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Abstract

We present basic results, known and new, on nontrivial solutions of periodic sta-
tionary nonlinear Schrodinger equations. We also sketch an application to nonlinear
optics and discuss some open problems.

0 Introduction
We consider the nonlinear Schrédinger equation (NLS)
—Au+V(z)u=£f(x,u), zecRY, (1)

with superlinear subcritical nonlinearity f, f(x,0) = 0. Our basic assumption is peri-
odicity of V(z) and f(x,u) in z with respect to some lattice A C RY. For the sake of
simplicity in the following we assume that A = Z" is the standard integer lattice in RY,
i.e. the functions V(x) and f(z,u) are 1-periodic in each variable x;, © = (21, x2,...,TN).
We are interesting in nontrivial solutions of equation (1) such that u(oo) = 0.

Problems of such kind appear in many applications. For instance, in condensed matter
physics, the states of atomic gas are described by wave functions (¢, z) that satisfy the
Gross-Pitaevski equation (see, e.g., [14])

iy = —AY + Vo(z)y — afy|*y

(the so-called mean field approximation). Condensed states confined in a finite region
(Bose-Einstein condensates) correspond to the wave functions ¢ = u(z) - exp(—iwt) where
the amplitude u(z) vanishes at infinity, i.e. standing waves. Here Vj(x) is the external



electric potential which can be periodic. Making use the standing wave Ansatz, we arrive
at the equation of the form (1). Another field of applications, gap solitons in photonic
crystals, will be discussed in Section 7 below.

There is a number of papers dealing with periodic NLS and its solutions vanishing at
infinity. First, the case when the operator —A + V' is positive definite was considered. In
[24] the author has proved an existence theorem using the Nehari variational principle (see,
e.g., [38]) and concentrated compactness results [20]. (Even more general asymptotically
periodic case was treated in that paper). Later P. H. Rabinowitz [30] has obtained the
existence of nontrivial solutions under less restrictive assumptions on the nonlinearity
f. Moreover, in [13] V. Coti Zelati and P. H. Rabinowitz have proved the existence of
infinitely many multi-bump solutions, imposing some condition of general position.

In general, it is known (see, e.g.,[32]) that the spectrum of the self-adjoint operator
—A +V in L2(RY) is purely continuous and may contain gaps, i.e. open intervals free of
spectrum. So, it is possible that 0 is in a finite spectral gap and the operator —A + V' is
not positive definite. In this case first existence results (under very strong assumptions
on the nonlinearity) were found in [4, 15]. Later C. Troestler and M. Willem [37] and
W. Kryszewski and A. Szulkin [17] have proved the existence of nontrivial solutions under
much more natural conditions. Their proofs are based on a generalized linking theorems
applied to the corresponding action functional. The original proofs of such linking results
required new degree theories in order to overcome the lack of compactness and find at
least one Palais-Smale sequence. Moreover, in [17] it is shown that there exists infinitely
many geometrically distinct solutions, provided the nonlinearity is odd. It is not known
whether these solutions are multibumps. In [7], T. Bartsch and Y. Ding considered the
case when 0 is a boundary point of the spectrum and, in addition, gave a simpler proof
the generalized linking theorem. In [25], the author and K. Pfliiger suggested another
approach to the periodic NLS based on periodic approximations and standard critical
point theorems. This approach goes back to P. H. Rabinowitz [30] who considered the
positive definite case. Later the same idea was applied to other problems [26, 27, 28]. See
also [1, 4, 5, 15, 11, 19, 39| for some other results on NLS.

Now we list the basic assumptions. Let

F(z,u) = / f(zx,s)ds.
0
(1) V €= (RY) is a 1-periodic function in each z;, i =1,...,N.
(i) f:RNYXR — R is a Carathéodory function® that is 1-periodic in each x;, i =1,..., N.

(ii1) |f(z,uw)| < C(1+|ulP~!) where2 < p < 2%, 2* := 2N/(N—2) if N > 3 and 2* := +o00
ifN=1,2.
(iv)

ess sup |f(z,u)| = o([u]), uw—0.
TzeRN

!This means that f(z,u) is measurable in € RY for all u € R and continuous in u € R for a.e.
r € RN,



(v) There exists ¢ > 2 such that
0<qF(x,u) <uf(r,u), u#0.

Assumption (7) implies that the operator —A +V with the domain C*(RY) is essen-
tially self-adjoint in L?(RY). Denote by L its self-adjoint extension and o(L) the spectrum
of L. The last assumption is the following

Y

(vi) 0 is not in o(L). In addition, in the case of ‘=’ in equation (1) we assume that

info(L) <0.

This assumption implies that there is a maximal open interval (—a_,ay ), with agx > 0,
free of the spectrum (gap in the spectrum). In the case of ‘+’ sign it is possible that
a_ = 0o. However, in the case of ‘-’ sign both o~ and a are finite, i.e. 0 is in a finite
gap. We set v := min[a, a_]. Note that « is the distance from 0 to o(L).

The power nonlinearity f(z,u) = h(z)|u|P~?u, with positive 1-periodic h € L>®°(RY)
and 2 < p < 2*, satisfies all the assumptions. The cubic nonlinearity (p = 4) is admissible
if N = 1,2 or 3. The last nonlinearity is important for many applications (see, e.g.,
Section 7). Note that in the case N = 1 assumption (iii) can be replaced by the following
one. For any h > 0 there exists a constant C'(h) > 0 such that

ess sup |f(z,u)] < C(h) if |u] < h.
z€RN

Assumptions (i7i) and (v) mean that we consider subcritical superlinear nonlinearities.
For some results for the critical periodic NLS we refer to [12]. Another important problem
concerns the existence of solutions to (1) vanishing at infinity in the case of asymptotically
linear nonlinearity (see a remark in Section 7). Some results in this direction can be found
in [19], but the problem is still not well understood.

As it follows from (v), the nonlinearity f(x,u) does not change sign when x changes.
In the case of periodic NLS with sign changing nonlinearity the existence of vanishing at
infinity solutions is a completely open problem that may have interesting consequences in
the theory of gap solitons (see discussion in Section 7).

Now we summarize the principal result.

Theorem 1 Under assumptions (i)—(vi) equation (1) has a nontrivial weak solution u €
HY(RYN). This solution is continuous and decays exponentially at infinity.

In subsequent sections we present the proof and discuss some related results. We give
also an application to the problem of existence of gap solitons in photonic crystals.

Throughout the paper we deal basically with the case of ‘+’ sign in (1) and only point
out minor changes needed to cover the case of ‘—’ sign.
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1 Abstract critical point theorems

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||, and J a
functional on H of the class C*(H). Denote by J'(u) the Gateaux derivative (gradient) of
J at the point u € H. Recall that u € H is a critical point of J if J'(u) = 0 and ¢ = J(u)
is the corresponding critical value. We shall use the following Palais-Smale condition:

(PS) Any sequence u,, € H such that J(u,) is bounded and J'(u,) — 0, i.e. Palais-Smale
sequence, has a convergent subsequence.

Now we present the Linking Theorem (see [29, 38] for the proof). Let H =Y & Z,
p>r>0and let z € Z be such that ||z|| = . Define

M:={u=y+Az:|ul <p,A=0,y €Y},

My:=0M ={u=y+ X z:yeY,|u]|=pand A >0, or ||u]| < pand A =0},
N:={ueZ:|ul|=r}
We say that the functional J on H possesses the Linking Geometry if
b:= inf J(u) > a := sup J(u).

ueN u€Mp

Theorem 2 Suppose J satisfies (PS) and possesses the Linking Geometry with dimY <
oco. Let

:= inf J
¢ = Inf sup (v(w))

where
I''={yeC(M,H):v=1id on M,}.

Then ¢ is a critical value of J and b < ¢ < sup,eps J ().

Note that in the case Y = {0} Theorem 2 reduces to the Mountain Pass Theorem
(see, e.g., [29, 38]).

Sometimes one can drop the assumption dimY < oo in the Linking Theorem. The
following result was obtained in [9].

Theorem 3 Assume that the functional J possesses the Linking Geometry and satisfies
the following assumptions

() J(u) = 2(Au,u) + b(u) where u=u1 +uy €Y ® Z, Au= Ajuy + Asus A1 : Y =Y
and Ay . Z — Z are linear bounded self-adjoint operators;

(77) b is weakly continuous and uniformly differentiable on bounded sets;

(777) Any sequence u,, € H such that J(u,) is bounded from above and J'(u,) — 0 is
bounded.

Then ¢ defined in Theorem 2 is a critical value of J such that b < ¢ < sup,eps J(u).

Note that in the case of Theorem 3 the functional J satisfies the Palais-Smale condition.



2 Variational setting and periodic problem

Throughout this section we will suppose assumptions (i)—(vi) to be valid.

Let @y, be the cube in RY, with the edge length k, centered at the origin. Denote by
Ly a unique self-adjoint operator in L?(Qy) generated by —A+V with periodic boundary
conditions. We can (and will consider) this space as the space of all k-periodic functions
from L2 _(RY). Note that o(L;) is discrete and is a subset of o(L) (see, e.g., [32]). Let
Ej = H]..(Qx) be the subspace of H},.(R") that consists of k-periodic functions. This is
just the form domain of L. Endowed with the standard H'(Q}) norm, Ej is a Hilbert
space. We also set E = H'(R"). This space coincides with the form domain of L.

Let E; (respectively, E, ) be the intersection of Fj with the positive (respectively,
negative) spectral subspace of Ly. Similarly we introduce the subspaces E™ and E~ in
E. Tt is easily seen that Ef = (E,)* and ET = (E7)%. Thus, Ey = E, & E} and
E), = E; ® E;f. These decompositions define the orthogonal projections P,j[ onto E,f and
P* onto E*. For the sake of convenience, we introduce new inner products (-,-); and
(+,+) in Ej and E, with corresponding norms || - || and || - ||, so that

/ (Va? + V(@)uP) de = —[[ul}. for ue By,
Qk

| OVal + V@l de = ful} for we B

k
and
/ (|Vul® + V(z)|u]*) dr = —|lu|* for ue E™,
RN

/ (|Vul* + V(z)[u*) dz = ||lul|* for ue E".
RN

These norms are equivalent to the standard H'-norms independently of k, i.e. there exists
a constant C' > 0, independent of k, such that

al/QHUHHl(Qk) < ”qu < CHUHHl(Qk)

and
al/QHUHHl(RN) < lull < Cllull g @ry.-

On the subspaces E,f and E7T the constant a can be replaced by ay. Moreover, the
constant C' can be chosen independent of V' when V runs a bounded subset of L>(RY).
Consider the action functionals

1 .
Ti(w) = S (1Bl = 1P wl) 4[/ F(z,u)de =

Qk

_ %/k(]VuP + V@)l F F(z,u)) de



and

T = 5Pl = 1P ul) 5 [ Pl de =

1

= — / (|Vul* + V(@) |ul* F F(x,u)) dx

2 RN

on Ej and E, respectively. From the standard Sobolev embedding theorem (see, e.g.,
[2, 21]) it follows that these functionals are well defined. One can also check that they
are of the class C'! and the derivatives are given by the formulas

b)) = (B = (P | flauyvds =

— / (Vu - Vo + V(x)uw F f(z,u)v)dz, Vv € E

k

and

(J'(u),v) = (PTu,v) — (P u,v) F f(z,u)vdr =

RN

= / (Vu - Vo + V(z)uww F f(z,u)v)dz Yv e E.

Therefore, critical points of these functionals are weak solutions of (1), k-periodic in the
case of J and vanishing, in a sense, at infinity in the case of J.

Recall that the gradient VJi(u) € Ey (resp., VJ(u) € E) is defined by (VJi.(u),v), =
(J.(u),v) (resp., (VJ(u),v)r = (J'(u),v)) for all v € Ej, (resp., v € E).

Lemma 1 There exists a constant C' > 0 independent on k such that for any nontrivial
critical points ug € Ey of Ji, and u € E of J, with critical values ¢ and ¢ respectively, we
have

lunlle < Clle? + [exV7),  flull < C(le[V? + [e]7)

where p' :==p/(p — 1) is the conjugate exponent.

Proof. From ¢ = Ji,(ux) and J},(ux) = 0 we obtain

n] = Vetaw) = 5 (), )| 2
1 1
> (5 - 5) o [z, ug)uy de. (2)

From assumptions (7ii)—(v) we have the inequalities

[f(z,w)]* < Cuf(w,u) if |ul <1, (3)



f(z, )P < Clu|P VPV f(z,u) = Cuf(w,u) if |u] > 1. (4)

Let
By = {x € Q| Jmn(x) < 1}
Then from (2)—(4) we obtain

el > C ( / o))+ /Q W np dx) (5)
where C" = (¢ — 2)/(2¢C). Hence

Lo [ P <Jal/C
By,

b= [ U@ <l
Qr\By

Let yr, = Py ug and z, = Pug. From (J](ug), yx) = 0 and Holder’s inequality we see that

1/2 1/2
lysl? = — ; Fla, wyr de < L2 yils + L il
k

where ||, stands for the standard L"-norm. Then the Sobolev embedding theorem implies

ol < € (1% + 57 el

Clearly, the same argument works for z; and we obtain
el < € (177 + B 1zl

These two inequalities imply the first estimate of the lemma. Similarly, we obtain the
second one. O

Remark 1 Similarly, we obtain the following more precise estimates
P lugll g < Cller " + a7, @l mny < Cle + (e 7).,

Lemma 2 There exist constants €1 > 0 and €5 > 0 independent on k such that for any
nontrivial critical points ux € Ey of Ji. and u € E of J we have ||ug||x > €1, ||u]] > e,
FJp(ug) > €2 and £J(u) > e.

Proof. Consider ‘+’ sign case. Assumptions (i7i) and (iv) implies immediately that
for any € > 0 there exists C. > 0 such that

[f(z, )] < elt| + Celt.



Since J(ux) = 0, then (J;(ug),vr) = 0 for any vy, € Ey. Take vy = u = P u. Then we
have

||ukuk—/ o e <

Clellurll2@ulluf 2@ + Celluallfaig, lud llru)
< C( el i+ Cellaanl 1 i 1)

where we have used the Sobolev embedding theorem. Similarly, taking vy = u, = P us
we obtain

Juclfe = [ f ) do <
Qk
— —1 —
< CO(eljunllellwg e + Celluelli llug llx)-
These two inequalities imply immediately
lunlli = N 1% + g [1; < Clelluxll + Celluxll}) -

If € is small enough, we obtain

N )
||uk||k > ( C ) =:¢1 > 0.

The same argument, with the same choice of constants, works for JJ. The estimates for
critical values follow from Lemma 1.
The case of ‘=’ sign is similar. O

Theorem 4 The functional Jy, has a nontrivial critical point u, € Ey with critical value
ck. Moreover, there exist a constant C' > 0 independent of k such that ||ug|lr < C and
0< e, <C.

Proof. We start with the Palais-Smale condition. Refining the proof of Lemma 1,
one can show that any Palais-Smale sequence for J; is bounded in Fjy. Now, using the
standard argument [29, 38] based on the compactness of Sobolev embedding, we conclude
that such a sequence is compact in E}.

Consider ‘+’ sign case. We show that the functional J; possesses the linking geometry
with Y = FE, and Z = E;.

For z € Z we have

1
J(2) = Sll=IR / F(x,2) dr.

Assumptions (ii7) and (iv) imply that for any € > 0 there exists a constant C. > 0 such
that 0 < F(z,u) < e|lul* + C:|ulP. By the Sobolev embedding theorem we obtain

/ F(z,2) dr < C(ell2l + Cel2I12).
Qk

8



Choosing an appropriate ¢ we see that, for some § > 0, Ji(z) > 0 if ||z]|x = r is small
enough. Thus, we have chosen the sphere N = {u € Z : |Ju|ly = r}.

Let us now find M. Fix any 2° € Z = E,", |2, =1. Fory+t:° e M,y €Y = E,
we have

1 1
Ry +t) =58 = Sloll = [ Floy +20)de

2
k
Assumptions (iv) and (v) imply that for any € > 0 there exists a constant C. > 0 such
that F(x,u) > —¢|u|* + C.|u|?. Hence,

/Q F(z,y+t2°) dv > —ellyllzaq,) — ell2llz2qn + Celly + t2°1 7000
k
Applying the Sobolev embedding theorem, we obtain

1 1
Ty + ) < —Sul + Ol + 52 4+ <0 = Clly+ 0000 (©
Consider the space X =Y @ Rz equipped with the L(Qy)-norm. Then y + 2% — 29 is
a bounded projector in X. Since its norm is not less then 1, we see that

ly + 2% 2ac@n) = 182° ]| Laqu)-

Choosing ¢ so small that eC' = 1/4, we obtain from (6)

Ty +12%) <~ il + 282 — ol
(here we have used again the Sobolev embedding). Note that all the constants here are
independent on k. The last inequality implies that we can choose p > 0 large enough
such that J; < 0 on My. Moreover, sup,, Ji(u) < K := max(3t*/4 — C.C|t|?) and K is
independent of k. Applying Theorem 2, we obtain the result.
The case ‘—’ sign we need only to apply Theorem 3 to the functional —.Jy. O

Remark 2 If we drop assumption (vi), i.e. allow 0 to be in the spectrum o(L), we still
can use linking argument to prove the existence of k-periodic solutions. This can be
done as in the case of the Dirichlet problem in a bounded domain (see [38], Section 2.4).
However, in this case we have no uniform (with respect to k) bounds for the solution.

4 Y

Remark 3 In the case ‘—’, if we drop the requirement info(L) < 0 then there is no
nontrivial solution in Fj, as well as in E. This follows from the obvious fact that in this
case the functionals —J; and —J have strict global maximum at the origin.



3 Passage to the limit and finite action solutions

Now we are going to pass to the limit as & — oo to obtain a finite action solution u € F.
The principal difficulty is to show that the limit is a non-zero function. With this aim we
need some concentration compactness argument.

Lemma 3 Let Q) be the cube with the edge length l, — oo centered at the origin and
K, (&) the cube centered at & with the edge length r. Let ug,) € HY (RY) be a sequence of

loc

lp-periodic functions such that [|ug)|m(q,) < C. Assume that there exists r > 0 such

that
lim (sup/ |u(n)\2d1:) = 0.
"N € JEN(E)

Then ||uwm)llLs@y) — 0 for all s € (2,27).

Proof. Denote by Q’(n) and Q’(’n) the cubes with the sizes [, +r and [,,+2r, respectively,
centered at 0. Choose a cut-off function y,, € C5°(RY) such that suppx, C Qs 0 <
Xn(z) < 1, Xn = 1 on Q) and |Vx,(z)|| < C where C' > 0 does not depend on n.
Evidently, such a function exists.

Let us set v, = XnU(n). For n large enough, it is easy to verify, using the periodicity

of u(y), that
Sup/ v, |2 do = sup/ g |* da
3 r(§) € JE ()

and the sequence v,, is bounded in H!(RY). By the well-known lemma of P. L. Lions (see
20], Lemma L1, and [38], Lemma 1.21), v, — 0 in L*(R"), s € (2,2*). Since v, = w(,
on ()(n), we obtain the required. O

Lemma 4 Let uy, € Ey, be a sequence such that ||ug||x is bounded and J}(ux) — 0. Then,
passing to a subsequence still labelled by k, either

19 JJugllx — 0 as k — oo
or

20 there exist a sequence of points & € RY and positive numbers r and n such that

lim lug|* dz > 1.
F=oe J K, (&)

Proof. Assume that 2° does not hold (along a subsequence still labelled by k). Since
Jy (u) — 0, there exists a sequence € — 0 such that (J;(ug),v) < egl|v||x for any v € Ej.
Taking v = P u; and v = P, u;, we obtain, as in the proof of Lemma 2,

lurlli < ellurlli + Cellurllfog,) + Cerllurllx -

By Lemma 3, HukHip(Qk) — 0 and we obtain the required. O

10



Theorem 5 Let u, € Ej be a sequence of nontrivial critical points of Jy such that the
sequence ¢, = Ji(uy,) is bounded. Then there exists a nontrivial solution u € E = H'(RY)
of equation (1). Moreover, there exist a sequence by, € ZY such that ug(x + by) converges

tou in HL_(RN), up to the passage to a subsequence.

Proof. By Lemma 1, the norms ||ug||; are bounded. Lemma 2 implies that ||ug| —k >
g1 > 0. Therefore, case 1° of Lemma 4 is not possible. From Lemma 4, 2°, we obtain
that, along a subsequence,

22,6y = 1/2-
There exists a sequence of integer vectors by, such that the sequence of cubes K,.(&, — by)
is confined in a bounded region. Set ty(x) = ug(x + bg). We have

72 = /2 (7)

for k > ko and some k. Since V and f are Z"-periodic, iy, are critical points of J;, and the
norms ||t||x are bounded. Passing to a subsequence, one can assume that the sequence

@y, converges weakly in HL_(RY) to a function u. Since ||| is bounded, u € H'(RY).

By the compactness of Sobolev embedding, i, — u in L{ (RY), 2 < s < 2*, and, hence,

loc
f(x, i) — f(x,u) in LL (RY). Now for any test function ¢ € C5° we have

(1), ) = / (VuVet Vg — [(z,u)g) di =

= lim (VugVeo + Vg — f(z, ug)p) de =

k—oo RN

=0.

Therefore, u is a weak solution of (1) and u # 0 in view of (7).
Now let us prove the last statement. Let x € C5°(RY) and supp y is contained in an

open bounded set €. It is easy to verify the following identity

L(xiy — xu) = hy, +hi + h
where

hllc = X[f(l’,ﬂk) - f(xvu)] )

hi = —-VxV(iy —u),

hy, = —(Ax) (@ — u) .
We see that k), — 0 in LP~1(Q), hZ — 0 weakly in L*(Q2) and A} — 0 in L*(€2). Since the
space L*(2), 2 < s < 2*, is compactly embedded into H~'(RY), then h} + h? + h} — 0
in the last space. Assumption (vi) implies that the operator L considered as a bounded

linear operator from H(RY) into H~*(RY) has a bounded inverse operator. Therefore,
(xtix — xu) — 0 in HY(RN) and we are done. 0

Combining Theorems 4 and 5, we obtain

Theorem 6 Equation (1) possesses a nontrivial solution in H'(RY).

11



4 Ground states

We say that a nontrivial solution u € E (resp., u € Ey) of equation (1) is a ground state
(resp., a periodic ground state) if the corresponding critical value of the functional +.J
(resp., +Ji) is minimal possible among all nontrivial critical values of that functional.
Since the functional £.J, satisfies the Palais-Smale condition, the existence of periodic
ground states follows immediately from Theorem 4 and Lemma 2. The case of ground
states is more delicate. To treat it we need the following

Theorem 7 In addition to assumptions (i) — (vi), suppose that
(et v) — f@,w) < Clol(1+ [uPY) if o] << )

with some positive C' and €.
(a) Let uy, € E be a bounded sequence such that J'(u) — 0 and J(ug) — ¢ > 0. Then
there exist critical points u® of J and sequences bi, € ZN, i =1,...,n such that

Z J(u') = ¢ (9)

and .
||y — Zuz( +b)|| =0 ask — oo.
i=1
(b) Let uy, € Ej, be a sequence such that ||ugl|x is bounded, J;(uy) — 0 and Jy(uy) — ¢ > 0.
Then there exist critical points u' of J satisfying (9) and sequences b, € ZV,i=1,...,n
such that

||k — Zu’( + b ) — 0 ask — oc.
i=1

For the proof of part (a) we refer to [17]. Part (b) is borrowed from [25].
From Theorem 7 and previous remarks it follows

Theorem 8 Under assumptions (i) — (vi) and (8) there exist at least one k-periodic
ground state and at least one ground state.

Now we want to study the behavior of k-periodic ground states as k — oco. We replace
assumption (v) by the following stronger assumption
(v') The function f(z,u) is C* in u, f! is a Carathéodory function and there exists
6 € (0,1) such that
0 <u™'fz,u) < Ofi(x,u)

for every u # 0 and
|folz,w)] < C(1+ [ul)P~ (10)

for allu € R, with C > 0.

12



This implies, in particular, that

0< F(z,u) < %f(x,u)u (11)

for u # 0, and /(1 4+ 0) < 1/2. Therefore, (v) follows from (v’). Moreover, in this case
inequality (8) holds as well. The functionals Jj, and J are C?, and

(J} (w)w,v) = (Pfw,v) — (P, w,v) £ f(x,w)wode =
Qk

= /Q (VwVov + V(z)we £ f'(x,u)wv) d, (12)

(J"(w)w,v) = (PTw,v) — (P~w,v) £ f(x,w)wode =

RN

— /RN (VwVo + V(z)wo + f'(x,u)wv) dz. (13)

Define the set S,f C E that consists of all nonzero u € Ej, such that
Lp(u) := (J(u),u) =0

and
(Jp(u),v) =0 Yve E].

Similarly, the set S* C E consists of all nonzero u € E such that
I(u) == (Ji(u),u) =0

and
(J'(u),v) =0 YveET.

These sets are nonempty, because they contain solutions.
Now let us consider the following minimization problems

mi =inf{£J(uv) : u € SF} (14)

and
m* = inf{+J(u) : u € ST}. (15)

Inspection of the proof of Lemmas 1 and 2 gives us the following result.
Lemma 5 There exist constants €1 > 0 and 9 > 0 independent on k such that for
every w, € S and every u € ST we have |ully > 1, |Jull > 1, £Jp(uy) > ey and

+J(u) > e3. Moreover,

il < COTeCar) 72 + | Te(w) V7)) lull < O T (@)]Y2 + [T (w)[7).

13



Let E: =R @ EF and E" = R E*. Consider the operators Gy : E — E,f and
G*:E — E" defined by

Gy (u) = ((Ji(w), u), BT Ji(w)) |
G* ((J'(u

(u) = ((J'(u), w), P¥J(u)),
respectively. Obviously, Sf = (G¥)7(0) \ {0} and S* = (G*)7*(0) \ {0}. Moreover,

these operators are C!, and

i
Jl

(Gi)' (v = ((J (wv,u) + (Ji(u), v) , PF T (u)v) | (16)

(GF) (u)v

((J"(u)v, u) + (J'(u),v), P:FJ];,(’LL)U) ) (17)

Lemma 6 The set S,;t (respectively, ST) is a closed C*-submanifold of E, (respectively,

Proof. We consider ST only. The remaining cases are similar. The result follows
from the implicit function theorem if we check that G’ is onto at every point of S*. For
notational convenience we skip the superscript in G and the domain of integration.

Let ug € E (ug # 0), {(J'(u), up) = ap and P~VJ(ug) = . Identifying £ and the
subspace Rug @ E~ via (1,h) = Tug + h, a direct calculation gives

(G () (7, h), (7. 1)) = 2007 — 37(P~ g, h) + 7° / [F (., wo)uo — fi(x, up)ud) d—
(k) -7 / 2" (x uo)uo + f(x, uo)]h dz — / F (2, u0)h? da.
Since for h € E-
(Pruo,h) = (Puos) ~ [ o, uohhds =
(P up. h) —/f(a:,uo)hd:c — (a,h),

we obtain
(G'(up) (1, h), (7, h)) = 2a07* — (h, h) + 37(a, h)—

- /{[fzi(:r, uo)ug — f(x, uo)uo]7* + 2[f(, wo)uo — f(x, u)lTh + fi(x, uo)h*} da =

= 20o7% — (h, h) + 37(a, h) — /(A7'2 +2C7h + Bh?) dx .

Note that B > 0, and B(x) = 0 iff ug(x) = 0. Hence, in the last case also A(z) = C(z) =
0. Since

Ar? +2CTh + Bh? = (A—C—2) 2+ (\/thtﬁ) ,
B VB
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1
(e W)l < Sllal* + [12]7)
and, due to assumption (v'),

> (1—=0)f(z,up)uo,

we obtain
y 2 5, 3 5, 3 2
(G (uo) (7, 1), (7, h)) <2aor™ — [[R]|" + Sllallm™ + S llalllA]~

(18)
— 71 —0) / £z, up)ug de .

Now if ug € S, then ap = 0 and o = 0. Equation (16) implies that on the subspace
Rug®E~ C E the operator G'(uy) is strictly negative defined, hence, invertible. Therefore,
the implicit function theorem applies and we conclude. O

Remark 4 It is clear that S, has a finite co-dimension, while S, is finite dimensional.
The tangent space to S,f at ug consists of all h € Ej, such that

(I(up), h)y =0, PJIVJp(ug)h =0

and similarly for S*. The subspace Rug @& E,” C Ej, (resp., Rug @ E¥ C E) is transverse
to S (resp., to Si) at g, as it follows from the proof of Lemma 6.

Lemma 7 Any critical point of the restriction of Jy to Sk (respectively, J to S) is a
critical point of Jy (respectively, J). In particular, solutions of problems (14) and (15)
are periodic ground states and ground sates, respectively.

Proof. A direct calculation shows that if ug € Si (resp., ug € S*), then J (ug) (resp.,
J}(up)) vanishes on the subspace Rug @ E;7 C Ej, (resp., Rug & ET C E). Therefore, if
up is a critical point of .J, (vesp., J) restricted to S (resp., to ST), then J/ (ug) (resp.,
J;.(ug)) vanishes everywhere, since it is equal to 0 also on the tangent space. O

Theorem 9 Problem (14) has at least one solution which is a periodic ground state.
Moreover, mki > &9, with €5 from Lemma 5.

Proof. We only sketch the existence of the minimization problem on S;". On this set
we have

Je(w) = Ju(u) — %u,;(u),u) _ / (%f(x,u)u - F(x,u)) d. (19)

Hence, due to assumption (v), Ji(u) is bounded below on S;". Consider a minimization
sequence u, € S;. As it follows from the Ekeland principle (see, e.g., [40]), we can assume
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that u, is, in addition, a Palais-Smale sequence for J, S (In [40] functionals defined on a
Banach space are considered, but arguments work in the case of functionals on C! Banach
manifolds, with only minor change). We shall show that, in fact, u, is a Palais-Smale
sequence for the whole functional J;. This is enough to pass to the limit and get the
result.

Let g, = VJi(u,) and ¢!, its component tangent to S;', i.e. the orthogonal projection
of g, onto the tangent space at w,. Then g — 0. We have to show than g, — 0.
Inequality (18), with ug = u,, ag = 0 and a = 0, implies that the operator (G;)'(u,) has a
right inverse operator, A7. The image of this operator is the subspace E (u,,) = Ru, ® E~
and its norm is bounded above by a constant C' > 0 independently of n. The operator
A(GE) (uy) is the projector, PP, onto E (u,) parallel to the tangent space at u,. The
adjoint operator (P{")* is the projector onto the orthogonal complement to £ (u,,) parallel
to the normal subspace at u,. Hence, g, = (P{")*g% and [|gu||x < C||gL||. This completes
the proof. O

Now we impose the following additional assumption
(vii) There exist C' > 0 and v € (0,1] such that

\fi(z,ur) — fi(x,u)| < C(1+ |ug| + |U2Dp72ﬂlul — us|”

for all uy,us € R.
This assumption implies, in particular, (10).

Theorem 10 Under assumptions (i)—(iv), (v'), (vi) and (vii) we have

m* = lim m. (20)

k—oo

Moreover, let uy, € Ej be a solution of (14). Then, after passage to a subsequence still
denoted by uy, there exist a solution u of (15) and a sequence by € Z» such that

otk — u- + b lsuy — O (21)

Proof. We again consider only the case of “+” sign. Since u; is also a k-periodic
solution, we see that m;” < m]. Hence, the sequence m; is bounded and Lemma 5 shows
that the sequence ||ugl|x is bounded. Due to Theorem 5 we can assume that u converges
in Hy | (RY) to a nontrivial solution u € E. Note that J(u) > m*.

Equation (19) implies that

mt = / (%f(x,uk)uk - F(x,uk)) iz —: /kg(ac,uk) d.

Since the integrand here is nonnegative, we see that for any bounded domain  C R¥
and £ large enough

m,jz/gg(x,uk)dx
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and, therefore,
lim inf m; Z/g(a:,uk)d:c.
Q
Since () is an arbitrary domain and u is a nontrivial solution, we obtain

lim inf m; > / g(z,up)dr = J(u) >m™. (22)
RN

To prove (20), we have now to show that
limsupm; < m". (23)

Let v € ST. Since CJ°(RY) is dense in F there exists a sequence of smooth functions
v — v in F such that vy has a compact support in (). Having in mind periodic extension,
we can also consider vy, as an element of Ej. Let o = P VJi(v;) and of = I(vp).
Inequality (18), with ug = v, shows that the derivative of the map G} at vy, has a right
inverse whose norm is bounded independently of k, provided k is large enough. Note
that, due to assumption (vii), G is Holder equicontinuous, with the exponent v, say, on
the ball of radius 2||v|| in Ej centered at the origin. Inspecting the proof of the implicit
function theorem (see, e.g., [40]), we get right inverse map, Tk, to G} defined on the ball
B, C R@ E, of radius r centered at (k. a®), where r is independent of k. Moreover, T},
is Holder eqicontinuous. For k large enough, 0 € By, and is close to the point (af, o*).
Hence, wy, = T;,(0) is close to vg, wy, € S, and

Je(wy) < J(v) +¢€

if k& is large enough. This implies (23).
The remaining part of the theorem follows from Theorem 7, part (b). O

5 Exponential decay
Now let us study the decay of finite action solutions to equation (1).

Theorem 11 Let u € HY(RY) be a solution of (1). Then u is a continuous function and
there exist positive constants C' and A such that

|u(2)] < Cexp(=Afz])
where A\ < cdist(0,0(L)) = ca.

Proof . First, we have to show that u € L>®(RY). This can be done exactly as in the
proof of Lemma 5.1, [8]. (That proof is based on the Sobolev estimates for Schrodinger
operators). Next, Theorem B.3.3 of [35] implies that w is continuous. Now we set W (z) :=
—f(z,u(z))/u(z) (with W(z) =0 if u(x) = 0). Hence, u solves the equation

—A+ (V(z)+W(x))u=0 (24)
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on RY. Since V + W € L>®(RY), Theorem C.3.1 of [35] shows that u(z) — 0 as z — oo.

Since W (x) — 0 as x — o0, the potential W defines a relatively compact perturbation
of the operator L. Hence, L + W has the same essential spectrum as L and may have
only isolated eigenvalues of finite multiplicity outside the essential spectrum. Equation
(24) means that 0 is an eigenvalue of L + W outside the essential spectrum, hence, of
finite multiplicity, and u is the corresponding eigenfunction. Now Theorem C.3.5, [35],
provides the required exponential bound. O

Remark 5 Using estimates for Green’s function of L (see [18], Section 7.6.3), one can
improve the estimate for A as follows: a < cal/2.

6 Further results

Now we discuss assumption (vi). More precisely, what may happen if 0 is in the spectrum
of L? Tt is commonly believed that in this case well localized solutions of (1) do not exist.
As we see from equation (24), the question is closely related to the problem of absence
of embedded eigenvalues for periodic Schrodinger operators perturbed by a decaying po-
tential. Unfortunately, there is no satisfactory general result on embedded eigenvalues,
except the case N = 1. In the case N = 1 F. S. Rofe-Beketov [33] (see also [34]) has
proved that L + W has no embedded eigenvalues if (1 + |x|)W (x) € L*(R). This implies
immediately the following result.

Theorem 12 Let N = 1. Suppose that assumptions (i) and (ii) are satisfied and, for
somer > 1, |f(x,u)| < clu|" for a.e. z € R and u in a neighborhood of 0. Then equation
(1) has no nontrivial weak solutions such that (1 + |z|)|u(z)|""* € L*(R). In particular,
there is no nontrivial exponentially decaying solutions.

On the other hand, T. Bartsch and Y. Ding have found the following existence result.

Theorem 13 In addition to (i)—(v), assume that V and g are continuous functions of all
their arqguments, there exist constants r € [q,2%), s € [p,2*), a1 > 0 and ay > 0 such that

a1|u’r < F(I,U),

[f(z,w)] < as(julP ™ + [ul*™)

for allz € RN and u € R. Let 0 € o(L) and there exists b > 0 such that (0,b) Vo (L) = ()
in the case of 4’ sign in (1) and (=b,0) N o(L) = 0 in the case of ‘—’ sign. Then
equation (1) has a nontrivial weak solution u € HZ (RN). This solution lies in L'(RY)
forr <t <2* is continuous and u(x) — 0 as r — 0.

Certainly, the solution obtained in the last theorem should be not well decaying. If
N =1, Theorem 12 implies that this solution cannot decay too fast.

Thus, we conjecture that if 0 € o(L), then nontrivial well-decaying at infinity solutions
to periodic NLS 1 do not exist. To support this conjecture assume that 0 € o(L) and
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is not a lower (resp., upper) edge of a spectral gap in the case of ‘+’ (resp., ‘-’) sign in
(1). Let k; — infty be a sequence of integers such that 0 ¢ o(Ly,). Recall that o(Ly) is
discrete and the countable set Uo (L) is dense in o (L). Therefore, k; is a generic sequence.
Let u; = u, € Ej, be the kj-periodic solution obtained by linking (see Remark 2) and
¢j = ¢, be the corresponding linking critical value defined in Theorem 4. Note that it
does not depend on particular choice of 2°. Denote by «; the distance from 0 to o(Ly,).
Then we have

Proposition 1 Under the assumptions imposed above
q
||Uj||H1(ij) S Co2@2 ,

where C' > 0 does not depend on j.

Proof. Since the result seems to be not exact, we only sketch the proof in the case of
‘+7 sign.
Following the proof of Lemma 1 (see also Remark 1), we obtain

sl i,y < Ca2(le| 7 + e 2), (25)

where p’ is the conjugate exponent to p.

Now we estimate the linking critical value as in the proof of Theorem 4. We re-
fine the argument after inequality (6). Take as 2° € E,jj, the eigenvector of Ly, with
|2°][k, = 1 that correspond to the first positive eigenvalue Ag of L. Then ||ZO||H—1(ij) <

C’||zOHLq(ij), with C' > 0 independent of j. Since
—AZ" 4+ 20 = N2 - V(2)2°,

we have that ||ZO||H1(ij) < C||Z0||Lq(ij). From (6) we get
¢ < sup Ji; (w) < max(3t2 — Ca; 7%

A direct calculation gives us
P
—2
c; < Ca; .

Since 1 < p’ < 2, this together with (25) implies the required. O

Remark 6 Certainly, the conclusion of Proposition 1 holds also for periodic ground
states.

Construction of ground states in Section s4 shows that the ground critical value does
not exceed the linking value, which is not necessary a critical value in this case. Therefore,
arguing as in Proposition 1, we obtain the following result.
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Proposition 2 Let u € E be a ground state of equation (1). Under the assumptions of
Theorem 8 we have the estimate

il vy < Claes) 7@,
where (—a_, ay) is the spectral gap containing 0.

As consequence, we see that ground states bifurcate from the trivial solution corre-
sponding to an appropriate edge of the spectral gap.

7 Gap solitons

In this section we give an application of the previous results to a problem that arises in the
theory of photonic crystals, the existence of gap solitons. Photonic crystals are dielectric
media with spatially periodic (or close-to-periodic) structure. A good introduction into
this field can be found in [16]. For a survey of rigorous mathematical results we refer to
[18]. Both these publications deal with linear optical media. If the medium we consider
is nonlinear, many new phenomena occur. Among them one of the most interesting is
the possibility of gap solitons, i.e. spatially localized light patterns with the frequency
prohibited by the linear theory. On physical level a simple description of this phenomenon
is presented in [22]. However, up to now there was no mathematically rigorous proof of
the existence of gap solitons even in simplest situations. Here we show that some existence
result can be extracted from the results on periodic NLS.
In a dielectric medium we consider the system of Maxwell equations

0B

E-_2—

V x 5
oD

VXH—E,
VD =0,
VB =0.

Since we assume that the medium is non-magnetic, we set B = H. We consider the
following constitutive relation between displacement and electric fields:

D = (e(2) + x(z){|E)*)E

where (-) stands for time average. Such type of nonlinear response was introduced by
N. N. Akhmediev [3] (see also [36] and references therein). The cubic form of the nonlin-
earity means that we concentrate on Kerr-like media.

In the case of two dimensional structure we assume that the functions e(z) = e(z1, x3)
and x(z) = x(z1,x2) are independent on x3, periodic in (z1,x2) and of the class L.
Moreover, we suppose that e(x) > ¢y > 0 and either x(z) > 0, or x(z) < 0 everywhere.

20



The assumption means that the medium we consider is either everywhere self-focusing,
or everywhere defocusing [22]. We restrict ourself to the so-called E-mode E = (0,0, E)
and look for solutions of the form

E = u(xy,z9) cos(frs —wt + b)) (26)

where the amplitude vanishes at infinity. Such solutions represent light patterns of the
frequency w that are localized in (x1, x9) directions and propagate along the xz-axis, with
the wave number 3. Obviously, the problem reduces to the two dimensional NLS

—Au — w?eu + BPu = Wiy’ (27)

Now we can apply the previous results. In the self-focusing case (y > 0) we obtain a
nontrivial exponentially decaying solution if —3? is not in the spectrum of the operator
L, := —A — w?. In particular, given w such a solution exists for all || large enough.
In the defocusing case (y < 0) nontrivial exponentially localized solutions exist, provided
— % is not in o (L), but not below the spectrum. This means that —3? must belong to
a finite spectral gap of L.

The case f = 0 is of particular interest. Let us assume that 0 ¢ o(L,). This means
that w is a prohibited frequency [18]. Since the potential of L, is negative, 0 belongs to a
finite gap. Therefore, independently of the sign of x there exists a nontrivial solution of
the form u(xy, z5) cos(—wt 4 6y) with exponentially decaying amplitude u. Such solutions
represent so-called standing gap solitons. Hence, we obtain the existence of gap solitons
for every prohibited frequency. In fact, in this case (0 € o(L,,)) there exists a nontrivial
exponentially localized solution of the form (26) for all 3 close enough to 0.

Exactly the same results hold for one dimensional structures. This case reduces to the
one dimensional periodic NLS.

Now let us discuss the behavior of gap solitons with respect to w. Let (—a_,a;) be
the spectral gap of L, containing 0 and (w_,w, ) the corresponding gap of (nonnegative)
frequencies. Note that if w goes to w4, then a, goes to 0. Indeed, the spectrum of L,
is the union of closed intervals

[ag[}){gﬂ A;(0), X A (0)]
where \;(6) are the Bloch eigenvalues (see, e.g., [32]). Since the potential —w?s(z) de-
creases monotonically as w increases, the comparison principle for eigenvalues (see, e.g.,
[10]) tells us that the eigenvalues A;(#) decreases monotonically and continuously, and
we are done. Now Proposition 2 shows that gap solitons bifurcate from zero solutions
corresponding to w = w, in the self-focusing case and w = w_ in the defocusing case.

We have considered here the case when y(z) does not change sign. The case of sign
changing x(z) is not less important, but completely open. It corresponds to a mixture of
self-focusing and defocusing optical materials.

Another important problem is the existence of gap solitons in periodic media with
saturation. In this case the nonlinearity is asymptotically linear. In the context of ap-
plications to nonlinear optical wave guides (one dimensional nonperiodic problem) such
nonlinearities were studied extensively by C. Stuart (see, in particulary, [36]).
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