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Abstract

A continuous-time anti-integrable limit is considered in the context
of time-dependent Lagrangian systems on the torus. The anti-integrable
limit is the singular (or adiabatic) limit in the singularly (adiabatically,
resp.) perturbed problems. This paper presents an implicit function the-
orem version of the results of Bolotin and MacKay (1997 Nonlinearity 10
1015-1029) for multibump orbits.
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1 Introduction and main result

In 1997, Bolotin and MacKay [8] studied a Lagrangian system with kinetic
energy minus potential energy having the following form

%W—V(az,f), ((z,v),7) € TT x R. (1.1)

(Actually, in their paper, the configuration space can be any non-simply con-
nected compact manifold.) They called the singular limit ¢ — 0 the anti-
integrable limit. In the special case when V is periodic in 7, by assuming
that the integral of corresponding adiabatic Poincaré-Melnikov function [16]
has global minimum points at 7 = ng + Z for some ng € R, when € is small
they proved existence of multibump orbits, then obtained the Bernoulli shift
property [27]. Their work remarkably extended the concept of anti-integrability
[4, 19] of symplectic twist maps to Lagrangian systems. However, their method
does not work if ng is a maximum point. Due to this, MacKay proposed that
problem (1.1) may be approached by the implicit function theorem. This led to
the work of the present paper.

The small mass system (1.1) can be converted to a system of slowly variation
in potentials, namely with the following Lagrangian

1
L(z,v,s,te) = §|v\2 —V(z,es +t) (1.2)

by introducing a fast time s = 7/¢ and letting the potential has a phase ¢ when
s = 0. The corresponding Newton’s equation of (1.2) reads:

G(s) + D,V (q(s),es +t) = 0.

Below, we state our assumptions on the potential function, which guarantee ex-
istence of homoclinic trajectories when € = 0. Then we state our main theorem.

We assume for any fixed s, ¢ and e that the origin is the unique non-
degenerate global maximum point of the C3-potential function V and that there
is a neighbourhood U of the origin, U = {z : || < r for some r > 0}, and con-
stants K > k > 0 such that

D2V (0,es +1) = —Ae(s), (1.3)
~-K < D*V(r,es+t) <—kVxel. (1.4)

Thus the potential is concave in U. We also assume
V(z,es+1t) > V(y,es+t) Vo €U and y € T\ U. (1.5)

When € = 0, we have an autonomous potential V' (z,t). By conservation of
energy, the phase portrait consists of closed curves. For fixed ¢, there are two
classes of homoclinic trajectories to the origin. They come in one-parameter
families due to time-translation invariance. We need a notion to specify which
one we will be talking about.

Definition 1.1. A homoclinic trajectory T : R — T, s — T'(s), is said to be of
type (x,0) if T'(0) = z.



TT

I ] + e
TN (Ft,O’rt,O)
(T Trg)
/

Figure 1: Phase portraits of two homoclinics for L(z,v,s,t,0): I';, is such
that I', 4(0) = xz, I',o(T}y) = g, thus is of type (zr,0); szo is such that
F:O(O) = TR, FIO(T,;O) =z, thus is of type (zg,0).

Hence, when € = 0, the system possesses two homoclinic trajectories: one
is of type (zr1,0), the other one is of type (zg,0), where x; and xg are the
boundary points of U. (See figure 1.) Let f(t) be the area enclosed by any of
these two orbits with the zero section of T'T, then f(¢) is C? and is crucial for
proving existence of homoclinic orbits when e # 0 [12, 25, 23, 33, 14, 8]. In
most cases it is assumed to have only non-degenerate critical points. In fact,
Wiggins, Kaper and Kovaci¢ showed that the derivative of this function is the
adiabatic Poincaré-Melnikov functions [31, 16].

We do not require the potential to be periodic in ¢ but assume it is bounded
below. Then, the function f is bounded above, and condition (1.4) guarantees
it is bounded away from zero as well. These facts together with (1.5) imply the
time 77", needed for a homoclinic trajectory to travel from a boundary point to
another one of U is finite and bounded away from zero. Let
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Generically, we can assume [ is non-constant. Let 9 = {n;};,cz be an arbitrary
increasing sequence consisting of uniformly non-degenerate critical points of f,
where 7 is an index set defined by

IT:=[,l+1---,m—-1m], —oo<l<m< oo, (1.6)

with m—I[41 equal to the cardinality of such sequence. To be precise, we assume
there are positive constants ¢, co and A,, such that if n € N then f'(n) =0
and ¢o > |f”(n)| > ¢1 and that for all ¢ € Z, we have |n;4+1 — n;| > A,,.

Before stating our theorem, we first divide the real line into time intervals
; j.c: We fix a small open interval A; containing 0 such that

cs <A, — (supA; —inf Ay) (1.7)

for some constant ¢ > 0. Suppose i, j € T and i, t7, t;, t]. € Ay, and
suppose T}, > 0 belonging to a bounded open interval Ar containing A%, then

for sufficiently small €, define

Ngj = t; +n; —tj — Ny,
* P * L * _ )
e = lLiotn tj’E nj,



and define the following intervals
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For j fixed and € non-zero, €2, ., Q7 ., ij . are ordered intervals in the sense
_ * * _ + +
that maxQ; ;. manue,maxQ e me”e,maxQ”e—manzHJEfor
all i € Z. As a rule, in the above if n; € min N then n;,_, = —o0; if n; € maxMN
then n;y; =
Theorem 1.2. Suppose I', , and F .0 are homoclinic trajectories of respec-

tively type (xr,0) and (a:R, ) for L(a: v,8,n;,0). For a small neighbourhood
U satisfying (1.4) and (1.5) and for any increasing sequence {n;};cz and any
sequence {I‘nz 0 €{l,, 0 ;L‘—ho}}ieI’ we fix a small open interval Ay containing
zero satisfying (1.7) and fix an open interval Ap containing A%.. Then there are
€0 > 0 and sequences {t}, € Ai}iez, {T. € Ar}ier such that for any0 < e < g
and any given n; € {n;}icr there is at; € {t] }ier so that L(z,v,s,t +n;j,¢€)
admits a unique multi-bump trajectory Y ; .(s) which is close to T'n, o(s—n ; /€)
when s € Q. and satisfies T;(n :‘JG/G) = T'y,.0(0), Tjﬁ(nf_’jﬁ/e + TZ*G) =
Ty, 0(Tyi, o) in particular Tj(s) € U when s € Q; ;. CUQ;F] o but Y (s) e T\U
when s € QF ; . Moreover, t} . and T}, are C' in e, uniformly in i. As e — 0,
t; . converges to 0, T}, converges to T .0, and T (s) C*-converges to I E))
uniformly on any compact subset ofR

The set N can be {ny,ng,---}, {---,n_2,n_1} or {nq,--- ,nny}, then T,
is respectively backwards asymptotic, forwards asymptotic or homoclinic to the
origin, in particular, if 9 = {n;} then T . is a one-bump homoclinic trajectory.

Recently, Rabinowitz and Coti Zelati [24], Alessio, Bertotti and Montecchiari
[1] also obtained multibump type trajectories for some classes of time-dependent
Lagrangian systems, and same as in [8] no non-degeneracy conditions nor time-
periodicity were required. However, our non-degeneracy condition, which is the
same as the one required by the Poincaré-Melnikov method, is necessary and
sufficient [31] for a transversal homoclinic orbit to persist under perturbations.

Applying the Birkhoff-Smale theory to time-periodic systems, transversal
homoclinics imply existence of multibump orbits and the Bernoulli property.
But, in general time-dependence cases, this implication is not obvious, in par-
ticular, if the Poincaré-Melnikov function has only finite zeros. As pointed
out in [32, 14, 16] that the Poincaré-Melnikov function only detects primary
intersection points [32], but our gluing technique allows us to detect higher or-
der (transversal) intersection points. Note also that in [26, 29] higher-order
Poincaré-Melnikov functions were constructed for similar purpose.

The idea we have to prove theorem 1.2 is quite simple: We divide the con-
figuration space T into two parts, a neighbourhood U of the origin and T \ U,
then show that for any two points x;_1, y; € OU there is a unique trajectory



confined in U spending a given time As; connecting them, also for an z; € OU
(z; # y;) there is a unique trajectory outside U spending a given time 7T; con-
necting y; and z;. (See figure 2.) We adjust T; so that these two trajectories
have no velocity discontinuity when they join at y;. This smoothing process
will be made simultaneously for all integer i, and we also adjust As; to get a
smooth (C?)-trajectory. The result for the limit € — 0 in theorem 1.2 will follow
automatically.

Theorem 1.2 has a higher dimensional analogue, as can be seen by the result
of [8], and the proof will be in spirit not too different from the one here. The
main difference is that we also have to adjust all positions of z; and y; on the
boundary OU. See [10, 9, 11] for related topics.

In the next section, some persistence results for trajectories inside and out-
side U are given; with them we then preform our smoothing process in section
3. Sections 4 and 5 are devoted to the proof of our main theorem.

2 Persistence of non-degenerate trajectories

2.1 Local results

We state the following theorem first.

Theorem 2.1. For the Lagrangian (1.2) and a fixed small neighbourhood U
satisfying (1.4) and (1.5), there exists eg > 0 such that if 0 < e < €y then:
o cxcept the origin, there is no other trajectories confined in U for all s € R;
o for any sg € R, © € U, there is a unique trajectory W{’,_e B w;(s) with

w:fe(so) = x and is confined in U for all s > sg. In particular, w;fe and its

deriwative tend to zero exponentially fast at a rate at least e~ VE(s=50) g5 5 tends
to oo,

e for any s; € R, y € U, there is a unique trajectory w, : s — w; (s) with
w; (s1) = y and is confined in U for all s < s1. In particular, w, . and its
derivative tend to zero exponentially fast at a rate at least eVE(s=s1) g5 5 tends
to —o0;.

If write w;‘e and w; . as functions of (z,s0,t,€) and (y, s1,t,€) respectively,
then they depend C? on their variables in the Clzoc—sense.

A proof of the theorem based on the contraction mapping theorem can be
found in [11], while the theorem is implied by Fenichel’s result [15, 33] (see
also [23]) and is an alternative way to describe the persistence of a hyperbolic
invariant set and it stable and unstable manifolds. Because of the theorem
above, one is able to define two C? action functions (cf. [7])

SE(x,s0,t) = / L(wf(s), & (5),5,t,€) ds, (2.1)
ST (y,s1,t) = / L(wy (5),0;.(8), 8,1, €) ds. (2.2)

When € is small, the union of (w;(s),w;(s)) for all s > sp is a curve in the

local weak stable manifold of the origin, while the union of (w; (s),&; (s))
for all s < s7 is a curve in the local weak unstable manifold. The functions



S*(z,s9,t) and ST (y, s1,t) act respectively as generating functions of the local
stable manifold Wngc,t and the unstable manifold W, , of the origin. Indeed, if
keep sg, s1 and t fixed, then

Wik {(z,0) € TuT, v=—D,SH(z,50,1)},

Wier = {,v) e TyT, v=D,S5 (y,51,t)}.

The two formulae below can be derived from the first variation formula for
Hamilton’s action:

d
lim D;SF(z,50,t) = —| H(z,d; (s0),50t,€),
e—0 de =0 ’
. _ d -
lim DtSe (y,Sl,t) - H(yawt,e(sl)asl,tvg),
e—0 de =0

where H is the C3-Hamiltonian function associated with the Lagrangian L. In
the above we have identified the velocity with the momentum and have used
the fact that 0 = H (2, &/ (s0), s0,t,0) = H(y, 0 o(s1),51,t,0).

The following theorem gives an improved description of [8] (see also [30])
for trajectories which stay in U for an extended time. Its proof is located in
Appendix section. In case a system is autonomous, it can also be derived from
Shilnikov’s lemma [28, 13] or from the A-lemma [22].

Theorem 2.2. For any As > 0 and a sufficiently small neighbourhood U of
the origin, there exists €y such that if 0 < € < €9 then for any sp < s1 € R,
s1—80 > As, any x, y € U, the Lagrangian system (1.2) has a unique trajectory
Qe 0 S qi.e(S) such that qc(s) € U for all s € [so, s1] and satisfies qt.e(so) =
T, qr.e(s1) = y. Write qi.c as a function of (z,y,s0,1,t,€), then it is a C>-
function. If, in addition, As is large enough and € is small enough, it has the
representation

qrc(s) = w;(s) + w;e(s) + U(so, 81, 8, ¢, e)e*‘/E(Sl*SO)/2 (2.3)
for some uniformly bounded C?-function ¥. Moreover, g (s) — wg;(s) as
51 — 00, qr.e(8) — w;(s) as sp — —o0, and g (s) — 0 as sg — —oc and
s1 — 00, all uniformly on any compact time interval under consideration.

From the above theorem, one can define another action function S¢ by
S1
Se(z,y,50,81,1) := / L(qt,e(5)74t,e(5)757t76) ds. (2.4)
S0
Then S, also C? (cf. [2]), in particular,
hH(lJ DtSs(xa Y, S0, 51, t)

4
de

(H((E7 qt,e(so)a 50, ta 6) - H(ya qt,E(Sl)a S1, ta 6)) (25)
e=0

because H(I7 qt,O(SO)a 50, t, 0) = H(y7 qt,o(sl)ﬂ s1,t, 0)
When (2 is bounded, the fact that g; . depends C? on € implies S, depends
C? on e. When Q is unbounded, it can be shown that the second derivatives



of wfe(s) with respect to € are at most of order O(s?) [11, 18, 6], but w;"(s)
(wi.(8), resp.) forwards (backwards, resp.) converges to zero exponentially in s.
This means the integrals (2.1), (2.2) and their partial derivatives with respect
to € to second order are finite, and depend C? on €. So we have

Proposition 2.3. The action functions S, S and S+ are C?-dependent of €
when € < €.

2.2 Global results

For trajectories outside the neighbourhood U of the origin, in the Appendix
section we shall prove

Theorem 2.4. If q;, o is a homoclinic trajectory for L(w,v,s,n,0) such that
4h0(0) = yn € U, q;, o(Tys o) = xn € OU for some Ty, > 0, then there are
neighbourhoods Uy 3 y,, Uy > x, so that for anyy € Uy, v € Uy, any T, t,
€ with T' =Ty o, t —n, € sufficiently small, there is a unique trajectory qi . for
L(z,v,s,t,€) satisfying q; (0) =y, ¢; (T) = x. Moreover, regard the trajectory
i . as a function of (y,x,T,t,¢) then it depends C? on its variables.

Similar to the foregoing results, the following C? action function defined by

T
S¥(y,x,T,t) ;:/ L(q;"e(s),q:’e(s)7s7t,e) ds (2.6)

0
with ¢/, as in theorem 2.4 is single valued. Because H(y,q;(0),0,t,0) —

H(y, 4 o(T),T,t,0) = 0, we get

lim D;S¢(y, x, T,t) = DeSo (y, 2, T’ 1)

_4d
de

<H<y, §7(0).0.1,6) — H(z.d; (T). T 1. e>). (27)
e=0

For a trajectory ¢ . : R — T with ¢; .(0) = y and ¢; .(T') = z, one can define
its value of Hamiltonian as H*(T,t) when it arrives at x, namely

HEI(t): T — H(m,qze(T),T, t,€). (2.8)

The following lemma, which is proved in the Appendix section, gives an energy-
travelling time relation.

Lemma 2.5. Suppose € is small and q; . is a trajectory satisfying q;"E(O) =y,
@ (T*) = z. If ¢; (s) # 0 Vs € [0,T*], then there is a neighbourhood Ur C R
of T* such that DrH*(T,t) <0 for all T € Ur.

Let I';, o be a homoclinic trajectory for L(z,v, s,n,0) and I'y o be another for
L(z,v,s,t,0), we would like to have a notion about continuation of homoclinic
trajectories with respect to t.

Definition 2.6. A family of type (y,0) homoclinic trajectories {I'y 0} parame-
terised by t is the C?-continuation of Ty o (with respect to t) if there is 5t > 0
such that for all t € (n — 6t,n + 8t) the mapping t — 'y o € C*(R,T) is C2.



With this definition, suppose T'; o is C?-continued from T',, ¢ and is of type
(y,0) then, for each t close to n, I't o can be written as

wgo(s) s € (—00,0]
Lio(s) =S aio(s) s€0,%(t)] (2.9)
wip(s) s €[X(t),00)

with wfo, 4t indicating trajectories for L(z,v,s,t,0) such that w, ,(0) =y =
¢ 0(0) and ¢/ ((%T(t)) = v = wZO(‘Z(t)) for some C%-function T. The product
path

w;O(s) s € (—00,0]

no(s) s €[0,%(n)]

whols) s € [T(n),00)
is identical to T',, 0. According to theorems 2.1 and 2.4, w;, is C*-continued from
w, o With respect to t and with y, s1(= 0 here), € fixed; ¢} is C*-continued
from gy, o with respect to (7,t)(= (%(t),t) here) and with y, x, € fixed; w;fo is
C?-continued from W:{,o with respect to (so,t)(= (Z(t),t) here) and with z, €
fixed. The homoclinic trajectory I't o has Hamilton’s action

I(T40,1) ::/ L(T0(s),Tt.0(s), 5, t,0) ds. (2.10)
The following results will be useful in the future.

Proposition 2.7. Let {T'; o} be the C%-family of homoclinic trajectories of type
(y,0) having representation (2.9).

(a) If DrHE(Z(t),t) # 0 then

DyHG(3(), )

DX (t) = DRI ED. D)
(b)
j—; _ I(Tyo,t) = D7|,_, (S5 (y,0,t) 4 S5y, z,T(n), t) + S¢ (x,T(n), 1))
+ D%t’t:n So(y, z,%(n),t) DT(n). (2.11)

Proof: (a): H§(%(t),t) equals zero for all ¢ because ¢;  is a segment of I'; o,
which tends to zero as time goes on, thus

= %Hﬁ(‘l’(t), t) = DrH§(Z(t),t) DZ(t) + DyHG (Z(t),t).
(b): Now for all ¢, I(Ty0,t) = Sy (y,0,t) + Sg(y, z, T(t),t) + S (v, Z(t),1)
by (2.1), (2.2), (2.6). Thus for all ¢,
%I(Ft,o, t) = DtS(; (y7 O, t)
+ DpS§(y,z,%(t),t) DT(t) + DySH(y, z, (t),t)
+  Dg, Sy (2,%(t),t) DI(t) + Dy SY (z,%(t),1). (2.12)

Because D7Sg(y,z,%(t),t) = 0 = Dy, Sy (z,%(n),t) for all n and ¢, the right
hand side of (2.12) equals Dy (S; (y,0,t) + Sg(y, 2, T(t),t) + Sy (2, %(t),t)). Tak-
ing derivative again, we have (2.11). O
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Figure 2: In the figure, we assume the system is periodic and its adiabatic
Poincaré-Melnikov function has exactly two simple zeros. There are two sepa-
ratrices corresponding to these two zeros and they are the dotted lines in the
phase space. The solid line shows a broken orbits.

3 Smoothing broken trajectories

In this section we construct a set of variational functionals whose critical points
give multi-bump trajectories.

Suppose Z is the index set as defined in (1.6). Let Z; C R? be a copy of
(A¢ x Ar) with Ay and A as in theorem 1.2, and Z := [[;.; Z; be the space
of sequences (2;, 2141, ", Zm—1,Zm)s

zi=(t;, T;) E Ay X Ap Vi €T,

equipped with the sup norm ||z|| = sup,{|zi|} for z € Z. For an increasing
sequence {n;};ez = M and a prescribed sequence {y; € {zL,zr}}icz, we define
a functional W on Z, which is similar to the one used in [8] as well as to the



ones in the Aubry-Mather theory [3, 20],

We(z) = Z hi(Zi_l, Ziy 6) + h*(zz, 6) + h+(2’i, Zi+1, 6), (31)
€T
with
_ — Ni—1, Ni—1,4
h (Zi—ly Zis E) = Se (qi,e( 261 )7yi7 261 707t’i + ni)7
h*(zi76) = S:(yiaxiaﬂati+ni)7
+ L 4 M1, Nit1,4
h (Zi>zi+176) = Se(miaqi,e( %% )7111'7 % 7tz+nz)

Here, (see figure 2)
e S. and S are respectively the action functions (2.4) and (2.6);
o x; € {xp,xr} with x; # y; V i
® ¢ . q;. and q;; are trajectories for L(x,v, s, t; + n;, €) such that
@G (Ticr+nimrife) =1, ¢, .(0) =y,
4.0 =y, ¢ (L) ==,

G (T) =i, ¢ (niv1i/€) = yira;

e as a rule, if min{Z} =1 > —o0, set n;_1 = —o0; if max{Z} =m < oo, set
Nm+41 = 005
e in case n;_; = —oo then ¢;, = w;, = Wy, . with w; (0) = y;, and

h=(zi—1,2i,€) := 8= (yi,0, t;+n;) (SE_ was defined in (2.2)) ; in case n; 11 =
oo then ¢f, = wf, = w,, . with w/ (T;) = z;, and h¥(z;,zi41,€) =
SH(xi, Ty, t; +ni) (ST was defined in (2.1)).

It would be much clear what W, is if write h™, h* and h™ as the integrals:

tip1tmnipr—ti—ng
2¢

Rt (2, 2i01,€) = / L(qifé(s),q;;(s),s,ti +ng,€) ds, (3.2)
T;
T;
W) = [ L))t i), (33)
0
0
h™(zi—1, zi,€) = / L(q; (8),G; (8), 8, ti + 14y €) ds, (3.4)

ti—itni_1—-ti—n;
Ze

Definition 3.1. We call a point z} a critical point of W, if at which the
partial derivative D,, W, is identically zero for every i € Z.

The following notation is similar to the one used in [27]: For n € R and
€ # 0, we call the following map

n xc: C?(R,T) — C*(R,T), ¢+ n*cq

the time-n/e-translation, where n . q(s) = q(s — n/e).
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Theorem 3.2. Leti € Z. When € # 0, for a given increasing sequence {n;};, a
critical point 27 = (--- 2z = (t; ., T{.), -+ ) of We corresponds to a sequence of

C?-trajectories {Y; . : R — T}; for a sequence of Lagrangians {L(x,v, St +
n;, €)}i such that

Ti,e(s) =
= n;‘k—l,i,e *e qzﬂll,e(s) S Qj;l,i,e’
- ql_,e(s) s € Qi_,i,e’
aG(s)  sE€EN; .
= g'(s)  seQf,
=N *e Qi (8) SEQ 10
=N *e Gig1,e(S) S €1 e
=M Xe q;:»l,e(s) S Qjﬂ,i,ev
=Nt e *e Qigac(S) SEW o

= (3.5)

This theorem is to be understood in the following way: On every time inter-

*

val §2;; ., there are pieces of trajectories connecting ;1 and y; vianj; . *c q; .
and then leaving y; for z; vianj,; . qj ., then leaving x; for y; 41 vianj; e q;fe
etc etc. In Morse’s sense T; . would be a “broken trajectory”, which in gen-
eral is not a true trajectory. (For example, the solid line in figure 2.) But we
smoothed it by adjusting its arrival time at y; by ¢; and simultaneously adjust-
ing its arrival time at x; by T;. This theorem points out that if (¢;,7;) is close
enough to (t; ., T7,) for every i then there is a true trajectory shadowing the
broken one. We shall see later that if € is small, there is only one such a true
trajectory. The above gives an idea of proof; for a complete proof see [11] or [§].

4 Anti-integrable orbits

The following theorem says a critical point of the functional W) gives a sequence
of homoclinic orbits for the unperturbed Lagrangian.

Theorem 4.1. For a given increasing sequence {n;} and a prescribed sequence
{yi € {zr,xzr}}, i €I, the functional Wy has ezxactly one critical point z§ =
(0, Ty =Ty o), ), which corresponds to a sequence of homoclinic tra-
jectories {I'; o} in such a way that for each i the C?-curve

w-_o(s) ENS (70070}
Lio(s) == aio(s) s €[0,T}]

w;,ro(s) s € [Ty, 00)

is a type-(y;,0) homoclinic trajectory for L(x,v,s,n;,0), and Hamilton’s action
of which is equal to the Maupertuis action f(n;).

Theorems 3.2 and 4.1 show that we have defined a variational problem via
a one parameter family of variational functionals W, to find a certain class of
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trajectories T, . of a Lagrangian system. When e # 0, pieces of these trajecto-
ries obtained in theorem 3.2 are mutually coupled together via formula (3.5) to
give whole trajectories. While € = 0, these trajectories are decoupled since the
variational functional becomes, with respect to i, decoupled and the dynamical
system becomes sequential copies of integrable systems. Hence we say the La-
grangian system constrained by the variational functional (3.1) is anti-integrable
in Aubry’s sense [5]. And, we call the limit e = 0 the anti-integrable limit.
Theorem 4.1 will be achieved by making use of the following proposition.

Proposition 4.2. h™(z;_1,2,€), h*(z,¢) and h™(z;, 211, €) uniformly con-
verge to actions Sy (yi,0,t; + ns), S§(vi, xi, Ti, ts + ni) and Sar(xi,Ti,ti + n;)
respectively as € — 0. In particular, h™(z;_1,2;,0) and h™(z;, z;11,0) are de-
pendent of z; only.

Proof: For agiven i € 7, we only need to prove the cases n;_1 # —oo or n;y1 #
00, otherwise the proposition is implied by proposition 2.3. Since q;L . has the

representation (2.3), if on the time interval [T}, n;41,:/2€], L(q;;(s), G e(s), s, tit

n;, €) is expanded around (w?:e(s),w;;(s)) for all s to the first order then the

values of the first order terms are of order O(exp(—vk n;y1:/2¢)). Thus by
(3.2),

bt (zi, zig1,€) =
’I’Li+1,i/2€ ) .
/ L(wj'e(s),djlt(s), S, t; +ny,€) ds+ O ((%) e~ VE ””“/26)
T ) , B
e—0

— L(wxo(s),w;fo(s),s,ti +n;,0) ds = Sg (w4, Ty, t; +n;)
T;

uniformly in z; for all ¢. The case h~ can be proved likewise, and the case h* is
trivial. O

In view of the proposition above and theorem 3.2, we have theorem 4.1, with
the uniqueness of such a zj by virtue of our construction of the functional Wy.

5 Persistence of anti-integrable orbits

Our next step is to show that those orbits corresponding to z} in theorem 3.2
exist and, in the C? .-sense, are close to chains of homoclinics corresponding to
2§ in theorem 4.1.

Let W(-,€) := W,.. We need to formalise the criticality of W (-, ¢). To this
end, we regard D, W (z,€) as a sequence in R?, (---, D, W(z,€),---), D,W is
then a map

D.W:Zx (RTU{0}) = R, (z,€) — D,W(z,e),

where the Cartesian product R** := J],.; R? has topology induced by the sup
norm. By our formalism above, that a point is a critical point of the functional
W (-, €) for our definition 3.1 precisely means it is a zero of the map D, W (-, ¢).
D2W (z,¢€) then is a linear map

D2W(z,€) : R = R*L| 52 — D>W(z,€)dz.
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We represent D2W (2, €) in matrix form ngzl,T/V(z7 €), which behaves in a man-
ner that the i-th component of D?W (z, €)dz is equal to

(DgW(z,e)(Sz)i = ZDsziW(z,e)(Szj
JET
D%, W(z,e) D25 W(z¢) 5t
= Z 2 2 (5.1)
. DT,-t,;W(Z’E) DTJT,-W(Z’G) 0T
in which D?jtiW(z7 €) is an abbreviation for ijtiW((- oo (g, Tk), -+ )y €); sim-
ilarly for ijTiW(z,e), D%jtiW(z,e) and D%jTiW(z,e). By definitions of W,
h~, h* and h™, (5.1) equals

Dt2¢,1,t1: (hi(Zi_l,Z,',é)+h+(2’z’_1,2’i,6)) 0 ((%il )
2 h+(Zi,1,Zi,6) 0 6Ti_1

DTq‘,—l,ti
D2 (h* (21,6
+h~(zi-1,2i,€) + h™ (25, zix1,€)  Dig (h*(zi,€) + hT (20, 241, €)) St
+ +h+(27;7]_,25i,6) +h+(2iazi+1,€)) ( 51,: )

D%iti (h* (Zi7 E) + h+ (Z,', Zz'—&-l, 6)) D%@ (h* (Zi, 6) =+ th (21‘7 Zi—&-l, 6))

D}y (B (20 zigns €) + h¥ (25, 2zi41,€)) - DR h (20, 204, €)
+ (

ot;

Mfl >(.5.2)
0 0 i+1
Proposition 5.1. The map D, W : (z,¢€) — D, W (z,¢) is C* when ¢ is small.

Proof:  Firstly we show it is continuous at (z,0) for all z. From the first
variation formula for Hamilton’s action, we know

1 1
DtiW(Zae) = H(yivq.;e(o)’o’ti + TLZ',G) - EH(xivq.;e(Ti)vTiati + TLi,G)

€
1 L 1 .
- EH(ylv qi7€(0)707ti + ni,ﬁ) + EH(:L"H qj:e(T’L)7Tl)t’L + Ny, 6)7

because the terms on the right hand side of the equality come only from the
contribution of variation of ¢; in the integrands in (3.2) - (3.4), while the con-
tribution from variation in the integration domain cancel out. Also,

DTiW(Z,E) = _H(xZaqze(n)vTZatz + Tli,f) + H<$27Qj:g(Tt)7Eatl + nia€)7

and it is easy to see that Dy, W (z, €) depends C* on (z,€). Because of the facts
that

lim 77, (s) = wip(s) and  Delemodir(s) = Dele=owiL.(s) (5-3)
by theorem 2.2 and that ¢;  depends C? on € and that H (y;, 4;0(0),0,t;+n;,0) =
H (x4, 45 o(T3), Ty ti+ni,0) and H(ys, 4;(0),0,ti4n,,0) = H(2s, ¢/ o(T), Ti, ti+
n;,0), the limit lim._,q Dy, W (z, €) exists and equals

d

(H(yiaq;:g<0)a0ati + ’I’ZZ‘,E) - H(yzaq;€(0)707tl + 'I’Li,ﬁ)
e=0

_H(quze(Tl)vT‘mtl + N, 6) + H(-'If‘ivq';;(Ti))nati + N, 6)) (54)
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But (5.4) equals D;,W(z,0) by (2.5) and (2.7) and by the fact that the conver-
gences in (5.3) are uniform in ¢, so D, W is continuous.

Again, because the convergence in (5.3) is exponentially fast, it can be shown
that the convergences of lim¢_,o D7 W (z, €) and lim,_.o D7,, W (z, €) are uniform
in z and i, thus lim._o D2 W (z,€) = DZ W (z,0). Also D?, W(z,0) exists. Now,
for fixed €, D,,W(z, €) actually depends only on z,_1, z; and z;1, therefore, by a
result of mathematical analysis, D,, W is differentiable at (z,0), so is D,W. O

Lemma 5.2. Let z5 = (---,(0,T}), ) be such that D, W (z5,0) = 0. Then
(a) Let & be the Kronecker 6 matriz. The map D2W (z5,0) in matriz form reads

DyHE (T g mi))’
[ (ni) = W —DyHG (17, ni)

DEjZiW(Z(>)k7 0) = 6_]1 . (5.5)

—DyH( 207”1) —DrHG( 107”1)

The eigenvalues of the matriz are real, distinct, and non-zero.
(b) The linear map D2W (z5,0) : R?*T — R?*Z s an isomorphism.

Proof: (a): Now the system is autonomous, by proposition 4.2, we know that
for all z

Dfi_l,tihi(zifl,zi,()) _D2

ti—1,t;

= D2h+(zi_1,zi,0):DT 1t1h+(zi 1,ZZ‘,O) D2

L+1 tl
= D21+1,t h* (Zi7 Zit+1, O) 1Jrl,T ht (Zi, Zit1s 0) =0.

Wt (2i-1,2:,0) = D h™ (24, 2i41,0)
h™ (2, 2i41,0)

Also, Dr.h™ (2, 2;41,0) = H(xi,djthrni’O(Ti),ﬂ,ti + n;,0) = 0 for all ¢; and
T; by the first variation formula for actions, therefore, Dfi’Tih“‘ (2iy2i41,0) =
D3, ;. ht(zi, 2i41,0) = D3, h¥ (23, 2i41,0) = 0 for all z. Hence, from (5.2)

D2, W(z;,0)

— 5. thi (h_(zj—l,mzz'*,wo) +h*(20,0) + h+<zz'*,07zi*+1,070)) t 7.7 (270,0)
7 D7, h* (25, 0) D3 20.0) )

By proposition 4.2, h™ (21 o,27,0), h*(2}(,0) and h* (2], 251, 0,0) are re-
spectively Sy (vi,0,m4), Sg(yi, i, Ty, ni) and Sg(xi,T{fO, n;). Thus by propo-
sition 2.7,

D} (A (21,0, 210,0) + B* (270, 0) + h" (270, 2711,0,0))
d2
= @I(Fm,mni) — D7,S4 (yi, i, T} g, mi) DT (ny).

But by definition (2.8) and proposition 2.7,

D%tsé(yivxi’TiTO’ni) = _DtHO( zOvnl)
DyH( 107”1)
DT mn; = —7

( ) DTHI( i,00 1 L)
D%Sg(yiaxiaTivani) = _DTHg(Tl*OanZ)
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Besides, I(T'y, ,,ni) = f(n;), so we have (5.5).

The last assertion follows by virtue of the symmetry of the matrix, non-
zeroness of DrHE (T}, ni) (by lemma 2.5) and f”(n;).

(b): This can be proved by the Banach isomorphism theorem: D2W (z,¢) is
a continuous map by proposition 5.1 (or can be seen from the boundedness of
the norm || D2W (z,€)dz||) and assertion (a) implies it is also a bijection. O

5.1 Proof of theorem 1.2

The sequence of homoclinic trajectories {I'y, ¢ }icz in theorem 1.2 determines a
sequence of points {y;}iez on the boundary OU. Using this sequence and the
given sequence {n;}, we can construct our variational functional . Assume e
sufficiently small and zg is the critical point of Wy. From lemma 5.2, proposition
5.1 and the implicit function theorem, we know there exists a unique z* as a
Cl-function of € such that 2*(0) = z%, D,W(z2*(¢),e) = 0. In view of our
construction of the functional W, theorem 1.2 then essentially follows. Since
there is a unique sequence {¢; ., T} }; = 2*(¢) with which the product path T}
defined by formula (3.5) is a trajectory for L(z,v,s,t;  + nj,¢) for each j € 7
provided e is sufficiently small.

: : 2 .
On € je, Tj.e is close to nj ; . *e I'n, o in the C-topology because n; ; .
+

- * * * 3 * -
Qie> i je *e Q7 and n ;e ¢ on §; ;. are close respectively to nj ; . *e q,,, o

*e

Nije *e Qo and nf, o % q:;,o in the C%-topology. ije(n;‘,jﬁ/e) =TI, 0(0)
because n} ;. * q;k,e(n;ij,e/e) = q;‘:e(O) = ¢, 0(0). Also, Tjﬁe(n;k,j’e/e + Tife) =
n;j,e *e q:-is(ni‘,j,sk + Tife) = Qfe(Tz*e) = qi;,o(T;f )= Fm,O(TZo)

As e — 0, Q; ;. diverges to —oo if ¢ < j but to oo if ¢ > j. Therefore, by
(3.5), T C'-converges to I'y;,0 uniformly on any bounded interval as € — 0
for each j € 7. O

6 Appendix

Proof of theorem 2.2:

We construct a curve pic(s) = w; (s) + w(s) + v (s) + v (s) with v, v
being the unique solutions of the equation

£(s) = Ae(5)€(s) =0

subject to boundary conditions v} (so) = —w; . (s0), v (s51) = 0, v (s0) = 0,

vo (s1) = —wit.(s1). Since |w; (s)| (or |w; (s)|) decays exponentially in forward
(resp. backward) time and max {|v}(s)|, [v=(s)|]} SO (exp (—\/E(sl - so))>,
it can be verified that p. € C*([so, s1],U). We want to show within a closed
ball B(pi,d) of radius & centred at p. in the C2-topology there exists a unique
trajectory ¢ such that g (so) = pe(S0)s Gr.e(s1) = pe(s1) and show ¢ is of
order O(exp(—vk(s1 — 50)/2)). -

Such a ¢ can be obtained if the map Gy maps B(u.,d) into itself and is
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contracting, with

Gt,é : QQ([So,Sl],U) - Qz([sOasl]aU)v
q — q—- DqF(usat7€)71F(Qat7e)a

and
Q*([s0,51],U) := {q € C*([s0,51),U), q(s0) = =, q(s1) =y},

F:Q*([s0,1],U) x Rx (R*U{0}) —  C%[s0,51],R),
F(g,t,e)(s) = G(s)+ D2V (q(s),es +1).
D, F(pe, t, €) is invertible [11] because it is a continuous bijection. The bijectivity
comes from the negative definiteness of the Hessian of V(-,7) by (1.4). (The
same reason as the non-degeneracy of geodesics on a Riemannian manifold with
negative sectional curvature [17].)
We work out || F'(ue,t,€)l|o first:
Flue,te)(s) = —DV(w/ (s),es+t) — DV (w;(s), s+ 1)
FA e (8)VF(8) + Ape(s)v (s)
—l—DIV(w;;(s) + wt_,e(s) +vF(s) + v (s),es + ).

The last term can be expanded as

D,V (wic(s),es + 1) + DIV (wic(s) + d1(s)vf (5), 5 + ) (s)
+ DIV(wie(s) + v () + do(s) (wie(s) +ve (s)),es + ) (wie(s) + v (5))

and D,V (w; (s), s +1) can be expanded as D3V (¢a(s)w; . (5), €s +t)w, . (s) for
some ¢o(s), ¢1(s), and ¢2(s) € (0,1), therefore on the time interval [so, (so +

51)/2],
|F(pes t, €)(s)]

< 2K (Jwr ()] + IvF ()] + v (9)])
< QCK(Me—\/E(sl—so)/? + |x|6_3\/E(51_50)/2 + ‘y|e_\/E(51_50))
S Cle*\/E(Slfso)/2

for some constants C' and C;. Similarly, |F'(ue,t,€)(s)| satisfies the same in-
equality on the time interval [(sg + s1)/2, s1]. B
It is shown in [11] that G; . has a contraction constant 1/2 on B(f, ) if

5§<2 sup |D§V(J;,es+t)]HDqF(us,t,e)1||> . (6.1)

zeU,s€[s1—s0]

Assume the above inequality is satisfied, then
5 - - 81—S8
|Grela) = pellz < 5 + Do F (e, t.0)~H[CremVFEorme0)/2,

We need the right hand side of the inequality above is at most ¢ so the contrac-
tion mapping theorem is applicable. This implies § should be

§ > 201 || DgF (i, t, €) e~ VFs1=50)/2, (6.2)
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Since || DyF (e, t,€) 7| is bounded for € < €, if s — sg is large enough, both
(6.1) and (6.2) can be fulfilled. Thence there exists a unique trajectory g,
shadowing w;", + w;, such that

”qt,é - w::e - w;e||2
11l + 17 Nl + 2611 Dy F eyt €)™ exp (= V(1 = 50)/2)
Cs exp(—Vk(s1 — s0)/2)

IN

A

for some constant Cs. So, ¢; . can be decomposed into the desired form with W
a uniformly bounded C2-function as asserted. O

Proof of theorem 2.4:

Because we allow the travelling time T' to vary in theorem 2.4, it will be con-
venient to normalise the time scale: s +— s/T := 5, q(s) — v(3) := q(T5), and
instead consider a Lagrangian L., of the form

e
Ly(v(5),4(3), 5, T, t,€) = |72(T)2|

and its associated C3-Hamilton’s functional

— V((3), Tes +t)

1
AR o AG) =T [ 1,(0(9)4(6), 5 T.t0) d5
0

on the Sobolev space II consisting of all absolutely continuous curves v : [0, 1] —
T, v(0), v(1) € OU, with bounded W*2-norm.

Now v*(8; T} ,1,0) = g, o(T} ¢8) is a trajectory for L.(z,v,5,Ty 4,n,0)
with non-zero velocity, thus D*A(y*(; T}y 5, n,0)) is invertible [21, 9]. Since A is
C? dependent of its parameters 7', t and ¢, then by the implicit function theorem,
this implies that there is a unique C?-continuation (7',t,¢€) — v*(:;T,t,€) € II
as a trajectory for L, (z,v,5,T,t,€) on a small neighbourhood of (7} 4,n,0)
such that v*(0;T,t,¢) = v*(0; T, 5,n,0) and v*(1;T,t,¢) = v*(1;T; ,n,0).
Theorem 2.4 follows.

Proof of theorem 2.5:

Let H be the value of the Hamiltonian associated with L(z,v,s,t,¢) and let
q* : [0,T] — T be a trajectory, then ¢*(s) = /2(H(s) — V(¢*(s),es + 1)). As
long as ¢*(s) # 0 for s € [0,T], ¢*(s) is C*-diffeomorphic to s. Thence, one can
calculate the travelling time T by

T= % /q (\/’H(s(x)) —V(z, es(z) +t))_1 dz. (6.3)

where the integral path is along ¢* from y = ¢*(0) to z = ¢*(T).

When e = 0, the Hamiltonian is preserved along the trajectory, and is de-
noted by a constant E;. In our case E; > V(x,t) along the trajectory, then we
obtain a mapping by making use of formula (6.3)

aHmm—kljﬁQV@m*m
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The function T} is a locally C*°-function of Ey, and its first derivative at E; is
negative definite:
DTy(E;) < 0.

Recall from (2.8) that HZ(T,t) is the value of the Hamiltonian of the trajec-
tory with ¢; (0) = y and ¢; .(T) = = when it arrives at x. Due to the inequality
above we see HE (T, 1) is locally diffeomorphic to T satisfying DrHE(T,t) < 0.
This proves the theorem for the case ¢ = 0. When € is not zero but small,
q; . is the C*-continuation of qt o with ¢;((0) = ¢; .(0) and ¢; o(T™) = q; (),
thence DrHE(T*,t) < 0, by C%-dependence on e. The lemma then follows by
the inverse function theorem. O
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