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ABSTRACT. We consider the nearest-neighbor simple random walk onZd, d ≥ 2, driven by a
field of i.i.d. random nearest-neighbor conductancesωxy ∈ [0,1]. Apart from the requirement
that the bonds with positive conductances percolate, we pose no restriction on the law of theω’s.
We prove that, for a.e. realization of the environment, the path distribution of the walk converges
weakly to that of non-degenerate, isotropic Brownian motion. The quenched functional CLT holds
despite the fact that the local CLT may fail ind ≥ 5 due to anomalously slow decay of the
probability that the walk returns to the starting point at a given time.

1. INTRODUCTION

Let Bd denote the set of unordered nearest-neighbor pairs (i.e., edges) ofZd and let(ωb)b∈Bd be
i.i.d. random variables withωb ∈ [0,1]. We will refer toωb as theconductanceof the edgeb.
Let P denote the law of theω’s and suppose that

P(ωb > 0) > pc(d), (1.1)

wherepc(d) is the threshold for bond percolation onZd; in d = 1 we havepc(d) = 1 so there
we supposeωb > 0 a.s. This condition ensures the existence of a unique infinite connected
componentC∞ of edges with strictly positive conductances; we will typically restrict attention to
ω’s for whichC∞ contains a given site (e.g., the origin).

Each realization ofC∞ can be used to define a random walkX = (Xn) which moves aboutC∞

by picking, at each unit time, one of its 2d neighbors at random and moving to it with probability
equal to the conductance of the corresponding edge. Technically,X is a Markov chain with state
spaceC∞ and the transition probabilities defined by

Pω,z(Xn+1 = y|Xn = x) =
ωxy

2d
(1.2)

if x, y ∈ C∞ and|x − y| = 1, and

Pω,z(Xn+1 = x|Xn = x) = 1 −
1

2d

∑
y : |y−x|=1

ωxy. (1.3)

The second index onPω,z marks the initial position of the walk, i.e.,Pω,z(X0 = z) = 1. As is
easy to check, the counting measure onC∞ is invariant and reversible for this Markov chain.
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The d = 1 walk is a simple, but instructive, exercise for harmonic analysis of reversible
random walks in random environments. Let us quickly sketch the proof of the fact that, for
a.e. conductance configuration sampled from a translation-invariant, ergodic law on(0,∞)Bd

satisfying the moment conditions

E(ωb) < ∞ and E
( 1

ωb

)
< ∞, (1.4)

the walk scales to Brownian motion for the usual diffusive scaling of space and time. (Here and
henceforthE denotes expectation with respect to the environment distribution.)

AbbreviateC = E(1/ωb). The key step of the proof is to realize that

ϕω(x) = x +
1

C

x−1∑
n=0

( 1

ωn,n+1
− C

)
(1.5)

is harmonic for the Markov chain. Henceϕω(Xn) is a martingale whose increments are, by
(1.4) and a simple calculation, square integrable in the senseEEω,0[ϕω(X1)

2]< ∞. Invoking
the stationarity and ergodicity of the Markov chain on the space of environments “from the point
of view of the particle”—we will discuss the specifics of this argument later—the martingale
(ϕω(Xn)) satisfies the conditions of the Lindeberg-Feller martingale functional CLT and so the
law of t 7→ ϕω(Xbntc)/

√
n tends weakly to that of a Brownian motion. By the Pointwise Ergodic

Theorem and (1.4) we haveϕω(x)− x = o(x) as|x| → ∞. Thus the patht 7→ Xbntc/
√

n scales,
in the limit n → ∞, to the same function ast 7→ ϕω(Xbntc)/

√
n. In other words, aquenched

functional CLT holds for almost everyω.
While the main ideas of the aboved = 1 solution work in all dimensions, the situation ind ≥ 2

is, even for i.i.d. conductances, significantly more complicated. Progress has been made under
additional conditions on the environment law. One such condition isstrong ellipticity,

∃α > 0 : P(α ≤ ωb ≤ 1/α) = 1. (1.6)

Here an annealed invariance principle was proved by Kipnis and Varadhan [17] and its queneched
counterpart by Sidoravicius and Sznitman [25]. Another natural family of environments are those
of supercriticalbond percolationonZd; i.e.,ωb ∈ {0,1} with P(ωb = 1) > pc(d). For these cases
an annealed invariance principle was proved by De Masi, Ferrari, Goldstein and Wick [9, 10] and
the quenched case was established ind ≥ 4 by Sidoravicius and Sznitman [25], and in alld ≥ 2
by Berger and Biskup [6] and Mathieu and Piatnitski [21] .

A significant conceptual deficiency of the latter proofs is that, ind ≥ 3, they require the use of
heat-kernel upper bounds of the form

Pω,x(Xn = y) ≤
c1

nd/2
exp

{
−c2

|x − y|
2

n

}
, x, y ∈ C∞, (1.7)

wherec1, c2 are absolute constants andn is assumed to exceed a random quantity depending on
the environment in the vicinity ofx and y. These were deduced by Barlow [2] using sophisti-
cated arguments that involve isoperimetry, regular volume growth and comparison of graph and
Euclidean distances for the percolation cluster.

Apart from the conceptual difficulties—need of local-CLT type estimates to establish a plain
CLT—the use of heat-kernel bounds suffers from another significant problem: The bound (1.7)



RANDOM WALK AMONG RANDOM CONDUCTANCES 3

may actuallyfail once the conductance law has sufficiently heavy tails at zero. This was noted to
happen by Fontes and Mathieu [12] for the heat-kernel averaged over the environment; the more
relevant quenched situation was analyzed recently by Berger, Biskup, Hoffman and Kozma [7].
The main conclusion of [7] is that the diagonal (i.e.,x = y) bound in (1.7) holds ind = 2,3 but
can be as bad aso(n−2) in d ≥ 5 and, presumably,o(n−2 logn) in d = 4. This is caused by the
existence oftraps that may capture the walk for a long time and thus, paradoxically, increase its
chances to arrive back to the starting point.

A natural question arises at this point: In the absence of heat-kernel estimates, does the
quenched CLT still hold? Our answer to this question is affirmative and constitutes the main
result of this note. Another interesting question is what happens when the conductances are
unbounded from above; this is currently being studied by Barlow and Deuschel [3].

Note: While this paper was in the process of writing, we received a preprint from P. Mathieu [20]
in which he proves a result that is a continuous-time version of our main theorem. As for [6]
and [21], the proofs differ in many subtle aspects—e.g., homogenization arguments vs. computa-
tions based on geometry of the infinite cluster; the principal ideas—the use of the corrector and
the martingale CLT—are, of course, more or less the same. Our approach streamlines consider-
ably the proof of [6] ind ≥ 3 in that it limits the use of “heat-kernel technology” to a uniform
bound on the heat-kernel decay (implied by isoperimetry) and a diffusive bound on the expected
distance of the walk from its initial position (implied by regular volume growth).

2. MAIN RESULTS AND OUTLINE

Let � = [0,1]Bd be the set of all admissible random environments and letP be an i.i.d. law
on�. Assuming (1.1), letC∞ denote the a.s. unique infinite connected component of edges with
positive conductances and introduce the conditional measure

P0(−) = P(−|0 ∈ C∞). (2.1)

For T > 0, let (C[0, T ],WT ) be the space of continuous functionsf : [0, T ]→ Rd equipped
with the Borelσ-algebra defined relative to the supremum topology.

Here is our main result:

Theorem 2.1 Suppose d≥ 2 andP(ωb > 0) > pc(d). For ω ∈ {0 ∈ C∞}, let (Xn)n≥0 be the
random walk with law Pω,0 and let

Bn(t) =
1

√
n

(
Xbtnc + (tn − btnc)(Xbtnc+1 − Xbtnc)

)
, t ≥ 0. (2.2)

Then for all T> 0 and forP0-almost everyω, the law of(Bn(t) : 0 ≤ t ≤ T) on (C[0, T ],WT )
converges, as n→ ∞, weakly to the law of an isotropic Brownian motion(Bt : 0 ≤ t ≤ T) with
a positive and finite diffusion constant.

Using a variant of [6, Lemma 6.4], from here we can extract a corresponding conclusion for
the “agile” version of our random walk (cf. [6, Theorem 1.2]) by which we mean the walk that
jumps fromx to its neighbory with probabilityωxy/πω(x) whereπω(x) is the sum ofωxz over all
of the neighborsz of x. Replacing discrete times by sums of i.i.d. exponential random variables,
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these invariance principles then extend also to the corresponding continuous-time processes. Fi-
nally, Theorem 2.1 of course implies also an annealed invariance principle, which is the above
convergence for the walk sampled from the path measure integrated over the environment.

The remainder of this paper is devoted to the proof of this theorem. The main line of attack is
similar to the above 1D solution: We define a harmonic coordinateϕω—an analogue of (1.5)—
and then prove an a.s. invariance principle fort 7→ ϕω(Xbntc)/

√
n along the argument sketched

before. The difficulty comes with showing the sublinearity boundϕω(x) − x = o(x). As in
Berger and Biskup [6], sublinearity can be proved directly along coordinate directions by soft
ergodic-theory arguments. The crux is to extend this to a bound throughoutd-dimensional boxes.

Following thed ≥ 3 proof of [6], the bound along coordinate axes extends tosublinearity
on average, meaning that the set of sites at which|ϕω(x) − x| exceedsε|x| has zero density.
The extension of sublinearity on average to pointwise sublinearity is the main novel part of the
proof which, unfortunately, still makes non-trivial use of the “heat-kernel technology.” A heat-
kernel upper bound of the form (1.7) would do but, to minimize the extraneous input, we show
that it suffices to have a diffusive bound for the expected displacement of the walk from its
starting position. This step still requires detailed control of isoperimetry, volume growth and
the comparison between the graph-theoretic and Euclidean distances, but avoids many spurious
calculations that are needed for the full-fledged heat-kernel estimates.

Of course, the required isoperimetric inequalities may not be true onC∞ because of the pres-
ence of weak bonds. As in [7] we circumvent this by observing the random walk on the set of
sites that have a connection to infinity by bonds withuniformlypositive conductances. Specifi-
cally we pickα > 0 and letC∞,α denote the set of sites inZd that are connected to infinity by a
path whose edges obeyωb ≥ α. Here we note:

Proposition 2.2 Let d ≥ 2 and p = P(ωb > 0) > pc(d). Then there exists c(p,d) > 0 such
that if α satisfies

P(ωb ≥ α) > pc(d) (2.3)

and
P(0< ωb < α) < c(p,d) (2.4)

thenC∞,α is nonempty andC∞ \ C∞,α has only finite components a.s. In fact, ifF (x) is the set
of sites (possibly empty) in the finite component ofC∞ \ C∞,α containing x, then

P
(
x ∈ C∞ & diamF (x) ≥ n

)
≤ Ce−ηn, n ≥ 1, (2.5)

for some C< ∞ andη > 0. Here “diam” is the diameter in thè ∞ distance onZd.

The restriction ofϕω to C∞,α is still harmonic, but with respect to a walk that can “jump the
holes” ofC∞,α. A discrete-time version of this walk was utilized heavily in [7]; for the purposes
of this paper it will be more convenient to work with its continuous-time counterpartY = (Yt)t≥0.
Explicitly, sample a path of the random walkX = (Xn) from Pω,0 and denote byT1, T2, . . . the
time intervals between successive visits ofX to C∞,α. These are defined recursively by

Tj +1 = inf
{
n ≥ 1: XT1+···+Tj +n ∈ C∞,α

}
, (2.6)

with T0 = 0. For eachx, y ∈ C∞,α, let

ω̂xy = Pω,x(XT1 = y) (2.7)
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and define the operator

(L(α)ω f )(x) =

∑
y∈C∞,α

ω̂xy
[

f (y)− f (x)
]
. (2.8)

The continuous-time random walkY is a Markov process with this generator; alternatively take
the standard Poisson process(Nt)t≥0 with jump-rate one and set

Yt = XT1+···+TNt
. (2.9)

Note that, whileY may jump “over the holes” ofC∞,α, all of its jumps are finite. The counting
measure onC∞,α is still invariant for this random walk,L(α)ω is self-adjoint on the corresponding
space of square integrable functions andL(α)ω ϕω = 0 onC∞,α (see Lemma 5.2).

The skeleton of the proof is condensed into the following statement whose proof, and adapta-
tion to the present situation, is the main novel part of this note:

Theorem 2.3 Fix α as in (2.3–2.4) and letψω : C∞,α → Rd be a function and letθ > 0 be a
number such that the following holds for a.e.ω:

(1) (Harmonicity)L(α)ω (x + ψω) = 0 onC∞,α.
(2) (Sublinearity on average) For everyε > 0,

lim
n→∞

1

nd

∑
x∈C∞,α
|x|≤n

1{|ψω(x)|≥εn} = 0. (2.10)

(3) (Polynomial growth)

lim
n→∞

max
x∈C∞,α
|x|≤n

|ψω(x)|

nθ
= 0. (2.11)

Let Y = (Yt) be the continuous-time random walk with generatorL(α)ω and suppose also:

(4) (Diffusive upper bounds) For a deterministic sequence bn = o(n2) and a.e.ω,

sup
n≥1

max
x∈C∞,α
|x|≤n

sup
t≥bn

Eω,x|Yt − x|
√

t
< ∞ (2.12)

and
sup
n≥1

max
x∈C∞,α
|x|≤n

sup
t≥bn

td/2Pω,x(Yt = x) < ∞. (2.13)

Then for almost everyω,

lim
n→∞

max
x∈C∞,α
|x|≤n

|ψω(x)|

n
= 0. (2.14)

This result shows thatϕω(x)− x = o(x) onC∞,α which then extends toC∞ by the maximum
principle applied toϕω on the finite components ofC∞ \C∞,α and using that the component sizes
obey a polylogarithmic upper bound. The assumptions (1-3) are known to hold for the corrector of
the supercritical bond-percolation cluster and the proof applies, with minor modifications, to the
present case as well. The crux is to prove (2.12–2.13) which requires ideas from the “heat-kernel
technology.” For our purposes it will suffice to takebn = n in part (4).
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The plan of the rest of this paper is a follows: Sect. 3 is devoted to some basic percolation
estimates needed in the rest of the paper. In Sect. 4 we define the correctorχ , which is a random
function marking the difference between the harmonic coordinateϕω(x) and the geometric coor-
dinatex. Then we prove Theorem 4.1. In Sect. 5 we establish the a.s. sublinearity of the corrector
as stated in Theorem 2.3 subject to the diffusive bounds (2.12–2.13). Then we assemble all facts
into the proof of Theorem 2.1. Finally, in Sect. 6 we adapt some arguments from Barlow [2] to
prove (2.12–2.13); first in rather general Propositions 6.1 and 6.2 and then for the case at hand.

3. PERCOLATION ESTIMATES

In this section we provide a proof of Proposition 2.2 and also of a lemma dealing with the max-
imal distance a random walkY can travel in a given number of jumps. We will need to work
with the “static renormalization” (cf. Grimmett [14, Section 7.4]) whose salient features we will
now recall. The underlying ideas go back to the work of Kesten and Zhang [16], Grimmett and
Marstrand [15] and Antal and Pisztora [1].

We say that an edgeb is occupied ifωb > 0. Consider the lattice cubes

BL(x) = x + [0, L]d
∩Zd and B̃3L(x) = x + [−L ,2L]d

∩Zd (3.1)

and note that̃B3L(x) consists of 3d copies ofBL(x) that share only sites on their adjacent bound-
aries. LetGL(x) be the “good event” which is the set of configurations such that:

(1) Every side ofBL(Lx) is connected to a site on the inner boundary ofB̃3L(Lx) by an
occupied path.

(2) Any two paths as in (1) are connected by using only occupied bonds with both endpoints
in B̃3L(Lx).

The sheer existence of infinite cluster implies that (1) occurs with high probability onceL is large
(see Grimmett [14, Theorem 8.97]) while the situation in (2) occurs with large probability once
there is percolation in half space (see Grimmett [14, Lemma 7.89]). It follows that

P
(
GL(x)

)
−→
L→∞

1 (3.2)

wheneverP(ωb > 0) > pc(d). A crucial consequence of the above conditions is that, ifGL(x)
andGL(y) occur for neighboring sitesx, y ∈ Zd, then the largest connected components inB̃3L(x)
and B̃3L(y)—sometimes referred to asspanning clusters—are connected. Thus, ifGL(x) occurs
for all x along an infinite path onZd, the corresponding spanning clusters are subsets ofC∞.

A minor complication is that the events{GL(x) : x ∈ Zd
} are not independent. However, they

are 4-dependent in the sense that if(xi ) and(y j ) are such that|xi − y j | > 4 for eachi and j ,
then the families{GL(xi )} and{GL(y j )} are independent. It follows (cf [14, Theorem 7.65]) that
the indicators{1GL (x) : x ∈ Zd

}, regarded as a random process onZd, dominate i.i.d. Bernoulli
random variables whose density (of ones) tends to one asL → ∞.

Proof of Proposition 2.2.In d = 2 the proof is actually very simple because it suffices to choose
α such that (2.3) holds. ThenC∞ \ C∞,α ⊂ Z2

\ C∞,α has only finite (subcritical) components
whose diameter has exponential tails (2.5) by, e.g., [14, Theorem 6.10].

To handle general dimensions we will have to invoke the above static renormalization. Let
GL(x) be as above and consider the eventGL ,α(x) where we in addition require thatωb 6∈ (0, α)
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for every edge with both endpoints inBL(Lx). Clearly,

lim
L→∞

lim
α↓0

P
(
GL ,α(x)

)
= 1. (3.3)

Using the aforementioned domination by site percolation, and adjustingL andα to have a suffi-
ciently high density of good blocks, we can thus ensure that the set{

x ∈ Zd : GL ,α(x) occurs
}

(3.4)

has a unique infinite componentC∞, whose complement has only finite components. Moreover,
if G(0) is the finite connected component ofZd

\C∞ containing the origin, then a standard Peierls
argument yields

P
(
diamG(0) ≥ n

)
≤ e−ζn (3.5)

for someζ > 0. To prove (2.5), we claim that

F (0) ⊂

⋃
x∈G(0)

BL(Lx). (3.6)

Indeed, ifz ∈ F (0) andx are such thatz ∈ BL(Lx) then eitherBL(Lx) contains a bond with
ωb ∈ (0, α), in which caseGL(x) does not occur, or not. If not thenz lies in a finite connected
component of bonds withωb ≥ α whose diameter exceedsL. It suffices to show that any such
component lies in a finite connected component of the set in (3.4). This is a standard consequence
of properties (1-2) in the definition ofGL(x): If x were adjacent to an infinite path in the set (3.4),
then the finite cluster intersectingBL(Lx) would have to be part ofC∞,α, a contradiction. �

Let d(x, y) be the “Markov distance” onV = C∞,α, i.e., the minimal number of jumps the
random walkY = (Yt) needs to make to get fromx to y. Note that d(x, y) could be quite smaller
than the graph-theoretic distance onC∞,α. To control the volume growth for the Markov graph
of the random walkY—cf. the end of Sect. 6—we will need to know that d(x, y) is nevertheless
comparable with the Euclidean distance|x − y|:

Lemma 3.1 There exists% > 0 and for eachγ > 0 there isα > 0 obeying (2.3–2.4) such that

P
(

0, x ∈ C∞,α & d(0, x) ≤ %|x|
)

≤ e−γ|x|, x ∈ Zd. (3.7)

Proof. Supposeα is as in the proof of Proposition 2.2. Let(ηx) be independent Bernoulli that
dominate the indicators1AL ,α from below and letC∞ be the unique infinite component of the set
{x ∈ Zd : ηx = 1}. We may “wire” the “holes” ofC∞ by putting an edge between every pair of
sites on the external boundary of each finite component ofZd

\ C∞; we use d′(0, x) to denote the
distance between 0 andx on the induced graph. The processesη and(1GL ,α(x)) can be coupled so
that each connected component ofC∞ \ C∞,α with diameter exceedingL is “covered” by a finite
component ofZd

\ C∞, cf. (3.6). As is easy to check, this implies

d(0, x) ≥ d′(0, x′) and |x′
| ≥

1

L
|x| (3.8)

wheneverx ∈ BL(Lx′). It thus suffices to show the above bound for distance d′(0, x′).
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Let z0 = 0, z1, . . . , zn = x be a nearest-neighbor path onZd. Let G(zi ) be the unique finite
component ofZd

\ C∞ that containszi —if zi ∈ C∞, we haveG(zi ) = ∅. Define

`(z0, . . . , zn) :=
n∑

i =0

diamG(zi )
( ∏

j<i

1{z j 6∈G(zi )}

)
. (3.9)

We claim that for eachλ > 0 we can adjustL andα so that

Eeλ`(z0,...,zn) ≤ en (3.10)

for all n ≥ 1 and all paths as above. To verify this we note that the components contributing
to `(z0, . . . , zn) are distance at least one from one another. So conditioning on all but the last
component, and the sites in the ultimate vicinity, we may use the Peierls argument to estimate the
conditional expectation of eλdiamG(zn). (The result is finite because diamG(zn) is at most order of
the boundary ofG(zn).) Proceeding by induction, (3.10) follows.

As the number of nearest-neighbor paths(z0 = 0, . . . , zn = x) is bounded by(2d)n, we can
adjustL andα so that

P
(
∃(z0 = 0, . . . , zn = x) : `(z0, . . . , zn) >

n

2

)
≤ e−γn (3.11)

for any givenγ > 0. But if (z0 = 0, . . . , zn = n) is the shortest nearest-neighbor interpolation of
a path that achieves d′(0, x), then

d′(0, x) ≥ n − `(z0, . . . , zn). (3.12)

Since, trivially,|x| ≤ n we deduceP(d′(0, x) ≤
1
2|x|) ≤ e−γ|x|. �

4. CORRECTOR

The purpose of this section is to define, and prove some properties of, thecorrectorχ(ω, x) =

ϕω(x)− x. This object could be defined probabilistically by the limit

χ(ω, x) = lim
n→∞

(
Eω,x(Xn)− Eω,0(Xn)

)
− x (4.1)

unfortunately, at this moment we seem to have no direct (probabilistic) argument showing that
the limit exists. The traditional definition of the corrector involves spectral calculus (Kipnis and
Varadhan [17]); we will invoke a projection construction from Mathieu and Piatnitski [21].

Let P be an i.i.d. law on(�,F ) where� = [0,1]Bd andF is the natural productσ-algebra.
Let τx : � → � denote the shift byx, i.e., (τzω)xy = ωx+z,y+z, and note thatP ◦ τ−1

x = P
for all x ∈ Zd. Recall thatC∞ is the infinite connected component of edges withωb > 0 and,
for α > 0, let C∞,α denote the set of sites connected to infinity by edges withωb ≥ α. If
P(0 ∈ C∞,α) > 0, let

Pα(−) = P(−|0 ∈ C∞,α) (4.2)

and letEα be the corresponding expectation. Givenω ∈ � and sitesx, y ∈ C∞,α(ω), let d(α)ω (x, y)
denote the graph distance betweenx andy as measured onC∞,α. We will also useLω to denote
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the generator of the continuous-time version of the walkX, i.e.,

(Lω f )(x) =
1

2d

∑
y : |y−x|=1

ωxy
[

f (y)− f (x)
]
. (4.3)

The following theorem summarizes all relevant properties of the corrector:

Theorem 4.1 SupposeP(0 ∈ C∞) > 0. There exists a functionχ : �× Zd
→ Rd such that the

following holdsP0-a.s.:

(1) (Gradient field)χ(0, ω) = 0 and, for all x, y ∈ C∞,α(ω),

χ(ω, x)− χ(ω, y) = χ(τyω, x − y). (4.4)

(2) (Harmonicity)ϕω(x) := x + χ(ω, x) obeysLωϕω = 0.
(3) (Square integrability) There is C= C(α) < ∞ such that for all x, y ∈ Zd with |x−y| = 1,

Eα
(
|χ(·, y)− χ(·, x)|2ωxy 1{x∈C∞}

)
< C (4.5)

Letα > 0 be such thatP(0 ∈ C∞,α) > 0. Then we also have:

(4) (Polynomial growth) For everyθ > d, a.s.,

lim
n→∞

max
x∈C∞,α
|x|≤n

|χ(ω, x)|

nθ
= 0. (4.6)

(5) (Zero mean under random shifts) Let Z: � → Zd be a random variable such that
(a) Z(ω) ∈ C∞,α(ω),
(b) Pα is preserved byω 7→ τZ(ω)(ω),
(c) Eα(d(α)ω (0, Z(ω))q) < ∞ for some q> 3d.

Thenχ(·, Z(·)) ∈ L1(�,F ,Pα) and

Eα
[
χ(·, Z(·))

]
= 0. (4.7)

As noted before, to construct the corrector we will invoke a projection argument from [21].
AbbreviateL2(�) = L2(�,F ,P0) and letB = {ê1, . . . , êd} be the set of coordinate vectors.
Consider the spaceL2(�× B) of square integrable functionsu : �× B → Rd equipped with the
inner product

(u, v) = E0

( ∑
b∈B

u(ω,b) · v(ω,b) ωb

)
. (4.8)

We may interpretu ∈ L2(�× B) as a flow by puttingu(ω,−b) = −u(τ−bω,b). Some, but not
all, elements ofL2(�× B) can be obtained as gradients of local functions, where thegradient∇
is the mapL2(�) → L2(�× B) defined by

(∇φ)(ω,b) = φ ◦ τb(ω)− φ(ω). (4.9)

Let L2
∇

denote the closure of the set of gradients of alllocal functions—i.e., those depending
only on the portion ofω in a finite subset ofZd—and note the following orthogonal decomposi-
tion L2(�× B) = L2

∇
⊕ (L2

∇
)⊥.
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The elements of(L2
∇
)⊥ can be characterized using the concept ofdivergence, which foru : �×

B → Rd is the function divu : � → Rd defined by

div u(ω) =

∑
b∈B

[
ωbu(ω,b)− ω−bu(τ−bω,b)

]
. (4.10)

The sums converge inL2(�× B). Using the interpretation ofu as a flow, divu is simply the net
flow out of the origin. The characterization of(L2

∇
)⊥ is now as follows:

Lemma 4.2 u ∈ (L2
∇
)⊥ if and only if div u(ω) = 0 for P0-a.e.ω.

Proof. Let u ∈ L2(� × B) and letφ ∈ L2(�) be a local function. A direct calculation and the
fact thatω−b = (τ−bω)b yield

(u,∇φ) = −E0

(
φ(ω) div u(ω)

)
. (4.11)

If u ∈ (L2
∇
)⊥, then divu integrates to zero against all local functions. Hence divu = 0. �

It is easy to check that everyu ∈ L2
∇

is curl-free in the sense that for any oriented loop
(x0, x1, . . . , xn) onC∞(ω) with xn = x0 we have

n−1∑
j =0

u(τx jω, x j +1 − x j ) = 0. (4.12)

On the other hand, everyu : � × B → Rd which is curl-free can be integrated into a unique
functionφ : �× C∞(·) → Rd such that

φ(ω, x) =

n−1∑
j =0

u(τx jω, x j +1 − x j ) (4.13)

holds for any path(x0, . . . , xn) onC∞(ω) with x0 = 0 andxn = x. This function will automati-
cally satisfy theshift-covarianceproperty

φ(ω, x)− φ(ω, y) = φ(τyω, x − y), x, y ∈ C∞(ω). (4.14)

We will denote the space of such functionsH(�). To denote the fact thatφ is assembled from
the shifts ofu, we will write

u = gradφ, (4.15)

i.e.,“ grad ” is a map fromH(�) to functions� × B → Rd assigningφ ∈ H(�) the collection
of values{φ(·,b)− φ(·,0) : b ∈ B}.

Lemma 4.3 Letφ ∈ H(�) be such thatgradφ ∈ (L2
∇
)⊥. Thenφ is (discrete) harmonic for the

random walk onC∞, i.e., forP0-a.e.ω and all x ∈ C∞(ω),

(Lωφ)(ω, x) = 0. (4.16)

Proof. Our definition of divergence is such that “div grad = 2dLω” holds. Lemma 4.2 implies
thatu ∈ (L2

∇
)⊥ if and only if divu = 0, which is equivalent to(Lωφ)(ω,0) = 0. The translation

covariance extends this to all sites inC∞. �
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Proof of Theorem 4.1(1-3).Consider the functionφ(ω, x) = x and letu = gradφ. Clearly,
u ∈ L2(�× B). Let G ∈ L2

∇
be the orthogonal projection of−u onto L2

∇
and defineχ ∈ H(�)

to be the unique function such that

G = gradχ and χ(·,0) = 0. (4.17)

This definition immediately implies (4.4), while the definition of the inner product onL2(�× B)
directly yields (4.5). Sinceu projects to−G on L2

∇
, we haveu + G ∈ (L2

∇
)⊥. But u + G =

grad [x +χ(ω, x)] and so, by Lemma 4.3,x 7→ x +χ(ω, x) is harmonic with respect toLω. �

For the remaining parts of Theorem 4.1 we will need to work onC∞,α. However, we do not yet
need the full power of Proposition 2.2; it suffices to note thatC∞,α has the law of a supercritical
percolation cluster.

Proof of Theorem 4.1(4).Let θ > d and abbreviate

Rn = max
x∈C∞,α
|x|≤n

∣∣χ(ω, x)
∣∣. (4.18)

By Theorem 1.1 of Antal and Pisztora [1],

λ(ω) := sup
x∈C∞,α

d(α)ω (0, x)

|x|
< ∞, Pα-a.s. (4.19)

and so it suffices to show thatRn/nθ → 0 on{λ(ω) ≤ λ} for everyλ < ∞. But on{λ(ω) ≤ λ}
everyx ∈ C∞,α with |x| ≤ n can be reached by a path onC∞,α that does not leave [−λn, λn]d

and so, on{λ(ω) ≤ λ},

Rn ≤

∑
x∈C∞,α
|x|≤λn

∑
b∈B

√
ωx,x+b

α

∣∣χ(ω, x + b)− χ(ω, x)
∣∣. (4.20)

Invoking the bound (4.5) we then get

‖Rn 1{λ(ω)≤λ} ‖2 ≤ Cnd (4.21)

for some constantC = C(α, λ,d) < ∞. Applying Chebyshev’s inequality and summingn over
powers of 2 then yieldsRn/nθ → 0 a.s. on{λ(ω) ≤ λ}. �

Proof of Theorem 4.1(5).Let Z be a random variable satisfying the properties (a-c). By the fact
thatG ∈ L2

∇
, there exists a sequenceψn ∈ L2(�) such that

ψn ◦ τx − ψn −→
n→∞

χ(·, x) in L2(�× B). (4.22)

Abbreviateχn(ω, x) = ψn◦τx(ω)−ψn(ω) and without loss of generality assume thatχn(·, x) →

χ(·, x) almost surely.
By the fact thatZ is Pα-preserving we haveEα(χn(·, Z)) = 0 as soon as we can show

thatχn(·, Z) ∈ L1(�). It thus suffices to prove that

χn
(
·, Z(·)

)
−→
n→∞

χ
(
·, Z(·)

)
in L1(�). (4.23)
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AbbreviateK (ω) = d(α)ω (0, Z(ω)) and note that, as in part (4),∣∣χn(ω, Z(ω))
∣∣ ≤

∑
x∈C∞,α

|x|≤K (ω)

∑
b∈B

√
ωx,x+b

α

∣∣χn(ω, x + b)− χn(ω, x)
∣∣. (4.24)

The quantities
√
ωx,x+b|χn(ω, x + b)− χn(ω, x)| 1{x∈C∞,α} are bounded inL2, uniformly in x, b

andn, and assumption (c) tells us thatK ∈ Lq for someq > 3d. Ordering the edges inBd ac-
cording to their distance from the origin, Lemma 4.5 of Berger and Biskup [6]—with the choices
p = 2, s = q/d and N = (2K + 1)d ∈ Ls(�)—implies that‖χn(·, Z(·))‖r are bounded uni-
formly in n, for somer > 1. Hence, the family{χn(·, Z(·))} is uniformly integrable and (4.23)
thus follows by the fact thatχn(·, Z(·)) converge almost surely. �

5. CONVERGENCE TOBROWNIAN MOTION

Here we will prove Theorem 2.1. We commence by establishing the conclusion of Theorem 2.3
whose proof draws on an idea, suggested to us by Yuval Peres, that sublinearity on average
plus heat kernel upper bounds imply pointwise sublinearity. We have reduced the extraneous
input from heat-kernel technology to the assumptions (2.12–2.13). These imply heat-kernel upper
bounds but generally require significantly less work to prove.

The main technical part of Theorem 2.1 is encapsulated into the following lemma:

Lemma 5.1 Abusing the notation from(4.18)slightly, let

Rn = max
x∈C∞,α
|x|≤n

∣∣ψω(x)∣∣. (5.1)

Under the conditions (1,2,4) of Theorem 2.1, for eachε > 0 andδ > 0, there exists an a.s. finite
random variable n0 = n0(ω, ε, δ) such that

Rn ≤ εn + δR3n. n ≥ n0. (5.2)

Before we prove this, let us see how this and (2.11) imply (2.14).

Proof of Theorem 2.3.Suppose thatRn/n 6→ 0 and pickc such that 0< c < lim supn→∞ Rn/n.
Let θ be is as in (2.11) and choose

ε =
c

2
and δ =

1

3θ+1
, (5.3)

Note that thenc′
−ε ≥ 3θδc′ for all c′

≥ c. If Rn ≥ cn—which happens for infinitely manyn’s—
andn ≥ n0, then (5.2) implies

R3n ≥
c − ε

δ
n ≥ 3θcn (5.4)

and, inductively,R3kn ≥ 3kθcn. However, that contradicts (2.11) by whichR3kn/3
kθ

→ 0 as
k → ∞ (with n fixed). �

The idea underlying Lemma 5.1 is simple: We run a continuous-time random walk(Yt) for
time t = o(n2) starting from the maximizer ofRn and apply the harmonicity ofx 7→ x + ψω(x)
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to derive an estimate on the expectation ofψ(Yt). The right-hand side of (5.2) expresses two char-
acteristic situations that may occur at timet : Either |ψω(Yt)| ≤ εn—which, by “sublinearity on
average,” happens with overwhelming probability—orY will not yet have left the box [−3n,3n]d

and soψω(Yt) ≤ R3n. The point is to show that these are the dominating strategies.

Proof of Lemma 5.1.Fix ε, δ > 0 and letC1 = C1(ω) andC2 = C2(ω) denote the supprema in
(2.12) and (2.13), respectively. Letz be the site where the maximumRn is achieved and denote

On =
{
x ∈ C∞,α : |x| ≤ n, |χ(ω, x)| ≥

1
2εn

}
. (5.5)

Let Y = (Yt) be a continuous-time random walk onC∞,α with expectation for the walk started
at z denoted byEω,z. Define the stopping time

Sn = inf
{
t ≥ 0: |Yt | ≥ 2n

}
(5.6)

and note that, in light of Proposition 2.2, we have|Yt∧Sn − z| ≤ 3n for all t > 0 provided
n ≥ n1(ω) wheren1(ω) < ∞ a.s. The harmonicity ofx 7→ x +ψω(x) and the Optional Stopping
Theorem yield

Rn ≤ Eω,z
∣∣ψω(Yt∧Sn)+ Yt∧Sn − z

∣∣. (5.7)

Restricting tot satisfying
t ≥ bn and t ≥ b3n, (5.8)

we will now estimate the expectation separately on the events{Sn < t} and{Sn ≥ t}.
On the event{Sn < t}, the absolute value in the expectation can simply be bounded byR3n+3n.

To estimate the probability ofSn < t we decompose according to whether|Y2t − z| ≥
3
2n or not.

For the former, (5.8) and (2.12) imply

Pω,z
(
|Y2t − z| ≥

3
2n

)
≤

Eω,z|Y2t − z|
3
2n

≤
2

3
C1

√
2t

n
. (5.9)

For the latter we invoke the inclusion{
|Y2t − z| ≤

3
2n

}
∩ {Sn ≤ t} ⊂

{
|Y2t − YSn| ≥

1
2n

}
∩ {Sn ≤ t} (5.10)

and note that 2t − Sn ∈ [t,2t ], (5.8) and (2.12) give us similarlyPω,x(|Ys − x| ≥ n/2) ≤

2C1

√
2t/n for the choicex = YSn ands = 2t − Sn. From the Strong Markov Property we thus

conclude that this serves also as a bound forPω,z(Sn < t,Y2t ≥
3
2n). Combining both parts and

using 8
3

√
2 ≤ 4 we thus have

Pω,z(Sn < t) ≤
4C1

√
t

n
. (5.11)

TheSn < t part of the expectation (5.7) is bounded byR3n + 3n times as much.
On the event{Sn ≥ t}, the expectation in (5.7) is bounded by

Eω,z
(
|ψω(Yt)| 1{Sn≥t}

)
+ Eω,z

∣∣Yt − z
∣∣. (5.12)

The second term on the right-hand side is then less thanC1
√

t providedt ≥ bn. The first term is
estimated depending on whetherYt 6∈ O2n or not:

Eω,z
(
|ψω(Yt)| 1{Sn≥t}

)
≤

1

2
εn + R3n Pω,z(Yt ∈ O2n). (5.13)
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For the probability ofYt ∈ O2n we get

Pω,z(Yt ∈ O2n) ≤

∑
x∈O2n

Pω,z(Yt = x) (5.14)

which, in light of the Cauchy-Schwarz estimate

Pω,z(Yt = x)2 ≤ Pω,z(Yt = z)Pω,x(Yt = x) (5.15)

and the definition ofC2, is further estimated by

Pω,z(Yt ∈ O2n) ≤ C2
|O2n|

td/2
. (5.16)

From the above calculations we conclude that

Rn ≤ (R3n + 3n)
4C1

√
t

n
+ C1

√
t +

1

2
εn + R3nC2

|O2n|

td/2
. (5.17)

Since|O2n| = o(nd) asn → ∞ by (2.10), we can chooset = ξn2 with ξ > 0 sufficiently small
so that (5.8) applies and (5.2) holds for the givenε andδ oncen is sufficiently large. �

We now proceed to prove convergence of the random walkX = (Xn) to Brownian motion.
Most of the ideas are drawn directly from Berger and Biskup [6] so we stay rather brief. We will
frequently work on the truncated infinite componentC∞,α and the corresponding restriction of
the random walk; cf (2.6–2.8). We assume throughout thatα is such that (2.3–2.4) hold.

Lemma 5.2 Let χ be the corrector onC∞. Thenϕω(x) = x + χ(ω, x) is harmonic for the
random walk observed only onC∞,α, i.e.,

L(α)ω ϕω(x) = 0, ∀x ∈ C∞,α. (5.18)

Proof. We have
(L(α)ω ϕω)(x) = Eω,x

(
ϕω(XT1)

)
− ϕω(x) (5.19)

But Xn is confined to a finite component ofC∞ \C∞,α for n ∈ [0, T1], and soϕω(Xn) is bounded.
Since(ϕω(Xn)) is a martingale andT1 is an a.s. finite stopping time, the Optional Stopping The-
orem tells usEω,xϕω(XT1) = ϕω(x). �

Next we recall the proof of sublinearity of the corrector along coordinate directions:

Lemma 5.3 For ω ∈ �, let (xn(ω))n∈Z mark the intersections ofC∞,α and one of the coordinate
axis so that x0(ω) = 0. Then

lim
n→∞

χ(ω, xn(ω))

n
= 0, Pα-a.s. (5.20)

Proof. Let τx be the “shift byx” on � and letσ(ω) = τx1(ω)(ω) denote the “induced” shift.
Standard arguments (cf. [6, Theorem 3.2]) prove thatσ is Pα preserving and ergodic. Moreover,

Eα
(
d(α)ω (0, x1(ω))

p
)
< ∞, p < ∞, (5.21)

by [6, Lemma 4.3] (based on Antal and Pisztora [1]). Theorem 4.1(5) tells us that9(ω) :=
χ(ω, x1(ω)) obeys

9 ∈ L1(Pα) and Eα9(ω) = 0. (5.22)
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But the gradient property ofχ implies

χ(ω, xn(ω))

n
=

1

n

n−1∑
k=0

9 ◦ σk(ω) (5.23)

and so the left-hand side tends to zero a.s. by the Pointwise Ergodic Theorem. �

We will also need sublinearity of the corrector on average:

Lemma 5.4 For eachε > 0 andPα-a.e.ω:

lim
n→∞

1

nd

∑
x∈C∞,α
|x|≤n

1{|χ(ω,x)|≥εn} = 0. (5.24)

Proof. This follows from Lemma 5.3 exactly as [6, Theorem 5.4]. �

Finally, we will assert the validity of the bounds on the return probability and expected dis-
placement of the walk from Theorem 2.3:

Lemma 5.5 Let (Yt) denote the continuous-time random walk onC∞,α. Then the diffusive
bounds (2.12–2.13) hold forPα-a.e.ω.

We will prove this lemma at the very end of Sect. 6.

Proof of Theorem 2.1.Let α be such that (2.3–2.4) hold and letχ denote the corrector onC∞ as
constructed in Theorem 4.1. The crux of the proof is to show thatχ grows sublinearly withx,
i.e.,χ(ω, x) = o(|x|) a.s.

As in the Introduction, letϕω(x) = x + χ(ω, x). By Lemmas 5.2 and 5.4, Theorem 4.1(4)
and Lemma 5.5, the corrector satisfies the conditions of Theorem 2.3. It follows thatχ is sub-
linear onC∞,α as stated in (2.14). However, by (2.4) the largest component ofC∞ \ C∞,α in a
box [−2n,2n] is less thanC logn in diameter, for some random but finiteC = C(ω). Invoking
the harmonicity ofϕω onC∞, the Optional Stopping Theorem gives

max
x∈C∞

|x|≤n

∣∣χ(ω, x)
∣∣ ≤ max

x∈C∞,α
|x|≤n

∣∣χ(ω, x)
∣∣ + 2C(ω) log(2n), (5.25)

whereby we deduce thatχ is sublinear onC∞ as well.
Having proved the sublinearity ofχ on C∞, we proceed as in thed = 2 proof of [6]. Abbre-

viate Mn = ϕω(Xn). Fix v̂ ∈ Rd and define

fK (ω) = Eω,0
(
(v̂ · M1)

2 1{|a·M1|≥K }

)
. (5.26)

By Theorem 4.1(3),fK ∈ L1(�,F ,P0) for all K . Since the Markov chain on environments,
n 7→ τXn(ω), is ergodic (cf. [6, Section 3]), we thus have

1

n

n−1∑
k=0

fK ◦ τXk(ω) −→
n→∞

E0 fK , (5.27)

for P0-a.e.ω and Pω,0-a.e. pathX = (Xk) of the random walk. Using this forK = 0 andK =

ε
√

n along with the monotonicity ofK 7→ fK verifies the conditions of the Lindeberg-Feller
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Martingale Functional CLT ([11, Theorem 7.7.3]). Thereby we conclude that the random contin-
uous function

t 7→
1

√
n

(
v̂ · Mbntc + (nt − bntc) v̂ · (Mbntc+1 − Mbntc)

)
(5.28)

converges weakly to Brownian motion with mean zero and covariance

E0 f0 = E0Eω,0
(
(v̂ · M1)

2
)
. (5.29)

This can be written aŝv · Dv̂ whereD is the matrix with coefficients

Di, j = E0Eω,0
(
(êi · M1)(êj · M1)

)
. (5.30)

Invoking the Craḿer-Wold device ([11, Theorem 2.9.5]) and the fact that continuity of a stochastic
process inRd is implied by the continuity of itsd one-dimensional projections we get that the
linear interpolation oft 7→ Mbntc/

√
n scales tod-dimensional Brownian motion with covariance

matrix D. The sublinearity of the corrector then ensures, as in [6, (6.11–6.13)], that

Xn − Mn = χ(ω, Xn) = o(|Xn|) = o(|Mn|) = o(
√

n), (5.31)

and so the same conclusion applies tot 7→ Bn(t) in (2.2).
The reflection symmetry ofP0 forcesD to be diagonal; the rotation symmetry then ensures

that D = σ2 1 where ofσ2
= (1/d)E0Eω,0|M1|

2. To see that the limiting process is not degenerate
to zero we note that ifσ = 0 thenχ(·, x) = −x a.s. for allx ∈ Zd. But that is impossible since,
as we proved above,x 7→ χ(·, x) is sublinear a.s. �

6. HEAT KERNEL AND EXPECTED DISTANCE

Here we will derive the bounds (2.12–2.13) and thus establish Lemma 5.5. Most of the derivation
will be done for a general countable-state Markov chain; we will specialize to random walk
among i.i.d. conductances at the very end of this section. The general ideas underlying these
derivations are fairly standard and exist, in some form, in the literature. A novel aspect is the way
we control the non-uniformity of volume-growth caused by local irregularities of the underlying
graph; cf (6.4) and Lemma 6.3(1). A well informed reader may wish to read only the statements
of Propositions 6.1 and 6.2 and then pass directly to the proof of Lemma 5.5.

Let V be a countable set and let(axy)x,y∈V denote the collection of positive numbers with the
following properties: For allx, y ∈ V ,

axy = ayx and π(x) :=
∑
y∈V

axy < ∞. (6.1)

Consider a continuous time Markov chain(Yt) on V with the generator

(L f )(x) =
1

π(x)

∑
y∈V

axy
[

f (y)− f (x)
]
. (6.2)

We usePx to denote the law of the chain started fromx, and Ex to denote the corresponding
expectation. Consider a graphG = (V, E)whereE is the set of all pairs(x, y) such thataxy > 0.
Let d(x, y) denote the distance betweenx andy as measured onG.
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For eachx ∈ V , let Bn(x) = {y ∈ V : d(x, y) ≤ n}. If 3 ⊂ V , we useQ(3,3c) to denote
the sum

Q(3,3c) =

∑
x∈3

∑
y∈3c

axy. (6.3)

Suppose that there are constantsd > 0 andν ∈ (0, 1/2) such that, for somea > 0,

Cvol(x,a) := sup
0<s≤a

[
sd

∑
y∈V

π(y)e−sd(x,y)
]
< ∞ (6.4)

and

Ciso(x) := inf
n≥1

inf

{
Q(3,3c)

π(3)
d−1

d

: 3 ⊂ B2n(x), π(3) ≥ nν
}
> 0. (6.5)

Let V(ε) ⊂ V denote the set of allx ∈ V that are connected to infinity by a self-avoiding path
(x0 = x, x1, . . . ) with axi ,xi +1 ≥ ε for all i ≥ 0. Suppose that

a? := inf
{
ε > 0: V(ε) = V

}
> 0. (6.6)

(Note that this does not requireaxy be bounded away from zero.)

The first observation is that the heat-kernel, defined by

qt(x, y) :=
Px(Yt = y)

π(y)
, (6.7)

can be bounded in terms of the isoperimetry constantCiso(x). Bounds of this form are well known
and have been derived by, e.g., Coulhon, Grigor’yan and Pittet [8] for heat-kernel on manifolds,
and by Lov́asz and Kannan [18], Morris and Peres [19] and Goel, Montenegro and Tetali [13]
in the context of countable-state Markov chains. We will use the formulation for infinite graphs
developed in Morris and Peres [19].

Proposition 6.1 There exists a constant c1 ∈ (1,∞) depending only on d and a? such that for
t (x) := c1[log(Ciso(x) ∨ c1)]

1
1−2ν we have

sup
z∈Bt (x)

sup
y∈V

qt(z, y) ≤ c1
Ciso(x)−d

td/2
, t ≥ t (x). (6.8)

Proof. We will first derive the corresponding bound for the discrete-time version of(Yt). Let
P(x, y) = axy/π(x) and definêP =

1
2(1+ P). Let q̂n(x, y) = P̂n(x, y)/π(y). We claim that, for

some absolute constantc1 and anyz ∈ Bn(x),

q̂n(z, y) ≤ c1
Ciso(x)−d

nd/2
, n ≥ t (x). (6.9)

To this end, let us define

φ(r ) = inf
{ Q(3,3c)

π(3)
: π(3) ≤ r, 3 ⊂ B2n(x)

}
. (6.10)

Theorem 2 of Morris and Peres [19] then implies that once

n ≥ 1 +

∫ 4/ε

4(π(z)∧π(y))

4dr

rφ(r )2
(6.11)
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we haveq̂n(z, y) ≤ ε. Here we noted that, by timen the Markov chain started atz ∈ Bn(x)
will not leaveB2n(x) and so the restriction to3 ⊂ B2n(x) is redundant up to this time. (We can
modify the chain by “attaching” a random walk on a binary tree to each site outsideB2n(x); this
keeps the conductances insideB2n(x) intact and makes3 ⊂ B2n(x) superfluous up to timen.)

Now (6.5–6.6) give us

φ(r ) ≥
1

2

(
Ciso(x)r

−1/d
∧ a?n

−ν
)

(6.12)

where the extra half arises due the consideration of time-delayed chainP̂ =
1
2(1 + P). The two

regimes cross over atrn := (Ciso(x)/a?)dndν ; the integral is thus bounded by∫ 4/ε

4(π(z)∧π(y))

4dr

rφ(r )2
≤ 4

n2ν

a2
?

log
( rn

4a?

)
+ 2dCiso(x)

−2
(4

ε

)2/d
. (6.13)

The first term splits into a harmless factor of ordern2ν logn = o(n) and a term proportional
to n2ν logCiso(x) which is O(n) by n ≥ t (x). To make the second term ordern we choose
ε = c[Ciso(x)2n]−d/2 for some constantc. Adjustingc appropriately, (6.9) follows.

To extend the bound (6.9) to continuous time, we note thatL = 2(P̂−1). Thus if Nt is Poisson
with parameter 2t , then

qt(z, y) = Eq̂Nt (z, y). (6.14)

But P(Nt ≤
3
2t or Nt ≥ 3t) is exponentially small int , which is much less than (6.8) for

t ≥ c1 logCiso(x) with c1 sufficiently large. Asqt ≤ (a?)−1, the Nt 6∈ (3
2t,3t) portion of the

expectation in (6.14) is negligible. ForNt ∈ (t,3t) the uniform bound (6.9) implies (6.8). �

Our next item of business is a diffusive bound on the expected (graph-theoretical) distance
traveled by the walkYt by time t . As was noted by Bass [4] and Nash [23], this can be derived
from the above uniform bound on the heat-kernel assuming regularity of the volume growth. Our
proof is an adaptation of an argument of Barlow [2].

Proposition 6.2 There exist constants c2 = c2(d), c3 = c3(d) and c4 = c4(d) such that the
following holds: Let x∈ V and suppose A> 0 and t(x) > 1 are numbers for which

sup
y∈V

qt(x, y) ≤
A

td/2
, t ≥ t (x), (6.15)

holds and let T(x) =
1
d (Aa?)−4/d

∨ [t (x) log t (x)]. Then

Exd(x,Yt) ≤ A′(x, t)
√

t, t ≥ T(x), (6.16)

with A′(x, t) = c2 + c3 log A + c4Cvol(x, t−1/2).

Much of the proof boils down to the derivation of rather inconspicuous but deep relations
(discovered by Nash [23]) between the following quantities:

M(x, t) := Exd(x,Yt) =

∑
y

π(y)qt(x, y)d(x, y) (6.17)

and
Q(x, t) := −Ex logqt(x,Yt) = −

∑
y

π(y)qt(x, y) logqt(x, y). (6.18)
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Note thatqt(x, ·) ≤ (a?)−1 implies Q(x, t) ≥ loga?.

Lemma 6.3 There exists a constant c5 such that for all t≥ 0 and all x ∈ V ,

(1) M(x, t)d ≥ exp{−1 − Cvol(x,M(x, t)−1)+ Q(x, t)}
(2) M ′(x, t)2 ≤ Q′(x, t).

Proof. (1) The proof follows that of [2, Lemma 3.3] except for the use of the quantityCvol(x).
Pick two numbersa > 0 andb ∈ R and note that the boundu logu + λu ≥ −e−λ−1 implies

−Q(x, t)+ aM(x, t)+ b ≥ −

∑
y

π(y)e−b−1−ad(x,y) (6.19)

Using the definition ofCvol(x,a) and bounding e−1
≤ 1 we get

−Q(x, t)+ aM(x, t)+ b ≥ −Cvol(x,a)e−ba−d (6.20)

Now set e−b
= ad to make the right-hand side a constant timesCvol(x). Settinga = M(x, t)−1

then yields the result.
(2) This is identical to the proof of Lemma 3.3 in Barlow [2]. �

These bounds imply the desired diffusive estimate onM(x, t):

Proof of Proposition 6.2.Suppose without loss of generality thatM(x, t) ≥
√

t , because oth-
erwise there is nothing to prove. We follow the proof of [2, Proposition 3.4]. The key input is
provided by the inequalities in Lemma 6.3. Define the function

L(t) =
1

d

(
Q(x, t)+ log A −

d

2
log t

)
(6.21)

and note thatL(t) ≥ 0 for t ≥ t (x). Let t0 = (Aa?)−2/d
∨ sup{t ≥ 0: L(t) ≤ 0}. We claim

that M(x, t0) ≤
√

dT(x). Indeed, whent0 = (Aa?)−2/d then this follows by

M(x, t0) ≤ t0 = (Aa?)
−2/d

≤

√
dT(x) (6.22)

due to our choice ofT(x). On the other hand, whent0 > (Aa?)−2/d we use Lemma 6.3(2), the
Fundamental Theorem of Calculus and the Cauchy-Schwarz inequality to derive

M(x, t0) ≤
√

t0
[
Q(x, t0)− Q(x,0)

]1/2
. (6.23)

SinceQ(x,0) ≥ loga? andL(t0) = 0 by continuity, we have

M(x, t0) ≤
√

t0
( d

2
log t0 − log A − loga?

)1/2
≤

√
dt0 log t0 (6.24)

where we used thatt0 ≥ (Aa?)−d/2 implies logA+loga? ≥ −
d
2 log t0. As t0 ≤ t (x) andt (x) > 1,

this is again less than
√

dT(x).
For t ≥ t0 we haveL(t) ≥ 0. Lemma 6.3(2) yields

M(x, t)− M(x, t0) ≤
√

d
∫ t

t0

( 1

2s
+ L ′(s)

)1/2
ds

≤
√

d
∫ t

t0

( 1
√

2s
+ L ′(s)

√
s/2

)
ds ≤

√
2dt + L(t)

√
dt,

(6.25)
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where we used integration by parts and the positivity ofL to derive the last inequality. Now put
this together withM(x, t0) ≤

√
dt and apply Lemma 6.3(1), noting thatCvol(z,M(x, t)−1) ≤

Cvol(z, t−1/2) by the assumptionM(x, t) ≥
√

t . Dividing out an overall factor
√

t , we thus get

A−1/de−1/d−c5Cvol(x,t−1/2)+L(t)
≤ 3

√
d +

√
d L(t). (6.26)

This implies thatL(t) ≤ c̃3 log A + c̃4Cvol(x, t−1/2) for some constants̃c3 andc̃4 depending only
ond. Plugging this in (6.25), we get the desired claim. �

We are now finally ready to complete the proof of our main theorem:

Proof of Lemma 5.5.We will apply the above estimates to obtain the proof of the bounds (2.12–
2.13). We use the following specific choices

V = C∞,α, axy = ω̂xy, π(x) = 2d, and bn = n. (6.27)

As a? ≥ α, all required assumptions are satisfied.
To prove (2.13), we note that by Lemma 3.3 of Berger, Biskup, Hoffman and Kozma [7]

(using the isoperimetric inequality on the supercritical bond-percolation cluster, cf. Benjamini
and Mossel [5] and Rau [24, Proposition 1.2]) we haveCiso(0) > 0 a.s. Hence, Proposition 6.1
ensures that, for allz ∈ C∞,α with |z| ≤ n,

td/2Pω,z(Yt = z) ≤ 2dc1Ciso(0)
−d (6.28)

providedt exceeds somet1 depending onCiso(0). From here (2.13) immediately follows.
To prove (2.12), we have to show that, a.s.,

sup
n≥1

sup
t>n

max
z∈C∞,α
|z|≤n

Cvol(z, t
−1/2) < ∞. (6.29)

To this end we note that Lemma 3.1 implies that there is a.s. finiteC = C(ω) such that for
all z, y ∈ C∞,α with |z| ≤ n and|z − y| ≥ C logn,

d(z, y) ≥ %|z − y|. (6.30)

It follows that, once1/a > C logn, for everyz ∈ C∞,α with |z| ≤ n we have∑
y∈C∞,α

e−ad(z,y)
≤ c6a

d
+

∑
y∈C∞,α

|y−z|≥1/a

e−a%|z−y|
≤ c7a

d, (6.31)

wherec6 andc7 are constants depending ond and%. Settinga = t−1/2, (6.29) follows.
Once we have the uniform bound (6.29), as well as the uniform bound (6.15) from Proposi-

tion 6.1, Proposition 6.2 yields the a.s. inequality

sup
n≥1

sup
t>n

max
z∈C∞,α
|z|≤n

Eω,zd(z,Yt)
√

t
< ∞. (6.32)

To convert d(z,Yt) into |z − Yt | in the expectation, we invoke (6.30) one more time. �
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