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Abstract

We construct a family of Fourier Integral Operators, defined for arbitrary large times,
representing a global parametrix for the Schrédinger propagator when the potential is
quadratic at infinity. This construction is based on the geometric approach to the corre-
sponding Hamilton-Jacobi equation and thus sidesteps the problem of the caustics gen-
erated by the classical flow. Moreover, a detailed study of the real phase function allows
us to recover a WKB semiclassical approximation which necessarily involves the multi-
valuedness of the graph of the Hamiltonian flow past the caustics.
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1 Introduction and statement of the results

Let us consider the initial value problem for the Schrédinger equation:

2
ihOb(t, o) = —;—mAw(t,x) V(@) ), -

(0, 2) = p().

where the potential V' € C*°(R™;R) is assumed quadratic at infinity. In this case it is well
2

known that the operator H in L?(R") defined by the maximal action of _;_mA + V(x) is
self-adjoint. Hence the Cauchy problem (1.1) considered in L?(R"™) admits the unique global
solution ¥ (t, ) = e "/ hp(z), Vt € R, Vo € LA(R").

Under the present conditions a parametrix of the propagator under the form of a semi-
classical Fourier integral operator (WKB representation) has been constructed long ago by
Chazarain [Ch] (for related results by the same technique see also [Fu], [Ki|; for recent re-
lated work see [MY], [Yal], [Ya2]). The occurrence of caustics of the Hamilton-Jacobi equation
makes this construction local in time; the solution at an arbitrary time 7' > 0 requires multi-
ple compositions of the local representations. A global parametrix for the propagator has been
constructed through the method of complex valued phase functions (as in [KS], [LS]), with
related complex transport coefficients. A particularly convenient choice of the complex phase
function (the Herman-Kluk representation) has been isolated in the chemical physics litera-
ture long ago ([H-K]). Its validity has been recently proved in [SwR] and [Ro2]). The relation
between the above approaches and the underlying classical flow is however less direct than
the standard WKB approximation in which the phase function solves the Hamilton-Jacobi
equation.

In this paper we study the problem through the geometric approach to the Hamilton-Jacobi
equation (see e.g.[CZ], [Sik86]). In Theorem 1.1 a parametrix is obtained for the propagator
U(t) := e/ valid for ¢ € [0,7], 0 < T < oo, under the form of a family of semiclassical
global Fourier Integral Operators (FIO), which extend to continuous operators in L?(R™). The

corresponding phase function is real and generates the graph of the flow of the Hamiltonian
2

_
H_Zm

unified view of Fujiwara’s as well as Chazarain’s approaches on one side, and of the Laptev-

+ V(x). This technique not only yields globality in time, but also helps to obtain a

Sigal one on the other. In Theorem 1.2 we prove that a WKB construction is still valid,

necessarily multivalued because of the caustics.



We assume:

V(z) = (Lz,z) + Vp(z), L€ GL(n), det L # 0; (1.2)
Vo € C2(R™), |07 Vo(x)| < Co. (1.3)

Then the main result of the paper is:

Theorem 1.1. Let (1.2) and (1.83) be fulfilled. Let 0 < T < oo and ¢ € S(R™). Then:

wlta) = @rh) 30 [ [ RSO, 0,.6) a8 dy oly) dy -+ Oh)
j 0 n n Rk

(1.4)
Here:
k>CT' sup sup |8§‘8£H(x,p)|2 (1.5)
lo|+181>2 (2,p)eR?"
for some C' > 0. Moreover the following assertions hold:
(1) S generates the graph Ay of the Hamiltonian flow ¢, : T*R™ — T*R" V't € [0,T]:
Ae = {(y.ma,p) € TR x T*R" | (2,p) = d(y,m)}
= {(y,mz,p) € T'R" x T*R" | p=V,S, y=V,5S, 0=VyS} (1.6)

(2) S € C=([0,T] x R?" x R¥:R) and has the expression:

S = (an) —#nQ—HLm,az)+<Q(t)0,0>+<v(t,:n,n),9+f(t,x,9)>+<1/(t,:1:,17,9),9>

+ g(t,z,n,0). (1.7)
Here f(t,x,0) : [0,T] xR* x RF - R*, v(t,z,n,0) : [0,T] x R* x R* x R¥ — RF, ¢(t,x,1,0) :
[0,T] x R® x R* x RF — R and Capo(T) > 0 are such that

sup (0005 f (¢, w,m,0)| + 050505 g(t, ., m,0)| + 050,05 v(t,x,1,0)|] < Cage(T).
[0,T] x R27+F

The function (x,n) — v(t,x,n) : R" x R™ — R s linear Vt € R, and t — Q(t) : [0,T] —
GL(k) with Q(0) = 0.

(2) The transport coefficients bj : j = 0,... are determined by the first order PDE:

Oibo + 7 VS Vo + 33 809 bo(t, 2,1, 0) = O,
j=0 (1.8)
b0(07x77779) = ,0(0)
1 1 '
Oibj + — VS Vabj + 5 —205 b — %Axbj—l =0
m m m j>1 (1.9)

b;(0,2,7,0) =0, p(0) € SRMRY), [lpllp = 1.



Here Oy € C°(R2HFR) is arbitrary within the requirement:

%Oy € C(R™E:R), 0 < a < N;

. VoS
H@N = div <@Nﬁ> .

(3) VO <t < T,0 < T < +o0o, the expansion (1.4) generates an L? parametriz of the
propagator U(t) = /" each term is a continuos FIO on S(R™) denoted Bj;(t), 7=0,1,...,

which admits a continuous extension to L?(R™), and:

et/ — Z B;(t) + O(h™). (1.10)
The notation O(h%) means:
N
RN ()l L2—r2 < ON(T)RNTHL YN >0, VE € [0,T], Ry(t ) =D Bj(t).
7=0
Moreover, the expansion (1.10) does not depend on p provided ||p||;1 = 1. Namely, if p1 # pa:
N
> Bjlp] Z Bjlpa)(t) = O(RN*).
5=0 §=0

By applying the stationary phase theorem to the oscillatory integral (1.4), the integra-
tion over the auxiliary parameters 6 can be eliminated and the WKB approximation to the

evolution operator is recovered, necessarily multivalued on account of the caustics.

Theorem 1.2. Let V(z) = 1[z|? + Vo(z) with supyegn [|[V2Vo(2)|| < 1; let §r(n) be the h-
Fourier transform of the initial datum . Then V't € [0,T], t # (27 +1)5, 7 € N, there exists

N
a finite open partition R" x R"™ = U Dy such that the solution of (1.1) can be represented as:
/=1
~ N T
Y(t,x) = Un(t,z,n) or(n) dn, 0<t<T, t+# 21+ 1)§

R

Un(t, Z e Se(t:z.m) |detV2S(t,z,n, 05 (t, x n))|_%e%0“ba70(t,x,77) +O(h) (1.11)

Sa = S(t,z,n, 05, x,m)), bao = bo(t,z,n,04(t,z,n)), 00 = sgnVaS(t,z,n, 05 (t, z,n))
where N is a t—dependent natural and:

(i) On each Dy the equation 0 = Vo S(t,z,n,0) has £ smooth solutions 0%(t,z,n), 1 < a < L.



(1i) Any function Su(t,x,n) solves locally the Hamilton-Jacobi equation:

Ve Sal?

m (75,$>77)+V($)+6t5a(75,$>77) =0

(111) An explicit upper bound on the t-dependent natural N is computed in (2.68).

Example In the harmonic oscillator case V(z) = %:172 and the phase function is exactly
quadratic S(t,z,n,0) = (z,n) — L(n* + 2?) + (v(t,z,n),0) + (Q(t),0) It admits a unique
smooth global critical point 6*(t,z,n) on (z,n) € R* for t € [0,T), ¢t # 21 + 1), 7 € N.

Hence the series (1.11) reduces to just one term conciding with the well known Mehler formula:

i o) — sn) z
'lp(t, x) :/ ehcos(t) (( 77]> 2 (772+ 2)) 1 @h(n)dﬁ

Remarks

1. The phase function is constructed (Section 2) through the Amann-Conley-Zehnder re-
duction technique of the action functional ([AZ], [CZ],[Car]). Namely:

S(t,x,m,0) = (z,m) + /0 D)7 () = HOY (s)m (sl ds| o o (112)

where the curves I'(t,x,0) = (v*(t,z,0)(s),~P(t,x,0)(s)) are parametrized as follows:

Vit @, 0)(s) =z — /t ¢*(t,x,0)(7) dr,  ¢" =0°() + f*(t,2,0)(),
I(t,z,0):= . ’

Pt 0)(s) = [P0 dr @ =00+ P20))

(1.13)

Here 0 € Py L%([0,T];R?") ~ RF (Py; is the finite dimensional Fourier orthogo-
nal projector, k = 2n(2M + 1)) so that the parameters 6 can be identified with
the finite Fourier components of the derivatives of the curves 7. (1.12) represents a
global generating function if k fulfills the lower bound (1.5). In turn, the functions
(f%, f7) : [0,T] x R™ x Py L? — QprL? x QprL? are determined by a fixed point func-
tional equation, essentially the Qs projection of the Hamilton equations (Section 2.3).

The parametrization (1.6) entails that S is a smooth solution of the problem:

VS|
(t7$7na 9) + V(:E) + 8t5(t7$777a 9) =0,
2m (1.14)

S(ny77779) = (‘7:777>; VGS(t7x77779) =0.




2. Any function S(t,z,n,60) solving (1.14), i.e. the Hamilton-Jacobi equation under the
stationarity constraint Vg5 = 0, is the central object to determine the so called geo-
metrical solutions of the Hamilton-Jacobi equation (see for example the recent works
[Car], [B-C]). Global generating functions are clearly not unique and this is due to the
presence of the #-auxiliary parameters. Uniqueness holds instead for the geometry of

set of critical points:
Ss = {(z,n,0) € R*™* | VoS(t,2,1,0) = 0}

which does not depend on S because it is globally diffeomorphic to A;; a detailed
study of Xg is done in Section 2. We prove (Section 3) that symbols coinciding on Xg
generate semiclassical Fourier Integral Operators differing only by terms O(h°°). This
will allow us to select symbols in such a way to make essentially trivial the proof of the

L? continuity of the associated operator.

3. The symbol by solving the geometrical version (1.8) of the transport equation is

1 t
bO(t7 L, 1, 9) = €Xp {_% / AxS(Ta Vx(ty Z, 9)(7—)7 n, e)dT} 10(9) (115)
0
If To > Ty, then k(1) > k(T}) so that I'(Ty,x,0) C I'(Ts, x,0). In the limit T — oo,
0 — ¢ € L*(RT;R?) and we get the simplified functional (still well defined):

bt 6) = e { o | v [ ir b o(o) (1.16)

This corresponds to the zero-th order symbol of the Laptev-Sigal construction [LS]:

o) = e { o [ 8,V (e

Namely, the functional is the same, but is evaluated on the classical curves (with initial
conditions z°(y,n) =y, p°(y,n) = 1) instead of all the free curves used in (1.16), with
regularity H! and boundary condition v*(¢,z, ¢)(t) = z.

4. For potentials in the class (1.2) and 0 < ¢ < T small enough no caustics develop, and
there is a unique smooth solution 6*(¢,z,7n) for (z,n) € R?". The stationary phase

theorem yields the 0-th order approximation to the integral (1.4):
Oy (t,,m) = e 5010 det VS (¢, ,m, 6%) 2 T Tbo (b, %) + O(R) - (1.17)

which coincide with the WKB semiclassical approximation. This fact suggests a rela-
tionship, at any order in /i, between the present construction and those of Chazarain

[Ch] and Fujiwara [Fu]. This is the contents of Theorem 4.2.



5. The first three assertions of Theorem 1.2 represent the counterpart (in the 7 variables)
of a result of Fujiwara [Fu], valid under the additional assumption that the number of

classical curves connecting boundary data is finite.

We thank Johannes Sjostrand for suggesting us the formulation of Theorem 1.2, and Kenji Yajima

for a critical reading of a first draft of this paper.

2 Generating functions for the graph of the Hamiltonian flow
2.1 Lagrangian submanifolds and global generating functions

Adopting standard notations and terminology (see e.g.[We]), we denote by w = dp A dz =

n
dei A dz® the 2-form on T*R™ that defines its natural symplectic structure. As usual,
i=1
a diffeomorphism C : T*R" — T*R"™ is a canonical transformation if the pull back of the

symplectic form is preserved, C*w = w.

We say that L C T*R"™ is a Lagrangian submanifold if w|p, =0 and dim L =n = %dim T*R™.
In a natural way, a symplectic structure @ on T*R™ x T*R™ = T* (R™ x R") is the twofold
pull-back of the standard symplectic 2-form on T*R" defined as @ := prijw — priw = dp2 A
dxo—dpiAdxy. Similarly, A C T*R"xT*R" is called a Lagrangian submanifold of T*R"™ x T*R"
if o|]p = 0 and dim(A) = 2n.

A Hamiltonian is a C?-function H : T*R” — R and its flow is the one-parameter group
of canonical transformations ¢4, : U C T*R" — T*R" solving Hamilton’s equations ¥ =
JVH(vy) (J the unit symplectic matrix) with initial conditions v(0) = (x¢,pg) € U.

The Hamilton-Helmholtz functional:
Al[(Y*, )] = /0 [P (s)¥*(s) = H(v*(s),7"(s))] ds (2.1)

is well defined and continuous on the path space H'([0,t]; T*R"). The action functional:

AR = /0 L (5),4(5)) ds (2.2)

2
is defined on H'([0,¢]; R™). In this paper we consider H = ;; + V(x), so that the Legendre
m

transform guarantees the corrispondence of the stationary curves of these two functionals.

Definition 2.1. A global generating function for a Lagrangian submanifold L C T*R"™ is a
C? function S : R™ x R¥ — R such that



© L = {(m,p) S T*Rn‘ p= VIS(x79)7 0 = VGS('Z'79) }7
o rank (VggS V(%@S) ‘L = max.

Similarly, a global generating function for a Lagrangian submanifold A C T*R™ x T*R"™ is a
C? map S : R™ x R" x RF — R such that

o A= {(:E,p;y,n) € T*R" x T*Rn| p= VIS($7na 9)7 y= Vns(x>77>9)v 0= VGS }:
o rank (V2,8 V2,5 V3,5) ‘A — max.
It is important to remark that the following set:
Yy :={(2,7,0) e R" x R" x R* | 0 = VyS(z,1,0)} (2.3)

is a submanifold of R?"** and it is diffeomorphic to A.
We focus our attention on the graphs of a Hamiltonian flow qﬁ%{ : T*R™ — T*R"™, which

correspond to a family of Lagrangian submanifolds in T*R™ x T*R":
Ae:={(y,mz,p) € T'R" x T"R" | (2,p) = ¢ (y,n)}
An important object in what follows is the family of global generating functions:
A ={(y,m;2,p) e T"R" x T*R" | p=V,5, y=V,S, 0=VeS(t,xz,n,0)}

to be explicitly constructed for arbitrarily large times in the next Section. As is known, this
technical tool has been developed in the framework of symplectic geometry and variational
analysis (see [AZ], [CZ], [Chal], [LSik|, [Vit], [Sik86], [Sik]) to sidestep the locality in time

generated by the occurrence of caustics.

2.2 Generating function with infinitely many parameters

In the following we mainly review the construction of a generating function with infinitely

many parameters described in [Car]. We begin by the following simple result (see [We]):

Lemma 2.2. Let us consider the Hamilton-Helmholtz functional A[-] as in (2.1). A curve
v e O = {y € HY([0,t); T*R™) | v*(0) = 0, 7*(t) = =} satisfies Hamilton’s equations with
boundary conditions:

§=JVHE), A0 =0, 70 =+

if and only if the following stationarity condition of variational type holds:

DA

ol - (0)
Dy (Y] =0 YvelIl



Proof. By computing the Gateaux derivative of the functional, we get:

DA

D—,Y(fy)[v] = /0 [ — JVHA)](s)v(s) ds +~P(s)o™(s)[f, VYo e TTO),

Now use the boundary condition v7(0) = 0 and recall that for TT©) it must be v®(t) = 0.

The result is proved. O

The above Lemma has an important consequence: it allows us to introduce the notion of
generating function with infinitely many parameters.

First of all, it is easy to observe that the set of curves
t s
st = (2= [ [[o@ar) o= @) (2.4
s 0
gives a parametrization of the path space '@ introduced in the previous lemma, namely:

1Ot 2, ¢) = {y(t,2,0)(-) | ¢ € L*([0, T|;R*™)}

Second, we define the functional with infinitely many parameters specified by ¢ € L?([0, T]; R?")

in the following way:

Definition 2.3.
t
Sltzn.6) = (o) + [ BP(5)57(5) = HO(s)n-+27(5)] ds (25)
0 ﬁ/():’}/(tﬁv’q&)()
Remark
Introducing the traslated curves ¢ = (¢*, (P) := (v*, n+~7P), it is easy to see that the functional
(2.5) admits the equivalent representation
t
S(t,z,n,¢) = (C*(0), —l—/ P($)(E(s) — H(CP(s), CP(s)) ds
(t,z,m,¢) = (¢*(0),m) ; ¢P(s)¢*(s) — H(C(s),¢P(s)) (Ot
where now (*(t) = = and ¢P(0) = n.

Let us now make our assumptions on the Hamiltonian H more precise:

Definition 2.4. ) )
_ b _
H(w,p) = 2 V(@) = 2 4 (Lo, 2) + Vi(a) (26)

where Vo € C*(R™), L € GL(n), and

This allows us to look more closely at the structure of the generating function:
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Lemma 2.5. The functional S admits the representation:

S(tend) = () = g0 = t{La,a) + (RE)S,6) + (v(t2.0). ) +o(t,2,0).
(2.7)

Here v(t,x,n) has a linear dependence with respect to (x,n) variables, and o(t,x, ¢) is bounded

with respect to (z, ).

Proof. 1t is easy to see that:

S = (wa)+ /Ot </0 qap(f)dT) o (s)ds
- /Ot % <n+ /Osq&”(r)dT)2 +L <a; - /: w(f)dT) , <a; - /St w(f)dT) ds
- /Otvo <x - /:qsm(f)dT) ds
= (o) = 51 — L) + (RO6,6) + (v(t,,1),6) + o (t,7,6) 28)

where

R0 = [ ( [ @i g ([ o) 1 [ e [ ¢w<7>d¢> s
(v(t,xz,n), Py = /Ot <—% /Os ¢ (T)dr + 2Lz /: ¢x(T)dT> ds
o(t,z,9) = — /Ot Vo <x — /: ¢x(T)dT> ds (2.9)

The boundedness of ¢ is immediate:

sup lo(t,z, )| <t sup |Vo(z)]

(z,0)ER™ x L2 zER™
Finally, we consider the orthonormal basis of L2, e,(s) = %e%ﬂms , @ € Z and the cor-
responding Fourier expansion ¢(s) = Z ' @ey(s). This entails the identification ¢(s) =
a€EZ

{¢®} ez € £2 under the usual norm |¢| = Ya |p(®) |2 generated by the scalar product
(W, 0) = 2o (.

O

Proposition 2.6. The graph of the Hamiltonian flow

A= {(y,mz,p) € T'R" x T"R" | (,p) = dhy(y, 1)}



11

is generated by S:

D
A= {(y’”?%p) ETR"XT'R" [ p=V,S, y=V,S, 0= D_fs}

DS
Proof. The first component of the stationarity equation 0 = Do reads:

_ g_(;(qa)[vp] - /Ot </0 UP(T)dT> 5(s) — (n +/0 gz5p(7')d7'> </0 UP(T)dT> s

for all vP € L?. This is satisfied if and only if
1 S
5(6) = (w+ [ oty ar) (210)
m 0

(1,2, 0)(5) = - (14 22(1,2,6)(5)) (211)

On the other hand, the second equation reads:

0= g;c /</ &(r dT> )+vv<x—/¢x dT>/:vx(T)des

for all v* € L?. Integrating by parts, we get

0 = /t#’(s)ds/ dT—/ (s / )dT+VV<x—/ o7 d7> /Stvm(T)des
_ /¢P / (r)dr + VV (x—/ 5 (r d7> /:uw(T)dT ds.

This entails:

that is

&(s) = —VV (x - / t ¢r(7)d7> (2.12)
that is equivalent to )
V(t,,0)(s) = =V V(" (t z,9)(s)). (2.13)
By a simple computation and (2.10) we get:

V,S = x—tﬂ—i/t/sqsp( )dnzs_x—tﬂ— t((bx(s)—%n)ds

_ x_t__/ (s ds+t——:c—/ 6% (s)ds = 7 (t, 2, 6)(0) =

Finally, by (2.12), we can complete the verification:

VeS = n—/tVV<x—/t¢m(T)dT> ds

- n+/¢p ds = +1P(t, 2, §)(t) = p

The following statement is a direct consequence of the above result:
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D
Proposition 2.7. The Hamilton-Jacobi equation is solved on the stationarity points 0 = D—Z;
more precisely S is a smooth solution of the problem:
‘VISP + n
0S(t,z,m,0) + ———(tz,n,¢) +V(z) =0, (t,z) €RT xR
(2.14)
D
8(07%77745) = (%77>7 D—Z(taxana(p) = 0.
For the proof we refer to [Car| (sections 3 and 4).
Remark 2.8. As we have seen in Proposition 2.6, fix t € [0,T] and define the map
Gy : R?" x L*([0, T); R*™) — L*([0, T]; R*™) (2.15)

s t
Gy(z,n, 6", ¢P) == (% +%/0 ¢P(r) dr,—VV <x—/ qsm(T)dT)). (2.16)
Then, the fizved point equation on L?([0,T];R?"):

¢ =Gi(x,n, ¢) (2.17)

1s equivalent to the stationarity equation

DS

0= D—¢(t7$7na QS)

On the other hand, the solution of this equation determines the curves

ctt.a o)) = (o ormarn+ [ Pir) 6= ) (218)

solving the Hamilton’s equations ¢ = JV H(C) with boundary conditions (*(t) = z, (P(0) = n.
The following result deals with some topological properties for the set of the solutions. Let:

™

tog = 28+1), a=1,2,....,n; BEN 2.19
wp = =28+ 1) 5 (219)
A@,n) =1+ |z + [n]? (2.20)
where A, : @ = 1,2,...,n are the eigenvalues of L+ L!. Remark that ta,3 are just the resonant
2
p

times of the hamiltonian flow generated by Hy := + (Lzx,x).

2m
Proposition 2.9. There are D(T) < +oo, Ko(T) < +oo, Ki(t) < +oo such that the

solutions of equation (2.17) fulfill the estimates:

Igllzz > Kao(T)Mz,m) VEt€0,T),  |af* +|9f* > D(T)? (2.21)
Il < Ki(tAw,n) Vt#tas, V(,n)eR™ (2.22)
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Moreover, there is E(t) < 400 such that the difference of any two solutions ¢, of (2.17)
fulfills the estimate
16— Bllze < E(t) Vt#tas, Vo) €R™ (2.23)
Proof. We begin by remarking that the equation (2.17)

) = (242 [0 an-wv (o= [ sar)).

can be rewritten as

where

tto) = (2 [wmanwsh o)

Wo(t,z,m) = <%,—(L+LT)JE>
Uyt 3,0) = (o,—vvo <:17— / t¢r(7)d7>> (2.25)

To prove the inequality (2.21), remark that the non-degeneracy of L 4+ LT entails the lower

and upper bounds:
1
2 2
Wo(T)AGe, ) < Wl 2, m) |2 = T (’j;—‘z I+ L*m?) < Co(T)Aa.m).  (2:26)

Here Wy(T') := T%,uM, Co(T) = T%;um and uas, y, are the maximum and the minimum

LT 0
_( mz
X_< 0 <L+LT)2>

eigenvalue of the matrix:

respectively. Moreover,

1
T t 2
st ol = ([ 19% (o [ o) Pas) " < THTW oo = Coi1) - 221
0 s
Now set M(t, ¢) := ¢ — L(t, ¢). Hence the solutions of the equation (2.24) fulfill the estimate:

sup [|M(, )2 p2l@llz = (M d)ll2 = Yot 2,m) + Wi lt, 2, 9)|[ 2

te[0,7
> Wo(T)A(x,n) — Co(T) (2.28)
F 2 2 2 Wo(T) e
or |z|* + |n|* > D(T')* we have Wy(T)\(z,n) — C1(T) > TA(az,n), and this implies
" Wo(T)
[8llze > | sup [IMt)zemre | =5 A0) = Ka(T)A(x,n)
t€[0,T] 2
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Now consider equation (2.24) in the particular case of Vj = 0 (so that the Hamiltonian is

2
Ho = 2p—m + (Lx,x)). It becomes:

¢ — L(t,p) = Vy(t,x,n) (x,n) € R" x R" (2.29)

The explicit representation of the flow for the harmonic oscillator is ¢3,, (({ &) =eV(¢E, &)

where

U:<—@1U>é>

It is easy to prove that outside the resonant times ¢, 3 the flow can be globally inverted
with respect to the boundary conditions (z,7), namely: (*(s) = (*(t,z,n)(s) and (P(s) =
CP(t,z,m)(s). By recalling Remark 2.8, this fact is equivalent to the existence of a unique global
smooth solution ¢§(t,z,n) for equation (2.29). This argument works V(z,n) € R™ x R™. In

the particular case z =7 =0 (2.29) reduces to:

The uniqueness of the solution implies that the linear operator M(t,-) : L?([0,t];R?") —
L%([0,t]; R?™), t + t, g, is invertible. Now, we can come back to the general equation (2.24),

written in the equivalent form:
¢ = M7t Wo(t 2,m) + Vi (¢, 7, 0)) (2.31)
for all t # ¢4 5. By (2.26) and (2.27), we get the inequality
Il < M7 ) p2r2 (Co(T)A (@, 1) + Co(T)) < Ki(t)A(x,n) (2.32)

where Ki(t) := |M7Y(t, )| 212 (Co(T) + C1(T)). Finally, we have to prove the bound for
the difference of any two solutions ¢, 1 for the equation (2.31). In order to do this, we rewrite

it under the form

¢ — MUt Wi(t,2,9) = M7t Wo(t, 2, m))

As a consequence,
¢ — =MWt 2,9) — M7 Vit 7, 9)).
Recalling (2.27) we have
lo—vllz < IMTHE ) o221V (t 2, 8) = Uit 2, 9) |2 < [MTHE )20 £22C1(T) =2 E(1)

and this concludes the proof. |
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2.3 Generating function with finitely many parameters

In this section we describe how the global parametrization of the graph A; of the Hamiltonian
flow can be actually obtained through a generating function with finitely many parameters. To
this end we use the reduction of the Hamilton-Helmholtz functional due to Amann, Conley

and Zehnder (see [AZ], [CZ], [Car|, [B-C]). In this way we find, for the graph A; of the

Hamiltonian flow, a global parametrization of type:
A =A{(y,mz,p) e T"R" x T"R" | p= VoS5, y=V,S5, 0=VpS(t,z,n0)}

The essence of the Amann-Conley-Zehnder reduction is the existence of an underlying finite

dimensional structure for the equation investigated in the previous section:

(¢°,¢P) = Ge(x,1m, 6", ¢P) (¢",¢") € L*([0,T);R*™). (2.33)

We can indeed consider the two orthogonal projectors

Pud(s) = > ¢Ter(s)  Quols) = D> ¢Ter(s)

Ir|<M |r|>M

27

generated by any orthonormal basis of L?([0, T]; R?"); for instance e, (s) := %eT"’S 'r € Z.

Then, let us introduce the decomposition:
(f5(0),17(0)) = QuGi(,n, 6" + [7(0),0" + f7(9)) (2.34)

0%,0°) = PyGi(z,m,0"+ f7(6),0° + fP(6)) (2.35)

and prove the following

Lemma 2.10. For M € N large enough the functional equation (2.34) admits a unique
solution f(0) : Py L? — QurL?. The solutions of (2.33) can then be written in the form

(¢%,¢7) = (67 + 17(0),6" + f7(0))

where § € Py L? ~ R* are finite dimensional parameters solving the fixed point equation
(2.35) on R¥ k = 2n(2M +1).

Proof. Let us first verify that, if M € N is large enough, the equation (2.34) realizes in fact a
contraction on C°(L?, L?). Hence it admits a unique solution f(t,z,0) = (f*(t,x,0), fP(t,x,0)).
By (2.15), (2.16) the two equations read:

6206 0060 = 0 (o [ 700 dr -V (= [ 061+ ro)ar) )
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(6%(s),07(s)) = Pum <% + % /0 ) 0°(7) + fP(0)(7) dr,—VV <x - / t 6% () + fr(e)(f)df»

It is proved in [Car] (Lemma 6) that the contraction property holds if:

14+ +V2M
7% sup |V*H(z,p)| R <1

2.36
(x,p)ET*R" 2 M ( )

By Definition 2.4 it follows that sup(, ,yep«gn |V2H(z,p)| < 400 and consequently given
0 < T < oo we get the contraction property for the first equation choosing M (T') large
enough. In general, the second equation have many solutions depending on the values of

(t7$)' O

In this finite dimensional setting, we can consider the following set of curves, with ¢ € [0, T):

v (t,x, 0+ f(0))(s) == —/ ¢*(t,x,0)(7) dr, ¢ (t,x,0) =60 + f*(t,z,0),
’ (2.37)

V(2,0 + F(0))(s) = /0 "t 2, 0)() dr, (¢, 0) = O + f7(t,,0)

We note that this is a finite reduction of (2.4), but still contains all curves solving Hamilton’s
equations with boundary data v*(¢) = x and 7?(0) = 0 because of ¢ are solving equation
(2.33). Moreover, by a Sobolev’s immersion theorem, I' ¢ H'([0, T]; T*R™) c C°([0, T); T*R")
and this entails their continuity.

We can now proceed to define the main object of this section:

Definition 2.11. The finitely-many parameters generating function of A; is defined as:

t
S(t,x,n,0) = (z, +/ P(s)4"(s) — H(v*(s),n +~P(s)) ds
(t,z,7,0) (@, m) A W) = HOP () +a"()) ds| o remono
= S(t,x,n,0+ f(t,z,0)). (2.38)

Here S is the infinite dimensional generating function of Definition 2.3.

Remark The above generating function is fully parametrized by 0 + f(t,z,60), § € R¥, and
not by an arbitrary ¢ € L?. This is the core of the finite reduction.

Now we provide a more detailed study about the analytical properties of f.

Lemma 2.12. Consider the pair of functions (f*, fP). Then:
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(1) (f*, fP) fulfill the following equations

S t
fils) = %QM/O QM/(L+LT)f””(r)drdT+@w(t,x,H,f””)(s)

7(s) = Qu / (L + LY f*()dr + OP(t, 2,0, £)(s)

1 s t
O (t,x,0, f*)(s) = _EQM / QumVVy <x—/ 6*(r) +fm(7’)dr> dr.
0 T
t
OP(t,x,0, f*)(s) = —QuVVy <a: —/ 6% (r) + fm(r)dr> (2.39)
(2) Under the condition
T2
d:=—[Qul*IL+ L]l <1, (2.40)
they fulfill the estimates:
T3

[F52,0) )l < (1—d) 1Qas IV Voll o

m
1

Tz
1£2Ct 2, 0)Ollzz - < TILIMQar Il F(E, 2, )z + ——IQuellIVVollco  (2.41)

(3) If in addition
T2 .
—||Qul* sup sup|8i)H (x,p)]* <1 (2.42)
m |i[+]j]>2 @.p

then there exist Cpo(T) > 0 such that:
10705 f(t,2,0)()ll L2 < Cao(T) (2.43)

Proof. By direct computation, the first functional equation reads:

6 = e [ PO ar

= %QM /O QuVV <x— / “orr) + fx(r)dr> dr
= _%QM /OS Qum(L+ LT (:17 - /Tt 0% (r) + f“"’(r)dr) dr

s t
— %QM/O QuVV, <:L'—/T 0 (r) +fx(r)dr> dr

S t
~ Low / Qu / (L + LN f(r)drdr + ®°(t, x,0, £)(s)
0 T

m
where the last equality follows by (2.39). Analogous computation for fP(s):

PPt 2,0)(s) = Ot / (L + LD f*(r)dr + P (t, 2,0, £7)(s)
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This proves Assertion (1).
To see Assertion (2), remark that (2.39) also entails:

3

T2
[*(t, 2,0, f*)()llL2 < EHQM‘PHVVOHCO (2.44)

whence we obtain:

T? .
1720z < —lQulPIL+ LTIt 2, 0) (2 + [0 2,9, 0) ()2
If we choose M large enough, then d := %ZHQMWHL + LT|| < 1 and hence we get

1T_

172,000 < 0=d) —[Qul*[VVhlico

In the same way we have the estimate:

1 x
T2\ L+ LY QuelIL£7 (8, 2, 0) () g2 + 197 (¢t 2,0, 0) ()| 2
1
< T2 L+ LA Qu 17 (t 2, 0) ()l 2 + T2 [Qualll VVoll o

1722, 0) () 2

IN

A

This proves Assertion (2).

The equation for the first order partial derivatives reads:

ag;a(t,:n, QM/ / (L + L) g (t, 2, 0)(r)drdr

. Qu / ajjgﬁ (m— /T 0" (r) +fx(t,w,9)(r)dr> <5ﬁi + /T 85;;ﬁ 2, 0)(r )dr> .

If M is large enough, then d’ := L LQuml?IL + LT + - L Quml?[V*Vollco < 1 and we get:

1T_

—[1Qu*IV*¥ollco

Hafx <(—d)

8—1171'(75’ €, 9)()

L2
The equation for the second order partial derivatives reads:

asz B Qum [° t ; a2fx,a

QM s 82‘/0 t N N t 82]0:(:,6
S /0 Qg (m— / 6o (r) + f (t,x,G)(r)dr) < e (t,x,G)(r)dr) dr

s .k t o xz,0
QWM /0 Qus Fapr(t, z,0)(7) <5kj+ g (t,2,0)(r )dr> <5m+ / —gxi (t,:v,e)(r)dr> dr

T

where

PPV ¢
Fanlt.0)) = 5 (o [0+ £t o))
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41 3 x z
< (L =d") " [ Qu[*[|Fllco (T2 TV L + 211V HLZ)

As before, if we require d” := TWQH@MHQ(HL + LT|| + [[V®Vollco + || F||co) < 1 then
82]0:(:
(taxae)()

' al‘lal‘] L2
For the higher order derivatives in x and also for #-partial derivatives we can proceed in the

same way, with the general condition

T2 o
—[|Qu?* sup sup|didH(x,p)|* <1 (2.45)
m lil+1i1>2 =.p
in order to conclude the existence of Cyr(7") > 0 such that
10595 f(t,2,0)()[[L> < Coo (T). (2.46)
O

This proves Assertion (3) and thus concludes the proof of the Lemma.

Theorem 2.13. The generating function (2.38) admits the following representation:

S = (@) = 5 — L) + (QUB,0) + (o(t, 1), 0+ F(t,3,0) + (v(t,.6).6)
+ g(t,z,0). (2.47)
Here: 0 € R¥; t — Q(t) € GL(n), Q(0) = 0; more overthere are Copy(T) > 0 such that

1020208 g| + 020295 v| + 1020595 f| < Capol(T).

The function (t,x,n) — v(t,x,n) is linear in x,n, and finally:
k>CT* sup sup ]8?857’((&]))\2. (2.48)
le|+]8]>2 .p

T /2
Proof. By the explicit upper bound ||Qx/| < %”M of (2.42) we have

k>CT* sup sup ]8?857’((3:,1))]2.
lal+18]>2 @.p

We recall the structure of the infinite dimensional generating function:

S(t.2,1,0) = (1) — 51 — WL, ) + (R0, 6) + (vlt, 1), 6) +0(t,2,6)

As a consequence:

S(t,z,n,0) = S(t,z,n,0+ f(t,z,0))
< >77> - %772 - t<Ll‘,l’> + <R(t)(0 + f(t’x>9))’9 + f(t,l‘,@»

(v(t,z,m),0 + f(t,z,0)) +o(t,x,0 + f(t,x,0)).
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We can thus make the identifications:

<Q(t)97 9> = (R(t)670>
(v(t,x,0),0) = (2R(t)f(t,x,0),0)
g(t,x,0) = o(t,x,0+ f(t,z,0)) + (R(t)f(t,z,0), f(t,x,0)) (2.49)

Now it is easy to see that
v (t,z,0)] < 2[R/ f(E,2,0)()]2 < C(T)

and this entails boundedness with respect to the #-variables. Moreover the same property

holds true for the other term. We have indeed:

]g(t,a:,@)] < “U(t7x7¢)(')“00 + ”R(t)”Hf(t?x79)()H%2 < C/(T)

By using the above results we then get the existence of C’'(T') such that |g(t,z,0) < C'(T).

The estimates for the partial derivatives follow in the same way. |
Theorem 2.14. The graph of the Hamiltonian flow
A= {(y,m;2,p) € T'R" x T"'R" | (2,p) = ¢%(y,n)}
admits a global generating function with finitely many parameters:
A ={(y,m;z,p) e T'R" x T*R" | p=V,S, y=V,S, 0=VyS(t,z,n,0)}
Proof. By Proposition (2.6) we can write:
- D¢

D
Atz{(y,n;x,p)eT*RnxT*R”\pZVxS, y=V,S, 0= S}

where § is the infinite-dimensional generating function of Definition 2.3. Now we remark that

the finite-dimensional stationarity condition:
0= VyS(t,z,n,6%)

is equivalent to the variational equation expressing the stationarity:

DS

0= D—¢(t7337777 ¢*)

Indeed, by Lemma 2.10 and [Car| (see Lemma 7), there is a bijective correspondence between

the solutions of the two equations, ¢* = 6* + f(t,z,6*). Moreover it is easy to prove that

Vﬂv5|(t,x,n,0*) = vrS|(t,x,7],¢*)v vn5|(t,x,n,0*) = V77‘S.|(t,ac,7],¢>*)
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This is true because of the definition S(¢,x,n,0) := S(t,x,n,0 + f(t,x,0)), and the compu-

tation

DS
va(t, x,mn, 9) = va(ta x,n, ¢) |¢=€+f(t,m,9) + D—¢(t7 x,n, ¢)|¢>:9+f(t,x,€) [wa(ta z, 0)]

Evaluating both sides on the solutions 8* we get the relation. The same argument applies to

V,S, and this concludes the proof. O

Theorem 2.15. The Hamilton-Jacobi equation is solved by the smooth function S(t,z,n,0)
on the stationary points g = {(x,n,0) € R*"T* | V¢S(t,x,n,0) = 0}. More precisely:

2
atS(t7 x,1, 9) + |V$S|

(t,x,n,0)+V(zx) =0,
(2.50)

5(0,%77»9) = <$777>; ($>77>9) € ES-

Proof. We recall that, by Proposition 2.7, the Hamilton-Jacobi equation is solved by S(t, x, n, ¢)
DS
on the infinite dimensional stationary points defined by — (¢, z,n, ¢*) = 0.

D¢
’VJL‘SP n
0:S(t, 2,1, ¢) + ———(t,x,n,¢) +V(z) =0, (t,z) eRxR
(2.51)
S(0.0.0.0) = o). poltz,n.6) =0
On the other hand, we have
sz‘(t,x,n,e*) = V:(:S’(t,x,n,¢*)7 atS‘(t,x,n,e*) = atS’(t,x,n,qb*) (252)

Indeed the first equality is proved in the previous theorem; whereas for the second one we

observe:

DS
8t5(t7 x,mn, 9) = 8t‘9(t7 x,mn, ¢)|¢=9+f(t,x,€) + D—qb(tv x,mn, QS) |¢=9+f(t,m,9) [atf(t7 z, 9)]

DS
Since D—¢(t,x,77, ¢*) = 0 the second equality in (2.52) is proved. (2.51) and (2.52) then yield

the assertion. O
Theorem 2.16. Let S and X5 be as in Theorem 2.15. Then there exists ©n € Cp°([0,T] x
R27+k: R) with ON|ss = 0, such that an equivalent generating function Sy is given by the
solution of the problem

VaSn|?

‘;7]\7‘(157 x,n, 9) + V(:E) + 8tSN(t7 x,mn, 9) = ®N7

m (2.53)
Sn(0,z,1m,0) = (z,n).
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Moreover, defining:

. VoSN )
[H(Oy) :=divg | O —— 2.54
(©) 6< NVoSn? (254
SN enjoys the property:
IF(Oy) € C°([0,T] x R*FR)  VI<j<N, N=1,2... (2.55)

Proof. We remember that ©g C R*** is a submanifold of dimension 2n thanks to the

nondegeneracy condition
rk(V39S, V39S, ViS)ss = max = k = 2n(2N + 1)

for some N > 1. We define z := (z,7,0) € R?"** and for any point Z € ¥g. Define furthermore

S (not necessarily uniquely) through the conditions:

9,S(t,z) = 9,5(t,2z) + L(t, 2), (2.56)
V.S(t,z) = V.S(t2)+ F(t,z), (2.57)
AS(tz) = AS(t2)+ Gt 2), (2.58)

where L = (L®, L",L%) € C°([0,T] x R?"™* R) and L(¢,z) = 0, the perturbation of the
gradient in (2.57) is F = (F*, F", F%) € C°([0,T] x R¥HF R2+k) with F(t,2) = 0 while
in (2.63) we require G € C°([0,T] x R?"* R) and G(t,Z) = 0. In addition, we require that
FO(t,z) # 0 for z ¢ Xg. Hence the new stationarity equation:

VoS(t,z) = FO(t, 2) (2.59)

implies ¥z = Yg. In order to verify (2.54) we require a suitable asymptotic behaviour of
L, F,G around Yg. Indeed,

9,:S(t,2) = 0,8(t,2) + L(t,2),  VaS(t,2) = V4S(t, 2) + F2(t, 2).

So, by easy computations and by (2.50), we have

Ot 2) = ‘V;f (t.2) + V(@) + 8,5(t 2)

— ﬁIVmS(t, 2) + Fo(t, 2)|* + V(x) + 9S(t, 2) + L(t, 2)

_ L )12 > i >\ T i T 2
- 2m|VmS(t,z)| —|—V(m)+8t5(t,z)+meS(t,z)F (t,Z)+2m|F (t,Z)| —l—L(t,Z)

— l AV L T 2
= mVxS(t,z)F (t,z)+2m\F (t,2)|* + L(t,2) (2.60)



23

Now we can always require that the vanishing asymptotic behaviour of F*, F? L around Xg

are such that it holds:

VoS
IVoS|2

1(O) := div (@ ) € C2([0,T] x R R)

By the same arguments as above, we can look for Sy such that Xg, = X5 and

OSn(t2) = 0S(t2)+ La(t, 2), (2.61)
V.Sn(t,z) = V.S(t,z2)+ Fn(t, 2), (2.62)
A SN(t,z) = ALS(tzZ)+ Gn(t,2), (2.63)

where F'y, Fﬁ, and Ly are chosen in such a way that:

IV (Oy) € C°([0,T] x R*TFR)  VI<j<N

Let us examine the topology of the finite-dimensional critical points set.

Theorem 2.17. Let S be as in Definition 2.11, and XNx,n), top as in (2.19) and (2.20),
respectively. Consider (t,x,n) €]0,T] x R™ x R™. Then:
(1) All solutions 6 € Py, L?([0,T];R*™) ~ RF of the stationarity equation:

0= VGS(thvn?H)
fulfill the estimates
16lz2 > Ka(T)A(z,m) Vt€]0,T], |z>+|n> > D(T)% (2.64)
102 < Ki(tNz,m) Vt#tas Vi(z,n) cR™ (2.65)

where D(T) < 400, Ko(T) < 400 while Ky (t) < 400 is a constant defined for t # top -
(2) The difference of any two solutions ,w fulfills the inequality

10 —wllpe < E({t) Vt#tas Y(z,n) cR™ (2.66)

Proof. By Proposition 2.9 and Lemma 2.10 all solutions ¢ € L?of the variational equation

DS

0= D—qb(taxana ¢)

are such that

¢=0+ f(t,x,0)
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and fulfill the inequalities (2.21), (2.22) and (2.23) for some constants K (t), Ko(T) and E(t).

Using the uniform bound proved in Lemma 2.12:

£ (2, 0) ()2 < Coo(T)

we easily establish the existence of the new constants K (t), Ko(T) and E(t). O

Theorem 2.18. Let us suppose V(z) = 1[z|? + Vo(2) with sup |V*Vy(z)|| < 1, (t,2,n) €
zeR™

10,T] x R*™ and t # (27 +1)3, 7 € N. Then the following quadratic form.:

<V35(t7$7n’ H)U, u>7 U 6 Rk?
is non degenerate on all points solving VgS(t,z,n,0) = 0.

Proof. The quadratic form is non degenerate if and only if the solutions 6 of the equation
VoS(t,x,n,0) =0 (2.67)

are isolated points. This property can be translated in the infinite dimensional setting of the
equation

DS

D—¢(t733777; ¢) =0

thanks to the equivalence ¢ = 0 + f(t,x,6) shown in Lemma 2.10. We recall that

S = () + /Ot</OS¢P(T)dT, 67 (s)) — % (n 4 /0 gz5p(7')d7'>2 v <:17 - /: ¢x(7)d7> ds

Now we perform the partial reduction of the infinite dimesional parameters, by means of the

DS s
first stationarity equation D—W(t’$’n’ ¢) = 0 corresponding to m¢®(s) = 7 —I-/ oP(1)dt
0

(essentially, the Legendre transform). Therefore we get the new functional:
_ t tm, ) t
St = (o~ [ @+ [ 5@ -v (o= [o@ar)|a
Setting v*(s) = = — f; ¢"(7)dr, we can consider the equivalent form
t
x €T m 2T €T
A = 67O + [ 5 [ F -V o) ds

with the boundary conditions: ¥*(t) = x and m~4*(0) = 7. The second variation is:

DA
D~

(171 = 5 [ mB1F = VY () ()1 (s)] ds

Writing down the integrand under the form
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(5+(5) 33(5)) <_VQV(§7I(S)) 773]) <§7y§3>

we realize that requiring V2V () non-degenerate ¥ € R”, then the second variation is a
bilinear non degenerate functional. This implies that all the stationary curves of the action

functional, namely the curves solving

DA

B, 07l =0 VoeTr

are isolated points belonging to H'([0,¢]; R™). We conclude that the same property must hold

for the points § € R¥ solving equation (2.67). O
Next, we investigate the number of solutions of the stationarity equation.

Theorem 2.19. Let us suppose V(z) = 3|z> + Vo(z) with su[@ V2Vo(2)| < 1, (t,x,n) €

10, T) x R*™ and t # (21 4+ 1)5, 7 € N. Then the stationarity xezuation

Ves(talﬂﬂ% 9) =0

has a finite number of solutions 0% (t, z,n), 1 < o < N(t). The upper bound has the expression:

(2E(t)*
t) < ——2— 2.68
N < (268)
Here E(t) as in Theorem 2.17 whereas
inf t,x,n,0) SUD; (t z 7779)
e(T) = 1 (t,z.m,0) J ‘ae 90, ‘ ‘ (2.69)

k SUP(t,z,7,0) SUPi,j,m ‘ae 00,00, ‘ (t,x,m,0) +1

Proof. By Theorem (2.17) all critical parameters must be contained in the compact set B, C
R¥ with 7 := 2E(t). As a consequence, there exists a subsequence {0a(j) }jen converging to
some point § in B,(0). However the function VyS(t,,,-) is continuous on R*. Hence the
limit is also a critical point, namely 0 = VS(t,2,7,0). By the previous theorem all the
critical points of S are isolated. This is a contradiction, so their number must be finite. In

order to obtain an upper bound for this number, we first observe that
L d
ViStamd) = ViS(tan )+ [ VES(am "+ 20— 6) d)
0

— V2S(t2,m, 0" / DoV2S(t, 2,1, 0 + A6 — ) dX (6 — 6%)
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We know that, thanks to Theorem 2.18, the first matrix on the righthand side is non dege-
nerate. In order to verify that the addition of the second one does not change this property,

we establish the matrix norm inequality:

1
/ DgV3S(t,x,n,0° + X0 — 6%)) dX\ (0 — 6%)
0

< |V3S(t, ,n,6%)]2. (2.70)
2

Here || - ||2 is the usual norm for the matrix viewed as an operator. Now denote ¢ := ||§ — 0*||.
The above inequality is a fortiori verified if:

82

eVk sup sup 2090,
i0Yj

(t,z,n,0) 4.3,m m

3
\ 0’5 (oo (271

1
t,x,n,0) < — inf su
‘( ™) VE (tamd) iy

because the Lh.s is an upper bound for the Lh.s. of (2.70) and the r.h.s a lower bound for the
r.hs. of (2.70). (2.71) is in turn a fortiori verified if:

2

S
96,00, (t,z,n,0) (2.72)

sup

3
6\/E< sup sup 0°5 \/Lﬁ(tinnfe) uJ
>y, (2%}

(twm,0) ijm | 00:00;00,

‘(t,w,n,9)+1) <

and this yields (2.69). In this way, we have found the radius (7T") of the balls in R¥, where
each 6* is a unique local critical point. This local confinement of critical points together with
the global one proved in Th 2.17, allows us to get an estimate of their total number N. We
simply compute the ratio between the volume of the ball B, containing all the points and

the volume of the small isolating balls.

O
We use Theorem 2.19 in order to study the global behaviour of the stationarity equation.

Theorem 2.20. Let us suppose V(z) = $|z|> + Vo(z) with sup V2Vo(2)| < 1, (t,z,n) €
reR?

10,T] x R*™ and t # (27 + 1)%, 7 € N. Let the number N(t) be given by (2.68). Then there
N(t)
erists a finite open partition R = U D, such that the equation
=1
0=VyS(t,x,n,0) (2.73)

admits on each Dy exactly ¢ smooth solutions 0% (t,z,n), 1 <a < /(.

Proof. We recall that Xg := {(x,n,0) € R*™*| 0 = VyS(t,z,n,0)} is a 2n-dimensional

submanifold of R?"** diffeomorphic to A;. Moreover, by the nondegeneracy hypothesis on
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V2V we have the transversal behaviour of Xg (with respect to (z,1) € R?*") almost every-
where; namely the rank of V25 can differ from its maximum value (k) only on subsets whose
projection on (x,n) € R®" is of zero measure. The condition of transversality is fulfilled on
components D, (locally diffeomorphic to open sets of R?®) where the local smooth inversion
of equation (2.73) is possible, yielding ¢ functions 6% (t, z,n). This argument works up to the

finite maximum value N (¢). m|

2.4 Transport equations
We conclude this section by introducing transport equations in a global geometrical setting.

Theorem 2.21. Let us consider p € S(R*;R) with ||p||.: = 1. The transport equation written

on the stationary points Xg of the generating function S,

atbO + ivxs vmbO + iA:BS bO(ta$7na 9) = 07
m 2m

(2.74)
bo(0,z,1,0) = p(0), (x,n,0) € Ls.
admits the following solution:
1t
bo(t,z,m,0) = exp {—%/0 ALS(T, v (t,x,0)(T),m, H)dT} p(0) (2.75)

where ¥* is the family of curves defined in (2.37).

Proof. The inital condition is immediately verified:

bO(Ov €, 1, 9) = p(@)

Recalling the results of Proposition 2.6 and Theorem 2.14, we compute the expression of
1
the differential operator O;bg + EVmS V.bo(t, z,m,0) when evaluated on the submanifold
S = {(2,7,0) € R | 0 = V,S(t,2,,6)}. Namely,
1 1
atb(] + vas vmbO(ta$ana 9) S = 8tb0 + E (77 + 7p(t7$7 0)(t)) Vﬂvb(](t7x>77>9)

S

Xs

= 8tb0 +’Yx(taxa0)(t)vxb0(t7x77]79)

Xs

= Oubo(p, z,m,0) 4+ 5" (t,x,0) (1) Vabo(u, z,1,0) -

p=t

(2.76)

S

d T
- @bO(/%fY (taxae)(u)ana 0) 5

slp=t
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1
where the expression of Z—AIS(t,x,n,H) bo(t,z,m,0) is:
m

1

1
5= S(,1,0) bolt, 7,1,6) = 5~ AuS (7 (6, ,6) (12),1,6) bo(11,7” (£, 6) (1), 7,6)

=t

Now, we write down the equation in the new variable p and for all (xz,n,0) € R¥"+k:

d xT 1 xT xT
@bo(um (t,z,0) (1), n,0) + §Am5(u,7 (t,2,0) (), n,0) bo(p, ¥ (t,2,0)(1),n,6) =0

If we define a(p) := bo(p, v*(t,z,0) (1), n, ) we can rewrite the previous equation as

4oy =L

@a(u) AIS(M,’yx(t,%@)(M)ana 9) Oé(u)

2m

where the variables (¢, 2,7, 6) have to be considered as fixed. This yields:

b7 (0,20)0)..0) = exp { 5 [ 2807, (0.2,0)(0), .00 | 10)

Finally, we make p = ¢ and so we obtain the solution of the original problem (2.74):

1 t
bolt, 2., 6) = exp {—% [ 8ustr e 0)r)on ew} o(6)
0
O
Theorem 2.22. Let by be defined as in (2.75) with p(d) := e 19°£(0) and ¢ € C°(RF; RT).

Then bo(t,z,n,0) € C=([0,T] x R2"k:RT) and by(t,z,n,-) € S(R¥;R*) for every (t,z,n)
fized. Moreover, there exists a constant CT(T) > 0 such that

O5bo(t 2.0, 0)] < CF (D)MW (z,.0) € RPH (277)
Proof. Let us first obtain a more explicit expression for (A;)S(+):

AS(t,x,m,0) = 2tr(L)t + (Av(t,x,0),0) + (v(t,x,n), A f(t, 2,0))
+ 2(Vau(t,z,m), Vo f(t,2,0)) + Azg(t, z,0)
= 2tr(L)t + Q2R(t)ALf(t,2,0),0) + (v(t,z,n), Ap f(t,2,0))
+ 2(Vau(t,z,m), Ve f(t,2,0)) + Azg(t, z,0)
= 2tr(L)t + 2R(t)ALf(t,2,0),0) + (v(t,z,n), Ay f(t,2,0))
+ 2AVau(t,2,m), Vaf(t,2,0)) + Asg(t,z,0) (2.78)

Now, we recall that

¥ (t,x,0) (1) = x —/ 0% (r) + f=(t,z,0%)(r) dr



29

where f and all its derivatives are L? uniformly bounded, as proved in Lemma 2.12, whereas
v is linear in (z,7) and g is L™ bounded. Now we observe that by setting p(6) := e~1?*¢(6)
with a bounded ¢ € C°(R¥;R*) then by(t,x,7,) is a Schwartz function on R¥. Indeed,

t
bolt, 2,m,0)| < exp {5~ /0 [AuS(r, 7" (t,2,6)(r), . B)ldr pe™"E(0)

But by the above detailed computation we see that

|ALS (T, 7" (t,x,0),n,0)|
< [2te(D)t] + 2| R 1Az fE ", 0) | 2110]] + ot v M)l 2 [| Az f (&7, 0) | 2
+ 2[Vout, ", )| 2| Ve f (67", 0)| 2 + [[Azg(t, v, 0)| Lo

Az f(t, ¥ (t,2,0),0)| 2]|0] is linear in 6 and |[v(t,¥*(t,2,0),n)| 12| Az f (t, v (t, 2,0),0)| 12

has a linear uniform growth on (x,7, ). To see this, remark that

t t
lo(t,v*(t,2,0),m)ll L2 < IIU(t,:v,n)HLerHv(t,/ Hm(r)dr,n)HLerllv(t,/ fE@, @, 0%)(r)dr, )| 2

The first and third term on the right hand side generate a linear growth on (x,7), the second
term has a linear dependence on #. The other terms above are bounded with respect to all
variables. We conclude that by has a uniform exponential behaviour on all its variables, and
that the function p(6) := e~ ?*||¢||co makes the effective dependence on 8 of Schwartz type.
O

Theorem 2.23. Let S and X be as in Theorem 2.15. Then there exists Oy € Cpe([0,T] x
R27+E: R) with (:)N]ZS =0, such that the solution Sy of the problem

1 1 ~
atbO,N + —V.Sn beO,N + AzSN bO,N(ta €, 1, 9) = On,
m 2m

(2.79)
bO,N(()) x,mn, 9) = p(e)
enjoys the property:
IV (Oy) € C2([0,T] x R R)  V1I<j<N, N=1,2,... (2.80)

where, as in Theorem 2.16:

H(éN) = divy <€)N VoSN )

[VoSn|?
Proof. Let us define

bon (£, 2,17,0) = exp{—ﬁ /0 AL Sw (.5t 2, 0)(7), 7, e)dT} o(6) (2.81)
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and prove that is solves the above problem. Indeed, we can write down the expantions for

z = (z,n,0) around Z € Xg, = Xg

bon(t2) = bo(t,2)+ fn(t,2) (2.82)
beQN(t, Z) = be()(t, 5) + gN(t, Z) (283)
E?tbQN(t, Z) = atb()(t,i) + hN(t, Z) (2.84)

all these terms are related to the choice of Gy in Theorem 2.16 and their rate of convergence

to zero near z are related as well. By unperturbed equation (2.74), we compute:

On(t,2) = dbon + %WN Vobon + %Am bon (2, 2)
= Obo(t,2) + hn(t,2) + % (VaS(t,2) + Fy(t,2) (Vabo(t, 2) + gn (2, 2))
b (Aa(6,2) + Gt ) bo(t:2) + fiv(h,2)
— hw(t2)+ %vxsa, Dan(t,2) + FE(E ) (Vabo(t 2) + gn (£, 2)

b5 ALS( ) (t2) + Gl 2)(bolt,2) + Av(t,2) (2.85)

Moreover, by Theorem 2.16, we remember that around z € ¥g, = ¥g the new stationarity
equation is
VoSn(t,2) = FY(t,2)

Now we can state that a suitable choice of F ]%, FY and Gy leads to the following property:

IV (Oy) € C°([0,T] x RZ"F:R)  VI<j<N

3 A class of global FIO

In this section we follow the general setting of Hormander [Ho|, and in particular we study a
class of FIO related to the Hamiltonian flow (b%, by using the generating functions constructed
in the previous section. The study of the topology of their critical points will be useful to
determine important analitical properties of the FIO such as asymptotic behaviour of the

kernel and L?-continuity.

3.1 Basic definition and main properties

First, we introduce the set of phase functions:
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Definition 3.1. The set of phase functions S(t,x,1,0) : [0,T] x R® x R” x R¥ — R is the
set of smooth global generating functions of the graphs Ay C T*R™ x T*R"™ of the canonical
maps ¢y : T*R™ — T*R™, with the inititial condition S(0,z,7,0) = (x,n). Each Ay admits

the parametrization:

A = {(y,mz,p) € TR x T*R"™ | (2,p) = ¢%(y,n)}
= {(y,mz,p) eT"R" xT*R" | p=V,S, y=V,S, 0=VyS(t,zn,0)}

Before going further, we recall that by Theorem 2.17, the generating function S enjoys an

important property. Namely, consider the set of critical points
Y= {(z,n,0) e R | 0 =VyS(t,z,n,0)}. (3.1)

Then g is a manifold globally diffeomorphic to A;; moreover for all £ > 0 the following set

Ts:={(x,7,0) e R** | |a]* + | > D(T)?, 6] < K2(T)A(x,n)} (3.2)
is free from critical points, i.e.:

T C R?"Hh\ng

Second, we introduce the relevant class of symbols associated to S
Definition 3.2. The set of symbols consists of all b€ C=([0,T] x R?® x R¥;R) such that

(i)
b(0,2.7.6) = p(6), pl-) € S(RY;R™), /R plB)an = 1.

(ii) For all multi-indices o, 3,0 and t €]0,T] the inequalities

CH(T) XMeme0F - (2n,0) ¢ Ts
|b(t, 2, n,0)] < (3.3)
CT(T)A ™z, e 1P, (2,7,0) € Ts

hold for some constants C’fﬁ L(T) > 0.

Remark 3.3. The exponential upper bound outside Yg is verified by the symbol by (see
Th. 2.22) and also, as we will see, by any other symbol b;,j = 1,... entering in Theorem
1.1. Moreover, on domain Yg there are no critical points for the function S and this leads
to require asymptotic vanishing behaviour of type )\_"(:E,n)e_'e‘2 in this region for bg; as a
conseguence the same asymptotic property is fulfilled by all b;. This setting is motivated by
the fact that the contribution of this region to the FIO can be of order O(i*) as we see in

Corollary 3.7. In this framework, we provide a very simple proof of global L? continuity.
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Finally, we introduce the class of global FIO associated to the Hamiltonian flow ¢,

Definition 3.4. Fiz a phase function S as in Definition 3.1, and a symbol b as in Definition

3.2. Then the global h-Fourier Integral Operator on S(R™) is defined as:
B(typla) = ety [ [ [ RSO0 bt .0) b dn o) dy (3.4)
In equivalent way, it can be rewritten in the form:
B(typla) = Ca)™ [ [ #5020 5o, 0) du oty dy (35)

where u := (n,6), §(t,x,y,u) = S(t,z,n,0)— (y,n) and g(t,x,u) :=b(t,x,n,0). Indeed, if S

generates the Lagrangian submanifold A, then S does the same in new variables:
A={(z,p;y,m) e T'R" x T*R" | p = V.S, n= —Vyg, 0= Vug}
Theorem 3.5. Let us consider the FIO as in Definition 3.4.
BOypla) = ey [ [ [ iS00 bit,2.0.0) @b dn o(v) dy

Then B(t) : S(R™) — S(R™) is continuous and admits a continuous extension as an operator
in L*(R™).

Proof. We begin by rewriting the FIO under the form of an integral operator acting on the

h-Fourier transform of the initial datum:

Bt)p(z) = (2mh)™" / / eFSCEn0) bt o 6) dBGn(n)dn
Rn Rk
= (k) / Galt 2, m)én(n)di. (3.6)
Galt,zym) = / e+ SEE0) bt 2. ,0) db
Rk

This is because of the integral in the #-variables is absolutely convergent since b(t,z,n,-) €
S(RF), and ¢(y) is also a Schwartz function and therefore admits a h-Fourier transform in
S(R™). The absolute convergence of the integral, as well as the L2-continuity, is the conse-

quence of the following computations.
Gnlt,w,m) = / en ST bt ., 0) db = e P[] (tx,n) + 6y (ta,m)] (37)
RF
Gt = [ it it 0,,6) do (3.8)
Bs(0)CRF

S = [ el i, 0n,6) a9 (3.9)
RF\ B5(0)
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with 0 := Ka(T)A(x,7). For t = 0 we have &} (0,2,1) + &, (0,2,7) = 1, B(0)p = ¢, and the
continuity is obvious. For ¢ > 0 we can apply the estimates of Property (ii) of Definition 3.2.
In the region containing the critical points we have:
G (8, m)| - < / [b(t,2,7,0)| db < / CF (D)7 dp
RF\B;(0) R*\B;(0)

_ CF(T)n / 17 g (3.10)
RH\535(0)

By writing down the integral in spherical coordinates, we have the following simple estimates

/ e 1P qp = ck/ e pFldp < dek(L)/ e Pldp = cpdp(L)e™
RK\ B;(0) 6 0

for all L > 0 and dy(L) := sup,> e’ pF~lerL In particular we choose L := 1+ Ky H(T), so
that it follows

|5k (t,z,m)| < C’ar(T)e)‘(x’")ckdk(L)e_KZ(T)A(xv")_)‘(xv") = CSF(T)ckdk(L)e_f{z(T))‘(x’") (3.11)
Whereas in the other region we can write:

o (tz,m)] < / |b(757$>77>9)|d9§/ C’O_(T))\_”(:E,n)e_w‘QdG
B;(0)CRF B;(0)CRF

(0)
< / Cy (TN (z,m)e™ " db = CF (T)m=5A™" (2, ) (3.12)
Rk

We can now apply the Schur Lemma to both integral operators and this yields the L2-

boundedness. O
Now we prove a result, based on an argument of Duistermaat (see [Dui], Prop 2.1.1).

Lemma 3.6. Let us consider a FIO of type (3.4) with phase function S and symbol g leading

to a convergent integral. Suppose that

II(g) := divyg < VoS5

— %) e C>®([0,T] x R* x R*;R 3.13
sroters ) € C2(0.1] ) (3.13

and that the FIO with symbol I1(g) is convergent. Then, the following equivalence holds:
/ / eFSErn0) gt 3., 0) dOG(n)dn = —ih / / eFS ey (¢, 1, 0) dOG(n)dn
n JRk n JRk
(3.14)

(VoS, Vo)
[V S]I2

Proof. The differential operator L1y := verifies the relation

—thLe%S = e%S
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Now, by using integration by parts and the definition of the operator IL, we get:

/ e#5gdf = —ih / L (%) gdb = —in | ¢#5T1(g)df
Rk Rk Rk

|

Corollary 3.7. Let j € C([0,T] x R*"**;R) be such that T17(§) € C(]0,T] x R?"+k:R)
and that the corresponding FIO is convergent for all 0 < j < N. Then:

[ [ etstenDgte.ain,0) doptman = (im [ [ ekSnOMgt,0,n.6) ooty
R» JRE R™ JRk

Proof. The iterated application of the previous Lemma gives the result. O

Remark 3.8. If we take two symbols g1, go coinciding on Xg and moreover such that g1 —go =

G, § as in the above Corollary, then the related FIO coincide up to order O(hY).

4 Global parametrices of the evolution operator

Here we prove the main result of this paper. Consider the initial-value problem for Schrédinger

equation
2

ihOup(t, ) = —;—mAw(t,x) + V(x)y(t, z), (1)

¥(0,2) = p(z) € S(R™).
with a potential V' quadratic at infinity, of the type (2.6).
We proceed to apply the results of the previous two sections in order to prove Theorem 1.1;
namely, to construct a parametrix for the evolution operator under the form of series of a
global FIO such that the solution of the Schrodinger equation (4.1) admits the following

representation:
U(t,a) = (2rh) " / ei (SWen =) pip (1, 2,1,0) do dn p(y) dy + O(h™)
J:O R2n+k

within the time interval ¢ € [0,T] with T" arbitrary large.
Proof of Theorem 1.1

h2
Denoting H, := —%AQA—V(:E) the action of the Schrédinger operator we look for a family of
global FIO {Bj(t)}en with symbol b;(t, z,n,0) enjoying Properties (i) and (ii) of Definition
3.4 such that

=(H, — iﬁat)2/2n+k e%(S(t@W,@)—(yvm)hjbj(t7x77779) do dn cp(y) dy + O(hOO)
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First of all, the approximation of order zero is the operator By(t) defined as:

By(t)g == (2mh) ™" / er SEen 0=ty (¢t x.,0) db dy o(y) dy (4.2)

R2n+k

It has to reduce to the identity for ¢ = 0 and to represent the semiclassical approximation
of the propagator. To this end, the related phase function solves the H-J problem (2.53) and
moreover the symbol by solves the regularized geometric version of the transport equation as
in Theorem 2.23. As we observed in Remark 3.3, we require that in the region Tg free from
critical points of S, the symbol by behaves as \™"(x, n)e_wz.

Now, we easily see that
(H, — ihdy) e%5by

) 2 2
= en® [ho (M +V(z) + ats> by — ikt <6tb0 + VS Vabo + Axsb()) - h—Ambo]

2m 2m 2m

The first two symbols of this sum vanish on the critical points set ¥ g in such a way we can

apply Corollary 3.7, and so they realize bounded operators of order O(h°°). As a consequence,

i h?
(H, — ihoy) / e bodf@n(n)dn = ——

- 5 Agbod0n(n)dn + O(h®).  (4.3)
Rn+k 2m Rn+k

The operator Bj(t) and the related symbol b; fulfill the analogous relation:

(H, — ihd;) enShiby

i 2 A 3
end |:ﬁ <m + V(x) + 8tS> b1 — ih? <8tbl + V.S Vb + me1> — h—Axbl:|

2m 2m 2m

The transport equation we now require for this symbol is the following:

. .
Biby + VoS Viuby + —ALS by = ——A,bo,
2m 2m

(4.4)
b1(0,2,m,0) = 0.
As a consequence,
. i ) R? i . o
(H, — ihd;) /R » e (bg + hby)dOpn(n)dn = “om foe eI A,b1dOgr(n)dn + O(h™)

The equation for the second order symbol:

. .
Biby + VS Viby + —ALS by = ——Ayby,
2m 2m

b2(07 L, 1, 9) = 0.
implies

. 4
(Hy — ihoy) / S (b + hby + B2by)dO@s(n)dn = -

Rn+k 2m Rn+k

75 Agbadpr(n)dn + O (1)
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Therefore we can deal with functions b;, j > 1 fulfilling the recurrent equations

1 .
Oubj + VS Vb + —A,S by = — Aubj 1,
2m 2m
(4.5)
b;(0,z,1,60) =0.
Each solution b; is a symbol as in Definition 3.2 and therefore (thanks to Th. 3.5) it defines
a bounded operator B;(t). The same holds true for the remainder operators:

R;(t)p = (2rh) ™" / et SWenO=lwm) 23y (¢ 2., 0) d6 dn o(y) dy

R2n+k

where r; := %Ambj. In order to prove it, we need the following
m
Lemma 4.1. For all j > 1 the solution of equation (4.5) fulfills the estimates:

CH(T)eb@Name=l0F (. 0) ¢ Ts
|bj|7 |A:Ebj|(t7x>77)9) < (46)

CT(T)A"(z, e, (2,n,0) € Ts.

Proof. We consider the following problem

d
(2,1, 0)(r) = VS8t ,1,6) (7). 7,6)

(4.7)
C(t,z,n, 0)(t) =«
and define
O(1,2,1n,0) := exp {—% /OT ALS(t, C(t,x,m, 0)(r),n,9)dr}
in order to apply the theory of characteristics ((#,7n) fixed) and find the solution:
bi(t,x,n,0) = ﬁ /Ot Ot —71,2,m,0)Axbj_1(1,((t,2,n,0)(T),n,0)dr (4.8)

By the iteration of this map, we have a direct linear relationship between A, by and b;. Now

we recall the estimates on by proved in Theorem 2.22
000 (t, @, 0)] < CF (T)eDNED ey (2, 0) € R¥H
and the explicit analytic structure of S studied in Theorem 2.13:

s = <x,n>—%ﬁ—t<Lx,x>+<Q(t>9,9>+<v(t,x,n),9+f(t,x,9>>+<u(t,x,9),9>

+ g(t,z,0) (4.9)

which implies the exponential behaviour of ®. The exponential upper bound for |b;| and |A;b;|

follows directly from that. In the region Y g we recall the upper bound of type \™"(xz, 77)(3_“9|2
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we required for Azby and the expansion A;S(z) = A;S(Z) + G(z) with G € C;° (see Th.
2.16). By using (4.8) we obtain this second estimate also for |b;| and |Agb;]. O

As a consequence, we can apply the boundedness result of Theorem 3.5 and state the
existence of constants K;(T") > 0 such that ||R;(¢)|| < K;(T)h**7. By well known arguments

related to the Duhamel formula we obtain the estimate:
N 1 +
[ve - Y B0 < [ IRs G ds < TRN@E, b 0.1
=0 0

|

Now we clarify the relationship between the construction of the previous theorem and

Chazarain’s formulation [Ch], as well as with the integral representation of Fujiwara [Fu].

Theorem 4.2. Let t € [0,to], with ty so small that the solution of the Hamilton-Jacobi
equation does not develop caustics. Consider the construction of Theorem 1.1, truncated at

any finite order J:

J

J ) _
> Bytye=Soan [ [ [ el o, 00,6 db d oly) dy (110

Then:

J J
> Bty =Y U (t)p + O(h') (4.11)

a=0

Here USM(t) is the term of order h® of Chazarain’s FIO ([Ch]).

<.
Il
o

J J
Y Bj(t)e =Y UL (t)e+ O(RH) (4.12)

7=0 a=0

where this time UL (t) is the term of order h® of Fujiwara’s integral operator ([Fuj).

Proof. In order to prove the first assertion, the main idea is to apply the stationary phase
theorem to the oscillatory integrals (4.10) with respect to f-variables. In the same way, if
we consider the stationarity argument with respect to (6,7n)-variables we obtain the second
assertion.

In the small time regime ¢ € [0,tp] there exists a unique smooth and global critical point
0*(t,z,n), solution of 0 = VyS(t,z,n,0). This fact suggests us to consider the translated
phase function around this point S(t,z,n,0 + 6*(t,z,n)) with 6 € B1(0) and symbol by (see
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Theorem 1.1) for which we choose the regularizing part as p(f) := (volB1(0)) "t &1 (0), a C=
cut off function for the ball B;(0). The compact behaviour of b; on the #-variables follows as
a consequence. The uniqueness of 6* and the compact setting in the oscillatory integral allow

us to apply the stationary phase theorem to each integral in the §-variables
Bj(t,z,n) = /Rk e%S(t’x’”’e)hjbj(t,$,n, ) db
obtaining
B;(t,x,n) = enSGwn0)|detV2S (¢, x,m, 0*(t, 2,0))| "2 €1 OhIb,(t, 2,0, 0%) + O(KW ) (4.13)

where o = sgnV3S(t, z,m,0%(t, z,n)) and we have omitted (to simplify the exposition) the ex-
plicit form of the higher orders symbols. Now we remark that the function S(¢t, z,n, 6*) equals
the phase used in the Chazarain’s paper (the action functional evaluated on the classical curve
with boundary conditions x and 7). Hence, by the uniqueness of the symbol expansion of the
propagator in powers of i , we get the corrispondence between the symbols obtained as in
(4.13) and the ones obtained in the above-mentioned paper. This implies the equivalence of
the two series (4.11) up to an order o(h’*1). By the same argument, applied this time to the

integrals over u := (0,n) and ®(t,z,y,u) := S(t,z,n,0) — (y,n)

Bj(t,z,y) = /n /Rk e%(s(tvxvn"g)_@’”»hjbj(t,x,n,H) df dn = /Rn+k e%q)(t’x’y’“)hjgj(t,x,u)du

we use the uniqueness of the critical point u*(¢,z,y). to get

Ej(t,:n,y) = e%q)(t’x’y’“*)hj|detV3<I>(t,:E,y,u*(t,:n,y))r%e%” Zj(t,:n,u*(t,:n,y)) + O(WTh)
The phase function ®(¢,x,y,u*) is the same used by Fujiwara and therefore also (4.12) is

proved. This concludes the proof of the Theorem. O

5 Multivalued WKB semiclassical approximation

In this final section we prove Theorem 1.2, mainly applying the Stationary Phase theorem to
the global FIO (4.2), in order to get a multivalued WKB semiclassical approximation of the
Schrédinger evolution operator.

Proof of Theorem 1.2

We start by recalling that (as proved in Theorem 1.1) the A-Fourier Integral Operator

By(t)p := (27771)_"/ / /Rk e SO —wm)p (¢ 0. 0) d6 dn o(y) dy (5.1)
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is a semiclassical approximation of the Schrédinger propagator for all ¢ € [0,7]. Under the

particular hypothesis

1
V(z) = 5\:5]2 + Vo(x), seuﬂg1 HV2V0(33)H <1, t#@27+1)= (1 €N),

T
2
we proved (see Theorems 2.18, 2.19 and 2.20) that the phase function has isolated and finitely
many critical points; precisely the equation

VoS(t,x,n,0) =0 (5.2)

N(t)
is solved on a finite open partition (z,7n) € R*" = U Dy in such a way that on each D, there

(=1
are exactly ¢ smooth solutions 6*(¢t,z,7n), 1 < a < . This property allows us to apply the
Stationary Phase Theorem (see [Ho2| vol. I) to the oscillatory integral in (5.1). The result is:

BO(ta z, T/)

= /k e%S(t’m’"’e)bo(t,x,n,H) do
R
= Y h S Oi ) Aet VIS (¢, @, m, O (F 7, )| Fe T bo(t, 2,1, 04 (¢, 2, m))

a=1

+ O(h)

D,

where o, = sgnV3S(t, z,n,0%(t, z,m)). In the small time regime ¢ € [0, o] and for potentials
V' quadratic at infinity, it is well known (see i.e. [We|) that the graph of the Hamiltonian flow

Ae = {(y.ma,p) € TR x T'R" | (z,p) = dh(y,1)}
= {(ymz,p) e TR x T*'R" | p= V.S, y = V,S, 0= V5}

is globally transverse to the base manifold (x,7n) € R?", so the equation (5.2) admits a unique

global smooth solution 6*(¢,z,n). This simplified setting yields:

Bo(t,w,m) = erStent" o) |detVES(t, @, m, 0* (¢ 2,m))[ "2 €T bo(t,,n, 0% (¢, @, m))
+ O(h)
which is the usual WKB construction, local in time. O
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