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Abstract

The paper is devoted to the dissipative Schrédinger-Poisson system. We indicate conditions
in terms of the Schrodinger-Poisson data which guarantee the uniqueness of the solution.
Moreover, it is shown that if the system is sufficiently small shrunken, then it always admits
a unique solution.
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1 Introduction

Let us first consider a closed quantum system on the bounded domain € consisting of
positively and negatively charged carriers which are called holes and electrons in the fol-
lowing. These systems can be described by one-electron Hamiltonians in effective mass
approximation (Ben-Daniel-Duke form)

HEV]p = 3V (ﬂ;w) + VY, (1.1)

supplemented by self-adjoint boundary conditions where “+” indicates holes and “-—"
stands for electrons. By m¥ the position dependent effective masses of holes and elec-
trons are denoted. The potential V is different for holes and electrons:

VE=Vixop

where Voi are potentials which are fixed for a given device, for instance, a double barrier.
The Planck constant i and the elementary charge ¢ are scaled to 1 for simplicity.

The collective behaviour of holes and electrons is described by density operators o= [V]. If
the system is closed, then it is assumed that the density operators are equilibrium states,
i.e non-negative trace class operators of the form by

o= (V] = £= (B4 V)

where f* are equilibrium distribution functions. The trace class property is satisfied if the
distribution functions f* decay sufficiently fast. In this case they admit the definition of
carrier density operators J\/’in () : LE(Q) — L (), cf. [16, 17], which assign for bounded
electrostatic potentials V € Lg°(Q) a L'-function which is called the carrier densities such
that the relations

(4 va) = (V) = [ deAE V@)

are satisfied for all Borel subsets w of 2. The subindex R indicates real functions. If to the
quadrouble {H¥[V;" + o], H[Vy — ¢, f*, f~} we add the Poisson equation

V- (Vo) = CH+NE (VG +9) =N (Vg — o) (1.2)

with boundary conditions
p(a) = o and  @(b) = ps, (1.3)

then we get the so-called (closed) Schrodinger-Poisson system. By e and C' the dielectric
permittivity and the doping profile are denoted. It turns out that if the functions f* are
strictly monotone, then the carrier density operators J\/'fii (+) are anti-monotone, cf. [8, 21].
Using this anti-monotonicity one gets that the (closed) Schrodinger-Poisson system admits
a unique solution, [8, 27, 28], even for heterogeneous material compositions and mixed
Dirichlet and Neumann boundary conditions for Schrédinger’s operator, see [16, 17].

Up to now the quantum system was supposed to be closed. Hence, there is no interaction
with the environment, in particular, no exchange of carriers, i.e. the carrier currents vanish.
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In view of modelling semiconductor devices the operating principle of which is the flow of
electrons and holes this is not justified. That is why we pass to open quantum systems,
see also [10, 29]. In [16] non-selfadjoint boundary conditions for the Schrédinger operators
(1.1) were proposed which are induced by a potential flow acting on the boundary 952 of the
quantum system. The spectral theory for the associated non self-adjoint Schrodinger-type
operators has been developed in [18]. For a one dimensional device this ansatz was analyzed
in detail in [2, 18, 19, 20]. The arising model was called a dissipative Schrédinger-Poisson
system.
More precisely, on the Hilbert space $ := L?(2), Q := (a,b) C R, the self-adjoint oper-
ators H*[V] are now replaced by dissipative Schrédinger-type operators which arise from
the same differential expressions (1.1), however, supplemented by dissipative boundary
conditions of the form
1
2m*(a)

1

Mw’(b) = “ztw(b) (1.4)

¥'(a) = —kEp(a) and

ke kif € Cy == {z € C: Jm(z) > 0}. The equilibrium distribution functions f* are

substituted by density matrices p* € L>(R, B(C?)) obeying
pE(A) =p*(\)* and p*(A) >0

for a.e A € R with respect to the Lebesgue measure. The density matrices p* define density
operators o*[V] on the so-called dilation space & O §) which are non-negative self-adjoint
but not trace class operators commuting with the minimal self-adjoint dilation K*[V] of
H*[V], see [19]. However, under certain decaying assumptions on the density matrices p*
the reduced density operators gyi] [VE] := PEo*[VE] | § are always of trace class. Using
this property one can introduce carrier density operators ij;() D L2(Q) — Li(Q), cf.
[20], which like above assign to each electrostatic V € L () carrier densities from L (2)
such that

r(esVIv) = [ deNEW)@)

holds for all Borel subsets w of . Again, if to the quadrouble {H*[V;" + ¢], H~[V; —
@, p*,p~} we add the Poisson equation (1.2), where N;Ei() is replaced by Npii(-), and
the boundary conditions (1.3), then we get the so-called open or dissipative Schrodinger-
Poisson system, see [2, 3, 20]. In contrast to the closed case the monotonicity property of
the carrier density operators is lost now. This has the consequence that one can prove the

existence of a solution of the dissipative Schrédinger-Poisson system but not its uniqueness,
see [3].

In the following we are going to fill this gap. The main technical tool for this business
is to show that the carrier density operators are in fact locally Lipschitz continuous and
not only continuous as proven in [3]. The proof of this property relies on the theory of
Kato-smooth operators, see [22, 23]. We show that the orthogonal projection Pg from the
dilation space K onto the original space $) is Kato-smooth with respect to the minimal
self-adjoint dilations K*[V] and we calculate their smoothness constants which allows
us to compute the local Lipschitz constants for the carrier density operators. For this
purpose we have to strengthen the assumptions on the effective masses m*. In [3] it
was assumed that m™ + m% € Lg°(Q). In addition we demand that now that m* has
a finite total variation. This admits countably many discontinuities, what is sufficient
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for applications to heterogeneous material compositions. The solutions becomes unique if
the local Lipschitz constants of the carrier density operators are small enough. This result
should be interpreted as follows: it is known that uniqueness cannot be expected in general
because there are physical situations where the existence of several solutions explain well
observed hysteresis phenomena [14, 30]. Thus, our uniqueness result can physically be seen
as a filtering instrument in the following sense: if the parameters of the system obey our
conditions, then the above hysteresis phenomena are definitely absent.

It turns out that uniqueness takes always place if we shrink the dissipative Schrédinger-
Poisson system to a sufficiently small subdevice Q' C ). That means, we consider the same
boundary conditions (1.4) and (1.3), the same density matrices p™ but replace the mass
functions m* by m* | €', the potentials Voi by VOi I €V, the dielectric permittivity € by
e[ € and the doping profile C by C'| Q. If Q" will be sufficiently small, then the shrunken
Schrodinger-Poisson systems admits a unique solution.

This has implications for dissipative hybrid models considered in [4] which use a mixed
description by a drift-diffusion model and a dissipative Schrodinger-Poisson system. In
more detail, one divides the device A = [ag, bp] into two regions Q. = (ag, a) U (b, by) and
Q, = (a,b), which are called “classical zone” and “quantum zone”, respectively. On the
“classical zone” 2., which is disconnected, one uses a classical drift diffusion description,
cf. [11, 25, 31], while on the “quantum zone” €, a dissipative Schrédinger-Poisson system
is considered. The length [Q,| of the quantum zone (), is crucial for the hybrid model.
Indeed, if €2 is very large, then we have nearly a quantum description of the device which
increases the costs of the numerical treatment of the model. If the quantum zone {2 is very
small, then by the above result it can happen that the hybrid model has only one solution
in contradiction to a pure classical description which usually allows several solutions. This
shows us that one has very carefully to choose the quantum zone in hybrid models.

The paper is organized as follows. In Section 2 we introduce a series of constants repeatedly
used in the following. If the Schrédinger-Poisson data are fixed, then the constants are
fixed.The dissipative Schrédinger-type operator is introduced and in detail investigated in
Section 3. Crucial are the notions of the characteristic function, see subsection 3.3, and the
phase shift, see subsection 3.4. The self-adjoint dilations and Lax-Phillips scattering theory
are recalled in subsection 3.6 and 3.7. The carrier density operator is defined in Section
4. Tts local Lipschitz continuity is verified in subsection 4.2. The dissipative Schrodinger-
Poisson system is considered in Section 5. The existence proof is sketched in subsection 5.2,
the uniqueness is proven in subsection 5.3, the uniqueness for a sufficiently small shrunken
Schrédinger-Poisson system is established in subsection 5.4. We end with some remarks in
Section 6.

2 Notation, Assumptions and Constants

By LP(Q,X,m) 1 < p < o0, Q = (a,b), we denote the space of m-measurable and p-
integrable functions over  with values in a Banach space X. By L*°(Q, X, m) the space
of essentially bounded functions is denoted. If m is the Lebesgue measure, then we write
LP(Q) = LP(Q,C,m) and LE(Q) := LP(Q,R,m), 1 < p < co. The Lebesgue measure of a
set is denoted by | - |.

The norm of a Banach or Hilbert space X is indicated by || - ||x or simply by || - ||, the
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scalar product of a Hilbert space X by (+,-)x or simply by (-,-) where the first argument
is the linear one. The dual space is indicated by X*. By B(X,Y) the space of all linear
bounded operators from the Banach space X to the Banach space Y is denoted with
norm || . HB(X,Y)' If X = Y, then B(X,X) = B(X) and || . ||B(X,Y) = || . HB(X) If X
is a Hilbert spaces, then B;(X) and By(X) denote the spaces of trace class and Hilbert-
Schmidt operators, respectively. For a densely defined linear operator A : X — Y we
denote by A*, spec(A) and res(A) its adjoint, spectrum and resolvent set, respectively. We
write X[V] if we have in mind a parameter dependence on V and X (V) if a functional
dependence on V is considered. Of course, it is quite possible that a parameter dependence
becomes a functional one and vice versa.

Furthermore, we denote by W12(Q) the usual Sobolev spaces of complex-valued functions
on ). The subspace of elements with homogeneous Dirichlet boundary conditions at the
end points of the interval €2 C R is denoted by WO1 2(Q) Its dual with respect to the
L2-pairing is denoted by Wo 2Q) = ( 91 2(Q))*. If we have in mind only real-valued
functions, then we write Wy'*(Q) and VVO1 = (82).

With respect to the Schrédinger-type operators we made the following

Assumptions 2.1 (Schrédinger assumptions)

Q1) There are constants m* > 0 and m* > 0 such that m* < m*(z) <m* for z € Q.
Q2

@3
Q4

kE kiE € Cy ={2€C:3m(z) >0}

Q1)
(Q2)
(Qs) V5~ € L¥(Q)

(Q4) The matrix valued-functions p*(-) € L= (R, B(C2)) obey 0 < p*(\) = p*(\)*. There
are real, continuous differentiable, even functions g% (-) : R — R such that

0<pE(N) < g (N2, NER, (2.1)
. d .
&gn(A)ag (AN) <0, XeR, (2.2)
o0 +
9=\
dA < 2.3
|t (2.3
and p
HIT)] < 0, aeR, (2.
where ¢t are given real constants.

In particular, the functions

gEN) =cE1+ M)V NeR,
used in [2] satisfy the assumptions (2.2)-(2.4) with ¢ = c7.

The parameter set 9 := {m*, xF HE—L, Oi, p*} is called the Schrodinger data of the device
Q. The Schrodinger data are ﬁxed in the following.

With respect to the Poisson equation we made the following
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Assumptions 2.2 (Poisson assumptions)

(P1) The doping profile C' is from W, "?(Q).

(P2) The dielectric permittivity e is positive and satisfies e + £ € L (Q2).

The quadrouble B := {C, ¢, @4, ¢p} is called the Poisson data of the device 2 which are

also fixed through the paper. The union ® := QU is called the Schrédinger-Poisson data
of the device €.

For the convenience of the reader we collect here important constants which are composed
of the Schrodinger-Poisson data and which are needed in the following. We set

B = 26%(0) + - /loim* /OOO dx gi\/(?) (2.5)

1 —
Bf = —9(0) Q| *. (2.6)

and

We note that the quantities BOi and Bf[ depend only one the Schrédinger data and on the
length || of the device.

The embedding operators from Wy *(Q) into L>(2) and L'(Q) into W "?(Q) are denoted
by E., and Ej, respectively. We note that By = E* | L*()). Their norms are equal and
are denoted by £; in the sequel. A straightforward computation shows that ; < /[Q].
Let @ be the function

1
Q30— ——m f " e(t) {(pa/ dt — —|—<pb/ dte(t)}' (2.7)

Clearly, $ € W2(Q) — L*°(£). We set
Dy = €1||1/6||Loo\/1+|9| {C||WO—1,2+ (28)

. (Bo+ By + BE Ve + 8llo~ + By IV — @an) }

Dy = ef|[1/e|lL=/1+ Q| (Bf + By ). (2.9)

Using Dy and Dy we introduce the radii
1 /
Tro = 5 <D1 + D% + 4D()) (210)

= VG + @l e + 70 (2.11)

and

and

If h: [a,b] — R is a function of finite total variation and x,y € [a,b], then the total
variation of hl, . is denoted by \/¥ h. If —L- has a finite total variation, then we set

4+ b
1
M* .= Vm* exp {mQ \V mi} . (2.12)
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Next we introduce the functions

7 )= ot (1151 ) e {w 0 2 [ 2 (213)

for y > 0 and j = a,b. Further we set

+ +12 + +12y 1/2
L) = \/E{Ra [2y(;r;);r Wl | Ry [2y(6}2)2+70] } . (2.14)

for y > 0 where the representation

i)2

(3)?

(a

ﬁf:qf—i—i# and wi =g +i g (2.15)
is used. The constants %i are given by
1 1 1 1
+ —t +£\2
—9 z -~ B — 2.16
where
g% := max{0, ¢, qgt}. (2.17)
We define
&= (y) = /By + BV, y=0. (2.18)
and

£ (2, y) = (6 (2) + 6*(y))? + 47| LT (x) L (y) 6™ (2) 6 (y), (2.19)

for z,y > 0. Finally, we introduce the constant

L= £+(7“T,rf') + £ (ry 7). (2.20)
and we set
U= 2|1 /el p/1+ Q| L. (2.21)

We note again that the introduce constants (2.5)-(2.21) depend only on the Schrédinger-
Poisson data which means that they are fixed for fixed Schrédinger-Poisson data.

3 Schrodinger-type operators

Since it is unimportant in this section whether we have to do with electrons or with holes we
admit the superscript + in this section. Further, throughout we assume that Schrodinger
data Q = {m, Kq, ks, Vo, p} satisfy the Schrodinger assumptions mutatis mutandis.
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3.1 Definitions

Following the suggestion of [16, 17] we consider the non-selfadjoint Schrédinger-type oper-
ator H[V] on the Hilbert space $ defined by

dom(H kg, k5, V]) =S f € Wh2 1 g f

and
(Hlso, 2, V1g) ) = (U[V]g)(@), g € dom(Hla, V)
where
AVI0)(@) o=~ s Sl + V@)a(a).

cf. [18, 19], where V € L () and kg, kp € C4 := {z € C : Sm(z) > 0}, are called the
boundary coefficients. The operator H[kq, kp, V] is maximal dissipative if either s, € C1
or K, € C4. In both cases the operator is completely non-selfadjoint, see [18]. In the
following we consider the case kg, Kk, € Cy. In this case we usually write H[V] instead of
Hlkq, kb, V]. The spectrum of H[V] consists of isolated eigenvalues in the lower half-plane
with the only accumulation point at infinity, i.e spec(H[V]) € C_ := {z € C : Sm(z) < 0}.
Since the operator H[V] is completely non-selfadjoint, its eigenvalues are non-real.

Besides the operator H[V] we consider the operator Hx[V] := Hl[qa,q, V], V € LF(Q),
da; @p € R. The operator Hi[V] is self-adjoint and semi-bounded from below. In some sense
the operator Hx[V] can be regarded as the real part of the maximal dissipative H[V]. By
~[V] we denote the bottom of the spectrum of Hn[V], i.e. v[V] := inf spec(Hn[V]).

Lemma 3.1 Let the Schrodinger assumptions Q1 be satisfied. If q,,qp € R, then
V] = =0 — V- (3.1)

where V_(z) := 3{|V(z)| = V(2)}, z € Q, and 7o is given by (2.16).

Proof. We consider the quadratic form hlqa, ¢](-, ),

b
1
“ = —q, 2_ b)|? / —|f' 2d
blaos 0. ) i= =0l f@F = alfOF + [ 5o F @ do
f € dom(blqa,q,V]) = W2(Q), which is associated with the self-adjoint operator
H|[qa, qp,0]. The quadratic form §[qq, gp] (-, -) admits the estimate

R b
blaws )1 1) 2 5. F) = ~all@P + [fOP}+ o [ 1£(@)? do

where ¢ := max{0, qq, g}, cf. (2.17). The quadratic form H corresponds to the self-adjoint

operator H,

() =~ 5o (o), f € dom(H),
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dom() = {1 € W22(@) s o f'(@) = ~af (@) 5= '0) =af0)}.

A straightforward computation shows that A = —u?, u > qv/2m, is an eigenvalue of H if
and only if p satisfies the equation

— K+ qv2m
pulQv2m=In | ——— | .
H—qv2m

Hence, if A = —p? is an eigenvalue, then the estimate

— 2qv2m
w|2v2m <
@ p—av2m

holds. This yields

A= —2m 1+ S E U
=tz e a@fm \[1 " q@m [

Using this estimate we immediately verify (3.1). O

3.2 Elementary solutions and estimates

An important tool to investigate the dissipative operator H[V] are the so-called elementary
solutions defined by

1

Z[V](va(x,z)) - zva(ac,z), ’Ua(CL,Z) =1, 2m(a) v;(a,z) = —Kaq (32)
[V](p(x,2)) = zup(z,2), wvp(byz)=1 #(b)v,’,(b,z) = Kp. (3.3)

The existence of these solutions for each z € C can be proved by writing (3.2) and (3.3) in
integral form

Vo(x,2) =1 =2k, M,(x) + 2 /w dt (Mo (z) — Mo () (V(t) — 2)va(t, 2) (3.4)

and
b
vp(x,2) =1 — 2k Myp(z) + 2/ dt (Mp(z) — Myp(£))(V(t) — 2)vp(t, 2) (3.5)

where . .
M, (x) ::/ dt m(t) and My(x) ::/ dt m(t)

Since (3.4) and (3.5) are Volterra-type equations they have always solutions for any z € C,
in particular, for z = A\ € R. Moreover, one gets that v, and v, as well as =/, and %Uz,;
are absolutely continuous.

In the following the estimates are based on Gronwall’s lemma which we need in a slightly
generalized form.
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Lemma 3.2 (Gronwall’s lemma) Let u be a finite Borel measure on [a,b]. If the non-
negative continuous function g(-) : [a,b] — R obeys

0<g@)<C+ [ g dut). welatl C>o. (3.6)
[a,z]
then the estimate
g(x) < Cexp { / du(t)} . welab), (3.7)
[a,z]
holds.

The proof follows immediately from Lemma 5 of [15]. Using Gronwall’s lemma we are
going to establish bounds for the elementary solutions if A > 0. At first we prove this for
the special case V = 0 and later on we extend the result to V' # 0.

Let V = 0. We consider the the boundary value problem

1

[Olw(z, ) = dw(z, A), w(a,\) =p, e

w'(a,\) = q,
where p,q € C.

Lemma 3.3 Let the Schrédinger assumption Q1 be satisfied. If m has a finite total vari-
ation, then

2
< /Ip)? 2 .
for x € [a,b] and X\ > 0, where M is defined by (2.12).

Proof. We note that

_§%m%w(% A) = dw(z, \)

is satisfied for a.e. x € [a,b] with respect of the Lebesgue measure. Multiplying by
1

w'(xz, \) we get

1 1 d 1
i / — = — /
5 m(m)w (x,\) T m(x)w (z,\) )\w(x,)\)m(x)w (z,\)
which yields
1d]| 1 X d 2
2dx m(x)w (@A) = m(x) do (e, A)]

1
m(x

for a.e. x € [a,b]. Since )w’(x, A) is absolutely continuous we obtain

2 2
1 1 1 1
S| =

3 (@) 3 a0

" 14 )
—A/a P

for « € [a,b]. Since m has a finite total variation, the limits m(xz — 0) := limy;, m(y) for
z € (a,b] and m(x+0) := lim, |, m(y) for z € [a,b) exist. Further, we set m(a—0) := m(a)
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and m(b + 0) := m(b). Notice that m(z) and m(xz — 0) are different only on a countable
set. Hence we can replace m( D) by ﬁ above. Using the boundary conditions we get
e mal o [ L e
m(z) fa.a) Mt = 0) 7

for all « € [a, b] where the integral on the right-hand side is regarded as a Lebesgue-Stieltjes
integral. If m has a finite total variation, then by assumption ()1 the function % has a
finite total variation, too. By Theorem 21.67 and Remark 21.68 of [13] we get

2

1 d 2\ 2
hmmmw“” T o) @A = (3.9)
4|q2+n,?@lw(a,A)l2+2A [ ]\w(t,/\)|2 dp(t)

where p is the signed measure associated with L. Since % is of bounded variation, the

functions w(z) =i L and v(z) == w(z) — T E [a,b], are non-decreasing. Notice

that ( y = = w(z) — v(x). Thus we find

2 o w 2 _ w 9
/[m] w(t, M) du(t)—/[w]l (£ NI dus () / w(t, N2 dps, (1),

[a.x]

where p, and p, the measures associated with @ and v, respectively. Hence
/[ | ot A)? dp(t) < /[ | wo(t, V? duw(t), = € [a,b).

Inserting this estimate into (3.9) and using the boundary condition w(a,\) = p we get

1

2 1
- )\ 2<7 2 - 2 / t)\ 2 d wt b
m(z + 0) lw(z, A _)\|Q| + Ip|© + lw(t, N due(t), € la,b],

m(a) la,z]

which yields

IM%MFSm@+®(im2+m;wﬂ>+mw+®41”Mmew%@

for x € [a,b]. Since m(z) <™, = € [a,b], we obtain

o Sm(|q+mﬁ+m[]mmwﬁmaw

Applying Lemma 3.2, we immediately get

2 2 2 1 2 _
lw(z, \)|” < (Alql +mlp| )eXp{m/W] duw(t)}

for x € [a,b]. Hence

JL‘A|<\/Ipz’

Iql2 vm exp{?/{ | d#w(t)}
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for « € [a,b]. Finally, taking into account

b
1
o) < [ dua) <V o
/[aya?] [a,b] \a/m

we prove (3.8). O
We note that a similar lemma holds if the end point a is replaced by b.

In the following we consider the solutions wg(z, ) and wi(z, A) of the boundary value
problems

(0w @) = (), wﬂmM:1,2£@fﬁmA%:Q
(1[0Jwo)(z) = Awo(x,N), wo(a,\) =0, #@wé(a,)\)zl.

By Lemma 3.3 we have the estimates

[wi(z, )] <M and  |we(z, N)| < 1//\%@) M, z€[a,b, A>0.

Lemma 3.4 Let the Schridinger assumption Q1 be satisfied and let V € L (). If m has
a finite total variation, then

(IVlze), A1,

, =a,b, € Q, 3.10
UV +1—= A=), A<T1, o (3.10)

R,

(z,\)] < J

IESVIE { P

where R;(-) is defined by (2.13)

Proof. The solution v,(x, \) satisfies the integral equation
Vo (z, A) = wy(x, N) — Kqwo(x, N)+
/ dt {wo(z, w1 (t, X) — wo(t, Nwi(z, \)}V (t)va(t, N),

z € Q and A € R. Therefore, we have the estimate

[va (2, A)] <

im<1+|/<;a|,//\7jw)> + 92 //\nfw)/jdt [V (@) |va(t, )],

x € Q and A > 0. Applying Gronwall’s lemma we find

[va(, )| sm(umawmf@) exp{mﬁ/mjm)/zdt |V<t>|}

for x € Q@ and A > 0. If A > 1, then we immediately verify the first part of (3.10).

If X < 1, then v;(z, A) satisfies the equation {[V + 1 — Muvg(z, ) = vq(z, A). Taking into
account the first estimate of (3.10) we prove the second estimate. The proof for j = b is
similar. O
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3.3 Characteristic function

Let us introduce the operator-valued function T(z) : H — C2,

_ (@) -2 )0)
e = (Sl D ) w0

for z € res(H[V]) and f € L*(Q). Using Theorem 2.1 of [19], we find
1 —ap [Pdy v 2
T[V](Z)f: bj;? Y a(y )f(y)
aa [, dy ve(y, 2)f (y)
for f € L?(2) where W (z) denotes the Wronskian of the solutions v, (z, z) and wvy(x, 2),

ﬁvé(m, z) — vp(x, Z)%va (z,2),

2m 2m(x

W(z) :=v4(x, 2)

which is independent from z € (2. The adjoint operator is given by

(TIVI(2)"€) (z) = Wl(z) (~ralw, 2), ez, 7)) € (3.11)
x € Q, where ,
o (£)ee a1

and the right-hand side is regarded as a matrix multiplication. Similarly, we set

_ ( w((H[V] —2)"1f)(b)
T.[VI(z)f = ( —a (H[V]* = 2)71f)(a) )

for z € res(H*) and f € L?(Q). Using again Theorem 2.1 of [19]we find

o L[ [y vaa(y, 2) /()
B < ab [, dy v (y.2)f () )

where W, (2) is the Wronskian of the solutions v, (z, 2) := ve(x, Z) and v (2, 2) := vp(x, Z),

We(2) i= vua(2, 2) Vip(@, 2) = vup(, 2) Via (T, 2).

1 1
2m(x) 2m(x)
which also independent from x € 2. The adjoint operator has the representation
1

(TIV))'€) (@) = = (—ownalz, 2 vl 2)) €

€N, e C?

The operator H[V] can be (up to unitary equivalence) characterized by its characteristic
function z — O[V](z), with z € res(H[V])Nres(H[V]*), cf. [9]. The characteristic function
O[V](:) of the maximal dissipative operator H[V] is a two-by-two matrix-valued function
which satisfies the relation

OVIRTIVI(2)f =T [VI(2)f, =z €res(H[V]) Nres(H[V]"),
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f € 9. In terms of the adjoint elementary solutions the characteristic function can be
expressed as follows:

B 1 QZv,q(b, 2) —ap0y
OV](z) = Ic2 + ZW*(Z) ( —apog aZugla, z) )7

which can be written as
OV](z) = Icz —iaT[V](Z)",

z € res(H[V]) Nres(H[V]*), where the operator o : L?(Q) — C, is defined by
_ [ afb) — (6
of == (—olz)af(a)) , fedom(a) :=C(().

Notice that the operator « is not closed and not closable. The characteristic function
O[V](A) is a holomorphic on res(H[V]) Nres(H[V]*) and contractive on C_ UR, i.e. it
satisfies

IOV](z)]| <1 for zeC_UR.

In particular, it is well-defined and continuous on R, cf. [19]. We note that by Lemma 2.2
of [26] one has limy_, _ [|O[V](\) — Ic2||5(c2) = 0.

3.4 Phase shift

The phase shift w[V] is defined by
2mwlVIN) .= det(O[V](N), A €R,

where it is assumed that w[V](-) : R — R is continuous. Notice that the phase shift is
determined modulo Z. Since limy_,_ det(O[V](A)) = 1 by Lemma 2.2 of [26] we fix the
phase shift by the condition

lim w[V](A) =0.

A——00

Lemma 3.5 [26, Lemma 4.1] Let the Schrodinger assumptions Q1 and Q2 be satisfied. If
V € LY (Q), then the phase shift is holomorphic in a neighbourhood of R and satisfies

VIVIO) = SelVI() = 5t (TIVINTIVI)) <0 (3.13)

for X e R.

Lemma 3.5 shows that the phase shift is non-increasing. Moreover, since w[V](—o0) = 0
the phase shift is always non-positive, i.e w[V](A) < 0 for A € R. Let us introduce the
counting function

D[V](A) :=card{s < A: det(B[V](s)) =1}, AeR.
It turns out that the ®[V](+) is comparable with the counting function Np[V](-),
Np[V](A) :=card{s < A :s €spec(Hp[V])}, AeER.

where Hp[V] denotes the Schrodinger-type operator with Dirichlet boundary conditions.
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Theorem 3.6 [26, Theorem 4.7] Let the Schrédinger assumption Q1 and Q2 be satisfied.
If V e L (), then

Np[V](A) < ®[V](A\) < Np[V](A)+1, AeR.

Corollary 3.7 Let the Schridinger assumption Q1 and Qg be satisfied. If V € L (),
then

0< ~wlVI() < 2+~ VERRIVG T IV T (3.14)

for X e R.

Proof. Since —w[V](A) is non-decreasing by Lemma 3.5 the estimate —w[V](A\) < 1+
®[V](A), A € R, holds. By Remark 4.8 of [26] and Theorem 3.6 one gets

Np[VI() < =v/ZRRIVOF IV ie)s, A€R

which yields (3.14). O

3.5 Lipschitz continuity of the phase shift

We are going to verify the Lipschitz continuity of the phase shift by giving bounds for the
derivative of w[V].

Proposition 3.8 Let the Schridinger assumptions Q1 and Qo be satisfied and let V €
L2 (). If m has a finite total variation, then

WVIA) = wVIN)] < [QF LO[V[z)? A = N1, (3.15)

A, A € R where L(-) is defined by (2.14).

Proof. Since the phase shift is continuously differentiable it is sufficient to show
—w'[VI(A) <1Q| L(||V||L=)?, A € R. Taking into account Lemma 3.5 we get

2
! 1 *
VI = -5 SITVIN) ¢jll72, A€R, (3.16)
j=1
where
_ (1 q (0
€1 = 0 an ey 1= B
By (3.11) we find
2 ag b 2
”T[V]()\) €1||L2 = W‘/a dx |'Ua($,>\)| .

Let
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We note that |[EO[V](A)[|gc2) <1, A € R, and

. gy
tr(E A))=-2 AeR
HEOV(V) = 2L, AeR
which yields
Qg Qp
<1, MeR
W (N
Hence
ITVIO) erl2s < — /dxmm AER

Applying Lemma 3.4 we get the estimate

Ra[ [V +2— Xoll=]?

2 )
aa

ITVI(N) erll7= < 19

A€ X —1,00). (3.17)
where Ao := —||V||L — 70 and 7o is given by (2.16). By Lemma 3.1 one immediately gets
that (—oo, Ag) C res(H|[V]). Using the resolvent formula
(HV] =N = HV] = 20) " {T+ (A= 2)H[V] =N},
A € (—00, \g), we find the representation
TIVION) = TVI(ho) {T+ (A= A)(H[V] =27}, (3.18)

A € (=00, Ng). By I'lV] we denote the numerical range of H[V]. One easily verifies that
IV] C{z € C: Re(z) > Ao}. Applying Theorem 3.1 of [18] we get the estimate

1 1
HIV] = N Yszzq) < < =1
I(HV] =N sz < dist VLA = = o] =

for A € (—oo0, A\g — 1). Hence we find the estimate

|)\ Aol

=2
|)\ Aol

1T+ (A= 20)(H[V] =X e <1

for A € (—o0, A\g — 1). Further, from (3.18) we get
TVIA) er = {1+ (A = X)) H[V]" = )T [V](Ao) ex
for A € (—oo, A\g — 1). Using (3.17)

Ru[lIlV 42— Xo|lL=]?

ITVIA) erllz < 4 [T[VI(Ao) erllz- < 419 pe ; (3.19)
A € (=00, Ag — 1). Taking into account (3.17) and (3.19) we finally get
ITVI(A)*erll7> <419 Ral |V + i; AOHL‘”]Q, A eR. (3.20)
Similarly, we prove
ITVIO) e 2s < 4 fof TV £2=Rollee” (3.21)

2 bl
Qp
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From (3.16), (3.20) and (3.21) we obtain

v < 2 oy {RllV 2 Nollz=? | RlllV +2 - AoanP}

2 2
a? o

for A € R. Inserting A\g = —||V||z= — 7o into this formula and using the definition (2.14)
we obtain (3.15). O

3.6 Dilations

Since H[V] is a maximal dissipative operator there is a larger Hilbert space & D § and a
self-adjoint operator K[V] on K such that

PEK[V]—2) 9= (H[V]-2)"", Sm(z)>0, (3.22)

see [9]. The operator K[V] is called a self-adjoint dilation of the maximal dissipative
operator H[V]. Obviously, from the condition (3.22) one gets

PEK[V]—2)" 9= (HV]*—2)"" Sm(z)<0.

If the condition

clospan{z € C\R: (K[V] —2)"'9} =R
is satisfied, then K[V] is called a minimal self-adjoint dilation of H[V]. Minimal self-
adjoint dilations of maximal dissipative operators are determined up to an isomorphism,
in particular, all minimal self-adjoint dilations are unitarily equivalent. The self-adjoint
operator K[V] is absolutely continuous and its spectrum coincides with the real axis, i.e.

spec(K) = R. The multiplicity of its spectrum is two. For more details the reader is
referred to [19].

Definition 3.9 ( c.f. [22]) Let K be a selfadjoint, absolutely continuous operator on a
Hilbert space H and A be a bounded operator on H. Then A is called K-smooth if there
is a constant C'4 > 0 such that

“+oo ) . .
/ dt [ Ae~ "5 fI2, < 2x 3| 2 (3.23)

for all f € H. The smallest constant C4 is denoted by || Al|x.

Let us verify that the projection Pg‘ is K[V]-smooth. To this end we need the following
lemma which was proved in [26].

Lemma 3.10 /26, Lemma 5.3] Let the Schrédinger assumptions Q1 and Q2 be satisfied.
If V e L (), then

d

S ExvINPR S Pg)s = (TIVINVPE L. TIVIO) P e

for a.e A € R and f,g € R where Ekpy(-) denotes the spectral measure of the the self-
adjoint dilation K[V].
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Proposition 3.8 and Lemma 3.10 imply the smoothness of Pé:

Theorem 3.11 Let the Schridinger assumptions Q1 and Qo be satisfied and let V €
L (). If m has a finite total variation, then the projection P& is K[V]-smooth and the
estimate

1PNy < VIR LIV |z) (3.24)
holds where L(-) is defined by (2.14).

Proof. In accordance with [22] we set

| Expv)(A)PEF]?
ACR,feR, f#0 IALLf11?

as 1=

where A = (A1, \2) € R are bounded intervals of R and |A| := Ay — A1 denotes their
length. Then Theorem 5.1 of [22] states || P§ || x[v]) = /2. Thus, the K[V]-smoothness of
the projection P£ including the estimate (3.24) is shown if we verify

az < Q] L(||V]|=)*.
Using Lemma 3.10 we get that
1B QP = 3= [ A ITVIOVFIE.
We note that
ITIVIOVFIE < 11T VIO TIVIN) = £ te(TVITVI)),
A € R. Hence
1Bk (A)PS FII% < I1F1% i/AdA tr(TVI(ANTVI(A)).

Taking into account Lemma 3.5 we obtain the estimate

| Expy(A)PEFIZ < — (112 /A i W VI(N).

Hence we obtain

—

1Bk (A)PS |
I1£11%
Using (3.15) we find the estimate

£ < (wVI(M) = w[V](A2))

”EK[V](A)Pg.ﬂﬁ{
IA[IfII%

<19 LIV [z ).



UNIQUENESS OF DISSIPATIVE SCHRODINGER-POISSON SYSTEMS 19

3.7 Lax-Phillips scattering theory
The dilation space & admits the decomposition
R=D_aHeD,.
where Dy = L?(Ry,C?), see [19]. Since
e KVIp_ Ccp_, t<o,
e KVIip, CcDy, t>0

as well as

ﬂ e—itK[V]D_ — m e—itK[V]DJ’_ — {0}7
teR teR

e VID_ = | JeKIVID, = & (3.25)
teR teR

the subspaces D_ and Dy are called incoming and outgoing subspaces with respect to
e KWV cf. [1, Ch. XII] or [24]. Further, introducing the Hilbert space £,

Ro=L*R,CH=D_0D, CA=D_&9HdD,,

and the self-adjoint differentiation operator Ky,

(Kof)(w) = ~i--f(x), | € dom(Kp) = W' (R, C),

one easily verifies that D_ and D, are incoming and outgoing subspaces with respect to
e~ "o The Lax-Phillips wave operators are defined by

Wi (K[V], Ko; J2) =5 — lim KV e o

t—too

where the identification operators Ji : 8y — R are given by
f=J f=PYfo0oa0, fecf,

f=Jif:=0000PYf f€fo

Since ‘ ‘
efth[V]|D7 _ efltKO"D,7 t <0,

e—itK[V]|D+ — €_itK0|D+, t> 0’

the wave operators Wy (K[V], Ko; J1) exist. Using (3.25) one proves the completeness of
the wave operators, i.e. ran(Wx(K[V], Ko;Jx)) = K. For for details see [1, Ch. XII] or

o~

[24]. Defining the Fourier transform F : &5 — &9 = L*(R,C?) by

(FfY(N) = \/%/Rdx e" A f(x), feER, NER.
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one defines the generalized Fourier transform ®[V]: & — Ry by
O[V]:= FW_(K[V], Ko; J_)", (3.26)

cf. Remark 5.2 of [20], which is an isometry. Moreover, if M is the multiplication operator
defined by

~ ~

(M) =Af(N),  f € dom(M) ={
on the Hilbert space Ko, then M = ®[V]K[V]®[V]'.

~

S ./é() : )\f()\) c ﬁo}

=)

—

Lemma 3.12 Let the Schridinger assumptions Q1 and Qs be satisfied and let V.W €
L2 (). If m has a finite total variation, then the estimate

W (KW, K[V]) = Ia)ll gy < 27 [Q LV [|zoe) LW lzoe) [V = W[z (3.27)
holds where L(-) is given by (2.14).

Proof. Similar to formula (X.3.24) of [22] one has

(W (kW] KV) - 1) f.4) =
y /0 u ([W 7 V}Péefitl{[v]ﬁPgefitK[W].d) ,

for f,j € dom(K[V]) = dom(K[W]). Hence, we obtain the estimate

(ov- ). KW - 103) | <
1/2

1/2
IV = Wl (/ dtnPge-“K[V]fn?) (/ dtPée-”K[W]gn?) 7

f, € & Applying (3.23) and (3.24) we obtain

(v (kW1 K V) - I)f.g)
2|92 LV |z=) LAW l2=) |V = Wllz= 11 £l

] <

for f:j € R which proves (3.27). |

4 Carrier density operator and continuity

4.1 Carrier density operator

In the following an operator p : & — R is called a density operator if p is a bounded, non-
negative, self-adjoint operator. The operator g is called a steady state, if o commutes with
K|[V], see [20]. Thus any steady state g is unitarily equivalent to a multiplication operator
p on the Hilbert space L?(R,C?) induced by a density matrix p(-) € L>(R, B(C?)). In the
following we assume that the function p(+) is fixed. This leads to a steady state of the form

oVl =e[VI=p e[Vl (4.1)
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which depends on V. The reduced density operator gg[V] € B($) is defined
0s[V] = PgolV] 1 9.
Similarly, we define the reduced density operator gg (K[V]) € B($) by
95(K[V]) = Pgg(K[V]) I 9.
Notice that by the Schrédinger assumption (2.1) one has

0<o5[V] < gs(K[V]). (4.2)

Lemma 4.1 Let the Schrédinger assumptions Q1, Q2 and Q4 be satisfied. If V € L (Q),
then g (K[V]) is a trace class operator such that
0 < tr(gs (K[V]) < (|V-||1=)? (4.3)

where &(-) is defined by (2.18).

Proof. Let {1y}, be an orthonormal basis in §). By the spectral theorem

n

> (o (Vo) = 3oVt = [ dh o) 3 2 (Bicry (W i)
k=1

k=1 k=1

where we have used that the spectral measure Egy(-) of K[V] is absolutely continuous
with respect to the Lebesgue measure. Applying Lemma 3.10 we find

[ a0 By W) = 5 [ X gEWIOBL TV, ke N,
R

which yields

S UV t) = 3= [ dh o) STVIAWL TV

k=1

or

W‘
,_.

By (3.13) we get

L / dx g(\) tres (TIVIVTIVIN)) = — / A gV [VIN), A€R,
T JR
which yields

o7 [ 390 e TVINTIVION') = ~gelVIWRTES + [ dX g (lVI)
R R
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By Corollary 3.7 we have

1 —
—w[V](A) <2+ ;\/m|9|\/(>\ +IV-llze=)+
for A € R. We note that the conditions (2.2) and (2.3) imply
Jim VA g(\) =

Taking into account this property we obtain

or [ X9 e TVINTIVIN') = [ axg VI,
R R

Since g'(A\) > 0 for A <0 and ¢’(\) <0 for A > 0 as well as w[V](A) <0, A € R, we get

1

27 [, 90 e (TIVITIVIO)) <

+o00 o)
/ A gOI) < - [T ang ) (24 SVAERIVAT TV T ).
0 0

Integrating by parts we find

iﬁ / A\ g(N) tres (TIV]NTIVIN)?) <
R

1 = 9y
o) (2+ 2 VARIVIVTS ) + gl [~ an K0 —
which yields the estimate
;ﬂ dA g(A) tre=(TVINTVI(A)) <

\_/

(29 +*m/ ga

From (4.4) we get the estimate

(9(K[VDYr,vr) < (29 + —\/ﬂQ / i I ) +
1
— (O [V T~

for n € N which shows that >~ (¢(K[V])¥x, ¥y) is finite for any orthonormal basis of .
Hence, the restriction gg (K[V]) is a trace class operator. Using the notation (2.5), (2.6)
and (2.18) we obtain (4.3). O

22 + 2 ooy TV T

NIE

k=1

In the Hilbert space $) let us introduce the multiplication operator
(M(R)f)(z) = h(z)f(x), f€dom(M(h)) =29,

for functions h € L*(£2). Since ps[V] is a trace class operator the functional Z, given
by h — tr(os[V]M(h)) is well-defined on L>°(£2). Moreover, setting v,(A) := Z(xa) for
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Borel subsets A of 2 one defines a Borel measure on €2 which is absolutely continuous with
respect to the Lebesgue measure, cf. [20]. Its Radon-Nikodym derivative u,[V] € L*(Q)
obeys the relation

b
tr(o[VIM(h)) = / dz u,[V](z)h(z), he L>(Q). (4.5)

The function u,[V](-) is not negative and is called the carrier density for a given potential
V € L. The operator N,(V) : Lg°(Q) — Li(£2) defined by

No,(V) :=u,[V], V edom(N,):=Lg(Q),

is called the carrier density operator.

Proposition 4.2 Let the Schrodinger assumptions Q1, Q2 and Q4 be satisfied. If V €
L (Q), then
IN, (V) < B(|V-|lL=)? (4.6)

where &(-) is defined by (2.18).
Proof. From (4.5) one gets the estimate
lup VIl < lles[V]lls, (5) = tr(es[V])-
Using (4.2) we obtain the estimate
[up[V]lzr < tr(gs (K[V])).

Finally, taking into account Lemma 4.1 we verify (4.6). O

4.2 Lipschitz continuity

Further, it was shown that the carrier density operator is continuous, i.e., if V,, L V,

1
then N, (V) L, N,(V). We are going to show that the continuity of the carrier density
operator can be improved to bounded Lipschitz continuity, cf. Definition II1.1.2 of [12].

At first let us prove the following lemma.

Lemma 4.3 Let g(-) be non-negative, continuously differentiable even functions obeying
(2.2). The condition (2.4) is satisfied if and only if

l9(A) = g(p)| < ¢ max{g(A), g() A — pl (4.7)

holds for A\, pn € R.

Proof. We assume A < u. Obviously, we have
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which yields
o
o) =gl << [ o) ar
where we have used (2.4). Let A € R;. Since g(A), A € Ry, is decreasing by (2.2) we find
l9(1) =gV < egN)(p—A), 0< A<y,
which yields (4.7). If A <0 < p, then
l9(1) = 9(N)] = lg(p) — g(=A)| < emax{g(n), g(=A)}Hp + Al < emax{g(n), g(A)}Hpr — Al
which also yields (4.7). The case A < p < 0 follows from the case 0 < \ < p.
Conversely, if (4.7) is satisfied, then tending u to A we obtain
/)] < cmax{g(V), gV} = cg(N), A€R,
which proves (2.4). O
Next we consider the operator G[V] := 1/g(K[V]) | $ acting from $ into 8.

Lemma 4.4 Let the Schridinger assumptions Q1, Q2 and Q4 be satisfied. If V € L (),
then G[V] € B2(9,R) and

1GVIllBs (9,0 < SUIV-l2=) (4.8)
where &(-) is defined by (2.18). If V,W € L (), then
IGIV] = GIW]lgy(5.0) < ¢ (B(IV-lz) + S(IW-[z=)) [V = WL~ (4.9)

Proof. By
GV, 5.0 = t1(GIVI*GIV]) = tr(gs (K[V]))

and Lemma 4.1 one gets (4.8). Further, from (2.4) and Lemma 4.3 we obtain that
19Q0) = g(W)] < emax{g(A), g()}A = ul < e (g(A) +g() [A = pl, A peR,
which yields
2
Vo) = V)| (Ve + Vo) < ¢ (Vo) + Vo) IA—ul- ApeRr,
Therefore we get

‘\/Q(T)—\/Q(T)‘SC(\/Q(T)JF\/Q(T)) A—ul, ApeR.

Hence, if we put

VI -V
(A=) (Vo + /()

then |h(\, 1) < ¢, A, u € R. Since the operators V and W act only on the subspace $) we
get A/GVI(V-W)+(V-W)\/G[W] € B2(R). Applying the technique of double operator
spectral integrals [5, 6, 7] we find the representation

VIEV]) — /g (K[W]) =
/R /R W 1) dE sy (N (GIVI(V = W) + (V — W)GIW]*} dE g (10).

h(A, p) ==
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which yields \/g(K[V]) — \/g(K[W]) € B2(f). Moreover, we find the estimate

| VoKD = V&I, <
ANIGV]Ia(0,0 + IGWsa(0,9F 1V = Wlss)-
Since G[V] := \/g(K[V]) | § and G[W] := \/g(K[W]) | $ we obtain
IGIV] = GWlig, (6,0 < ¢ {IGIVlBa(o.9 + IGIW]lls5,0 ) IV = Wllses).-
Using (4.8) we finally get (4.9). O

Proposition 4.5 Let the Schrodinger assumptions Q1, Q2 and Q4 be satisfied. If m has
a finite total variation and V,W € L (), then

INo(V) = Nl < £V |z, [Wlzoe) [V = W[ e (4.10)

where £(-,-) is given by (2.19).

Proof. By (4.5) we get

b
/ da (up[V](2) — u,[W](2)h(z) = tr((es[V] — 09 [W])M (1))

for any h € L>°(Q) where g[V] and p[W] are defined in accordance with (4.1). By (3.26)
we have

o[Vl =W_(K[V],Ko) F" p F W_(K[V], Ko)*
and
o[W]=W_(K[W],Ko) F* p FF W_(K[W], Ko)"

The wave operators W_(K[V], Ky) and W_(K[W], Ky) exist and are complete; conse-
quently, the wave operator W_(K[W], K[V]) exists and is complete. Moreover, the repre-
sentation

W_(K[W], Ko) = W_(K[W], K[V)W_(K[V], Ko)
holds. For brevity we set W_[W,V] = W_(K[W],K[V]) as well as W_[W] :=
W_(K[W], Ko) and W_[V] := W_(K[V], Ky). Let us introduce the matrix valued function
po(A) = g(N)p(N), AeR.

By assumption Q)4 one has
0<po(A) < Ic2, AER.

Using this notation we find the representation
05 [V] = 0o [W] = GIV]"0o[VIG[V] = GIW]" 0o W]G[W] =

|-
(GIV]" = GIW]") 0o[VIG[V] + GIW]" 00 [V] (G[V] — G[W]) +
GIW] (00[V] = 00o[W]) G[W].
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Hence, we get the estimate

los[V] = 05 [W]ll5, (5.8 <
{IGV]IBas,2) + 1GIW]l By, } |GIV] = GIW |3, (5.5) +
IGIW]lB(s,2) 1GIWIB,(59.5) loo[V] — o[W]ll5(s)-

By the representation

00[V] = 00[W] = 0o[V] = W_[W, V]go[VIW_[W,V]" =
(Ig = W_[W, VD)oo [VIW_[W,V]* + 0o[V](Ig — W_[W,V]")

and Lemma 3.12 we obtain the estimate
loo[V] = ao[W]lssy < 4m [Q LIVILIW] [V = WL

By Lemma 4.4 we get

los[V] = 0o Wiz, (5.0) < (c (BVlL=) + B(IW]|z=)) "+

A [Q L([V[| o) L([Wlze) S([[V]| =) @5(||W||Loo))||V — Wil

which proves (4.10). Taking into account the definition (2.19) we verify(4.10). O

5 Dissipative Schrodinger-Poisson system

5.1 Rigorous definition

By W,?(Q) we denote the subspace of Wh2(Q) given by W, %(Q) := {f € W"2(Q) :
f(a) = f(b) = 0}. Tts dual space with respect to the scalar product < -,- > of L%(Q) is
denoted by Wy ().

At first we will give a rigorous definition of Poisson’s equation and afterwards define what
we will call a solution of the dissipative Schrodinger Poisson system. We define the Poisson
operator P : Wp'*(Q) — Wofﬂé’z(ﬂ) as usual by

dv dg

b
< Pu,g >:/ dxeag, v e We?(Q), gEW()l”D%(Q).

Further, we set Py := P [Wgﬁ(ﬂ). The operators P and Py are linear and bounded. We
have
| < Pu,s > | < lelllollwalislye:

Hence P is continuous. Furthermore, one has the estimate

lellwre < VI+HIQ ¢ 2 @ € Wy ().

Thus, we get by (5.1)

el < I1/ellLeov/1+192 < Pop,p >, ¢ € Wy ().
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By the Lax-Milgram lemma the inverse operator P; ! exists and its norm does not exceed

/€]l e /T + 92, ie.
PG w2 ey < [11/ellzev/T+ 12 (5.1)

Definition 5.1 Let u* € L'. We say that ¢ € Wﬁéz satisfies Poisson’s equation with
boundary conditions ¢(a) = ¢, and @(b) = @, if ¢ := ¢ — @ € Wy'*(Q) and the equation
Po¢ =C + E1u+ — Fiu™.

is fulfilled, where @ is defined by (2.7).

Definition 5.2 We say that ¢ € WIRl{’Q(Q) is a solution of the dissipative Schrodinger-
Poisson system if

1. the carrier densities u™ € L'(Q) are given by u® = Npii (ViE+ P+ ExC), ¢ = 90—,
and

2. ¢ satisfies the Poisson equation.

5.2 [Existence of solutions and estimates
Let us introduce the non-linear mappings Q : L& () — Wy3(Q),

Q) =Pyt (C+ EINA (Vi +8+0) - BN, (Vi —5-v)),  (52)
¢ € dom(Q) = L (), and Qoo : L () — L (2),

P € dom(Qs) = LF (). It was shown in [2] that the dissipative Schrodinger-Poisson
system admits a solution if and only if Q. admits a fixed point. Moreover, if (o, € L ()
is a fixed point, i.e., Qo (Cx) = €0, then ¢ := &+ O((s) is a solution of the dissipative
Schrodinger-Poisson system. If (o, € L (£2) is a fixed point, i.e. (oo = Qoo({s0), then one
has the estimate

oo llzoe = 1Qac(Coo)llz(@) < 1P w12ty X (ICHly 1.2+
e N (V5 + @+ Gl + 21N (Vg =@ = Gao)llzn ) -
Taking into account (5.1) we obtain
ol = 1Quc(Cor)llw () < 211 /elliw v/ T+ x (IClyrat  (5:3)
etV (VG + 8+ Coo)lln + 1V (V™ = 8= Goo)lla ) -

Applying Proposition 4.2 we find

IV (Ve + 8+ Gl < B + BEIOVE + 8+ Goo)—
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which yields

IVE (V™ + 8+ Goo)llzr < By + BiA/IVe" + @l + B VVlI¢ooll -

Similarly, we obtain

IN-(Vo- =@ = Goo)llr < By + Bra/IVy = @llee + Br v/ [[Gooll £oe-

Inserting these estimates into (5.3) we find

[¢oollzee < Do + D1/ ||Coo || L (5.4)

where Dy and D are given by (2.8) and (2.9). From (5.4) we obtain the estimate

[Coollzee <70 (5:5)

for any fixed point of the map Q. where ry is defined by (2.10). So the following theorem
is proven:

Theorem 5.3 [3, Theorem 4.8] If the Schrédinger and Poisson assumptions are satisfied,
then the dissipative Schridinger-Poisson system always admits a solution. Moreover, for
any solution ¢ € W]é’Q(Q) the estimate ||¢@oo — @||L> < 19 holds.

We note that the radius rg depends only on the Schrodinger and Poisson data. Therefore,
if the Schrodinger and Poisson data are fixed, then the radius r¢ is fixed.

However, Theorem (5.3) does not answer the question whether this solution is unique.

5.3 Uniqueness

Now we are going to give conditions under which the solution of the dissipative Schrédinger-
Poisson system is unique.

Theorem 5.4 Let the Schridinger and Poisson assumptions be satisfied. If m* have
finite total variations and the condition 8 < 1 is valid, where 8l is given by (2.21), then the
dissipative Schrodinger-Poisson system admits only one solution.

Proof. Let (., and ¢/ two fixed points of Q... From (5.2) we get the representation

Coo = Clo = BoPg B { (N (V) = N (W) = (N (v =N (W)}

13 p

where
Vi=Vh+8+C¢e and WT:=V;m+5+ ¢

and
!

Voi=Vy + 804G and W =Vy + 6+ (.
Hence we find
160 = Collzee < €XlIPy g2 ey X

« {HNpt(V*) —N;(WJF)HLI + HN;_ (Vo) —N‘_(W*)’
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Using (5.1) we obtain

1600 = Clallzoe < €Tl /elloe v/ 1+ 10 x
{|Nr v =i )| v ) = )|

p

o)

L
Applying Proposition 4.5 we get
1600 = Clallzoe < X[ /elloe v/1+ 102 x
<ALV H e, W F L) + €7V oo, W )} 6o — Collzoe
We have
IV llzee < IV + Bllz + ICoollze <7
where we have used the estimate (5.5) and r} is defined by (2.11). Similarly we prove that
W g <)

and

V7 llzee <vpand  [WT e <7y
where we have used the definitions (2.11). Since

SV [ poe, [WH ) < £5(rF 1)
we obtain

1600 = Chollzee < eF[[1/ellze V1419 £ [1¢o0 = ol

where £ is given by (2.20). Hence, if condition (2.21) is satisfied, then ||(oo — ¢4 ||z> has
to be zero which proves the uniqueness. ([l

5.4 Uniqueness and shrinking

Our next aim is to show that a dissipative Schrodinger-Poisson system admits always a
solution if || is small. To this end we introduce the following

Definition 5.5 Let ' C Q and let ® = Q NP be Schrodinger-Poisson data of the device
Q. We say @' := Q' NP’ are shrunken Schrodinger-Poisson data of ® if

Q= {m* 1wy, my Vo T2, p") and P = {CT Qel Q' pa,00}-

The corresponding dissipative Schrodinger-Poisson system is called a shrunken dissipative
Schrodinger-Poisson system.

Definition 5.5 means that we leave unchanged the boundary coefficients /if,ngt of the
dissipative Schrodinger operators and the density matrices as well as the boundary values
of the inhomogeneous Poisson equation but we restrict the effective masses m*, the external
potentials Voi, the doping profile C' and dielectric permittivity € to the subinterval §2'.

We note that the quantities (2.5)-(2.21) except (2.15) in fact depend on the interval .
We express this fact by adding in notation the term [Q], for instance, BE[Q], BI[9),
e1)(x), - .., U
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Theorem 5.6 Let the Schridinger and Poisson assumptions be satisfied and let m* have
finite total variations. A shrunken dissipative Schrdodinger-Poisson system admits a unique

solution if ||, Q' C Q, is sufficiently small.

Proof. By Theorem 5.4 it is sufficiently to show that limsup)q/_o U[Q2] = 0. Since

m* <m*(zx) <m*, ze,
we obtain from (2.5) and (2.6) that

lim BF[QY] = 2¢F lim B[] =0.
am By [€¥] =2¢7(0) and am By (€] =0

Since
181 | o< () < max{|eal, s}

we find
Ve 1 + @[] Ly < IV5 | (@) + max{|al, los]}-

Taking into account this estimate and using ||C | Q' ||w-1.2 < [|C|lw-1.2, €1[¥] <

obtain
lim DF[Q]=0 and lim DF[Q]=0
|©2/|—0 |©]|—0
which yields
lim r5[Q]=0
am o €]

and

lim‘é}llporf[ﬂ’] < V5™ ll o () + max{|al, ol }-

Since \/Z/, (1) < \/Z =, ' = (d,V), we get

lim sup i)ﬁi[Q/] < ME[Q).
|/ —0

Further, we have

lim sup Ri(r1 Q) < MEQ <1+|fii|,/ )
|2]—0

using Lemma 3.1, (2.16) and (5.6) one gets

Jim (2] + 20319 = 4Tt

which yields

lim sup Ri(2r1 (] + 29[Q]) <
12/[—0

(+Hi|\/7)exp{4qimi(9ﬁi[ﬂ])\/7} j=a,b.

|| we

(5.6)
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Using

that we obtain

lim sup LE(E[Q]) < ME[Q]exp {4qimi(9~ni [Q])? \/T} X

D)t ()

By
1 Q) = /29%(0).
m}‘rgot’ﬁ (r 1)) 9=(0)
we have
Jim £ (] 5 Q) = 8567 (0).
Therefore, we finally obtain
Jim 2[0] = 8(cg*(0) + <97 (0)
where
L] = e [ Q] r{ 1) + £7 (rp (], 77 [2]).
Since lim|o/|_0 €1['] = 0 we find limq/|_o 4[] = 0 where

U[Q] := 2[V]V/1 + || L[]

Applying Theorem 5.4 we see that for sufficiently small domains ' C Q the solution of
the dissipative Schrédinger-Poisson system is unique. O

6 Remarks

Let us comment the results.

1.

Comparing the existence Theorem 5.3 with Theorem 4.8 of [2] one observes that
Theorem 5.3 proves the existence under weaker assumptions. In particular, the
Schrodinger assumption Q4 is weaker than Assumption 4.2 AT of [2]. The assump-
tion @4 is close to a necessary condition. However, both proofs use the Schauder
fixed point theorem.

. In contrast to [2] the proof of the crucial estimate (4.6) of Proposition 4.2, cf. Theorem

3.1 of [2], is now based on the phase shift and its asymptotic behaviour at —oo and
+00.

The asymptotic properties of the phase shift are established by a detailed investiga-
tion in [26].

The uniqueness proof is essentially based on the Lipschitz continuity of the carrier
density operator, cf. Proposition 4.5 which heavily rests on the Lipschitz continuity
of the Lax-Phillips wave operators, cf. Section 3.7. This continuity relies on Kato’s
theory of smooth operators, cf. [22, 23].

The results of the paper, in particular the results of Section 5.4, suggest the possibility
that the solution of the dissipative hybrid model, cf. [4], is also unique provided the
quantum zone is sufficiently small.
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