SMILANSKY’S MODEL OF IRREVERSIBLE QUANTUM
GRAPHS, II: THE POINT SPECTRUM

W.D. EVANS AND M. SOLOMYAK

ABSTRACT. In the model suggested by Smilansky [6] one studies an opera-
tor describing the interaction between a quantum graph and a system of K
one-dimensional oscillators attached at different points of the graph. This
paper is a continuation of [3] in which we started an investigation of the case
K > 1. For the sake of simplicity we consider K = 2, but our argument
applies to the general situation. In this second part of the paper we apply
the variational approach to the study of the point spectrum.

1. INTRODUCTION

In Smilansky’s model of irreversible quantum graphs, the interaction between
a quantum graph and a finite system of one-dimensional harmonic oscillators
attached at various vertices of the graph is studied. The paper [6] may be
consulted for the physical background and motivation, and [5] for a survey of
recent work on quantum graphs. Our concern here is the spectral analysis of
the self-adjoint operator which generates the dynamical system, and it suffices
to have a precise description of the analytic problem. This paper continues the
study in [3] where a detailed description of the problem may be found and a
survey of earlier results in the literature given. As in [3], we consider the case
of two oscillators attached to the graph constituted by R at vertices 1. This
special case retains the main features of the general case without obscuring the
argument with technical complications.

On a formal level, the problem is described by the differential expression

2 2

14 14
(1.1) AU = U + 7*(— p +@U) + - (“Ug + ¢>U)

for v € R, g+ € R, together with the following ‘transmission’, or ‘matching’
conditions across the planes z = +1 in R3:

U:;(1+7Q+7Q—) - U:;(]'_7Q+7Q—) - a+Q+U<07Q+7q—)7

(1.2)
Up(=14,04,9-) = Up(=1—,q4,q-) = a-q-U(0, 4, 9-).
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The parameters a4 are real and can be assumed to be non-negative since, for
instance, replacing o, by —a, corresponds to replacing ¢, by —¢g, and this
has no effect on the problem to be investigated. The parameters v, are fixed
positive numbers throughout. To shorten our notation, we set o = (o, )
and v = (v4,v_).

Let xn, n € Ny, be the normalized Hermite functions in L?(R). The sequence
{Xn}nen, is then an orthonormal basis in L?(R) and any U € L*(R?) can be
written as

Ulxr,qs,q-) = Z U () Xom (@4 ) X (9= )

m,neENy

for some u,,, € L*(R). We write U ~ {u,,,,} to indicate this representation.
The mapping U — {u,,,} is an isometry of § = L*(R?) onto the Hilbert space
(2(N3; L*(R)). For U ~ {umn} we have AU ~ { L, ntm.n}, where

(1.3) (Lppnu)(z) = —u"(x) + rpnu(z), r # +1;

(1.4) P = Vo (m +1/2) + V2 (n +1/2), m,n € Ny.
The number
roo = (V3 +17°)/2

plays a special role since it appears in the formulations of all our basic results.
The conditions (1.2) at x = £1 become

D [ (Wxm(@)xn(g-) = > arqixm(@)xalg-),

(1 5) m,n€ENg m,neNg
> (=D )xn(a-) = Y amgxm(as)xa(g-),
m,nENy m,n€eNg

where we have used the notation
[w'](a) :=v'(a+0) — u'(a—0).
On using the recurrence relation

VE+ Ixe1(q) — V2axi(q) + VExi—1(g) =0, g€ R,

the matching conditions (1.5) reduce to

) (1) = 5 (Vi + T (1) + Vit 1.(1))

Q_

(1.6) ,
el (~1) = < (VT T2 (=1) Vit 1 (1)

The operator realization of (1.1) and (1.2) in the Hilbert space $, which we
denote by A4, can now be defined. Its domain D, is given by
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Definition 1.1. An element U ~ {uy,n} lies in Do, if and only if
1. Upy, € HYR) for all m,n;
2. for allm,n, the restriction of u,,, to each interval (—oo, —1), (—1,1), (1, 00),

lies in H* and moreover,
2 .
E /|Lm7num7n| dr < 00;
m,n R

3. the conditions (1.6) are satisfied.

Along with the set Dg ,, we define its subset
‘D:)z,u = {U € Da,u U ~ {Um,n} ﬁnite},

where by finite we mean that the sequence has only a finite number of non-zero
components.

The operator Ay, in § is defined on the domain D, by
Ao U ~A{Lypumn}t for U~ {unn} € Doy

where L,,, is given by (1.3). We denote the restriction of Ay, to Dg,, by
Al .
The following statement is proved in [3], Theorem 2.3.

Theorem 1.2. The operator Ag, is self-adjoint for all oy > 0, and is the
closure of Ag, .

Our main goal here, as well as in the preceding paper [3], is to study the
spectrum of the operator A, , for different values of the parameters a.. In-
formally, the mains results of both papers can be summarized as follows: the
spectral properties of a K-oscillator system can be described in terms of the
corresponding properties of K appropriate one-oscillator systems. To obtain
these one-oscillator systems, one divides the original graph into K pieces in
such a way that each part contains only one point at which an oscillator is
attached, and these points should not belong to the new boundary appearing
as a result of the division. On this new boundary we put an additional bound-
ary condition, for instance the Dirichlet condition. For our case (I' = R and
the oscillators attached at £1), it is most natural to take x = 0 as the point
of division. Let us denote the corresponding operators by Ag, .. ..; see [3],
section 2.4 for details.

The following theorem is proved in [3], Theorem 2.6.
Theorem 1.3. Let

l/:t\/§
Pt = .
Q4
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1 If py > 1, then oqc(Aaw) = [rop,00) = [(VE +12)/2, 00).

2. Let py =1 and p_>1, orp_ =1 and py > 1. Then
Oac(Aay) = [1/3/2, 00) or Oac(Aay) = [1/3_/2,00)

respectively.

3. Let iy = pi— =1, then 040 (Aay) = [0,00).
In all the cases 1 — 3 the multiplicity function m,. (\; Aa,), is finite for all
A€ 04 (Aay) and is given by

ma.c.()\; Aa,l/) - Z n‘ta.c.(A - V% (n + 1/2)7 AR+;O¢+;V+)
(1.7)

4. Let max(py,p—) < 1. Then
Ua.c.(Aa,u) = Ru ma.c.()\; Aa,u) = OQ.

In the present paper we are concerned with the point spectrum below the
threshold 7y in the case that py and p_ are both greater than 1. Below
N_(\;T), where A is a real number, stands for the number of eigenvalues
(counting multiplicities) of a self-adjoint operator T, lying on the half-line
(=00, A), provided that this part of the spectrum is discrete. We also set
Ny(\T)=N_(—)-T).

On the qualitative level, the main result of this paper can be described as
follows.
For any py, p— < 1 the number N_ (roo; Aay) is finite and asymptotically

N_ (ro0; Aaw) ~ N_(V7 /2 Agyapwy) + No(V2 /2 Ar_ia_w),

1.8
(1.8) roo =(v5 +12)/2, pe |1

In order to give the precise formulation, we need to describe the behaviour
of the terms on the right-hand side of (1.8), and to explain what we mean
when speaking about the asymptotics in two parameters. To achieve the first
goal, we present a result which is a special case of Theorem 3.1 in [9], see also
(3.10) in [8]. Let I' = [a,b] (with the standard change if a = —o0 or b = o0)
be a finite or infinite interval and o € IntI'. Consider the operator Ar.,,, in
L*(T x R), defined by the differential expression

2

AU = —U" + %(—U;’z +2U)

22
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and the matching condition
Uz(o+,q) = Up(o—.q) = aqU(o,q),

cf (1.1) and (1.2). If T # R, the Dirichlet or the Neumann boundary condition
is posed on OI' x R. We do not reflect the type of this condition in our notation.
If I' = R, we drop the index I' in the notation of the operator.

Proposition 1.4. For any a € (0,vV/2) the spectrum of the operator A,
below the point v?/2 is non-empty and finite, and the following asymptotic
formula is satisfied:

1 1/\/§

IS

It was assumed in [8] and [9] that v = 1, the general case reduces to this
special case by scaling.

(1.9) N_(1*/2; Ara) ~ 11

«

Our next theorem, together with the subsequent explanation of uniformity
of the asymptotics, gives the precise meaning to (1.8). In the formulation of
its second part an arbitrary positive function ¢ (¢) on (0, 1) which is o(t~'/4) as
t — 0 is involved. We also define the set

(110)  Qu:={(z,9): V(@) <y<1, VY(y) <z<1y, V)=
Note that the co-ordinate axes are tangents of infinite order to {2y at the origin.

Theorem 1.5. 1. If py := ﬂyi/ai > 1, then Aq, is bounded below and its
spectrum in (—o0,To) is non-empty and finite.

2. Let W be chosen as in (1.10). Then, uniformly for (1 —u;', 1 —pu=') € Qy,
1 1

~ + , L1
N2 ) a2 —y

Now, let us explain what we mean by ‘uniform asymptotics’. It means
that on the domain (1 — pi*, 1 — ') € Qy there exists a bounded function

D(py, p—), such that ¢(puy, p-) — 0 as pp — 1 and

1
- _171/24_ 7_171/2
4\/5((N+ ) (:U' ) )‘

<Oy, ) (g = )74 (o = 1)77).

The technical ideas which lead to this result were explained in the introduc-
tion to [3]. Here we only note that for py > 1 the operator A4, is bounded
below (see Theorem 2.1), which makes it possible to apply the variational ap-
proach. In contrast to the operator domain of the operator A, ,, its quadratic
form domain for py > 1 does not depend on the parameters a... This signifi-
cantly simplifies the analysis. In particular, we do not need to divide the graph

N_ (7“0,0; Aa,u)

|N, (TO,O; Aa,u) -



6 W.D. EVANS AND M. SOLOMYAK

into two parts, as we did in [3]; cf. (2.9) and Theorem 2.8 there. In our proof
of Theorem 1.5 we will be dealing with the operators A, ., (i.e., the corre-
sponding graph is I' = R) rather than with Ag, ..., as in (1.8). According
to Proposition 1.4, the passage from Ry to R does not affect the asymptotic
behaviour of the function N_ for these operators.

We mostly use the same notation as in [3]. However, in this paper we have to
take special care in order to distinguish between the operators which correspond
to the one-oscillator and to the two-oscillator cases. We always denote the first
as A, , and the second as A, ,, with the boldface «, v in the indices. Besides,
we almost never drop the index v in the notation.

2. VARIATIONAL DESCRIPTION OF A, , FOR py > 1

2.1. The quadratic form as,. If U ~ {unn} € Do, the quadratic form
anu|U] = (Aa, U, U) is given by

(2.1) an U] = alU] + a b [U] + a_b_[U],

where, in the notation (1.4),

(2.2 V)= 30 [ (@ + )
(2.3) by[Ul =Re > V2muyq(Lumn_1.(1),
(2.4) b_[U =Re > V20 tmu(—1)ttgn(—1).

m,n€Ng

In (2.3) and (2.4) we took by default that u_;,, = 0 and u,, 1 = 0 for all
m,n € N.

The quadratic form a (which is the same as ag,) is positive definite in $).
Completing the set Dy, with respect to the ‘energy metric’ a[U], we obtain a
Hilbert space which we denote by d.

Let us define Hi, where 7 > 0 is a real parameter, to be the Sobolev space
H'(R) with the scalar product

(2.5) (), = [ (@) + 7% w)ala) ) d

and the corresponding norm ||ul|,. The space d can be naturally identified
with the orthogonal sum of the spaces H\l/W. The topology in d does not
depend on the values of v4.

Our next goal is to prove the following
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Theorem 2.1. Let gy > 1. Then the quadratic form as, s bounded below.
If py > 1, then aq,, 1s closed on d and the corresponding self-adjoint operator
in §) coincides with Aq,,.

For the proof we need some auxiliary material. Let I, be the two-dimensional
space of functions v € H 71 which for x # +1 satisfy the equation

—v" + 4% = 0.

Evidently, each function v € H,} is uniquely determined by its values at the
points £1. The space F, was discussed in [3], sec. 3.1. In particular, it was
shown there that for any v € F, one has

26 W) = e (o) —e Pu(—p).  p==L

1—e

It follows from (2.6) that the mapping v — ([v'](1), [v/](—1)) maps F, onto C2.
Denote by II, the operator of ortogonal projection (in the scalar product
(2.5)) of the space H} onto F,.

Lemma 2.2. For anyu € H$ its projection 11 u is the function v € I, defined
by the conditions

(2.7) v(£1) = u(£1).
Proof. Let v,w € J,. We have

R </ / /)“_”wH(u—vm)dw
(/ /1 /)u—v SR

(1) = (u(=1) = o(=D)[w](~1).
The integrand in the second line vanishes and we get
(u = v, w)y = =(u(l) —o(D)[w](1) = (u(=1) = v(=1)[w](=1).

By (2.6), the set of all possible pairs ([w/](1), [w'](—=1)) covers the whole of C?
which implies the result. 0

Lemma 2.3. For all u € H],

(2.8) 2y(Ju(=D)F + [u(D)*) < 1 +e7*) /R (1'[* ++7[ul?) dz

The constant is optimal. The equality in (2.8) is attained on the one-dimensional
subspace in H formed by the functions v € F, such that v(1) = v(—1).
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Proof. Given a function u € H;, take v = IIyu. Then

= ol =l = (e, = ull = | (7 + 5%07) do,
Integrating by parts as in Lemma 2.2 and denoting u(1) = A, u(—1) = B, we
get
lu =I5 = [lull3 + A['](1) + B['](-1).
On using (2.6) and (2.7), we find from here:

% _
0 < flu—ol2 = flul? - 1_—2_47 (A(A—e2B) + B(B - e A4))

27y 2ye~ 2
_ 2 40 2 N A B 3
=l = s (AP +BP) — A~ BP,
whence the Lemma. O

2.2. Proof of Theorem 2.1. We obtain from (2.3):
1
biU]<5 Y (\/2m+ V2(m + 1)) WP < S V2m + (1)
m,n€Np meENp,neEN

and similarly

b_[UJ< Y V2n+ Lupa (-1
meN,; neNy
Given a number k£ > —r(, denote

(2.9) Ymm(K) = A/ Tmn + k.

The conditions gy, pu— > 1 imply
max(ayv2m + 1, _v2n 4+ 1) < 27,,,(0).
Hence,
& V2T Ut (D + V20 T it (~ 1)
< 2%mn(0) ([t (1)1 + [ttmn (= 1)) -

Applying Lemma 2.3 with v = 7, ,(k) and k a positive constant to be chosen
later, we obtain

(2.10)
iV 2m + o (D) 4+ a-v2n + Lt o (=1) ]2 < C(myn, k)|[tmn|l 3 o
TYm,n
where

7m,n(0>

C(m,n, k) = )

(1+ 6_277"*"(]‘3)).

Now we show that
(2.11) C(m,n, k) <1, VYm,n € N,
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provided that £ is large enough. To this end, consider the function
Al =0 =kt (1+e), >k k>0,
then
Cm,n, k) = fi(ymn(k)).
Note that fi(kY/?) = 0 and fx(t) — 1 as t — oco. Hence, (2.11) will be proven

if we show that f;(¢) > 0 for all ¢.
We have

k(1+e 2
fl(t) = t3(1( —+/{:t_2)2/2
(1+ e 2 + 2te 2k — 23~ k—2t3e72
t3(1 — kt=2)1/2 31— k)
and the desired result follows for k& > 27¢73/4 = max (2t3¢~2).
On taking k such that (2.11) is satisfied, we derive from (2.10):

jasb o (U +ab (U < D iz

m,n€Ng

. 2(1 . kt72)1/2672t

— 2
=AU+ kU,

5o, the boundedness below of a, ,, for all 1y > 1 is established. The closedness
of this quadratic form for all py > 1 easily follows from here, cf. [1]. Since
the operator A, , has a unique self-adjoint realization, it necessarily coincides
with the operator associated with the quadratic form aq .

3. THE SPECTRUM OF A, , BELOW 7.

We next prove that the spectrum below r( is finite and non-empty, and in
the process, give an alternative proof of part 1 of Theorem 1.5. Our argument
is similar to the one in [9] where the one-oscillator case was studied.

3.1. Finiteness. For some L € N, let us consider the quadratic form a4 ,, see
(2.1), on the set

(3.1) dP = {U ~ {umn} : tnn(£1) =0, m+n < L}.

For the operator Agf 3,, associated with the quadratic form aq . 1d®), the sub-
space

HE = LU ~ {tyn} i =0, m+n > L}

is invariant, and the part Agf o) of Ag ) in §B decomposes in the orthogonal
sum:

(3.2) ALY = 3 (A4,

m~4n<L
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2

where A = —-L, with domain H*(R). Since

0(A) =0,0(A) =0, 00),
it follows that

(3.3) o(ALL)) = 00 (AL)) = [ro0,00).

«,

An explicit expression for the multiplicity function m, . (A; ASf, ;;)) immediately
follows from (3.2), but this is omitted.

On repeating the argument in section 2.2 with & = 0, we have that for
Ued, U LHH

aau U] = Z (1 — max{p; ", pZ H1 + e*QVm,n(U)))

m+n>L

X /(|u’m’n|2+rm7n|um7n|2) dx.
R

Let Afj .7 stand for the part of A, in the subspace (§2))+. Tt follows from
the above inequality that for any Ay > 0 it is possible to choose L sufficiently
large, to ensure that

(3.4) (ALDU,U) = Mo|U|.
Hence, in view of (3.3),

(3.5) o(AE)) = [rg 0, 00),

R
o

(3.6) Ua,c.(Aofz,) D [10,0, Xo)-

The passage from the operator Aq, to A(aL, ), corresponds to the passage
from the quadratic form domain d to its subspace d®) of finite co-dimension.
In its turn, this corresponds to a finite rank perturbation of the resolvent.
Such perturbations do not affect the absolutely continuous spectrum and its
multiplicity. Hence,

ma.c‘<)\; Aa,l/) = ma.c.()\; A'(aL72}>7 A€ [TO,Oa OO)
This immediately leads to (1.7) for 799 < A < A and therefore, for all A > 7.

Besides, the number of eigenvalues of A,, which may appear below rg
under such a perturbation, does not exceed the rank of the perturbation and
hence, is finite.
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3.2. Non-emptiness of o0,. To prove that the spectrum below 79 is non-
empty, and hence complete the proof of Theorem 1.5, we apply the argument
used to prove the analogous result in [7], Theorem 6.2. It is sufficient to find a
function U € d which is such that

(3.7) A U] < ro0||U|1%.
Choose U ~ {1y, } as follows. We take
upo(z) = —e Y2 min(1, e~ Ell=),

with € € (0,1) to be chosen later. Note that
/ |u6’0]2dac =1, uppo(£1) = —e7 2
R

We also take uy o(z) = e~ l==1l up () = e~ l#+1l then uo(l) = ug (—1) =1

and
/|U/170’2dl’:/|u671’2d1’:/|u170’2d;(;:/|u0’1’2dx:1_
R R R R

We take all the other components u,,,, to be zero. For such U we have
o [U] — 10| U5
= Jao (ool + [ut o + [ug 1 [ + V3w o + 12 uoa ?) d
v 20 u1 0(1ugo(1) + vV2a_ug 1 (—1)uge(—1)
=3+12+12 -V 2(a) + o).

On choosing ¢ sufficiently small we obtain a function U which satisfies (3.7).
This completes the proof of part 1 of Theorem 2.1.

4. ASYMPTOTICS: REDUCTION TO A PROBLEM IN /2

4.1. Removing the component u (. In what follows it is convenient for us
to consider the quadratic form as,, defined in (2.1), for the elements U ~
{tmn} € d subject to the additional conditions

(4]_) Uop(].) = u0,0(_l) =0.

For any a < vyv/2 the quadratic form Aq,u, restricted to this domain, gener-
ates in § a self-adjoint operator, for which the subspace

530,0 = {U ~ {U0,0>0a0, .- }}

is invariant. The part of this operator in £y is _Ug,o + 79,0Up,0 under the
conditions (4.1) and it has no spectrum below r9o. Removing this subspace
yields the Hilbert space

9° ={U ~ {umn} : upo =0}

and the quadratic form ag, ,, = aq, [d°.
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_ _ 2 2
Ymm = Ymn(—Top) = /vim +vin,

cf (2.9). We shall consider d° as a Hilbert space with the norm given by

2 - % / (It + 72 ltmnl?) dat

m—+n>0

Below we denote

(42) UG = a’[U] = roo||U]

and the corresponding scalar product (.,.)ge. The norm ||U||go and the “energy
norm” (/a[U] are equivalent on d°. On the whole of d this is not true. This
explains, why the passage from d to d° is useful.

Let Ag, , stand for the self-adjoint operator in §°, associated with the qua-
dratic form ag, ,,. It follows from the variational argument that

(4.3) 0 < N_(r0,0; Aaw) — N_(100; Ag,) < 2, Ve > 1.
Therefore, both counting functions have the same asymptotic behaviour as

pt |1

According to the variational principle,

(4.4) N_(ro0; Ag,,) = min codim F

Eec&

where € is the set of all subspaces E C d° such that
a’ [U] > T'QoHUH?:Jo, YU € E.

o,V

The latter inequality can be re-written as

(4.5) |U|3e + ayby[Ul+a_b_[U] >0, VUEE.

4.2. Shrinking the space. Our next goal is to show that it is enough to take
the maximum in (4.4) over the set of subspaces E C F where

5= 3 7,

m~+n>0

(recall that the two-dimensional spaces F, were defined in section 2.1). Indeed,
in the variational description of the non-zero spectrum of a self-adjoint operator
T one can always consider only the subspaces orthogonal to ker T. Let us apply
this remark to the operator B in d°, generated by the right-hand side in (4.5).
It follows from Lemma 2.2 that the orthogonal complement to J in d° is given
by
Tt ={U ~ {tmn} : Umn(1) = tpn(—1) = 0.}

Therefore, ¥+ C ker B, which yields the desired result; see [8], proof of Theo-
rem 3.1, or [9], proof of Theorem 10.1, for further details.



SPECTRUM OF IRREVERSIBLE QUANTUM GRAPHS 13

Now we construct a convenient orthogonal basis in F. It is enough to choose
a basis in each component F, . To simplify notation, in calculations below
we drop the indices m, n.

The functions u®(x) = e~ 7*F form a linear basis in F,. We have

=2y,  (ut,u), =2y

+12
Kl
where the norm and the scalar product are taken in Hi, see (2.5). Let now

(4.6) N ut 4 zeu” B u” + zeut
. =_—— =
|ut + seu=|l, |u= + zeut|,

for a constant . These are normalized and are orthogonal in H$ if and only
if 22 4+ 2e* 3¢+ 1 = 0. We choose the root

(4.7) w=—e +Vehr — 1= —%e%(l +0(e™));
then
(48) o=t TS = 29(1 4 5 + 267 ) = 29(1+ O(e™)).
Also, using the equation for s, we find

V) =0T (=)=p"" T (=) =v(1)=—sp
where

p=p(l—e )2

Below we indicate the dependence of v, s and p on m,n. In particular, we
write vy, .. Note that by (4.7), (4.8) we have

(4.9)
—29m,n
o = == 5 (1+0(E™™ ), prn = v/ 29mn (1+0(e707))

Let U ~{C}f v, +C v} € T, then the mapping

m,n“mmnm m,n
U €={Cpn Crn}

is an isometry of F onto the Hilbert space § = ¢*(N2\ {(0,0)}). We denote by
G* the subspaces in G, formed by the elements

et = {C;rz,n’ 0}7 C = {07 C??Z,n}
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respectively. On d° the quadratic forms b, become

b, [U] = b, [€]
V2
= Y Rl — 50 Con ) (C 1y — 10 Con 1)),
m—+n>0 PrmnPm—1n
b_[U] = b’ [€]

_ Z ﬂRe[(C_ — 2 Cri ) (Crr

~ ~ m,n m,n—1
pm,npm,nfl ’ '

- %m777«—10:1,n—1)] ;

m—+n>0

and the quadratic form ag, ,, becomes

a, ,[Cl = [|ClI5 + a; b/ [C] + a_b_[C].

o,V

Denote by B/, the operators in G associated with the quadratic forms b/, ; then
the operator associated with af, , is T+, B/, +a B’.
It follows from this construction and (4.4), (4.5) that

(4.10) N_(rop;Ag,) = N_(0;I+a B’ +a_B") = N, (1;—a.B, —a_B").

Consider now the case when one of the parameters a is equal to zero. Below
we denote

a; = (ay,0), a_ = (0,a_).

For oo = ey the equality (4.10) can be re-written in the standard form of the
Birman — Schwinger principle:
(4.11)

N_(ro,; ASx+;V) = N+(0@1§ -B), N_(ro,0; A(c)x_;u> = Ni(aZh;—B).

4.3. Structure of the operators B/.. Denote by b/, the leading terms in
the expressions for b/, i.e.

bl =ble] = 3 2 Re(c, T

~ mn~"m—1n
m+n>0 PmnPm—1n

V2n

PmnPmmn—1

b’ [€] = b"[C7] = Re(C. . .C ).

m,n~—"mn—1
m+n>0
Let B, stand for the corresponding operators in G*.
Now we are in a position to explain the scheme of our further analysis. It
is natural to expect that the number N_(0;I 4+ o,B’ + a_B’), is close to
N_(0; (I+ + 4B ) @ (I- + a_B")). Indeed, consider the operator

Xo=I+a;B, +a B )— (I +a;B))® (I +a_B")

(4.12) =a. (B — (B ®0))+a_(B_ - (0&B")),
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then
(XaC,€)g = ay (b [€] = bL[ET]) + a_(b.[C] — b [CT]).

This quadratic form is expressed by a sum of terms with exponentially decaying
coefficients, and adding this sum cannot affect the asymptotic behaviour of the
function N_. Further, the behaviour of N_ for the operator involving B’ is
easy to understand, due to its special structure.

So, our immediate task is to take care of the errors coming from the difference
b’ [C] — b/L[C]. Each term in these quadratic forms involves at least one of the
tactors s, 1, #m—1n, #mn—1. We have

Ymp = A/ ViM+vin > 8Vm+n, 6 = min(vy,v_).

Note also that by (4.9) the factors v/2m/(Pmnpm—1.n)"" and V20 (P nPmn-1) "
appearing in the expressions for b’,, bl are bounded uniformly in m,n. Taking
this into account, applying the Cauchy — Schwartz inequality, and using the
asymptotic result (4.9) for s, ,,, we come to the inequality

bLlE] = bLe][ <c Y e Ve[,
m+n>0
with some ¢ < 0o and a positive § < §’. Now it follows from the variational
principle that the consecutive eigenvalues of the operator |X,| do not exceed
the numbers cmaX(Oer,a,)e_%\/m, repeated twice and then rearranged in
decreasing order. Hence, given an ¢ > 0, we derive an estimate, uniform in

ar < ve/2:
(4.13)  Ny(g|Xa]) < # {(m,n) € N? : Cpe20Vmin E} < Rlog*(K/e),

with some R, K > 0. Note that another way to obtain this inequality is based
on the connection between the eigenvalues and the approximation numbers of
a compact operator, see [2].

Now, let us consider the operator Ag,.,. Since a_ = 0, the variable ¢_ can
be separated and the operator decomposes into the orthogonal sum (see (1.5)
in [3])

®
Aa+;u = Z (Aa+;V+ + Vz(n + 1/2>)~
n€Np
This decomposition yields
(4.14) N_(r00; Aa,w) = Z N_(V2)2—=v*n;An, ).
n€eNp
For a; < v4V/2 the operator A,,,, is non-negative (see [7]), therefore the

sum in (4.14) has only a finite number of non-zero terms. Besides, the terms

corresponding to any n > 0, are finite, since the essential spectrum of A,, ..
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is [v7,00). Taking into account that by (4.3) the asymptotic behaviour as
oy — v4\/2 of the function N_(rg;.) for the operators Ao, and AY I8
the same, we conclude from (1.9) that

1
N_(ro0; AL, . vi/2; A0, 0 ——, L.
( 0,0 -+ ) ~ N_( +/ +5 +) 20 = 1) py L
From the last equality and (4.11) we derive that
1
N_(0;I+a,B)=N,(a;"';—-B _— 1.
( +BY) +( j: L)~ 1200, - 1) pt |

The analogous equality is valid for the operator B’ .
The same asymptotic formula holds for the operators B, :

1
(4.15) N_(0;Ie +auB) ~v ———, e |1
4/ 2(py — 1)
This follows (for the ‘plus’ sign, say) from the evident equality
N_(0;I; + ayBY) = N_(0;I1+ B} & 0)

and from the estimate (4.13) for the case a_ = 0.

5. PROOF OF THEOREM 1.5, PART 2

The proof is based upon (4.10) and the equality
I+a,B +a. B = (I +a;B})®(I_-+a_B")+X,
where the last term is given by (4.12).
Set ny = py —1= Vif — 1 and M = (4/2)"'. Then (4.15) means that

there exist two non—negatlve functions ¢4 (p), defined for puy > 1, vanishing
as p+ — 1 and such that

(5.1) [N (0; Ls + @xBY) — M(pe — 1)712] < o (ps) (e — 1)72,

To determine the asymptotic behaviour of N_(0;I+ o B’ +a_B’), we have
to estimate the smallest co-dimension of subspaces in G on which

(52) €3+ €3+ aub'let] + o b'[e] + (Xa,C)g 2 0

for all C. By (4.13), for any € > 0 there exists a subspace K(g) C G such that
(5.3) codimX(e) < Rlog"(K/e),

and for all € € K(¢)

(5.4) (XaC.€)g| < €]} = =(Ie*[3 + e[,

|
Choose ¢ € (0,1) to be such that a. /(1 —¢) < v/2v4, or equivalently,
(5.5) Ne > el
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Let L. () be subspaces of G+ of co-dimension N_(0;I+ + {=B') which are
such that N
€15+ _igb;;[ei] >0, VCteli(e)

Then, for C € (L1 (e) & L_(e))NK(e) the inequality (5.2) is satisfied. It follows
that

F(ne,n-) == N_(0;I+a,B), +a_B’)

5.6 .
(56) B+ N_(0:I + la—_gB’L) + Rlog*(K /e).

<N_(0;I
= (a++1_€

By (5.1), this gives
Fns,n-) < {M + oy (1= e)ps)} (ny —epy)™?
+{M + o_((1—e)pu_)} (n- — ep)""* + Rlog" (K /e).

The inequalities (5.5) guarantee that the estimate (5.1) with py replaced by
(1 — €)us and, correspondingly, n+ replaced by ne — epy is still valid.

Now we choose ¢, keeping in mind to optimize the right-hand side in (5.7).
Let U(t) be a function described in (1.10). Since 1(t) = o(t~/*), on choosing

€= 8(/”’4‘7:”*) = -V <m1n{7]—+7 77__ > 3

we find that the inequalities (

(5.7)

5.5) are satisfied. For if ny/u, <mn_/u_, then
e<Wng/pe) < W(n-/p-) <nyfps <m-/p-.
Also, € = o(n+) as ny — 0.

Introduce the function

(g, =) = o (1 —e)p )Lw (1 —e)p )L/2
AR Ty —ep)2 T T —ep )V

It is well-defined for (1 — p3', 1 — pZ') € Qu and @(py, p_) — 0 as pgp — 1.
The inequality (5.7) turns into

~1/2 ~1/2 ~1/2 —-1/2
F(neyn-) < Mo+ My~ + o(ug, ) (07 +07'%) + Rlog! (K /e).
By (1.10), the last term here is o(nfﬂ) and so
~1/2 —1/2 ~1/2 ~1/2
F(ns,n-) < My + My~ 4 ®(up, po) (2 + 0~ '?)

where ® is a bounded function, defined on the same domain as ¢ and having
the same properties. The estimate is uniform for (ny /py,n-/n_) € Q.

To obtain the lower estimate we again choose X(g) as in (5.3). There is a
subspace L(e) of G of co-dimension N_(0;I + a;B’, + a_B’ ) which is such
that

|€]|§ + b [€] + a_b"[C] > 0, Ve € K(e).
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Then, for C € G(e) N K(¢e),
€115 + arbi[e] +a-b”[C] > <[ C[3.
It follows that

Qi a_

N_(0;I; + . BY)+ N_(0;I_ +

+e€ l+e
< N_(0;1+ a B +a_B.)+ Rlog"(K/e),

B”)

and so

F(ny,n-) > N_(0;1; + 1

a a_

J:gBi) + N_(0;I_ + 1—+€B’L) — Rlog*(K/¢).

The rest of the argument is the same as for the upper estimate. Actually

it is easier, for if pi(e) = V2ui(l + ¢)/ax, then (1 — p;'(e),1 — uZ'(e))

automatically lies in Qg if (1 — p3', 1 — pZ') does, and ps(s) — 1 as pg — 1.
All in all we have therefore shown that there exists a bounded function

D (4, ) on Qg which vanishes as (py, ) — (1,1) and such that, uniformly

for (n4/ps,n-/p-) € Qy,
N_(ro0; AL ,) — M ? — My~ 2| < ®(pup,po) (7711/2 + niW) -

The proof of Theorem 1.5 is therefore complete.

6. ACKNOWLEDGMENTS

The work on the paper started in the Summer of 2004 when one of the
authors (M.S.) was a guest of the School of Mathematics, Cardiff University.
M.S. takes this opportunity to express his gratitude to the University for its
hospitality and to the EPSRC for financial support under grant GR/T01556.

REFERENCES

[1] M. Sh. Birman and M. Solomyak, Schridinger operator. Estimates for number of bound
states as function-theoretical problem, Spectral theory of operators (Novgorod, 1989),
1-54. English translation: Amer. Math. Soc. Transl. Ser. 2, 150, Amer. Math. Soc.,
Providence, RI, 1992

[2] D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Oxford
University Press, Oxford 1987.

[3] W. D. Evans and M. Solomyak, Smilansky’s model of irreversible quantum graphs: I.
The absloutely continuous spectrum, Journal of Physics, A: Mathematics and General.
38 (2005), 1-17.

[4] 1.C. Gohberg and M.G. Krein, Introduction to the theory of linear non-selfadjoint oper-
ators in Hilbert space. Izdat. “Nauka”, Moscow 1965. English translation: Amer. Math.
Soc., Providence (1969).

[5] P. Kuchment, Graph models for waves in thin structures, Waves Random Media 12
(2002), no. 4, R1-R24.

[6] U. Smilansky, Irreversible quantum graphs, Waves in Random Media, 14 (2004), 143 —
153.



SPECTRUM OF IRREVERSIBLE QUANTUM GRAPHS 19

[7] M. Solomyak, On a differential operator appearing in the theory of irreversible quantum
graphs, Waves in Random Media, 14 (2004), 173-185.

[8] M. Solomyak, On the discrete spectrum of a family of differential operators, Funct.
Analysis and its appl., 38 (2004), 217-223.

[9] M. Solomyak, On a mathematical model of the irreversible quantum graph, St.-
Petersburg Math. J., 17 (2005), in press.

SCHOOL OF MATHEMATICS, CARDIFF UNIVERSITY, 23 SENGHENNYDD ROAD, CARDIFF
CF24 4AG, UK
FE-mail address: EvansWD@cardiff.ac.uk

DEPARTMENT OF MATHEMATICS, THE WEIZMANN INSTITUTE OF SCIENCE, REHOVOT
76100, ISRAEL
E-mail address: michail.solomyak@weizmann.ac.il



