)

(82/1”7)3'11(0,,2) = J=0,.,um-—1,
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where h(t,z) = BY/P/P§(t, z). By Theorem 2, v(t,z) = Zé‘:—ol o, vik(t, z) and
v;k(t, z) satisfies the equation

@) 1 @O =X ) ot 2) = bt 2),
(0}"P) 050, 2) = 0, n=0,..k—1,

where hj(t, 2) = Jk(al/”p)h(t, z) for some holomorphic functions d;j(§) of poly-
nomial growth and \; (&) := 2™/ )1/ (¢v). Observe that a pole order of Z\j(g) is
equal to 1.

By Proposition 11, v(t,2) € O

a/(q
Oq/p 1/p

Proposrtlon 10, v;i(t, 2) € ngéql_/p (S(d+2m)/q) if and only if Gk( ik :\j(-);t,z) €

OZ;p 1/p (S(d+2mr)/q x D). Since G(hji, Aj(-);t,z) = jk(ai/”p)Gk(h,S\j(');t,z)
and using Remark 4 we obtain the equivalence between (b) and (c). O

q/(q—
q/p,1/p

(S(d+2nﬂ)/q xD) (neN)forj=0,.,u—1and k = 1,...,m. Moreover, by

(S(d+2nﬂ')/q x D) if and only if v;x(t,2) €

Corollary 1. Under the assumptions of Theorem 4, if moreover Bl/p’q“’g(t, z) €

OZ;p 1p (S(d+2kﬂ)/q X S(d+p)\+gl7r)/q) foreveryk =0,...,u—1,1=0,...,u—1, where
X is a leading term of \(&), then the formal solution (t,z) of (25) is (g —1)71-
summable in a direction d.

Proof. Repeating the proof of Theorem 4 we have that

Bl/’”‘/””u t,z) szﬂk t,z)

7=0 k=1
and vj(t, z) satisfies (26). Observe that
lim )\1(5) = lim 62],7”_/#()\(5”))1/;1, _ 62jﬂ'i/,uj)\1/u — 5\
£— o0 £—o0 f“ J

and arg S\j = (arg A + 2jm) /.
Hence BYPa/P4(t z) € o1 (S(d+2k7r)/q X Sd+2kﬂ)/q+pyarg/\ ) for j,k =

a/p,1/p
0, s b 1 if and only if Bl/p,q/pg(t7 Z) € OZ;;ql/p (S(d-‘er,ﬂ')/q X S(d+2lﬂ'+arg )\)/(I)
(k,1 =10,...,;0 — 1). The conclusion is given by Remark 5. (]

8. MULTISUMMABLE SOLUTION

In this section we return to the general inhomogeneous equation

(27) P8, 0 Yu(t, ) = f(t,2)
(8151/;0)"/“(072) =0 for n=20,...m-—1,

where

Aol
P(N6) =Po(&) [TTT = 2o
j=1i=1
and Aj;(€) is a characteristic root of pole order ¢; € Qfor j =1,...,nandi = 1,...,1;.
Without loss of generality we may assume that there exist exactly n pole orders of
characteristic roots, which are greater than 1, say 1 < ¢; < ... < g, < 0o and let
pj,v; € N and k; > 0 be such that p;/v; =¢j and kj = (¢; — 1) ' for j=1,...,n
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By the Duhamel principle the formal solution 4(t, z) is determined by a for-
mal power series §(t,z) € Ey,[[t'/]], which satisfies the equation Py(9.)§(t,z) =

f(t,2).
By Theorem 2

(28) A(t,z) =Y > djim(t, 2),
where @i (¢, z) satisfies

(07 = N (02 P)) ™ i (t,2) = Gyim (£, 2) = djim (02732, 2)
(0/7) jim(0,2) = 0 for n=0,..,m 1.

To study of summability property of formal solution of (27), we define a kind of
multisummability as follows

Definition 12. Let (di,...,d,) € R"™ be an admissible multidirection. We say
that a(t, z) is (k1, ..., kn)-summable in the multidirection (di, ...,d,) with respect
to decomposition (28) if and only if @, (t, 2) is k;-summable in the direction d;
(for j = 1,...,n) and is convergent (for j = n+1,...,n), where ¢ = 1,...,]; and
m = 17 ceey Mg

Remark 6. If g(t,2) € Ol/p(DZ) then, by Theorem 3, @y, (t,2) is a Gevrey se-
ries of order ¢; — 1. Hence, if 4(t,2) is (k1, ..., ky)-summable in the multidirection
(dv,...,dy) then @ (¢, 2) is k;-summable in the direction d; (if g; > 1) or is conver-
gent (if ¢; < 1). It means that 4(t, 2) is (k1, ..., ks )-summable in the multidirection
(dy,...,dy) with respect to decomposition (28).

Observe that, by Theorem 4, we have

Theorem 5. Under the above conditions, the formal solution U(t,z) of (27) deter-

mined by §(t,z) is (k1, ..., kn)-summable in an admissible multidirection (dy, ..., dy,)
with respect to decomposition (28) if and only if Gy, (Bl/Ppai/rg, S\jl-k (8;/Ujp); t,z) €

k; A .
Oq;;%l/p(s(dj+2lﬂ)/qj xD) forl=0,.,p4;—1k=0,..,u;—1,i=1,..,1; and

j=1,...,n, where ink(g) = ekz’”/"j)\;i/“j (&9).
Moreover, by Remark 6, we obtain

Corollary 2. Under the above conditions, the formal solution u(t, z) of (27) deter-
mined by g(t, z) € O1,,(D?) is (ki, ..., kn)-summable in an admissible multidirection

(di, .y dn) if and only if G, (BY/P95/P g, X0 (02 77); 1, 2) € 0’;:/’21 1(S(d, +21m) /4, %
D) forl = 0,..,u05 — 1k =0,...,05 — 1,71 =1,..,1; and j = 1,...,n, where
Ajik(g) = 6k27ri/pj>\}i/ﬂj (guj)'

Repeating the previous considerations with Theorem 4 replaced by Corollary 1,
we also obtain the following sufficient condition for multisummability

Corollary 3. Under the above conditions, if BY/P%/P4(t, z) € Ogj;}l’l/p(g(dﬁ%ﬂ)/qj X

S(dj4prjitaimy/q;) for k=0, p; =1, 1=0,.,pu; =1, i=1,...l; and j = 1,...,n,
then the formal solution 4(t, z) of (27) determined by §(t, z) is (k1, ..., kn)-summable
in the admissible multidirection (d1, ..., d,) with respect to decomposition (28).
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9. EXAMPLE

In the last section we give a simple example, which illustrate this theory. Namely,
let 4(t, z) be a formal solution of

(8, — 0%)(8y — )u(t, z) = f(t,2), u(0, 2) = 0yu(0, 2) = 0.
Then 4(t, z) = 41 (t, 2) + G2(t, ), where
_
¢(1-0)

(0= s = ea(@)1(1.2) = Falt. ). 1(0.2) = 0. 2(0) = e

(O — 0P)us(t, z) = c1(0:) f(t, 2) = filt,z), wi(0,2) =0, c1(¢) =

Observe that A\;(¢) = ¢? and )\Q(C) ¢3,s0q1 =2and gp = 3.
Applying the operators B1'% we have that v;(t,s) := BY%,(t,s) (i = 1,2)
satisfy
(02 — 0%y (t,2) = BY2fi(t, 2) =: g1(t, 2), OPv1(0,2) =0, n=0,1
(07 — 03 a(t, z) = B3 fo(t, 2) =: go(t, 2), OPv1(0,2) =0, n=0,1,2.

We have vy (t, 2) = v11(t, 2) + v12(t, 2), where

1
(Or — Oz )v11(t, 2) = d11(02)g1(t, 2) = gn1(t,2), v11(0,2) =0, dii(¢) = TR
N 1
(0r + 0:)v1a(t, 2) = d12(9:)01(t, 2) =: g12(t, 2), v12(0,2) =0, d12(¢) = S
It means that vy (¢, 2) fo g11(8, z+t—3s) ds and via(t, 2) fo g12(s,z— (t—s)) ds
Analogously va(t, z) = va1(t, 2) + vaa(t, 2) + va3(t, z), where
1
(0 = 0:)v1(t, 2) = d21(0:)g2(t, 2) =: g21(t, 2), v21(0,2) =0, dan(¢) = 3¢
‘ o2mi/3
(6t - e2ﬂ—l/38z)022 = dQQ(aZ)QQ(tv Z) = gQZ(tvz)u 1)22(()’ Z) = 07 d22(<) = W)
‘ oAmi/3
(00 — €*™/30, )vag = da3(0)g2(t, 2) =1 ga3(t, 2), v23(0,2) =0, das(¢) = Eh

Hence vy (t, 2) = fg g21(8, 2+t —8)ds, vaa(t,z) = fot go2(s, 2+ €2™/3(t — 5)) ds and
vas(t, 2) = f(f go3(s, 2z + e*™/3(t — 5)) ds.

Finally, we have that if f(¢,2) € O(D?) then the formal solution @(t, z) is (1,1/2)-
summable in a multidirection (dy, ds)
> v1(t,2) € O%((S4, /2 U Say j24x) x D) and va(t, 2) € O3/2((54,/3U Say /342073 U

Sd2/3+47r/3) x D)
<= the function f(t, z) satisfies the following conditions:

a) fo BY2f(s,z+t—s)ds € O*((S4, /2 U Sa, j21x) X D),

b) [ BY2f(s,z — (t — s)) ds € O*((Sy, o U Sdl/gﬂ) x D),

) fo BY3f(s,2+1 —s)ds € O3?((Sy, /3 U Sd2/3+27r/3 U sd2/3+4ﬂ/3) x D),

d) [ BY3f(s, 2+ e2M/3(t — 5)) ds € O3/2((Sy, /3 U sd2/3+2ﬂ/3 U Sd2/3+4ﬂ3) D),
e) fot BY3f(s,z 4+ e*™/3(t — s5)) ds € O%?((Sa,/3 U Sa, /31273 U Say j3147/3) X D).

o
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