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ABSTRACT. The paper is divided in three parts: in part 1, we establish a Dobrushin
like criterion for uniqueness of DLR measures, in a relatively abstract and general
context. In part 2 we show that in “generalized” Pirogov-Sinai models the finite
volume corrections to the pressure can be reduced to the analysis of restricted
ensembles which naturally fit in the general scheme of Part 1. In Part 3 we apply
the previous theory to systems with Kac potentials, namely the ferromagnetic Ising
spins, the LMP models of particles in the continuum, [14], and their quantum
version in the Ginibre loops representation. Our results on the latter are used in a

companion paper, [1], to prove phase transitions.
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1. Introduction

Dobrushin’s high temperature, uniqueness theorem,[7], has a central role in this
paper. Dobrushin showed that if the Vaserstein distance between single spin Gibbs
conditional probabilities with different boundary conditions satisfies a smallness re-
quirement, then there is a unique Gibbs measure and its correlations decay at infinity.
In Sections 2 and 3 we will recall and extend the Dobrushin’s theorem.

Since the Vaserstein distance between single spin conditional probabilities is in
many cases explicitly computable, the uniqueness criterion in the Dobrushin’s theo-
rem has concrete applicability and indeed it has been and it still is very much used.

As shown in [4], the regime of validity of the Dobrushin uniqueness condition
is the semi-infinite interval (7™, 0o), T™f the mean field critical temperature, even
though there may still be uniqueness below 7™, namely if 7™ > T,, T. the critical
temperature. To study the temperature interval (T,,T™), Dobrushin and Shlos-
man, [8], have introduced weaker criteria, essentially based on coarse graining ideas:
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even though they made it clear that the conditions are still checkable with a finite
number of operations, their verification, from an analytical point of view, has been
problematic, with noticeable exceptions.

Below the critical temperature there is no longer uniqueness, yet uniqueness ques-
tions may become relevant when studying a restricted class of boundary conditions.
Correspondingly one may look for Dobrushin like conditions to investigate decay of
correlations in the extremal DLR states, or to verify that a given DLR measure is
extremal. The problem in all such cases is that the Dobrushin single spin condi-
tion cannot be verified for all possible boundary conditions, as it would yield global
uniqueness. One however expects that the boundary conditions for which things go
bad have small probability (w.r.t. the Gibbs measures produced by the given class
of boundary conditions). One thus need a relativized Dobrushin criterion, where
the lack of validity of the original condition is compensated by a priori estimates
on the probability of a bad conditioning. Even though the idea is very simple and
convincing a theorem along these lines has escaped the efforts of many authors.

Van der Berg and Maes, [6], gave important contributions to this subject with
their studies of systems with random temperature fluctuations. They considered
models where typically the local temperature lies inside the Dobrushin regime, but,
due to fluctuations, there are always sites where the uniqueness condition is not
verified. The Dobrushin method then fails and van der Berg and Maes have intro-
duced an alternative algorithm to construct couplings which gives agreement away
from the boundaries, if a disagreement percolation estimate is verified. The ideas
have been applied to several other systems and in particular to Ising systems at low
temperatures with + (or —) boundaries conditions. There are also very interesting
applications to problems of random walks in random sceneries, by den Hollander and
Steif, [12], where the coupling techniques of disagreement percolation are used to
establish Bernoulli properties of the corresponding dynamical systems.

Closer to the content of this paper are the works by Butta, Merola and Presutti,
[3], and Baffioni, Merola and Presutti, [2], on the structure of the plus and minus
DLR measures in Ising systems with Kac potentials, where disagreement percola-
tion has been applied after a coarse graining transformation, to exploit the scaling
properties of the potential. Here we consider an alternative approach, which applies
to a large class of systems, in particular those obtained from general Pirogov Sinai
models, once described in terms of “restricted ensembles”. The purpose of reduc-
ing the configuration ensemble, is to exclude a priori a class of Gibbs measures and
hence to reduce to a single one, the one we want to examine. Besides the problem of
reconstructing the original measure in the full configuration ensemble, a true proof
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of uniqueness in the restricted ensemble is however not obvious, because of the ap-
pearence of an extra hard core interaction (intrinsic to the definition of restricted
ensembles) which does not fit well with the Dobrushin uniqueness condition. In this
paper we will give conditions for uniqueness in restricted ensembles and check their
validity in a class of systems with Kac potentials.

The paper is divided into three parts. In part 1, Sections 2 and 3, we establish
a criterion for uniqueness, in a relatively abstract and general context. In part 2 ,
Sections 4 and 5, we consider “generalized” Pirogov-Sinai models showing that the
finite volume corrections to the pressure can be reduced to the analysis of restricted
ensembles which naturally fit in the general scheme of Part 1. In Part 3 (consisting
of the remaining sections) we further focus the analysis on systems with Kac poten-
tials, by explicitly considering (see Section 6) the ferromagnetic Ising spins, the LMP
models of particles in the continuum, [14], and their quantum version in the Gini-
bre loops representation. We then show that, once described in terms of restricted
ensembles, all these systems satisfy the general criterion of Sections 2 and 3, thus
getting the decay properties necessary for computing the finite volume corrections
to the pressure. With such estimates, it is then possible, following the Pirogov Sinai
scheme, to prove that, at any temperature below the mean field critical one, there is
a phase transition, at least when the Kac scaling parameter ~ is sufficiently small,
see [5], [14], [1].

2. The Dobrushin uniqueness criterion

Content of Section 2: e An abstract definition of “restricted ensembles”; e state-
ment without proof (postponed to Section 3) of Theorem 2.2, which is an extended
version of the Dobrushin uniqueness theorem, with some measurability assumptions
dropped; e proof of decay of correlations in systems where the assumptions of The-

orem 2.2 are verified.

By “restricted ensembles” we will mean probability measures on product spaces
SZd, S a Polish space, which satisfy the DLR equations wity respect to a family of
prescribed conditional probabilities {ps(:|s)}, A running over the bounded sets in
Z4, having the following properties. Denoting by s the elements of SZ% and by sa
their restrictions to sets A T Z%, the probabilities p,(:|s) are chosen as the Gibbs

specifications with respect to a product measure H v(ds,) and an energy given by a
z€Z4
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stable Hamiltonian H plus “a hard core interaction”. We start describing the latter.
Let D = {C;,i € Z} be a partition of Z¢ into equal cubes C; of side length ¢ € N,
let R; C SZ* he sets which depend on {s,,x € C;} and are one the translate of the
other; then the hard core interaction restricts the configuration space to

in the sense that all ps(:|s) and hence all DLR measures must be supported by X,
which is thus the space of allowed configurations. We will suppose that the sets R;

are compact and have positive free measure:

/R. I v(ds.) >0 (2.2)

t xeCy

About the hamiltonian H, we suppose that it is invariant by translations which, along
each coordinate direction, are integer multiples of ¢, with ¢ an integer multiple of /.

The setup is just the one which arises when studying “generalized Pirogov Sinai
models”, as recalled in Section 4, where we will also see that a step in their analysis
requires a proof of uniqueness and decay of correlations. Such results will be derived
by using an extension of the Dobrushin’s uniqueness theorem stated in Theorem 2.2
below and proved in the next section.

Let d(s,s’) be adistanceon S, A C Z%, da(s, s') = Z d.(s,8"), dy(s,s') = d(sg,s,).

TEA
We will suppose that

||| := sup sup dq(s,s’) < oo (2.3)
z€Z? s,8'€EX

For any two probabilities 1 and p' on 5% we define

Ra(up) =inf [ dalss) Qlds.ds) (2.4)
Q §zd o gzd

where the inf is over all joint representations (couplings) Q(ds,ds’) of p and p/,
namely Q)(ds,ds’) is a probability on SZ% % S2° whose marginal on the first [respec-
tively the second] variable is u [p']. Ra(p, ') is the Vaserstein distance of p and g/
relative to the distance da.

The uniqueness criterion, which is the main assumption in Theorem 2.2 below, is
based on the existence of a function r : Z¢ x Z% — R* such that for all i € Z¢ and
s,8' € S

Re, (pe,(t15), pe,(-15) < r(i, j)d(sc,, st,) (2.5)

J

sup » r(i,j) <46, 0<d<1 (2.6)
b
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Without any loss of generality, we have set r(i,i) = 0. Let I = Z% and ry : Z¢x Z¢ —

RT,
ri(i,j) = (i, ) lier 4,5 € Z°
We then define iteratively for all n > 1 the “convolutions”
ri(i,5) = r(i,j)
i g) = Y i) ) ezt
j'ezd

and have:

(2.7)

Proposition 2.1. If (2.6) holds, then, for any bounded set I in Z¢ and any two

configurations s, ' € X, there is a unique solution of the equation
> e d)ulj) ifiel
u(i) = < j#i
dCi(SCw SICZ) Zfl ¢ I
The solution is

ursw(i) =YY (i g)de,(sc,.50,)  fori€l

jeIc n>0

sup urs,y (i) = (dl,  (Ild]| as in (2.3))

Is,s'
and, for any 1,

lim sup uygy(i) =0
1/2% s s'ex

Proof. Since

jez j€Z4d n>0

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Then the r.h.s. of (2.9) is well defined and the function v(i) equal for i € I to the
r.h.s. of (2.9) and equal to dg, (s¢;,, s¢,) elsewhere, solves (2.8): indeed, for any i € I,

U(Z) - Z Tf(ivj)dcj(sc'ﬁ S/C’j) + Z Z r?(iaj)dcj (SCJ" SIC’j)

i¢l j@I n>1

= Z Tl(iaj)de(Sij S/C]-) + Z Z Tf(iv k) Z ’I“?(k’,j)dcj (SC]" S,Cj)

J¢I j¢l kel n>0

= > (i, j)de,(soy56,) + D (i k)olk) =Y r(i, j)v()

jel kel j
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To prove uniqueness, suppose that v and u are two solutions, then w := u—wv vanishes
for j ¢ I, so that

> ri(i kyw(k) =Y (i, k)w(k
kel kel
Hence |w(i)| < §"sup |w(k)| and by the arbitrariness of n, w = 0.
kel
Existence, uniqueness and the formula (2.9) are thus proved. By (2.3), d¢, (sc;, 5¢,) <
||d|| and (2.10) follows from (2.8). To prove (2.11), let € > 0 and N, such that
sup Z r(i,j) <e
i€z li—i
j—i|>Ne

Calling r7.(7,7) := 71(4,5)1ji—jj<n., and u = uj s, We have

=SS nik) ST rkyu) + S0 )u)

n>0 kel hi[h—k|> N, n>0 jel
so that,
r () < 7 (e S0 (e
f o e < 71
because dist(i, [¢) — occas [ Zd. By letting e — 0, we then get (2.11). Proposition
2.1 is proved. ([l

Theorem 2.2. Suppose that (2.5)-(2.6) are satisfied, let

A=|]c, A=|]|C, JeIcZd |l <o (2.13)

ieJ icl
d
then, for any s, s' € S%

Ra(pa(-ls), paCls)) <> urw(i) (2.14)

ied

Theorem 2.2 is proved in the next section. Take notice that no measurability
assumption is stated, namely we have not supposed that the inf in the definition of
the Vaserstein distance is over joint representations Q(dsc;, ds¢,|s, s") which depend
measurably on s and s’. With such an extra assumption the classical proof of Do-
brushin would apply, but, as we will see in the next section, the hypothesis can be
dropped and the assumptions (2.5)-(2.6) as stated are easier to check in some of the
applications we will consider.

Theorem 2.2 and Proposition 2.1 yield uniqueness:
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Corollary 2.3. If (2.6) holds then there is one and only one DLR measure

(corresponding to the specification {pa(:; Sac)}prpa segzd)-

Proof. Let I, J, A and A be as in (2.13). Call f a A-Lipschitz function with
constant cy if

sup | () = S| < e 3 de (501, 50) (215)
58 ied
By Theorem 2.2,
pa(fls) = pa(f18)] < crRa(paC-ls), paCls) < ep > urgw(i) (2.16)
icJ

Thus, if © and y’ are two DLR measures
() =D < [ plds)ul(@s)|oa(f1s) - palf1s)]
XxX

By (2.16) and (2.11), letting I " Z% we conclude that p(f) = u(f’), hence, by the
arbitrariness of f, u = y/. Uniqueness of DLR measures is thus proved.

To prove existence, we consider an increasing sequence I,, /' Z% and call A,, = |_| C;.
i€l

Fix s € X, then, for any Lipschitz f as above
Tim py,, (fls) =: u(f) (2.17)

because, as argued above, {pa,(f|s)} is Cauchy. By the Kolmogorov’s theorem for
projective limits, the limits (2.17) are identified as expectations of a probability
measure p on X. We will next show that u(f) = p(pa(f|-)), f and A as above.

Let I' 21, N = |_| C; and observe that by (2.16) and (2.9)-(2.10)

iel’

sup Ipa(f1s) = pa(F1)| < cptld]l Y > "ty (i)

/ . — !
8,8 GX.SA/—SA, j¢ I’ >0

which thus vanishes as I’ /' Z®. Then, for any ¢ > 0 there is I’ and a A’-Lipschitz
function g/ (s), so that

sup |par(fls) — gar(s)| < e
seEX
For n large enough, pa, (f]s) = pa, (pa(f]-)|s), then, by (2.17),

A, (fls) = oo, (gurls)| < & |u(f) = p(par (f])] < 2¢

which, by the arbitrariness of € proves that p is DLR. Corollary 2.3 is proved. U

We will next state some properties of the solution u of (2.8) under additional
assumptions on the coefficients 7(i, j). We assume there is a metric ¥(i,j) on Z2
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such that 1 (i,7) > dy > 0 for all i # j € Z%, and
sup » (i, j)e?®) <1 (2.18)
b
Notice that (2.18) implies (2.6), with § < e~%.

Theorem 2.4. Suppose that (2.18) holds. Then, calling u the solution (2.9) of
(2.8), for any i€ I,

u(i) < Z e de (sc,, s¢;) (2.19)
J¢l

Proof. By (2.9)
u(i) = Z Z r7(i,9) do,(sc;s s¢,)
j¢I n>0
Calling
m(h, k) = r(h, k)e?"F)
since (i, j) satisfies the triangular inequality,

S i) < e 1, )

n>0 n>0

By (2.18), Zw(i,j) < 1, hence Zﬂn(i,j) < 1. Theorem 2.4 is proved. O

J n>0

Remarks. If (i, j) decays exponentially, there exists A > 0 such that ¢ (i,j) =
Ali — j| satisfies (2.18): indeed, at A = 0, the Lh.s. of (2.18) is equal to § < 1 and
the statement follows by a continuity argument. Other decay rates can be studied
similarly, for a power decay we would take (i, j) = Aln(]i — j| + 1).

As a corollary of Theorem 2.4, if f is A-Lipschitz with constant cy, then
‘PA(f|§) - PA(f|§/)} <cy Z e_w(i’j)dcj(scj, Slc]-) (2-2())
i€l j¢T
and if p(ds) denotes the unique DLR measure, then
pa(fls) = ()] < cp?fdl] D et (2:21)

i€l, j¢I
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3. A uniqueness criterion

Content of Section 3: e Proof of Theorem 2.2 (given after Proposition 3.2); e
Theorem 3.1 which gives sufficient conditions (Assumptions 1-4) for the validity
of (2.5)-(2.6) and (Assumptions 1-5) for the validity of (2.18); e construction of

successful couplings when Assumptions 1-5 are verified.

By regarding s¢, as a single spin, the uniqueness criterion (2.6) becomes the
usual Dobrushin uniqueness condition, except for the already remarked absence of
measurability. The beauty of the Dobrushin condition is that it can be explicitly
checked, a fact which relies on the single spin distributions being usually quite easy
to handle. In our applications instead, s¢, is a large collection of spins and the
validity of (2.6) cannot be checked by a direct and explicit computation. The crucial
step in this section is a proof that if the true single spin distribution satisfies the
original Dobrushin condition for “boundary conditions” in a set of large probability,

then (2.6) holds.

Assumption 1. For any € Z¢ there is a measurable set G, C X, determined
only by the variables {s,,y € C(z) \ z}, C(x) the cube in D which contains x, such
that

R, (ps(-]s), pu(]5")) Zb z,y)d(sy, s,), foralls, s inG, (3.1)

sup Z b(z,y), blz,y)>0,b(x,x)=0 (3.2)

d
T€EZ yeC(x)

Remarks. (3.1)-(3.2) reminds of the usual Dobrushin condition, from which it
differs because of (1), non uniformity on the boundary conditions, as s and s are
constrained to G,; (2), the sum over y is limited to y € C(z); (3), the Vaserstein
distance is defined over joint representations which are not required to depend mea-
surably on the conditioning spins. The next assumptions will cover (1) and (2).

As we will see, in a Pirogov-Sinai scheme, (3.1) is essentially a consequence of the
definition of X', which is chosen in such a way that only small deviations are allowed
from a stable state, so that the Dobrushin condition is satisfied except when “close to
the boundaries of the constraint”. In such cases the conditional distribution becomes
“rigid” and may not satisfy (3.1)-(3.2).
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Assumption 2. There is € > 0 so that for any = € C,
| pow(dts)H / |ta|*pe (dt|s)} < €, foralls € X (33)
G

Conditions on the smallness of € will be stated in equations (3.8) and (3.9).

Assumption 3. Calling

Be(i) = {j : dist(C;, C)) <&}, £€>0 (3.4)
for any s and s? in X, which agree on any Cj, j € Be(i) \ 4,
Re, (pe,(1s™), pe, (1s?)) < Y r(i.j)de, (sV, 5?) (3.5)
J¢Be (1)
sup Z r(i,j) <1 (3.6)
" eBe(i)

Remarks. This is a condition on the tail of the interaction, which will follow in
the applications from assuming a fast decay of the interaction and by choosing &
large enough. The assumption is stated separately from the previous ones, because
in our applications, the estimates for b(z,y) do not have good decay properties for
i = j] = oc.

Theorem 3.1 below states that if the above three assumptions plus a fourth one
(involving the smallness of the parameters and stated in the Theorem 3.1 itself) are
satisfied, then the conditional probabilities {pc; (-|s)} satisfy the uniqueness condition

(2.6). Let
bci (ZE, y) = b(.ﬁC, y>]—:r:€C¢ (37)
b(z,y) as in (3.1), and let for j € Be(i) \ 4,
r(i,7) = sup Z Zbg(x,y) + 2(—:(|Ci| + Z Zbg (x, z)) (3.8)
Vel 1eCi n>0 z,2€C; n>0

where € is as in (3.3). Thus (1, j), is defined for all ¢ and j via (3.1), (3.5), (3.7),
(3.8) and by setting r(i,7) = 0.

Theorem 3.1. If, Assumption 4,

suer(z’,j) <éd<1 (3.9)
b
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then (2.5) and (2.6) are satisfied. If additionally, Assumption 5, there is a metric
(i, j) on Z¢ such that ¥ (i,j) > dy > 0 for all i # j € Z%, and

se €D +Sup Z w(\z il <1 (3.10)
J#Be(i)

d as in (3.9), then (2.18) is satisfied.

Theorem 3.1 and Theorem 2.2 will be consequence of Proposition 3.2 that we
state after introducing some notation and definitions.

Denote by P a partition of Z¢ into cubes K;, which, in a first case, is the partition
D and, in a second one, Z< itself (i.e. K; are the sites of Z?). Let also I be a finite
set in Z¢ and

A=|]| K (3.11)

1€lp
By an abuse of notation, given a non negative function v on I, we set
RupaC1s):paCs) = inf [ 3 vidie s 53¢ 40 (3.12)
ISIIN

Thus if v is the characteristic function of a set In C Iy where A is the union of K,
1 € Ia, then if K; = C;, R, is what we have called Ra in Section 2. We also write
R(pk,(-|s), Pk, (+|s')) for the Vaserstein distance relative to dg, (s, sk,)-

Proposition 3.2. Suppose that:

R(pk,(-|3), p, (|s")) < (s, 8) (3.13)

with o;(s,s') a measurable function of s and s’ which depends only on Sie and Se.
Then for any non-negative function v on Iy and any boundary conditions s, s

Ry (pa(-]s™),pa(-[s?)) < inf / Topw (8, 8") dQ(ds, ds') (3.14)

where the inf is over all couplings Q opr(-\sg\lc)) and pA(-\sfc)) and

(.8 = ']T'| (0 dHs) + o ol (3.15)

{v-d}(s,s) szdK s,8), {v-a}(ss) Zvlalss (3.16)

i€l i€lp
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Proof. By the Kantorovich-Rubinstein duality, for any two probabilities p; and
2 on SAJ

Ry (1, p2) = inf / dy(s,s")dQ = sup | / F(s) {m(ds) — po(ds)}|

f:Hf"Lip,vSl

where the inf is over the joint representations () of u; and ps and

f(s) = ()]
ipv = Su T3 (e o)
||f”Lp, 58621\ dv(ﬁaﬁl)
du(s,8")>0

is the Lipschitz-norm corresponding to d,. Calling
Api=| [ FOaldts®) = palats®D], Sl <1 @17

and since py(dt|s®) are Gibbs measures, we get
1
A= | [ 1072 [ ot oalasls®) ~pafasis®| @19
TN
Let @ be a joint distribution of pa(+|sV)) and p(-[s?), then

’|I | Z// F@&){p;(dtls) — pr (di]s")} Q(ds, ds') (3.19)

For each K; C A and s,s' € X, take a joint representation Pf(’f, of pg,(dt|s) and
px,(dt|s') on S%i, then

}/f NHpr, (dt]s) — pr, (dt]s’ }’—‘// = (dt, dt')

<l (3 i (. 8) / i (1.1 PR . dz’))

JEIANE

Recalling that || f||Lip. < 1, taking the infimum over all P§§ (dt,dt') and using (3.13),

we get

| [ 1O tls) - pe @) £ Y v (s.8) +nailss) (320
JeIA\i
which, inserted in (3.19), yields

I
’A’ /Z dic,(s,8") Q(ds, ds") |IA|/Z%% s,8") Q(ds,ds')

JEIN

Same bound holds for the sup over f of Ay, so that taking the inf over all possible
Q we get (3.14) with 7,4, given by (3.15). O
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Proof of Theorem 2.2. We choose P =D, i.e. K; = C;. By (2.5), we can take
a; in (3.13) as

i(s,8') =Y (i, j)de, (s, 8) (3.21)
J#i
Let
T:=1+ !IAI — (R —1) 5 [Rali; =70 9)jer, 5 dj = dg, (s, s?)
By (2.6)
|E]| = SHPZ 1Tyl <1, |Ral <o<1
Iy
and

(1-%)7" = [L|(1 - Ra)” ‘[A|Z%A
Then (3.14) becomes

Ry(pa(-1s™M), pa(-15?)) < Ry (pa(-[s™), pa(c]s ’[A’ Z (Rav);

JeIy

which iterated n times yields when n — oo, (since [T,0R,] = 0)

1
Rv(p/\(’ ( )> pA( S T Z ‘Z"D%Afu = Z 1 _ 1%A/U)jdj
EN et |IA| ‘
]EI n=0 ]GI
and, finally,
Ry (pa(-1s™M), pa(-1s™)) <) ) (Ra™); d; (3.22)
JeI§ n=1

Setting v; = l,er,, (3.22) becomes (2.14), (recall the expression of u(i) given by
(2.9)). Theorem 2.2 is proved.
U

Proof of Theorem 3.1. We take here P = Z¢ ie. K, =2, A=A =C;, C; a
cube of the partition D. Then by (3.1) condition (3.13) holds for

=D bz, y)d(sy, 8,) + (pals) + ¢u(s)) (Lo + Lye) (3.23)
y#T

where

- / o |pa(dtys) (3.24)
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Since for any coupling @ between p¢, (-|s™M), pe, (+|s?),

/ (2(8) + () (Lucge + Luece) dQ

< 2 max pCi(SDz(ﬁ) e |§/) + QQ(Wx(Q 1§’€Gg)
s'e{sM,s@}

After using Cauchy-Schwartz and Assumption 2, (3.14) becomes
R, (po, (1Y), e, (152) ) < Re, (pc.<-|§<1>>,pc.<-|§<2>>)
LY Rena Y

yeCy :L"EC’

Proceeding as in the proof of Theorem 2.2

R (pe.Cls™),pe,(s™)) < 37 3 (Reywlydy +26 37 3

n>1 yeCy n>0 zeC;

and when v, = 1,¢¢, we get

By (pe,(1s),pe, (1s®)) < 30 30 S0 @ p)d

yeCy zeC; n>1

¢ (|CZ-\+ > Zbgi)(w,z))
z,z€Cy n>1

which coincides with (3.8). Theorem 3.1 then follows from the triangular inequality
using Assumption 3.

Proof of (2.18). Since v is an increasing function,

Z (i, j)e ¢(|l il < Z ) < §et(©)

JEBe (i) JEBe (1)

the last inequality being a consequence of Assumption 4; (2.18) then follows from

Assumption 5. Theorem 3.1 is proved.
0J

By Theorem 3.1, if Assumptions 14 are satisfied, then (2.5)—(2.6) hold, and, by
Corollary 2.3, we can conclude that there is only one DLR measure, which we denote
by p(ds). To describe its properties we will next construct couplings of p(ds) and
finite volume Gibbs measures and between finite volume Gibbs measures as well. By
adding some extra assumptions, we will prove that these couplings are successful, i.e.

give “large probability to the diagonal”.
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Theorem 3.3. If Assumption 1-5 are verified, the latter with (i, j) = woli — jl,
wo > 0, and if d,(-,-) > 1, then there exists ¢ > 0 so that the following holds. Let A;,
i =1,2, and A be bounded, D-measurable sets, s) € X, then there is a coupling P
opr(d§|sX§), 1 =1,2, and a coupling Q opr(d§|sE\1?)) and p(ds) such that

P(SA ?é S/A) < C|A|€—wgdist(A,A§uA§)’ Q(SA 7& SIA) < C|A|€—(wo/2)di5t(A,A§) (325)

Proof. For any € > 0, there is a coupling P. such that:
/ L, zs, dP(ds,ds’) < / d(sa, s )dP:(ds, ds")

= Ra(pa,([s"), pas (-[s®)) + e (3.26)

the first inequality follows from the fact that d(sa, sa) > 1 for any sp # s/y. Suppos-
ing, without loss of generality, that A C A, A = A;MA; and calling Ix = {i: C; C A}
and Iye = {i: C; T A}, by Theorem 2.4

RA(]?A1<"_( )) pA2 ’8 Z Z e—woli— z|d )< C|A|€ (wo/2)dist(A,A€)

i€IA jEIpC

(3.27)
recalling the assumption that dc,(-,-) is uniformly bounded; the first inequality in
(3.25) then follows by the arbitrariness of € in (3.26). To prove the second one, we
use the Kantorovich-Rubinstein duality to write

Ralon () p0) = swp | [ £6) {pn,(dsls™) ~ ()} (329

Fillfllip,a<1

Ra(pa, (1sM), pa, (1s®) = sup | / £(3) {pa, (ds|s™) — pa, (ds]s?)}] (3.29)

fillfllLip,a<1
(3.29) shows that Ra(pa,(:|s™), pa, (1|s?)) is a measurable function of (s
We use the DLR property in (3.28) to write

RA(pA1(|§(1))7p())
< / sup | / f(s) {pAl(délﬁ(?’))—pAl(d§|§<4))H1S<Asc>:s<Alc>p(d§(4))

Fllflluip,a<1

) 5@).

so that, by (3.29),

Ra(pa, (1sM),p(-)) < sup Ra(pa,(15®), pa, (s™)) (3.30)

§(3)7§(4)€X

and, by (3.27),
RA(pAl('|§(1));p(‘)) S C|A|€—(w0/2)dist(A,Ac)

The second inequality in (3.25) then follows from the analogue of (3.26) with pa, (-|s™)
and p(-). Theorem 3.3 is proved. O
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4. Contour models and restricted ensembles

Content of Section 4: e Definition of “generalized Pirogov-Sinai models”; e Defi-
nition of abstract contour models; ® Derivation of restricted ensembles from contour
models, Theorem 4.1; @ A formula for the finite volume corrections to the pressure;

e The Pirogov Sinai scheme.

Purpose of this section is to focus on one of the main steps of the Pirogov Sinai
scheme, namely the analysis of the finite volume corrections to the pressure in re-
stricted ensembles. Using an interpolation formula this is reduced to studying decay
of correlations for which the theory of Sections 2 and 3 can be used.

We start with a system in the full space S% with a stable, translational invariant,
finite range hamiltonian h. Take notice that h is not the hamiltonian H of Section 2
and 3, which only later will enter into the game.

Phase indicators. With in mind a Pirogov-Sinai scenario, we introduce two
functions, n(s; z), O(s;x), s € SZ ¢ e Z2, with values in {#£1,0}. As functions of z
with s fixed, n and © are respectively constant on the cubes of two partitions D and
D’ of Z¢ with D finer than D’. We will denote by {C;,i € Z?} and by {C!,i € Z¢}
the cubes of the two partitions D and D’, C; having side ¢, C! side ¢ > ¢, ¢'/¢ € N
and /' larger than the interaction range.

©(s; z) has the meaning of a phase indicator and we will say that a site x is in
the plus or in the minus phase if O(s; x) = %1, respectively. The values of O(;-) are
determined by those of 7(+;-) as follows. O(s;z) =1 (O(s;z) = —1) if and only if
n(s;y) =1 [= —1] for all y in the cube C] which contains x as well as in those cubes of
[C!]. O(s;x) = 0 if neither one of
the above is verified. As a consequence of the definition the plus and minus regions,
ie. {z : O(s;z) = 1} and {x : ©(s;x) = —1} are not connected to each other, in
fact each one of their connected components is surrounded by {z : ©(s;x) = 0} (the

D' contiguous to C!, whose union is denoted by 6%,

connection above is * connection in Z¢, i.e. x and y are connected if |z; — y;| < 1,
i=1,..d).

Remarks. In most applications, 7(s; ) depends only on the values of s on the

cube of D" which contains x. However such measurability conditions may fail, as in

cube C; of D which contains = and ©(s; r) on the values of s on C/ LI %,
the quantum version of the LMP model, see Section 6.

In a Pirogov-Sinai picture the plus and minus DLR measures (with hamiltonian
h), which are obtained as thermodynamic limits of finite volume Gibbs measures
with “plus and minus boundary conditions”, are supported by configurations with
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mostly © =1 (resp. © = —1), and only rare and small “islands” where © < 1 (resp.
© > —1). Thus, in the plus case, for most cubes C; € D, with large probability, s is
in the set

RS ={s:n(s;xz) =1 for any z € C;} (4.1)
which will be later identified to the constraint introduced in Section 2. However with
probability one there will always exist regions where © < 1, which are present in the
original model and absent in the restricted ensemble X* = MR;. The main point
here is to show that the presence of regions with ©® < 1 can be taken into account by
only changing the hamiltonian h into a new hamiltonian H, and then working in the
restricted ensemble X', see Theorem 4.1 below. In this way we recover the setup of
Section 2.

Contours. A contour I' of a configuration s is a pair I' = {sp(I'), nr}, where
sp(I") is the closure of a maximal, connected component of {x : ©(s;z) = 0} and nr
is the restriction of n(s;x) to sp(I'). An abstract contour is a pair which becomes a
contour in some configuration s.

Given a contour I', we decompose sp(I')¢ = ext(I") L int(I"), where ext(I") is the
unbounded maximal connected component of sp(I')¢ and call ¢(I') = sp(I")L int(I").
We call A = %

out

[sp(I")] the union of all cubes of D’ not in sp(I"), but contiguous
to sp(I'). By definition of contour, ©(s;z) # 0 on A and constant on its connected
components, we then denote by A% the subsets of A where ©(s;z)=+ 1. The union
of the connected components of int(I") which intersect A" are called int™(T"), the
others int™(T'). We call T" a plus contour if AT ext(T") # () and minus otherwise and
denote

{I'}* = the collection of all & contours with sp(I") bounded (4.2)
B ={L=(T1,..Ty) :ne Ny, T, € {T}*, sp(Ly) Nsp(L;) # 0, i # j}(4.3)
X* = {s:n(s;0) = +1, x € 2%} (4.4)

{I'}3 and By are defined similarly, but with the condition that all contours should

have spatial support in A.

Contour models. Contour models are systems defined on the product space
X1 x B, (to have lighter notation we hereafter restrict to the plus case). Contours
are given a strictly positive statistical weight w* (T, s), I' € {T'}*, which depends on
the configuration s € Xt only through the restriction of s to sp(T"). We shorthand

wh([,s) = [Jw*(@,s), LeB* (4.5)

rer
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We then introduce the “dilute”, finite volume Gibbs measures on X x Bi, A a
bounded D’ measurable region, by setting

1§/€X+ +(

mw r §’)€_hA(S§\|SAc)yA(dslA)(S(SlAc — Spe)dSye (4.6)
abs 2

=

M:bs,A(d§/7£|§) =
where “abs” stands for abstract; s € X' and

Zis(Ms) = D | w' (L, s)e " Ehbadyy (ds)) (4.7)

+
resf XA

having used the shorthand notation va(dsa) = [[,c4 v(ds,), for the free measure on
SA. By ha(s)y|sac) we denote the conditional energy, formally defined as h(ssxc) —

h(SAc).

Remarks. Notice that the elements of a pair (s,I') in a contour model are totally
unrelated, as the configuration s, being in X", has no contour, so that I are not at
all contours in the configuration s.

In the classical examples of Pirogov-Sinai models, like in Ising models, the re-
stricted ensemble X't consists of a single configuration, the plus ground state, and
the (plus) contour model is the space of compatible contours B*. The original theory
has then be generalized to cases where “colors” can be added so that the restricted
ensemble is no longer a singleton; with Kac potentials the restricted ensembles are
the outcome of a coarse graining procedure and they are spaces with a full and rich
structure, we will see examples in Section 6.

The above definitions are not coming from nowhere as it may look, we will in
fact see that, with a proper choice of the weights, we can relate the original Gibbs
measures and partition functions to those of the contour models.

Peierls bounds. The weights {w™ (T, s)} satisfy the Peierls bounds with positive
constant C'p if, for all I and s,

w(T,5) < e OPAT (4.8)

where N is the number of cubes from D’ contained in sp(T).

Theorem 4.1. If the weights w* (T, s) satisfy the Peierls bounds with a constant
Cp large enough (in particular Cp > 2b, b as in (4.11) below) then there is a hamil-

tonian HIJ{’O so that for any bounded, D' measurable region A and any s € X,

ZiM) = Zigp(s) 1= [ e iy (49)

+
XA
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Hy"(shlsac) = ha(shlsac) + K3 (sh),  Ki(sh) = > UL(sh) (4.10)
ACA
where the potentials UX(sa), defined in (4.14) and (4.15) below, vanish unless A is
a bounded, connected, D'-measurable subset of A. Moreover,
IUZ () oo = sup [U (sa)] < e P70 (4.11)
SA
where N is the number of D'-cubes in A; b > 0 a dimension dependent constant,
such that Z e Na < 1,

ASz
Finally, denoting by pys \(-|s) the marginal on X* of pf 4 (-]s),
1 oyl
P2 (ds]s) = +—6_HX (Salsac)yy (ds'\ )0 (she — Sac)dshye (4.12)
7 Zabs,A<§)

Proof. (4.9) follows from (4.7) and the first equality in (4.10), by setting
e—K/J\FvO(SA) — Z w+(£, s) (4.13)

reBf
To prove the remaining statements we will use cluster expansion to express the energy
KX’O(S A) in terms of a sum of weights of polymers, which will then identify the many-
body potentials U (sa).

Polymers are finite, connected subsets of {I'} T, two elements in {T'}* being called
connected if their spatial supports have non empty intersection. Denoting by P+ the
collection of all polymers and by Py those made by contours in {T'} 1, if Cp is large
enough, it follows from Kotecki and Preis, [16], that there are numbers @ (T, s), such
that

log Y wh(,s)= > = (L5 (4.14)

TreBy repf
Calling sp(') = |_| sp(I"), we then set
Tel
~Ui(sa)= Y, @' (L,sa) (4.15)

TePyl, spl)=A

and (4.9) follows from (4.7) and (4.13), while (4.11) follows from (4.15) and [16].
The proof of (4.12) is similar and omitted. Theorem 4.1 is proved. u

Finite volume corrections to the pressure. Theorem 4.1 reduces the analysis
of Z (Als) to the study of a partition function in the restricted ensemble, for which
the theory of Sections 2 and 3 can be used. As it will be discussed at the end of this
section, the main step in the Pirogov Sinai scheme is the computation of the surface
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corrections to the pressure in contour models, which, by Theorem 4.1, requires to
study log ZabS A(8) separating volume and surface effects (for large regions A). With
this in mind and following Dobrushin and Shlosman, [9], see also [14], [17], we use
an interpolation procedure to write

logZz:l_:;sA( ) lOgZabsAO( )
[ s~ Ho(hlsn) i) (416
X+

where Hy is a “reference hamiltonian” and Z;_ ,.,(s) the partition function on Xy
with hamiltonian Hy and b.c. given by s; pabsAu(dg’]_) is given by (4.12) with
H; (s |sac) replaced by

HI—C’S(SHSAc) = uH°(s)|sac) + (1 — u)H(;fA(sﬂsAe) (4.17)
In agreement with the examples of Section 6, we choose H, as a free hamiltonian:

Hy y(s4) va g (52) (4.18)

TEA

Vit the translate by x of Vs Writing the energy difference in (4.16) as a sum of

potential terms,

HX_7O(S;\|SAC) — HOA SA|SAC Z DzA SA? SAC (419)

xcZ4

we then need a thermodynamic limit result:

Jim Do a(s) = Da(s): Ahfrgdpabsm( 15) = Pabsiu(") (4.20)

with the assumption of invariance by translations by multiples of ¢: namely any D,
is the translate by z — y of D,, if y = z modulo D’ and p, ., is a measure invariant

under translations by multiples of ¢. Then

I log Z;o;)A(
Alfn%d |A’ - absO / /{‘Cl

where Cf and Cj are the cubes of D’ and D which contain the origin and

P;{)S;O log/ H {e—vz;HaL(Sz)
|C | n(scy;z)=1,2€Co 2eCo

Supposing A a bounded, D’ measurable region, we then have

log 237, (5) = P A = 3 / / D a(sh, $2¢) — LieaDa(sh, sac) g2 o (ds']3)

x€Z4

$(§)}p;bs;u(d§) du := Pans (421)
zeC))

ve(ds,)} (4.22)

+/+ 1:66AD1‘(S;\? SAC)[p:l;(SJ,A;u(d§,|§) - p:bs,u(d§/|§)]> du (423>
X
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Pt |A] is the volume term, correctly given by the pressure times the volume; the
remaining terms are the finite volume corrections to the pressure, they grow like the
surface if the convergence in (4.20) is exponential, as we will see in Section 5. Here
is where the theory of Sections 2 and 3 enters into play.

Restricted ensembles. Summarizing the discussion of the previous subsection,

we need to study restricted ensembles on X't (and X~ as well !) with hamiltonian
Hf =u(h+ K"+ (1—-u)HS, wel0,1, K asin (4.15) (4.24)
We denote by p,p, a..([sac) the finite volume Gibbs measures with hamiltonian H,F,
noticing that pji, a., (1) # Pl a(l5)-
The measure p:gg’A(d§'|§) (i.e. putting u = 0) is the marginal of uj_ ,(ds',L|s),
obtained by integrating out the variables I'. The latter is recovered by the formula

Hinsa (8", Dlsac) = 71 (L5 s )papea (ds']51c) (4.25)
with 73 (T; s') the conditional probability of T given s, given by

Lpest
mi(Lis) = mW(E; sh), EY(Aish) =) w(l;sy)  (4.26)
- oA reBy
Thus 75 (I';s') depends on s’ only through s, and makes the contours ' pairwise
independent except for the exclusion rule, their distribution however depends on

“the environment” s’.

Remarks. Take notice that the partition function Z;b’; A-(8) is not the partition
function with hamiltonian H;, because H{ (sz|sac) # Hy°(salsac), asin Hy (sz|sac)
contribute terms UZ (sa) having ATTA # () without A © A which are not present in
HA’O(SA’SAC).

In contrast to the original one, the new Hamiltonian H* has infinite range, but
this is due to K, which being “small” and with exponential decay is easy to handle.
Other hamiltonians enter into play when studying the finite volume corrections to
the pressure, as we will see next when outlining the Pirogov-Sinai scheme.

There are mainly two reasons to study these abstract contour models and re-
stricted ensembles, but first let us explain the terminology. Abstract underlines the
arbitrariness of the weights, which are not related to the structure of the original
hamiltonian. The whole point however is that there is a special choice of weights
(which are then called the “true weights”) for which the abstract partition function
becomes equal to the original one (in the space SZ" with hamiltonian A and suitable
boundary conditions). Thus the first reason to study abstract versions of a system is
because one of these version is the “true one”. But, in order to apply Theorem 4.1
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to such a case, we need the a priori knowledge that the true weights fulfill the Peierls
bounds with large enough Cp.

The beauty of the Pirogov-Sinai theory is that this crucial step can be established
by studying only contour models. The theory shows that if the computations done
using fictitious weights with cutoffs, which then automatically satisfy the Peierls
bounds, are “consistent” producing bounds which are below the cutoff values, then
the fictitious weights are equal to the true weights and everything works. All that is
discussed in some more details in the sequel.

Dilute measures and partition functions. Let A be a bounded D’ measurable
region; 6% [A] = 0%, [A°] the union of all cubes of D’ which are in A and contiguous to

A s € 52 ,n(s,z) =1, z € A°. We then introduce the “plus, dilute Gibbs measure”

1 /
(dS |SAL) ml ):1,$€5£[A}6—h/\(§ |SAC)VA(dS;\)5(SAc — S;\c)dSAc (427)
Zt(Als) :/ e~ M)y, (dsy) (4.28)
n(shsae,)=1,z€5 [A]

calling Z(Als) the “plus dilute partition function”: the “plus” referring to the plus
boundary conditions while “dilute” refers to the constraint on §%[A]. The “minus,
dilute Gibbs measure” i, (ds’|sac) and the “minus dilute partition function” Z~(Als)
are defined analogously.

The true weight of a contour. Given a contour I' € {I'}*, call ¢(T') =
sp(I') Uint™(T") and K = {C; € D : C; C sp(I'),dist(C;, AT) < ¢'/2}, ¢ the side
length of the cubes of D'. We suppose that D and D’ have been chosen in such a
way that K is D measurable. Then “the true weight” of the plus contour I is

. He(D)\K ({é’ (s’ x) = nr(z),z € sp(T); O(s's7) = —1,2 € A‘}‘§>
wh (L, s) =
Lhe(T)\ K ({g’ :n(s’sz)=1,2 € sp(I') U A‘}‘g)

(4.29)
where p.ry\ x(ds'|s) is the Gibbs measure on S with hamiltonian A (in the region
¢(T") \ K and with b.c. given by s). Notice that w™ (T, s) depends only on sk and in
the sequel we may write w (T, sg) if B J K.

Lemma 4.2. The plus dilute partition function Z*(A|s) can be written as

Z / (L, sy e Malshloac)y, (ds',) (4.30)

FEB+ (s'52)= lmEA
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Proof. Calling Ar = int(I') \ A(L') we have

Z+(A‘§) _ Z / w+<£’ §/>e—hA\AL(§'ISAc)Z+<A£’§/)VA\AL(d§/>

EeBx,ext 77(§'7I):1795€A\A£
(4.31)
where BX’eXt denotes the set of all collections of external contours: namely, all collec-
tions I € B} such that sp(T';) C ext(I;) and sp(I;) C ext(T;) for any I'; # ', € T
By iterations of (4.31) we then derive (4.30). Lemma 4.2 is proved.
O

The above reduction to a partition function of a contour model is however only
apparent, as we do not know if the true weights satisfy the Peierls bounds with a
suitably large constant C'p, which is the fundamental property of the contour models.
Since the purpose of the Pirogov Sinai scheme was to prove phase transitions and
phase transitions are consequence of such Peierls bounds, it seems we are back to
the starting point. The way to implement the Pirogov-Sinai scheme, as proposed by
Zahradnik, is to introduce an artificial contour model obtained by replacing in (4.30)
the “true weights” by fictitious ones, which satisfy the Peierls condition:

w(T, 5) := min{w*™ (T, 5), e PN/} (4.32)

If Cp is large enough, we can then apply Theorem 4.1, reduce to a restricted ensemble
and then apply the theory of Sections 2 and 3. However, these are not the true
weights, but only cutoff ones.

Let us go back to (4.29) which can be written as the ratio of a numerator N and

a denominator D, where

N = /e_hA(sA)Z_(int_(F) \ A7 sa-)Z(sp(I') \ K;m =nr|sa-, Sk)va-(dsa-)
(4.33)

D= / e Ca) ZH(int = (T) \ A7 [s4-)Z(sp(T) \ K ;1 = 1]s4—, Sk )va—(dsa-)
(4.34)
where the last partition functions in (4.33) and (4.34) are defined with the constraint
that n = nr and, respectively, n =1 on sp(I') \ K.

The model for which the approach works, are such that the ratio of the partition
functions on sp(I") \ K is bounded by e~“P"t with Cp large enough. If we knew that
the ratio of the other two partition functions is < e(“?/2Nr_ then overall wi(T, s) <
e~ (CP/2Nr i e smaller than the cutoff value. Now, the beautiful point of the theory is

that it is sufficient to prove that it is < e(“P/2Nr the ratio of the partition functions
defined by (4.30) with the weights replaced by the cutoff weights (4.32). If such
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a ratio is < e(©P/2Nr then automatically the cutoff weights are equal to the true
ones and these satisfy the Peierls bounds and we are thus in business. Thus the
computations which are needed involve the finite volume corrections to the pressure

in a restricted ensemble as outlined earlier.

5. Couplings and decay of correlations

Content of Section 5: e Construction of “successful couplings” for restricted en-
sembles; e and for contour models.

We consider in this section the model of Section 4 with hamiltonians H, u €
[0,1], and suppose that the assumptions in Theorem 4.1 are satisfied uniformly in
the interpolating parameter u. We also suppose that the hamiltonians H; satisfy
Assumptions 1-5 with ¥(i,7) = woli — j|, wo > 0, and with d,(-,-) > 1 for all
(again uniformly in w). Thus the assumptions in Theorem 3.3 are all verified, and
its statements can be applied to the finite volume Gibbs measures py x.,(ds'[sac).
In particular there is a unique thermodynamic limit, denoted by p;rbs;u(d§), which is
the candidate for the limit measure in (4.20)-(4.21). To prove it, we need to extend

the analysis to the measures p .. (ds'|sxc). We state a preliminary lemma:

Lemma 5.1. Under the above assumptions, there are ¢ and w] positive so that
the following holds. Let A, A and A’ be bounded, D-measurable sets, A C A" C A,
s in Xt call p:ﬁsoA/-A,s<1>~u('|§(2)) the conditional probability of p;;;Am(-|§(1)) given
that the conﬁgumti(;n 701;tsi7de A agrees with s ; then, for any u € [0, 1],

R (Ds, 6 (18205 052 pvin s (1817)) < A A |7 A HEND (5.1

Proof. By Proposition A.1,

5@ 057 ara s (1))

<2c¢; sup |H+/;U(SA/|8(A2/)C) - HX}?AW(SA/|5§,)C)
sarm(sars)=1

+
RA (pabs,A’;

(5.2)

where ¢; = sup d(s,s’) and
s,8'€S

2 2
HYS o (sarlsSe) = ulh(sarlsSe) + Y. ULi(san)} + (1 — w) Hi (sa)(5.3)
AVEAAOA D
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Then, by (4.11),

2 ,0 2
|H+’;u(8A’ |S(A/)c) - HZ’;A;U(SA/ |S(A/)c)

< Y U

AMACEY, AV £

< { sup 6—(Cp—2b)NAu}{ Z e_bNA”} (5'4)
A”I—WAc#@,A”I_IA’;é@ A”I_IA#@

The second bracket is bounded proportionally to |A’| while the first bracket decays
exponentially with an exponent proportional to the distance of A’ from A°. Lemma
5.1 is proved.

O

Theorem 5.2. Under the same assumptions of Lemma 5.1, there are ¢ and w;
positive so that for any bounded, D-measurable sets A and A and any sV € X, there
is a coupling Q of piie \(-|s™)) and pfi () such that

Qsa # si) < el Alemr A4 (5.5)

Proof. As in (3.26), for any € > 0 there is a coupling Q). such that

Qclsa # 51) < Ra(pipdau15™), Pl () + € (5.6)
For A large enough, let A’ be D-measurable set such that
dist(A, A©)
3

dist(A, A°)

dist(A, A) > 3

, dist(A’;A°) >
Then, by the analogue of (3.30),

RA (p:l;s,A;u('|§(1))7p;_bs;u(')) S Sup RA (p:k;;),A’;Aé(l);u('|§(2))7p:bs,A/;u('|§(3))

5(2) 5(3)

< Sup RA (p:bs,A’;u(' |§(2) ) ’ p:bs,A’;u ( ) |§(3)))

5(2) 5(3)

+ Sl(l})) RA (p;b&A/;u(' |§(2)7 u)7 (p:l;;J,A/;Aé(l) ;u(' |§(2) ))
El

Due to Theorem 3.3 the first term on the r.h.s. is bounded by c|A|e~(«o/2)dist(A,(A7)°)
while the second one is bounded by the r.h.s. of (5.1). Theorem 5.2 is proved.
0

Corollary 5.3. Under the same assumptions of Theorem 5.2 and with ¢ and wq
as in Theorem 5.2, for any bounded, D-measurable sets A;, i = 1,2, and A and any
s € X, there is a coupling P ofp;;/\;uﬂg(i)) such that

P(SA ?é S/A) < 26|A| max{e—wldist(A,Af)’ e—wldist(A,Ag)} (57)
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Proof. By the triangular inequality,

RA (p;l:;;Al;u(.lé(l))’p;_l:s),Az;u(.’ﬁ(z)) S RA (p;_l;;),l\l;u(.yg(l)%p;_bs;u('))
+RA (pzég,Ag;u("§(2))7p;rbs;u('))

The terms on the r.h.s. have been bounded in the course of the proof of Theorem
5.2. Then, the same argument used in the proofs of Theorems 3.3 and 5.2 leads to
(5.7). Corollary 5.3 is proved. O

As explained in the last part of Section 4, a crucial point in the Pirogov Sinai
scheme is to prove that the second term on the r.h.s. of (4.23) goes like a surface. In
our setup, this is a consequence of Theorem 5.2, as we are going to see. Using the
notation

SA) = Z UA;h(SA), K+ SA Z UA K+ SA (58)
ACA ACA

(with Ua.x+ the term previously denoted by UX), we write D, 5 in (4.19) as

Doa= Y, |A| T WUain + Unig+Tacat — vy Laea (5.9)
A3z AMAAD

Its thermodynamic limit is then

Z |{UAh+UA Kt} — (5.10)
Aax
and, recalling (4.23),
log Z,7 () = PAJAI =217 + 907 + 2107 (5.11)

where

Ua,
SICI Sl //X+ |A|h DS n(ds|3)du (5.12)

@A ADz:ATMAAD

2(2 " Z Z / /X+ UA = absAu(dsl )d (513)

€N ADx: ATIACHED

S8 == 5 [ Dulhsr o) ~ ) (510

TEA

25\17;;) clearly grows like the surface of A because the interaction has finite range;

Effg) is also a surface term because of the exponential decay of UX, see (4.11);

finally Zf’g) by Theorem 5.2.
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Theorem 5.2 and Corollary 5.3 prove the existence of couplings in the context of
the restricted ensembles. As we will see in Appendix B they can be used to prove
the existence of successful couplings also for contour models.

6. The three basic models

Content of Section 6: e Definition of the ferromagnetic Ising model with Kac
potential, the LMP particle model and its Euclidean quantum version; e Character-

ization of their restricted ensembles; e Statement of main results.

Systems with Kac potentials are the systems for which the above theory has been
devised. As an example, we will consider in the rest of the paper three specific
models where in fact the previous theory can be successfully applied. They are the
Ising model with ferromagnetic Kac interactions, the LMP particles model and the
Euclidean representation of the quantum LMP model (QLMP for brevity). The
scaling parameter of the Kac interaction will be denoted by v > 0, the range of the

interaction scaling as v~ 1.

Single-spin state space.  (Denoted in Section 2 by S). In the Ising model
S = {—1,1}. In the classical LMP model, which is a model of point particles in R?,
we introduce spins in the following way. We start from a partition D“) of R into
cubes C'g(f”), x € 74, C’g”) being the cube of the partition D% which contains the
point £,x. We then associate to any particle configuration a spin configuration s,
where the spin s, is the restriction of the particle configuration to the cube Ca(f”).
Thus S is the space of configurations of point particles in a cube of side ¢,, which
will be denoted by (n;q1,..,qn), n € N, (q1,..,¢n) a sequence of points in the cube.
¢, > 0 is a free parameter which is chosen suitably small, see (6.10) below, so that
typically in each cube there will be at most one particle and the analysis (when
checking Assumption 1 of Section 3) becomes similar to the Ising case.

Similarly, in QLMP the elements of S are (n, q1, .., ¢, w1, .., w,) where (n, g1, .., Gn)
are as in the classical case, while (w1, ..,w,) are loops, namely each w;(+) is a contin-
uous function on [0, 3] with values in R? such that w;(0) = w;(8) = 0. We then set
qi(t) = ¢; + w;(t) and call it a loop with origin ¢;.
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Free measure.  This is a measure (denoted by v) on S. In the Ising model
v(£1) = 1. In LMP, instead, the probability density of v at (n;q, .., ¢,) is

d
et

_TL' 1q1,..,anC(z7)dQ1 .oodgy

while in QLMP (we are considering systems which obey the Maxwell-Boltzmann
statistics), it is

d
et

T Lo gecenday - dga W (dwy) ... W (dwn)

where W is the law of a Brownian bridge starting from 0 and coming back, at time
(£ in 0.

Metric. In Ising d(s,s’) := |s — §'|. In LMP, take two configurations s =
(n;q1,....qn) and s = (n';¢},...,q,), supposing without loss of generality that
n <n', then

d<87 S/) = n, - n + Z ]'Q’L#Q;.(z)

i=1
{m} the collection of all subsets of cardinality n in {1,..,n'}.
In QLMP, calling s = (n;q1,. . qn, w1, .. wy), s = (051, ..., ¢, w1, .. ,wn)
and supposing again n < n/,

d(s, S/) = n/ —n+ Z 1(qz',w¢)7é(q;(i)"*’;r(i))
=1

Hamiltonian. The Hamiltonian h = h,, which depends on the scaling pa-
rameter 7, is translational invariant and with finite range, it incorporates the inverse
temperature § > 0 as a factor. In Ising it is given by a spin-spin interaction of the

form
—BJy(z,y)o(x)o(y) (6.1)
where
Jy(x,y) =4I (ye,vy), v >0 (6.2)

with J(r,7") a symmetric probability kernel, translational invariant and with range 1
(i.e. J(0,r) = 0 for |r| > 1) which is differentiable with bounded derivative (a weaker
assumption as in Appendix A of [1] could be used instead). The range of h is v~
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In the LMP model the energy of a configuration s, which corresponds to n par-

ticles in A at positions ¢ = (q1, .., gn) 18

h(sp) = /Rd Bex(J,*q(r))dr, Jyxq(r) = Z J (7, i) (6.3)

where
ex(z) = —Ar — —+ — (6.4)

with A € R having the meaning of a chemical potential. By writing explicitly the
r.h.s. of (6.3) we can check that h is given by up to four body potentials and that
the range of the interaction is 2y~!. Since e, is bounded below, the corresponding
h is strongly stable, i.e. hy(s)|spc) = h(sysac) — h(sac) > —Blsa] for 5,8 € S% see
e.g. Appendix A of [1].

In QLMP,

B
h(sp) = /0 /]Rd ex (Jy x qi(r)) drdt, @ = (¢ +wi(t),i=1,..,n) (6.5)

where s, represents n loops ¢;(t) = ¢; + w;(t), i = 1,..,n, all ¢; € A, By the same
argument as in the classical case, h is again strongly stable.

Mean field limit. In a Pirogov-Sinai scheme, the plus and minus Gibbs
states when 7 > 0 is sufficiently small, are regarded as perturbations of the mean
field ground states, defined as the functions constantly equal to a minimizer of the

mean field free energy density. In the Ising case, the latter is
1 5, 1 I-m,  1T-m 1+m__ 1+m
fs(m) 5 3 (m), (m) 5 5 5 log—

with m € [—1,1]. The first term corresponds to the energy (6.1) the second one is

log (6.6)

proportional to the entropy, which is the entropy of a Bernoulli measure on {—1, 1}Zd
with average m.
If B> 1, fs(m) has a double well shape with minimum achieved at £mg, where

mga > 0 solves the mean field equation

mg = tanh{fmgs} (6.7)
We will therefore restrict in the Ising case to § > 1. We also notice that fz(m)
is quadratic at the minimizers £mg and |dtanh{fm}/dm| at m = tmgz is < 1, a
contraction property which is behind the validity of Assumptions 1-2 of Section 3.

In both LMP and QLMP the mean field free energy is

Fanp) = ex(p) — %up), I(p) = —p(logp— 1) (6.8)
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p > 0 having the meaning of a particles density. For 8 > (3/2)%2, there is \g so that
f3(p) = fa.,(p) is a double well function with equal minima at pjﬁt, solutions of

p=exp{—pe,(p)}
The analysis in [14] (for the classical case) and in [1] (for the quantum case) are
d
restricted to the case )d_p exp{ — Bef\ﬁ(p)}‘ < 1, which holds for 8 € ((3/2)*2, ),

o a value larger than (3/2)%2, and since we rely here on that analysis we restrict as
well to 3 € ((3/2)%2, Bo).

Basic partitions. The partitions D and D’ of Section 4 are defined in terms of
two scale lengths,
—(1%xa)
v , a>0 (6.9)

a < 1. Both o and v will be very small, so that 1 < 7~ (179 « 4~ (1+e),

In Ising the sides of the cubes of the partitions D and D’ are chosen equal to £ -,
with (1, € [y~ (£ 24=(12]: ¢, s an integer multiple of £_ ., to enforce the fact
that D should be finer than D', as required in Section 4.

In LMP and QLMP we consider three partitions of R?, D) DE-+) and DE+)
each one finer than the successive one. We choose

0, =~ (6.10)

g, € [y~(1F9) 29=(%)] and such that ¢, ,/¢_ ., and ¢_ /¢, are integers. Then the
map of R? onto Z?, which associates to a point r € R? the site z € Z¢ such that
C) 5 transforms the partitions D), DE-) and D) into Z4, D and D'

Note that the length of the sides of the cubes of D and D’ (which are measured
in lattice units) are different than those of D) and D*+~), from which they differ
by a factor £,.

Phase indicators. In the Ising case
1 a
n(s;z)=+1 & |C’(L W)‘ ’ Z (sy F mg)‘ <7 (6.11)
eC -
and = 0 otherwise; in (6.11), ") is the cube of D = D) which contains z,
a > 0 is a parameter such that a < a; mg is defined in (6.7).

In LMP,

1
n(s;z) = £1 < |—V)||q | F | <y (6.12)

and = 0 otherwise; in (6.12) ¢ is the particle configuration described by s and |¢M1C/|
the number of particles in the cube C.
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In QLMP we first define a variable n/(s;z) by the r.h.s. of (6.12) with ¢ the
configuration made of all particles in s whose loops are “short”, where a loop w(t) is
short if |w(t) — w(0)| < v~ Y2 for 0 <t < B. Then n(s;x) = +£1if 5/(s;2) = +1 and
moreover all trajectories ¢;(t) = ¢; + w;(t) described by s which pass through o=
are short. In all other cases 7(s;x) = 0.

In each one of the three models the variable ©(s;x) is defined in terms of the
corresponding variable 7(s; x) according to what said in Section 4.

Reference hamiltonian. There is a reference hamiltonian in the plus and one
in the minus restricted ensembles, as in Section 4 we restrict to the plus case and
denote it by Hy . In Ising

Hyf (7)== ) mgs, (6.13)
zeA
in LMP and QLMP, denoting by n the number of particles in the configuration sy,

H (1) = ¢, (p})n (6.14)

In Ising, the mean field free energy for the system uh + (1 —u)H; is, recalling (6.6),
U 1

—om = (1 —u)mgm — El(m) (6.15)

for which mg is again a minimizer (and the only one if u < 1). Analogously, in LMP
and QLMP, we have from (6.8),

ues,(p) + (1= )l (o})p = 5100 (6.16)

which has again pg as a minimizer.

Peierls bounds. We suppose that the weights of the contours satisfy the bound
(4.8) with Cp as follows. In Ising there is a positive constant ¢ and for all v small
enough, Op = ¢y~ (17¥4+2¢ The same expression (but with a different value of c)
holds in LMP for all A which differ from A\g by < 7,0 < d < a In QLMP,

Cp = ¢y~! with X varying in the same interval as in the classical case.

Remarks. Note that in the three models C'p increases to infinity as v \, 0. The
Peierls bounds should be regarded in LMP and QLMP above as assumptions, but as
explained in Section 4, the assumption must be consistent within the Pirogov Sinai
scheme. This happens for a proper choice of the positive constant c. We will not
prove it here, but establish, for the above weights, the validity of Assumptions 1-5,
which is the main ingredient in the proof of self consistency of the Peierls bounds.
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In the Ising case the Pirogov Sinai theory is not needed, due to the spin flip
symmetry of the system. However the introduction of restricted ensembles and the
estimates we prove here are useful when studying the surface corrections to the
pressure for plus and minus dilute partition functions.

Choice of parameters. In all three models, the parameter ¢ of Section 3 is
chosen equal to

£=3y1 (6.17)

The choice is such that the hamiltonian h does not give contribution to the interaction
at distances larger than £ (3 above is not optimal).
Let wy be the parameter introduced in Theorem 3.3. In Ising,

wop = coVl— 5 (6.18)

where ¢y > 0 is a suitably small constant, independent of 4. The choice (6.18)
has the following motivation: In Section 3, wy enters in the definition of the metric
Y(i,J) = woli — j|. @ and j are labels for the cubes C; and C; of D, whose sides
in Ising scale as (_ . Thus ¥(i,5) = coy(¢{—,|i — j|) is proportional by coy to the
distance between C; and Cj; the factor vy says that this distance is measured in terms
of interaction lengths (as 7y is the inverse of the interaction range).

In LMP and QLMP,

l_
wo = coy—2 (6.19)

by
with ¢y a suitably small constant. The choice (6.19) has the same motivation as
(6.18), the extra factor ¢, comes in because the lattice unit in LMP and QLMP

corresponds to a distance £, in R?.

Restricted ensembles. We consider in the sequel the plus restricted ensembles
in the above three models, with A in LMP and QLMP ranging in [Ag — v, Ag + 7]
and 0 < d' < a.

Theorem 6.1. There is ¢ in (6.18) (for Ising) and (6.19) (for LMP and QLMP)
so that Assumption 1-5 (the latter with (i,5) = woli — j|) are satisfied in the
restricted ensembles of the three models uniformly on the interpolation parameter
u € [0,1].
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We will prove Theorem 6.1 in the remaining sections, considering only the case
u = 1, as the other cases can be handled in a similar way. We conclude this section
stating the results about phase transitions for the three models, which are already
known in Ising and LMP, while they are proved in [1] with the help of the above
Theorem 6.1.

Theorem 6.2. In the Ising case, for all v small enough, the plus and minus dilute
Gibbs measures converge in the thermodynamic limit to mutually distinct measures.
The same occurs in LMP and QLMP, provided the chemical potential \ is suitably
chosen (A = Ag, |Ag — Ag,| < ey/?).

7. Validity of Assumption 1

In this section we will check the validity Assumption 1 of Section 2 in the three
models of Section 6, deriving explicit bounds for the coefficients.

Ising model. For x € Z%, define

ze{geng(m)eX} (7.1)

where g,(f) =s,, for z# x and s Sy

Recall that X = {s : n(s;z) = 1, z € Z%} with n(s;z) as in (6.11). Thus, if for
example s € X is such that

o

Y s> (man)ct -1 (7.2)
yECa(cL’”)\&?
with Cg(f””) the cube of D which contains z, then, necessarily, s, = —1 and s ¢ G,.

On the other hand, if we replace s by a new configuration s’ obtained by changing a
plus into a minus at some y # z in C’g(f’”), then s, is free in this new configuration,
i.e. 8 € G,. Therefore, the Vaserstein distance between the conditional probabilities
of s, given s and s’ outside x is not “small”. The first assumption will come by an
almost explicit evaluation of the Vaserstein distance. This is possible because of the
simple nature of the space S, which consists of only two points. Closeness to mean
field, as guaranteed by the configurations being in X', and the stability properties of
the mean field ground states, will then yield (3.2).



34 F. BAFFIONI, T. KUNA, I. MEROLA, AND E. PRESUTTI

Proposition 7.1. For all v > 0 small enough, (3.1) holds with
b(z,y) = r[J,(z,y) + e CrmMN )] (7.3)

where r < 1 and b, Cp as in (4.11) with Cp = ¢y~ 17420 ¢ > 0 while

N, (z,y) > 1+ integer part of w (7.4)
+y
Thus
lim sup Z b(z,y) =0 (7.5)
170 gz _ )
yeCy " \z

and (3.2) holds for all v small enough.

Proof. Let s and s be in G,, then the conditional probabilities p,(-|s) and
p(+]s") are just the usual Gibbs measures, as the constraint of being in X does not
affect the values of s,. Thus

6,8k(§)0'
Po(se = 0l8) = k(o) = g Jo(,2)s: + hif (s)
where
hi(s) = %Az: [Ua(1,50\a) — Ua(—1,5a\0)] (7.6)
ox

(0, Sa\s) being the configuration in {—1,1}* equal to ¢ at = and which agrees with
s on the other sites, Ux being as in (4.11). Indeed, the interaction energy of o with
all the other spins due to ™ is k) (o|s) = Z Ua(0,5a\z). Since

A>zx

1
Bt (ols) = —=2

1—
hy (1]s) + Tghi(—llg) = ohy(s) + const

where the last term is independent of o and does not contribute to the conditional
Gibbs measure, hence (7.6).
We will next show that for s and s’ both in G,

R(pa(-]5),p2(-|s")) = |tanh{Bk(s)} — tanh{Gk(s")}| (7.7)

The Vaserstein distance is attained by the joint representation which has the maximal
mass on the diagonal, namely min{p,(-|s), p.(-|s')} and is triangular, (for the first
statement we have used that d is also the variational distance and for the second
statement that s, takes only two values). On the other hand the integral of d(s,, s,) =
|s; — s.| over a triangular joint representation is the same as the absolute value of

the integral of (s, — s.) (without modulus), hence (7.7).
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Calling v = min{|k(s)|, |k(s|}, we have

| tanh{Bk(s)} — tanh{Bk(s')}| < (D Iz y)lsy — s, + B (s) = b ()])

2
cosh”(fu) —

(7.8)
To get the Lipschitz norm of b (s), we write, recalling (7.6),

1
) =hHE < 5 D (IUa(L sa10)=Us (L, Sa o) HUs (<L sana)=Us (=1, 8,1

A>z
and
Ua(£1, 5av) = Ua(EL, sh ) < 10UA() o Y |5y — s
yEA\z
Hence

05 () = REE < D D IIUAC) s Hsy — 53

y#xr Adxzy
From (7.8) we then get (3.1) with

b y) < —b——(L(ey) + 3 1UaC)ll) (7.9)

P
cosh (ﬂu el

To bound the fraction on the r.h.s. we recall that u = min{|k(s)|, |k(s'|} and that

5) =Y Jy(x,2)s: + hi(s)
“Ha
so that
[k(s) —mgl < | Iz, 2)(s: = mg)| + D 1Us()lloe
2 Asz

By the assumptions on .J, (see Section 6) and (7.2), the first term is bounded by
c(yl—y+~"+ L% ), ¢ asuitable constant. The first term comes from the variations
of J,(x,2) when z varies in a cube of D) the second one by (6.11). Using (4.11)

S TUAC e £ S e GtV < =2 (7.10)

A>z A3z

for b > 0 so large that Z e ®Na <1, Recall the condition for b in Theorem 4.1;
A=Y
Cp = ¢y~ (Im@)d+2a Thyg

lim sup |k(s) —mgp| =0

705G,
so that, given any € > 0 there is 7. > 0 and for v < 7, we get from (7.9)
p
b(z,y) < [———— + Ua(*)lo 7.11
O e B CXCHURD i LUNC] N (r.11)

A>dz,y
The square bracket is < 1 for € > 0 small enough, because

g

—— <1
cosh?(Bmy)
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which is the mean field condition of stability of the solution mg (at 8 > 1). It thus
only remains to bound the last term in (7.11). We write
Z 1UA () ||oe < Z e~ (Co=DNa < o=(Cp=20)Ny () Ze—bNA (7.12)
A>dx,y A>Sz,y A>x

Hence (7.3) and (7.5). The Proposition is proved. O

Classical LMP model. In LMP, the single spin has much more structure than
the simple, +1 valued Ising spin, being a whole configuration of particles in a cube.
However by choosing small enough the side £, of the cubes of the partition D) we
will see that with large probability there will be at most one particle in the cube,
and the analysis will then become similar to the previous one for the Ising case and,
in the end, based on stability properties of the mean field solution.

We will use the following notation. The spin s,, x € Z¢, represents the collection
of particles in the cube C, , of DE) of R?, the choice of the latter such that lyx € Oy
We will also denote by n(s,) the number of particles in the configuration s,. Given
x € Z% let C C Z¢ be the cube of D (seen as made up from cubes of D), such that
UzecCy» is a cube of side length ¢_ ) which contains x and |C| its cardinality, we
then define

_ . a -1 _ ot a L}
G, {§€ X =" <|C yezcgmn(sy) Py <7 c (7.13)
so that G, is the set of configurations s € X which remain in X if we replace s, by
s with n(sl) =0, 1.

Z

Lemma 7.2. Let d(s, ') Zd s.,s.) and

f'(!E,y) = sup L R(px('|§)7p:v('|§/)> (714>

then
7(z,y) < b(x,y) = (3.1) holds (7.15)

Proof. If (3.1) holds then for s and s’ as in (7.14),

R(p2(+|8),pa(-]s") < b(z,y)

hence 7(z,y) < b(x,y). To prove the reverse thesis, by the triangular inequality, it is
enough to show that there is a sequence s of elements in G, so that

> (s, sy =1 (7.16)

yF#
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and such that, for any y # z,

Z d(s, (i ,S(H'l) = d(sy, 5,) (7.17)

The existence of s®) can be proved for one cube Cy,, after another and we just
explain for one of them.

Let then s,, s, respectively, be described by the configurations ¢U¢" and qlig” in
Cy,. Thus, the configuration ¢ is in common to both, while the other particles are
in different positions, respectively ¢’ and ¢”. We are going to change s, with at each
step adding or removing a particle and in such a way that at the end we get s: the
number of steps must be equal to n(q') + n(q") — n(¢') An(q") = d(sy, s,) (n(q) the
number of particles in ¢). If n(¢’) > n(q”), we change successively the configuration ¢’
by removing one particle at a time, till the number of particles left is equal to n(q”).
Since initially both configurations were in (G,, the new configuration at any of the
above steps is still in G, by (7.13). If instead n(q’) < n(q¢”) we add particles, putting
them at the positions of particles in ¢”, till we reach parity. Thus it remains to define
the modifications when the number of particles are equal. Then simultaneously we
add a particle to the first configuration ¢ LI ¢’ in a position of those of the second
which are not matched, i.e. ¢”, and we subtract a particle among the mismatched
of the first configuration, i.e. ¢’. This leads again to an equal number of particles in
the two configurations and one less to match. Thus the distance between this two
resulting configurations is 1 and they both are in G, in agreement with (7.17). By
iterating the procedure we then prove (7.16)-(7.17).

R(pa(-13), pa(-|s)) ZZR pa(-1sy)), pa(-]sy ) Zr T, y:)
< ZZb(m,y)d(s ‘ ,sé’“ Zb z,y)d(sy, s,)

y#T 1 yF#

where y; denotes the indey y of the cube C, , at which sg(, and sy dlsagree (3.1) is

proved and hence Lemma 7.2. U

We might have used the analogue of Lemma 7.2 also in the proof of Proposition
7.1. We state in fact without proofs the following result:

Lemma 7.3. Let s and s’ be two configurations of the Ising model which are both
in X and which differ in a finite set Y. Then d(s,s') = 2|Y| and there are |Y| + 1
configurations s, i = 0,..,|Y|, all in X with s = s and sV = s such that, for
anyi=1,..,|Y|, st differs from s by a spin flip in a site in Y.



38 F. BAFFIONI, T. KUNA, I. MEROLA, AND E. PRESUTTI

We will next reduce to n(s,) < 1. Let s € G,, ¢ the collection of all the particles
of s, y # x, and

Viu(r) = / <6AM ((J7 xq)(r') + J, (1, r)) — e,\m(J7 * (j(?"')))dr', recC,, (7.18)

Let then my.<1(ds;|s) be the Gibbs probability on S, supported by n(s,) < 1, and
defined by

1
4(x,s)

with r € C,, , the position of the particle of s, when n(s,) =1, and

May.<1(dsz|s) = <1n(51):0 + e—ﬂvé,z(éyx)ln(sgc)zldr> (7.19)

Z(x,s) =1+ e’ﬁvﬁ@(évx)ﬁz (7.20)

Note that instead of the real interaction of a particle moving in C., , we just use the
potential at the center of the cube C, .

Lemma 7.4. For all v > 0 small enough, x € Z¢ and s € G,
R(p.(‘]s), mu<i(ls)) < evey™ (7.21)

with ¢ > 0 independent of v and s.

Proof. By the triangular inequality,

R(pm("§)7mm;§1("§)) S R( r<'|§>7pa:<'|§; S 1)) + R(pm<’|§; S 1)7mx;§1('|§)) (722>

where p,(+]s; < 1) is p,(+|s) conditioned on n(s,) < 1.
For the first term on the r.h.s. we use (A.3) bounding d(s., s';) < n(s,) + n(s.),
R(pm('|§)apac('|§; < 1)) < 2/ n(sm)pz(dsx|§>
n(sz)>2
Denoting by g the collection of all the particles of s,y # x, and by ¢ those of s,, the
conditional energy in p,(ds.|s) is

H"(s4]8) = K" (s4]8) + / <e,\m(Jy *q(r) + Jyxq(r)) — e,\m(Jy % q‘(r)))dr
As in (7.10) using (4.11),
| KT (sg]s)] <> e (@mINa < o= (Com20) (7.23)

A>zx

Then, by the strong stability of the hamiltonian h, (see Section 6) there is B > 0 so
that

H"(sy|s) > —DBn(s,)
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Since
/ y e
(Sx Pz dsx‘ < < szd
n(sg)>2 n>2 K

we obtain the following bound for the first term on the r.h.s. of (7.22):
R(pa(-]5), palt]s; < 1)) < 2e27 (7.24)
We will next bound the second term on the r.h.s. of (7.22). The two measures
pa(+|s; < 1) and my.<;1(+|s) are two measures supported on n(s,) < 1.
1
pe(cls < 1) = = |:6—K+(Szc|§)1n(sz):0 + e—K+(5w\§)+V§,w(r)1n(sz):1] (7.25)
Z(x,s)

where r denotes the position of the particle in the configuration s, when n(s,) =1

and Vj,(r) is defined in (7.18). The conditional energy of my,.<1(:|s) is instead 0
when n(s,) = 0 and otherwise equal to V;,(¢,z), independently of r.

We apply Proposition A.1 with A the energy of m,.<i(-|s) and v the difference
between the energy of p,(-|s; < 1) and my,<;(+|s). With the notation of Proposition
A.1, we then have as before that, for a suitable constant c,

pe(n(s) =1) <ctd, 0<t<1
and by (A.2) and (7.23),
R(pa(-5; < 1), myca(t]s)) < 2e65 (e @) 4 sup [Vouo(r) = Viu(£y2)])

r€Cy,~

By the assumptions on J, (see Section 6), |V;.(r) — Vs (¢y2)| < ey, hence (7.21),
recalling C), = ¢y~ (17422 Temma 7.4 is proved. O

By the triangular inequality, Lemma 7.4 reduces the estimate of (3.1) to that of
measures of the kind m, <1(ds,|s), for which we proceed as in the Ising case.

Proposition 7.5. For all v > 0 small enough, (3.1) holds with
b(x,y) < LT (L, Lyy) + ety 6 <1 (7.26)

where Jg = J,x J, and c > 0 independent of .

Proof. By Lemma 7.2 we only need to prove (7.26), with b(z,y) as in (7.14). By
Lemma 7.4 and the triangular inequality, we then have

b(z,y) < sup R(mg;<1(:]8), mas<i (+]8)) + 2076%“ (7.27)
§,§’€Gz:d(§,§’):d(sy,s§/):1
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Conditioned on n(s;), ms.<1(:|s) and my,<;(+|s’) become equal, then, by Proposition
A.3, their Vaserstein distance is the same as that of their marginals on n(s,)
1
Z(,s)

Since n(s;) = 0,1, the same argument used for Ising tells us that the Vaserstein

<1n(sz):0 + e—ﬁVQ,x(fvﬂi)giln(sz):l) (728)

distance is equal to the absolute value of the difference of the expectations of n(s,).
Let us then suppose that ¢ are the particles in all s,, 2z # x, of the configuration s
and that s’ is obtained by a adding a particle at r*, with r* € C, . We then have,
by a Taylor expansion to third order

/ — ]- 1 _
Veallyw) = /ex\m (Jv * (J(T))Jw(%f& r)+ 2%, (Jv * q(r))Jv(&x, r)? + L(r) dr
Veulto) = [ 6, (3, a() ,(tr,7)

1
+§6/><g,w (‘]7 * q(ﬂ){‘]v(gvx? 1) + 27, (G, r) I (r",r) } + L(r) dr
with L and L’ third order remainders:
- . 3
L)+ [L(r)] < e( L (7 7) + (b, 7))
Then, calling K., = ﬁ/el,\%@(Jv xq(r))Jy (L, r)dr,

e_ﬁ‘/véxz(é’Yx) e_ﬁ‘é’,z(e’}’x)

Z(x,s)  Z(z,8)

1+gd —Ky) ’/ekg J *q(r )Jw(fyx,r)(]v(r*,r)dr

R(mx;§1 ( |§)7 mMy<1 ( ’§/)) = g’ci

+ 072d>

As v — 0 and recalling that |.J, x § — pj| < 7%, cf. Lemma D.1 in [1], and that for
d —ge,

ﬁ < BO, 1< —¢ B ,\5(/’)
dp

<1,
p=n}

lim e (T, q(r)] = ¢ "N ()] < 1

7—0

we finally get, recalling that r* differs from £,y at most by £,
R(mx'<1('|§)7 mx;gl('|§/)) S 5€d‘]2<£'y$7 g’yy) + C€$(£77d+1 + ’YQd)a 6 < 1

where J7 2 = J, x J,. Proposition 7.5 is proved. O

Quantum LMP model. The same argument used in the classical case applies
to the quantum case as well, showing that we can reduce to a measure with at most
one particle in C,,. However, we can only localize, with such an accuracy, the
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initial position r of the particle, while the conditional energy depends on the loop
originating at r and it is given by / Vsz(r +w(t)) dt, see (7.18) for notation. With

large probability, the trajectory r —1? w(t) starting at r € C, , will spend most of its
time outside the small cube C, , and, despite having localized the initial position,
the particle is effectively delocalized. This is a purely quantum effect, not present in
the classical case and which requires a new analysis.

We define G, as in (7.13), G, being therefore independent of the loops in s, and,
exactly as in the classical case, we get to (7.29) below:

Proposition 7.6. In the quantum LMP model, (3.1) holds using Cp defined as
before Theorem 6.1 and

b(z,y) = sup R(p.([s; < 1), pa(|ss < 1)) +2e27 (7.29)
€Gg:d(s,s')=d(sy,sy)=1

1
It
N

Moreover
bz, y) < ST (L, Ly) + cliy™2 5 <1 (7.30)

Proof. As already mentioned (7.29) is proved just as (7.24) in the classical case.
In Lemma 7.4 besides that, we also approximated the interaction with a constant
one, yielding in this model to the too large error Eﬁ’yl/ 2. However, the problem can
be reduced to the classical LMP model in the following manner.

Let s and s’ be both in G, call (g,@) and (¢, &) the initial positions and loops of
the particles in {s.,z # z} and {s',,z # z}. By (7.29), we need to consider the case
where (¢’,@") is obtained from (¢,w) by adding a particle (r*,w*), with r* € C, .

Call g(t) = g+ w(t), ¢*(t) = r* +w*(t) and ¢(t) = r + w(t) the loop of a particle
starting at r € C, . Shorthand a,(r,t) := (J, * q(t))(r). We then define

Upq(z,w) / /deAB ay(r, )y (r, by + w(t)) + B (O;On t))J L (r, €z)2drdt

: (7.31)

Upg(z,w) = U, 4(z,w) / / e/\ﬂ (ay(r,t))Jy(r, " (t))Jy(r, Lyx)drdt — (7.32)

The r.h.s. of (7.31) and (7.32) collect terms of the Taylor expansion of

8
| Vel + wtnar
0

and its analogue with s’. Indeed we have,

B
v (r + w(t)) = Uy g(,w)|dt < (™ + £7) (7.33)

0
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There are three errors to be considered. The first error comes from the third order
remainder, the second comes from having replaced in the second order, J, (r, r’'+w(t))?
r € C, 4, by the term J,(r, £,2)?, present in (7.31), and the third error comes from
replacing r by £,z in the first term of (7.31). The first error, due to the third
order terms, is proportional to 72?. The second error is bounded proportionally to

1/2 hounds

vlyy~1/2: 4% and 7 come from the scaling: J,(0,7) = 44J(0,yr) while v~
the excursion |w(t)],0 < ¢ < . The third error is bounded proportionally to £, here
(. estimates the uncertainty of r € (., and v comes from the scaling. Altogether

(7.33) holds. An analogous computation shows that also

B
v+ ® (1 +wt) = Usgyig (@, w)|dt < c(y? 4+ £,7) (7.34)

0
Analogously to (7.19), we then define m,.<1(ds;|s) as the Gibbs probability on S,
supported by n(s,;) < 1, and defined by

1 — xX,w
Mt (ds,|s) = m(%(%)zﬁe Vel o2 W () Loy oadr ) (7.35)
with r € C, , the position of the particle of s, when n(s,) =1, and
Z(x,s) =1+ eg/ e~ Ve @1 (duw) (7.36)
w12

Similarly, we define my.<1(ds,|s’) and Z(x,s’) using U, ¢ (z,w) instead of U, s(z,w).
Using Proposition A.1 we then get from (7.29)

r(z,y) = sup R(mai<1(0]8), Mz (-|8)) +2e(C4 4L (v 2+ 017))
3,8'€Ggid(s,s')=d(sy,sy)=1

(7.37)

We regard my,.<1(-|s) and m,.<(+|s) as probabilities on the space X = {0, (r,w)}

with 0 the state with no particles, (r,w) the one particles states, with r € C, , and w

a loop such that |w(t)| < y~'/2. The important features of the two measures that we

have to compare is uniformity in r and that the conditional distributions of w, given

that n = 1 and the initial position r are identical. Indeed we can rewrite (7.31)-(7.32)
as

Ups(z,w) = u(w) + b, Upg(2,w) =u(w) + 0 (7.38)

where

B
= / /Rd e, (ay(r, 1)) I (1, by + w(t))drdt (7.39)
e)\ﬁ a7 r,t)) )
b—/ /Rd Jy (1, Lyx) drdt (7.40)

—b+/ / e/\ﬁ (ay(r,t))Jy (1, q"(t)) I (r, L 2)drdt (7.41)
Rd
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Thus, calling
C = / e YW (dw) (7.42)
w(-)|<y=1/2

the marginal distributions of mg,<1(-|s) and mg,<1(-]s’) on X9 = {0} @ {r € Cy 1)}
are forn =1

miﬁ(dﬂg) =Z"'Ce"1,ec, dr (7.43)
and for n = 0 we define m2%(0[s) = Z~" with Z =14 Ce "4 .

class

m$25(|s') is defined analogously with b replaced by b'. Finally the conditional
probabilities of m$%%5 (-]s) and m2%5 (-|s') given the state with a particle in r are the

same and equal to
C_le_u(w)1‘w(,)|g,y—1/2W(dW) (744)

The distances in X and X .55 defined as in Section 6 satisfy the condition (A.4).
Then, by Proposition A.3,

R(pf (s < 1),pf (]85 < 1)) = Ry (m&5(¢]s), m& (+]s')) (7.45)

where R, is the Vaserstein distance in X .. The computation of R; is exactly as in
the classical case, and in this way we derive (7.30). Proposition 7.6 is proved. O

8. Validity of Assumption 2

In this section we will prove the validity of Assumption 2 of Section 3 in the three
models of Section 6. The proofs are very similar to each other, the starting point,
in all of them, being a bound on the probability of the event “not being in G,” in
terms of a variational problem involving a non local free energy functional. The link
with a variational problem, goes back to the original works of Kac, Uhlenbeck and
Hemmer, [11], and, in particular, to the analysis of Lebowitz and Penrose, [15]. The
variational problem itself is then studied by exploiting the stability properties of the
mean field ground states.

Ising model. We will prove here that there is a constant ¢ > 0 so that for all
v small enough and for all # € Z? (calling below C(x) the cube of D¥-~) which
contains z),

SUp pee)(Gls) < e (8.1)
SEX

Since 72“5‘177 = qdt2e20d a0 recalling that 0 < @ < o < 1. Using that |t,| < 2,

(8.1) proves Assumption 2 of Section 3 for v small enough with e = demer L 4/2,
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Recalling the definition (7.1) of G,, for any ¢ > 0 there is v(¢) > 0 and for all
7 <7(6),

Gee {s e i St —ma)| > 1-0) (8:2)
yel

where C' = C(z) is the cube of D¥-~) which contains z.

The non local free energy functional we referred to in the beginning of this section
is the following. Let D = ~C, C as above, (thus D is a cube of side /_ =% a > 0).
For mp € L*(D,[—1,1]) and mp. € L>(D¢, [—1,1]), we then set

Fo(molmpe) = =3 [ [ 3 ympymot)drar’ = 5 [ Smo(r)

/ / TG ymp(rmo o ydrdr (8.3)

— IL—m 14+m 1+m
S = — i) 1 8.4
(m) 5108 — 5108 — (8.4)
Associating to each x = (11,..,24) € Z¢ the cube {r = (ry,..,rq) € R : z; < 1r; <

x;+ 1} the partition DO becomes a partition of R%, which, by an abuse of notation,

we denote by the same symbol. Let
X = {m c L®(R% [~1,1]) : ‘][ m(r')dr' —mg| <~%r € Rd} (8.5)
D(r)
where D(r) is the cube of YD) which contains r and

]£ m(r)dr := |%|/Am(r)dr

We then call X the above expression (8.5) when the constrain is imposed on A, with
A T R?, a yD¥-~)-measurable set.

Proposition 8.1. There is ¢ > 0 so that, for all v small enough, all x and calling
C(x) the cube of DY) which contains x, and D = vC ()

sup log po(r (GS|s) < —y*  inf ( inf Fp(mp|mpe)
seX cheXDc mDEXD7
‘fDm(r)drfmg‘>(lfC)'y“
— mlljréfXD FD(mD\ch)> + 071/2617 (8.6)

Proof. The proof is just as in Lebowitz and Penrose, [15]. We partition the space

1/2

into cubes of side proportional to v~/ choosing such a partition, called D(flm), finer

than D). We then approximate the spin-spin interaction to make it constant on
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any of the cubes of DO The expression we get for the logarithmic partition
function is then the free energy functional (8.3) while the error is proportional to
the volume of the region involved times the error due to the piecewise constant
approximation of the interaction, and it is given by the last term in (8.6). In this
way Proposition 8.1 is proved.

The usefulness of (8.6) rests on the fact that the first term on the r.h.s. of (8.6)
is so large to kill the error, i.e. the last term in (8.6). We approximate Fp(mp|mpe)
by FP(mp|mpe) where

FS(mplmpe) = /D ~h(rsmpe)mp(r) — %s<mp<r>> dr

h(r;mpe) = J(r, " Ympe(r")dr' (8.7)

DC
getting, for a suitable constant ¢ > 0,

‘FD(mD|mDC) — FY(mplmpe)| < d|D|? = »** (8.8)
Indeed FP(mp|mpe) is Fp(mp|mpe) without the self interaction energy, i.e. the first
term on the r.h.s. of (8.3) which is bounded proportionally to |D|?.

Being a convex functional on L>(D, [—1,1]), F}(mp|mpe) has a unique minimizer

given by
mp(r) = tanh{Bh(r;mpc)} (8.9)

We can write the difference Fp(mp|mpe) — Fp(mp|mpe) = / Ww(mp(r),mp(r))dr,
D

where, shorthanding m and m for mp(r) and mp(r),

b(m,m) = 1_m({1_mlog1::}— 1:m+1>

20 1—m 1 m
1+m/ . 1+m 1+m 1+m

1 — 1)
23 <{1+m K e

Since

rloger —x+1> (\/5—1)2

F8(mplmpe) — FS(mplmp:) > % [ (VT=ml) - VI ()

+(VIFmo) - V1 +mD(T)>2dr (8.10)
Writing [v/a — vVb| > |a — b|/(v/a + vb) > |a — b|/2v/2, for a and b in (0,2], we get

FO (mplmpe) — FO(mp|mpe) > % i (mo(r) - mD(r)>2dr (8.11)
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We postpone the proof that there is € > 0 so that, for all ¥ > 0 small enough,

[mp(r) —mg| < (1 —€)y*
We then get from (8.11), by Cauchy-Schwartz,

_ 1 "
Fp(mplmpe) — Fp(mp|mpe) > @|D|(€ — )%y

so that, going back to (8.6) and recalling that v~%|D| = ¢4

-7

poe)(Gals) < exp { - (<€ gﬁC)th — 2090t = eyt L

Proof of (8.12)
Calling D(r) the cube of D) which contains 7, and

JE (') = ][ J(r,r")dr"
D(r")

for 7, and hence ¢_ = y/_ ., = v*, small enough,

| J(r,7") = T ()| < b1 <o, c:=d||VJ|s <
d the space dimensions. Then, for any m € L®(R?, [-1,1]),
‘J* m— J¢) *m‘ < 2%l

Letting m(r) = mp(r)l,ep + mpe(r)lepe

1) s mpe — JE) su| < 02 u(r) = ][ m(r’)dr’
D(r
then, recalling from (8.7) that h(r) = h(r;mpe) = J * mpe ((r)).
|h — J&) & u| < 2%l 404
On the other hand, since m € X, |u(r) — mg| <74,
|A(r) — mg| <%+ 2%l + 2, reD

Since

<1

s=mp

d
o tanh{(3s}

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

there are b € (0,1) and ¢* > 0 so that dtanh{fs}/ds < b for |s — mg| < (¥, hence

|tanh{65}—mg‘ §b‘s—m5|, for |s —mg| < ¢*
For ~ small enough, by (8.16)
‘ tanh{Gh(r)} — mg‘ < b(y* + 2%l + 1), reD

(8.17)
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On the other hand, since /_ =~%, a > a,
b(y* + 2%l + 1) < 4° (1 —[(1=b) — 2%y — bc”yad’“D <Y1 —¢)

with € < (1 — a) and provided - is small enough. (8.12) is proved. O

Classical LMP model. We will prove that (8.1) holds for this case as well.
Then Assumption 2 of Section 3 holds for small 7 for

€= 200 (o} +%)e T2 (8.18)

using that in this case |t,| < d(t,,0) < (pf +~*)|C“)]. 0 denotes the state with
no particles. The analogue of (8.2) is

Giefse x| s - o] > - 0r) (5.19)
yeC

The non local free energy functional is here

Folpplone) = [ ex, (7 p(r)) = ex, (7 poe(r)) dr = 5 [ S(oplr))ir(s.20

where Pp € LOO<D?R+)7 Ppe € LOO(DC7R+)7 p(’l“) = pD<T)1r€D + pDC<T)1r€DC and

S(p) = —p(logp — 1) (8.21)

With such a functional, the analogue of Proposition 8.1 holds, see [14], and with the
constraint that pp(r) < C. for a suitable constant C'.
By expanding

| [ ers7p(00) = en, (T poe(r)) = [, (5 poe() 5 o) < el P
we get the analogue of (8.8), namely

< eyl (8.22)

|Ep(poloor) = F(polon)
with

F3(polppe) = /D () (r) — %sw(r» dr

Aer(1T) = — / J(r, r’)e’)\m(J x ppe(r'))dr’ (8.23)
F2(pp|ppe) has a unique minimizer given by
pp(r) = eer(r) (8.24)

Using again the relative entropy, we get, similarly to (8.10),

F(polpo) = Fi(polon) = 55 /D (Voo ~ Vo) (8.25)
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Recalling that pp(r) < C' we then get to the analogue of (8.11) and then to (8.13),
with (8.12) proved in [1]. Thus Assumption 2 is proved to hold, for v small enough.

Quantum LMP model. By exploiting the definition of restricted ensemble,
where all loops are short, i.e. |w(t)] < 4~'/2, the delocalization of particles due to
the loops, can be absorbed in the error due to the transition to the continuum, and
indeed the analogue of Proposition 8.1 holds as well for the quantum case. With that
the quantum problem is reduced to the classical one and the remaining of the proof
is unchanged.

9. Validity of Assumptions 3—5

We start with Assumption 3 and, recalling the definition (3.4) of Be(i), we choose
¢ > 0 so that the interaction between a cube C; of D and a cube C; not in Be(i) is
only due to the additional part of the hamiltonian H™", namely the one arising from
K*. Thus £ = v~ ! in the Ising model, 2¢y~! in the classical LMP model and < 3y~ !
in the quantum LMP model (the extra length because of the loops). To unify the
cases we will thus choose £ = 3y7L.

With this choice of £, we have to determine 7 (i, j) from (3.5) and, at this point,
it is convenient to examine the three models separately.

Ising model. By the triangular inequality and Lemma 7.3, we have (denoting
by d(s, s') the quantity da(s,s’), A = Z<)

r(i, j) = sup Re, (pe,(-1s), pe,(-1s')) (9.1)

and need to check that (3.6) holds.
With s and s’ as in (9.1) (
C}), recalling Theorem 4.1,

|H, (sl see) — HE (scilsce)

namely with s’ obtained from s by flipping a spin in

< D 200a0)lls (9.2)
A:lci,Cj

where the sets A are D“+»)-measurable, so that the cubes C; and C; which belong to

the partition of D-~) are each one contained in a cube of D*++). Recalling (7.10)

we get

Lhs. of (9.2) <2 sup e (@P72N(@w) (9.3)
zEC’i,yGCj
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(9.3) is proved by the argument used in (7.12), to which we refer for details. By
Proposition A.1 and since dg;, (s, s') < 2|C;| = 2y~ 1= we get from (9.1)-(9.3)

T(Z,j) S 2,}/—(1—0¢)d2 sup e—(Cp—2b)N'y(1‘,y)’ CP — C,}/—(l—a)d+2a (94)

xeC;,yeCy

hence

lim sup Z r(i,7) =0 (9.5)

so that (3.6) holds if 7 is small enough.

LMP models. Analogously to (9.1) we have

r(i,j) = sup Re, (pe, (+1s), pe, (+15')) (9.6)

s,8":d(s,8")=dc; (s,8')=1

namely s and s" differ by only one particle somewhere in C; (or, in the quantum case,
by a loop starting in C;). The argument hereafter proceeds exactly as in the Ising
model, with Cp = ¢y~! in the quantum case, see before Theorem 6.1, and (9.4) holds
in the two LMP models as well.

The validity of Assumption 4 is just a consequence of the estimates obtained so
far. We need to prove that uniformly in i € Z¢,

> rig) <1 (9.7)
J#
By (9.4) (established in all the three models), it is enough to prove that there is
u < 1 and +' > 0, so that for all v <~/

> r(ij) <u (9.8)
J€Be(i)\i
To verify (9.8) we recall the values of b(z,y) and of € in the three models.
In Ising this is given by (7.3) and given just before Theorem 6.1:

b(z,y) = rlJ(z,y)+ 6—(CP—2b)N»y($,y)], Cp = cy~(Ime)dt2a . (9.9)
€ = de= /2 (9.10)
Using (3.8) with (9.9) and (9.10) one obtains that
> Iyl supb(z,y) <r / dy Jy(@,y) + 390+l _e”P(9.11)
jebet) VS

The first error derives from replacing sup,cc, J,(2,y) by J,(z,y) and the second is
the part due to the second summand in the expression for b in (9.9) recalling that
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¢ = 3y~ 1. Hence one can consider b(x,y) as a Markov chain. Using similar arguments

as in Theorem 2.4 one sees that this implies

Z sup Z Zb(gz)(x,y) <1 (9.12)

jEBe(i)\i Y€C) 2€C; n>0

(9.8) follows from (9.10) as the bracket in (3.8) grows only polynomially in v~
In the classical LMP model, b(x,y) is given in (7.26):

b(x,y) < MCWZJWQ(EV:B,KW) + 206?,7%, d<1 (9.13)
with € given in (8.18)
€= 2@—072ﬂ£‘i,w/2(p§ + ’ya)‘C'g_W] (9.14)

Using (9.13) one sees that the analog of (9.11) holds. In this case the second term in
(9.13) gives rise to the error £42¢y%® = 23944, because Be(i) contains (£/4,)? points.
The factor £¢ in (9.13) is needed to reconstruct the integral in (9.11). Arguing as
before (9.8) follows.

Appendix A. Estimates of Vaserstein distance

In this appendix we will prove some elementary results about the Vaserstein
distance between measures on a metric space 2. We write d(w,w’) for the distance
in Q and |w| = d(w, wy), wy € 2.

The reader should not be confused by the use of the symbol w which refers in the
text to loops, while here w is an element of an abstract space (2.

Proposition A.1. Let v(dw) be a probability on Q and h, v be such that for all
t€[0,1], eIl ¢ LY(Q,v). Call

e = Z;7 ey, 7, — /e[hﬂv]dy (A.1)

then
Riym. i) < sup (pu([ole]) + pe(ol)pae(])) (A.2)

Proof. Calling D, the density of u; w.r.t. v and

a(w) = min{D; (w), Dy(w)}, c=1-— /a(w)l/(dw)
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the probability on 2 x €, given by
P(dw,dw') = a(w)d(w — " )v(dw) + ¢ [Di(w) — a(w)][Do(w') — a(w)]v(dw)r(dw’)

is a joint representation of py and pg. Thus,
Rl o) < / d(w, ') Pdw, d') < / (101 () — a(w)] + [ Do(w) — alw)]) ol (d)
- / ID1(w) — Do(w) ||l (dw)

having bounded d(w,w’) < |w| + |w'| and integrated out the missing variable.
(A.2) is then obtained by writing D;(w) — Do(w) as an integral of the t-derivative
of D;. Proposition A.1 is proved. O

Proposition A.2. Let u be a probability on Q, AT Q, u(A) € (0,1) and 4 the
conditional probability given A. Then

Rjua 1) < / () (A, ) (A3)

weAc W' EeA

Proof. The same argument used in the proof of Proposition A.1 shows that
P(dw,dw') = 6(w — ') lueap(dw) + (1 — p(A)) " Lueacweap(dw)|pa(dw’) — p(dw’)]

is a joint triangular representation of p and ps. Hence (A.3) and Proposition A.2
are proved. O

Suppose Q = {(w,ws) 1wy € 1, wy € Qo(wy)} and that
d((w1,wa), (wi,wh)) = dy(wr,wy) with equality if wy # w) (A.4)

where d;(wy,w}) is the distance on the space Q. We denote by R(:,-) and Ry(:,-)
the Vaserstein distances in 2 and €, the latter relative to d;. Let also p and u' be
probabilities on €2, p; and g their marginals on Qy, and p(dws|wy), 1 (dws|w;) their
conditional probabilities given w;.

Proposition A.3. Let p and i/ be as above and pu(dws|w) = p'(dws|wi) on Qy,
then

R(p, 1) = Ry(pa, p17) (A.5)
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Proof. Let P;(dwi,dw]) be a joint representation of p; and pufj, then

P(de, dw) = Py(dn, ) (Ly=uy 0w — wh)pu(duvgleon) + Ty g (s oo (o)
(A.6)
is a joint representation of 1 and y/, so that, by (A.4),

R(p, p') < Ry(pa, 1) (A7)

To prove the reverse inequality, let P(dw,dw’) be a joint representation of p and 1/,
then by (A.4)

/d((wl,wg),(w’l,wé))P(dw,dw') > /dl(wl,wi)P(dw,dw') = /dl(wl,wi)Q(dwl,dwi)

where, denoting by f(w;,w]) any bounded measurable function on ©; x ©; and by

g<<w17w2)7 (wllvwé» = f(wlawD

then
/f(wl,wi)Q(dwl,dwi) :/g(w,w’)P(dw,dw’)

Thus @ is a joint representation of p; and pj and R > R;. Together with (A.6) this
proves (A.5). The proposition is proved. O

Appendix B. Couplings of Gibbs measures in contour models

Theorems 3.3 and 5.2 prove the existence of successful couplings (i.e. with a “large
mass” on the diagonal) for Gibbs measures in restricted ensembles. The construc-
tion of successful couplings for the corresponding contour models requires a different
strategy. Recall from Section 4, see (4.25), that the finite volume Gibbs measures in
a contour model are the probabilities on X+ x By, defined by

tips a(ds' L|s) = w{ (T 8 )paie o (ds']s) (B.1)

with 7 (C;s)) as in (4.26). We thus start from two measures N:bS,Ai<d§a£|§(i)):
i = 1,2, with A; bounded, D’ measurable sets and s € X*. By Corollary 5.3, there
is a coupling P of p:b"; A, (-|s™) such that

P(SA/ 7& SIA/) S QC’A/‘ maX{G_wldiSt(A/’A(i), 6—w1dist(A’,A§)} (B2)

with A" a bounded, D’ measurable set.

We are interested in the case where A; are very large and, consequently, A’ large.
Except for a set of small probability, we can then reduce to pairs s, i = 3,4, which
agree on A’. The next theorem starts from such a setup and uses the following
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notation. Let ' € B and A a bounded, D’ measurable set, then ', denotes the
following element of B™:

Ly,={Tel:sp()MA#0} (B.3)

We also write
sp(Ta) = || sp(T) (B.4)
I'el'a
Theorem B.1. There are positive constants co and wy so that if A;, A’ and s¥
are as above, then there is a coupling Qsy of 7y (L|s®)) and wf, (I'|sW) such that

Qo ({Ta # Ta} N {s0(I0) T A'}) < cpf A ta4) (B.5)

(the inclusion above being strict). Moreover, for any (L,I'), Qs depends measurably
on (s,8') € Xt x Xt.

Proof. We introduce spin configurations { = (&;);eze € {0, 1}Zd as follows. Given
a configuration I € BT, we define &; as equal to 0, if C; does not belong to sp(L),
otherwise & = 1; £ is the configuration associated to I' and the distributions of £
and ¢ are those inherited from 73 (I;s®)) and 75 (I'; s™V), respectively.

While the interaction among the spins &; has infinite range, the distribution of
{&,1 € A}, A a bounded set, conditioned on {¢f,i € A}, has the following inde-
pendence property. If all £ = 0 with ¢ € A° and contiguous to A, (we then call A
“good”) then the conditional distribution of L, (4 is supported by B:r( A) and inde-
pendent of the other values of £f. Thus the conditional distribution of (&;);c4 is that
inherited by [ ) (L 5%)) and depends only on 57(;()24)‘ To prove the theorem, it is then
enough to construct a coupling for which there is a set A simultaneously good for
both £ and & and with r(A4) C A,

We will construct the coupling using the disagreement percolation algorithm of
van der Berg and Maes, [6]. We call A unsuccessful for the pair (£,£') unless A is
good for both of them, in which case A is successful. We start from A = A’ and we
consider a sequence of sets till success is reached. If A is successful for (¢, §'), we are
finished. Otherwise, we define AU+ from an unsuccessful AY) by removing all sites
i € AY which are contiguous to a site k outside AY) where either & =1 or &, = 1,
or both. We call A(¢, §') the first successful set, noticing that it has the property of
a stopping time, namely that A(£,&') = A does not depend on the values &;, & with
1€ A

Let then Qs ¢ on B X B+ be

Qs.¢ (L, L/) = 1£ij{ 1£/GBX, 1£=£’onAs(F,F’)w+(£AS (T, SA) (B.6)

CEN(AL ) sa)my (EA\AS(LL’) |sA)TA (E\/\AS(LD)) |sy)
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where A (L,L) is 7(As(£, &) for £ (£ respectively) corresponding to I' (I respec-
tively) and ', = {T'; € L|sp(T';) = A}.

By an argument similar to the one used by van der Berg and Maes, see also [2],
one can show that the above is indeed a coupling of 7} (L|sac) and 73 (I'|s).) and
(B.5) follows from the assumptions on the weights (which fulfill the Peierls bounds
with large enough constant C'p). Theorem B.1 is proved

([l

As a immediate corollary of the Theorem 3.3 and Corollary 5.3, 7?7 we have the
following result for the skew measures pij,, (L, dsalsac) = TE(L; s0)p (dsy|sae) on
the space X x By, cf. (4.25). We call A a set of agreement for (W, M), (1@ 52)
if S(Al) = S(AQ) and T =T on A,

Corollary B.2. There are positive constants co, wo So that the following holds.
Let A, A, N be D' bounded measurable sets, with A contained in A TV A, for any
two measures ,u:bS’A(E(l), dSEXl)|SAC), Haps A" r®, dsf”ijc) there exists a coupling Q so
that:

Q<((£<1)7 s0), (L@ 52))
<1- 02|A|e_“’2diSt(A’Ac) (B.7)

there is A 71 A, such that A is a set of agrement)

{11754 (|88¢) }a,s converges to a unique limit probability measure piy, . This measure
is U’ -translation invariant and given any bounded D'-measurable sets A, A with A T A
and any s € X, there is a coupling Q of N:bS,A(d§(1)|3AC> and iy (ds®) such that
(B.7) holds. The analogous result holds for the minus case.
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