MULTISCALE ANALYSIS AND LOCALIZATION OF
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by
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Abstract. — We discuss the method of multiscale analysis in the study of localiza-
tion of random operators.
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1. Introduction

In his seminal 1958 article [An1], Anderson argued that for a simple Schrédinger
operator in a disordered medium,“at sufficiently low densities transport does not
take place; the exact wave functions are localized in a small region of space.” This
phenomenon, known as Anderson localization, originally studied in the context of
quantum mechanical electrons in random media (e.g., [T]), was later found relevant
also in the context of classical waves in random media (e.g., [An2, Ma, Jol, Jo2]),
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where it was observed in light waves in an experiment conducted by Wiersma et al
[WiBLR|].

Anderson localization was initially given a spectral interpretation: pure point spec-
trum with exponentially decaying eigenstates (exponential localization). But the intu-
itive physical notion of localization has also a dynamical interpretation: the moments
of a wave packet, initially localized both in space and in energy, should remain uni-
formly bounded under time evolution. (Dynamical localization implies pure point
spectrum, but the converse is not true.) Although exponential localization has some-
times been called Anderson localization, we will use Anderson localization in a broader
sense, since it can be argued the circle of ideas regarding localization, originating from
[An1], include the physical notion of dynamical localization.

Localization for random operators was first established in the celebrated paper
by Gol’dsheid, Molchanov and Pastur [GoMP] for a one dimensional continuous
random Schrodinger operator. Their method was extended to other one and quasi-
one (the strip) dimensional random Schrodinger operators [KuS, C, L]. But the
multi-dimensional case required new methods.

The method with the wider applicability has been the multiscale analysis, a tech-
nique initially developed by Frohlich and Spencer [FrS] and Frohlich, Martinelli,
Spencer and Scoppolla [FrMSS], and simplified by von Dreifus [Dr]| and von Dreifus
and Klein [DrK]. (For the multiscale analysis per se, see also [HoM, Sp, DrK2,
Kl1, Gr, Klol, CoH1, FK3, KSS1, KSS2, Kr, St, GK1, GK4|, for appli-
cations see also [CKM, KIMP, KILS, Klo2, Klo3, FK1, FK2, CoH2, FK4,
W1, BCH1, BCH2, SVW, CoHT, Kl4, DeG, FiLM, Klo5, Z, DSS, U,
KIK2, GK3, GK5, GK6].) Although it originally only gave exponential localiza-
tion [FrMSS, DelyLS, SiW, DrK, CoH1]|, it was later shown to also yield dy-
namical localization by Germinet and De Bievre [GD], strong dynamical localization
for moments up to some finite order by Damanik and Stollman [DSt], and strong dy-
namical localization (up to all orders) in the Hilbert-Schmidt norm by Germinet and
Klein [GK1]. The latest version of the multiscale analysis, the bootstrap multiscale
analysis of Germinet and Klein [GK1], built out of four different multiscale analyses,
yields exponential localization, semi-uniformly localized eigenfunctions (SULE), and
sub-exponential decay of the expectation of the kernel of the evolution operator.

The other successful method for proving localization in the multi-dimensional case
is the fractional moment method introduced by Aizenman and Molchanov [AM, A,
ASFH], which has just been extended to the continuum by Aizenman et al [AENSS].
It yields exponential decay for the expectation of the kernel of the evolution operator,
but it requires that the conditional expectation of certain random variables have
bounded densities.

In these lectures we discuss the method of multiscale analysis in the study of
localization of random operators. A random medium will be modeled by a ergodic
random self-adjoint operator. In Section 2 we discuss the most important random
operators: random Schrédinger operators, random Landau Hamiltonians, and random
classical wave operators (Maxwell, acoustic, elastic). In Section 3 we discuss several
definitions of localization from both the spectral and dynamical points of view. In
Section 4 we describe the properties of random operators required by the multiscale
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analysis. In Section 5 we state and discuss the bootstrap multiscale analysis plus
the four multiscale analyses used in its proof. In Section 6 we prove exponential
and dynamical localization from the multiscale analysis. In Section 7 we show how to
perform a multiscale analysis; we give a complete proof of the Dreifus-Klein multiscale
analysis in the continuum.

2. Random operators

Quantum and classical waves in random media are modeled by random self-adjoint
operators on either L2(R?, dx; C™) or ¢2(Z%;C"). Examples include:
e Random Schrodinger operators:
* The Anderson model:

H,=-A+V, on *(2%), (2.1)

where A is the finite difference Laplacian and {V,,(z); = € Z¢} are inde-
pendent identically distributed bounded random variables. (E.g., [KuS,
FrS, L, FrMSS, CKM, MS, KIMP, CyFKS, DrK, Sp, KILS, Kl1,
Gr, AM, A, FK1, KI2, K13, SVW, ASFH, W2, Klo4].)

* Anderson Hamiltonians on the continuum:

H,=-A+Vper +V, on L2(R%dz), (2.2)

where A is the Laplacian operator, Vye, is a periodic potential (by rescal-

ing we take the period to be one) of the form Ve = Vp(elr) + Vp(Zr), with

Vp(éiz, 1 = 1,2, periodic with period one, 0 < Vp(elr) € L%OC(Rd, dz), Vp(ezr) rel-
atively form-bounded with respect to —A with relative bound < 1, and

V. a random potential of the form

Vo(z) = Z wiu(z — 1), (2.3)

i€ 24

where ¢ € N, w = {w;; i € %Zd} are independent identically distributed
bounded random variables, u is a real valued measurable function with
compact support, u € LP(R4, dx) with p > % ifd>2andp=2ifd=1.
(E.g., [HoM, Klol, Klo2, CoH1, Klo3, BCH1, KSS1, KSS2, GD,
St, GK1, DSt, DSS, Klo5, Z, GK3, GK4, GK5, GK6, AENSS].)

e Random Landau Hamiltonians:
H,=Hy+V, on L*R?dx), (2.4)

where Hy = (—iV—A)2, A = £ (25, —21) with B > 0, and the random potential
V, is as in (2.3) with ¢ = 1 and u(z) bounded. (See [CoH2, W1, BCH2,

GK4].)

e Random classical wave operators:
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* Maxwell operators in random media:
1 1

1
\Y% \Y%
(@) e@) N (@)

where VX is the operator given by the curl, ,,(x) is the random dielectric
constant and p, () is the random magnetic permeability. We take

H, =

on L?(R? dz;C?) (2.5)

Ew(‘r) = 50<x)7w(5€) , with 'Yw(x) =1+ Z wiu(w_i)> (26)
i€ Z3

,U,w(f) = NO(‘r)ﬂw(m) »With ﬂw(x) =1+ Z wiv(xfi)v (27)
i€LZ3

where ¢ € N, w = {w;; i € %Zd} are independent identically distributed
bounded random variables taking values in the interval [—1, 1], go(z) and
1o (z) are periodic measurable functions (by rescaling we take the period
to be one), such that 0 < e_ <e(x) <ep <oocand 0 < p_ < p(x) <
1y < oo for some constants e+ and p4, u(z) and v(z) are nonnegative
measurable real valued functions with compact support, such that

0<U_<U(x) = Z ui(x) < Ui < oo, (2.8)
i€ L3

0<V_<V()= > wile) < Vi<oo, (2.9)
USP VA

for some constants Uy and Vi, with U_ +V_ > 0 and max{U4,V;} < L
(See [FK2, FK4, K14, CoHT, KIK1, KIK2].)

* Acoustic operators in random media:
1 1 1
H, = v* \Y
’{w(x) pw(l') Hw(x)
where V is the gradient operator, and the random compressibility x,,(x)
and the random mass density g, (z) are of the same form as €,(z) and
teo(z) in (2.6) and (2.7). (See [FK2, FK3, CoHT, KIK1, KIK2]).

* Flastic operators in random media:

H, = (2.11)
L (V@) + 2000 (2) T+ V X a0 ()T X} e
Pu() pu(T)
on L2 (R3 ,dx; (CS), where the mass density p,(z), and the Lamé moduli
Ao(z) and p,(z) are of the same form as e,(x) and p,(x) in (2.6) and
(2.7). (See [KIK1, KIK2]).

In all these examples the random operator H,, is a Z%ergodic random self-adjoint
operator H, on a Hilbert space H, where w belongs to a set 2 with a probability
measure P and expectation E, and either H = L2(R%, dz; C") (“on the continuum”)
or H = 2(Z%;C") (“on the lattice”). They all satisfy the following definition.

on L*(RY dx), (2.10)
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Definition 2.1. — A random operator is a Z*-ergodic measurable map H,, from
a probability space (Q, F,P) (with expectation B) to self-adjoint operators on either
L2(R%, dz; C") or £2(Z%;C™).

By measurability of H,, we mean that the mappings w — f(H,) are weakly (and
hence strongly) measurable for all bounded Borel measurable functions f on R. (See
[KM], [CL, Section V.1] for more details.) Random operators may be defined without
any ergodicity requirement, ergodicity being an extra requirement, but since we will
be dealing only with Z%ergodic random operators, we included it in the definition for
convenience. We recall that H,, is Z%ergodic if there exists a group representation
of Z% by an ergodic family {r,; y € Z?} of measure preserving transformations on
(Q, F,P) such that

U(y)H,U(y)* = Hy, (. for all y € Z¢, (2.12)

where U (y) is the unitary operator given by translation: (U(y)f)(z) = f(z—y). (Note
that for Landau Hamiltonians translations are replaced by magnetic translations.)
An important consequence of ergodicity is that there exists a nonrandom set %
such that o(H,) = ¥ with probability one, where o(A4) denotes the spectrum of
the operator A. In addition, the decomposition of o(H,) into pure point spectrum
opp(H.,), absolutely continuous spectrum o,.(H,,), and singular continuous spectrum
osc(Hy) is also independent of the choice of w with probability one, i.e., there are
nonrandom sets X,,, 3, and 3., such that o,,(Hy) = Xpp, ac(Hy) = Ege, and
0sc(Hy) = Yg. with probability one. (See [P, KuS, KM, PF, CL, CyFKS].)

3. Spectral and dynamical localization

Localization can interpreted from either the spectral or the dynamical point of
views. We give selected definitions from each point of view.

By xp we denote the characteristic function of the set B C R? (or Z%). By x.
we denote the characteristic function of the cube of side 1 centered at x € Z¢. We
write (z) = y/1+|z[2. The spectral projection of H, is denoted by E,(-). The
Hilbert-Schmidt norm of an operator A is written as ||A||2.

Definition 3.1. — Let H,, be a random operator and Z an open interval. Then

(1): H,, ezxhibits spectral localization (SL) in T if it has pure point spectrum in T,
e, NI =%,,NZ#0 and Xoe N =X,c.NIT =0.

(ii): H,, exhibits exponential localization (EL) in T if it exhibits spectral localization
in L and for P-almost every w the eigenfunctions of H, with eigenvalue in T
decay exponentially in the L?-sense. (A function ¢ decays exponentially in the
L?-sense if ||x2t|| decays exponentially.)

(iii): H, ezhibits dynamical localization (DL) inZ if X NZT # (0 and, for P-almost
every w, each compact interval I C I, and v € H with compact support, we
have

sup H(w)ng(I)c_itHW/)H < oo foralln>0. (3.1)
teR



6 ABEL KLEIN

(iv): H, ezhibits strong dynamical localization (SDL) inZ if X NZ # () and for
each compact interval I C T and 1 € H with compact support, we have

n . 2
E {Sup H<sc>7Ew(I)e_ltH“’z/JH } <oo foralln>0. (3.2)
teR
(v): H,, ezhibits strong HS-dynamical localization (SHSDL) in T if X NZ # (0 and
for each compact interval I C T and bounded Borel set B we have

, 2
E {sup H<z>7Ew(I)e_’tH“’XBHQ} < oo foralln>0. (3.3)
teR
(vi): H, ezhibits strong full HS-dynamical localization (SFHSDL) inZ if ¥XNZ #
and for each compact interval I C I and bounded Borel set B we have

n

E{ sup H(m)EEw(I)f(Hw)XBHQ} < oo foralln>0, (3.4)
fn<1 2

the supremum being taken over all Borel functions f of a real variable, with
171 = supsex | F(2)

(vii): H, exhibits strong sub-exponential HS-kernel decay (SSEHSKD) in T if XN
T # 0 and for each compact interval I C T and 0 < ¢ < 1 there is a finite
constant Cr ¢ such that

- {miuﬁi XrEw(I)f(Hw)xyllg} < Cpeeloil (3.5)
<1

for all z,y € Z¢, the supremum being taken over all Borel functions f of a real
variable, with || f|| = sup,cg | f(t)].

Definition 3.2. — Let H,, be a random operator. The spectral localization region
YsL, exponential localization region Ygr,, dynamical localization region Ypy, strong
dynamical localization region Ysp1,, strong HS-dynamical localization region Xsuspr,
strong full HS-dynamical localization region Y.spuspr, strong sub-exponential HS-
kernel decay region Yssguskp, for the random operator H,,, are defined as the set
of E € X for which there erists some open interval T > E such that H,, exhibits
spectral localization, exponential localization, dynamical localization, strong dynami-
cal localization, strong HS-dynamical localization, strong full HS-dynamical localiza-
tion region, strong sub-exponential HS-kernel decay, respectively, in 7.

Remark 3.3. — Note that

YgseaskD C YsrusprL C Ysuspr C Xspr, C Xpr, C XsL, - (3.6)

That Ysseuskp C XsruspL s a simple calculation (see [GK1, Proof of Corollary
3.10]); that Ysruspr, C Xsuspr, C Xspr C Xpr s obvious; that Ypy, C Xgr, follows
from the RAGE Theorem (e.g., the argument in [CyFKS, Theorem 9.21]). But
dynamical localization is actually a strictly stronger notion than pure point spectrum,
since the latter can take place whereas a quasi-ballistic motion is observed [DelJLS].
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For a random operator with suitable properties, spelled out in the next section, the
original multiscale analyses showed that decay of the resolvent in a finite, but large
enough, volume with high probability (the “starting hypothesis” for the multiscale
analysis)) gave a sufficient condition for F € Xgj, [FrS, FrMSS, Dr, DrK]. Later
that condition was shown to be sufficient for £ € Yp, [GD], £ € Xgpr [DSt]
(more predisely, they show that (3.3) holds with the operator norm substituted for
the Hilbert-Schmidt norm and n < ng for some ng < 00), and finally E € Ysspuskp
[GK1]. Moreover, the converse was found to be true: E € Ygygspy, implies the starting
hypothesis of the multiscale analysis [GK3].

Remark 3.4. — The multiscale analysis region Yyvsa s given in Definition 5.3 as
the region where the conclusions of the multiscale analysis hold. If the random operator
satisfies the requirements of the multiscale analysis in an open interval I, it will be
shown in Theorem 6.1 that YXysa NZ C Ygr, N Xssguskp NZ. If in addition we have
property (4.17) and the kernel decay estimates of [GK2| hold uniformly for P-a.e. w
(both requirements are usually satisfied), then it is proven in [GK3] that

Ymsa NZ = Xsspnskp NZ = Yguspr N T . (3.7)

4. Requirements of the multiscale analysis

We now state the properties of the random operator H, that are required for
the multiscale analysis and its consequence. We will work on the continuum, but
everything will work on the lattice (easier case) with appropriate modifications. We
fix an open interval Z.

4.1. Generalized eigenfunction expansion. — Generalized eigenfunction ex-
pansions were originally developed for elliptic partial differential operators with
smooth coefficients (see Berezanskii [Be| and references therein). These expansions
were extended to Schrodinger operators with singular potentials by Simon [Si] (see
also references therein), and to classical wave operators with nonsmooth coefficients
by Klein, Koines and Seifert [KIKS].

These expansions construct polynomially bounded generalized eigenfunctions for
a set of generalized eigenvalues with full spectral measure. These generalized eigen-
functions were used by Pastur [P] and by Martinelli and Scoppola [MS] to prove
that certain Schrédinger operators with random potentials have no absolutely con-
tinuous spectrum. They played a crucial role in the work by Frohlich, Martinelli,
Spencer and Scoppola [FrMSS] and by von Dreifus and Klein [DrK] on exponential
localization of random Schrédinger operators, providing the crucial link between the
multiscale analysis and pure point spectrum: the exponential decay of finite volume
Green’s functions (obtained by a multiscale analysis) forces polynomially bounded
generalized eigenfunctions to be bona fide eigenfunctions, so the spectrum is at most
countable and hence pure point.

In [GK1], as in [G, GJ], the generalized eigenfunction expansion itself (not just
the existence of polynomially bounded generalized eigenfunctions) is used to provide
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the link between the multiscale analysis and strong HS-dynamical localization (and
hence pure point spectrum).

We will now state the properties of a random operator that guarantees the exis-
tence of a generalized eigenfunction expansion. We follow the approach in [KIKS,
Section 3].

Let H = L2(R%, dz; C"). (We discuss the generalized eigenfunction expansion on
the continuum, but an analogous discussion is valid on the lattice.) Given v > d/4
(omitted from the notation), we define the weighted spaces H:

Hy = L2(RY, (z)*dz; C") . (4.1)
H_ is a space of polynomially L2-bounded functions. (Recall (z) = /1 + |z|2.) The

sesquilinear form

(61, D2 = / 01(@) - ba(z)da, (4.2)

where ¢; € Hy and ¢2 € H_, makes H4 and H_ conjugate duals to each other.
By Ot we will denote the adjoint of an operator O with respect to this duality. By
construction, Hy C ‘H C H_, the natural injections 1 : Hy - H and +_ : H — H_
being continuous with dense range, with zz_ =1_.

We set T to be the self-adjoint operator on H given by multiplication by the
function (z)?”; note that T~ is bounded. The operators Ty : Hy — Hand T_ : H —
H_, defined by Ty =Ty, T— =1_T on D(T), are unitary with T_ = Ti. The map
7:B(H) = B(H4+,H_), with 7(C') = T_CT , is a Banach space isomorphism, as Ty
are unitary operators. (B(Hi,Hs2) denotes the Banach space of bounded operators
from Hi to He, B(H) = B(H,H).) If 1 < ¢ < o0, we define Ty(H4, H-) = 7 (74(H)),
where 7,(H) denotes the Banach space of bounded operators S on H with ||S|; =
(tr]S]9)% < oco. By construction, T,(H+,H_), equipped with the norm |Bl|, =
|7=*(B)|l4, is a Banach space isomorphic to 7, (H), with To(H.,H_) being the usual
Hilbert space of Hilbert-Schmidt operators from H4 to H_.

Note that
1%
Ixallr, = Ixalln m < (3) (@) (4.3)
for all z € R% (Given an operator B : Hi — Ha, || B||#, 2, will denote its operator
norm.)

The following property guarantees the existence of a generalized eigenfunction ex-
pansion (GEE) in the open interval Z with the right properties (see [KIKS, Section 3]
for details). We write E,(B) for the spectral projections of the operator H,, i.e.,
E,(J) = xs(H,) for any bounded Borel set J C R. We will fix an appropriate
v > d/4 and use the corresponding operator T' and weighted spaces H4 as in (4.1).

(GEE) For some v > d/4 the set
DY ={¢ € D(H,)NHy; Hop € Hy} (4.4)

is dense in Hy and an operator core for H, with probability one. Moreover, there
exists a bounded, continuous function f on R, strictly positive on the spectrum of H,,,
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such that
try (T f(Ho)Eu(Z)T™!) < o0 (4.5)
with probability one.

A measurable function ¢ : R? — C” is said to be a generalized eigenfunction of
H,, with generalized eigenvalue A, if ¥ € H_\{0} and

(Hod, V)r, 1 = M, ¥)p, 1 for all ¢ € DY

It follows from the first part of property (GEE) that if a generalized eigenfunction is
in H, then it is a bona fide eigenfunction.

If (GEE) holds, the following is true for P-almost every w: For all bounded Borel
sets J we have

try (T'EL(JNI)T) < 400, (4.6)
and hence
po(J) = try (T Eu(JNI)TH) (4.7)
is a spectral measure for the restriction of H,, to the Hilbert space F,,(Z)H, with
tw(J) < oo for J bounded. (4.8)

In particular, we have a generalized eigenfunction expansion for H,: with probabil-
ity one, there exists a pu,-locally integrable function P,(A) from the real line into

Z(HJF, H7)7 with

P,(\) = P,(\)T (4.9)
and
try (TZ'Po(NTL) =1 for p, —ace. A, (4.10)
such that
—E,(JNIny = / P,(A)duy,(N)  for bounded Borel sets J , (4.11)
J

where the integral is the Bochner integral of 77 (H., H_ )-valued functions. Moreover,
for p,-almost every A, if ¢ € Hy and P,(A)¢ # 0, then P,(\)¢ is a generalized
eigenfunction of H,, with generalized eigenvalue A. It follows, using (4.11), that p,,-
almost every A is a generalized eigenvalue of H,,.

Lemma 4.1. — If the random operator H,, has property (GEE), then for P-almost
every w, we have

2v v v
X P (Mxyll < (3) (=) (y)? (4.12)
for all x,y € R and p,-almost every X. (|| |1 denotes the trace norm in H.)
Proof. — Since

Xz Po(Mxyllr < lIxellm- mlPo Nz ey 0 Xl (4.13)
(4.12) follows from (4.3) and (4.10). O
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(GEE) suffices for proofs of exponential localization [FrMSS, DrK] and dynamical
localization [GD, G|. But for strong dynamical localization we need to strengthen
(4.5).

(SGEE) Property (GEE) holds with

E{ [try (T f(H)Eu(D)T )]} < 00 . (4.14)
It follows that

E{ [try (17 B, n DT )]} < o (4.15)

for all bounded Borel sets J, so we have a stronger version of (4.8):
E{[Mw(J)]2} < oo for J bounded. (4.16)
Remark 4.2. — Estimate (4.14) is true for the usual random operators. In fact one

usually proves the stronger

72 (T FHD BT ™) 5.0y < 20 (4.17)

which is a hypothesis in [DSt]. For a proof, see [KIKS, Theorem 1.1] for classical
wave operators and [Si],|GK3, Theorem A.1] for Schridinger operators.

4.2. Finite volume operators and their properties. — Throughout these lec-
tures we use the sup norm in R%:
|x| = max{|z;|, i=1,....,d} . (4.18)

By AL (z) we denote the open box (or cube) of side L > 0 centered at z € R¢:
Ap(z)={yeR% |y—=| <L}, (4.19)
and by Az () the closed box. We set
Xa,L = XAL(z))  Xe = Xl = XAy (a)- (4.20)

We will usually take boxes centered at sites x € Z% with side L € 2N. Given such
a box Ap(x), we set

Yr(z)={yeZ ly—z|=%5-1}, (4.21)
and define its boundary belt by
:fL(ZU) =Ar-1(@)\Ap-3(z) = U Ai(y) ; (4.22)
yeYT(x)

it has the characteristic function

Lol = X4, (2) = Z Xy a.e. (4.23)
yeTL(2)
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Note that
L-1
ITp(z)| = (L—1)—(L-2)%= d/ xd e < d(L —1)471, (4.24)
L—2
We shall suppress the dependency of a box on its center when not necessary. When
using boxes Ay contained in bigger boxes Ay, we shall need to know that the small
box is inside the belt T, of the bigger one. If L > ¢+ 3 and z € Z%, we say that

AT Ap(z) if Ay CAp_s(z) . (4.25)
Very often we will require L € 6N; given K > 6, we set
[K]en = max{L € 6N; L < K}. (4.26)

The multiscale analysis requires the notion of a finite volume operator, a “restric-
tion” H,, .., of H, to the box Ap(x) where the “randomness based outside the box
Ap(x)” is not taken into account. Usually H,, , 1, is defined as the restriction of H,,,
either to the open box Ar(z) with Dirichlet boundary condition, or to the closed
box KL(m) with periodic boundary condition. The operator H, 1 then acts on
L2(AL(z),dz;C"). But H, . ; may also be defined as acting on the whole space, by
throwing away the random coefficients “based outside the box Az (z)”; this is usually
done for random Landau operators [CoH2, W1, GK4]|. In all cases the finite vol-
ume operators have either compact resolvent or are relatively compact perturbations
of the free Hamiltonian.

Definition 4.3. — The random operator H,, is called standard if it has a finite vol-
ume restriction, i.e., if for each v € Z¢ and L € 2N there is a measurable map Hy .1
from the probability space (2, F,P) to self-adjoint operators on L?(Ap(x),dx; C") (or
all such mappings taking values as self-adjoint operators on L?(R%, dx; C")), such that

U(y)Hw,x,LU(y)* = 7 (w),z+y,L fOT all Y€ Zda (427)

where U(y) is as in (2.12). We write Ry z. 1, = (Hy 2.1, —2) "' for the resolvent of the
finite volume operator H,, .1, and E,, » 1.(-) for its spectral projection.

The multiscale analysis and its consequences require certain properties of the finite
volume restriction of the random operator. These properties are routinely verified
for the usual random operators (e.g., [FrS, FrMSS, DrK, HoM, CoH1, CoH2,
FK3, FK4, W1, St, KIK1, KIK2, GK3, GK4]|.

The first property is independence at a distance (IAD) for the finite volume op-
erators. It says that if boxes are far apart, events defined by the restrictions of
the random operator H, to these boxes are independent. This assumption can
be relaxed in some ways by suitable modifications of the multiscale analysis (e.g.,
[DrK2, KSS2, FiLM, Z)).

An event is said to be based on the box Ay (z) if it is determined by conditions on
the finite volume operator H,, . Given ¢ > 0, we say that two boxes Ar(z) and

Ap/(2') are p-nonoverlapping if |z — 2/| > L+TL/ + o, ie., if dist(Ap(z), A (2')) > o.

(IAD) There exists o > 0 such that events based on g-nonoverlapping bozes are
independent.
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The remaining properties are to hold in the fixed open interval 7.

The first such property is reminiscent of the Simon-Lieb inequality (SLI) in Clas-
sical Statistical Mechanics. It relates resolvents in different scales. In the lattice it is
an immediate consequence of the resolvent identity, in this context it was originally
used in [FrS]. In the continuum, its proof requires interior estimates, and was proved
in [CoH1] for Schrodinger operators. It was adapted to classical wave operators in
[FK3]. We state it in the form given in [KIK1, Lemma 3.8] for classical wave opera-
tors and [GK3, Theorem A.1] for Schrodinger operators. (The lattice requires slight
modifications.)

(SLI) For any compact interval I C T there exists a finite constant v, such that,
given L0 0" € 2N, x,y,y € Z* with Ap(y) T Ap(y') T Ap(x), then for P-almost
everyw, if E € I with E ¢ 0(Hy, 4.1) Uo(H, ), we have

ITe, 2Rz, L (B) Xy | <Y1 Ty 00 Ry (E) Xy e | T, L R e, L (E) Dy e . (4.28)

Remark 4.4. — Property (SLI) will be used in the following way: We will take
= % with ¢ € 6N, and ¢! = k% with 3 < k € N. By a cell we will mean a closed
box K% (y"), with y" € éZd. We define Zeven and Zoqq to be the sets of even and odd

integers. We take y € éZd, 80 Xy, is the characteristic function of a cell. We want

the closed box Ny (y') to be exactly covered by cells (in effect, by k% cells); thus we
specify y' € éZd = éngcn if kis odd, and y' € %Zd + é (1,1,...,1) = éngd if k is

even. We then replace the boundary belt Yo (y') (of width 1) by a thicker belt T o(y')
of width é. To do so, we set

1 A
T, N — " —Zd' L 4.9
vy {y €3L% ' —y'=3 6}, (4.29)
and define the boundary £-belt of A (y') by
Yooly) =ReWN\Ap_z() = ) K0, (4.30)
y'€Ty ,(y)

with characteristic function
Lywe= XY, () = Z Xy £ a-e. (4.31)
Y €Yy o (')
Note that
Tere(y)| = (k" = (k= 2)) <&*. (4.32)

Since I'y ¢ oIyt o =Ty o1, the projection I'p on the belt of Ay can be replaced by the
projection over the thicker belt of width %,
L. Thus (4.28) yields

T2,z Reo,o, . (B)Xy £ | < EY1l|Ty 0 Resyyr i (E) Xy 2 1T 0,2 Revyo, L (B)x o 2 | (4:33)

which can be decomposed in boxes of side
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for some y"” € Yy o(y'). Performing the SLI, i.e., using the estimate (4.33), we moved
from the cell center y to the cell center y”.

Remark 4.5. — While performing a multiscale analysis we will use (4.33) with ei-
ther ¢ = £ (for good bozes), or some £ = k%, k > 3, which will be the side of a bad
boz. Note that in the first case, k = 3, and the geometric factor is 3% —1 < 3%. In that
case note also that we must have y =y and |y" —y| = é, so after performing the SLI
we moved to an adjacent cell center, i.e., by é in the sup norm. (Recall that we are
using the sup norm in R%, so we may move both sidewise and along the diagonals.)

The second property is an estimate of generalized eigenfunctions in terms of finite
volume resolvents. It is not needed for the multiscale analysis, but it plays an im-
portant role in obtaining localization from the multiscale analysis [FrMSS, DrK,
FK3, GK1]. We call it an eigenfunction decay inequality (EDI), since it translates
decay of finite volume resolvents into decay of generalized eigenfunctions ; we present
it as proved in [K1K1, Lemma 3.9] and [GK3, Theorem A.1]. It is closely related to
property (SLI), the proofs being very similar.

(EDI) For any compact interval I C T there exists a finite constant Ay, such that
for P-almost every w, given a generalized eigenfunction ¥ of H, with generalized
eigenvalue E € I, we have for any x € Z% and L € 2N with E ¢ o(H,, 1) that

X2l < A1V LRz, £ (B)Xa || T, L] - (4.34)

Typically we have 47 = ~y7, with 47 as in (4.28). We will use the following conse-
quence of (4.34):

IXetll < ALY |Ta, 1 R, (B) Xl [ Xy ¥ (4.35)

for some y € Y (x).

The third property is an “a priori” estimate on the average number of eigenvalues
(NE) of finite volume random operators in a fixed, bounded interval. It is usually
proved by a deterministic argument, using the well known bound for the Laplacian
[CoH1, FK3, FK4, KIK1]. It is, of course, entirely obvious in the lattice.

(NE) For any compact interval I C T there exists a finite constant Ct such that
E (try By o (1)) < CrLY (4.36)
for all x € Z% and L € 2N.
The final property is a form of Wegner’s estimate (W), a probabilistic estimate on

the size of the resolvent. It is a crucial ingredient for the multiscale analysis, where
it is used to control the bad regions.

(W)  For some b > 1 there exists a finite constant Q for each compact interval
I C T, such that

P {dist(0 (Ho,e,1), E) <1} < QL , (4.37)
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orallEel,0<n<1, zeZ% and L € 2N.
[ ; n<1, ;

Remark 4.6. — In practice we have either b =1 or b = 2 in the Wegner estimate
(4.87). For some random Schrédinger operators with Anderson potential we may
have b =1 [CoH1, Klo3] (including the Landau Hamiltonian). For classical waves in
random media, (4.37) has been proven with b = 2 [FK3, FK4, KIK2]. More recently
the correct volume dependency (i.e., b= 1) was obtained in [CoHN, CoHKN, HK]
for random Schridinger operators, at the price of losing a bit in the n dependency;
more precisely, the right hand side of (4.37) is replaced by QaJn“Ld forany0 <a < 1.
In these lectures, we shall use (4.37) as stated, the modifications in our methods
required for the other forms of (4.37) being obvious. Our methods may also accomodate
properties (NE) and (W) being valid only for large L, and/or property (W) being valid
only for n < np for some appropriate ng, say np = L™", some r > 0, or np = e~ L’
for some 0 < B < 1. The latter is of importance if one wants to deal with singular
probability measures like Bernoulli [ CKM, KILS, DeG, DSS].

Remark 4.7. — In the continuum one usually proves the stronger estimate [HoM,
CoH1, CoH2, FK3, FK4, KIK2, CoHN]:
E (tr1Eu, ., . ([E—n,E+1])) <QmL" (4.38)

from which (4.37) follows by Chebychev’s inequality. The estimate (4.36) is used as
an “a priori” estimate in the proof of (4.38).

5. The bootstrap multiscale analysis

Given a standard random operator H,, the multiscale analysis looks for localization
by studying the probability of decay of the finite volume resolvent from the center of
a box Ap(z) to its boundary belt as measured by

||FI,LRUJ,I,L(E)X3;7%|| . (51)

We start with three definitions, which characterize “good boxes” in a given scale
by different types of decay relative to the scale.

Definition 5.1. — Given E € R, x € Z% and L € 6N, with E ¢ 0(H, ».1), we say
that the box Ap(x) is

(1): (w, 0, E)-suitable for a given 6 > 0 if

1
||Fw,LRw,m,L(E)Xx7%|| < 7o (5.2)

(ii): (w, ¢, E)-sub-exponentially-suitable for a given ¢ € (0,1) if
Y
HFLLRw,a:,L(E)Xz,én <e . (5.3)
(iii): (w,m, E)-regular for a given m > 0 if

L
||Fz,LRw,z,L(E)Xx,§” <e Mz, (5.4)
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Remark 5.2. — Note that a box Ap(x) is (w,0, E)-suitable if and only if it is
(w, m, E)-regular, where m = 29%. Similarly, Ar(x) is (w,(, F)-sub-exponentially-
suitable if and only if it is (w,2L°~", E)-reqular.

The multiscale analysis converts decay with high probability at a large enough scale
into decay with better probabilities at higher scales. We state the strongest version,
the bootstrap multiscale analysis of Germinet and Klein [GK1, Theorem 3.4].

Definition 5.3. — Let H,, be a standard random operator with property (IAD). The
multiscale analysis region Xvsa for Hy, is the set of E € 3 for which there exists some
open interval I 3 E, such that given any (, 0 < ¢ <1, and o, 1 < o < (71, there is
a length scale Lo € 6N and a mass m > 0, so if we set Lyy+1 = [L{]en, £ =0,1,...,
we have

P {R(m, Ly, I,z,y)} > 1 —e¢ 1 (5.5)
forallk=0,1,..., and z,y € Z% with |z —y| > Ly + o, where

R(m,L,I,z,y) = (5.6)
{w; for every E' € I either Ar(x) or AL(y) is (w, m, E')-reqular} .

Theorem 5.4 ([GK1, Theorem 3.4]). — Let H,, be a standard random operator
with (IAD) and properties (SLI), (NE) and (W) in an open interval Z. Given 6 > bd,
for each E € T there exists a finite scale Lo(E) = Lo(E, b, d, 0), bounded on compact
subintervals of I, such that, if for a given Eq € ¥ NT we can verify that

P{A,(0) is (w,0, Ep)-suitable} > 1 — (5.7)

8414
at some scale Ly € 6N with Ly > Lg(Ey), then Ey € Yysa -

Remark 5.5. — Euxplicit estimates on Lo(E) are given in [GKA4].

We call Theorem 5.4 the bootstrap multiscale analysis because its proof uses four
different multiscale analyses, each one bootstrapping into the next. We present them
in the order in which they are used.

Theorem 5.6 ([FK3, Lemma 36], [GK1, Theorem 5.1]). — Let H,, be a standard
random operator with (IAD) and properties (SLI) and (W) in an open interval T. Let
Iy be a compact subinterval of T, Ey € Iy, and 6 > bd. Given an odd integer Y > 11,
for any p with 0 < p < 6 — bd we can find Z = Z(d, 0, Q1,,71,,0,0,p,Y), such that if
for some Lo > Z, Ly € 6N, we have

P{Ar,(0) is (6, Ey)-suitable} > 1 — (3Y — 4)72%, (5.8)
then, setting Ly+1 =Y Lk, k=0,1,2,..., we have that

1
P{Ar,(0) is (0, Ey)-suitable} > 1 — L_i (5.9)

for all k > IC, where K = K(p,Y, Ly) < oo.
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The value of Theorem 5.6 is that it requires a very weak starting hypothesis, in
which the bound on the probability of the bad event is independent of the scale, and
its conclusion, in view of Remark 5.2, gives the starting hypothesis of a modified
form of the Dreifus—Klein multiscale analysis, Theorem 5.7 below. Theorem 5.6 is an
enhancement of [FK3, Lemma 36], adapted to our assumptions and definitions. It is
proven by a multiscale analysis which combines an idea of Spencer [Sp, Theorem 1]
with the methods of [DrK].

Theorem 5.7 ([FK3, Theorem 32],[GK1, Theorem 5.2]). — Let H,, be a standard
random operator with (IAD) and properties (SLI) and (W) in an open interval Z. Let
Iy be a compact subinterval of T, Ey € Iy, 0 > bd, and 0 < p < 8 — bd. Then given

. 2p+2d .
P> pand 1< a < min{ 22 St there is B = B(d,b, 0, Qry 11y, 0,0, ),

such that, if at some finite scale Ly > B we verify that

1
P{AL,(0) is (2910—%%,E0)-regular} >1- 7 (5.10)
0
then there exists 61 = 61(d, b, 0,p, a, Lg) > 0, such that if we set 1(61) = [Ey— 1, Eo+
0] NIy, mo = 29%, and Lgt1 = [LY¥en, £ =0,1,..., we have
1
P{AL,(0) is (52, E)-regular} > 1 — i for all E € 1(61), (5.11)
forallk=0,1,....

If in addition H, has property (NE) in T and we have 6 > 2p + (b + 1)d,
then, fizing a compact subinterval Iy of T with I, C fg, there is a scale B =
g(d, b, g,Qfo,C’fo,'yfo,dist(IO,I\fo),H,p,p’,a), such that, if at some finite scale
Lo > B we verify (5.10), we have

1
P{R(ﬂgl,Lk,I(él),%y)} Zl_L_ip for all x,yeZd,\x—gA >Ly+o0, (512)

forallk=0,1,....

Theorem 5.7 is an enhancement of the Dreifus-Klein multiscale analysis [DrK].
The crucial difference is that Theorem 5.7 allows the mass to go to zero as the inital
scale Ly goes to infinity, which may seem very surprising at the first sight. Indeed, in
the original versions of the MSA ( e.g., [FrS, FrMSS, Dr, DrK, CoH1]), the mass
has to be fixed first in order to know how large Ly has to be chosen. Figotin and Klein
[FK3, Theorem 32] were the first to note that the mass may depend on the scale,
as in (5.10) above, i.e., a mass proportional to IOJL% Thus the starting hypothesis
(5.10) only requires the decay of the resolvent on finite bozes to be polynomially small
in the scale, not exponentially small. Note also that by using the SLI as in (4.33), so

we only move between cells, we only need to require p > 0 as in [KSS1], not p > d

as in [DrK] (we need to consider only the (3%)d cells that are cores of boxes of side

¢ inside the bigger box of side L, instead of L? boxes as in [DrK]).
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Only the weaker conclusion (5.11) is needed for the bootstrap multiscale analysis;
we also stated (5.12) because it is the usual conclusion of this multiscale analysis.
Note that for conclusion (5.11) we may take p’ = p with §; = 0.

Theorems 5.6 and 5.7 only yield polynomially decaying probabilities for bad events.
Germinet and Klein [GK1] introduced new versions of these multiscale analyses that
give sub-exponential decay for the probabilities of bad events.

Theorem 5.8. — Let H,, be a standard random operator with (IAD) and properties
(SLI) and (W) in an open interval Z. Let Iy be a compact subinterval of T, Ey € Iy,

and (o € (0,1). Given an odd integer Y > 11ﬁ, for any (1 with 0 < {3 < (o we
can find Z = Z(d, 0, Qr1y5 714, b, 0, C1,Y), such that if for some Lo > Z, Lo € 6N, we
have

P{Ar,(0) is (Co, Eo)-sub-exponentially-suitable} > 1 — (3Y — 4)~2¢, (5.13)
then, setting Liy+1 =Y Ly, k=0,1,2,..., we have that

P{ArL,(0) is (Co, Fo)-sub-exponentially-suitable} > 1 — oLt (5.14)
for all k > K, where K = K(¢o,¢1,Y, Lo) < 0.

Theorem 5.9. — Let H,, be a standard random operator with (IAD) and properties
(SLI), (NE) and (W) in an open interval Z. Let Iy be a compact subinterval of T,
Ey € Iy, Ioa compact subinterval of T with Iy C ig, and 0 < (o < (1 < o < 1. Then,
given 1 < a < (o/(1, there is C = C(d,b, Q,Qjo,Cjo,710,dist(IO,I\fO),QO,Cl,CQ,a),
such that, if at some finite scale Ly > C, Ly € 6N, we verify that

P{AL,(0) is (2LE ™", Eo)-regular} > 1 — e~ k5" | (5.15)

then there exists 62 = 92(Co,C1, Lo) > 0 such that, if we set I(d2) = [Fo — 62, Ep +
da) N Iy, mo = 2Lg°71, and Ly+1 = [L¢]en, k= 0,1,..., we have

<2

P{R (=, Ly, 1(82),2,y)} > 1—e " (5.16)

for allk=0,1,2,... and z,y € Z* with |x — y| > Ly + o.

The equivalent to (5.11) holds in the context of Theorem 5.9, but it will not be
needed. In order to get sub-exponential decay of probabilities, the proof of Theo-
rem 5.9 allows the number of bad boxes to grow with the scale.

Outline of the proof of Theorem 5.4. — Theorem 5.4 is proven by a bootstrapping
argument, making successive use of Theorems 5.6, 5.7, 5.8, and 5.9. We give here an
outline of the proof, and refer to [GK1] for the full proof.
1. Under the hypotheses of Theorem 5.4, we note that hypothesis (5.8) of Theo-
rem 5.6 is the same as hypothesis (5.7) for appropriate choices of the parameters.
2. We apply Theorem 5.6 obtaining a sequence of length scales satisfying conclusion
(5.9), with its polynomial decay estimate of the probability of bad events.
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3. In view of Remark 5.2, it follows that hypothesis (5.10) of Theorem 5.7 is now
satisfied at suitably large scale. (We have bootstrapped from hypothesis (5.7)
to hypothesis (5.10)!). Thus we can apply Theorem 5.7 with appropriate pa-
rameters, getting §; > 0 and a sequence of length scales satisfying conclusion
(5.11) for all E € I(d1). We set dg = 6.

4. We fix ¢ and « as in Theorem 5.4, and pick (g, (1,2 such that 0 < { < (5 <
G<G<l<a<l! <! < ¢ We note that we have bootstrapped
again: hypothesis (5.13) of Theorem 5.8 is satisfied at all energies E € I(dg) at
appropriately large scale (the same for all E). Applying Theorem 5.8, we obtain
a sequence of length scales for which conclusion (5.14) holds for all E € (o),
with its sub-exponential decay estimate of the probability of bad events.

5. Using the last part of Remark 5.2, we can see that we have bootstrapped to
Theorem 5.9: for any 0 < (2 < (1 < (o < 1, hypothesis (5.15) is satisfied
at all energies E € I(41) at sufficiently large scale (depending on (p, (1,2 but
independent of E). We apply Theorem 5.9, obtaining J; > 0 and and an
exponentially growing sequence of length scales, depending on (g, (1, (2, but
independent of E, such that conclusion (5.16) holds for all E € I(4;).

6. We have constructed in Step 5 a sequence of length scales for which (5.16) holds
for all E € I(d). Since the interval I(dp) (which is independent of {) can
be covered by [%] + 1 closed intervals of length 5, we note that the desired
conclusion (5.5) now follows from (5.16), at the energies that are the centers of
the [g—;] + 1 covering intervals, if we take Lg appropriately large.

O

We will illustrate how to do a multiscale analysis by proving Theorem 5.7 in Sec-
tion 7, and refer to [GK1] for the proofs of Theorems 5.6, 5.8, and 5.9.

6. From the multiscale analysis to localization

The connection between the multiscale analysis and localization is given by the
following theorem.

Theorem 6.1. — Let H,, be a standard random operator with (IAD) and properties
(SGEE) and (EDI) in an open interval Z. Then

Ymsa NZ C YgL NYsseaskp N7 . (6.1)

To prove Theorem 6.1 we divide it into Theorems 6.4 and 6.5. Without loss of
generality we assume that if properties (GEE), (SGEE), or (EDI) hold, then they
hold for every w € .

Lemma 6.2. — Let H, be a standard random operator with properties (GEE) and
(EDI) in an open interval . Let us fit m > 0. For every w, given x € Z% such
that there exists a generalized eigenfunction v for H, with generalized eigenvalue
E €T and ||xa®|| # 0, there exists L(w, E,m, x) < 0o, such that the box AL (z) is not
(w, m, E)-reqular if L > Z(w, E,m,x).
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Proof — If x € Z% and 1 is a generalized eigenfunction for H,, with generalized
eigenvalue F, and the box Ar(x) is (w, m, E)-regular, it follows from (4.34) that for
E € T we have

el < Apmy e " F et < Ay e F (@) Tt oo 03¢
< sl L e E (] + - 1)
< Al (@) LN E - 1)2emE (6.2)
Since the last expression in (6.2) goes to 0 as L — oo, the lemma follows. O

The connection between the multiscale analysis and the generalized eigenfunction
expansion is given by the following lemma [GK1, Lemma 4.1].

Lemma 6.3. — Let H,, be a standard random operator with properties (GEE) and
(EDI) in an open interval . Given an open interval I with compact I C I, m > 0,
L € 6N, and x,y € Z%, let R(m, L,I,x,y) be as in (5.6). For P-almost every w €
R(m,L,I,z,y), we have

X Po(N)Xyll, < CHpe™™% () (), (6.3)

for py-almost all X € I, with C = C(m,d,v) < 400.
Proof. — Tt follows from (4.9) that

HXIPUJ()\)X?JHQ = ||Xwa()\)X$||2 )

for p,-almost every A, so the roles played by = and y are symmetric.

Let w € R(m, L, I,z,y); then for any A € I, either Ar(x) or Ar(y) is (m, \)-regular
for H,,, say Ar(z). If ¢ € H, for ju,-almost all A and all y € Z? the vector P, (\)xy¢
is a generalized eigenfunction of H, with generalized eigenvalue A, so for P-almost
every w it follows from property (EDI) (see (4.34)), using x, = X, & X that

XePo (MNXy@ll < 70,2 R 2, (M) X, £ [Tz, 2. P (M) Xy - (6.4)

Since Ar(x) is (m, A)-regular, we have, using also Lemma 4.1 and the definition of
the Hilbert-Schmidt norm, that

~ —mi
[XePoMxyllz < A7e™ "7 Do, n Pu () xyl2 (6.5)
~ 2v -1 —m<L v v
< Frd (3)T LT eI (o 4+ & - 1) (y)? (6.6)
~ vrd—1 —mi v v v
< Fd3 LT eI (S - 1) (@) () (6.7)

O

so0 (6.3) follows.

Theorem 6.4. — Let H,, be a standard random operator with (IAD) and properties
(GEE) and (EDI) in an open interval Z. Then

YMsaNZ C ¥g,NZ. (68)
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Moreover if E € Ymsa NZ, and we pick an open interval I > E and m > 0 as in
Definition 5.3 with compact I C I, then for P-almost every w, given a generalized
etgenfunction VU for H,, with generalized eigenvalue E' € I, we have

1 z
lim sup log lIxz ]| < —-m. (6.9)

|| — o0 |z
Proof. — Given E € Ysa N Z, we pick an open interval I 5 E as in Definition 5.3
with compact I € Z. We fix ¢ and a such that 0 < ( < 1land 1 < a < ("', By
Definition 5.3 there is a scale Ly and a mass m > 0, such that, if we set Ly41 = [L§]6n,
k=0,1,..., then for x and y € Z? with |z — y| > L, + o we have the estimate (5.5)
for k=0,1,2,....

We will prove that € gy, by showing that for P-almost every w each generalized
eigenfunction of H,, with generalized eigenvalue in I is exponentially decaying in the
L?-sense. This suffices since for P-almost every w we have that ji,,-almost every E' € T
is a generalized eigenvalue for H,,, so we can then conclude that H, has pure point
spectrum in I.

We fix b > 1, to be chosen later. Given zo € Z¢, for each k = 0,1,--- we define
the discrete annulus

Apii(zo) = {Aspr, ., (20) \ Ao, (20)} N Z4, (6.10)
and the event
Ei(xo) = {w; A, (o) and Ar, (x) are both not (w, m, E’)-regular
for some E' € T and x € Apy1(x0)} . (6.11)
By (5.5),

P {Ej(z0)} < (2bLiyr)% e 25k, (6.12)

and hence

> P{Ey(z0)} < o0, (6.13)

k=0
so it follows from the Borel-Cantelli Lemma and the countability of Z? that

P{E},(z¢) occurs infinitely often for some o € Z? } = 0. (6.14)

Thus, for P-almost every w, given z¢ € Z? there is k1 (w, o) € N such that w ¢ Ej (o)
for k > ki (w, zp).

For P-almost every w, given a generalized eigenfunction ¥ for H, with generalized
eigenvalue B’ € I, we pick 79 € Z? such that ||x,%| # 0. We set ko(w, E',x¢) =
min{k € N; L, > Z(w, E';m,x)}, where z(w,E’, m, o) is as in Lemma 6.2. Thus, if
ks(w, E',x9) = max{ki(w, zo), ke(w, E', x¢)}, for k > ks(w, E',x0) we conclude that
Ap,(z) is (w,m, E')-regular for all € Aji1(z0). We pick p, with 3 < p < 1, and
b> %ﬁ, and set

Apsr(wo) = {Aze ., (@0) \ A 2, (w0) f N 27, (6.15)
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Note that Ay 1(xo) C App1(zo) and
dist (z, ZM\ Ap11(z0)) > plo — 0| for all = € Apyq(xo). (6.16)
Thus, if x € Agy1(zo) with k& > ks(w, I, zo), it follows from (4.35) that

L
IX2% ]| < dAFLE e ™™ || X0, ¥ (6.17)

for some z; € Yr(z). If we take 2 € Apyi(z0), we have 21 € Apyi(z0) in view
of (6.16), and hence we can apply again (4.35) as in (6.17) to estimate ||x,, | in
terms of some ||xz,%| for some x5 € Yy (z1). In fact, it follows from (6.16) that for
T € Akﬂ(xo) this procedure can be repeated n times, yielding

 rd—1 —miE\"
el < (@rL e %) e, vl (6.18)
v ~ _ L n v
< (3) el (dirL e E ) (wa)? (6.19)
for some z,, € Z¢ with |z, — 2| < n(LQ" — 1), as long as n(L—Q" —1) < plx — zo]. (We
used (4.3) to obtain (6.19)). We thus have the estimate (6.19)) with
— 3p=L, _
nzw_12 2L|x zo| (6.20)
Le Lo
Note that for all £ sufficiently large we have % -1> % and dfnyg_l emm <

e_m%, in which case it follows from (6.18) and (6.20) that for each = € Ay (z0) we
have

v _3 —1 _
el < () 10ln (Jzol + plz — zoly2 ez MIE =@l (6.01)
3p—1 _
< 3|l (wo) {pla — aol)2 ez T = Tl (6.22)

Thus there exists k, depending only on p, d, v, l\l#_, ®o, Lo, e, 77, and m, such
that if 2 € Ajy1(zo) with k > k we have (recall 3 < p < 1)

p(3p—1) _
Iawl < e 2 e =l (6.23)
Since if x € Z? is such that |z — xq| > le’p, we have © € Agy1(zq) for some k, we

conclude that there is a finite constant Cy , such that

p(3p—1)

Ixz|| < Cype” mle = ol for all & € 72, (6.24)

and hence 1 decays exponentially in thre L?-sense. In fact, we proved that for each
% < p <1 we have

lim sup log HXQZ'wH S _p(:‘}p2—1)77l7 (625)

so letting p — 1 we get (6.9). O
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We now show that the multiscale analysis imply strong sub-exponential HS-kernel
decay [GK1, Theorem 3.8]. (Note that for smooth functions of Schrédinger and
classical wave operators we always have kernel decay in the deterministic case [GK2,
BoGK].)

Theorem 6.5. — Let H,, be a standard random operator with (IAD) and properties
(SGEE) and (EDI) in an open interval Z. Then

Ymsa NZ C Xggpnspe NI . (6.26)

Proof. — Given E € Yysa NZ, we pick an open interval I > E as in Definition 5.3
with compact I C Z. We will use the generalized eigenfunction expansion (4.11) to
show that for any 0 < £ < 1. there is a finite constant C¢ such that

E{ﬁﬁJwﬁﬁumunm@}fckgwi (6.27)

for all x € Z%, the supremum being taken over all Borel functions f of a real variable,
with || f|| = sup,er | f(t)|. Since our random operator is Z%-ergodic, probabilities are
translation invariant, so there is no loss of generality in taking y = 0.

Given 0 < ¢ < 1, we pick ¢ such that (? < £ < ¢ < 1 (always possible) and set
o= %, note a < (~!. By Definition 5.3 there is a scale Ly and a mass m¢ > 0, such
that, if we set Ly+1 = [L]en, £ = 0,1,. .., then for each k we have the estimate (5.5)
with y = 0 and = € Z¢ such that |z| > Ly + o.

Let us now fix « € Z¢ and pick k such that Ly 1+ 0 > |z| > Ly + o. In this case
Lemma 6.3 asserts that if w € R (m¢, Ly, I, z,0), then

L
e Po(Mxolly < Cre™ ™ ()2 < C1Cy e (6.28)

for p-almost all A € I, with finite constants C1 = Ci(m¢,d,v,q7) and Cy =
Ca(v,0,¢,&,me). We split the expectation in (6.27) in two pieces: where (6.28)

holds, and over the complementary event, which has probability less than e~ Lk by
(5.5). From (4.11) we have

sup || xaf(He) Ew(I)xoll,

llF<1
< wp/vmmMmemqu (6.29)
IFn<1Jr
< [ IePoOnolly . (6.30)
I

Thus, it follows from (6.28) that [with E(F(w); A) = E(F(w)xa(w))]

E{"lsup |Xxf(Hw)Ew(I)X()”;,R(mC,Lk,I,I‘,O)}
FlI<t

< 203 B (po(1))?}y o250 . (6.31)
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To estimate the second term, note that using (4.7) we have

X f(HO)Eu(Dxoll; < IFIP 1B (Dxoll3
< AP ), (6.32)

so, using the Schwarz’s inequality and (5.5) ,

]E{ sup o/ (Ho) En, (Ixoll3 5w ¢ R(moLk,Lﬂ?,O)}

lri<t
<4 E{r(PYF e (6.33)
Since
C = C7C3 B{ (o (1))} + 4 [E{ (1 (1)*}]2 < o0 (6.34)
in view of (4.16), we conclude from (6.31) and (6.33) that (recall o = %)
JE{ sup ||wa(Hw)Ew(I)X0§} (6.35)
llfi<t

17¢ 17€ 1 1 1
< Csezli < Cye 2lim < Cge_i(m_g)g < C;geigée_ilﬂ”Ié

for all |x| > Lo + ¢. Thus (6.27) follows (for a slightly smaller £), and Theorem 6.5 is
proved. O

7. How to do a multiscale analysis

To exemplify how to perform a multiscale analysis we give the proof of Theorem 5.7,
a modification of the proof of [DrK, Theorem 2.2].

Proof of Theorem 5.7. — Given x € Z¢ we set
= ¢ - -
Epe(z) = Ap(@)n {37 + gZd} CZ, Epe=E1.(0), (7.1)

Cre(w) = {Auy); yeEBre(@), Ae(y) CAL(2)}, Cre=Cre(0). (7.2)
Note |2 ¢(z)] < (3% + 1) By a cell we will mean a closed box Ag3(y) with
y € Ere(z), the core of the box A¢(y). Thus Cr¢(z) is the collection of boxes of

side ¢ whose core is a cell and are inside the boundary belt Yz (z) of the big box
Ap(z); we have |Cp(x)] < (3% —2)4. Note that the big box is covered by cells:

Ar(z) C Uyezs @) Aos(y)-
Given 0,p,p’ such that

2p+2d 0
0 <6 —bd and 1 i 7.3
<p<p < an <a<mm{p+2d’p+bd}’ (7.3)
we pick s and ¢’ such that

g<9' and p+bd<s<as<0 <0. (7.4)
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Recalling my = 2910—%%, we have

mo r log Lo
) <my =20 To
If Ary(x) is (w, mo, Eo)-regular and dist(o(Hy 2. 1,), Fo) > Ly *, it follows from
the (first) resolvent identity that Ar,(z) is (w, m{, E)-regular for all E € I = [Ey —
0, By + 0] N Iy, where

< mg. (75)

1 1 L L
5=06(0,0,s, Lo) = oo (e_m0_2ﬂ - e-moél) . (7.6)

Using the hypothesis (5.10) with Remark 5.2, plus property (W) at Ey with n = Lj*®
(see (4.37)) , we conclude that

P{ Az,(0) is (w,m{, E)-regular for every E € I'} (7.7)
s Yo L
Ly Ly Ly

if Lo > By = B1(d,b,Qy,,p,p’,s). Combining with property (TAD), we get that for
Lo > B; we also have

1

0
for all z,y € Z¢ with |z —y| > Lo + o.

We will first prove the weaker conclusion (5.11) by a single energy multiscale anal-

ysis which is basically the multiscale analysis of von Dreifus [Dr], except that singular
regions are treated as in [DrK]. Let us fix E € I, it obviously follows from (7.7) that

. 1
P{A,(0) is (w,mg, E)-regular} > 1 — 7 (7.9)
if Lo > By. Conclusion (5.11) is proven by induction. Given a scale L € 6N and

m > 0, we let pr(m) be the probability that a box at scale L is (w, m, E)-singular
(not (w,m, E)-regular), i.e.,

pr(m) =P{AL(0) is (w,m, E)-singular}. (7.10)
The induction step goes from scale £ > Lg to scale L = [{*]gyn: given
1 log ¢
pe(m) < 7w with m =my > 29'%, (7.11)
we prove
1 log L
pr(M) < Ir for some M =my > 29’%. (7.12)
To finish the proof of (5.11), we show infj, mz, > %2, ie.,
00 mo
Z(m[/k - mLk+1) < m6 T g (7.13)
k=0

The induction step proceeds roughly as in [DrK]. The deterministic part is based
on the SLI, but only boxes in Cr, ¢ are allowed. The basic idea is that if all boxes in
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Cr ¢ were (w, m, E)-regular, then it would follow from applying the estimate (4.33)
repeatedly that the big box Az (0) is also (w, M, E)-regular with the difference m — M
“small”.

To see how this works, for a given z € Z% we fix zo € ELTH7Z(I) and apply the SLI
estimate (4.33) repeatedly with ¢ = ¢, as long as we do not hit the boundary belt
Tr(z) (see (4.22)). Each time the SLI is performed one gains a factor of 3%y, and
moves to an adjacent cell (see Remark 4.5). After N applications we have

HF:E’LRw,m,L(E)XzO,g | (7.14)
N
< (3%1) " L I Ta Rt (B)X, g 1P 2 R (B

where zg,z1,... ,on € Z1 ¢(x) are centers of adjacent cells which are cores of boxes
in Cr¢(2), ie., |z; — 21| = § and Ag(z;) € Cpe(z) for i = 0,1,... ,N. A moment
of reflection shows that we are always in this situation as long as
¢ L-3 ¢ L+¢
Nony< P2 L L
3 2 2 6

Since N is an integer, we can always take N to be the unique integer satisfying

(7.15)

L L
——3<N<L<-—-2. 7.16
4 A (7.16)
If all boxes in Cy, ¢(z) are (w, m, E)-regular we conclude from (7.14) and (7.16) that

L_3
Is 2B L (B)Xy 4| < (3%9075) " | Runn (B (7.17)
Thus,
e Row Bzl < Y ITorRuw(B)Xa 4l

TOEE Lyo Z(Q‘,‘)
=3

L d
< (F42)  sw  IaiRens(B, gl
96065%’,3(33)
d L
L L_3
< (7+2) (3%3e™8) " T Ruown(B)]. (7.18)

If |Ry.e..(E)|| < L?, which holds outside a set of small probability by the Wegner
estimate (4.37), we get

d L
L e\ 73 _mL
ITe, 2 Reoyo, 2. (B)X 2| < L° (? + 2) (3%]@%5) C T ze My (7.19)
with
log L
M>m (1 - @) > 20/ Oi (7.20)

for ¢ sufficiently large, with ¢ a constant depending only on d,~;, 6’, s, and Lg. The
desired estimate (7.13) follows if Ly is large enough.
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Unfortunately the probabilistic estimates do not work. We assumed that all boxes
in Cr, ¢(x) are (w,m, E)-regular and ||R, (E)| < L*®, thus we can only conclude that

L 1 L 1 1
pL(M) < (SZ —2)%py(m) + le < (3Z - 2)d£—p + le
3 1

S fp—(a—1) + QI [s—bd "’

A

(7.21)

To get pr,(M) < L—lp we would need p — (v — 1) > p, which is impossible since « > 1.
To fix this problem we must relax the condition that all boxes in Cp ¢(x) are
(w, m, E)-regular and accept the presence of at least one (w,m, F)-singular box in
Cre(z). To exploit the independence of events in nonoverlapping boxes (property
(IAD)) we will forbid the existence of two nonoverlapping singular boxes in Cr, »(x).
To see how we obtain the improvement in the probabilities, let us consider the

event

QYN E, ¢,L,m) = (7.22)

{w; there are K nonoverlapping (w,m, E)-singular boxes in Cr, ¢(x)}.

Using property (IAD) we get

L \"1 1

P (E,6,Lm)} < |CL,e(iv)|2pe(m)2§<3]2) @ <9
L < ! 7.23
Sr = 3L (7:23)

with (7.23) valid for large ¢ if o < Qppjfdd = 1+ ;F55, which allows for a > 1.
We may have fixed one problem but we created another: we cannot estimate the
right hand side of (7.14) as before, because we may hit a singular box, i.e., some of

the x;’s in (7.14) may not be the centers of (w, m, E)-regular boxes. So we must make

changes. Taking w ¢ Q(()2) (E, ¢, L,m) we exclude the possibility of two nonoverlapping
bad boxes in Cr, ¢(x), so if there is one singular box, say As(u) (note u depends on
w,l,m, E), to guarantee that Ay(u') € Cp, ¢(z) is a regular box we need |u'—u| > £+ .
Taking ¢ > 3p, it suffices to have |v/ —u| > %Z. Thus Az (u) is our “singular region”,
i.e., the region such that boxes in Cr, ¢(x) with cores outside this region are regular.
Given z € Erge , We estimate ||Fm,LRw,a:,L(E)Xm7§” by applying the SLI estimate

(4.33) repeatedly, as long as we do not hit the boundary belt T £(0), but we now have
two cases:

o Ifz' ¢ A%(u) and Ag(2’) € Cp (), then 2’ is the center of a regular box in
Cr¢(z) and we use (4.33) with ¢ = ¢, obtaining

T2 R, n (B)Xor 2| < 3%7€7™2 T p R 1 (B) X | (7.24)

for some 2" € Ty ('), Le., |27 —2'| = é.
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o If 2/ € Aze(u) and Aue(u) © Ap(z), we apply the SLI estimate (4.33) with
y=1',y =u,and ¢ = 3¢, so k = 9, obtaining
1T, Ro e L(E)Xqr ¢ | (7.25)
< 9d'YI||Fu,34Rw,u,35(E)Xz’,% T2, Rz, (E)X g £l
for some z” € Yy0,(u) (see (4.29)), so [z” — u| = %, and hence 2" ¢ A%(u)

with Ag(z”) € Cpe(x). We are now in the previous case, so we can use (7.24)
to get

T, R (E) X | (7.26)
)
< 27997672 || Ruu 3¢ (B) || Ta, R o, L(E) X 2 |
for some z"" € Ty ¢(z"); note |x"" —u| < %Z and |z — 2’| < 8—34,

To control ||Ry u,3¢(E)|| in (7.26) and ||Ry 4. (E)| in the final expression we will
require

| R u3e(E)|| < L* for all u € Ep ¢(z), (7.27)

and
[ Res,0,0(E)|| < L*. (7.28)

To do so, let us define the events
W, (E, L,30,s) = (7.29)
1
{w; dist (0(Hyu3¢), E) > T for some u € EL,g(x)}
and
1

W.(E,L,s) = {w; dist (0(Hyz,1), E) > E} , (7.30)

We will require w ¢ W, (E, L,3¢,s)UW,(E, L, s), so (7.27) and (7.28) hold. This will
be permissible since it follows from (4.37) that

L . (30% 1
P{WI(E,L,?)&S)UWr(E,L,S)} < (3_ + 1) QI - +QI .
¢ Ls [,s—bd
1 1
< — .
< 5gor = 37p (7.31)

for large ¢, since we chose s > p + bd.

Thus if w ¢ QY (B, (, L, m)UW,(E, L, 3¢, ) UW,(E, L, 5), for each z € Erse ()
we find that after applying either (7.24) or (7.26) with (7.27) repeatedly, st(s)pping
before we hit the boundary belt T (z), we have

ITe, LR, L (E)Xaq, £ (7.32)
o\ N o N
< (3dwe ) (27dﬁL e ) (L G PO

Ny

N,.
§(3d%e—m%) (27dﬁLSe—m%) Le,
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where N, and Ny are the number of times we used (7.24) or (7.26), respectively,
N = N, + N,. Since m > 29’% and 0’ > as, we can take ¢ sufficiently large such
that

1 1
274y 2 [ 50~ ™3 < 2702 s <5 (7.33)
Combining (7.32) and (7.33), we get
e\ 1
”Fm,LRw,I,L(E)XzO,%H < (3d’716 2) QNSL . (7.34)

We cannot hit the boundary belt T () as long

(¢ L-3 ¢ L+¢ &

LA .

3~ 2 2 6 3’ (7.35)
where we subtracted 8—3[ due to the fact that we may have gone through the bad region.
Thus we always have (7.34) if

(Nr - 1)

L
N, <5 - 10. (7.36)

We have then two possible cases: either N, is large enough so that the right hand
side of (7.34) is < e ™% L*, or we get (7.34) with N, the integer satisfying

L L
Z 1< N, <~ 10, (7.37)
1 1
and hence
d —mt L1
I, R (B ) < (38%0e78) L2 (7.38)
The estimate (7.38) holds in either case, so we can proceed as in (7.18) to get
L d £ %_11 L
ICosPonnEro gl <2 (F2) (3omemd) T 2ot ()
with
c1 ,log L
M > 1——— | >20 A
= ( 1og€> - L (7.40)

for ¢ sufficiently large, with ¢; a constant depending only on d, vy, 6, s, and Lg. The
desired estimate (7.13) follows if L is large enough. Moreover, it follows from (7.23)
and (7.31) that for sufficently large Lo we have
1
pr(M) <P{QP(E, 0,L,m) UW,(E,L,3(,s) UW,(E, L,s)} < T (7.41)

The single energy multiscale analysis (5.11) is proven.

We now turn to the proof of the energy interval multiscale analysis (5.12). We fix
a compact subinterval Iy of Z with Iy C I§, so dist(Iy,Z\Ig) > 0. We require (7.3),
(7.4), and

0>2p+(b+1)d. (7.42)
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As before, the proof proceeds by induction. The initial step in the induction is given
by (7.8). Given a scale L € 6N and m > 0, we set

Pr(m,z,y) =P {R(m,L,I,2,y)°}, (7.43)

where A° denotes the complement of the event A. The induction step goes from scale
£ > Lo to scale L = [{*]gn: given that

1
Py(m,z,y) < 7 for all z,y € Z¢ with |z —y| > £+ o, with m = m, > 29’#,
(7.44)

we prove

1
Pr(M,z,y) < T for all x,y € Z with |z — y| > £ + o, some M =myp > 29’%.
(7.45)

To finish the proof of (5.12), we show that that (7.13) holds for these myz,’s.

The deterministic part of the argument is quite similar to the one we used for the
single energy multiscale analysis, except that the probabilistic estimates will require
us to accept the possibility of more singular boxes; for every E € I we will forbid the
existence of four nonoverlapping singular boxes in either Cr, ¢(x) or Cr ¢(y). But the
probabilistic estimates will require some new ideas.

Let 2 € Z¢ and E € I, and suppose there are at most three nonoverlapping
(w, m, E)-singular boxes in Cp ¢(z), i.e., w ¢ le) (E,¢,L,m). In this case we can
always find three boxes Ag(u;) € Cre(x), i = 1,2,3, with |u; —uj| > £+ o if i # j,
such that to guarantee that Ay(u’) € Cre(x) is a (w,m, E)-regular box we need
|v/ — ;] > £+ o for each i = 1,2,3. (Note that the u; depend on w,f,m, E. We
may not need all three boxes, but under our hypothesis it is always true with three.)
Taking ¢ > 3, it suffices to have |u’ —u;| > 43@ for all 1 = 1,2,3. We have three cases:

1. The closed boxes A%e (u;), i = 1,2,3, are all disjoint. In this case they are the
“singular regions”.

2. Two of the closed boxes A%z(ui), say ¢ = 1,2, are not disjoint, with the third
closed box disjoint from the others. In this case we can find u; 2 € Z, ¢(x) such
that A%(m) and Ase(ui 2) are our “singular regions”.

3. None of the three closed boxes ]\73_@ (u;), 1 = 1,2, 3 is disjoint from the other two.
In this case we can find w123 € Zr ¢(z) such that Azg(ui 23) is our “singular
region”.

The point is that all boxes in Cr, ¢(z) with cores outside the“singular regions” are
regular. In all three cases we can find v; € Zp (), {; € {%,5&7@}, with j =
1,...,r <3, Z;Zl ¢; < 22 such that the closed boxes Ay, (v;) are disjoint and all
boxes in Cr, ¢(x) with cores outside U;Zl Ay, (v;) are (w, m, E)-regular.

Given g € ELTH)Z(LE), we estimate ||Fx,LRw,x,L(E)XwO’§ || as before by applying the

SLI estimate (4.33) repeatedly, as long as we do not hit the boundary belt Y (z).
We now have the following cases:
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o If 2’ ¢ Uj_; Ay (v;) and Ag(2') € Cpe(x), then 2’ is the center of a regular box
in Cp, ¢(z) and we use (7.24).
o If 2’ € Ay, (v;) and Aej-i-%‘*(vj) C Ar(z), we apply the SLI estimate (4.33) with

y=2a,y =v;, and £’ =¢; + %e, so k < 23, obtaining
T, R 2,1 (E) X £l (7.46)
d
<230y, 12 Ry o) 0,426 (B)Xor 2T e, L R (B) X 2 |
for some z” € Ty, 2t 0(v;) (see (4.29)), so |z — v = % + £, and hence

a” & U=y Ac,, (vjr) with Ag(z") € Cp(x). We are now in the previous case,
so we can use (7.24) to get

TR L. ()Xo £ (7.47)
—_mi
S 69d/7%e 2 ||Rw7vj7[j+%e (E)” ||]-—‘ZE7LRW,(I:7L(E)X_%.///7§ H

for some ="’ € Ty ¢(2"); note |z —v;| < Z’;e and [z — @'| < 0; + £.

To control ||Rw,vj7€j+2_;(E)|| in (7.47) we now require

| Res,v,0(E)|| < L* for all v € Zp () and ¢ € {3¢, 1% 236} (7.48)
ie.,
w ¢ U Wo(E,L,{,s). (7.49)
ve{30,1L 230y
.24) or (7.47) with (7.48) repeatedly, as long
as we do not hit the boundary belt Ty (), obtaining

||Fw7LRw,m,L(E)X$O,§ | (7.50)

Given g € E% ,(x), we apply either (7

d —mi Nw d 27s —mt N
< (3%re%) " (69%3 L% ™) Tt Rt (B)X

where N, and N, are the number of times we used (7.24) or (7.47) with (7.48),
respectively and N + N, + N,. Since m > 29/% and 0 > «as, we can take £
sufficiently large such that

1
3
Combining (7.50), (7.51), and taking w ¢ W,(E, L, s), i.e., ||[Ryo..(E)| < L*, we get
(7.34), but now to guarantee that we do not hit the boundary belt Ty () we need

¢ L-3 (¢ L+¢
N, —1)- < — - — —— -8/, .52
( )3 - 2 2 6 8¢ (7.52)
where we subtracted 8/ due to the fact that we may have gone through the bad

regions. Thus we always have (7.34) if

1
6992 L5e ™3 < 69dﬁm < (7.51)

L
N, < 5 —26. (7.53)
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As before, we have two possibilities: either Ny is large enough so that the right hand
side of (7.34) is < e~™% L*, or we get (7.34) with N, the integer satisfying

L L
7_27<NTS7_26’ (7.54)
and hence
PR
ICs it Rt (B ]l < (3%0e5) " 17 (7.55)

The estimate (7.55) holds in either case, so we can proceed as in (7.18) to get

L ! i —mi) T -ML
IFoiRons(Ev, sl < 2 (5 +2) (3t m8) 2ot @0
with
log L
M>m (1 - 10%) > 20/ Oi (7.57)

for ¢ sufficiently large, with ¢y a constant depending only on d, vz, ¢’, s, and Ly. The
desired estimate (7.13) follows if Ly is large enough.

To finish the proof we need to establish the desired estimate on Pr (M, x,y), where
r,y € Z with |z —y| > L+ o. Given u € Z9, let QSJK)(I, ¢,L,m) be the event that
there is an energy E € [ for which Cr ¢(u) contains at least K (w,m, E)-singular
nonoverlapping boxes, i.e.,

QU1 6,L,m)= | Q) (E, ¢, L,m), (7.58)
FEel
and let
Vu(I,0,L,s) = U U Wu(E, L0, s) | UW,(E,L,s)| . (7.59)
Bel | \ee{3¢,1Zt, 288}
We set
K _ K K
QU)(I,6,L,m) = QU (1,6, L,m) UQ)(L,¢,L,m), (7.60)
and
V(I 4, L,s) = Vo(I,4,L,s) N V,(I,0,L,s). (7.61)

Ifwé¢ Q(ﬁl),(I,E,L,m) UVey(I, ¢ L,s), for every E € I we have (7.56) and (7.57) for
either Ap(z) or AL(y), and hence, using the tranlstion invariance of the probabilities,
we have

Pr(M,z,y) < 2P{QSY (I, ¢,L,m)} +P{V, (1,0, L,s)}. (7.62)

We first estimate ]P’{le)(I,E, L,m)}. Let C(LI;) denote be the collection of K
nonoverlapping boxes in Cr . We have, using property (IAD) and the induction
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hypothesis, that

P{QS" (1.0, L,m)} (7.63)
< Z P{R(m, ¥, I,u,v)°} P U R(m, 0, 1,u',v")°
{Ae(u),Ae(v)}eC), (M) A whyec?),

{Ae(u),Ae(v),Ae(u), A (v)) YeC,

< > P{R(m.(,1,u,v)}P U Bm.e1d,0)
{Ae(u),Ac(v)}eC) {Ae(u),Ap(v)}eCP,
2 2
< > P{R(m,(TLuv)} | = > P(m,u,v)
{Az(u),Ae(U)}EC(LZ,)L; {Ae(u),Ae(v)}EC(Ij),Z

IN

2d 2
gLy L < gua__1
¢) e (4(p—d(a—1))

Tt remains to estimate P{V, , (I, ¢, L, s)}. Let 5(A) = a(A) NI, for any operator A.

If A¢, (u) and Ay, (v) are nonoverlapping boxes, then it follows from properties (IAD),
(NE) and (W) that for n < dist(Iy,Z\ly) we have

P {dlist (5o, ), 5(Howt)) < 1} < Cr, Qg nbies (7.6

To see that, let F; and F5 be the o-algebras generated by events based on the boxes
Ag, (u) and Ay, (v), respectively. We set P; to be the restriction of the probability
measure P to F;, with E; the corresponding expectation and w; the corresponding
variable of integration, ¢ = 1, 2. Using the independence given by property (IAD), we
have

P{diSt (6-(Hw;u751)7 6<Hw,v,£2)) < 77} = (765>

By {Py {dist (6(Huy u.0,), 0 (Hus 0,.0,)) < 1}}

For a fixed we we have 6(Hyy v.0,) = {A1, A2, ... , AN} where N < C’fofg by property
(NE). (Note that N and A1, Ag, ... , Ay depend on wq,v,¥s.) Thus, using property
(W), we get

]Pl{diSt (&(le,u,f1)7&(sz,v,b)) < 77} < (766)
N
S B {dist (5(Har ), ) < 7} < Cp Qe
i=1

The estimate (7.64) follows from (7.65) and (7.66).
Let Z,,(I,¢,L,s) denote the event that

dist (5(Ho ., ), 5 (Ho oty)) < — (7.67)
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for either
(i) u=z,v=y,and {1 =¥y =L, or
(ii) u=w=x, £, =L, and some v € =, »(y) and {5 € {3¢, %75, QT?’Z}, or

(i) v =1y, o = L, and some u € =, 4(x), and f3 € {3, 1?74, %‘M}, or

(iv) some u € =1, ¢(x), v € Er¢(y), and £, 4y € {30, 17”, 2732 .
Clearly

VoyU, ¢ L,s) C Zy,(I,¢L,s), (7.68)
and it follows from (7.64), if Lg is large enough so Ll < Llo < dist(Iy, T\ Iy), that

P{Z,,I,¢ L,s)} (7.69)

d bd d b d
20,9k | pw41)a o laE) e (B0 (4L 2 930\ ¢+
Ls 14 3 ¢ 3

Cap,aCr,Qf, b1 2C4 5 oC5 Q5
,0, (b+1)d 24+=>=—)d )05 Iop ¥ 1o
= T {pOet G5 < SR
where Cy 5 o is a finite constant depending only on d, b, o
It now follows from (7.62), (7.63), and (7.69) that
1 4Cap,aCt, Qf, 1

4d
PL(M,.’II,y) < 2-3 64(p7d(a71)) + Lsf(bJrl)d < ﬁ (770)

i and s > 2p+ (b+ 1)d.

for sufficiently large L, since a <
O
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