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Abstract: The classical Weyl-von Neumann theorem states that for any self-
adjoint operator A in a separable Hilbert space $) there exists a (non-unique)
Hilbert-Schmidt operator C' = C* such that the perturbed operator A + C
has purely point spectrum. We are interesting whether this result remains
valid for non-additive perturbations by considering self-adjoint extensions of
a given densely defined symmetric operator A in $ and fixing an extension
Ao = A§. We show that for a wide class of symmetric operators the absolutely
continuous parts of extensions A= A* and Ay are unitarily equivalent provided
that their resolvent difference is a compact operator. Namely, we show that
this is true whenever the Weyl function M (-) of a pair {A, Ap} admits bounded
limits M (t) := w-lim,_, 4o M(t + iy) for a.e. t € R. This result is applied to
direct sums of symmetric operators and Sturm-Liouville operators with operator
potentials.



1 Introduction

Let Ag be a self-adjoint operator in a separable Hilbert space $) and let C = C*
be a trace class operator in ), C' € &1($)). Recall, that according to the Kato-
Rosenblum theorem, cf. [19, 29] the absolutely continuous parts Ag® and gac, in
short the ac-parts, of the operators Ay and A= A+ C are unitarily equivalent.
In other words, the absolutely continuous spectrum, in short ac-spectrum, of Ag
and its spectral multiplicity are stable under additive trace class perturbations.
At the same time, the Weyl-von Neumann-Kuroda theorem [1, Theorem 94.2],
[30], [24] shows that the condition C' € &1($)) cannot be replaced by C € &,($)
with p € (1, 00] (where &,($)) denotes the Neumann-Schatten operator ideals).

Theorem 1.1 ([20, Theorem 10.2.1 and Theorem 10.2.3]) For any oper-
ator Ag = A in 9 and any p € (1, 00] there exists an operator C = C* € 6,(9)
such that the perturbed operator A= Ao + C has purely point spectrum. In par-
ticular, 0q.(Ao + C) = 0.

The Kato-Rosenblum theorem was generalized by Birman [4] and Birman and
Krein [6] to the case of non-additive perturbations. Namely, it was shown that
Agf° and A still remain unitary equivalent whenever

(A=) — (4 —i)"' € &1(H).

In particular, this is true if Ag = A§ and A = A* are self-adjoint extensions
of a symmetric operator A (in short Ao, A € Ext 4). This rises the following
Weyl-von Neumann problem for extensions: Given p € (1, 00| and a self-adjoint
extension Ay of A. Does there exist a self-adjoint extension A of A such that A
has purely point spectrum and the difference (A —i)~! — (4g —i)~! belongs to
S,($H)? To the best of our knowledge this problem was not investigated.

In the present paper we show that the Weyl-von Neumann theorem for exten-
sions becomes false in general. We show that under an additional assumption
on the symmetric operator A the ac-part of a certain extension Ay = Aj is
unitarily equivalent to the ac-part of any extension A=A*of A provided that
their resolvent difference is compact, that is,

Ki=A—-i) = (Ag— i)' € Gu(H). (1.1)

The additional assumption on the pair {4, Ap} is formulated in terms of the
Weyl function of the pair { A, Ag}. The latter is the main object in the boundary
triplet approach to the extension theory developed in the last three decades, see
[12, 13, 17] and references therein.

The core of this approach is the following abstract version of Green’s formula

(A% f,9) — (f,A%g9) = T1f,Tog)n — (Tof, T19)nH, frg € dom (A7), (1.2)



where H is an auxiliary Hilbert space and I'g,I'; : dom (A*) — H are linear
mappings. A triplet II = {H, Ty, T'; } is called a boundary triplet for the operator
A* if (1.2) holds and the mapping I' := {T'g,I'1} : dom (4*) — H @ H is

surjective.

With a boundary triplet II for A* one associates in a natural way the Weyl
function M(-) = Mmu(-) (see Definition 2.10), which is the key object of this
approach. It is an operator-valued Nevanlinna function with values in [H] (i.e.
Ry-function) and its role in the extension theory is similar to that of the classical
Weyl function in the spectral theory of Sturm-Liouville operators. In particular,
if A is simple, then M(-) determines the pair {A, Ag}, where Ag := A* | ker 'y,
uniquely, up to unitary equivalence. Moreover, M (-) is regular (holomorphic)
precisely on the resolvent set o(Ag) of Ag and the spectral properties of Ay are
described in terms of the limits M (¢ + ¢0) at the real line (see [9]).

One of our main results (Theorem 4.3) reads now as follows.

Theorem 1.2 Let I1 = {H,Ty,T'1} be a boundary triplet for A* such that the
corresponding Weyl function M(-) has weak limits

M(t +10) := W—li%lM(t +iy) forae teR. (1.3)
v

If a self-adjoint extension A of A satisfies condition (1.1), then the ac-parts
A% and A3° of A and Ao (= A* | ker (I'g) ) are unitarily equivalent.

We apply this result to direct sums A := @952,.5, of symmetric operators
S, with equal and finite deficiency indices ny(S,). Let Sp, be a self-adjoint
extension of S, for each n € N. We show that the ac-part of Ag := &2 ;S0
is unitarily equivalent to the ac-part of any other extension A = A* € Ext A
provided that condition (1.1) is satisfied and the symmetric operators S,, are
unitarily equivalent to S; for any n € N.

The second part of the paper is concerned with a spectral extremal property
of certain self-adjoint extensions of A described by the following definition.

Definition 1.3 (i) Let T; =T} € C(9;), j = 1,2. We say that T} is a part of
T, if there is an isometry V' from $; into $)2 such that VT V* C Ts.

(ii) Let Ag = A§ be an extension of A. We say that A is ac-minimal if Ag°
is a part of any self-adjoint extension A of A.

(iii) Let o9 := 04c(Ag). We say that Ag is strictly ac-minimal if for any
extension A = A* of A the parts A§® and A*“E ;(00) are unitarily equivalent.

In particular, if Ag is ac-minimal, then O'GC(Z) D 04c(Ap). Note that an ac-
minimal extension of A is not unique. For any two ac-minimal extensions their
ac-parts are unitarily equivalent.



We show (cf. Theorem 5.12) that if ni(S,) < oo, then the ac-part Ag°
of any direct sum extension Ay = @2 1SOn of A : > 1Sy is ac-minimal.
In particular, aac(g) D 0ac(Ap) for any A= A" € ExtA This result looks
surprising with respect to Theorem 1.1. Indeed, in this case A§® is still a part of
A% for any A € Ext 4 though the resolvent difference K 7 (see (1.1)) is not even
compact. In other words, in this case the ac-spectrum of AO (but not its spectral
multiplicity) remains stable under (non-additive) compact perturbations K
though both 04.(Ag) and its multiplicity can only increase, whenever K 7 ¢ G

Moreover, we apply our technique to minimal symmetric non-negative Sturm-
Liouville operator A with an unbounded operator potential

(Af)(@) = —f"(2) + Tf (). (1.4)

We show that the Friedrichs extension Af is ac-minimal and under a simple
additional assumption is even strictly ac-minimal.

The paper is organized as follows. In Section 2 we give a short introduction
into the theory of ordinary and generalized boundary triplets and the corre-
sponding Weyl functions. In Section 3 we express the spectral multiplicity
function of the ac-part A*¢ of A = A*(€ Ext 4) by means of the corresponding
Weyl function. In Section 4 we apply this technique to prove Theorem 1.2 as
well as to give a simple proof of the Kato-Rosenblum theorem.

In Section 5 direct sums of boundary triplets II,, = {H,,,Ton,'1n} for op-
erators S adjoint to symmetric operators S, are investigated. We show that
though, in general, IT = ®2° 11, is not a boundary triplet for the direct sum
A" = @72, Sk, it is always possible to modify the triplets II,, in such a way
that a new sequence fI = {Hmfon, fln} of boundary triplets for S} satisfies
the following properties: I = e H forms a boundary triplet for A* such
that Sopn, := S} | ker (To,) = Sk | ker (FOn) =: Son, n € N. In particular, the
corresponding Weyl function M ( ) is block-diagonal (see Theorem 5.3). Our
spectral applications to direct sums are substantially based on this result. In
particular, it is used in proving of Theorem 5.12 mentioned above.

Finally, in Section 6 we apply the technique (and abstract results) to operators
(1.4) with bounded and unbounded operator potentials. In particular, we
investigate the ac-spectrum of self-adjoint realizations of Schréodinger operator

(92 n 82 " 50 TN
L= ﬁ—F;(‘T@? +q(z). (t,z) e Ry xR", ¢qe L>=(R"),

in L?2(R,. x R"), n > 1. For instance, we show that if ¢(-) > 0 and

lim lq(y)|dy = 0, (1.5)

l#l=00 Jiz—y|<1

then the Dirichlet realization LP is absolutely continuous, strictly ac-minimal
and o(LP) = 0,.(LP) = [0, 0).



Notations In the following we consider only separable Hilbert spaces which
are denoted by $), H etc. The symbols C(H1,Hz) and [$1, H2] stand for the set
of closed densely defined linear operators and the set of bounded linear operators
from 9 to $a, respectively. We set C(H) := C(H,H) and [9)] := [9,H]. The
symbols dom (-), ran (+), o(T) and o(T) stand for the domain, the range, the
resolvent set and the spectrum of an operator T € C(H), respectively; T%¢ and
0ac(T) stand for the ac-part and the ac spectrum of an operator T = T* € C(H).

S,(9), p € [1, 00], stand for the Schatten-von Neumann ideals in §). Denote
by B(R) the Borel o-algebra of the line R and by B;(R) the algebra of bounded
subsets in By(R). The Lebesgue measure of a set § € B(R) is denoted by |d|.

2 Preliminaries

2.1 Operator measures

Definition 2.1 Let H be a separable Hilbert space. A mapping X(+) : By(R) —
[H] is called an operator (operator-valued) measure if

(i) X(-) is 0-additive in the strong sense and

(if) X(§) = X(d)* > 0 for § € By(R).

The operator measure %(-) is called bounded if it extends to the Borel algebra
B(R) of R, i.e. X(R) € [H]. Otherwise, it is called unbounded. A bounded
operator measure %(-) = F(-) is called orthogonal if, in addition the conditions

(111) E((Sl)E((Sg) = E(51 n (52) for 51, 52 S B(R) and E(R) = IH

are satisfied.

Setting in (iii) §; = d2, one gets that an orthogonal measure E(-) takes its
values in the set of orthogonal projections on H. Every orthogonal measure
E(-) defines an operator T =T* = [, \ddE()) in ‘H with E(-) being its spectral
measure. Conversely, by the spectral theorem, every operator T = T* in ‘H
admits the above representation with the orthogonal spectral measure £ =: Er.

By %€, 3%, ¥%¢ and XPP we denote absolutely continuous, singular, singular
continuous and pure point parts of the measure X, respectively. The Lebesgue
decomposition of ¥ is given by ¥ = 3¢ 4 ¥ = 3%¢ 4 3¢ 4 3PP,

The operator measure X7 is called subordinated to the operator measure 3o,
in short X1 < %o, if ¥3(d) = 0 yields ¥1(6) = 0 for § € Bp(R). If the measures
31 and X5 are mutually subordinated, then they are called equivalent, in short
31 ~ Xs. Note, that there are always exists a scalar measure p defined on B;(R)
such that ¥ ~ p, see [27, Remark 2.2]. In particular, there is always a scalar
measure such that X < p.



Usually, with the operator-valued measure 3(-) one associates a distribution
operator-valued function X(-) defined by

2([0,8))  t>0
S(t) =140 t=0 (2.1)
—3([t,0)) t<0

which is called the spectral function of 3. Clearly, 3(+) is strongly left continu-
ous, X(t — 0) = X(¢), and satisfies X(t) = 3(t)*, X(s) < X(¢), s < t.

Definition 2.2 ([27, Definition 4.5]) Let ¥ be an operator measure in H
and let p be a scalar measure on B(R) such that 3 < p. Further, let e = {e;}22,
be an orthonormal basis in H. Let

Sy (t) = (E)ei,e5),  Wi(t) == dSi;(t)/dp,
W) = (Ui(1) oy () = (1),

We call
N (t) := rank (U¢(¢)) := suprank (V¢ (t)) (mod(p)) (2.2)

n>1
and
Ny (t) := esssup N5 (t) (mod(p))
the multiplicity function and the total multiplicity of X, respectively.

By [27, Proposition 4.6] N&(-) does not depend on the orthogonal basis e.
Therefore one always has Ny (¢) :== N&(¢) and one can omit the index e in (2.2).

When applying this definition to the absolutely continuous part ¥%¢ of ¥ the
scalar measure p®“ can be chosen to be the Lebesgue measure | - | on B(R).

The concept of the multiplicity function allows one to introduce the following
definitions.

Definition 2.3 Let ¥; and Y5 be two operator measures.

(i) The operator measure ¥; is called spectrally subordinate to the operator
measure g, in short £ << 3, if ¥1 < ¥3 and Ny, (t) < Ng,(t) (mod(3s)).

(ii) The operator measures %7 and ¥ are called spectrally equivalent, in short
Zl ~ 22, if 21 ~ 22 and Nzl(t) = sz (t)(mod(ZQ))

Crucial for us in the sequel is the following theorem.

Theorem 2.4 Let T} be self-adjoint operators acting in §); with corresponding
spectral measures Et,(+), j = 1,2. Let D € B(R).



(i) TvEr, (D) is a part of ToET, (D) if and only if Er,p << Er, p, where
ETJ,D((S) = ETJ.((SOD>, ] = 172

(ii) The parts Ty E7, (D) and T2 Er, (D) are unitarily equivalent if and only if
ET17D ~ ETz,'D-

The proof is immediate from [7, Theorem 7.5.1]. For D = R Theorem 2.4
gives conditions for 77 to be unitarily equivalent either to a part of 75 or to T3
itself.

2.2 R-Functions

Let H be a separable Hilbert space. We recall that an operator-valued function
F(-) with values in [H] is called to be a Herglotz, Nevanlinna or R-function
[1, 3, 17, 23], if it is holomorphic in Cy and its imaginary part is non-negative,
i.e. Im(F(z)) := (2i)"*(F(z) — F(2)*) > 0, z € C4. In what follows we prefer
the notion of R-function. The class of R-functions with values in [H] will be
denoted by (Ry). Any (Ry)-function F(-) admits an integral representation

e 1 t
F(z)=Co+C ——— | dx= C 2.3
(2) =Co + 12+/oo(t—z 1+t2> r, z€Cy, (2.3)
(see, for instance, [1, 3, 23]), where Cy = C§, C; > 0 and X is an operator-
valued Borel measure on R satisfying [, (1 + ¢*)"'dSp € [H]. The integral is
understood in the strong sense.

In contrast to spectral measures of self-adjoint operators the measure ¥ g
is not necessarily orthogonal. However, the operator-valued measure g is
uniquely determined by the R-function F(-). It is called the spectral measure
of F(-). The associated spectral function is denoted by X g(t), t € R, cf. (2.1).

Let us calculate Nxae (t), t € R. For any Hilbert-Schmidt operator D € Go(H)
satisfying ker (D) = ker (D*) = {0} let us consider the modified Ry-function
(FP)(2) := D*F(2)D, z€Cy.

For FP(-) the strong limit FP(t) :== FP(t+i0) := s-lim,_ o FP(t+1iy) exists
for a.e. t € R. We set

dpo(t) := dim(ran (Im(FP)(t))), for a.e. tecR. (2.4)

Proposition 2.5 Let F(-) € (Ry), D € 62(H) and ker (D) = ker (D*) = {0}.
Then Nsac(t) = dpo(t) for a.e. t €R.

Proof. It follows from (2.3) that

oo

Im(F(A + iy)) = yCi +/ Y i¥e, AeR. (25)

oo (E= A2+ y?



By Berezanskii-Gel'fand-Kostyuchenko theorem [3; 7] the derivative
Upespp(t) = L D*Sp(t)D exists for a.e. t € R and the representation

DY (6)D = /\IJD*EFD(t)dt, € By(R)
)

holds. Applying the Fatou theorem (see [23]) to (2.5) and using (2.4) we obtain

Im((FP)(\)) = 7¥p-x,p(A\) forae XeR. (2.6)

By [27, Corollary 4.7] Nxae(A) = rank (¥ p+x,p(A)) = dim(ran (¥p+x,p(N)))
for a.e. A € R. Finally, using (2.6) we get Nxac(A) = dpp()) for a.e. A€ R. O

Notice that Proposition 2.5 implies that Dgp (t) does not dependent on D.
Assuming the existence of the limit F(t) := s-lim,_ o F(t + iy) for a.e. t € R,
we set

dp(t) :=rank (Im(F(¢)) = dim(ran (Im(F(t))))

for a.e. t € R. In this case Proposition 2.5 can be modified as follows.

Corollary 2.6 Let F(-) € (Ry). If the limit F(t) := s-limy_, o F(t+1y) exists
for a.e. t € R, then Nxac(t) = dp(t) for a.e. t € R.

2.3 Boundary triplets and self-adjoint extensions

In this section we briefly recall the basic facts on boundary triplets and the
corresponding Weyl functions, cf. [11, 12, 13, 17].

Let A be a densely defined closed symmetric operator in the separable Hilbert
space §) with equal deficiency indices ny(A) = dim(ker (A* F 1)) < oo.

Definition 2.7 ([17]) A triplet II = {H,[,,I'1}, where H is an auxiliary
Hilbert space and T'g,I'; : dom (A*) — H are linear mappings, is called an
(ordinary) boundary triplet for A* if the ”abstract Green’s identity”

(A% f,9) = (f,A%g9) = T1f,Tog)n — Tof, T19)n, frg €dom(A"), (2.7)

holds and the mapping I' := (I'g,I";) T : dom (A*) — H @ H is surjective.

Definition 2.8 ([17]) A closed extension A’ of A is called a proper extension,
in short A’ € Ext 4, if Ac A’ C A%,

Two proper extensions A’, A” are called disjoint if dom (4") N dom (4”) =
dom (A) and transversal if in addition dom (A’) + dom (A”) = dom (A*).

Clearly, any self-adjoint extension A=A"is proper, A€ Exta A boundary
triplet IT = {H, T, 1 } for A* exists whenever ny (A) = n_(A4). Moreover, the
relations ny (A) = dim(H) and ker (T'g) Nker (I';) = dom (A) are valid. Besides,



Ty, Ty € [$4,H], where $, denotes the Hilbert space obtained by equipping
dom (A*) with the graph norm of A*.

With any boundary triplet II one associates two extensions A; := A* |
ker (T';), j € {0,1}, which are self-adjoint in view of Proposition 2.9 below.
Conversely, for any extension Ay = Af € Ext 4 there exists a (non-unique)
boundary triplet II = {H,T'g,T'1} for A* such that Ay := A* [ ker (I'p).

Using the concept of boundary triplets one can parameterize all proper, in
particular, self-adjoint extensions of A. For this purpose denote by C(H) the
set of closed linear relations in H, that is, the set of (closed) linear subspaces of
H & H. The adjoint relation ©* € C(H) of a linear relation © in M is defined by

o — {(lf) (W, k) = (b, ) for all (2) € @}.

A linear relation O is called symmetric if © C ©* and self-adjoint if © = ©*.

The multivalued part mul (©) of © € C(H) is mul(©) = {h € H : {0,h} €
O}. Setting Hoo 1= mul(0) and Hep := HL we get H = Hop ® Hoo. This
decomposition yields an orthogonal decomposition © = ©,,®60 ., where O, :=
{0} ®mul (0) and Oqp, = {{f,g} € ©: f € dom(©),¢g L mul(©)}. For the
definition of the inverse and the resolvent set of a linear relation © we refer to
[14].

Proposition 2.9 Let IT = {H,Ty,T'1} be a boundary triplet for A*. Then the
mapping
(Ext 4 3) A — T'dom (A) = {{Tof,T1f}: fedom(A)} =0 eC(H) (28)

establishes a bijective correspondence between the sets Ext 4 and C(H). We put
Ag := A where © is defined by (2.8). Moreover, the following holds:

(i) Ae = A if and only if © = ©%;

(ii) The extensions Ag and Ag are disjoint if and only if © € C(H). In this case
(2.8) becomes
A@ = A" r ker (Fl - @Fo),

(iii) The extensions Ag and Agy are transversal if and only if © = ©* € [H].
In particular, A; := A* [ ker (I'j) = Ae,, j € {0, 1} where O := {0} x H and

O1 :=H x {0}. Hence A; = Aj since ©; = ©7. In the sequel the extension Ag
is usually regarded as a reference self-adjoint extension.

2.4 Weyl functions and v-fields

It is well known that Weyl functions give an important tool in the direct and
inverse spectral theory of singular Sturm-Liouville operators. In [11, 12, 13] the



concept of Weyl function was generalized to the case of an arbitrary symmetric
operator A with ny(A) = n_(A). Following [11, 12, 13] we recall basic facts on
Weyl functions and -fields associated with a boundary triplet II.

Definition 2.10 ([11, 12]) Let IT = {H,T¢,I'1 } be a boundary triplet for A*.
The functions v(-) : 9(Ag) — [H, 9] and M () : p(Ag) — [H] defined by

v(z) == (To | ‘ﬁz)_l and M(z) :=T17(2), z € 0(Ayp), (2.9)

are called the y-field and the Weyl function, respectively, corresponding to II.

It follows from the identity dom (A*) = ker (I'g)+MN., 2z € o(Ap), where Ag =
A* ] ker (T'y), and 91, := ker (A* — z), that the y-field y(-) is well defined and
takes values in [H, $]. Since I'y € [H4,H], it follows from (2.9) that M(:) is
well defined too and takes values in [H]. Moreover, both () and M(-) are
holomorphic on p(Ap) and satisfy the following relations (see [12])

V=) = (I + (2= (A0 —2)7)(Q),  2,¢ € o(Ao), (2.10)

and
M(2) = M(Q)* = (2 = Ov(Q)"(2),  2¢ € o(Ao). (2.11)

The last identity yields that M(-) is a Ry-function, that is, M () is a [H]-valued
holomorphic function on C\R satisfying

I (M(2)

M(z) = M(Zz)" and G =

z € C\R.

Moreover, it follows from (2.11) that M(-) satisfies 0 € o(Im (M (2))), z € C\R.

If A is a simple symmetric operator, then the Weyl function M (-) determines
the pair {4, Ao} uniquely up to unitary equivalence (see [13, 22]). Therefore
M(-) contains (implicitly) full information on spectral properties of Ag. We
recall that a symmetric operator is said to be simple if there is no non-trivial
subspace which reduces it to a self-adjoint operator.

For a fixed Ay = Af a boundary triplet IT = {H, T'g, I'; } satisfying dom (Ag) =
ker (I'g) is not unique. Let IT; = {H;, T, T}, j € {1,2}, be two such triplets.
Then the corresponding Weyl functions M (-) and M(-) are related by

My (z) = R*Mi(2)R + Ry, (2.12)

where Ry = R} € [Hz] and R € [H2, H1] is boundedly invertible.

According to Proposition 2.9 the extensions Ag and Ay are not disjoint when-
ever mul (©) # {0}. Considering Ag and Ay as extensions of an intermediate
extension S := Ag | (dom (Ap) Ndom (Ag)) we can avoid this inconvenience.

Lemma 2.11 Let I = {H,Ty,T'1} be a boundary triplet for A*, M(-) the cor-

responding Weyl function, © = ©* € C(H) and © = ©,, & O« its orthogonal
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decomposition. Further let S := Ap | (dom (Ag) Ndom (Ag)). Then the triplet
I ={H,Ty, '}, defined by

H := Hop = dom (0), Lg:=T¢ [dom(S*), T';:=mepl; | dom (5*),
is a boundary triplet for S*, where mop, is the orthogonal projection from H onto
Hop, Ao = S* [ ker (I'g) and Ag = Se,,. The corresponding Weyl function is

M (2) == mopM(2) | Hop, 2z € Cy. (2.13)

The proof can be found in [10]. Hence without loss of generality we can very
often assume that the “coordinate” © :=I'A of an extension A = Ag = A§ €
Ext 4 corresponds to the graph of a self-adjoint operator.

In what follows, without loss of generality, we always assume that the closed
symmetric A is simple and, due to Lemma 2.11, the “coordinate” © of the
extension Ag = Ag € Ext 4 is the graph of a self-adjoint operator.

2.5 Krein type formula for resolvents and comparability

With any boundary triplet IT = {H, T, '1} for A* and any proper (not neces-
sarily self-adjoint) extension Ag € Ext 4 it is naturally associated the following
(unique) Krein type formula (cf. [11, 12, 13])

(Ao—2)""—(Ag—2)"" = 1(2)(O—M(2)) '4(2)", = € o(Ao)Ne(Ae). (2.14)

Formula (2.14) is a generalization of the known Krein formula for resolvents.
We note also, that all objects in (2.14) are expressed in terms of the boundary
triplet IT (cf. [11, 12, 13]). In other words, (2.14) gives a relation between Krein-
type formula for canonical resolvents and the theory of abstract boundary value
problems (framework of boundary triplets).

The following result is deduced from formula (2.14) (cf. [12, Theorem 2]).

Proposition 2.12 LetII = {H,Ty,'1} be a boundary triplet for A*, ©; = OFf €
C(H), i € {1,2}. Then for any Schatten-von Neumann ideal S,, p € (0, 00],
and any z € C\ R the following equivalence holds

(Ao, —2) ' = (Ao, —2) L €6,(H) «= (01 —2) = (03— 2) ' € 6,(H)

In particular, (Ao, — 2)7' — (Ao — 2) 7' € 6,(9) < (01 — i)71 €6,(H).
If in addition ©1,04 € [H], then for any p € (0,00] the equivalence holds

(Ao, —2) ' — (Ao, — 2) L € 6,(H) <= O, — O, € G,(H).

11



2.6 Generalized boundary triplets and proper extensions

In applications the concept of boundary triplets is too restrictive. Here we recall
some facts on generalized boundary triplets following [13].

Definition 2.13 ([13, Definition 6.1]) A triplet I = {H,T'o,I'1} is called a
generalized boundary triplet for A* if H is an auxiliary Hilbert space and I'; :
dom (I';) — H, j = 0,1 are linear mappings such that dom (I") := dom (I'g) N
dom (T';) is a core for A*, Ty is surjective, Ay := A* | ker (I'g) is self-adjoint
and the following Green’s formula holds

(A*f7g) - (fa A*g) = (Flfa FOQ)H - (FOfarlg)Ha fag € dom (A*)7 (215)
where A, := A* | dom (T').

By definition, A, := A* | dom (') and A, C A* = A, and (4,)* = A.
Clearly, every ordinary boundary triplet is a generalized boundary triplet.

Lemma 2.14 ([13, Proposition 6.1]) Let A be a densely defined closed sym-
metric operator and let II = {H,Ty,T'1} be a generalized boundary triplet for
A*. Then the following assertions are true:

(i) N% :=dom (A.) NN, is dense in N, and dom (A,) = dom (Ag) + MN%;

(ii) Tydom (Ag) = H;

(iii) ker (I') = dom (A) and ran (T') = H & H.

Lemma 2.15 Let A be a densely defined closed symmetric operator and let
T ={H,To,T1} be a generalized boundary triplet for A*. Then the mapping
[ ={[y,I1}" is closable and T € C(H4,H).

Proof. The Green’s formula can be rewritten as (A, f, g)— (f, A.g) = (JTf,Tg)
where T' := (T,T1)" and J := 0 I . Let f, € dom (T'g) Ndom (I'y) =

-1 0
dom (A,), [[fulls, = 0and T'f, = {Tofn,T1fn} — {¢, ¥} as n — oo. Hence

0= lim [(Afn,9) = (fa; Asg)l = (Jfoo, Tg),  where  foo :={p, 9} "

Since ran (I') is dense in H @ H one has Jfo = 0. Thus, p =1 =0 and I" is
closable. (]

For any generalized boundary triplet II = {H,T'¢,I1} we set A; := A* |
ker (I';), j € {0,1}. The extensions Ay and A; are disjoint but not necessarily
transversal. The latter holds if and only if I is an ordinary boundary triplet.
In general, the extension A; is only essentially self-adjoint.

Starting with Definition 2.13, one easily extends the definitions of v-field and
Weyl function to the case of a generalized boundary triplet II by analogy with
Definition 2.10 (cf. [13, Definition 6.2]).
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Definition 2.16 Let IT1 = {H,T,T'1} be a generalized boundary triplet for A*.
Then the operator valued functions ¥(-) and M(-) defined by

v(2) :== (To | ‘ﬁz)_l : H—MN, and M(2) :=T1v(2), z€ 0(Ag), (2.16)

are called the (generalized) v-field and the Weyl function associated with the
generalized boundary triplet 11, respectively.

It follows from Lemma 2.14(i) that v(-) takes values in [H, $)], ran (y(z)) =
N = dom (A,) NN, and it satisfies the identity similar to that of (2.10) which
shows that (z) is a holomorphic operator valued function on o(Ap).

Further, one has dom (M (%)) = H since rany(z) C dom (I'1), z € o(A4op). By
(2.16) M(z) is closable since 7(z) is bounded and I'; is closable, by Lemma
2.15. Hence, by the closed graph theorem M(-) takes values in [H]. Moreover,
it is holomorphic on ¢(Ap), because so is v(+), and satisfies the relation (2.11).
It follows that ker (Im M(z)) = {0}, z € C,, though the stronger condition
0 € o(Im M (3))(<= ran (y(z)) = MN;) is satisfied if and only if I is an ordinary
boundary triplet (in the sense of Definition 2.7).

In the sequel we need the following simple but useful statement.

Proposition 2.17 Let I = {H,To,T1} be an ordinary boundary triplet for
A*, M(-) the corresponding Weyl function, B = B* € C(H) and Ap = A* |
ker (Ty — BTg). Let TP :=T¢ and T8 := BI'y —T'y. Then

(i) Up = {H,TF T8} is a generalized boundary triplet for A* such that it holds
dom (A,) := dom (T") := dom (Ag) + dom (Ap) C dom (A*), Af = A;

(ii) the corresponding (generalized) Weyl function Mp(-) is

Mp(z)=(B-M(z))"",  z€Cy;

(iii) p is an (ordinary) boundary triplet if and only if B = B* € [H]. In this
case Mp(+) is an ordinary Weyl function in the sense of Definition 2.7.

Note, an analogon of Proposition 2.9 does not hold for generalized boundary
triplets. Nevertheless, since the corresponding Weyl function determines the
pair {4, Ap} uniquely, up to unitary equivalence, it is possible to describe the
spectral properties of Ay in terms of the (generalized) Weyl function M (-).

3 Weyl function and spectral multiplicity

Throughout of this section A is a densely defined simple closed symmetric oper-
ator in $ with ny (A) =n_(A). Let I = {H,Ty,T'1 } be a generalized boundary
triplet for A*, and let M(-) be the corresponding generalized Weyl function.
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Since M (-) € (Ry) it admits representation (2.3). Since A is densely defined
(see [13, 26]), one gets Cy =0, i.e.

VAN t
M(z)—CO+/_OO (t_z— 1+t2>dEM.

Proposition 3.1 Let A be a densely defined, simple closed symmetric operator
and let 11 = {H,To,T1} be a generalized boundary triplet for A, (C A*), AT = A,
and let M (-) be the corresponding Weyl function. If E, is the spectral measure
of Ag := A* [ ker (I'g), then Xpr = Ea, and %47 = E5°.

Proof. Alongside X )(-) we introduce the bounded operator measure %9,(),

1

»8,(8) :/51+7t2 dSy, 0 € By(R).

Clearly, X9,(-) & X/(+). According to [2, formula (2.16)] one has

S (0) = (1) Ea, (6)7(i), 6 € BR), (3.1)

where (-) is the generalized 7-field of II. Note, that though formula (3.1) is
proved in [2] for ordinary boundary triplets, the proof remains valid for gener-
alized boundary triplets. Due to the simplicity of A one has

span {(Ag —2) 'ran(y(i)): z€CLUC_}=#.

Hence the subspace M; := NF, where N := ran (7(i)) is cyclic for Ag. Next, let
P; be the orthogonal projection from § onto ;. We set 38,(+) := P,Ea,(-) | M.

Clearly, f]%/[() is an operator measure. Since the linear manifold M} is cyclic

for Ag, one gets from [27, Theorem 4.15] that the measures £9, and E,, are
spectrally equivalent.

Note that %9, (-) = v(i)*%9,(-)y(i). Since ran (y(i)) is dense in N;, the latter
yields 9, ~ X9,. Let D € G2(H) and ker (D) = ker (D*) = {0}. We set

dD*x,(t)D dD*¥9,(t)D
\IJD*E?MD(t) = T(t) and \Ilﬁ*i(l]wﬁ(t) = T(t)

where p is a scalar measure such that i?w ~pand D :=~(i)D : H — N;. We
note that ker (D) = ker (D*) = {0}. By [27, Corollary 4.7] we have

Nsyo (t) = rank (Y p.xo p(t)) and N (t) = rank (\Ijﬁ*ifjwﬁ(t))

for a.e. t € R (mod(p)). Since Wp.xo p(t) = \Ilﬁ*ig’uﬁ(t) for ae. t € R
(mod(p)) we get Nxo () = Ngo (t) for a.e. ¢ € R (mod(p)). Hence i?w and

=%
39, are spectrally equivalent. Since X9, and E,, are spectrally equivalent the
measures 39, and F4, are spectrally equivalent. This proves the first statement.
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The second statement follows from the equality X9(6) = Y(i)* B4 (6)y(4),
§ € B(R) where X3¢ is the absolutely continuous part of %9, . O

The proof of Proposition 3.1 leads to the following computing procedure for
Nyae(t): choosing D € G2(H) such that ker (D) = ker (D*) = {0} we introduce
the sandwiched Weyl function M P (),

(MP)(z) := D*M(2)D, =ze€C,.

It turns out that the limit (MP)(t) := s-lim, 0 MP(t + iy) exists for a.e.
t € R. We define in accordance with (2.13) the function dy;p(-) : R — NU{oo},
dpro (t) := rank (Im(MP(t))) = dim(ran (Im(MP(t))))

which is well-defined for a.e. ¢t € R.

For a measurable non-negative function £ : R — R defined for a.e. t € R
we introduce its support supp (§) := {t € R: £(¢) > 0}. By clse(-) we denote
the absolutely continuous closure of a Borel set of R., cf. Appendix.

Proposition 3.2 Let A be as in Proposition 3.1, let I = {H,To, 1} be
a generalized boundary triplet for A.(C A*), AL = A, and let M(-) be the
corresponding Weyl function. Further, let E,(-) be the spectral measure of
Ay = Ax [ ker (Tg) = AS. If D € G3(H) and satisfies ker (D) = ker (D*) = {0},
then NEZZ (t) =dpo(t) for a.e. t € R and 04c(Ag) = clac(supp (dysp)).

If, in addition, the limit M(t) := s-lim,_, .o M(t + iy) exists for a.e. t € R,
then Npsge (t) = dap(t) for ae. t € R and 04.(Ag) = clac(supp (dar))-

Proof. The relation N B (t) = dpso(t) follows from Theorem 2.5 and Theorem

3.1. Further, let {gx}&_,, 1 < N < oo, be a total set in H. We set hy := Dg.
One easily verifies that {h, }_, is a total set. We set My, (2) := (M (2)hp, hy),
z € C4. Clearly, M}, (z) is R-function for every n € {1,2,..., N} and

Mp,(8) = lim My, (¢ +iy) = (M()hn, )
y%
exists for a.e. t € R. Set
Qoe(My,)):={t eR: 0 <Im(M,, (t)) < co}.

Combining [9, Proposition 4.1] with Lemma A.3 we obtain

N N
ac(Ao) = | clac(Quc(Mp,)) = clac (U Qac(Mhn)> : (3.2)

k=1 k=1

If t € supp(dyn), then Im((MP)(t)) # 0. Hence t € Qu.(My,,) for some
n € {1,2,...,N}. Therefore supp (dpp) C U,ivzl Quc(Mp,,) which yields

N
clae(supp (dpsp)) C clge (U Qac(Mhn)> . (3.3)

k=1
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Conversely, if t € Que(My, ) N Eyp, where Eyp = {t € R: 3 (MP)(t)}, for
some n, then 0 < dy;p(t). Hence Quc(Mp, ) NEyp C supp (dyp) which yields
Uiv:l Qac(Mp,,) N Eyp C supp (dysp ). Hence

N N
C]-ac (U Qac(Mhn) N gM) - Clac (U Qac(Mhn)> g Clac(SUPP (dMD))
k=1 k=1

Combining this equality with (3.2) and (3.3) we obtain o04.(4g) =
clae(supp (dasp)). O

Corollary 3.3 Let A be as in Proposition 3.2, let 11 = {H,Ty,T'1} be an ordi-
nary boundary triplet for A* and let M(-) be the corresponding Weyl function.
Further, let B= B* € C(H), Ap = A* [ ker (I'y — BT'g) and E4,(-) the spectral
measure of Ag. If D € Go(H) and satisfies ker (D) = ker (D*) = {0}, then
Npge (t) =dyp(t) for a.e. t €R and 04c(Ap) = clac(supp (dyp))-

If, in addition, the limit Mp(t) := s-lim, 4o Mp(t+1iy) exists for a.e. t € R,
then Npsge (t) = dpiy (t) for a.e. t € R and 04c(Ap) = clac(supp (darg))-

Proof. By Proposition 2.17 Iz = {H,TF , TP} is a generalized boundary triplet
for A, := A* | dom (A,), dom (A,) = dom (4p) + dom (Ap), and Mp(z) =
(B — M(z))™!, z € C4, the corresponding generalized Weyl function. Clearly,
Ap = A, | ker (I'F). Tt remains to apply Proposition 3.2. O

This leads to the following theorem.

Theorem 3.4 Let A be a densely defined closed symmetric operator, let 11 =
{H,Ty,T1} be an ordinary boundary triplet for A* and let M(-) be the cor-
responding Weyl function. Further, let Ag = A* | ker(I'y — Bly), B =
B* € C(H), and E4,(-) the spectral measure of Ap. Let D € Go(H) and
ker (D) = ker (D*) = {0}. Then

(i) AoE%S (D) is a part of ApESS, (D) if and only if dyo(t) < dyp(t) for a.e.
teD.

(ii) AoE%S (D) and ApESS, (D) are unitarily equivalent if and only if dpo (t) =
dprp (t) for a.e. t €D.

Proof. Without loss of generality we assume that A is simple since the self-
adjoint part of A is contained as a direct summand in any self-adjoint extension
of A. We to show that 395(6) = 0 for some § € By(R) if and only if dy;o () =0
for a.e t € 4. By the Berezanskii-Gel'fand-Kostyuchenko theorem [3, 7] the
derivative W p-x,, p(t) := £ D*S(t)D exists and the relation

D*¥57(6ND)D = Upes,,pt)dt, 0§ By,
ND
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holds. Omne has 34$(6) = 0 if and only if Up«x,,p(t) = 0 for a.e. t € 6. Since
dyo(t) = dim(ran (¥ p+x,,p(t))) for a.e. t € R we find that 2¢5(6 ND) =0 if
and only if dy;p (t) = 0 for a.e. t € ND. Similarly we prove that X497 _(6ND) =0
if and only if dp«pr,p(t) =0 for a.e. t € IND.

(i) Since by assumption dyo(t) < dyp(t) for a.e. t € D, one gets by the
considerations above that %47(6 N D) < ¥47_(6 N D). By Theorem 2.5 we have
Nzﬁ(t) = dMD(t) and N o (t) = dMJg(t) for a.e t € R. Hence N (;V;(t) <
NE%?B (t) for a.e. t € D which proves that the restricted measures X%5(- N D)
is spectrally subordinated to 337 (- N'D), cf. Definition 2.3(i). Since X4f ~
B4 and 247, ~ EY°, by Theorem 3.1, we get that E4¢ (- ND) is spectrally
subordinated to E4° (- N D). Applying Theorem 2.4(i) we complete the proof.

(ii) If daso (t) = dp~mpp(t) for ae. t € D, then X97(- N D) ~ X47_(- N D).
By Theorem 2.5, Nxae(t) = dpo(t) and Nsge (t) = dyp(t) for a.e t € R which
implies that the operator measures ¥47(- N D) and X7 (- ND) are spectrally
equivalent, cf. Definition 2.3(ii). By Theorem 3.1, E4° (-ND) and E4S, (-ND) are
spectrally equivalent. Applying Theorem 2.4(ii) we prove that the absolutely
continuous parts AgE4C (D) and AgpEYC, (D) are unitarily equivalent. O

Theorem 3.4 reduces the problem of unitary equivalence of ac-parts of certain
self-adjoint extensions of A to investigation of the functions dy/o (-) and dp;p (-).

Corollary 3.5 Let A be as in Theorem 3.4. If the self-adjoint extensions A
and A" of A are ac-minimal, then their ac-parts are unitarily equivalent.

4 Unitary equivalence

4.1 Preliminaries

In what follows we assume that A is a densely defined simple closed symmetric
operator in ). By Ap we denote a self-adjoint extension of A which is fixed.
Alongside Ay we consider A = A* € Ext 4. Usually we assume that

(A—i)™ = (4o — i)~ € Buc(H). (4.1)

It is known (see [12] that there exists a boundary triplet II := {H,T'g, T} for
A* such that Ay := A* | ker (I'y). Of course, the boundary triplet II is not
uniquely determined by the assumption Ay := A* [ ker (I'g). If II; and I, are
two such boundary triplets of A*, then their Weyl functions M;(-) and Ms(-)
are related by (2.12) (cf. [12]).

Fix a boundary triplet II := {H,T¢,T'1} for A* such that Ay = A*ker (T'y).
By Proposition 2.9 there is a linear relation © = ©* € 5(7-[) such that A = Ae.
In general, © is not the graph of an operator, © ¢ C(H). However, let us assume
that © is the graph an operator B. By Proposition 2.12 we get that (B—i)~! €
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S (9), that means, that B is a self-adjoint operator with discrete spectrum.
Hence, o(B) NR # 0. In what follows we assume without loss of generality that
0 € o(B). According to the polar decomposition we have B~! = D.JD where

D:=|B|7Y?=D*c &,(9) and J:=sign(B)=J"=J L. (4.2)
Clearly, D € 6 (H), ker (D) = {0}, and D commutes with J. We set
G(z):=J—-MP(2), zeC,, (4.3)

MP(z) .= DM(2)D, z € Cy, as usually. Obviously, MP(z) and —G(z) are
R-functions. We have ker (G(z)) = {0} for every z € C;. Indeed, if G(2)f = 0,
then Jf = DM (z)Df. Hence, Im(M (2)Df, Df) = Im(J f, f) = 0 which yields
Df =0or f =0. Since J is a Fredholm operator satisfying ker (J) = ker (J*) =
{0} we find by [20, Theorem 5.26] that G(z) is boundedly invertible for z € C,.
We set T'(z) := G(2)7!, 2 € C+ and note that T(-) is a Nevanlinna function
because so is MP(-). Moreover, T(z) — J = T(2)MP (2)J € &, (H) for z € C,.

4.2 Trace class perturbations: Rosenblum-Kato theorem

Here we apply the Weyl function technique in order to obtain a simple and quite
different proof of the classical Rosenblum-Kato theorem. In fact, we prove a gen-
eralization of the Rosenblum-Kato theorem due to Birman and Krein [6] which
includes non-additive (trace class) perturbations. Our proof demonstrates the
main idea of the proof of more general results contained in the next subsection.

Theorem 4.1 Let Ay and A be self-adjoint operators in §) satisfying

(A=) = (A — i)' € &1(9). (4.4)

Then the absolutely continuous parts A and AG© of A and Ay, respectively, are
unitarily equivalent.

Proof. To include the operators A% and Ag¢ in the framework of extension
theory we set

A:= Ay | dom(A), dom(A) = {f € dom (A)Ndom (Ay): Aof = Af}.

Obviously, we have A := A [ dom (A). Clearly, A is a closed symmetric operator
in $ with equal deficiency indices and Ay, A € Ext 4.

First we assume that A is densely defined. Let IT = {H,T0,I'1} be a (ordi-
nary) boundary triplet for A*, such that Ag := A* | ker (I'g), and M(:) the

corresponding Weyl function. By definition A = A* € Ext 4 and A and Ay are

disjoint, that is, dom (A) = dom (Ap) Ndom (A). Hence, by Proposition 2.9(ii),
there exists an operator B = B* € C(H) such that A = Ap.
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It follows from (2.14) and (4.4) that Mp(z) = (B — M(2))"! € &;(H)
for z € C;. In accordance with [5, Lemma 2.4], see also [31], the limits
Mp(t) == lim,_, 1o Mp(t + iy) exist in &(H), for a.e ¢ € R. By Theorem 3.4
it is it suffices to calculate the multiplicity function dps (t) := rank (Mp(t)) =
dim(ran (Im(Mp(1)))).

It follows from (4.2) and (4.3) that

T(z) = G(z) "' = (J = MP(2)) "' = (J— DM(2)D) ™" (4.5)

— D Y(D'ID™ = M(2)) "' D7 = |B|Y?(B - M(2)) '|B|"/?, zeCy.
Combining this relation with (4.2) yields
Mpg(2) := (B — M(2))"* = DT(2)D, z€Cy.
In turn, this equality implies
Im(Mp(z)) = DT (2)* Im(MP (2:))T(2)D,  z€C,. (4.6)

Moreover, since MP(z) € &1(H) and T(z) — J € &, for z € C,, by [5, Lemma
2.4] (see also [31]), for a.e t € R and y — 0 there exist the limits MP(t) and
T(t) in S2(H)-norm of the Nevanlinna operator functions MP((t +iy)) and
T(t + iy), respectively. Therefore passing to the limit in (4.6) as y — 0 we get

Im(Mp(t)) = DT(t)* Im(MP(t))T(t)D for a.e. te€R. (4.7)
Therefore we find
dpp (t) = dim(ran (Im(Mp(t)))) (4.8)
= dim(ran (v/Im(Mp(t)))) = dim(ran (\/Im(M P (2))T'(t) D)).

Since (J — MPt)T(t) = T(t)(J — MP(t)) = I for ae. t € R, we find
ran (T'(t)) = H for a.e. ¢ € R. Combining this relation with ran (D) = H
and (4.8) we obtain

dar, () = dim(ran ({/Im(MP(t)))) = dim(ran (Im(MP (1)) = dao () (4.9)

for a.e. t € R. Applying Theorem 3.4(ii) we complete this part of the proof.

If A is not densely defined one can repeat the above reasonings applying only
the boundary triplet technique for non-densely defined symmetric operators
developed in [13, 26]. It turns out that the proof above can easily be carried
over to this case. (]

In the following corollary we show that in proving of unitary equivalence of

Ag and A € Ext 4 it suffices to restrict the consideration to disjoint extensions.

Corollary 4.2 Let A be a densely defined closed symmetric operator in §, let
IT = {H,To,T1} be an ordinary boundary triplet for A*, and let M(-) be the
corresponding Weyl function. Let also Ag := A* | ker (T'g) and D € B(R).
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(i) If AL°Ea,(D) is a part of Z“CEK(D) for any extension A = A* € Ext 4
disjoint with Ao, then A§°E,(D) is a part of A*Ez(D) for any extension
A= A* € Ext 4.

(ii) If A3°Ea,(D) is unitarily equivalent to EGCEK(D) for any extension A =
A* € Ext 4 disjoint with Ag, then A3°E 4, (D) is unitarily equivalent to the
absolutely continuous part A*E z(D) of any extension A = A* € Ext 4.

Proof. By Proposition 2.9 an extension A € Ext A_which is not disjoint with
Ap admits a representation Ag with © = 0* € C(H) \ C(H). However, ©
admits a decomposition H = Hep @ Hoo, © = Oyp @ Oo where O, is the
graph of the operator B,, = By, € C(Hop) (cf. Section 2). Denoting by 7, the
orthogonal projection from H onto Hop, and Mo, (2) 1= mop M (2) | Hop, We get
(©—M(2))™! = (Bop — Mop(2)) " *mop. Therefore formula (2.14) takes the form

(Ao —2)7" = (Ao — 2) 7! =(2)(Bop — Mop(2)) ™' mop7(2)", 2 € Cu.

Choose an operator B, = BZ, € C(Hoo) such that (Be — i) 7! € 61(Hao) and
put B = By, ® By It follows from Proposition 2.12 that

(Ao —2) 7' — (A — 2) 7' € &1(9),

since (Boo — 1) 7! € 61(Hso). By Theorem 4.1 the absolutely continuous parts
A and AY of Ag and Ap, respectively, are unitarily equivalent.

(i) Since by assumption AJ°E 4, (D) is a part of AYFE4, (D) and A¥ is uni-
tarily equivalent to A we get that A§°E 4, (D) is a part of A E 4. (D).

(ii) Since, by assumption, A3°E4,(D) is unitarily equivalent to A4 FE 4, (D)
and A% is unitarily equivalent to Ag, we get that AJ°E 4, (D) is unitarily equiv-
alent to AZE4, (D). O

4.3 Compact non-additive perturbations

Here we generalize the Rosenblum-Kato theorem for the case of compact per-
turbations. To this end we assume that the maximal normal function

mt(t):= sup [[M(t+1y)|
0<y<1

is finite for a.e. ¢ € R. This is the case if and only if the normal limits M(t) :=
w-limy, . 1o M (¢ + ty) exist and are bounded operators for a.e. t € R. Indeed,
let D = D* be a Hilbert-Schmidt operator such that ker (D) = {0} and let
MP(z):= DM(z)D, z € C,. Since the limit MP(t) := o-lim,_o MP(t + iy)
exists and is a bounded operator for a.e. t € R, see [5, 31], we find that

limO(M(t +iy)Df, Dg) = (MP(t)f,9), f,g€H, forae tcR.

y—+
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Hence the limit limy,_,1o(M(t + iy)h, k) exists for a.e. t € R and h, k € ran (D)
which yields the existence of M(t) := w-limy_, 1o M(t + iy) for a.e. t € R. The
converse statement is obvious.

Now we are ready to prove the main result of this section.

Theorem 4.3 Let A be a densely defined, closed symmetric operator in $,
let I = {H,To,T'1} be an ordinary boundary triplet for A*, and let M(-) be
the corresponding Weyl function. Let A be a self-adjoint extension of A and
A := A* | ker (Tg). If the mazimal normal function m™(t) is finite for a.e.
t € R and condition (4.1) is satisfied, then the absolutely continuous parts Aac

and A§° of A and Ay, respectively, are unitarily equivalent.

Proof. We divide the proof into several steps.

(i) First we assume that the extensions A and Ag are disjoint, that is A=A B
where B = B* € C(H). We define the operator D € S.,(H) in accordance
with (4.2), D := |B|~'/2, and investigate the function MP(z) := MP(z) :=
DM(2)D, z € C4. Let MP(t) := DM(¢)D. Since the (weak) limit M(t) :=
w-lim, 1o M (t + iy) exists for a.e. t € R, by [31, Lemma 6.1.4], the following
limit exists

o- hrﬂo |MP(t+iy) — MP(#)|| =0 for a.e. teR. (4.10)
y—)

Let 0, :={t € R: || M(t)|| < a}. Since D = D* is a a non-negative compact
operator, it admits the spectral decomposition

D= ZMQZ

leN

where {1;}7°,, is the decreasing sequence of eigenvalues of D, {Q;}ien the
corresponding sequence of eigenprojections, dim{Q;} < oco.

Since p; — 0 as | — oo, there exists a number [, € N such that y;, < 1/v/2a.
We put H;y := ®ila+l QiH and Hs := @;‘;1 QiH. Clearly, H = H; ® H2 and

dim(H2) < oo. Moreover, the operator D admits the following decomposition
D = Dy & Dy where

00 la
Dy = Z w@; and Dy := ZMQI-
I=l,+1 1=1
Since p, < 1/v/2a, we have ||D:| < 1/v/2a. Hence

|D1M(t)D:]| < 1/2, t€d,. (4.11)
Denote by P; and P, the orthogonal projections from H onto H; and Ha,

respectively. Note that P,J = JP; and PoJ = JPs.
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(ii) Our next aim is to show that the operator function G(z) := J — MP(z) is
invertible in C and that T'(z) := G(z) ™! has the limits 7'(t) := s-lim,_, 1o T(t+
iy) for a.e. t € §,. For this purpose we consider the decompositions

2 Hy H1
b (paran Y (MBG) MBe) T
M*"(z):= (DlM(z)D])' = (MQDl(Z) MB(2)) & @ ,
3,j=1 H2 H2
z € C4, and
Ji—ME(z)  —MB(z) )
— J_MP(= (N 11 12
G(Z) J (Z) < —Mﬁ(z) Jo — M2D2(Z) » ze€Cy,

where J; := JP; and Jy := JPs.

(ii); Let us prove that ker (J; — M{(z)) = {0} for = € C,. Indeed, from
0= Jig— ME(2)g = Jig — D1M(2)D1g one gets that 0 = Im(M{ (2)g,9) =
(Im(M (2)D1g, D1g). Hence 0 = D1g = Dg which yields g = 0. Since 0 € o(J1)
and M{(-) € G, we obtain that the operator J; — M (z) = J; (11 — JiME(2))
is boundedly invertible for every z € C,. Since M{(z) is a Ry, -function, we
get that Z(2) := (J; — M{(2))~ !, z € C, is a Ry, -function too.

(i), We show that for a.e. ¢t € d4, a > 0, the limit Z(¢t) := o-lim,_, 1o Z(t+1y)
exists in the operator norm and the following representation holds

=(t) = (1 — ME (). (4.12)

First we note that J; — ME(z) = Ji(I; — J1MJ(2). Using (4.11) we get
|JiME@)| < 1 for t € §,. Hence the inverse operator (I3 — JyME(t))~?
exists for t € 6,. Using (J; — ME(#)~! = (I, — J1ME(t))~1J; we find that
the inverse operator (J; — M (t))~! exist for t € §,. Since M{(z) has limits
MZE(t) for a.e. t € R one gets that JyME (t) = olim,_, 1o s ME(t + iy) for
a.e. t € R. Fix any such ¢y € J,. Then due to estimate (4.11) there exists
n = n(to) such that sup,c g, |J1ME (to + iy)|| < 1/2. Therefore, the family

{II(Iy — JAMB (to + iy)) | }ye(o,n) is uniformly bounded for any fixed ¢y € dq.
Using this fact and (4.10) we can pass to the limit as y — 0 in the identity

(I = LM (to +iy)) ™ = (I — JIM{7 (to)) ™
= (I = JWM{ (to + i)~ (JL M (to + i) — J1 M7 (t0)) (1 — Ju M3 (t)) ™
We obtain o-limy—,+o((I1 —J1 ME (t+iy)) "t = (I — JAME () ! for ae. t € 4,

which yields the existence of Z(t) := o-lim,_, 10 Z(t + ¢y) and proves represen-
tation (4.12).

(ii)3 Next we set
A(2) = My(2) + My (2)(Jy = M{3(2)) ' Mi3(2), 2 €Cy,

and show that the function T (+) := (Jo — A(-)) ™! is Rpy,-function.
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Clearly, A(-) is holomorphic in C and it acts in a finite dimensional Hilbert
space Hy. Since det(Jy — A(+)) is also holomorphic in C, the determinant
det(Jo — A(+)) has only a discrete set of zeros in C. Hence the inverse operator
To(-) = (Jo — A(+)) 7! exists for z € Q C C4 where C \ © is at most countable
discrete set, that is, T5(+) is meromorphic in C..

As we just mentioned the inverse operator (Jo — A(z)) ! exists for z € Q C
C4.. Choose any z € 2. Then, by the Frobenius formula,

1) = (=70 = (b e )
where
Ti(2) := E(2) + E(2) ME (2)To (2) ME (2)2(2). (4.14)
Hence

TQ(Z) = PQT(Z) r Ha, z €.

Since T'(-) is a Ry-function, we get that Im (T3(z)) > 0 for z € . Since in
addition T5(+) is meromorphic in C, we conclude that it is holomorphic. Thus,
To(-) = (J2 — A(+)) 71 is Ryy,-function, too.

(ii)4 In this step we show that for any a > 0 the limit 7'(¢) := o-limy_, 4o T'(t+
iy) exists in the operator norm for a.e. t € §,. Since T»(+) is the matrix Ry,-
function, the limit T5(t) = o-lim,_, 1T (t + iy) exists for a.e. t € R. Besides,
(4.10) yields

lim [|[MB(t+iy) — ME@#)| =0 and  lim ||[ME(t+iy) — ME#)|| =0
y——+0 y—+0

for ae. t € R.  Combining these relations with (4.12) and (4.14) yields
the existence of the limit T3 (t) := o-limy_,1 T3 (t + iy) for a.e t € d,. Finally,
combining all these relations with the block-matrix representation (4.13) we
complete the proof of (ii).

(iii) Using the results of (ii) we are now going to complete the proof of the
theorem. We set 6, := {t € R: m™*(t) < n} and note that |,y 0, differs
from R by a set of Lebesgue measure zero. By step (ii) the limit T'(¢) :=
o-limy o T'(t +iy) exists for a.e. t € | J,,c On in the operator norm. Hence the
limit T'(t) := o-lim,_, o T'(t +1y) exist for a.e. t € R. Combining this fact with
(4.10) we can pass to the limit in the identity (J — MP(t +iy))T(t +iy) = I
as y — 0. We get

(J = MP)T(t) =Tt)(J — MP(t)) =1 for a.e. teR (4.15)

The rest of the proof is similar to that of Theorem 4.1. First we assume that
A is disjoint with Ap, hence, it admits a representation A = Ap with B €
C(H). Therefore, setting Mp(-) := (B — M(-))~! and assuming without loss of
generality that 0 € o(B) we arrive at the representation (4.7) with D = |B|~1/2
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for a.e. ¢t € R. Moreover, (4.15) yields ran (T'(t)) = H for a.e. t € R. Therefore
arguing as in (4.8) and (4.9) we obtain

dy, (t) = dim(ran (y/Im(MP (1)) )) = dim(ran (/Im(M (¢)) D))
= dim(ran (v/Im(M(¢)))) = dim(ran (Im(M(t)))) = da(t)

for a.e. t € R. Applying Theorem 3.4(ii) we complete the proof.

Finally, we apply Corollary 4.2 to extend the proof for extensions A not
disjoint with Aj. O

Remark 4.4 The result as well as the proof remains valid if A is non-densely
defined. In this case it suffices to use the boundary triplet technique for non-
densely defined operators developed in [13, 26], cf. proof of Theorem 4.1. How-
ever, the assumptions on the Weyl function are indispensable.

The following result is immediate from Theorem 3.4(ii) and Theorem 4.3.

Corollary 4.5 Let the assumptions of Theorem 4.3 be satisfied and let
F={teR:m"(t) < oo} (4.16)

If condition (4.1) holds, then the parts A'“Egac (F) and AG°E gac(F) of A and

Ay, respectively, are unitarily equivalent.

Remark 4.6 Let us define the invariant maximal normal function

)

(4.17)
for ¢ € R. For Weyl functions one easily proves that m™(t) is finite if and only
if m*(¢) is finite.

wh(2) = sup (372 (2 + iy) — Re(M(0)) (M (0)) ™

(i) The quantity m*(¢) has the advantage that it is invariant: Let A be a densely
defined closed symmetric operator, Il = {H,T¢,T";} a boundary triplet for A*,
and M(-) the corresponding Weyl function. Further, let I = {H,T,I'1} be
another boundary triplet for A* with the Weyl function M(-) and let Ay :=
A* T ker (Tg) = A* | ker (Ip). In this case M(-) and M(-) are related by (2.12)
However, m*(t) = m*(¢) for t € R, where m*(¢) is obtained by replacing in
(4.17) M () by M(-).

(ii) Further, if the Weyl function M(-) satisfies M (i) = 4, then m™(¢) = m™(¢)
for t € R.
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(iii) Let m be an orthogonal projection onto a subspace H of H. If mt(t) is
finite, then the invariant maximal normal function @ *(¢), obtained from (4.17)
replacing M (-) by J/\/[\() .= wM(-) | H, is also finite and satisfies @ *(t) <
mt(t) for t € R.

5 Direct sums of symmetric operators

5.1 Boundary triplets for direct sums

Let S, be a closed densely defined symmetric operators in $,, n4(S,) =
n_(Sp), and let IT,, = {H,,,Ton,'1n} be a boundary triplet for S, n € N. Let

A= éS’n, dom (A) := édom(Sn). (5.1)

Clearly, A is a closed densely defined symmetric operator in the Hilbert space
$ =P, 9, with ny(A) = co. Consider the direct sum II := ©22 11,
{H,T,T'1} of (ordinary) boundary triplets defined by

H = @Hm Ty 7@%” and T :7@&” (5.2)
n=1
Clearly,
= @SZ, dom (A*) @dom Sr). (5.3)
n=1 n=1

We note that the Green’s identity

(S:Lfn>gn) - (fna S;klgn) = (Flnfn7FOngn)Hn - (FOnfn7F1ngn)Hn7

frnygn € dom (S), holds for every S, n € N. This yields the Green’s identity
(2.15) for A, == A* | dom (T"), dom (T") := dom (I'g) N dom (I';) C dom (A*),
that is, for f = @521 fn, g = B2 19n € dom (T') we have

(A*fv g) - (fa A*g) = (Flfv FOQ)'H - (F0f7rlg)7'la f,g € dom (F)’ (54)

where A* and T'; are defined by (5.3) and (5.2), respectively. However, the
Green’s identity (5.4) cannot be extended to dom (A*) in general, since dom (T")
is smaller than dom (A*) generically. It might even happen that I'; are not
bounded as mappings from dom (A*) equipped with the graph norm into H.
Counterexamples for the direct sum II = @®52,II,,, which does not form a
boundary triplet, firstly appeared in [21]).

In this section we show that it is always possible to modify the boundary
triplets II,, in such a way that a new sequence II,, = {H,, o, Fl} of boundary
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triplets for S} satisfies the following properties: I = 69;’10:11:[” forms a boundary
triplet for A* and the following relations hold

Son := 5% I ker (Ton) = S} | ker (Top) =: Son, n € N. (5.5)

Hence EO = @30:15071 = &72 15 =1 Ao. We note that the existence of a
boundary triplet II' = {H,T(, 1} for A* satisfying ker (I')) = dom (4g) is
known (see [17, 12]). However, we emphasize that in applications we need a
special form (5.2) of a boundary triplet for A* because it leads to the block-
diagonal form of the corresponding Weyl function (cf. Sections 5.2, 5.3 below).

We start with a simple technical lemma.
Lemma 5.1 Let S be a densely defined closed symmetric operator with equal
deficiency indices, I1 = {H,Ty,T'1} a boundary triplet for S*, and M(-) the cor-
responding Weyl function. Then there exists a boundary triplet 11 = {H,T,T'1}

for S* such that ker (To) = ker (I'g) and the corresponding Weyl function M()
satisfies M (i) = i.

Proof. Let M (i) = Q + iR? where Q := Re(M(3)), R := /Im(M(i)). We set
To:= Ry and I:=R (I — Q). (5.6)

A straightforward computation shows that II := {H,Io,I'1} is a boundary
triplet for A*. Clearly, ker (I'g) = ker (I'y). The Weyl function M (-) of II is
given by M(-) = R~Y(M(-) — Q)R which yields M (i) = i. O

If S is a densely defined closed symmetric operator in §), then by the first v.
Neumann formula the direct decomposition dom (S*) = dom (S) + 9; + N_;
holds where My; := ker (S* F¢). Equipping dom (S*) with the inner product

(fvg)Jr = (S*fv S*g) + (fvg)v f?g € dom (S*)7 (57)

one obtains a Hilbert space denoted by $,. The first v. Neumann formula leads
to the following orthogonal decomposition

57J+ = dom (S) BN D N_;.
Lemma 5.2 Let S be as in Lemma 5.1, let Il = {H,To,T1} be a (ordinary)
boundary triplet for S*, and M (-) the corresponding Weyl function. If M (i) = i,

then the operator T : $, — H®H, T := (['g,T1) " is a contraction. Moreover,
I' isometrically maps N :=N; & N_; onto H.

Proof. We show that

ITCf + fi+ F-)Fian = Ilfi + F=ill} (5.8)
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where f + fi + f-; € dom(S) + M; + N_; = dom (S*). Indeed, since
dom (S) = ker (T'y) Nker (T';), we find
IT(f + fi + f=i)lFan = ITo(fi + f=o)ll3 + T2 (fi + F=) 13-

Clearly,
05 (fit F-)llF = T3 il +2Re((Ty f5, Ty f-i)) + [T f=ill®, 5 € {0,1}. (5.9)
Using Ty fi = M())Tofs = iTofi and Ty f_s = M(—i)Tof_s = —iTof_s we obtain
T (fi + f-i)ll3 = (Tofis Tofi) — 2Re((Tofis Tof-i)) + (Dof—i, Tof-i) (5.10)
Taking a sum of (5.9) and (5.10) we get

ITo(fi + f-)l + IT2 (fi + f-i) I3 = 2o fill3, + 2l|Tof-ill%- (5.11)

Combining equalities T'y f1; = +iTof1; with Green’s identity (2.7) we obtain
ITo fille = |I.fill and ||Tof—il|l% = ||f=ill. Therefore (5.11) takes the form

ITo(fi + f-)ll3 + ITx(fi + -1 = 201 F:l1* + 211 F—3 1. (5.12)

A straightforward computation shows | f; + f_il|3 = 2[|fi[|* + 2||f=:|/* which
together with (5.12) proves (5.8). Since ||fi + f=i|[2 < | fII2 + [|fi + [=i]]2 =
| f+ fi + f=il|3, we get from (5.8) that I is a contraction.

Obviously, I is an isometry from 9t into H @ H. Since II is a boundary triplet
for S*, ran (I') = H @ H. Hence I is an isometry from N onto H & H. O

Passing to direct sum (5.1), we equip dom (A} ) and dom (A*) with the graph’s
norms and obtain the Hilbert spaces 94, and $, respectively. Clearly, the
corresponding inner products (f, g)+n and (f,g)+ are defined by (5.7) with S
replaced by S,, and A, respectively. Obviously, 1+ = @ | Hin-

Theorem 5.3 Let {S,}22, be a sequence of densely defined closed symmetric
operators, dom (Sy) C 9, n4(Sn) = n_(Sy,), and let Son, = S, € Extg,.
Further, let A and Ag be given by (5.1) and

Ao = P Son, (5.13)
n=1

respectively. Then there exist boundary triplets 11, := {Hn,Ton,T1n} for Sk
such that Son, = Si | ker (Top), n € N, and the direct sum 11 = &2 11, defined
by (5.2) forms an ordinary boundary triplet for A* satisfying Ag = A* | ker (T'y).
Moreover, the corresponding Weyl function M(-) and the v-field v(-) are given
by

M(z) = @ Mu(2) and ~(z) = Pn(2) (5.14)

where My, (+) and v, (-) are the Weyl functions and the ~y-field corresponding to
IT,,, n € N. In addition, the condition M (i) =iI holds.
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Proof. For every So, = S, € ExtS, there exists a boundary triplet II,, =
{Hn,Ton,'1n} for S such that Sp, := A} [ ker (T'oy,) (see [12]). By Lemma 5.1
we can assume without loss of generality that the corresponding Weyl function
M,,(-) satisfies M, (i) = i. By Lemma 5.2 the mapping '™ := (T, 1) " :
$4n — Hp & H,, is contractive for each n € N. Hence ||T';|| = sup,, |Tjn| <
1,7 € {0,1}, where I'y and T'; are defined by (5.2). It follows that the mappings
[y and I'; are well-defined on dom (T') = dom (4*) = @, , dom (S%). Thus,
the Green’s identity (5.4) holds for all f,g € dom (A*).

Further, we set My, := ker (S% F1), N,y := Ny + N_in, Ny 1= ker (A* F4)
and M := N; + N_;. By Lemma 5.2 the restriction T™ [ M, is an isometry
from M, regarded as a subspace of $,,, onto H,, ® H,,. Since N regarded as a
subspace of ) admits the representation 9t = @2021 MN,,, the restriction I' | N,
I = @.2, ', isometrically maps M onto H & H. Hence ran (') = H @& H.

n=1

Equalities (5.14) are immediate from Definition 2.10. O

Remark 5.4 Kochubei [21] proved that IT = @22 11, forms a boundary triplet
whenever any pair {Sp, Son}, Son := Si [ ker (T'o,), n € N, is unitarily equiva-
lent to {S1, So1}-

Recall, that for any non-negative symmetric operator A the set of its non-
negative self-adjoint extensions Ext 4(0, c0) is non-empty (see [1, 20]). The set
Ext 4(0,00) contains the Friedrichs (the biggest) extension A’ and the Krein
(the smallest) extension A%X. These extensions are uniquely determined by the
following extremal property in the class Ext 4(0, 00) :

(AF 4+ 2) P < (A42) ' <A +2)7!, 2>0, AeExta(0,00).

Corollary 5.5 Assume conditions of Theorem 5.3. Let S, > 0, n € N, and
let S and SX be the Friedrichs and the Krein estensions of S, respectively.
Then

AP =@ SF and AK =g, SK. (5.15)

Proof. Let us prove the second of relations (5.15). The first one is proved
similarly. By Theorem 5.3 there exists a boundary triplet IT,, = {H,, Ton, T1n}
for S such that SEX = Sy, and II = ®@2° 11, is a boundary triplet for A*.

Fix any z2 € Ry and put Co := |M(—23)||. Then any h = @521 h,, € H can
be decomposed by h = h() @ h® with BV € @8 _H,, and h® € @321 H,

such that [|h?)| < 0271/2. Hence |(M(—z2)h?) h)| < 1.  Due to the
monotonicity of M(-) we get

(M(x)h@),h(?)) > (M(xg)h(z),h(z)) >—1, x€(0,29).
Since Sy, = Sff, the Weyl function M, (-) satisfies

h?& (Mn(—x)gn,gn> = +o00, gn € Hn \ {0}, (5.16)
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cf. [12, Proposition 4]. Since M(-) = @22, M, (-) is block-diagonal, cf. (5.14),
we get from (5.16) that for any N > 0 there exists 2; > 0 such that

P

(M(—x)h(l),h(l)) =y (Mn(—x)hn,hn> >N for ze€(0,z1). (5.17)

n=1
Combining (5.16) with (5.17) and using the diagonal form of M(-), we get
(M(=x)h, h) = (M(—z)hD, V) + (M (—z)h® A?) > N -1

for 0 < 2 < min(xq,22). Thus, lim,|o(M(—z)h,h) = +oo for h € H \ {0}.
Applying [12, Proposition 4] we prove the second relation of (5.15). O

Remark 5.6 Another proof can be obtained by using characterization of A%
and A¥ by means of the respective quadratic forms.

5.2 Summands with arbitrary equal deficiency indices

Here we apply Theorem 4.3 to direct sums of symmetric operators (5.1), allowing
summands S,, to have arbitrary (finite or infinite) equal deficiency indices. We
start with a simple general proposition.

Proposition 5.7 Let {S,}22, be a sequence of densely defined closed symmet-
ric operators, dom (Sy) C $p, n4+(Sy) = n_(Sy), and let Son, = S5, € Extg, .
Further, let A and Ay be given by (5.1) and (5.13), respectively. If A s a
self-adjoint extension of A such that condition (4.1) is satisfied, then

ac(A0) = | J0ac(Son) S o(A)  and ac(A) C | Jo(Son) = 0(Ag).  (5.18)

Proof. By the Weyl theorem, condition (4.1) yields gess(A) = 0ess(Ao). Hence

UUaC(SOn) = Uac(AO) C Uess(AO) = O—ess(g) C J(A)

and
Oac(g) - Uess(g) = Uess(AO) C O(AO) = UU(SOn)

Our further considerations are substantially based on Theorem 5.3.

Theorem 5.8 Let {S,}22, be a sequence of densely defined closed symmetric
operators, dom (Sy) C Hn, n4(Sn) = n_(S,), and let Son, = S, € Extg,.
Further, let I, = {H,,Ton,T1n} be an ordinary boundary triplet for Sk such
that Son, = S;: | ker (Tgp), n € N, and let M, (-) be the corresponding Weyl func-
tion. Moreover, let m}(t), n € N, be the invariant mazimal normal function
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obtained from (4.17) by replacing M(-) by My(-). If sup,cym;(t) < oo for
a.e. t € R, then for any self-adjoint extension A of A defined by (5.1), which
satisfies the condition (4.1), the absolutely continuous parts A gnd AgC are
unitarily equivalent. In particular, instead of (5.18) we have ac(Ag) = Tac(A).

Proof. Let II,, = {Hn, fO'ru fln} be a boundary triplet for S*,,, n € N, defined
according to (5.6), that is Ty, := R,To, and 'y, := R} (Fln —Re(Mn(i))l"on),
where R, := /Im M,,(i)). The corresponding Weyl function M, (-) is

M, (2) = Ry (M, (2) — Re M, (i))R;', neN.

n

Since M, (i) = i, n € N, by Theorem 5.3, Il = @22 I, =: {H,T(, T} is a
boundary triplet for A* = 22,5, satisfying A* | ker Lo = Ag := @51 Son.-
By definition of m;(-) and due to Remark 4.6 one has mf(t) = m}(t) =
SUPye (0,1] | M,,(t + iy)|| for t € R, n € N. Since Ay = @22, S0, we get that
m*(t) = sup, m; (t), where m*(t) := sup,¢ |M(t + iy)||, t € R. Since,
by assumption, the maximal normal function m™(¢) is finite, we obtain from
Theorem 4.3 that A% and Ag¢ are unitarily equivalent. ]

Corollary 5.9 Let the assumptions of Theorem 5.8 be satisfied and let

N :={teR: supm} () < c}. (5.19)
neN
If condition (4.1) holds, then the parts Z“CEZ(N) and A§°Ea,(N) of the oper-
ators A and Ay, respectively, are unitarily equivalent.

Let T and T” be densely defined closed symmetric operators in §) and let Ty and
T3 be self-adjoint extensions of T' and T, respectively. It is said that the pairs
{T,Tp} and {T",T)} are unitarily equivalent if there exists a unitary operator
U in § such that 7" = UTU ! and T} = UT,U .

Corollary 5.10 Assume the conditions of Theorem 5.8. Let also the pairs
{Sn, Son}, n € N, be unitarily equivalent to the pair {Si,So1}. If the mazimal
normal function my (t) is finite for a.e. t € R and condition (4.1) is satisfied,
then the absolutely continuous parts A and Af° are unitarily equivalent.

Proof. Since the symmetric operators S, are unitarily equivalent, we assume
without loss of generality that H,, = H for each n € N. Let U, be a unitary
operator such that Ay = U,,S,U; ! and Ag1 = U, So,U, . A straightforward
computation shows that IT/, := {H,I,,,I',.}, T4, :==T01U, and I'},, :==T1,,U,,
defines a boundary triplet for S’. The Weyl function M] () corresponding to II/,
is M/ (2) = My(z). Hence m;} () = m/H(-) and m] (t) = m/F () for t € R, where
m}(t) and m/ (¢) are the invariant maximal normal functions corresponding to
the triplets II,, and II/,, respectively. By Remark 4.6(i), m{ (t) = m}(¢) for

t € R and n € N. Applying Theorem 5.8 we complete the proof. O
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5.3 Finite deficiency summands: ac-minimal extensions

Here we improve the previous results assuming that n4(S,) < oco. First, we
show that extensions Ag = ®2° ; Son (€ Ext 4) of the form (5.13) posses a certain
spectral minimality property. To this end we start with the following lemma.

Lemma 5.11 Let H be a bounded non-negative self-adjoint operator in a sep-
arable Hilbert space $ and let L be a bounded operator in §. Then

(i) dim(ran (H)) = dim(ran (v H)).

(ii) If L*L < H, then dim(ran (L)) < dim(ran (H)).
(iii) If P is an orthogonal projection, then dim(ran (PHP)) < dim(ran (H)).

Proof. The assertion (i) is obvious.
(ii) If L*L < H, then there is a contraction C' such that L = C'v/H. Hence

dim(ran (L)) = dim(ran (CvH)) < dim(ran (vVH)) = dim(ran (H)).
(iii) Clearly, dim(ran (PHP)) < dim(ran (HP)) < dim(ran (H)). O

Theorem 5.12 Let {S,}°°; be a sequence of densely defined closed symmetric
operators, dom (Sy,) C $p, with ny(S,) = n_(S,) < 0o, n € N and let Spp, =
Sg, € Extg, . Let also A and Ay be given by (5.1) and (5.13), respectively.
Then Ag is ac-minimal, in particular, o..(Ag) C aac(g).

Proof. By Theorem 5.3 there is a sequence of boundary triplets II, :=
{Hn,Ton,T1n}, n € N, for S} such that Sp,, = S} | ker (Ton), n € N, and the di-
rect sum IT = {H, Ty, 1} = @, II,, of the form (5.1) is a boundary triplet for
A* satisfying Ag = A* | ker (I'g). By Proposition 2.9, any A = A* € Ext 4 ad-
mits a representation A = Ag with © = ©* € C(H). By Corollary 4.2(i), we can
assume that A and Ao, are disjoint, thatis © = B = B* € C(H). Consider the
generalized Weyl function Mp(-) := (B — M(-))~!, where M(-) = @, M, (-),
cf. (5.14). Clearly,

Im (Mp(2)) = Mp(2)*Im (M (2))Mp(z), =z¢€C,.
Denote by Py, N € N, the orthogonal projection from H onto the subspace
Hy = @7]:[:1 ‘H,,. Setting MgN (z) := PyMpg(2) | Hy, and taking into account
the block-diagonal form of M(-) and the inequality Im (M (z)) > 0 we obtain
Im (M} (2)) = Im (Py Mp(2) Py) (5.20)
= PnMp(2)*Im (M (2)) Mp(2) Py > Mg" (2) T (M (2)) MEY (2),
where MP¥(z) := PyM(z) | Hy = @T]:[:I M, (z). Since PN is a finite

dimensional projection the limits MEN(t) := s-lim, . o MEN(t + iy) and
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MPN(t) := slimy,_, 1o MPN (t + iy) exist for a.e. t € R. From (5.20) we get
Im (MEN (£)) > MEN () Tm (MY (£))MEN (1) for ae. t€R.  (5.21)

Since Mp(-) is a generalized Weyl function, it is a strict Rp-function, that
is, ker (Im (Mp(z))) = {0}, z € Cy. Therefore, MLV (-) is also strict. Hence
0 € o(MEN(2)), 2 € Cy, and Gn(-) := —(MEN(-))~" is strict. Since both
Gn(-) and MEN(-) are matrix-valued R-functions, the limits MEN (¢ + i0) :=
lim, 1o MLN (t+iy) and Gy (t+i0) := lim, ., G (t+iy) exist for a.e. t € R.
Therefore, passing to the limit in the identity MgN (t+iy)Gn(t+iy) = —1I as
y — 0, we get MEN (t +i0)Gn(t +i0) = —I for a.e. t € R. Hence MEN(t) :=
MEN (t +140) is invertible for a.e. t € R.

Further, combining (5.21) with Lemma 5.11(ii) we get

dim (ran ( ImMPN(t)MgN(t)>> <d,ry(t) forae teR.
B

Since MpN (t) is invertible for a.e. t € R, we find

dyrpy (t) := dim (ran ( Im M P~ (t))) <d,ry(t) forae teR. (5.22)
B

Let Dy = Py ® Do where Dy € Go(H) and satisfy ker (Dg) = ker (D) = {0}.

Then ker (Dy) = ker (D%) = {0} and Pv = PvDy = DyPy. By Lemma

5.11(iii), dpsry (t) < dy oy (t) for ae. t € R. Further, for any D € &3(H)
B

and satisfying ker (D) = ker (D*) = {0}, dyp(t) = d oy (t) for ae. ¢t € R.
B

Combining this equality with (5.22) we get dy/ry (1) < dyp(t) for ae. ¢t € R

and N € N. Since

N )
dyey () =D dar,y and  dyo(t) = Y du, (2) (5.23)
n=1

n=1

for a.e. ¢t € R, we finally prove that dy/o(t) < dyp(t) for ae. t € R. One
completes the proof by applying Theorem 3.4(i). O

Corollary 5.13 Let the assumptions of Theorem 5.12 be satisfied and let
Sp >0, n €N. Further, let A and A be given by (5.1) and (5.13), respectively.
Then the Friedrichs and the Krein extensions AY and AX of A are ac-minimal.
In particular, (AT) and (A%) are unitarily equivalent.

Proof. Combining Theorem 5.12 and Corollary 5.5 yields the assertion. [

Corollary 5.14 Let the assumptions of Theorem 5.12 be satisfied and let

Di={teR:» du,(t) =00} (5.24)
neN
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If, in addition, condition (4.1) holds, then the parts g“Eg(’D) and AZ°E 4, (D)
of the operators A and Ag, respectively, are unitarily equivalent.

Proof. By (5.23) and (5.24), dysp (t) = 400 for a.e. t € D. Applying Theorem
5.12 and Theorem 2.4(ii) we complete the proof. O

Corollary 5.15 Let the assumptions of Theorem 5.12 be satisfied and let N
and D be given by (5.19) and (5.24), respectively. If condition (4.1) is valid,
then the parts A*Ez(DUN) and A§°Ea,(DUN) are unitarily equivalent.

Proof. By Corollary 5.9, the parts K‘ICEX(N') and A%E4,(N) are unitarily
equivalent. Corollary 5.14 yields the unitary equivalence of the parts AR i(D)

and A°FE,(D). Hence the parts ZQCEE(D UN) and AgE4, (D UN) are
unitarily equivalent too. O

aac(g). If, in addition, condition (4.1) is valid and the extensions Spn, n € N,
are purely absolutely continuous, then

Corollary 5.16 Assume conditions of Theorem 5.12. Then UneN Gac(Son) C

Jac(ﬁ) = U Uac(SOn)~ (525)

neN

Proof. The first statement immediately follows from Theorem 5.12. Relation
(5.25) is implied by Proposition 5.7. O

Corollary 5.17 Assume the conditions of Theorem 5.12.  Let also the pairs
{Sn,Son}, n € N, be pairwise unitarily equivalent. If condition (4.1) holds ,
then for any A € Ext 4 the ac-parts A* and A§¢ are unitarily equivalent.

Remark 5.18 (i) For the special case ny(S,) =1, n € N, Theorem 5.12 com-
plements [2, Corollary 5.4] where the inclusion oqe(Ag) C oae(A) was proved.
Moreover, Corollary 5.17 might be regarded as a substantial generalization of
[2, Theorem 5.6(i)] to the case ny(S,) > 1. However, in the case ny(S,) = 1,
Corollary 5.17 is implied by [2, Theorem 5.6(i)] where the unitary equivalence of
Aac = A‘g‘ and A§¢ was proved under the weaker assumption that B is purely
singular. Indeed, by Proposition 2.12 condition (4.1) with A=Agis equivalent
to discreteness of B.

(ii) The inequality Npge (t) < Npae (t) in Theorem 5.12 might be strict even
for t € 04c(Ap). Indeed, assume that (a, ) is a gap for all except for the
operators Sy, ..., Sy. Set Sy := ®L_, S, and Sy := @22 v ;S. Then ny (Sy) =
oo and (a, 3) is a gap for Sy. By [8] there exists Sy = §§ € Ext g, having ac-
spectrum within (a, 3) of arbitrary multiplicity. Moreover, even for operators
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A = &2, S, satisfying assumptions of Corollary 5.17 with ny(S,) = 1 the
inclusion oq4c(Ag) C 0ae(A) might be strict whenever condition (4.1) is violated,
cf. [8] or [2, Theorem 4.4] which guarantees the appearance of prescribed
spectrum either within one gap or within several gaps of Ag.

6 Sturm-Liouville operators with operator
potentials

6.1 Bounded operator potentials

Let H be a separable Hilbert space. As usual, L?(Ry,H) := L?(R,) ®H stands
for the Hilbert space of (weakly) measurable vector-functions f(:) : Ry — H
satisfying fﬂh |l f(t)||3,dt < co. Denote also by W*2(Ry, H) := W223(R;) @ H
the Sobolev space of vector-functions taking values in H.

Let T = T* > 0 be a bounded operator in H. Denote by A := A, the
minimal operator generated on § := L?*(R;,H) by a differential expression

A= f% @ I+ Ip2r,) @ T. Tt is known (see [17, 28]) that A is given by
(Af)(@) = =f"(2) + Tf(x), f€dom(A)=W5* Ry, H), (6.1)

where Wo 2 (R, H) := {f € W22(R,,H) : f(0) = f'(0) = 0}.

The operator A is closed, symmetric and non-negative. It can be proved
similarly to [9, Example 5.3] that A is simple. The adjoint operator A* is given
by [17, Theorem 3.4.1]

(A*f)(x) = —f"(x) + Tf(x), [ € dom(A")=W?2(Ry, H). (6.2)
By [25, Theorem 1.3.1] the trace operators I'g, T'y : dom (A*) — H,
Tof =f(0) and Tyf = f'(0), f&dom(4¥), (6.3)
are well defined Moreover, the deficiency subspace 91, (A) is
MN.(A) = {eV="Th: heHl, z€Cy. (6.4)

Lemma 6.1 A triplet I1 = {H,T,T'1}, with Ty and T'y defined by (6.3), forms
a boundary triplet for A*. The corresponding Weyl function M (-) is

M(z):i\/z—T:i/\/t—&—iy—)\dET()\), z=t+1iy € C;. (6.5)

Proof. One obtains the Green formula integrating by parts. The surjectivity
of the mapping I' := (I'o,T'1) " : dom (4*) — H @ H is immediate from (6.3)
and [25, Theorem 1.3.2]. Formula (6.5) is implied by (6.4). O
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Lemma 6.2 Let T be a bounded non-negative self-adjoint operator in H and
let A and 1 = {H,To,T1} be defined by (6.1) and (6.3), respectively. Then

(i) the invariant mazimal normal function m™(t) of the Weyl function M(-) is
finite for allt € R and satisfies

mt(t) <201 +tH)Y4, teR (6.6)
(ii) The limit M (t 4 i0) := s-lim,_, o M(t + iy) exists, is bounded and equals

Mt +i0) = i / VIZMER(\) for any t € R. (6.7)
R

(iil) das(t) = dim(ran (E7([0,1)))) for any t € R.

Proof. (i) It is immediate from (6.5) and definition (4.17) of m™(-) that

Vitiy—A— Re(M)‘
Im (Vi — \) '

m* () < sup sup
y€(0,1] A>0

1422
’Re(\/l’—/\)‘ :tan(f) S <1, A>0.
Im(vi — A) 2 A+ V1I+A2

Furthermore, we have

S 23/4(1 + t2)1/4

YR g VBT
Im(vi—X)| — A+ V1I+ A2
for A > 0,t € R and y € (0, 1] which yields (6.6).

(ii) From (6.5) we find M(t) := M(t +40) = slim,_,joivt+iy—T =
iv/t — T, for any t € R, which proves (6.7). Clearly, M (t) € [H] since T' € [H].

(iii) It follows that Im(M(t)) = vt —TEr([0,t)), which yields dp(t) =
dim(ran (Im(M(t)))) = dim(ran (E7([0,1)))). O

With the operator A = A, it is naturally associated a (closable) quadratic
form t[f] := (Af, f), dom () = dom (A). Its closure tg is given by

el = [ {17 @I+ VTS @B do (68)

f € dom (tg) = Wy*(Ry,’H), where Wy ?(Ry, H) = {WL2(Ry,H) : f(0) =
0}. By definition, the Friedrichs extension A of A is a self-adjoint operator
associated with tp. Clearly, A" = A* | (dom (A*) N dom (tr)).
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Theorem 6.3 Let T >0, T =T* € [H], and to := info(T'). Let A be defined
by (6.1) and I1 = {H, Ty, 1} the boundary triplet for A* defined by (6.3). Then

(i) the Friedrichs extension AT coincides with Ay that is
dom (A") = dom (A*)Ndom (tp) = {f € W*?(Ry,H) : f(0) = 0} = dom (Ay),

and AT corresponds to the Dirichlet problem. Moreover, A is absolutely
continuous, AF = (AF), and o(AF) = 0,.(AF) = [to, o0).

(i) the Krein extension AX is given by
dom (AX) = {f e W3R, H) : f'(0) +VTf(0) = 0}. (6.9)

Moreover, ker (AX) = 9o = 9], O = {e=*VTh : h € ran(TY*)} and the
restriction AK | dom (AK)N§Hg is absolutely continuous, that is Hg = H2¢(AK)
and AK = 0g, @ (AK)2e,

(iii) The extension A; := A* | ker(I'y), coincides with AN, dom (AN) :=
{f e W22(R,,H) : f/(0) =0}, i.e. Ay corresponds to the Neumann boundary
condition. Moreover, AN is absolutely continuous (AN)® = AN and o(AN) =
Tac(AN) = [tg, 00).

(iv) The operators AT, (AK)2 and AN are unitarily equivalent.

Proof. (i) Let IT = {H,T(,T'1} be the boundary triplet defined in Lemma 6.1.
We show that A" = Ay := A* | ker (I). It follows from (6.2) and (6.3) that
dom (A¢) = {f € W22(R,,H) : f(0) = 0}. Since dom (4g) C Wy *(Ry,H) =
dom (tr), we have Ag = A¥ (see [1, Section 8] and [20, Theorem 6.2.11]).

It follows from (6.7) and [9, Theorem 4.3] that 0,(Ag) = 0s.(Ag) = 0. Hence
Ay is absolutely continuous. Taking into account Lemma 6.2(iii) and Proposition
3.2 we get 0(Ap) = dac(Ao) = clac(supp (dar)) = [to, 00) which proves (i).

(ii) By [12, Proposition 5] AX is defined by AX = A* | ker (I'y — M(0)Ty). It
follows from (6.5) that M(0) = —/T. Therefore, AX is defined by (6.9).

It follows from the extremal property of the Krein extension that ker (AX) =
ker (A*). Clearly, fr(z) := exp(—2VT)h € L*(Ry,H), h € ran (T/*), since

% el % EA
[ NespaovDile = [ dpute) [ eV = [ dpntt) < .
0 0 0 0 2\/1?
where p,(t) := (Ep(t)h,h). Thus, ) C ker (A*). It is easily seen that £ is
dense in $o. To investigate the rest of the spectrum of A¥ consider the Weyl
function Mg (-) corresponding to AX. Tt follows from (6.5) and Proposition 2.17
that

My(2) = M_ p(z) = —(VT + M(2)) ™'
—(VFiva Ty = vEm TV - -2 e



where ®(z) := 1[iv/z — T + VT]. It follows that for ¢ > 0
Im Mg (t +i0) = Im ®(t +i0) = ¢t '/t — TE7([0,1)). (6.10)

Hence, by [9, Theorem4.3], o,(A%) N (0,00) = 05.(A%) N (0,00) = 0. It follows
from (6.10) that Im (Mg (¢ +0)) > 0 for ¢ > t,. By Proposition 3.2 g,.(AX) =
[to, 00). Further, it follows from (6.7) and (6.10) that for any ¢t > to

dpr(t) = rank (Im(M(¢)))
= rank (E7([0,t))) = rank (Im(Mk (t))) = dar. (1)
Combining this equality with o,.(AX) = 04.(AF) = [to, 00), we conclude that
AT and (AK)a¢ are unitarily equivalent.
(iii) By Proposition 2.17 the Weyl function corresponding to A; = A* |
ker (Fl — Oro) is

1
zZ—A

My(z):=(0— M(2) P =i(z-T)"/2 = z/ dEr(\), z€Cs.

Since My(-) is regular within (—o0, ), we have (—oo,ty) C o(A1). Further, let
T > t9. We set H, := Ep([to, 7))H and note that for any h € H, and t > 7

(Mo(t+i0)h,h):i((t—T)_l/QhJL):i/T ! d(Er(\)h,h).  (6.11)

o VI
Hence for any h € H, \ {0} and ¢t > 7

0 < (t —to)~*?||h||?> < Im (Mo (t + i0)h, h) :/ (t = N)"YV2d(Er(\)h, h) < co.
to

By [9, Proposition 4.2], 04.(A1) 2 [r,00) for any 7 > tg, which yields o,.(A1) =

[to,00). It remains to show that A; is purely absolutely continuous. Since

Moy (t + i0) & [H] we cannot apply [9, Theorem 4.3] directly. Fortunately, to

investigate the ac-spectrum of A; we can use [9, Corollary 4.7]. For any ¢ € R,

y >0, and h € H we set

1

Vi (t + iy) == Tm(Mo(t + iy)h, h) :/Im <H_Zy

> d(Er(\)h, h).

Obviously, one has

1
(=07 + )77

Vit + i) < / dEr(Vh,h), teR, y>0, heH.

Hence

1
(PSR

Vi(t + ig)? < 120D / d(Br(Nh,h), pe (L,00).

37



We show that for p € (1,2) and —oco < a < b < 0
b
Cp(h;a,b) := sup / Vi (t + iy)? dt < 0.
y€(0,1] Ja

Clearly,

b I
o \D 2(p—-1)
[ Vit inyrae < i A / ot

7|
— 2(p—1)
e [ Ahh/ ﬂ+ymﬂ

Note, that for p € (1,2) and —co < a < b < ©

b—A 1 b 1
/a_A Wdtf/ . 7zt =i 5p(b.a —||T]) <

Hence Cp(h;a,b) < sg(b,a — ||T|)||R]|*" < oo for p € (1,2), —co < a <b < o0
and h € H. By [9, Corollary 4.7], A; is purely absolutely continuous on any
bounded interval (a,b). Hence A; is purely absolutely continuous.

(iv) It follows from (6.7) and (6.10) that das(¢) = dary (t) = rank (v —T)
for t > tg. Combining this equality with 04.(AX) = 0,.(AF) = [tg, 00), we
conclude that AF and (A%)?¢ are unitarily equivalent.

Passing to A;, we assume that 1 < dim(ran (E7([0,5)))) = p1 < oo for some
s > 0. Let Mg, k € {1,...,p}, p < p1, be the set of distinct eigenvalues
within [0, s). Since My(t + iy)Er([0,t)) is the p x p matrix-function, the limit
My(t +i0)Er([0,t)) exists for ¢t € [0,s) \ Ur_,;{A\x}. It follows from (6.11) that

Im(Mo(t) = |T =72 Er([0,8)),  t€[0.5)\ [J )
k=1

This yields
day (1)) = dim(ran (Im(My(t)))) = dim(ran (E7([0,1)))) = das(2)

for a.e t € [0,s) \ Us_; { A}, that is, for a.e. ¢ € [0, s).

If dim(Er([to,s))) = oo, then there exists a point s € (0,s), such that
dim(E7([0, s0])) = oo and dim(Er([0,s))) < oo for s € [0,s0). For any ¢ €
(s0,s) choose T € (so,t) and note that dim(ran (Er([0,7)))) = oco. We set
H, = Ep([0,7))H and Heo := Ep([1,00))H as well as T := TEr([0,7)) and
Tw = TEp([r,0)). Further, we choose Hilbert-Schmidt operators D, and
Do in H, and Ho, respectively, such that ker (D,) = ker (D}) = ker (D) =
ker (D%)) = {0}. According to the decomposition H = H, & Ho we have
Mo = M; & M, D = D7 & Doo and dyp(t) = dyp, (t) + dype (t) for ace.

€ [0,00). Hence dy;p(t) = dyp- () for ae. t € [0,00). Clearly, M (t + iy) =
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i(t+iy — Ty)"Y2. 1f t > 7, then t € o(T,) and M(t) := s-limy_, 4o M(t + i0)
exists and

M(t) i= s-lim My (¢-+ i) = it = T,) 2B ([0.7)).

Hence dy;p.(t) = dim(ran (E7([0,7)))) = oo for t > so. Hence dpp(t) =
dum(t) = oo for a.e. t > so which yields dyp(t) = du(t) for ae. t € [0,00).
Using Theorem 3.4(ii) we obtain that A3 and A$¢ are unitarily equivalent which
shows Ay and A; are unitarily equivalent. O

Next we describe the spectral properties of any self-adjoint extension of A. In
particular, we show that the Friedrichs extension Af" of A is ac-minimal, though
A does not satisfy conditions of Theorem 5.12.

Theorem 6.4 Let T > 0, T = T* € [H], and t1 := inf 0ess (T'). Let also A be

the symmetric operator defined by (6.1) and A = A* € Ext 4. Then

(i) the absolutely continuous part g“Eg([?fl,oo)) of EEE([tl, 00)) is unitarily
equivalent to AT E 4r ([t;,00)) = (AF)*E r ([t1,00));

(ii) the Friedrichs extension AF is ac-minimal and oqe(AF) C 0qe(A);

(iil) the absolutely continuous part Aac ofg is unitarily equivalent to AY when-
ever either (A—i) ™t —(AF —i)™1 € G (H) or (A—i) 1 —(AK —i)~1 € 6,.(9).

Proof. By Corollary 4.2 it suffices to assume that the extension A = A*
is disjoint with Ap, that is, by Proposition 2.9(ii) it admits a representation
A = Ap with B € C(H).

(i) Let IT = {H,T,I'1} be a boundary triplet for A* defined by (6.3). In
accordance with Theorem 3.4 we calculate djx (t) where Mp(-) := (B—M(-))™t
is the generalized Weyl function of the extension Ap. Clearly,

Im(Mp(z)) = Mp(2)* Im(M (2))Mp(z), =z¢€C,. (6.12)

Since Re(vz — A) > 0 for z =t + 4y, y > 0, it follows from (6.5) that

Im(M(z)) = /[0 )Re(\/z—)\) dEr(\) > / Re(Vz — \) dEp()), (6.13)

(0,7)

where z =t + iy. It is easily seen that

Re(Wz = A)>Vt—A>Vt—7, Xe[0,1), t>T. (6.14)
Combining (6.12) with (6.13) and (6.14) we get

Im(Mp(t+iy)) >Vt —7Mp(t+iy) Er([0,7))Mp(t +iy), t>71>0.
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Let @ be a finite-dimensional orthogonal projection, @ < Er([0,7)). Hence
Im(Mp(t+iy)) > VvVt —TMp(t+iy)" QMp(t +iy), t>7>0, y>0.
Setting H; = ran(Q), Hy := ran(Q'), and choosing Ky € Gy(Hz) and
satisfying ker (K3) = ker (K3) = {0}, we define a Hilbert-Schmidt operator

K :=Q® Ky € 63(H). Clearly, ker (K) = ker (K*) = {0} and,

Im(K* Mp(t + iy) K) > (6.15)
Vi—TK*Mp(t+iy)*QMp(t+iy)K, t>7>0.

Since Mp(-) € (Ry) and Q, K € G3(H), the limits

K*Mp(t)*Q = s- 1inJgOK*MB(t—|—iy)*Q and
yAP
QMpE)(t) = s lim QMp(t+iy)K

exist for a.e. ¢t € R (see [5]). Therefore passing to the limit as y — 0 in (6.15),
we arrive at the inequality

Im(Mg(t)) >Vt —T(K*Mp(t)*Q)(QMBK(t)), t>7>0, y>0.
It follows that

dim(ran (QMpK)(t))) < dim(ran (Im Mf (t))) = dyx(t), t>7. (6.16)

We set Mg(z) = QMp(2)Q | H;. Since dim(H;) < oo the limit Mg(t) =
s-limy, 10 Mg(t + dy) exists for a.e. ¢t € R. Since (QMpK)(t) | Hi
ran ((Mg)(t)), (6.16) yields the inequality

dim(ran (J\Zg?(t))) < dim(ran ((QMpK)(1))) < dpx (1) (6.17)

for a.e. t € [1,00).

Since dim(H;) < oo and ker (Mg(z)) = {0}, z € C, we easily get by repeating
the corresponding reasonings of the proof of Theorem 5.12 that ran (Mg(t)) =
H, for a.e. t € R. Therefore (6.17) yields dim(H1) < dyx (t) for a.e. t € [1,00).

If 7 > t1, then dim(E7([0,7))H) = oo and the dimension of a projection

Q@ < Er([0,7)) can be arbitrary. Thus, dyx(t) = oo for ae. t > 7. Since
T > 1y is arbitrary we get dj;x () = oo for a.e. ¢ > ¢;. By Theorem 3.4(ii) the

operator /NlacEg([tl, 00)) is unitarily equivalent to AgE 4, ([t1,00)).

(ii) If 7 € (to,t1), then dim(Er([0,7))H) =: p(7) < oo. Hence, dim(QH) <
p(7) which shows that dyx (t) = p(r) for a.e. ¢ € (7,t1). Since 7 is arbitrary,
we obtain dyx (t) = p(7) for a.e. t € [0,11). Using Theorem 3.4(i) we prove (ii).
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(iii) By Lemma 6.2 the invariant maximal normal function m™(¢) is finite for
t € R. By Theorem 4.3 A% and (AF)a¢ are unitarily equivalent. Similarly we
prove that Aac and (AK)ac are unitarily equivalent. To complete the proof it
remains to apply Theorem 6.3(iv). O

Corollary 6.5 Let the assumptions of Theorem 6.4 be satisfied. If dim(H) = oo
and to = inf o(T) = inf oess (T) =: t1, then the Friedrichs extension AT is
strictly ac-minimal.

Remark 6.6 Let dim(Er([to,t1))H) = co. Then there are self-adjoint exten-
sions A = A* € Ext 4 of A such that 0,.(A) = 0(AF) = 04.(AF) but A is not
unitarily equivalent to AF.

6.2 Unbounded operator potentials

In this subsection we consider the differential expression (6.1) with unbounded
T=T*>0,T¢cC(H),

d2
dx?

(Arf)(z) = () + Tf(z). (6.18)

The minimal operator A := Aq iy is defined as the closure of the operator A’
generated on ) := L?(R,H) by expression (6.18) on the domain

Dy:=3 > ¢j(@)hj: ¢; € Wi (Ry), by € dom (T), keNp, (6.19)
1<<k

that is A7.f = Arf, dom (A7) = Dj. Clearly, A is non-negative, since 7' > 0
and A7 min = A’ coincides with A defined by (6.1) provided that T is bounded.

Let Hr be the Hilbert space which is obtained equipping the set dom (T")
with the graph norm of T. Following [25] we introduce the Hilbert spaces
Wi2(RyH) = WE2(R,; H) N L2(Ry, Hr), k € N, equipped with the Hilbert
norms

11y = /ﬂh (LFP O3+ I O3 + 1T S ()13 dt.

Obviously, we have Wi'7.(Ry, H) := {f € Wi*(Ry;H) : f(0) = f/(0) =0} C
dom (A7 min)-

Lemma 6.7 Let T = T* be a non-negative operator in H. Then dom (A7 min)
and W&";(R%H) coincide algebraically and topologically.
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Proof. Obviously, for any f € Df we have

A2 = [ 15" @)1F de

+ / TS — 2me { / ) (f“(x),Tf(x))Hdw} .

Integrating by parts we find

/ @I b= - / +

Combining these equalities yields

\/Tf’(m)Hidx.

sl = [ I @lde s [ rs@iPde2 [ VIF@)), do

for any f € D. Hence
115z < 1A fIS + I1£17, f € Do

Furthermore, by the Schwartz inequality,

Re { / + <f'<x>,Tf<x>>de}

AT SIS + 117 < 21 f15 22, f € Do

Thus, we arrive at the two-sided estimate

2
1522 < IATFIS +IFI5 < 2f1522  f €D

2 < |f3zar € Dh

which gives

Since Dj is dense in W02 7% too, we obtain that dom (Ar min) coincides with W02 721
algebraically and topologically.

Since A is non-negative it admits the Friedrichs extension A" and the Krein
extension A%, We define the extension AV as the self-adjoint operator associ-
ated with the closed quadratic form ty,

wifs= [ {1 @I+ VT @1 e = s — e, . (620

dom (ty) := W\}’;(R_H H). The definition makes sense for T' € [H]. In this case

AN = A, with A; defined in Theorem 6.3(ii).
We also put tp := ty [ dom (tr), dom (tp) := {f € W\l/’;(R+; H): f(0) =0}.
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Proposition 6.8 Let T =T* € C(H), T >0, and let A:= Apmin be defined
by (6.18)-(6.19). Let also H, := ran (Er([n — 1,n))), T, := TEp([n — 1,n))
and let Sy, be the closed minimal symmetric operator defined by (6.1) in 9, :=
L?(R,,H,) with T replaced by T,,. Then

(i) the following decompositions hold

oo

A=EPs, A= éSF AKX = ésff, AN = ésﬁ. (6.21)
n=1 n=1 n=1 n=1

(ii) The domain dom (AF") equipped with the graph norm is a closed subspace of
VV’_ZQ“72 (R+7 H)»

dom (A") = {f € W*(Ry, H) : f(0) = 0}.

(iii) The domain dom (A™N) equipped with the graph norm is a closed subspace
2,2 2,2
of WEA(Ry, H), dom (AN) = {f € WE2(R,, H) : /'(0) = O}.

Proof. (i) We introduce the sets

DY =3 > ¢i@h;: ¢, € WP (Ry), hj € Hp, kyn €N
1<j<k

and Dy, = {fe€D{:f(z)eH,}, n € N. Obviously, we have D =
@2, DY, C D). Setting A% := Al | DY we find A7 = AL, = Arp pin. More-
over, setting A” = A, | Dj,, n € N, we have A” = A,, n € N. Since
Al =@, A C AL, we obtain

oo oo
AT,min = Al = @T% = @ An g AT,min

n=1 n=1
which proves the first relation of (6.21). The second and the third relations are
implied by Corollary 5.5.
To prove the last relation of (6.21) we set SV := @, S2. Since SY =
(SN)* € Extg, and A = 2,5, SV is a self-adjoint extension of A, SN €

n=1

Ext 4. Let f = @2, f, € dom (S”). Then integrating by parts we obtain

(5Y1.0) = 38 b f) = X [ {1, + IVTusu(o)l, } do
1 n=1

= [T @B+ VT @I} e = )

Since, by definition, A"V is associated with the quadratic form ty, the last
equality yields SV c AN. Hence SV = AN, since both SV and AN are self-
adjoint extensions of A.
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(ii) Following the reasoning of Lemma 6.7 we find

where f, € dom (SF) = {g, € W?2(R4,Hy,) : go(0) = 0}. Using representa-
tion (6.21) for AT and setting f™ := @™ f,, fn € dom (F},), we obtain from
(6.22)

1™ 22 < IATF™ IS + 1S < 20" 1522, meN. (6.23)

Since the set {f™ = @™ f, : fn € dom (SI), m € N}, is a core for AF
inequality (6.23) remains valid for f € dom (AF'). This shows that dom (Af) =
{f e W2*(Ry,H) : f(0) =0}. Moreover, due to (6.23) the graph norm of A”
and the norm || - ||W%,2 restricted to dom (Af") are equivalent.

(iii) Similarly to (6.22) one gets

Bt Il < 20l

for f,, € dom (SY) = {g, € W?2?(R,,H,) : ¢,(0) = 0}, n € N. It remains to
repeat the reasonings of (ii) O

To extend Theorem 6.3 to the case of unbounded operators T'=T* > 0 we
first construct a boundary triplet for A*, using Theorem 5.3 and representation
(6.21) for A.

Lemma 6.9 Assume conditions of Proposition 6.8. Then there is a sequence
of boundary triplets I, = = {H,, Fon, 1n} for Sk such that II := &2, I,

{H, I‘O, 1} forms an ordinary boundary triplet for A*. Moreover, AT = A* [
ker(F ) and the corresponding Weyl function is

(o)~ e T (i)
B Re(Vi—T) '

Proof. For any n € N we define a boundary triplet II,, = {H,,, [on, 1, } for S}
with Tgp, T'1,, defined by (6.3). By Theorem 6.3(1) S = Sp, = S} | ker (To,,)
and by Lemma 6.1 the corresponding Weyl function is M, (z) = iv/z — T),.

Following Lemma 5.1, cf. ( 6), we define a sequence of regularized boundary
triplets 1I,, = {H,, FOn, 1n} for S¥ by setting R, := (Re(\i —Tn))l/Q,

Qn = —Im(vi—T,) and
Ton:=Rulon, Dini=R;"(T1p— Qulon), neN. (6.25)

Hence SI = Sy, and the corresponding Weyl function M n(+) 1s given by

i (2) = ivz—T,+Im(vi—T,)
e Re(vi—Tp) ’
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By Theorem 5.3 the direct sum I := @°°, II,, = {H, Ty, I'1} forms a bound-

n=1
ary triplet for A* and the corresponding Weyl function is
M z) = @ ]\/Zn(z) z e Cy. (6.27)
neN

Combining (6.27) with (6.26) we arrive at (6.24).
Combining Theorem 5.3 (cf. (5.13)) with Corollary 5.5 we get

Ay = A" | ker ( @S* | ker (T on) = @SOH_@ = A" (6.28)

which proves the second assertion. O
Next we generalize Theorem 6.3 to the case of unbounded operator potentials.
Theorem 6.10 Let T =T* > 0, tg := info(T), and A := A7 min, ¢f. (6.18)-

(6.19). Let also o= {H, T, fl} be the boundary triplet for A* defined by
Lemma 6.9 and M (-) the corresponding Weyl function (cf. (6.24)). Then

(i) The Friedrichs extension AF coincides with Ay :== A* | ker (T o). Moreover,
AF s absolutely continuous, AT = (AF)%, and o(AF) = 0,.(AF) = [tg, ).
(ii) The Krein extension AKX is given by Apx := A* | ker (I'y — BXT), where
o 1 1
VT VT VIT T+ VI T2

Moreover, ker (AK) = 6y := 9}, H) = {e=™VTh : h € ran (TY/4)}, the restric-
tion AK | dom (AK) N O is absolutely continuous, and AK = 04, @ (AK)ae.

(6.29)

(iii) The estension AN is given by AN = A* [ ker (I'; — BN T'¢) where BN =
VT +V1+ T2 Moreover, AN is absolutely continuous, AN = (AN)* and
o(AN) = 04 (AN) = [tg, 00).

(iv) The operators AF', (AK)2 and and AN are unitarily equivalent.

Proof. (i) This statement is implied by combining Theorem 6.3 with (6.28).

(ii) Using the polar decomposition i — A = /1 + A2e?N with §(\) = m —
arctan(1/X), A > 0 we get

Re( / YTF N cos(0(N)/2)dBr (). (6.30)

Setting ¢(\) = arctan(1/A), A > 0 and noting that cos(p(\)) = A(1 4+ A2)~1/2,
we find cos(0(N\)/2) = 271/2(1 + X2)"V/4(\ + /1 + A2)~1/2, Substituting this
expression in (6.30) yields

Re(Vi—T)=2"Y2(T + 1412 )72 (6.31)
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Similarly, taking into account sin(#(\)/2) = cos(¢(A)/2) and cos(p(N)/2) =
2712(1 4 A VAN + V1 + A2)1/2) we get

Im / Y1+ X2 cos(p(N)/2)dEr(N) = \}i T+V1+T2. (6.32)

It follows from (6.24) with account of (6.31) and (6.32) that M(0) :=
slim, . o M(—z) = BX where BX is defined by (6.29). Therefore, by
[12, Proposition 5(iv)] the Krein extension AX is given by Agx := A* |
ker (I'; — BXTy). The second statement follows from Proposition 6.8 and The-
orem 6.3(ii).

(iii) It is easily seen that in the boundary triplet ﬁn = {H,, fOn, T 1} de-
fined by (6.25) the extension A admits a representation AY = Ap where

By, = /T, ++/1+T2, n € N. By Proposition 6.8, AN = @ (AN = Agw

where BY = ®% | B,,. The remaining part of (iii) follows from the representa-
tion AN = @77, AY and Theorem 6.3(iii).

(iv) The assertion follows from Theorem 6.3(iv) and (6.21). O

Next we generalize Theorem 6.4 to the case of unbounded 7" > 0.

Theorem 6.11 Let T = T* > 0 and t; := infoe(T). Further, let A =
A7 min, ¢f. (6.18)-(6.19), and A = A* € Exta. Then

(i) the absolutely continuous part ZlacEg([tl, 00)) is unitarily equivalent to the
part AFE r([t1,00)) = (AF)*®E4r ([t1,0));

(ii) the Friedrichs extension AF is ac-minimal and oqe(AT) C 0ae(A);

(iii) the ac-part Aac of gjs unitarily equivalent to A if either (E —i)7t -
(AF =)t e G (9) or (A—1i)~ ! — (AK —i)~1 € G (9).

Proof. By Corollary 4.2 it suffices to assume that the extension A= A" is
disjoint with Ag, that is, it admits a representation A = Ap with B € C(H).

(i) We consider the boundary triplet II = {H, T'¢, [';} defined in Lemma
6.9. By Proposition 2.17 the g\enerahzed Weyl function corresponding to the
generalized boundary triplet I 5 is defined by M B(z) = (B — M (2))1

z € C4, where M\(z) is given by (6.24). Clearly,
m(M p(2)) = M p(2)"Im(M () M p(z),  z€Cy. (6.33)
It follows from (6.24) that (Re(vi— 7))~ > v/2. Therefore (6.31) yields
Im( M (2)) > V2Im(M(z)), z€C,, where M(z)=iVz—T, (6.34)

cf. (6.5). Following the line of reasoning of the proof of Theorem 6.4(i) we obtain
from (6.34) that d - (t) = oo for a.e. t € [t1,00), where D = D* € &3(H) and
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ker D = {0}. Moreover, it follows from (6.33) that d -=p(t) = d =0 (t) = oo for
B
a.e. t € [t1,00). One completes the proof by applying Theorem 3.4.
(ii) To prove (ii) we use again estimates (6.34) and follow the proof of Theorem
6.4(i1). We complete the proof by applying Theorem 3.4.
(iii) The Weyl function ]\7() is given by (6.24). Taking into account (6.27)
one obtains sup,cym; < oo, where m;} is the maximal normal invariant func-
tion defined by (4.17). Indeed, this follows from (6.6) because this estimate

shows that m;} does not depend on n € N. Applying Theorem 4.3 and Remark
4.6 we complete the proof.

To prove the second statement we note that the operator BX defined by (6.29)

BK __ gk
is bounded Therefore, by Proposmon 2.17 atriplet HBK = {H, I‘ o »I'y }
with F 1 = HO and Fo = BK Fo -T 1, is a boundary triplet for A* such

that AK := A* | ker ( r o ). The corresponding Weyl function is
M pr(z)=(BX = M (2))™", zeC,.

Inserting expression (6.29) into this formula we get

in (z)——i 1 1 1 VT—iya—T
P VAVT +iVe T T Vit T2 o2V T+ VI T2

It follows that the limit M px (t +140) exists for any t € R\ {0} and

— 1 NT-it-T

M px(t) := s- lim Mpx(t+iy) = ———= ———— .
ye0 V2T + V1117
Clearly, MBK( ) € [H] for any ¢t € R\ {0}. By Theorem 4.3 the ac-parts of

A and AKX are unitarily equivalent whenever (A —i)~! — (AKX —i)~! € 6,,(%).
This completes the proof. O

Finally, we generalize Corollary 6.5 to unbounded operator potentials.
Corollary 6.12 Assume conditions of Theorem 6.11. If dim(H) = oo and
to := info(T) = inf oes (T) =: t1, then the Friedrichs extension AY and the
Krein extension AX are strictly ac-minimal.

6.3 Application
In this subsection we apply previous results of this section to Schroedinger op-

erator in the half-plane. To this end we denote by L = L,;, the minimal elliptic
operator associated in L?(Q2), € := R, x R" with the differential expression

L:=—-A+qx) = W +Z (t,z) € Q, (6.35)
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where ¢ =g € L*®(R), z:=(21,...,2,) and n > 1.

Recall that Ly, is the closure of £, defined on C§°(92). It is known that
dom (Lpmin) = HZ(Q). Clearly, L is symmetric. The maximal operator Ly is
then defined by Liyax = (Lmin)*. We emphasize that H?(Q) C dom (Amax) C
H? (), while dom (Lmax) # H?().

Next we define the trace mappings v;: C*(2) — C>*(9Q), j € {0,1}, by
setting you := u | 90 and y1u := y9(Ou/On) where n stands for the interior
normal to 9. Denote by D, () the domain dom (Lyax) equipped with the
graph norm. It is known (see [25, 18]) that 7, can be extended by continuity to
the operators mapping D, () continuously onto H—7~1/2(99), j € {0,1}.

Let us define the following extensions of L, (realizations of £):

(i) LPf:=L[f], f€dom(LP):={p € H* Ry xR): vp =0};
(i) LN f:=L[f], f € dom (LY) :={p € H*(R; xR) : 710 =0};

(iii) LEf = L[f], f € dom (L¥) := {¢ € dom (Anax) : 71¢ + Ao =
0}, where A:=\/-A,+q(-): H209Q) — H-3/2(0Q).

To treat the operator Ly, as the Sturm-Liouville operator with (unbounded)
operator potential we denote by 7' the (closed) minimal operator associated in
H := L?(R") with the Schrédinger expression

Ay +q(z) = — Z % + q(x). (6.36)
j=1""i

Since ¢ = g € L*°(R), the operator T is self-adjoint and semibounded. More-
over, T > 0 if ¢(-) > 0. Let A := A 1nin be the minimal operator associated
with (6.18) where T is defined by (6.36).

Proposition 6.13 Let g(-) € L*(R), ¢(-) > 0, and let T be the minimal (self-
adjoint) operator associated in L*(R) with the Schrédinger expression (6.36).
Let also tg ;= inf o(T) and t; := inf oess (T'). Then:

(i) the operator Ar min coincides with L = Lyin and dom (A min) = HZ(2);

(i) the Friedrichs extension A coincides with LY, hence LP is absolutely con-
tinuous, o(LP) = 0,.(LP) = [tg,0) and Ny (t) = oo for a.e. t € [ty,0);

(iii) the Krein extension AX coincides with L*, in particular, L™ admits the
decomposition L¥ = 0y, ® (L)%, Hy := ker (L¥), and 0,.(L%) = [to, 00);

)

(iv) the extension AN defined by (6.21), coincides with LY, in particular, LN
is absolutely continuous and o(AN) = 04.(AN) = [tg, 0);

(v) the operators LP, LN, and (L¥) are ac-minimal, in particular, LY, LN,
and (L) are pairwise unitarily equivalent. If, in addition, ty = t1, then the
operators LP, LN | and (L) are strictly ac-minimal;
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(vi) if L is a self-adjoint extension of L and (L—i)~' —(LP —i)~! € S, then
L and LP are unitarily equivalent. If L satisfies (L—i)~' — (L¥ —i)~™! € &,
then L and LP are unitarily equivalent.

Proof. (i) We introduce the set

D=4 Y. ¢i(@)hi(€): ¢; € C¥(Ry), hj € CF(R), k€N
1<j<k

We note that D, C D and D, C C§°(R4 xR). Moreover, A in | Do =L |
D.,. Since DL, is a core for both Ag min and Ly, we have Ap min = Lmin.

It is clear (after applying the Fourier transform) that dom (T") = dom (A,) =
H?(R™). Therefore, by Lemma 6.7, dom (A7 min) = WOQ% = HZ(Q).
(ii) Since dom (T) = H?(R™), we have W2*(Ry;H) = H?(Q). Therefore by
Proposition 6.8 AF = LP. The second assertion follows from Theorem 6.10(i).
(iii) It is proved in [12, Section 9.7] that L¥ is the Krein extension of Ly;,. The
rest of the statements is implied by Theorem 6.10(ii).
(iv) The equality AN = L is immediate from Proposition 6.8(iii). The second
statement follows from Theorem 6.10(iii).
(v) By Theorem 6.11(ii) the extension LP(= AF) is ac-minimal. By Theorem
6.10(iv) LP, LN (= AN), and (L)% (= (AK)?¢) are pairwise unitarily equiva-
lent, hence LY, and L¥ are ac-minimal too. The last statement is immediate

from Corollary 6.12.

(vi) The statement is immediate from (ii), (iii) and Theorem 6.11(iii). O

Remark 6.14 Let T be the (closed) minimal non-negative operator associated
in H := L?(R") with general uniformly elliptic operator

) 0 = =
=D (@) +a(@), e €CHQ), e CEONL™(Q), (637)
k=1 83,‘]‘ 61‘]‘

where the coefficients a;i(-) are bounded with their C'-derivatives, ¢ > 0. If the
coefficients have some additional ”good” properties, then dom (T') = H?(R")
algebraically and topologically. By Lemma 6.7, dom (A7 min) = Wg% Ry, H) =
Hg 2 (©2) and Proposition 6.13 remains valid with 7" in place of the Schrédinger
operator (6.36).

Note also that the Dirichlet and the Neumann realizations LP and LY are
always self-adjoint ((cf. [25, Theorem 2.8.1], [18])).

Corollary 6.15 Assume the conditions of Proposition 6.13. If, in addition,

lim la(y)|dy = 0, (6.38)

lzl=00 Jiz—y|<1
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then the operators L, LN and (LX) are strictly ac-minimal,
U(LD) = O'aC(LD) = UaC(LK) = G(LN) = UaC(LN) = [0,00),

and Ng, , (t) = Ng, (1) = Npgac, (t) = o0 for a.e. t € [0,00).

Proof. By [16, Section 60] condition (6.38) yields the equality o.(T) = Ry, in
particular 0 € o.(T) and ¢; = 0. Since ¢ > 0, we have 0 < ¢ty < t; = 0, that is
to = t1 = 0. It remains to apply Proposition 6.13 (ii)-(v). O

Remark 6.16 Condition (6.38) is satisfied whenever lim|,|_,o q(x) = 0. Thus,
in this case the conclusions of Corollary 6.15 are valid. However, it might happen
that o(LF) = 04.(L%) = o(LN) = [tg, 00), to > 0 though inf ¢(x) = 0.

A Appendix: Absolutely continuous closure

Let us recall some basic facts of the ac-closure of a Borel set of R introduced
in[9], see also [15].

Definition A.1 ([9]) Let 6 € B(R). The set cly.(9) defined by
cloe(0) :={xeR: |(x—e,x+e)NJ| >0 Ve >0}

is called the absolutely continuous closure of the Borel set § € B(R).

Obviously, two Borel sets 01,92 € B(R) have the same ac-closure if their
symmetric difference d; A d5 has Lebesgue measure zero. Moreover, the set
clae(8) is always closed and cl,.(§) C 0. In particular, if we have two measurable
non-negative functions £; and & which differ only on a set of Lebesgue measure

zero, then clac(supp (£1)) = clac(supp (§2))-
Lemma A.2 If§ € B(R), then |§ \ clac(d)| = 0.

Proof. Since cly(0) is closed the set A := R\ clg.(d) is open. The open set
A is decomposed as A = U1L:1 A, 1 <L < oo, where A; = (ag,b;) are disjoint
open intervals. We set Ay =dNA;, 1=1,2,..., L. Obviously,

L
S\ clae(®) =dnAa=|]JA.
=1

We note that A; Ncle.(6) =0, 1 =1,2,..., L. Hence for each t € A; there is
a sufficiently small neighborhood O; such that |O; N 4| = 0. If 7 is sufficiently
small, then [a; + n,a; — 1] C (a;,b;) and {O;}+ea, performs a covering of [a; +

n,a; — n]. Since [a; + n,a; — 1] is compact we can chosen a finite covering
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{0, YM_, of [ar+n, a1 —n). By [ar+n,a—n] € U _, O, we find |[as+n, 01—
n] N 6] = 0 for each sufficiently small > 0. Using that we get

|(ar, b) N 6] = [(ar, ar +mn) NO| + [(br — 1, br) N6 =
(a1, @i +n) 0 6] + (b = n,b1) N 6] < 2n
for sufficiently small n > 0. Hence |A;| = [(a;,b;) N J| = 0 which yields that
6\l ()] = 0. O

Lemma A.3 If {0y }ren, 0xr C R, is a sequence of Borel subsets, then

clac(8) = | clac(Bk), 0= - (A1)

keEN keN

Proof. We set 8 = 6 Nclae(6)) and Ay, := 6, \ clac(5%). We have § = 6 UA,
where & := Uken Spand A= Uren Ak. By Lemma A.2, [Ax] =0, k € N,
which yields |A| = 0. Hence clge(6) = clyc(d). Similarly one gets clye(d) =
clac(d 1), k € N. Notice that 0 C clye(d %), k € N. We have

clac(8) 2 | J elac(dr) 2 | 0k = 4.

keN keN

Hence

clac(3) = clac(8) 2 | clae(81) 2 3 2 clue(d)
keN

which yields clac(g) = Upen clac(gk). Since clac(g) = clye(0) and clac(gk) =
clac(0k), k € N, we prove (A.1). O

Acknowledgment

The first author thanks Weierstrass Institute of Applied Analysis and Stochas-
tics in Berlin for financial support and hospitality.

References

[1] N. I. Achieser and I. M. Glasmann. Theorie der linearen Operatoren im
Hilbert-Raum. Verlag Harri Deutsch, Thun, eighth edition, 1981.

[2] S. Albeverio, J. F. Brasche, M. M. Malamud, and H. Neidhardt. Inverse
spectral theory for symmetric operators with several gaps: scalar-type Weyl
functions. J. Funct. Anal., 228(1):144-188, 2005.

o1



[3]

[10]

[11]

[12]

[13]

Yu. M. Berezanskii. Ezxpansions in eigenfunctions of selfadjoint operators.
Translated from the Russian by R. Bolstein, J. M. Danskin, J. Rovnyak and
L. Shulman. Translations of Mathematical Monographs, Vol. 17. American
Mathematical Society, Providence, R.I., 1968.

M. S. Birman. Existence conditions for wave operators. Izv. Akad. Nauk
SSSR Ser. Mat., 27:883-906, 1963.

M. S. Birman and S. B. Entina. Stationary approach in abstract scattering
theory. Izv. Akad. Nauk SSSR Ser. Mat., 31:401-430, 1967.

M. S. Birman and M. G. Krein. On the theory of wave operators and
scattering operators. Dokl. Akad. Nauk SSSR, 144:475-478, 1962.

M. S. Birman and M. Z. Solomjak. Spectral theory of selfadjoint operators in
Hilbert space. Mathematics and its Applications (Soviet Series). D. Reidel
Publishing Co., Dordrecht, 1987.

J. F. Brasche. Spectral theory for self-adjoint extensions. In Spectral theory
of Schréodinger operators, volume 340 of Contemp. Math., pages 51-96.
Amer. Math. Soc., Providence, RI, 2004.

J. F. Brasche, M. M. Malamud, and H. Neidhardt. Weyl function and
spectral properties of self-adjoint extensions. Integral Equations Operator
Theory, 43(3):264-289, 2002.

V. A. Derkach, S. Hassi, M. M. Malamud, and H. S. V. de Snoo. Generalized
resolvents of symmetric operators and admissibility. Methods Funct. Anal.
Topology, 6(3):24-55, 2000.

V. A. Derkach and M. M. Malamud. On the Weyl function and Hermite
operators with lacunae. Dokl. Akad. Nauk SSSR, 293(5):1041-1046, 1987.

V. A. Derkach and M. M. Malamud. Generalized resolvents and the bound-
ary value problems for Hermitian operators with gaps. J. Funct. Anal.,
95(1):1-95, 1991.

V. A. Derkach and M. M. Malamud. The extension theory of Hermitian
operators and the moment problem. J. Math. Sci., 73(2):141-242, 1995.
Analysis. 3.

A. Dijksma and H. S. V. de Snoo. Symmetric and selfadjoint relations in
Krein spaces. 1. volume 24 of Oper. Theory Adv. Appl., pages 145-166.
Birkhauser, Basel, 1987.

F. Gesztesy, K. A. Makarov, and M. Zinchenko. Essential closures and AC
spectra for reflectionless CMV, Jacobi, and Schrodinger operators revisited.
Acta Appl. Math., 103(3):315-339, 2008.

92



[16]

[17]

[18]

[19]

I. M. Glazman. Direct methods of qualitative spectral analysis of singular
differential operators. Israel Program for Scientific Translations, Jerusalem,
1966.

V. I. Gorbachuk and M. L. Gorbachuk. Boundary value problems for oper-
ator differential equations, volume 48 of Mathematics and its Applications
(Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1991.

G. Grubb. Distributions and operators, volume 252 of Graduate Texts in
Mathematics. Springer, New York, 2009.

T. Kato. Perturbation of continuous spectra by trace class operators. Proc.
Japan Acad., 33:260-264, 1957.

T. Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin,
second edition, 1976. Grundlehren der Mathematischen Wissenschaften,
Band 132.

A. N. Kocubel. Symmetric operators and nonclassical spectral problems.
Mat. Zametki, 25(3):425-434, 477, 1979.

M. G. Krein and G. K. Langer. The defect subspaces and generalized
resolvents of a Hermitian operator in the space II,. Funkcional. Anal. i
Prilozen, 5(3):54-69, 1971.

M. G. Krein and A. A. Nudel'man. The Markov moment problem and
extremal problems. American Mathematical Society, Providence, R.I., 1977.

S. T. Kuroda. On a theorem of Weyl-von Neumann. Proc. Japan Acad.,
34:11-15, 1958.

J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems
and applications. Vol. I. Springer-Verlag, New York, 1972. Die Grundlehren
der mathematischen Wissenschaften, Band 181.

M. M. Malamud. On a formula for the generalized resolvents of a non-
densely defined Hermitian operator. Ukrain. Mat. Zh., 44(12):1658-1688,
1992.

M. M. Malamud and S. M. Malamud. Spectral theory of operator measures
in a Hilbert space. Algebra i Analiz, 15(3):1-77, 2003.

F. S. Rofe-Beketov. Selfadjoint extensions of differential operators in
a space of vector-valued functions. Teor. Funkcii Funkcional. Anal. i

Prilozen. Vyp., 8:3-24, 1969.

M. Rosenblum. Perturbation of the continuous spectrum and unitary equiv-
alence. Pacific J. Math., 7:997-1010, 1957.

J. v. Neumann. Charakterisierung des Spektrums eines Integraloperators.
Paris: Hermann & Cie., 1935.

93



[31] D. R. Yafaev. Mathematical scattering theory, volume 105 of Translations
of Mathematical Monographs. American Mathematical Society, Providence,
RI, 1992.

o4



