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Abstract

A globally convergent numerical method is developed for a 2-d Coefficient Inverse
Problem for a hyperbolic PDE with the backscattering data. An important part of this
technique is the quasi-reversibility method. A global convergence theorem is proven
via a Carleman estimate. Results of numerical experiments for the problem modeling
imaging of plastic land mines are presented.
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1 Introduction

In this work we extend the recently developed globally convergent numerical method of
[1, 2, 3, 4] for a hyperbolic Coefficient Inverse Problem (CIP) for the case of backscattering
data. Note that only the case of the data given at the entire boundary was considered
[1, 2, 3, 4]. Just as before, we work with a CIP with the data resulting from a single
measurement, i.e. either a single position of the point source or a single direction of the
initializing plane wave. Since we have both Dirichlet and Neumann boundary conditions
on the backscattering part of the boundary of the domain of interest, we use the Quasi-
Reversibility Method (QRM) [15], which was not a part of [1, 2, 3, 4]. We refer to, e.g.
[5, 6, 8, 13, 14] for some recent publications on the QRM.
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The main new analytical result here is the proof of the global convergence theorem in
the case when the QRM is used. To do so, we first obtain an analog of a priori upper
estimate of the QRM solution using a Carleman estimate. Next, the global convergence
result is established. Applications of our CIP are in imaging of dielectric constants of ex-
plosives, since their dielectric constants are much higher than those of regular materials,
see http://www.clippercontrols.com/info/. The target application of this publication is in
imaging of plastic land mines. We also mention an important application of CIPs with
backscattering data to geophysics.

We point out that an independent verification of the technique of [1] was carried out
in [12] for the case of experimental data. Computations were conducted for blind data
only. Comparison of computed refractive indices of dielectric abnormalities with a posteriori
measured ones has revealed an excellent accuracy of computational results. Because of this
accuracy, it was concluded in [12] that the technique of [1, 2] “is completely validated now”,
regardless on a certain approximation, which is a part of that technique. This conclusion
justifies the same approximation of the current paper. In our opinion, some approximation
like this one are inevitable for such challenging problems as CIPs are. Indeed, CIPs are both
nonlinear and ill-posed.

That approximation is due to the truncation of certain Volterra-like integrals at a high
value s > 1 of the parameter s > 0 of the Laplace transform of the original hyperbolic PDE.
We call s pseudo frequency. This truncation is similar with the truncation of high frequen-
cies. As an analogy, we point out that such truncations are routinely done in engineering
without any proofs of convergence, and still those things usually work quite well in practice.
The meaning of this approximation was discussed in detail in subsection 3.3 of [12] and in
subsection 6.3 of [2], where a new mathematical model was proposed. In particular, it was
shown in these references that this model has the same nature as the truncation of divergent
asymptotic series in the classical Real Analysis.

We use a two-stage numerical procedure here, the framework of which was developed in
2, 3, 4]. Indeed, because of the above approximation, the global convergence theorem only
guarantees that the resulting solution is sufficiently close to the correct one. However, it does
not guarantee that this solution can be made infinitely close to the correct one, because the
truncation pseudo frequency s cannot be made infinitely large in practical computations.
On the other hand, the availability of a good first approximation for the correct solution
is the key component of any locally convergent algorithm. Therefore, our procedure works
as follows. On the first stage the globally convergent numerical method provides a good
first approximation for the solution. On the second stage this approximation is refined via
a locally convergent modified gradient method, which uses the solution of the first stage as
its starting point.

More precisely, our numerical experience shows that the first stage provides good locations
of mine-like targets. The subsequent application of the second stage, which is a modified
gradient method in our case, provides accurate values of the unknown coefficient within those
targets. At the same time, it is worthy to note that the modified gradient method being
applied without the first stage results in quite inaccurate images (not shown here), even if
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the background value of the unknown coefficient is taken as the starting point, see subsection
8.4 of [12] for a similar observation.

In section 2 we formulate both forward and inverse problems. In section 3 we formulate
the layer stripping procedure with respect to s. In section 4 we describe the algorithm.
New analytical results are presented in sections 5 and 6. In section 5 estimates for solutions
resulting from the QRM are derived. The global convergence theorem is proven in section
6. In section 7 a simplified mathematical model of imaging of land mines is formulated. In
section 8 results of numerical studies are presented.

2 Statements of Forward and Inverse Problems

We work with the 2-d case only. Some properties of the solution of the forward problem
were established in the 3-d case in [3]. Their extensions to the 2-d case can be done along
the same lines, although it is space consuming. Hence, for brevity we use these properties
here, assuming that they hold for 2-d.

Denote x = (z, z) € R% As the forward problem, we consider the Cauchy problem for a
hyperbolic PDE

c(x)uy = Auin R* x (0,00), (2.1)

u(x,0) = 0,u(x,0) =06 (x—Xo). (2.2)
Equation (2.1) governs, e.g. propagation of acoustic and electromagnetic waves. In the
acoustical case 1/4/c(x) is the sound speed. In the 2-d case of EM waves propagation in
a non-magnetic medium the coefficient ¢ (x) is ¢(x) := ¢, (x), where ¢, (x) is the spatially
distributed dielectric constant, i.e. &, (x) = € (x) /¢, where ¢ (x) is the spatially distributed
electric permittivity of the medium and gy is the dielectric permittivity of the vacuum, see
7] for the derivation of (2.1) from Maxwell’s equations in the 2-d case. Let 2 C R? be a
convex bounded domain with the piecewise smooth boundary 0f2. As it is always the case

of the QRM, we need to assume a certain over-smoothness of the solution. So, we assume
that the function ¢ (x) satisfies the following conditions

c(x) > 1,c¢(x)=1forx € RAQ, (2.3)
c(x) € C*'(R?).

We will work with the Laplace transform of the functions wu,

w(x,s) = /u(x, t)e *'dt, for s > s = const. > 0, (2.5)
0
where s is a certain number. In our numerical studies we choose s experimentally. We call
the parameter s pseudo frequency. Equation for the function w is
Aw —s%c(x)w = —§(x—xg),Vs > s,

lim w(x,s) = 0,Vs>s.

x| =00
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The condition (2.7) was established in [3] for sufficiently large values of s. In addition, for
these values of s [3]
w (x,s) > 0. (2.8)

In the course of the proof of the convergence theorem (section 6) we will work with functions
c € C'(R?) c C"(R?),Vy € (0,1). Below C*™ are Hélder spaces, where k > 0 is an
integer. It follows from the classic theory of elliptic PDEs [11] that if ¢ € C**7 (R?), then
w € CFP2H (RN {|x — 20| < 6}),V0 > 0.

In our derivations we need an asymptotic behavior of the function w(x,s) at s — oo,
which is formulated in Lemma 2.1. Although this lemma is now formulated only for the 3-d
case, we assume that it is valid in the 2-d case as well, see the beginning of this section.

Lemma 2.1 [1]. Assume that conditions (2.3) and (2.4) are satisfied and that we work
in R3. Let the function w(x,s) € C°™ (R3\ {|x —xo| < 0}),V0 > 0 be the solution of
the problem (2.6), (2.7). Assume that geodesic lines, generated by the eikonal equation
corresponding to the function c(x) are regqular, i.e. any two points in R3 can be connected
by a single geodesic line. Let | (x,xq) be the length of the geodesic line connecting points x
and Xq. Then the following asymptotic behavior of the function w and its derivatives takes
place for |a| <2,k =0,1,x # %

D2 D*w(x, s) = D2DF {eXpJ[C_(i E:’)XO)] [1 +0 (é)] } 5 — 00, (2.9)

where f(x,Xq) is a certain function and f (x,Xq) # 0 for x # Xg.

An interesting question here is about an easily verifiable sufficient condition of the reg-
ularity of geodesic lines. In general, such a condition is unknown, except of the trivial case
when the function ¢ (x) is close to a constant. To our best knowledge, the only case of such
a condition in 2-d is

Alnc(x) > 0,Vx € R?,

see [17] as well as Theorem 2 in Chapter 2 of [9]. However, this condition is not satisfied in
our computational examples. So, we verify (2.9) numerically in our computations (subsection
7.2 of [1]): this is a typical case when the computational experience is less pessimistic than
the theory. Thus, everywhere below we assume that the asymptotic behavior (2.9) is valid.
To simplify the presentation and also because of our target application to imaging of
plastic land mines, we now specify the domain 2 C R% Let B > 0 be a constant. Below

Q = (=B,B) x(0,2B),00 = U;_,I, (2.10a)
I's = 0QNn{zx=—-B},Iy,=00n{z=2B}. (2.10c)

Inverse Problem. Suppose that the coefficient ¢ (x) in equation (2.6) satisfies conditions
(2.3), (2.4) and is unknown in the domain Q. Determine the function c(x) for x € €,
assuming that the following functions oo (x,s) and ¢ (z,s) are known for a single source
position xo ¢ Q

w(x,5)|r, = o (z,s),w, (X,8)|r, = ¢1(x,s),Vs € [s,5], (2.11)
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where s > s is a number, which should be chosen experimentally in numerical studies.

Note that in experiments usually only the function u(z,0,¢) is measured. One can ap-
proximately assume that the function u(z,0,t) is known for all z € R implying that the
function ¢q (z,s) is known for all x € R and for all s € [s,3] via the Laplace transform
(2.5) of u(z,0,t). Next, since the coefficient ¢(x) = 1 is known for z < 0, then solv-
ing the forward problem (2.6), (2.7) in the half plane {z < 0} with the boundary condition
w(x,0,s) = o (z,s), one can uniquely determine the function w(x, s) for z < 0, thus coming
up with the function w, (z,0,s) = ¢ (z, s).

The question of uniqueness of this CIP is a well known long standing problem. Currently
it can be addressed positively via the method of Carleman estimates only in the case when
the 0 (x —xg) in (2.2) is replaced with such a function f(x) that f(x) # 0 in Q [13].
Nevertheless, the authors believe that, because of the applied aspect, it makes sense to
develop a globally convergent method for this CIP, assuming that uniqueness holds.

3 Layer Stripping With Respect to s

By (2.8) we can consider the function v = Inw/s%. Hence, (2.6) and (2.11) lead to
Av+ s |Vu) = ¢(x), xe, (3.1)
U|F1 = ¥2 ($, 3) ) UZ|F1 = ¥3 (ZE, S) , Vs € [§7 §] ) (32)

where @ = Inpg/s, 03 = @1/ (5°¢0) . The term § (x — xo) is not present in (3.1) because
xg ¢ 2. We now eliminate the function ¢ (x) from equation (3.1) via the differentiation with
respect to s, since Os¢ (x) = 0. Introduce a new function ¢ (x,s) = Jsv (x,s). Lemma 2.1

implies that

pit) = 0(4).080 =0 () s~ xilal <2 (33)

v(x,5) = —/q&mwr (3.4)

S

We truncate the integral in (3.4) as

v(x,s) ~ —/q(x, T)dr, (3.5)

where 5 > s is a large parameter which should be chosen in numerical experiments. Actually,
5 is one of regularization parameters of our method. In fact, we have truncated here the
function V' (x,3), which we call the tail function,

o0

V@@z—/ﬂxﬂﬁ

s
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By (3.3)
1
k = _ 01 =
Hng (X, S)”C’Q(ﬁ) =0 (%) ,k’ = 0, 1, s — OQ. (36)
Although by (3.6) the tail is small for the large values of 5, the numerical experience of
[1, 2, 3, 4, 12] shows one should that it would be better to somehow approximate the tail
function updating it via an iterative procedure.

Thus, still taking into account the tail, we obtain from (3.1) and (3.5) the following
nonlinear integral differential equation

5 5 2
Aq —25*Vq - /Vq (x,7)dr + 25 /Vq (x,7)dr
s . s (3.7)
+25°VqVV — 2sVV - /Vq (z,7)dr + 25 (VV)* = 0.

Let 1 (z,8) = Osipa (x, 8) , 11 (8) = Osps (2, 8) . Then (3.2) implies that

Q|F1 = o (l‘, S)7qZ|F1 =1 (I,S), Vs € [§’§]' (38)

A slight modification of arguments of subsection 2.2 of [3] shows that, for if s > s and
s is sufficiently large, then the function w (x, s) tends to zero together with its appropriate
(x, s) —derivatives as |x| — oo (in both 3-d and 2-d cases), which is slightly more general
than (2.7). Hence, we have the following radiation condition

B
lim ( o +3w> Ir,= 0,5 = 2,3, 4.

where v; is the outer normal vector on T;. Since ¢(x, s) = 95 (s ?Inw), then we obtain from
the latter the following approximate Neumann boundary condition for the function ¢ at T';

Ou,q |r,=5"2% i=23,4. (3.9)

So, while conditions (3.8) change with the change of the unknown coefficient ¢ (x), the
condition (3.9) is generic and it is independent on ¢ (x). Thus, we use conditions (3.9) only
to stabilize the problem.

The presence of integrals in (3.7) implies the nonlinearity, which is the main difficulty
here. If the functions ¢ and V' are approximated well from (3.7)-(3.9) together with their
x—derivatives up to the second order, then the target unknown coefficient ¢ (x) is also ap-
proximated well from (3.1), where the function v is computed from (3.5), where the function
V' is added. Thus, below we focus on the following question: How to solve numerically the
problem (3.7)-(3.9)?

Remark 3.1. Since the tail function V' is unknown, equation (3.7) contains two unknown
functions ¢ and V. The reason why we can approximate both of them is that we treat them
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differently: while we approximate the function ¢ via inner iterations, the function V is
approximated via outer iterations.

We approximate the function ¢ (x, s) as a piecewise constant function with respect to the
pseudo frequency s. That is, we assume that there exists a partition s = sy < sy_1 < ... <
s1 < sp = S of the interval [s, 3] with the sufficiently small grid step size h = s;_; — s; such
that ¢ (x,s) = g, (x) for s € (s, Sn—1] . We approximate the boundary condition (3.8), (3.9)
as
1, = (SnSn_1) ' i =2,3,4. (3.10)

1

Qn|1"1 = Eo,n(l’)a aan|1“1 = El,n(a:)? Ovtn

where Eo,n, Em and (snsn,l)_1 are averages of functions ¢y, 11 and s~ over the interval
(Sny Sn—1) - Rewrite (3.7) for s € (s, S,—1] using this piecewise constant approximation. Then
multiply the resulting approximate equation by the s-dependent Carleman Weight Function
(CWEF) of the form

Cou (s) = exp[—p|s — sn1]] s € (sn, 1],
and integrate with respect to s € (sp, s,—1]. We obtain the following approximate equation
in  for the function ¢, (x),n=1,...., N

n—1
L,(qg.) : =Aq, — A (hz Vg; — VVn> Vg, = (3.11)
j=1

n—1

= B, (Vgy)’ — Ag,h? (Z vqj> +24,,VV, (thqj> — Ay, (VV,)2
j=1

We have intentionally inserted dependence of the tail function V,, from the iteration number
n here because we will approximate these functions iteratively. In (3.11) Ay, = A1, (i, h),
Ay = Agy (1, h), By, = By, (i, h) are certain numbers depending on g and h, see specific
formulas in [1]. It is convenient to set in (3.11)

0 = 0. (3.12)

Since boundary value problems (3.10), (3.11) are actually generated by equation (3.7),
which contains Volterra-like s-integrals, then these problems can be solved sequentially start-
ing from ¢;. Since boundary conditions (3.10) are over-determined ones, it is natural to apply
a version of the QRM here, because the QRM finds “least squares” solutions in the case of
over-determined boundary conditions.

Remark 3.2. As to (3.11), an important point is that |B, (u, h)| < 85*/u for puh > 1
[1]. We have used g = 50 in our computations. Hence, assuming that g >> 1,we ignore the
nonlinear term in (3.11) below via setting B, (V¢,)> := 0. This allows us to solve a linear
problem for each ¢,.

4 The Algorithm

Our algorithm reconstructs iterative approximations ¢, x (x) € C* (ﬁ) of the function ¢ (x).
On the other hand, to iterate with respect to the tails, we need to solve the forward problem
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(2.6), (2.7) in R? on each iterative step. To do this, we extend each function ¢, x (x) outside
of the €, so that the resulting function ¢, (x) = 1 outside of Q,¢,x (x) = ¢k (x) in a
subdomain ' CC Q and ¢, € C! (R?). In addition, to ensure the ellipticity of the operator
n (2.6), we need to have ¢, (x) > const. > 0 in R2. So, we now describe a rather standard
procedure of such an extension. Choose a function y (x) € C* (R?) such that

1in €,
X (x) = ¢ between 0 and 1 in O\ (Y,
0 outside of ().

The existence of such functions y (x) is well known from the Real Analysis course. Define the
target extension of the function ¢, x as G,k (x) := (1 — x (x))+x (X) ¢k (X), Vo € R% Hence,
Cok (x) = 1 outside of Q and ¢, € C'(R?). Let Q C Q be a subdomain and ' ccC €.
Suppose that ¢, (x) > 1/2 in Q. Then @, (x) > 1/2 in Q. Indeed, &4 (x) — 1/2 =

(1= x(x)) /24 x (x) (enr (x) =1/2) = 0.

4.1 The iterative process

We now present our algorithm. On each iterative step n we approximate both the function
¢ and the tail function V,,, see Remark 3.1. Each iterative step requires an approximate
solution of the boundary value problem (4.10), (4.11). This is done via the QRM, which is
described in subsection 4.2. First, we choose an initial tail function V; ; (x) € C? (ﬁ) and use
(3.12). As to the choice of V; 1, it was taken as V1 ; = 0 in [1]. In later publications [2, 3, 4, 12]
Vi1 was taken as the one, which corresponds to the case ¢(x) = 1, where ¢(x) := 1 is the
value of the unknown coefficient outside of the domain of interest 2, see (2.3). An observation
was that while both these choices give the same result, the second choice leads to a faster
convergence and both choices satisfy conditions of the global convergence theorem. For each
¢» we have inner iterations with respect to tails.

Step n*, where n,k > 1. Recall that by (3.12) ¢o = 0. Suppose that functions ¢; €
H®(Q),i =1,...,n — 1 and tails V4, ..., V,_1, Vo i € C?(Q) are constructed. To construct
the function ¢, , we use the QRM (subsection 4.2) to find an approximate solution of the
following boundary value problem in 2

n—1
AQn,k: - Aln (hz VQJ - vvn,k) VQn,k =

j=1

n—1 2
— Ay, h? (Z vqj> + 245, ViV - (thqj> Ay (VVi1)?, (4.1)

j=1
Qn,k|F1 = Eo,n(‘r)v aan,k|F1 = El,n(‘r)v 8ViQn,k|Fi - (3n8n—1)_ 7i - 2a374'

Hence, we obtain the function g, x € H® (). By the embedding theorem g, € C* (ﬁ) . To
reconstruct an approximation ¢, (x) for the function ¢ (x), we first, use (3.5) to calculate
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an approximation for v (x, s,) as
Un i (X, Sn) = —hani (x) — h Z g (x) + Vo (x). (4.2)

Next, using (3.1), we set for n > 1
Cn (X) = Avp g (X, 8) 4 82 | Vo (X, 5,)]7,x € Q. (4.3)

Assuming that the exact solution of our Inverse Problem ¢* > 1 in R? (see (2.3)), it follows
from Theorem 6.1 that ¢, (x) > 1/2 in Q,, C 0, where the subdomain €2,, is defined in
section 5. Next, we construct the function ¢, (x) as in the beginning of this section. Hence,
by (4.1)-(4.3) the function ¢, ,€C” (R?). Next, we solve the forward problem (2.6), (2.7)
with ¢ (x) := ¢, (x) for s := 5 and obtain the function w, x (x,35) . Next, we set for the new
tail 3

mG_'_l (X) — hlfw"g# c 02 (ﬁ) ]

We continue these iterations with respect to tails until convergence occurs. We cannot prove
this convergence. However, we have always observed numerically that functions g, x, ¢, » and
Vo r have stabilized at k := m for a certain m. So, assuming that they are stabilized, we set

Cn (X) 1= Cpom (X) , Gn (X) 2= G (X), Vi (X) 1= Vi (X) 1= Viyq 1 (%) for x € €

We stop iterations with respect ton at n:= N.

4.2 The quasi-reversibility method
Let H,  (x) be the right hand side of equation (4.1) for n > 1. Denote

n—1
any (X) = A1 (hz Vg; — VVn,k) (4.4)

j=1
Then the boundary value problem (4.1) can be rewritten as

AQn,k —Ank ° VQn,k; - Hn,k; (45)

Qn,k|F1 = Eo,n(‘r)a aan,kh‘l = El,n(x)v 81/1-Qn,k|1"2- - (Snsn—l)il >i = 2a 374 (46)

Since we have two boundary conditions rather then one at I'y, we find the “least squares”
solution of the problem (4.5), (4.6) via the QRM. Specifically, we minimize the following
Tikhonov functional

k(1) = 120 = an g - Vo — HygllZ ) + o lulls g (4.7)



A Globally Convergent Method 10

subject to boundary condition (4.6), where the small regularization parameter a € (0, 1).
Let u (x) be the minimizer of this functional. Then we set g, x (x) := « (x) . Local minima do
not occur here because (4.7) is the sum of square norms of two expressions, both of which
are linear with respect to u, also see Lemmata 5.2 and 5.3 in section 5. The second term in
the right hand side of (4.7) is the Tikhonov regularization term. We use the H® ({2) —norm
here in order to ensure that the minimizer u := g, € C® (ﬁ), which implies in turn that
functions ¢, € C* (R?).

Remarks 4.1. 1. In our computations we relax the smoothness assumptions via consid-
ering the H? (€2) —norm in the second term in the right hand side of (4.7). This is possible
because in computations we actually work with finite dimensional spaces. Specifically, we
work with finite differences and do not use “overly fine” mesh, which means that dimensions
of our “computational spaces” are not exceedingly large. In this case all norms are equivalent
not only theoretically but practically as well. To the contrary, if the mesh would be too fine,
then the corresponding space would be “almost” infinite dimensional.

2. One may pose a question on why we would not avoid the QRM via using just one
of two boundary conditions at I'; in (4.6), since we have the Neumann boundary condition
at OON\I';. However, in this case we would be unable to prove the C®— smoothness of the
function g, ;, because the boundary 02 is not smooth. In the case of the Dirichlet boundary
condition only ¢, x|r, we would be unable to prove smoothness even assuming that 02 € C*,
because of the Neumann boundary condition at the rest of the boundary. Besides, in our
convergence estimate of the QRM in Theorem 5.1 we do not use the boundary condition
(4.6) at I'y. Finally, since conditions 0,,¢n k|r, = (8718”_1)71 are independent on the target
coefficient, it seems to be that two boundary conditions rather than one at I'; should provide
a better reconstruction.

5 Estimates for the QRM

For brevity we scale variables in such a way that in sections 5 and 6 Q = (—1/4,1/4)x(0,1/2).
In sections 5 and 6 C' = C' (€2) > 0 denotes different positive constants depending only on the
domain €. Let A\,v > 2 be two parameters. Introduce another Carleman Weight Function

(CWF) K(z),

K (z) == Ky ,(2) = exp(Ap "), where p(z) =z + i, z > 0.

Note that p(z) € (0,3/4) in Q2 and p(2) |r,= 3/4. Let the number » € (1/3,1). Denote
0, = {xeQ:p(z) <3sx/4}. Hence, if 561 < 529, then Q,, CC Q,,. Also, Q; = Q and
)3 = &. Lemma 5.1 established the Carleman estimate for the Laplace operator. Although
such estimates are well known [13, 16], we still need to prove this lemma, because we use a
non-standard CWF and also because when integrating the pointwise Carleman estimate over
), we should take into account that only one, rather than conventional two, zero boundary
condition (5.1) is given at both I'y and I's. These were not done before.
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Lemma 5.1. Fiz a number v := vy () > 2. Consider functions u € H? () such that
(see (2.10a-c))

u |F1: Uy |F1: Uy |F2: Uy |1"3: 0. (51)

Then there exists a constant C' = C (2) > 0 such that for any A > 2 the following Carleman
estimate is valid for all these functions

/ (Au)?K%dxdz > % / (u2, +u2, +ul,) K*dzdz + CX / [(Vu)? + Nu?] K2dzdz
Q

Q Q

4\
2
—CN® [[wllzrs (o €xp {2>\ (g)
Proof. It is convenient to assume initially that v > 2 is an arbitrary number. We have
(Au)’ K? = (ul, +u2, + 2ugu.,) K* =
(uix + ugz) K%+ 0, <2UIUZZK2) — Qg K2 4 A\vp ™ ugu., K2

= (Uir +u?, + 2uiz) K?*+0, (2uzuzzK2) + 0, (—2u$umK2)
4 (Ut — Uptz,) K2

Since !
4)‘Vp_y_1 (uwuzz - ua:uzz) K2 > _5 (ng + uiz) K2 - 8>‘2V2p_2y_2uiK27
then we obtain that
1
(Au)* K? > = (w2, +u2, +ul,) K> — 8\ p " 2 K* (5.2)

2
+0, (2uxuzzK2) + 0, (—2uxumK2) )

Consider a new function v = u - K. Substituting v = v - K=, we obtain

(Au)?p"LK? = (g1 +ya + )"0 > 20(n +y3)p" ™, (5.3)
—v— —2v— v+ 1 v
nh = AU, Yo = 2>\V/0 1UZ7 Ys = ()\V)Qp ? 2<1 - \v P )U'
We have
201y20" ! = 0, (4Avvsu,) + 0. 20 (v — 2] (5.4)
Next, by (6.3)
1
2oy = 40w)? <p2u2 _ ipl/Q) v
AV
oy v+1 _
= 0, [Q(Ay)?’ (p w2 _ VR 2) qﬂ} (5.5)

2
+H(A)? (v + 1) p 23 (1 vt ”) v?

vV
[\
>~
w
N
=
bI
[\~
T
w
S
(V)
+
&
| —— |
—~
>
N
SN—

w
N\
bI

[\~
7
(V)
|
N
+
—_
bI
<
(V)
~_
S
(V)
_



A Globally Convergent Method 12

Summing up (5.4) and (5.5), using the backwards substitution u = v - K and using (5.3), we
obtain
(Au)?p" TP K2 > 2X%0 2 P K2 + 0,U, + 0,Us, (5.6)

where the following estimates are valid for functions U; and U,

U] < CAv|ugl (]uz\ + Avp vt \u]) K2, (5.7)
Us| < CAv (|Vaul® + Nv2p 2" 2?) K2

Since we do not have the term X (Vu)® K2 in the right hand side of (5.6),we continue as
follows:

—\vu - AuK? = 0, (—)\VuuxKQ) + 0, (—/\l/uuzK2) + A\v (Vu)2 K? —2X%2p " uK?
= \v (Vu)2 K? —2X303 07222 K% + 0,Us + 0,Uy,

Hence,

“wuAuK? = v (Vu)? K? = 2X30°p 2 22 K? 4 0,Us + 0.Uy, (5.8)
Uy = —dvuu,K? |Us < C (vl + NvPp™" " Ma?) K2

Add (6.8) to (6.6) and take into account (6.7) as well as the fact that 2X3pip=273 >
AN3V3p~2 =2 for v > 2. Likewise, by the Cauchy inequality —Avu-AuK? < \2v2p~" "2 K?/2+
(Au)?p"*1K?/2. Fix the number v := 1y > 2. Then we can incorporate 14 in C' and also we
can regard that p°™! < C| since p°*! < 1. Hence, we obtain

(Au)’K? > CX[(Vu)? + \?] K2 + 0,Us + 9.Us, (5.9)
Us|] < C\ug| (Jus| + Mul) K2, [Us| < OX[|Vul? + A\u?] K2

Now we set in (5.2) v := 1y, divide it by Ad with a positive constant d = d (1) such that
INZp~202/d < C'/2 and next add it to (5.9). Then we can choose a constant obtain the
following pointwise Carleman estimate for the Laplace operator in the domain 2

C
(Au)’K? > 5 (w2, +u2, +u2,) K* + CX [(Vu)? + N2 K2 4 0,U7 + 9,Us,  (5.10)

Uz < O ug| (Juse] + Juz| + Mul) K2, |Us| < CA [Jug=]” + | Vaul” + \2u?] K2,

We now integrate (5.10) over the rectangle 2 using the Gauss-Ostrogradsky formula. It
is important that because of (5.1) and the estimate for |U;|, resulting boundary integrals
over I';, 'y and I's will be zero. Finally, to obtain the estimate of this lemma, we note that

K (%) = K7 (2) = min K? (2) = exp {m (g)] |

4N\
Ml 90+ 3202] Ko < ON o exp {” (5) } i

Thus,

Ty
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We now establish both existence and uniqueness of the minimizer of the functional (4.7).
Lemma 5.2. Suppose that in (4.7) Hnr € Lo(Q2) and that there exists a function
® € H®(Q) satisfying boundary conditions (4 6), except of maybe at T'y. Assume that in

(4.4) both components al L,j = 1,2 of the vector function a,y are such that al k edC (Q)

and } ‘ -
c(@)
Furthermore,

'y < 1. Then there exists unique minimizer u. € H° (Q) of the functional (5.7).

C
Juclsio) < 7z (WHntllgey + 1®lsco)

L ola < 1 for the purpose of Theorem 6.1 only, since

actually we can impose any a prior: upper estimate on these numbers. Let v be a minimizer

of Jy(u) satisfying boundary conditions (4.6). Denote U = u — ®. The function U satisfies
boundary conditions (5.1). By the variational principle

(Gn,kUa Gn,kv) + a [U7 U] - (Hn,k - Gn,kq)a Gn,kv) )
for all functions v € H® (Q2) satisfying boundary conditions (5.1). Here
Gn,kU = AU —Aank* VU. (5.11)

Here and below (-, -) denotes the scalar product in Ls (€2) and [-, -] denotes the scalar product
in H° (). The rest of the proof follows from the Riesz theorem. [J

In the course of the proof of Theorem 6.1 we will need

Lemma 5.3. Consider an arbitrary function g € H® (Q). Let the function u € H® (Q)
satisfies boundary conditions (5.1) as well as the variational equality

(G, Gppv) + a[u,v] = (Hp g, Guiv) + alg, 0], (5.12)
for all functions v € H° () satisfying (5.1). Then
[ H il 100
—Ja + 9l g5 -

Proof. Set in (5.12) v := u and use the Cauchy-Schwarz inequality. [J
Theorem 5.1. Consider an arbitrary function g € H° (). Let uw € H® (Q) be the func-

tion satisfying (5.1) and (5.12). Let agaﬁ )

n,k?

||u||H5(Q) <

<1, where a’,,7 = 1,2 are two components

of the vector function any in (5.4). Choose an arbitrary number > such that 2 € (3,1).
Consider the numbers by, ba,
1 1

by = < b—l—b>0
oI+ (=) By 2t 2 T
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where vy 1s the parameter of Lemma 5.1. Then there exists a sufficiently small number
ap = g (v, 7,7) € (0,1) such that for all o € (0, ) the following estimate holds

| Hokl 0
llliege,y < O3 + 0™ llgll oy

Proof. Setting (5.12) v := u and using the Cauchy-Schwarz inequality, we obtain
2 2 2
G pullz, ) < F* = I Hukll 7,0 + 19l o) - (5.13)

Note that K?(0) = maxg K?(2) = exp (2 -4"). Hence, K2 (0) | K - Gn,kuHiz(Q) < P2
Clearly (G pu)® K% > (Au)® K2/2 — C' (Vu)® K2. Hence,

/ (Au)? K?dzdz < C / (Vu)? K?dxdz + K*(0) F2. (5.14)
Q

Q

Applying Lemma 5.1 to (5.14), choosing A > 1 sufficiently large and observing that the term
with (Vu)? in (5.14) will be absorbed for such A, we obtain

4\
AK?(0) F2 4+ C\* ||u\|?{3(9) exp {2)\ (5) }

> C/ (w2, +ul, +u2, + |Vul* +u?) K2dzdz
ol

> C/ (w2, +u2, +ul, + |Vul® + u?) K*dzdz

Q.
> ox (2 N 2
2 exp 3. ||U||H2(Q) :

Comparing the first line with the last in this sequence of inequalities, dividing by the expo-
nential term in the last line, taking A > A\¢ (C, 5, %) > 1 sufficiently large and noting that

for such A
4 \" 4 \"
M exp [—2/\ <—> ] < exp l—Q)\ (—_) } ,
3 37

we obtain a stronger estimate,
4\
2 2 —u
[0l < CH*O) F* 4 Clullgexe |22 (£) 0-20]  G5)

Applying Lemma 5.3 to the second term in the right hand side of (5.15), we obtain

4\
||u||§{2(9%) < CF? {exp (2 - 4°) 4+ o texp [—2)\ (—) (1— 7(”0)} } . (5.16)

3%
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Since a € (0, o) and «y is sufficiently small, we can choose sufficiently large A = A («) such
that

4\

exp (2 - 47) = a texp [—2)\ (3—_> (1-— 7:”0)] . (5.17)
>

We obtain from (5.17) that 2\ - 4% = Ina~2. Hence, (5.13) and (5.15)-(5.17) imply the

validity of this theorem. [

6 Global Convergence Theorem

We follow the concept of Tikhonov for ill-posed problems [18]. By this concept, one should
assume that there exists an “ideal” exact solution of an ill-posed problem with the “ideal”
exact data. Next, one should prove that the regularized solution is close to the exact one.

6.1 Exact solution

First, we need to introduce the definition of the exact solution. We assume that there
exists a coefficient ¢* (x) satisfying conditions (2.3), (2.4), and this function is the unique
exact solution of our Inverse Problem with the exact data ¢ (x, s), ¢} (z,s) in (2.11), where
oy (x,8) = w* (x,0,s), ¢f (z,s) = wi(zr,0,s), Vs € [s,5]. Here the function w* (x,s) €
Co (RN A{|x — x0| < e}) x C?([s,5]), Ve > 0, Vy € (0,1),Vs > s is the solution of the
forward problem (2.6), (2.7) with ¢ (x) := ¢* (x). Let

v*(x,8) = s ?In[w* (x,8)], ¢ (x,5) = 00" (x,5), V*(x)=2"(x,3).
Hence, ¢* (x,s) € C° (Q) x C' [s,35]. By (3.1)
¢ (x) = Av* (x,5) + 52 |[Vo* (x, 5)|*, Vs € [s,3]. (6.1)

The function ¢* satisfies equation (3.7) where V is replaced with V*. Boundary conditions
for ¢* are the same as ones (3.8), (3.9), where functions ¢y (x, s), 41 (z,s) are replaced with
the exact boundary conditions ¢§ (z,s), ¥ (z,s) for s € [s,3],

q*‘fﬁ = ¢E)k ($7 S) ’q:\m = wik (ma 3) ) ayiq* ’Fi: 5_27 i =2,3,4. (6'2)

We call the function ¢* (x,s) the ezact solution of the problem (3.7)-(3.9) with the exact
boundary conditions (6.2). For n > 1 let ¢, 1[)3,1 and @an be averages of functions g¢*,
and 17 over the interval (s,, s,_1). Hence, it is natural to assume that

¢ =0, Jax, gyl s < C°,C* = const. > 1, (6.3)

Vo — ¥, Vi, — 0 < C*(o+h 6.4
’%Zfo,n Von H2(F1)+ H@Dm Vin iy S (c+h), (6.4)
max g, = ¢"llgsqp < C7h (6.5)

S$E[Sn,Sn—1]
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Here the constant C* = C* (HCJ*HHS(Q)X01[§3]> depends only on the C® (©) x C[s,s] norm

of the function ¢* (x,s) and ¢ > 0 is a small parameter characterizing the level of the error
in the data g (z, ), (z,s). We use the H® (Q) norm because of the quasi-reversibility,
see (4.7). The step size h = s,-1 — $,, can also be considered as a part of the error in the
data. In addition, because of (6.2)

@iy = Yon(2), 0.0% r, = ¥y, (2), 0,

The function ¢ satisfies the following analogue of equation (3.11)

.= (Snsn_1) "' ,i=2,3,4. (6.6)

=1

n—1 n—1 2
Ag: — Ay, (h > Vg (x) - vv*) -V, = — Ay, (Z Vg; (fv)>
=1

n—1 (67)
+ 245, VV" - (h > Va; (x)) — Agn (VV*) 4 Fy (2, h, o)
=1

Since we have dropped the nonlinear term B, (Vg,)” in (4.1) (Remark 3.2), we incorporate
this term in the error function F, (z,h, u) € Lo (2) in (6.7). So, it is reasonably to assume
that

LI}L%}ICHFTI (X’haguu’) ||L2(Q) S Cr (h—i_ﬂ_l) . (68)

6.2 Global convergence theorem

Assume that

s>1, puh > 1. (6.9)
Then [1]
@%{MM\ + |Agn|} < 832 (6.10)
We assume for brevity that . . B
Vo = Vons V1 = V10 (6.11)

The proof of Theorem 6.1 for the more general case (6.4) can easily be extended along the
same lines, although it would take more space. Still, we keep the parameter o of (6.4) as a
part of the error in the data and incorporate it in the function F},. Thus, we obtain instead
of (6.8)

max || Fy (%, & 1) o) < O (417" + o) (6.12)

We also recall that by the embedding theorem H® (Q2) C C* (Q) and
Flles(ay < €171

Theorem 6.1. Let the exact coefficient ¢* (x) satisfy conditions (2.3), (2.4). Suppose
that conditions (6.2)-(6.9), (6.11) and (6.12) are satisfied. Assume that for each n € [1, N]

sy Y € H (). (6.13)
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there exists a function ®, € H®(Q) satisfying boundary conditions (4.6), except of maybe
at Ty. For any function ¢ € C7 (R?) such that c(x) > 1/2, c¢(x) = 1 in R*\Q consider
the solution w,.(x,s) € C*™ (R™\ {|x — xo| < 0}),V0 > 0 of the problem (2.6), (2.7). Let
V. (x) =5 2lnw, (x,35) € C* (R {|x — x¢| < 0}),0 > 0 be the corresponding tail func-
tion and Vi, (x,5) € C? (ﬁ) be the wnitial tail function. Suppose that the cut-off pseudo
frequency s is so large that the following estimates hold

g, (6.14)

: ; ¢
IVllora) < 5o IWiallorgay < 5 IVelloa ) <

for any such function c(x). Here £ € (0,1) is a sufficiently small number. Introduce the

parameter 3 :=35—s, which is the total length of the s-interval covered in our algorithm. Let

ag be so small that it satisfies the corresponding condition of Theorem 5.1. Let o € (0, o)

be the reqularization parameter of the QRM. Assume that numbers h,o,&, 3, are so small
that

h+pt+o+€<B, (6.15)

(L —

13632 (C*)” Oy

where the number by was introduced in Theorem 5.1 and the constant Cy depends only on

the domain Q). We assume without loss of generality that Cy € (1,C*). Then the following
estimates hold for all o € (0, ) and all n € [1, N]

(6.16)

lgnll s < 3C%, (6.17)

HQR_QZHHQ(Q%) < 2C*Oéb2, (6.18)
1

llen — c*||01(§%) < 20*a™,¢, > 3 in €2,.. (6.19)

Remarks 6.1.

1. Because of the term 3¢ in inequalities (6.16), there is a discrepancy between these
inequalities and (3.6). This discrepancy was discussed in detail in subsection 3.3 of [12] and
in subsection 6.3 of [2], also see Introduction above. A new mathematical model proposed
in these references allows the parameter £ in (6.14) to become infinitely small independently
on the truncation pseudo frequency s, also see discussion in the Introduction section above.
We point out that this mathematical model was verified on experimental data. Indeed,
actually the derivatives 05V, i instead of functions V), were used in the numerical imple-
mentation of [12], and this implementation was done prior experimental data were actually
measured, see subsections 7.1 and 7.2 of [12]. It follows from (3.6) that one should expect
that |\8§Vnk|\02(§) << HVnkHCQ(ﬁ) = 0(1/3),s — oo. Finally, we believe that, as in any

2

applied problem, the independent verification on blind experimental data in [12] represents
a valuable justification of this new mathematical model.

2. In our definition “global convergence” means that, given the above new mathematical
model, there is a rigorous guarantee that a good approximation for the exact solution can
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be obtained, regardless on the availability of a good first guess about this solution. Further-
more, such a global convergence analysis should be confirmed by numerical experiments. So,
Theorem 6.1, complemented by our numerical results below, satisfies these requirements.

3. The assumption of the smallness of the parameter 3 = 5 — s is a natural one because
equations (4.1) are actually generated by equation (3.7), which contains the nonlinearity in
Volterra-like integrals. It is well known from the standard Ordinary Differential Equations
course that solutions of nonlinear integral Volterra-like equations might have singularities on
large intervals. B

Proof of Theorem 6.1. Denote G, = ¢ui — ¢, Vo = Vo, — V*. By (6.14)

Vn,k

o) <¢. (6.20)

This proof basically consists in estimating norms [|gn k[l (g, from the above. Compared

with proofs in [1, 2], the main difficulty here is that we have to analyze integral identities
resulting from the QRM, instead of pointwise equations of [1, 2]. Hence, we use results of
Theorem 5.1 here instead of the Schauder theorem of [1]. Recall that (-, ) denotes the scalar
product in Ly () and [+, -] denotes the scalar product in H® ().

Since by (3.12) and (6.5) ¢o = ¢ = 0, then (6.17) and (6.18) are true for n = 0. Assume
that they are true for functions ¢; with j <n—1,n > 1. Below we will prove them for j := n.
Denote QF = ¢ — ., Qni = @ni — Ppn. Below in this proof v € H5 (9, is an arbitrary
function satisfying (5.1). Let G, ;, be the operator in the left hand side of (6.7). Let H , be
the right hand side of (6.7). Substituting in (6.7) ¢ := Q + ®,,, multiplying both sides by
the function G, v, integrating over € and then adding to both sides « [g}, v], we obtain

(Grx@n: Grgv) + (@5, + o, 0] = (Hy ), — G, Guiv) + gy, 0] (6.21)
It follows from the proof of Lemma 5.2 that
(GnkQns Gniv) + a[Qui + Py v] = (Hpp — Grp@Pn, Griv) . (6.22)
Subtracting (6.21) from (6.22), we obtain
(GrsQui — Gy Qs Gr) + &[G, v] = (Hnp — Hyp g, Grav) — a[qs, 0], (6.23)
Elementary calculations show that (6.23) is equivalent with
(Grkline; GrpV) + @ G, 0] = (Paks Grpv) — o [g,, 0] (6.24)
In addition, it follows from (6.11) that

an,k |F1: azamk |F1: aﬂﬁaﬂ,k |F2: 6Ian7k |F3: O (625)
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The function P, in (6.24) is

- n—1
—Asp, (h Z qu> (hz Vg, + Vq]) - 2VV, k) (6.26)
7=1

j=1
N n—1
+ A, V'V, <2hZVqJ (VVr + vv*)> F,.
j=1

It follows from (6.14)-(6.16) as well as from (6.17) for ¢;,j < n — 1 that components of the
vector function a, j in the operator G, ; satisfy the corresponding condition of Theorem 5.1,

all), ) < 1#= 1,2 Hence, Lemma 5.3 and Theorem 5.1, (6.3), (6.24) and (6.25) imply
o9
that
~ HPn,kHL Q "
_ el
||q7’l,k||H2(Q%) < I—LQ(Q) + Oéb2c*. (628)

ab

It follows from (6.27) and (6.28) that we now need to estimate the norm ||Pn,k\|L2(Q)
from the above. First, using (6.3), (6.10), (6.14), (6.15) as well as (6.17) and (6.18) for
¢;,J <n—1, we obtain

n—1
H—Am <h2 Vi — vn,k> Vay,

j=1

< 2452 (C*)* C43. (6.29)

Ly ()

Similarly we obtain

n—1 n—1
A (h > va]) (h > (Vg +Vg)) - 2vvn,k>
j=1

Jj=1

< 8052 (C*)* C43. (6.30)

Ly ()

Likewise,

< 328°C*C, 8. (6.31)

Ag Ve - <2h > Vg = (VWi + vv*)) ~F,

Ly ()

Summing up (6.29)-(6.31), we obtain || Pkl 1, q) < (13652 (C*)? C1] 3. Hence, (6.16) implies

that
Hpn,kHLQ(Q) < \/a (6.32)
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Hence, using (6.27), (6.28) and (6.32), we obtain
1@l 5 () < 207 Tl 2,y < 2C7 0. (6.33)

The second inequality (6.33) proves (6.18). To prove (6.17), we use the first inequality (6.33)
i [ gnell sy < Nnll s ) + 100 1| 5@y < 3C™. As soon as (6.17) and (6.18) are established,
the proof of the first inequality (6.19) is straightforward. To do so, one needs to subtract (6.1)
from (4.3) and then use (6.13), (6.17), (6.18), (4.2) and (6.5) in a straightforward manner.
The second inequality (6.19) follows from (2.3) and the smallness condition imposed on the
number «g. O

7 A Simplified Mathematical Model of Imaging of An-
tipersonnel Plastics Land Mines

The first main simplification of our model is that we consider the 2-D instead of the 3-D
case. Second, we ignore the air/ground interface, assuming that the governing PDE is valid
on the entire 2-D plane. The third simplification is that we consider a plane wave instead
of the point source in (2.1). This is because our current computer code is designed only for
the plane wave. As it is always the case of sophisticated computer codes, it takes quite an
effort to re-design it for the case of a point source and this work is currently underway. The
point source was considered above only for the convenience of analytical derivations due to
Lemma 2.1.

Let the ground be {x = (z,2) : 2 > 0} C R% Suppose that a polarized electric field is
generated by a plane wave, which is initialized at the point (0, z°), 2% < 0 at the moment of
time ¢ = 0. The following hyperbolic equation can be derived from Maxwell equations [7]

e (X)uy = Au, (x,t) € R? x (0,00), (7.1)
u(x,0) = 0, u(x,0)=6(2—2"), (7.2)

where the function u(x,t) is a component of the electric field. Recall that ¢, (x) is the
spatially distributed dielectric constant, see the beginning of section 2. We assume that the
function e, (x) satisfies the same conditions (2.3), (2.4) as the function ¢ (x). The Laplace
transform (2.5) leads to the following analog of the problem (2.6), (2.7)

Aw — s’e,(x)w = —0(z—2"),Vs > s, (7.3)
| l|im (w—wp) (x,5) = 0,Vs>s,
where wy (2,s) = exp(—s|z — 20|) /(2s) is such a solution of equation (7.3) for the case
£,(x) =1 that lim),| o wo (2,5) = 0.
It is well known that the maximal depth of an antipersonnel land mine does not ex-
ceed about 10 cm=0.1 m. So, we model these mines as small squares with the 0.1 m
length of sides, and their centers should be at the maximal depth of 0.1 m. We set 2 =
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{x=(z,2) € (—0.3m,0.3m) x (0m,0.6m)} . Consider dimensionless variables x' = x/0.1, 2% =
2°/0.1. For brevity we keep the same notations both for these variables and the new domain
Q,

Q=(-3,3) x(0,6). (7.5)

We now use the values of the dielectric constant given at http://www.clippercontrols.com.
Hence, ¢, = 5 in the dry sand and ¢, = 22 in the trinitrotoluene (TNT). We also take
g, = 2.5 in a piece of wood submersed in the ground. Hence,
e (TNT) 22 4

e (dry sand) 5~
Since the dry sand should be considered as a background outside of our domain of interest
Q, we introduce parameters ¢/, = ,/5,s = s-0.1-+/5, and again do not change notations.
Then relations (7.3) and (7.4) are valid. Hence, we now can assume that the following values
of this scaled dielectric constant

er (dry sand) = 1,¢, (TNT) = 4, ¢, (piece of wood) = 0.5. (7.6)
In addition, centers of small squares modeling our targets should be in the rectangle
{x=(z,2) € [-2.5,2.5] x [0.5,1.0]}. (7.7)

The side of each of our small square should be 1, i.e. 10 cm. The interval [0.5,1.0] in (7.7)
corresponds to depths of centers between 5 cm and 10 cm and the interval [—2.5,2.5] means
that any such square is fully inside of 2. Hence, an accurate image of the location of that
small square as well as of the value of the coefficient ¢, (x) both inside and outside of it would
provide a useful information about the possible presence of a land mine and also might help
to differentiate between mines and non-mines.

8 Numerical Studies

In this paper, we work only with the computationally simulated data. The data are generated
by solving numerically equation (7.3) in the rectangle R = [—4,4] x [-2,8]. By (7.5) 2 C R.
To avoid the singularity in ¢ (z — 2°), we actually solve in R the equation for the function
w = w — wy with zero Dirichlet boundary condition for this function, see (7.4). We solve
the resulting Dirichlet boundary value problem via the FDM with the uniform mesh size
hy = 0.0675.

It is quite often the case in numerical studies, one should slightly modify the numerical
scheme given by the theory, and so we did the same. Indeed, it is well known in computations
that numerical results are usually more optimistic than analytical ones. We have modified
our above algorithm via considering the function ¥ = s72 - In (w/wyp) . In other words, we
have divided our solution w of the problem (7.3), (7.4) by the initializing plane wave wy.
This has resulted in an insignificant modification of equations (4.1). We have observed in our
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computations that the function w/wy at the measurement part I'y C 0€ is poorly sensitive
to the presence of abnormalities, as long as s > 1.2, see Figure 1-b). Hence, one should
expect that the modified tail function for the function v should be small for s > 1.2, which is
exactly what is required by the above theory. For this reason, we have chosen the truncation
pseudo frequency 5 = 1.2 and the initial tail function V;; = 0.

Backscattering data

| L)L LT

0.99
0.98 - =

097 _ _ _ - ——
- center at depth 1.0

096 — — — — — — — — — —  centeratdepth 1.5
0.95

0.94
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.detector 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

a) b)

Figure 1: a) The schematic diagram of our data collection. The plane wave falls from the top
and backscattering data are collected at the top side of this rectangle. b) The “sensitivity” function
f(s) =w(0,0,s) /wy (0,s), s € [0.5,1.2] for two different centers (0,1) and (0,1.5) of mine-like
targets, which correspond to 10 cm and 15 cm depths respectively.

8.1 Some details of the numerical implementation of the globally
convergent method

We have generated the data for s € [0.5, 1.2] with the grid step size h = 0.1 in the s direction.
Since the grid step size in the s-direction is h = 0.1 for s € [0.5,1.2], then 3 = 0.7 and N = 7.
Also, we took the number of iterations with respect to the tail my = my = ... = my =
m = 10, since we have numerically observed the stabilization of functions g, , eﬁn’k), Vi at
k = 10, also, see section 4. In our computations we have relaxed the smoothness assumption
in the QRM via taking in (4.7) the H?—norm instead of the H5—norm, see the first Remark
4.1.

Based on the experience of some earlier works on the QRM [8, 14] for linear ill-posed
Cauchy problems, we have implemented the QRM via the FDM. Indeed, the FDM has
allowed in [14] to image sharp peaks. On the other hand, the FEM of [8] did not let to
image such peaks. So, we have written both terms under signs of norms of (4.7) in the FDM
form. Next, to minimize the functional (4.7), we have used the conjugate gradient method.
It is important that the derivatives with respect to the values of the unknown function at
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grid points should be calculated explicitly. This was done using the Kronecker symbol, see
details in [14]. As soon as discrete values 2R were computed, we have averaged each such
value at the point (z;, z;) over nine (9) neighboring grid points, including the point (z;, 2;)
to decrease the reconstruction error. The resulting discrete function was taken as k),

We have used the 49 x49 mesh in 2. However, an attempt to use a finer 98 x 98 mesh led to
a poor quality results. Most likely this is because the dimension of our above mentioned finite
dimensional space was becoming too large, thus making it “almost” infinitely dimensional,
which would require to use in (4.7) the H®°—norm instead of the H?—norm, see the first
Remark 4.1. The regularization parameter in (4.7) was taken o = 0.04.

We have made several sweeps over the interval s € [0.5,1.2] as follows. Suppose that
on the first s-sweep we have computed the discrete function e\ (x) := g0 (x), which
corresponds to the last s-subinterval [sy, sy_1] = [0.5,0.6]. Hence, we have also computed
the corresponding discrete tail function V() (x). Next, we return to the first s—interval
[s1,8] = [1.1,1.2], set ‘/1(21) (x) := VW (x) and repeat the algorithm of section 4. We kept
repeating these s—sweeps p times until either the stabilization has was observed, i.e.

e — eV <107 (8.1)

or an “explosion” of the gradient of the functional J;, on the sweep number p took place.
“Explosion” means that

IV T2 k(@) > 10°, (8.2)
for any appropriate values of indices n, k. Here and below ||-|| is the discrete Lg (£2) —norm.

The stopping criterion (8.2) corresponds well with one of backbone principles of the theory
of ill-posed problems. According to this principle, the iteration number can serve as one of
regularization parameters, see pages 156 and 157 of [10].

Suppose that either (8.1) or (8.2) takes place. Then we work with the function e®).

First, as it is usually done in imaging, we apply a truncation procedure. In this procedure

we truncate to unity 85% of the max ‘sﬁp ) (X)‘, see Figure 2. If we have several local maxima

r

of ‘&(}; ) (X)‘, then we apply the truncation procedure as follows. Let {x;};_, C € be points
where those local maxima are achieved, and values of those maxima are respectively {a;};_; .
Consider certain circles {B (x;)};_, C € with the centers at points {x;};_, and such that

B (x;) N B(x;) = @ for i # j. In each circle B (x;) set

(p) e | (p)
gf})) (x) = e (x) if |&” (X)‘ > 0.85a;
1, otherwise.

Next, for all points x € Q\ Ul_; B (x;), we set £ (x) := 1. As a result, we have obtained
the truncated function £ (x) . Finally we set 9/ (x) := £ (x) and go to Stage 2.
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Figure 2: A typical example of the image resulting from the globally convergent stage. The rectangle
is the domain . This is the image of Test 1 (subsection 7.3). a) The correct coefficient. Inclusions
are two squares with the same size d = 1 of their sides, which corresponds to 10 cm in real
dimensions. In the left square €, = 6, in the right one €, = 4 and €, = 1 everywhere else, see
(7.5) and (7.6). However, we do not assume knowledge of €, (x) in 2. Centers of these squares are
at (23, 2f) = (—1.5,0.4) and (x5, 25) = (1.5,1.0). b) The computed coefficient before truncation.
Locations of targets are judged by two local mazxima. So, locations are imaged accurately. However,
the error of the computed values of the coefficient e, in them is about 40%. c) The image of b)
after the truncation procedure, see the text.

8.2 The second stage of our two-stage numerical procedure: a
modified gradient method

Recall that this method is used on the second stage of our two-stage numerical procedure.
Since this method is secondary to us and since we want to save space, we derive a modi-
fied gradient method only briefly here. A complete, although space consuming derivation,
including the rigorous derivation of Frechét derivatives, can be done using the framework
developed in [3, 4]. We call our technique the “modified gradient method” because rather
than following usual steps of the gradient method, we find zero of the Fréchet derivative of
the Tikhonov functional via solving an equation with a contractual mapping operator.
Consider a wider rectangle €' D €, where ' = (—4,4) x (0,6). We assume that both
Dirichlet ¢y and Neumann ¢; boundary conditions are given on a wider interval I} =

{z=01nQ, I, cc T, ie. similarly with (2.11)
F8) e, = Foles), (5.3)
W, (x,8) |y = @ (w,s) +e "l (8.4)
Also, we have observed in our computations that limjy—. |V (x, s)| = 0. Hence, we use

&@x |BQ’\F’1: 0. (85)
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In addition, by (7.3)
AW — %, (x)W — s%(e,(x) — Dwy(z,8) = 0, in . (8.6)

So, we now consider the solution of the boundary value problem (8.4)-(8.6), keeping the
same notation. We want to find such a coefficient ¢, (x) , which would minimize the following
Tikhonov functional

b
1 ~ ~ 0 obl[2
T () = 5//(11)(1‘,0, s) — Py (x,5))*dwds + 3 ||5,, — e bHLZ(Q) (8.7)

aF’l

+ / / MAW — s%e,(x)w — s*(e,(x) — Dwo(z, s)]dxds,

a

where 6 > 0 is the regularization parameter and A (x,s) is the solution of the so-called
“adjoint problem”,

AN — s%e,(x)A = 0, in Y,
A:(,0,8) = w(z,0,s) = @o(x,s), OnAloanr; =0.

If the coefficient €,(x) is such that, in addition to (8.4)-(8.6), (8.3) is true, then 7' (&,) = 0,
i.e. this coeflicient provides the minimum value for the functional 7. Because of (8.8), the
second line in (8.7) equals zero. Although boundary value problems (8.4)-(8.6) and (8.8),
(8.9) are considered in the domain 2 with a non-smooth boundary, a discussion about
existence of their solutions is outside of the scope of this paper. We have always observed
existence of numerical solutions with no singularities in our computations. Although, by
the Tikhonov theory, one should consider a stronger H¥*—norm of g, — 9°® in (8.7) [18],
we have found in our computations that the simpler Lo,—norm is sufficient. This is likely
because we have worked computationally worked with not too many grid points. Using the
framework of [3, 4], one can derive the following expression for the Fréchet derivative T" (,.)
of the functional T’

T' (g) (x) = 6 (e, — e9") (x) — /32 MW + wo)] (x,5)ds,x € Q.

a

Hence, to find a minimizer, one should solve the equation 7" (¢,.) = 0. We solve it iteratively
as follows

er(x) = el (x) +

| =

b
/ &2 N + wo)] (x, 5, 2" )ds, x € 0, (8.10)
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where functions w(x, s,e""!) and A(x, s,e"~1) are solutions of problems (8.4)-(8.6) and (8.8),
(8.9) respectively with &, (x) := "1 (x). One can easily prove that one can choose the
number (b —a) /0 so small that the operator in (8.10) is contractual mapping. We have
worked with such an operator in our computations. We have iterated in (8.10) until the
stabilization has occurred, i.e. we have stopped iterations as soon as || — ™7 !||/|le" 7| <
1075, where ||-|| is the discrete Ly (©2) norm. Then we set that our computed solution is

e (x) . In our computations we took a = 0.01,b = 0.05,60 = 0.15.

r

8.3 Numerical results

In our numerical tests we have introduced the multiplicative random noise in the boundary
data using the following expression

Wy (24,0,5;) = w (2;,0,s;) [L +<0], i =0,....,M; ,j=1,..,N,

where w (2,0, s;) is the value of the computationally simulated function w at the grid point
(x;,0) € I} and at the value s := s; of the pseudo frequency, ¢ is a random number in the
interval [—1; 1] with the uniform distribution, and ¢ = 0.05 is the noise level. Hence, the
random error is presented only in Dirichlet data but not in Neumann data.

Test 1. We test our numerical method for the case of two squares with the same size
d = 1 of their sides. In the left square €, = 6, in the right one ¢, = 4 and ¢, = 1 everywhere
else, see (7.6). Centers of these squares are at (z7, z;) = (—1.5,0.4) and (23, 23) = (1.5, 1.0).
However, we do not assume a prior: in our algorithm neither the presence of these squares
nor a knowledge of €, (x) at any point of the rectangle Q. See Figure 2 for the globally
convergent stage and Figure 3 for the final result.

Test 2. Consider now the case of imaging of a piece of wood, see (7.6). So, now our
target is a square with the d = 1 size of its side. Inside of this square ¢, = 0.5 < 1 and
e, = 1 outside. Figure 4 displays both this square and the reconstruction result.
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