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Abstract

We propose an alternative to the usual time-independent Born—Oppenheimer ap-
proximation that is specifically designed to describe molecules with symmetrical Hy-
drogen bonds. In our approach, the masses of the Hydrogen nuclei are scaled differently
from those of the heavier nuclei, and we employ a specialized form for the electron en-
ergy level surface. Consequently, anharmonic effects play a role in the leading order
calculations of vibrational levels.

Although we develop a general theory, our analysis is motivated by an examination
of symmetric bihalide ions, such as FHF~ or CIHCI~. We describe our approach for
the FHF~ ion in detail.

*Partially Supported by National Science Foundation Grants DMS-0303586 and DMS-0600944.



1 Introduction

In standard Born—Oppenheimer approximations, the masses of the electrons are held fixed,
and the masses of the nuclei are all assumed to be proportional to e~4. Approximate solutions
to the molecular Schrodinger equation are then sought as expansions in powers of €. For
the time-independent problem, the electron energy level surface is also assumed to behave
asymptotically like a quadratic function of the nuclear variables near a local minimum.

In this paper and in a future one [4], we propose an alternative approximation for
molecules that contain Hydrogen atoms as well as some heavier atoms, such as Carbon,
Nitrogen, or Oxygen. Our motivation is to develop an approach that is specifically tailored
to describe the phenomenon of Hydrogen bonding.

In this paper, we examine the specific case of systems with symmetric Hydrogen bonds,
such as FHFEF~. In [4], we plan to study non-symmetric cases, where the structure of the
typical electron energy surface is very different. The mathematical analysis of that situation
is consequently completely different.

The model we present here differs from the usual Born—-Oppenhimer model in two ways:

1. We scale the masses of the Hydrogen nuclei as ¢3 instead of e=*. This is physically
appropriate. If the mass of an electron is 1, and we define e * to be the mass of a C'?

nucleus, then € = 0.0821, and the mass of a H' nucleus is 1.015¢73,

2. We do not assume that the electron energy level is well approximated by an e-independent
quadratic function near a local minimum. Instead, we allow it to depend on € and to
take a particular form that we specify below. The particular form we have chosen is
motivated by a detailed examination of the lowest electronic potential energy surfaces

for FHF~ and CIHCI .

Although symmetric bihalide ions are quite special, our approach is flexible enough to
describe more general phenomena. For example, the lowest electron energy surface for FFH F'~
has a single minimum with the Hydrogen nucleus mid-way between the two Fluorines. Our
model can handle situations with single or double wells in the coordinates for a Hydrogen
nucleus that paticipates in Hydrogen bonding. We hope that the ideas in this paper and [4]
might provide some insight into some properties of Hydrogen bonded systems.

Our model leads to a different expansion from the usual Born-Oppenheimer approxima-

tion. For Hydrogen nuclei not involved in Hydrogen bonding, the vibrational energies are



of order €2, while the vibrational energies for the other nuclei and the Hydrogen nuclei in-
volved in the symmetric Hydrogen bonding are of order €2. Furthermore, anharmonic effects
must be taken into account for a Hydrogen nucleus involved in Hydrogen bonding at their
leading order, €2. In the standard Born-Oppenheimer model, all vibrational energies appear

in a harmonic approximation at order €. Anharmonic corrections enter at order €.

We present our ideas only in the simplest possible situation. In that situation, there are
only 3 nuclei, and they are constrained to move along a fixed line. We plan to study more

general possibilities, such as bending of the molecule, in the future.

The paper is organized as follows: In Section 2, we present the formal expansion. In
Section 3 we state our rigorous results as Theorems 3.6 and 3.7. The proofs of some technical

results are presented in Section 4.

Acknowledgements The authors would like to thank Thierry Gallay for several helpful
conversations. George Hagedorn would like to thank T. Daniel Crawford for teaching him

to use the Gaussian software of computational chemistry.

2 Description of the Model

We study a triatomic system with two identical heavy nuclei A and B, and one light
(Hydrogen) nucleus C. We begin by describing the Hamiltonian for this system in Ja-

cobi coordinates. We let x4 and xp be the positions of the heavy nuclei, and let z¢ be

the position of the light nucleus C. We let their masses be ma = mp and mg. We
MATA +MpBTp + McX .
let R = —24 Cat ©2C denote the center of mass of all three nuclei, and let
ma+mp+ me
Ta+Tp .
Tap = — denote the center of mass of the heavy nuclei. We let W = zp — x4

be the vector from nucleus A to nucleus B and let Z = xc — x45 be the vector from the
center of mass of A and B to C'. We assume the electronic Hamiltonian A, only depends on
the vectors between the nuclei, and we set mag = my + mp and M = my + mp + me. In

the original variables, the Hamiltonian has the form

1 1 1
- % AzA - % AzB - % A:vc + he(xB —TA, Lo — LA, TC — IB)-
In these Jacobi coordinates, it has the form
1 map M
- — - — - —A he(W, Z +W/2, Z —W/2).
2M R 2mAmB W 2mABmC z+ ( + / / )
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Since we are interested in bound states, we discard the kinetic energy of the center of mass.
We take the electron mass to be 1, and the masses of the heavy nuclei to be my = mp = e 4,
for some fixed p. The mass of the light nucleus is m¢e = e 3v, for some fixed v. The electronic
Hamiltonian h. then becomes h.(W, Z+W/2,Z —W/2) = h(W, Z), so that the Hamiltonian

of interest is

—‘;—4AW . % <1+%) Ay + W(W, Z).
This computation is exact and valid in any dimension.

To simplify the exposition, we drop the term ;—y in the factor that multiplies Ay. It
gives rise to uninteresting, regular perturbation corrections. Also, for simplicity, we assume
p =2 and v = 1. This can always be accomplished by trivial rescalings of W and Z.

To describe our ideas in the simplest situation, we restrict W and Z to one dimension.
Thus, we are not allowing rotations or bending of the molecule. Furthermore, we introduce €
dependence of the electronic Hamiltonian to model the pecularities of symmetric Hydrogen

bonds that we describe below.

These considerations lead us to study the Hamiltonian

4 2 3 2
¢ 9 <O L e W 7). (2.1)

mie) = =5 g52 ~ 35 o7

The electron Hamiltonian h(e, W, Z) is an operator in the electronic Hilbert space that de-
pends parametrically on (e, W, Z) and includes the nuclear repulsion terms. For convenience,
we assume that h(e, W, Z) is a real symmetric operator.

We now describe the specific € dependence of h(e, W, Z) that we assume. Although the
electron Hamiltonian does not depend on nuclear masses, the parameter ¢ is dimensionless,
and thus may play more than one role. The dependence of h on € we allow is motivated by the
smallness of a particular Taylor series coefficient we observed in numerical computations for
the ground state electron energy level for the real system F'HF~. We allow only the ground
state eigenvalue to depend on e. Otherwise, our electron Hamiltonian is e-independent. With
the physical value of € inserted in our Hamiltonian, we obtain the true physical Hamiltonian.

From numerical computations of E(W, Z) for FHF~, we observed that the Z? coefficient
in the Taylor expansion about the minimum (W, 0) of the ground state potential energy
surface had a small numerial value, on the order of the value of € = ¢y, where ¢y was defined

by setting ¢;* equal to the nuclear mass of the C''? isotope of Carbon.



The value of € is roughly 0.0821. We define ay so that the true Z2? Taylor series term is
as €9 Z?. We then obtain h(e, W, Z) by adding (e — ¢y) ag Z? to the ground state eigenvalue
E(W, Z). We make no other alterations to the electron Hamiltonian. When € = ¢, our
h(e, W, Z) equals the true physical electron Hamiltonian h(eq, W, Z).

Thus, we assume the ground state electron level has the specific form
Ei(e, W, Z) = By + a1 (W — Wp)? + (CLQE - ag(W—W0)>Z2 Fa Zb o, (2.2)

with a; = O(1). As we shall see, the leading order behavior of the energy and the wave
functions for the molecule are determined from the terms written explicitly in (2.2). The
terms not explicitly displayed are of orders (W — Wy)® Z%°| where o and 3 are non-negative
integers that satisfy a4+ 3 > 3. They play no role to leading order, but contribute to higher
order corrections.

We assume aq, a3, and a4 are positive, but that ay can be positive, zero, or negative.
When as is negative, Fy(e, W, Z) has a closely spaced double well near (W, 0) instead of a
single local minimum.

To ensure that the leading part of Ey(e, W, Z),

El(e, W, Z) = EO + a; (W—Wo)2 + <a26 — (Ig(W—Wg)> Z2 + CL4Z4,
is bounded below, we assume that either

a3 < 4aay, (2.3)
or

a3 = 4aay and as > 0. (2.4)

These conditions are equivalent to the property El(e, W, Z) > — C for some C, since we
can write

2 2
EfeW,2) = a ((W—WO) - ﬂﬁ) + (a4 - ﬁ) 7' 4 aye 22

2a1 day
By rescaling with w = (W — W) /e and z = Z/€'/?, we see that the Hamiltonian

et 92 e 02 ~
Tone 3 op T BleW )

is unitarily equivalent to €2 times the e-independent Normal Form Hamiltonian
1 0? 1 02

Hy = —-=— — ~— 4+ E 2.



where
Exr(w, 2) = ap w?* + <a2 — a3w> 22+ ay 2t (2.6)

Remark Although we do not use it, further scaling shows that Hyr is essentially a three—

parameter model, since the change of variables w = a s, z = a't, yields

1 0% 1 02
Hxp ~ a2 ( — — f+ag st + ant? — azst? +t4),

2 0s2 2 Ot?
with
. —1/6 ! G2 and __ as
a = Qay y = 2/3° g = 2/3° 11 g = 5/6°
ay Qy Qy

Under conditions (2.3) or (2.4), Hyp is essentially self-adjoint on C§°(IR?) and has purely
discrete spectrum. This last property is easy to verify under condition (2.3), or condition
(2.4) with ay > 0, because Exp(w, z) tends to infinity as || (w, z) || — co. When (2.4) is
satisfied with ay = 0, the result is more subtle because Exp(w, z) attains its minimum value
of zero along a parabola in (w, z). In that case we prove that the spectrum is discrete in

Proposition 3.1.

Explicit Computations for FHF~ The expression (2.2) is clearly special. Our compu-
tations for F'H F~ that motivate this expression have roughly the following values, where

distances are measured in Angstroms and energies are measured in Hartrees:

W, = 2.287,
Ey, = —200.215,
ay = 026,

ay = 122 (if e = 0.0821),
as = 1.29,
a; = 1.62.

These results came from fitting the output from Gaussian 2003 using second order Moller—
Plesset theory with the aug—cc—pvtz basis set. We observed that the process of fitting the
data was numerically quite unstable, and that condition (2.3) was barely satisfied by these

aj.



Displacement of H from F — F Center of Mass
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Figure 1. Contour plot of the ground state electronic potential energy surface in the Jacobi
coordinates (W,Z). It is obviously not well approximated by a quadratic. Our technique

exploits the flatness of the surface in the Z direction near the minimum.

The experimentally observed values [9] for the excitation energies to the first symmet-
ric stretching vibrational mode and the first asymmetric vibrational mode of FHF~ are
583.05 cm™! and 1331.15 cm™?, respectively. With the values of a; above, the leading order
calculation from our model predicts 600 cm~! and 1399 ecm~!. By leading order, we mean
Ey + €2 & in the expansion we present below. These values depend sensitively on precisely

how we fit the potential energy surface, which itself depends sensitively on the electron



structure calculations. By comparison, Gaussian 2003 with the aug-cc-pvdz basis set pre-
dicts harmonic frequencies of 608 cm ™! and 1117 cm™!. We could not obtain frequencies for
the aug-cc-pvtz basis set from Gaussian because of our computer limitations.

For some very recent numerical results for vibrational frequencies of F'H F'~ that appeared

as we were finishing this paper, see [2].

We now mimic the technique of [3] to obtain an expansion for the solution to the eigen-
value problem for (2.1). We could have used the technique of [5], but that would have led
to more complicated formulas.

For convenience, we replace the variable W by W — Wy, so that henceforth, W, = 0.

The technique of [3] uses the method of multiple scales. Instead of searching directly for
an eigenvector W(e, W, Z) for (2.1), we first search for an eigenvector ¢ (¢, W, Z, w, z) for an

operator that acts in more variables. When we have determined ), we obtain ¥ by setting
U(e, W, Z) = (e, W, Z, W/e, Z/e'/?).

This is motivated physically by the following observation: The dependence of the electrons
on the nuclear coordinates occurs on the length scale of (W, Z), while the semiclassical
quantum fluctuations of the nuclei occur on the length scale of (w, z). To leading order in

€, these effects behave independently.

The equation for v is formally
Hy(e) ¥(e, W, Z, w, 2) = E(e) (e, W, Z, w, 2), (2.7)

where

et 92 02 e 9?2 3 02 0? €2 92
H - _ 3 - Y 5/2
2(€) 2 w2 aWow 2 owr 2 072 ° 0Zoz 2 02

+ [We, W, Z) — E(e, W, Z)] + E(e, ew, €/22)

+ Y € (Tup(W, Z) = Toplew, €%2) ). (2.8)
m=6

The functions T, /, in this expression will be chosen later. Different choices yield equally
valid expansions for W (e, W, Z), although they alter the expressions for ¥(e, W, Z, w, z) by

converting (W, Z) dependence into (w, z) dependence.



In (2.8), we expand both E(e, ew, €'/22) and T,,2(ew, €'/?z) in Taylor series in powers

of €'/2. We then make the Ansatz that (2.7) has formal solutions of the form
Ve, W, Zyw, z) = (W, Z,w,2) + €201 (W, Z,w, 2) + € oy(W, Z,w,2) + -+, (2.9)
with

Ele) = & + P&y + & + . (2.10)

We substitute these expressions into (2.7) and solve the resulting equation order by order in
powers of €'/2.

Note: The description in this section is purely formal. In particular, it does not take into
account the cutoffs that are necessary for rigorous results. The mathematical details are

dealt with in the next section.

Order 0 The order € terms require
[h(e, W, Z) — E(e, W, Z) | %o + Eo ¥ = & 2o
We solve this by choosing
80 = E07
and
wo(VVa Z: w, Z) = fO(Wa Za w, Z) <D<W7 Z)?

where ®(W, Z, -) is a normalized ground state eigenvector of h(e, W, Z). Under our as-
sumptions, we can choose ®(W, Z, -) to be real, smooth in (W, Z), and independent of e.

This choice satisfies

(¢(W, Z,-), Vwz®W, Z, - ) )n, = 0, (2.11)

l

where the inner product is in the electronic Hilbert space. We assume that fo(W, Z, w, z)

is not identically zero.
Order 1/2 The order €!/? terms require
[h(e, W, Z) — E(e, W, Z)] Y + By g = E Pijp + Eiya Yo

The components of this equation in the ®(W, Z) direction in the electronic Hilbert space
require

81/2 = 0.



The components of the equation orthogonal to ®(W, Z) in the electronic Hilbert space require
[h(ev I/V7 Z) - E(Ev VV; Z)] ¢1/2 = O,

SO

¢1/2(W Z7 w, Z) = fl/Q(M/; Za w, Z) (I)(W7 Z)

Orders 1 and 3/2 By similar calculations, the order €' and €*/? terms yield
51 = 83/2 = O,
@ZJl(VVa Za w, Z) = fl(m Z7 w, Z) q)(VVv Z)v and

V3pp(W, Z,w, 2) = f3p(W, Z, w, z) ®(W, Z).

Order 2 The order € terms that are multiples of ®(W, Z) in the electronic Hilbert space
require

1
2 Jw?

= 52 fo(VV, Z, w, Z), (212)

1
(W> Z, w, Z) - 5 0 (I/Va Z7 w, Z) + ENF(wa Z) fO(VVa Za w, Z)

where Exp(w, 2) is given by (2.6).

Because of the form of Exp(w, z), (2.12) does not separate into two ODE’s. We do
not know &, or fj exactly, although accurate numerical approximations can be found easily.
These eigenvalues and eigenfunctions describe the coupled anharmonic vibrational motion
of all three nuclei in the molecule. As we commented earlier, hypotheses (2.3) or (2.4)
guarantee that the eigenvalues & are discrete and bounded below, with normalized bound
states fo(W, Z, w, z) in (w, 2) for any (W, Z).

Later in the expansion, we choose the operator T3 so that f; has no (W, Z) dependence.
With this in mind, equation (2.12) determines & and a normalized function fo(w, z) (up to

a phase) for any given vibrational level.

The terms of order 2 that are orthogonal to ®(W, Z) require
[h(e, W, Z) — E(e, W, Z)] ¢y = 0,

Thus,
V2 = oW, Z, w, 2) &(W, Z).

10



We split the scalar functions f,(W, Z, w, z) with @ > 0 into two contributions

where for each fixed W and Z, fo‘l(I/V, Z,-,+) is a multiple of fo(-,-), and f-(W, Z,-,+)
perpendicular to fo(-,-) in L?*(R? dwdz). Furthermore, we choose the operators Tsip, o
later in the expansion so that f(ﬂ(W, Z,-,-) has no (W, Z) dependence. We will not precisely
normalize our approximate eigenfunctions, so we henceforth assume fll(W, Z, w, z) =0 for

all o > 0.

Order m/2 with m >4 We equate the terms of order m/2 and then separately examine

the projections of the resulting equation into the ® (W, Z) direction in the electron Hilbert
space and into the direction perpendicular to ®(W, Z).

From the terms in the ®(W, Z) direction, we obtain the value of &,/ and an expression
for fam—ay2(W, Z, w, 2) = f(#n_@/z(VV, Z, w, z). When m = 6 we choose T3 so that fy can
be chosen independent of (W, Z). When m > 6, we choose T2, so that f(lln_ﬁ)/Q can be
taken to be zero.

The terms orthogonal to (W, Z) in the electronic Hilbert space give rise to an equation

for [h(e, W, Z) — E(e, W, Z)] /2. This equation has a solution of the form
VoW, 2,0, 2) = (FuW. Zow 2) + F2p(W. Zow, ) 9(W, 2)
+ wé/Q(W, Z, w, z),
where - /o 1 obtained by applying the reduced resolvent operator [h(e, W, Z) — E(e, W, Z) ]/ !

to the right hand side of the equation.

In the next section, we prove that this procedure yields a quasimode whose approximate

eigenvalue and eigenvector each have asymptotic expansions to all orders in €'/2.

3 Mathematical Considerations

In this section we present a mathematically rigorous version of the expansion of Section 2.
This involves inserting cutoffs and proving that many technical conditions are satisfied at

each order of the expansion.

11



Proposition 3.1 Assume (2.3) or (2.4).

Then, the spectrum of Hyp = — = — — = — + Enr(w,2) is purely discrete.
2

Proof We use Persson’s Theorem (see, e.g., [6]) to show that the essential spectrum of
Hyr is empty. This theorem says that if V' € LP(IR") 4+ L>*(IR"), with p=2ifn <3,p > 2
if n =4, and p > n/2 if n > 5, then the bottom of the essential spectrum of H = —A +V

is characterized by the behavior of the operator at infinity. More precisely,

. . , H oo ( m.
it cstit) = sy (R cecrur i |
Kk compact

Since Eyp does not satisfy the hypotheses, we replace it with a cut off potential
Enr(w,z), if Eyp(w,2) <T,
Er(w,z) =

The operator Hy = — A+ Ey is self-adjoint on the domain of — A. Because C§° is a core for

T, otherwise.

both Hyp and Hp, and (¢, Hype) > (@, Hpp), for any ¢ € C3°, the min-max principle
shows that

inf Uess(HNF) 2 1Ilf Uess(HT). (31)

Under hypothesis (2.3) or (2.4) with ay > 0, Eyxp is arbitrarily large for all large argu-
ments. Persson’s Theorem easily shows that inf oegs(Hr) = T for all large positive T.
Inequality (3.1) immediately implies the proposition.

Thus, we need only consider the case of hypothesis (2.4) with ay = 0. Since Er < T, we
see that inf oegs(Hr) < T. We shall use Persson’s Theorem to prove the reverse inequality.

Consider a square K (R) of side 2R > 0, centered at the origin, and let ¢ € C§°(R" \
K(R)). We observe that Exp(w, z) =T on the set Lr = {w < =R} U{|z| > R, |w| < R},
for R > 2a, /a3, provided T < ay R?. Therefore,

/L o(w,z) (=02/2—02/2+ Er(w,2)) o(w,z) dwdz > / T |o(w, 2)|* dw dz.

Lr
For w > R, we estimate the integral as follows

/ o(w,z) (=05/2 —02/2+ Er(w,2)) ¢(w, z) dwdz
{w>R, €R}

> /w>R /ZER o(w,z) (=02/2+ Er(w,2)) o(w, ) dzdw

/ {gtwn), haw) plw.)). do (3.2)

12



For each value of w > R, the operator hy(w) is a one-dimensional Schrédinger operator with
potential given by a (cut off) symmetric quartic double well. Hence hp(w) always has a
ground state below 7', for any large 7'. We shall show that the ground state converges to T’
as w — 0o.

To do this, we show that hy(w) — —0?/2 + T in the norm resolvent sense. By the
resolvent identity, this follows if we show that ||(Er(w,z) —T)(—=0%/2+ T)™!|| tends to zero
as w — 00. To show this we use the following claim:

There exists ¢(T'), such that,
IV (=02 + 1) lzy—rary < o(T) IV |2,

for all V € L*(IR).
By Theorem IX.28 in [11], given any a > 0, there exists b > 0, such that
[¢llee < all(=0%)¢lla + b|l¢lla, for any ¢ in the domain of —9?. This implies that

IN

IV Lo my—r2r) || (=02 +T) 7 | 2(m)— 1o ()
< oT) |V |2,

|V (=02 4+ 1) |l L2r)—r2m)

for some finite ¢(7"). This proves the claim.

In our case, this yields
1 (Br(w,) =T)(=02/2+ 1) || < oT) | (Br(w,-) =T)|l2,

where ¢(T') is independent of w.

Under the assumption that R > \/T"/ay, we have

I (Er(w,-) =T); < T? dz

/w—zQag/(2a1)|§\/T/a1
= 2T2 @ <\/’U)+\/T/a1 — \/w—\/T/a1>
V a3

< T%/g !
@ Jw— T/
. 1
~ ¢T) —, as w— .

V'
Thus by the resolvent formula and Theorem VIII.19 of [10], hy(w) converges in norm resol-

vent sense to (—92/2 +T).

13



We let Pa(H) be the spectral projector on the interval A € IR for a self-adjoint operator
H. Then Theorem VIII.23 of [10] implies that for any positive a < b < T,

T | Py (e (0)) = Py (=0/2+T) | = T | Plogy (hr(w))]| = 0.
since 0(—0%/2+T) = [T, ). Therefore, the bottom of the spectrum of hr(w) satisfies
T > br(w) = inf o(hp(w)) — T as w — oo.
Using this in (3.2), we obtain

/ o(w,2) (—82/2— 82/2 + Ep(w, 2)) plw, ) dwd=
{w>R, zeR}

> inf bp(v) / lo(w, 2)|? dwdz.
{w>R,2€ R}

v>R
Combining all the estimates, we see that for any ¢ € C5°(IR" \ K(R))
<(70> Hr @) > 1}121;% bT(”) ” ¥ ||27
provided a; R?> > T. Thus,

inf cess(Hr) > sup inf br(v) = T.
— v>R
e E

Since T' is arbitrarily large, this implies the proposition. |

In the usual Born-Oppenheimer approximation, the semiclassical expansion for the nuclei
is based on Harmonic oscillator eigenfunctions. They have many well-known properties.
Our expansion relies on the analogous properties for eigenfunctions of Hypr. The following

proposition establishes some of the properties we need in an even more general setting.

Proposition 3.2 Let V' be a non-negative polynomial, such that H = —A + V' has purely
discrete spectrum. Let o(x) be an eigenvector of H, i.e., an L*(R™) solution of Hp = Ep,
where & > 0. Then, p € C®(IR") and Vi € L*(IR"). Moreover, for any a > 0,

o € D), VeeDEe), and Ape D(eX™),

(@) denotes the domain of multiplication by e*®.

14



Proof Since V € C, elliptic regularity arguments (see e.g., [7], Thm 7.4.1) show that all
eigenfunctions are C*°.

We first show that the Vi is L?. Since V' > 0, the quadratic form defined by
h(p, ¥) = (Ve, Vi) + (VVp, VV )

on Q(h) = Q(—A) N Q(V), is closed and positive. Here Q(A) means the quadratic form
domain of the operator A. Since D(H) C Q(h), any eigenvector of H belongs to

Q(=4) = {9 e L*(R") : ||Ve| < oo}

Thus, Vo € L2

Next, we prove o € D(e%®)), for any a > 0 by a Combes-Thomas argument, as presented
in Theorem XII.39 of [12]. We describe the details for completeness. Let a € IR, and let v
denote x; for any j € {1,---,n}. We consider the unitary group W(a) = e for o € R,

and compute
H(a) = W(a) (~A+V)W(a)™ = H + iad, + o’

The operator i0, is H-bounded, with arbitrary small relative bound, since V' > 0. Thus
{H(«)} extends a self-adjoint, entire analytic family of type A, defined on D(H). We note
that since H(0) = H has purely discrete spectrum, its resolvent, Ro()) is compact, for any
A€ p(H) =€\ o(H). Hence, R,(\) = (H(a) — X\)~! is compact for any o € IR, and
hence, for all a € €', if A € p(H(a)). It is jointly analytic in @ and A\. The eigenvalues
of H(«) are thus analytic in «, except at crossing points, where they may have algebraic
singularities. Since for « real, W («) is unitary, the eigenvalues are actually independent of
a, and o(H(«)) = o(H), for any a.

Let P be the finite rank spectral projector corresponding to an eigenvalue £ of Hyp.
Then, for a € IR, P(a) = W(a)PW (a)™! is the spectral projector corresponding to the
eigenvalue € of H(«). By Riesz’s formula and the properties of the resolvent, P(«) extends

to an entire analytic function that satisfies
W (o) P()W (o)™ = P(ag + ).

for any g € IR.
By O’Connor’s Lemma (Sect. XIII.11 of [12]), this yields information about the eigenvec-
tors. If ¢ = Py, the vector p* = W (a)ep, defined for a € IR has an analytic extension to the
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whole complex plane, and is an analytic vector for the operator v. Therefore, ¢ € D(e®"]),
for any a > 0. By taking all possible z;’s for v, and noting that D(e®®) = D(e>; %D} we
see that ¢ € D(e*@)).

From this, it follows that Ay € D(e*®) for any a > 0 as well, since for any J > 0,

/ ) |Ap(a)|? da

_ / 2@ |(V(z) - €) o) | da
< (V= €20 o [ =520 ()P
< OQ.

Finally, Lemma 3.3 below shows that V¢ € D(e%*). To apply this Lemma in our

situation, we let p(z) = e*® and note that for any a > 0,
(Ver@) fe®@) = oV (z) = azx/(z)
is uniformly bounded. |

Lemma 3.3 requires some notation. Letting p(x) be a positive weight function, we intro-

duce the space
rp= {7 Wl = [P+ 180 s de < o).

We write [|f[I, = Jg. [f(2)]*p(z) dz, for any f € L*(R", p(x)dz), and [ f||* = [g. [f(2)* dz

when the weight is one.

Lemma 3.3 Let p € C! be positive, and assume that there exists a constant C < oo, such

that |(Vp(x))/p(z)| < 2C for all x € R™. Then, for any f € F?

VAl < Clliflle + VIflle 1Afllw + C2 £ (3:3)

We present the proof of this technical lemma in Section 4.

We now state and prove the following Corollary to Proposition 3.2:
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Corollary 3.4 Assume the hypotheses of Proposition 3.2. Let R(\) be the resolvent of
H=—-A+V for A& o(H), and let Pg be the finite dimensional spectral projector of H on
E. Letr(€) = ((H—=E)|a-por2 )_1 be the reduced resolvent at €. Then, e*®) R(\) e~
and e r(£) e=**) are bounded on L*(IR").

Proof We use the notation of the proof of Proposition 3.2. We know that R, (\) is compact
and analytic in a € C, if A & o(H). Hence, for any ¢, 1o € C§°, the map from IR x p(H)
to €' given by

(@, A) = (1, e Ro(A) e™* 12)

is uniformly bounded by C'|[¢1]| [|12|| on any given compact set of IR x p(H) for some C.
From this we infer that for any a > 0, @ R()\) e~} is bounded in L?*(IR"), uniformly for
A in compact sets of p(H). Since the reduced resolvent r(€) can be represented as

1 1
4
) = 5 3 Ro() s X, (3.4)

where Cg is a loop in the resolvent set encircling only &, the boundedness of e*@ (&) e~

follows. u

To show that the terms of our formal expansion all belong to L?, we use the following

generalization of Proposition 3.2. We present its proof in Section 4.

Proposition 3.5 Assume the hypotheses of Proposition 3.2 and let @ be an L* solution of
(=A+V —&)p = 0. Then, for any a > 0, and any multi-index o € N*, D%p € D(e%®),

a _ Aol Qo .. A
where D* = 031 03 oz

We now prove that our formal expansion leads to rigorous quasimodes for the Hamilto-
nian H;(€) given by (2.1). Theorem 3.6 summarizes this result for the leading order, while

Theorem 3.7 handles the arbitrary order results.

Theorem 3.6 Let h(e, W, Z) be defined as in Section 2 with W shifted so that Wy = 0. We
assume h(e, W, Z) on H is C* in the strong resolvent sense for (W, Z) near the origin.

We assume its non-degenerate ground state is given by
Eie, W, Z) = Eo+ aW? + (age - agw)z2 Y a Zt + S(e, W, Z)
= Ey+ E(e, W, 2) + S(e, W, 2), (3.5)
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under hypothesis (2.3) or (2.4), and we denote the corresponding normalized eigenstate by
(W, Z). Suppose the remainder term S is uniformly bounded below by some r > —oo and
that |S| satisfies a bound of the form

|S(e, W, Z)| < C > |[Wwez? (3.6)
a+3>3
for (W, Z) in a neighborhood of the origin. Here C' is independent of €, the sum is finite, and
a and 3 are non-negative integers. Let fo(w,z) be a normalized non-degenerate eigenvector
of Hyp, i.e.,
(—05/2 = 32/2+ Enp(w,2)) fo = & fo,
with

Enp(w,z) = a; w* + (ag — a3w) 22 4+ ay 2t

Then, for small enough €, there ezists an eigenvalue E(€) of Hy(€) which satisfies
Ele) = Ey + €& + O(&),

for some £ > 2 as e — 0.

Remarks 1. At this level of approximation, it is not necessary to require the eigenvector
® to satisfy condition (2.11) or to require h(e, W, Z) be real symmetric.
2. We have stated our results for the electronic ground state, but the analogous results

would be true for any non-degenerate state that had the same type of dependence on e.

Proof: In the course of the proof, we denote all generic non-negative constants by the same
symbol c.

Our candidate for the construction of a quasimode is
Uole, W, Z) = F(W/e") F(Z]e?) fo(W/e. Z[\/e) 2(W, Z), (3.7)

where F': IR — [0, 1] is a smooth, even cutoff function supported on [—2, 2] which is equal to
1 on [—1,1]. One should expect the introduction of these cutoffs not to affect the expansion
at any finite order because the eigenvectors of Hi(e) are localized near the minimum of
Ei(e, W, Z). Thus, the properties of the electronic Hamiltonian for large values (W, Z)

should not matter. The choice of a different cutoff for each variable is required because
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these variables have different scalings in €. We determine the precise values of the positive

exponents d; and 9 in the course of the proof. We also use the notation
Fle,W,Z) = F(W/e) F(Z/e?).
We first estimate the norm of Ug,.

Mol = [ 1 W.2) 1aW/e, ZIVER 20V D),

= [ 16v/e ZpAE aw iz

- | Q= Few.2) IhWe, Z/VOF W dz.

(3.8)

The first term of the last expression equals €3/2, by scaling, since f, is normalized. If §; < 1

and Jy < 1/2, the negative of the second term is bounded above by

(W51 |fo(W/e, Z/\/€)|? dW dZ
|Z|>e02

e3/2 e~ 2a(|wl+[z]) 2a(|w]+]2]) | folw, 2)‘2 dw dz
w]>el =01
|2]>el/2-02

< & p—20(1/e11 00 41/e(1792)) ||€a(|-\+\-|)f0||2

- O(Eoo>a

since fy € D(e®W%)). Hence,

ol = €% (14 0(e>)), where the O(¢*) correction is non-positive.

Next we compute
(Hi(e) = (Eo + €E2)) Yqle, W, 2)
= S(e, W, Z) fo(w,2)lwz Fle,W, 2) ®(W, Z)
- (S +52) Few.z) 20r.2)) fw, e
— & (Qufo(w, 2)|wz) dw(F(e, W, 2)(W, 2))
— €2 (0. fo(w, 2)lw,z) 9(F(e, W, Z)D(W, 7)),
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where we have introduced the shorthand fo(w, 2)|lwz = fo(W/e, Z/\/€) and used the iden-

tity
Ele, W, Z) — &€ Exp(W/e, Z/\Jé) = 0.
Also
OowF(e, W, Z) = % F'(W/e) F(Z/e%)
€1
0z F(e, W, 2) = % F(W/e) F'(Z/e%)
[

and, by assumption, [|0}05®(W, Z)|l#,, is continuous and of order € in a neighorhood of

the origin, for u + v < 2. Therefore,

sup | 0w (F(e, W, Z2)2(W, Z)) |l < e%
sup | 0 (F(e, W, Z)B(W. 2)) ey < = (3.11)
Sﬂl;p ||8§V(f(e,W,Z)q)(WZ))||Hel < 62%
swp |0 (F(e W20 %W, 2) |y < 5,

where all vectors are supported in { (W, Z) : [W| < 2/e%, |Z| < 2/€%}. Each of these vectors
appears in (3.10), multiplied by one of the scalar functions fo(w, z)|w.z, (Owfo(w,2)) |w.z,
or (9.fo(w,2)) lwz. In turn, each of these functions belongs to L?(IR*) by Proposition 3.2,

and each one has norm of order €3/4 because of scaling, e.g.,

1/2
([ 1@utove zivap avaz) = & 0w oo

Therefore, the norms of the last three vectors in (3.10) are of order ¢3/* times the corre-

sponding power of € stemming from (3.11).
We now estimate the norm of the term that arises from the error term S. From our

hypothesis on the behavior of S, we have

ISFfo@l* = [ _, 5 foW/e Z/Ve) SW.Z)]* dW dZ
|z|<2/%2

IN

o 2
¢ o VoW/e ZOR [Wez? | aw dz

a+B>3 Y |z|<2/52
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IN

e Y o [ g zpvel awaz
B2

at+p>3

= ¢ E 62(0&(51+2ﬂ62) 63/27
a+p>3

where the sums are finite.

Collecting these estimates and inserting the allowed values of o and 3, we obtain
I (Hi(€) — (Eo + €°E2)) Yo |
< c 63/4 (6351 + 62(61+52) _'_ 6§1+4§2 + 6652 _|_ 647251 + 637252 _|_ 637(3‘1 _'_ 65/2752) )

We further note that &, < 1 and d, < 1/2 imply €' <« €39 and €322 < ¢5/27% This,
together with (3.9), shows that for small enough e,

| (Ha(e) — (Eo +€2&,)) Vg |
e

We still must show that all terms in the parenthesis above can be made asymptotically

IN

c (6351 +€2(51+62)+651+452 +€662 +E3761 +€5/2752)

smaller than €2. This can be done if there exist choices of §; and J, such that all exponents

in the parenthesis above are strictly larger than 2. The inequalities to be satisfied are
0<51<1, (51>2/3, 61+52>1, 0<52<1/2, (52>1/3, (51+462>2.

Satisfying these is equivalent to satisfying
2/3 < 51 <1

which defines the set of allowed values. The best value,

f = On}sax min {351, 2((51+52), 51—|—452, 652, 3—(51, 5/2—52} > 0,
<41<1
0<69<1/2

is obtained by straighforward optimization and is given by ¢ = 15/7, obtained for 5/7 <
91 < 6/7 and 0y = 5/14. With such a choice, there exists an eigenvalue £(€) of Hi(€) that

satisfies

Ele) = Ey + &) + O(ed),
with € =2+ 1/7. |

We now turn to the construction of a complete asymptotic expansion for the energy level

E(e) of Hy(e), as € — 0.
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Theorem 3.7 Assume the hypotheses of Theorem 3.6 with the additional condition that
he, W, Z) on He is C* in the strong resolvent sense in the variables (e, W, Z). Then the
energy level E(¢) of Hi(e) admits a complete asymptotic expansion in powers of ¢/2. The

same conclusion is true for the corresponding quasimode eigenvector.

Proof Our candidate for the quasimode is again the formal expansion (2.9) truncated at

order /2 and multiplied by the cutoff function (3.8), i.e.,

N
Uole, W, 2) = Fle W, 2) > P Pn(W, Z, W/e, Z/\/e).

§=0

We shall determine )/, and T}/, in (2.8) explicitly, but first we introduce some notation

for certain Taylor series. Expanding in powers of €'/2, we write

Tin(W, Z) — Tiplew, €/22)
= Tin(W,Z) —Tj;(0,0) — €/20,T;5(0,0) + € (OwT;2(0,0)w + 72T 2(0,0)w?/2) + - --

= T;,(W, Z) — T;,2(0,0) + Z Tj(%z)(w, z) /2.
k=1

Next, our hypotheses imply that the function S(e, W, Z) in (3.5)
E\(e,W,Z) = Ey + E(e,W,,2) + S(e, W, Z)

is C* in (¢, W, Z). Using (3.6), we write

o0

El(ev ew, 61/22) = EO + 62 ENF(w’ Z) + Z 6m/2 Sm/2<w7 Z)

m>6

Note Because we have assumed E, (e, W, Z) is even in Z, Sy,2(w, 2) = 0 when m is odd,

but the notation is somewhat simpler if we include these terms.

We use this notation and substitute the formal series (2.9) and (2.10) into the eigenvalue
equation (2.7), with Hy given by (2.8). For orders n/2 with n < 4, we find exactly what we

obtained in Section 2. When n > 5, we have to solve
[h(e, W, Z) — Er(e, W, Z)] @b o (3.12)
+ Enp(w, 2)Ym—1y2 + Sej2(w, 2)Vm—6)/2 + S7/2(W, 2)m-my/2 + - -+ + Sny2(w, 2)1o
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+ (Ta (W, 2) = Ta(0,0))t — 72, (w, 2)tbo — 724 (w, 2)by — -+ — 78 2 (w, 2)¢g

+ (T"T_l (W> Z) - T"T_l (07 0))%/2 - 7—((,1L£22))/2(w7 Z)¢1/2 - TéT)(U}, Z)¢1/2

1
+ (T2(W, 2) = T2 (0,0))uzt — 74 (w, 2)¢(u12

2

+ (Tg (Wv Z) - Tg (07 0))w(n—6)/2

1 1 1
- §Aw,z@/}(n—4)/2 — 0% U (m-3)/2 — Oy wn—6)2 — §3§,z¢(n—6)/2 - 533[/,W¢(n—8)/2
= E Vm-ay2 T &2 Ymsy2 + - + Enpatbo,

with the understanding that the quantities S, T" and 7 that appear with indices lower than
those allowed in their definitions are equal to zero.
We solve (3.12 by induction on n. We assume that
gj/2a @ZJ]L/Q(W Z,'UJ,Z), 7_’]/2(1/‘/7 Z) for ] S’I’L— 17 and
fj/Q(szvwv'Z) for ]Sn—E)
have already been determined, with f]”/2(VV, Z,w,z) =0, for j > 1.
We project (3.12) into the ®(W, Z) direction and the orthogonal direction in the elec-
tronic Hilbert space to obtain two equations that must each be solved.

First, we take the scalar product of (3.12) with ®(W, Z) in the electronic Hilbert space

to obtain

ENF(?U,Z)f(n—4)/2 + SG/Q(waz)f(n—G)/Q + 57/2(w72)f(n—7)/2 + o+ Sn/2(w72)f0

1 2

+ T3V, 2) = T30, 0)fo = T2h(w,2)fo — T, 2)fo = -+ = 77 (w,2)fo
(1/2) (*57)

+ (Tanl(VV, Z)—TnT71<O, 0))f1/2 — T(n_Q)/Q(w,Z)fl/g — = Tg (U),Z)fl/g

+ (T2(W, 2) = T5(0,0)) fuzz — 76" (w,2) fiuoryo

2

+ (Tg (W7 Z) - Tg (07 O)) f(nf6)/2
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1
3 Aw:fin-ayp — (W, Z), 05 m-s2)m, — (PW, Z), 05 ¥n—6)/2)Hu
1

(DWW, Z), 0%y wibn—s)/2) 1.,

N | —

5 (O(W, Z), 0% stbm—6)/2) M0 —
= & fmaye + Ep fmsy + - + Eup fo (3.13)

We further project (3.13) into the fy direction and the orthogonal direction in L?(IR?) to
obtain two equations that must each be solved.

We take the scalar product of (3.13) with fy in L*(R?). Using fj“/2 =0 for j > 1 and
(—%Amz + Enrp(w, 2)) fo = & fo, we obtain

n—7 n—6— k
k))/2)
+ Z fos Sir2 fi—6)/2 )22y — Z 0 ]/2 ;U fry2 ) 122
k=0 j=1

= (o {(@W. 2), 8 ia-5y2)m + (W, 2), iy thn-sys2h

1

1
+ 5 <¢(W> Z), a%Zw(rh6)/2>7'lez + 5 <(I)(VV’ Z)? aI%V,Ww(HB)/2>Hez}>L2(R2) :

We can solve this equation for &, , if the right hand side is independent of (W, Z). This will

be true, if we choose

-
[=]

n—6—k

k))/2)
Ta(W, Z) = = > {fo. Sip2 fy-ep2)reme) + (oo 7y T figa) 12wy

=6 0 j=1

3

e
i

+ (for {{@UW,2), 82 tmsy2)ua + (W, 2), By bin-oy2) e

1 1
5 (B V. 2), 35 piasy i + 5 (B, 2), Swbiusodreaf) o
We then are forced to take
(C:n/g = — T%(O, O).
The first non-zero Tj/g(VV, 7Z) is
1
Tsp(W, Z) = 5 (2(W, Z), 0z ®(W, Z) yn — (fo, S5 fo)r2eme)- (3.15)

So,
& = (o S5 foduay — 5 (®(0,0), (332)(0, 0) e

24



We next equate the components on the two sides of (3.13) that are orthogonal to f in
L2(IR?). The resulting equation can be solved by applying the reduced resolvent ryp(Es),
which is the inverse of the restriction of (— Aw .+ Enp — &) to the subspace orthogonal to

fo- We thus obtain

n—>5 n
foenye = pE) | D Emppe fin = Y (Sipw,2) fi-epn)*
=1 =6
n—7 n—6—k
k))/2
T Z J/2 P ))/)wsz/Q +Z (n—3)/2(0,0) = T J/2(WZ))fJ/2
k=0 j=1

+ (O(W, 2), 0%, W50 )ie, + <<I><W Z), Oy Yin-6)/2 )31,
+ (@(W, 2), 052 %2 ), + (®W, Z), Oy Wins)/2 )30, | -
This solution has f,—4)2 = f(tf 1)/2 orthogonal to fy, as claimed in Section 2. The first
non-trivial f;/s, for j > 11is
W, Z,w, 2) = — ryp(&) (Ss(w, 2) folw, 2))*. (3.16)

Next, we equate the components of (3.12) that are orthogonal to ®(W, Z) in Hy. We
solve the resulting equation for %f/zby applying the reduced resolvent (W, Z) of h(e, W, Z)
at Ey(e, W, Z). This yields

n—>5 n
e = (W, 2) En-pz Vi — D Sifa(w,2) Vg (3.17)
j=1 j=6
n—7 n—6—k n—6
k)) 2
+ 3 I w2, + Y (T )/2(0,0) = Ty (W, Z))
k=0 j=1 j=1

+ (8%73 w(n—5)/2)l + ((3%,@ + 8%2) w(n—ﬁ)/2)J—

1

+ Opw Ym-sy2)" — (§Aw,z + Enr(w, 2) — &) 77Z)n 4)/2

The first non-zero component ij/Q with 7 > 0, is

Vsp(W, Z,w, 2) = (0.fo)(w, 2) r(W, Z) (0,@)(W, Z). (3.18)

Finally, Proposition 3.9 below shows that each ;5 in this expansion belongs to D(eIWI/e+1Z1/Ve)),

As a result, whenever a derivative acts on the cutoff, it yields a contribution whose L? norm

25



is exponentially small. This way, we can neglect such terms. For example
(OwF(e, W, 2))1bja(W, Z, W/e, Z|\/e) = € F'(W/e) F(Z]e?) 0 0(W, Z, W/e, Z]/e).

The square of the L? norm of this term is bounded by a constant times

1-81

e / W, 2(W, Z,W/e, Z]\/€) P2 IWI/HZINO =200/ gy dz = O(™).
Wl/eh1>1)27]/eb2<2

Thus, we have constructed the non-zero quasimode (3.7) that satisfies the eigenvalue

equation up to an arbitrary high power of €/2. [ |
The proof of Proposition 3.9 relies on the following lemma.

Lemma 3.8 Let V' be a polynomual that is bounded below, such that the spectrum of H =
—%A +V purely discrete. Let o € C*®(IR") satisfy D*p € D(e™™), for all o« € N™ and any
a > 0. If R(\) denotes the resolvent of H, then D*R(\)p € D(e®®)) for all o« € N™ and all
Xin p(H). The same is true for D*r(E)p, where r(E) is the reduced resolvent at .

Proof We first note that elliptic regularity implies that the resolvent R(\) maps C'* func-

tions to C™ functions. Next, applied to smooth functions in L?, we have the identity
[833]'7 R(/\)] = R(/\) (aa:jv) R()‘)'

We claim that the operators on the two sides of this equation have bounded extensions to all
of L?. To see this, note that D?V is relatively bounded with respect to V for any 3 € N",
because V is a polynomial. Furthermore, since H > V, we see that DSV is relatively

bounded with respect to H, which implies the claim. Hence, for ¢ as in the lemma, we have
O, R(A) ¥ = R(A) 0u; 0 + R(A) (0,,V) R(A) ¢. (3.19)

The first term on the right hand side of this equation belongs to D(e®®) since R()\) maps
exponentially decaying functions to exponentially decaying functions (see Corollary 3.4). The
same is true for the second term, with a possible arbitrarily small loss on the exponential
decay rate, due to the polynomial growth of d,, V. This provides the starting point for an
induction on the order of the derivative that appears in the conclusion of the lemma.

We now assume that for some o € N", D*R(z)p is a linear combination of smooth

functions of the form R(z)(D"V)R(z)--- R(z)(D%V)R(z)D%¢ all of which belong to
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D(e*®), for any a > 0. We assume every 7 that occurs here has |v| < |a|. Then 0,, D*R(z)¢

is a linear combination of elements of the form
Op; (R(2)(D™V)R(2) -+ - R(2)(DV 'V )R(2) DV )

Applying (3.19) successively, we see that the structure is preserved. Since all D%V are
polynomial, Corollary 3.4 implies the result.

The statement for the reduced resolvent follows from the representation (3.4). H

Proposition 3.9 Assume the hyptheses of Theorem 3.7. Let);2(W, Z, w, z) be determined
by the construction above, where (W, Z) belongs to a closed neighborhood ) of the origin and
(w, 2) € IR*. Then Vjj2 is C, and the function G(w, 2) = supyy.zeq [Vip(W, Z,w,2)|
belongs to D(e®(w2)).

Proof The hypothesis on the Hamiltonian and the properties of the normal form Hypg
proven above imply that ®(W, Z) and (W, Z) are smooth, and that ryp(£2) maps smooth
functions to smooth functions. We also know that the non-degenerate eigenstate f; is smooth
and belongs to D(e*(®#)). The smoothness of ¢;o(W, Z, w, z) follows trivially in Q x IR?.

Concerning the exponential decay, we observe that the (w, z) dependence of v/, stems
from the successive actions of derivatives, reduced resolvents, and multiplications by polyno-
mials in (w, 2), acting on the eigenstate fy;. Lemma 3.8 applied in conjunction with Propo-

sition 3.5 shows that the exponential decay properties are preserved under such operations.

4 Technicalities

In this section, we present the proofs of Lemma 3.3 and Proposition 3.5.

Proof of Lemma 3.3 We first note that the hypothesis on p implies p(x) > 0 for any
x € R", and that

e 20kl < p(z) /p(y) < 201, (4.1)

Let Bg € R™ be a ball of radius R > 0. We first show that f € L?*(Bgy1) and Af € L?(Bgy)
imply f € H?(Bg), where

H*(Bg) = { f € L*(Bg), Vf € L*(Bg), and Af € L*(Bg) }.
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We denote the usual H?(Bg) norm by || - || #2(p,). We now show the existence of a constant
K(R) > 0, which depends only on R, such that
[ < w@w [ (arpaim). (1.2
Br B
Note This estimate does not hold in general if the balls over which one integrates have the
same radius.
We set ¢ = Af on Bgyy and g(x) = 0if || > R+ 1. We can then decompose f = fi + fa

with f; and f5 solutions to

Afi =gy, filoBr, =0

Thus, fi € H*(Bry3), and there exists a constant ¢;(R), which depends only on R, such
that

[AllzzBrs < a(R) 1AA2BRL = alB) [1Af]le@m0), (4.3)

so that
IVfillzrey < filla2Bres) < a(R) |Afll2Br.0)-

By the mean value property for harmonic functions, f» also satisfies estimate (4.2), for some
constant Ky(R) with Afy = 0 (see e.g., Chapter 8 of [1]). Combining these arguments, we
see that for co(R) = ¢1(R) + Ka(R),

/BR Vi RP < a®) [

BRrt1

IAAP 15P) < e(R) / IAFP + 2017 + 1)),

Bprt1

But [ 1fil* < fillfre(py,,) so (4.3) implies that (4.2) holds for some constant K (R).
Because of (4.1), we can insert the weight p into this estimate to establish the existence
of another constant K (R), which depends only on R, such that
[ opIviP < B@®) [ pqar? el (4.4
Bgr Bgr+1
In other words, p'/2V f € L2 if f € F2.
A second step consists in showing that p'/?Vf is in L?(R") and satisfies (3.3). Let
xr € C(R") be a truncation function such that 0 < xr < 1, with yg(z) = 1 if |z| < R,

and xgr(xz) = 0if || > R+ 1. We can take yg so that || Vg« is independent of R. Let
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f € F2, and set fr = xpf. Since Vfr = XgVf + Vg, we see that ||p'/2V frllr2s,) =
P2V f|l12(By), and
A Ip"? (fr = Dll2@n — 0,
by Lebesgue dominated convergence. By the same argument with Afr = xgAf + fAxr +
2VXRrV/,
]%i_{go Ip"? (Af — (XrAS + fAXR)) ||l L2y = 0.

We have the estimate ||p'/? Vyr V280 pt/2 |V £|?, for some constant

S & fBR_,_l\BR
c2, independent of R. We can cover the set Br1\Br by a finite set of balls { B1(j)};=1,.-.n(r)»

of radius 1, centered at points x; such that |z;| = R+ 1/2. In each of these balls B;(j), we
can apply (4.4) (with a constant K7, independent of R), to see that

N(R)
/ PIVIE < e K Y / p (A2 +1fP2),
Bry1\Br j=1 7 B20))

where Bs(j) has radius 2 instead of 1. Using U;V:(f%)Bg(j) C Bpgys \ Br-s, and taking into

account that certain points are counted (uniformly) finitely many times in the integral, we

eventually obtain

92 Vxr Vi ey < eo [ (AP ISP

Bry1\Br
where c3 is uniform in R. By the dominated convergence theorem again, this integral goes

to zero as R goes to infinity. So, we finally obtain

lim [|p!/? (Af = Afa))ll 2y = 0.

Since fg belongs to H2(R™), the set of compactly supported functions in H?, we compute

V-0 freVfr) = pfrAfe + [Vfel>p + fr VD Vi
Since fr has compact support, Stokes Theorem and our hypotheses on Vp show that

/P|fR\2 = ‘/ fRApr+/fRvafR

([1as) " ([ 15n) QY (1) " ([195) "

or, in other words,

IA

IVfelly < IAfellw [felle + 2C 1V fallw [ fallw-
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This estimate implies (3.3) for fr. The right hand side of that estimate has a finite limit as
R — oo with f in place of fr on the right hand side. Since

/B pIVIP s [ p Vil

we deduce that p |V f|* € L'(R") and satisfies (3.3). |

Proof of Proposition 3.5 We use the following Paley-Wiener theorem, Theorem IX.13
of [11]:

Let f € L*(IR™). Then e®lf € L?(IR™) for all a < d' if and only if f has an analytic
continuation to the set {p : |Im p| < a’'} with the property that for each t € IR™ with |t| < d,
Fl-+it) e L*(IR"), and for any a < a’, supj<, Hf( +it)[]2 < o0.

We refer to the conditions on j?in this theorem as “the Paley-Wiener conditions.”

Since e*lp € L*(IR") is equivalent to ¢ € D(e*®)), Proposition 3.2 shows that @ is
analytic everywhere and satisfies the Paley—Wiener conditions. The functions p — p; p(p)
and p — 3. p; §(p) also satisfy these conditions.

As a preliminary remark, we note that for any fixed ¢ € IR", there exist K(t) > K(t) > 0
and R(t) > 0, such that if p € IR" satisfies ), p7 > R(t), then

ZPJ < |X vy
j=1

So, if Bg is a ball of radius R with center at the origin, —@ satisfies

/ (Z@) |o(p +it)|? dp < oo, (4.6)
R™\Bpg(

7=1

< Kt Z P (4.5)

uniformly for ¢ in compact sets of IR".

We now start an induction on the length |a| of the multi-index a in D*p. We first
show that p — p; pp P(p) satisfies the Paley~Wiener conditions for any j, k € {1,---,n}.
Note that we only need to prove estimates for large values of the |p;|’s. Also, note that if

> p7 > R(t) > 1, there exists a constant C'(t) > 0 such that

| (p; +ity) (p +ite) | < C(¢ Z ps, (4.7)
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Therefore, (4.6) implies that

[ i) s i) P 1p+ il dp
R™\Bpg(y

n 2
< C*(t / P P(p+ it)|? dp
<>WWW<§jJ Blp+it)]

J=1
< 00,

uniformly for ¢ in compact sets of IR". Hence, 0,0, € D(e*®)) for any a > 0.
We next turn to third order derivatives. Consider the derivative of —Ap+(V —&)p = 0.
For any j € {1, ---, n},

0, Ap = (0.,V)p + (V= &) Oup.

Since V is a polynomial, Proposition (3.2) shows that 9., Ap € D(e*"), for any a > 0.
Thus, the function p — p; (3°7_, p3) P(p) satisfies the Paley-Wiener conditions.
Consider now any triple of indices j, k, . For Z?:o p? > R(t), we have

| (pj +ity) (pr +it) (p+ity) | < C() Ipy +ity] Y .
j=0

Hence, using this estimate with (4.6), we deduce that

[ Nt Gt it it P 30+ 0 d
R™\Bg)

n 2
< CP(t) / Ip; + it | (Z p?) 1B(p + it)|? dp
R™\Bg() j=1

< 09,

uniformly for ¢ in compact sets of IR". Therefore, the Paley—Wiener Theorem asserts that
Oz, Oz, O, 0 € D(e®®)), for any a > 0.

We now proceed by assuming D?p € D(e®®), for any a > 0 and any 3, such that
|B] < m. Let a have |a] = m + 1. Let & be any multi-index of length m — 1. Differentiating
the eigenvalue equation again, Leibniz’s formula yields

D'Ap = > CI (D*(V=¢)) Dy, (4.8)
0<y<a
where the C’g‘ are multinomial coefficients. The induction hypothesis and the assumption

that V' is a polynomial show that D% Ap € L*(IR"). Therefore, p — p* (327 pj) (p)
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satisfies the Paley~Wiener conditions. In «, there are two indices, a;; and ay, not necessarily

distinct, which are larger or equal to one, such that we can write
(p+at)* (4.9)
= (pr+it)™ o (p + i) e (i)™ (D + i)™ (py + ity) (pr + i),

Estimating the absolute value of the last two factors by (4.7) and using that
&= (o, 05 —1,---,ap—1,--- a,) has length m — 1, we see that p — p* $(p) satisfies

the Paley-Wiener conditions. Hence, D%p € D(e%*)) for any a > 0. H
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