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Abstract. We consider a two-parameter family I'; ¢ of Expanding Baker Maps on
the plane, being ¢ > 1 and 0 < 6 < 7w an expansion rate and a rotation angle,
respectively. We prove that I'y ¢ exhibits strange attractors for every a sufficiently
close to 1. We also study how such attractors may split into other ones of a larger
number of connected pieces as a decreases to 1 and 6/m is a rational number. The
study of the family I', ¢ is strongly motivated by the rich dynamics observed for the
quadratic family T, »(z,y) = (a + y2, = + by).

1. Introduction

Chaos, as the behaviour of the evolution of a certain process, can be greatly explained
when the modelling family of dynamical systems exhibits, in a observable way, strange
attractors.

Definition 1.1. An attractor for a transformation f defined on a manifold M is a
transitive f-invariant compact set Z whose stable set

W(Z)={PeM:d(f"(P),Z) -0 asn — oo}

has nonempty interior. An attractor is said to be strange if it contains a dense orbit
{f™(Fy) : n > 0} with some positive Lyapunov exponent, i.e. there exist a unit vector v
and a constant ¢ > 0 such that, for every n > 0,

1D f"(Fo)(v)|| = e

The supremum X of such c is called a Lyapunov exponent. When there exist k positive
Lyapunov exponents Ay, (or, at least, such that Ay + -+ A\, > 0), the strange attractor
15 said to be a k-dimensional strange attractor.

The observability of strange attractors is expressed in terms of their persistence
with respect to small changes in the parameters of the family. The abundance of chaotic
dynamics in nature suggests that this persistence shows at least in a probabilistic sense.
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Definition 1.2. Let f,: M — M be a family of maps such that f,, has a strange
attractor. This attractor is said to be persistent if, for every 6 > 0, strange attractors
still exist for values of the parameter p belonging to a positive Lebesgue measure set
E C B(p,9). If E = B(uo,d) for some § > 0, then the strange attractor is said to be
fully persistent.

Numerous works in the literature numerically simulate chaotic behaviours that
suggest the presence of strange attractors. However, analytical results proving the
existence of such attractors and their persistence in generic families of dynamical systems
are lacking and usually laborious. A first proof of the persistence of strange attractors
for a family of diffeomorphisms was given in [1] for the Hénon family

Ha,b(xv y) = (1 — az® + Y, b:lj') (1)

The starting point of such intricate proof is to note that for b = 0 the dynamics of
family (1) reduces to that of the quadratic family

fa(z) =1 — a2?, (2)
which is said to be a limit family of family (1). In [2] the authors had previously proved
that this quadratic family has persistent strange attractors for a € (2 —¢,2]. After a
lot of hard work, it was proved in [1] that these strange attractors persist on a branch
of the unstable manifold of the saddle point of family (1) when 0 < b < ¢ < 1.

The first proof of the persistence of strange attractors in a wider scenario was
given in [3], where it is proved the persistence of strange attractors in a generic family
of diffeomorphisms f,: M — M on a surface M, that unfold a homoclinic tangency.
This proof is strongly based on the existence of families of return maps associated
to the unfolding of homoclinic tangencies. See also [4], [5], [6], and [7]. Under an
appropriate change of coordinates, these return maps are defined in a neighbourhood
of the homoclinic point, and are very similar to the Hénon family (1). Hence their
attractors are called Hénon-like attractors. A proof on the existence of strange attractors
for families of vector fields on R?, which are not Hénon-like, can be seen in [§].

The proof of the persistence of strange attractors given in [2] for family (2)
is complicated because the zero derivative at the critical point x = 0 hinders the
expansivity of the orbits close to it, and sinks can thus appear. This difficulty does
not arise when considering the one-parameter family of one-dimensional piecewise linear
maps (tent maps) A,:[0,1] — [0, 1], with 1 < p < 2, given by

B px if x <1/2,
Aul) = { p(l—z) ifz>1/2. 3)

In this case, the interval [(2 — p)p/2, /2] is an invariant set for A\,, when p € (1,2].
This invariant set is a strange attractor for every p € (v/2,2]. Strange attractors with
several pieces may also be obtained for values of the parameter p € (1,/2] by using
renormalization techniques (see for instance [9], [10] or [11] for related details).

In many cases, the dynamics of the tent maps given in (3) is similar (i.e. conjugate)
to the dynamics of family (2). It is well known that this is the case for p = a = 2. This
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fact is the first step in [2] to prove that family (2) displays persistent strange attractors
for values of the parameter sufficiently close to a = 2. In summary, the study of the
dynamics of piecewise linear families is a first step towards understanding the more
complicated dynamics of quadratic families.

All the above-mentioned attractors are one-dimensional. In order to get abundance
of strange attractors with two positive Lyapunov exponents, we can consider a generic
two-parameter family f,,: M — M of three-dimensional diffeomorphisms unfolding a
generalised homoclinic tangency as it was originally defined in [12].

For the case in which the unstable manifold involved in the homoclinic tangency
has dimension one, the limit family corresponds to Hénon family. But, and this fact
explains why we are not working with generalizations of the Hénon family, if the unstable
manifold has dimension two then the limit family is conjugate to the family of two-
dimensional endomorphisms defined in R? by

Too(z,y) = (a+9° 2+ by). (4)

Therefore, if one tries to show the persistence of two-dimensional strange attractors
when such a homoclinic tangency is unfolded, the first step should be to prove, as was
done in the one-dimensional setting, the persistence of strange attractors for the limit
family (4). Only after this does it make sense to lift the dynamics to the closure of
the unstable manifold, which is the candidate to contain the two-dimensional strange
attractor arising in the unfolding of the tangency.

Different types of strange attractors for family (4) were numerically detected in [13].
In particular, the different regions of the parameter space according to the number of
positive Lyapunov exponents are plotted (see Figure 1 in [13]). In [14], a curve of
parameters

G= {(a(s),b(s)) = (—;133(33 — 25425 —2),—5°+5):5€ ]R}

was constructed in such a way that T, , has an invariant region in R? homemorphic to
a triangle for all (a,b) € G. This curve contains the point (—4,—2) (by taking s = 2),
and the map 7" 4 _, is conjugate to the non-invertible piecewise affine map

B (x+y7$_y) if (x,y)€76,
A(a:,y)—{ 2—z+y2—z—y) if (z,y) €Th

defined on the triangle 7 = Ty U T, where

To={(z,y):0<2 <1, 0<y <z},
Ti=A{(z,y): 1 <2x<2 0<y<2—uzx}

As was pointed in [14], this map A enjoys the same nice properties as tent map
given in (3). In particular, the consecutive pre-images {A™"(C)},en of the critical line
C ={(z,y) € T : © = 1} define a sequence of partitions (whose diameter tends to zero
as n goes to infinity) of T leading the authors to conjugate A (and therefore 74 _5) to a
one-sided shift on two symbols. Furthermore, for every initial point (xg,yo) € T whose
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orbit never visits the critical line, the Lyapunov exponent of A along the orbit of (x¢, yo)
is positive (in fact, it is equal to % log 2) in all non-zero direction, and the same holds for
the limit return map 7" 4_5. Finally, an absolutely continuous ergodic invariant measure
for A can be constructed, and therefore the same holds for T4 5. These basically were
the main reasons why the authors in [14] called A the 2-D tent map.

As a first approach to the study of the dynamics of Ty p(s) (With s # 2) the family
{A¢}icpo of piecewise linear maps of 7~ given by

_ _ (tle+y),tlz—y)  if(z,y) €T,
At(z’y)‘t'“x’y)‘{ (22192 —a-y) @y eT

was introduced in [15]. This family can be seen as the composition of linear maps defined
by the matrices

ot
A:

with the fold of the whole plane along the line C = {(z,y) € R? : z = 1}. This fold can
be defined by

Felr.y) = { (2(?5,) Y) ﬁﬁ ; 1? (6)

Note that O = (0,0) is a fixed point for every A; in (5). In addition, for ¢ > 1/4/2, each
A; has another fixed point P, € 7; given by

2t(2t + 1) 2t
P, = = '
y = (T4, Y1) (2t2+2t+1’2t2+2t+1)

Clearly, the affine change of coordinates

X:fb_l't, Y:—y_yt
1—z 1—z;
moves O onto the point P, and keeps the critical line X = 1. These coordinates

transform each A; in (5) into the composition of F¢ with the linear application defined
by the matrix

~ —t —t

whose eigenvalues are v/2te*? with § = 37 /4. That is, P, is an unstable focus and then,
in the complex plane, the family A; in (5) can be expressed as

ac®(x +iy) ifz <1,
ac®(2 —x +iy) ifz>1

ooz +iy) = { (7)
with a = v/2t and 6 = 3 /4.

The study of the dynamics exhibited by family (5) is mainly justified when one
compares its attractors (numerically obtained in [16]) with the attractors (numerically
obtained in [13]) for the family (4) with (a,b) € G. For different values of the parameters,
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both families of maps display convex strange attractors, connected (but not simply
connected) strange attractors, and disconnected strange attractors (formed by numerous
connected pieces).

A first analytical proof of the existence of a convex strange attractor for A; was given
in [17] for all t € (tg, 1], where to = 271/2(1++/2)"/* and, as it was seen in [14] for t = 1,
it was also proved that the attractor supports a unique ergodic invariant probability
measure for all ¢t € (to,1]. The existence of persistent strange attractors with several
pieces for 271/2 < t < 272/5 is proved from [18], [19] and [20]. The proof is a consequence
of a renormalization procedure that allows us to understand how connected invariant
compact sets (formed by a unique piece) may split giving rise to others formed by an
increasing number n of pieces. Then, from Theorem 1.2 in [20], it follows that these
new disconnected invariant compact sets contain strange attractors formed by n pieces.
Moreover, it is proved in [19] the coexistence of any number of strange attractors.

The proof of the previous results is strongly based on the existence of compact sets IC
that are strictly invariant, that is, A;(K) = K. Every attractor Z for a transformation f
must be strictly invariant compact minimal set. Once proved the existence of this
attractor Z, the expansitivity of A; allows to conclude that Z is a strange attractor. In
the case for family (4), or even for T}) s(s) With (a(s),b(s)) € G, this is not that simple
because, like in the one-dimensional case, the maps T, ; are not expansive near their
critical line. Nevertheless, the numerical simulations carried out in [13], which show
the possible existence of two-dimensional strange attractors and similar to those found
for family (5), strengthen the idea that a certain possible (though surely laborious)
exclusion of parameters (like in [2] for the one-dimensional case) could conclude the
persistence of strange attractors.

Although the process of exclusion of parameters seems to be the essential (and most
complicated) step in the proof of the persistence of strange attractors for family (4),
other peculiarities should be considered when studying the dynamics of this family.
Contrary to what happens for family (5), at the fixed points of T,; with eigenvalues
e*% a Hopf bifurcation might lead to the presence of an attracting closed curve. Then,
the angle 6 conditions the dynamics on this curve. This is one of the reasons why in
this paper we will study the general two-parameter family

{Tso: (a,0) € (1,00) x (0,m)} (8)

defined by (7) for a > 1 and 0 < 0 < m. For § = 0 or § = 7, the dynamics looks like
one-dimensional. For # and —6 the respective dynamics are conjugate.

The strictly invariant compact sets of family (8) will report the strictly invariant
compact sets of family (4). As seen in references [13]-[20] for the particular case
0 = 37 /4, both sets will have the same type of connection: simply connected, connected
and successive ruptures in pieces. Having thus understood the topology and arrangement
of these sets for (4), it remains to study the effect of the quadratic nonlinearity on the
inner dynamics: existence of a dense and expansive orbit in the corresponding strictly
invariant compact sets.
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Note that I'; g is the composition of the fold
Fele+iy) =1—|1 —z|+1iy (9)

and the expanding linear map A, ¢(2) = ae'®z being z = x +iy. For this reason, we say
that each 'y is an Ezpanding Baker Map (EBM for short) and write

IFwo=EBM(C,0,A.p)

where C denotes the line z = 1 along which the plane is folded towards the half-plane
containing O. The successive images £; = A ,(C) of C are given implicitly by the
equations

xcos j0 + ysin j0 = a’. (10)

Later on it will be necessary to refer to EBMs of at least two folds, that we
will denote by EBM(C,L;,, ..., L., Aag) where C,L;, ..., L;, define the lines to fold
written from left to right in the order that these folds act. See Section 2.

Some initial results for the family I'; y were given in [21] (see Theorems A and B).
There it was proved the existence of ag > 1 such that I'; 9 has a closed polygon K,
which is strictly I', p-invariant for every a € (1,a9]. When K, is minimal (it does not
contain any other set with the same mentioned properties), then it is actually a two-
dimensional strange attractor. The existence of these attractors follows next from the
existence of invariant compact sets with nonempty interior.

Theorem A. Let 0 < 6 < w. For every a € (1,ay| there exists a finite family Z, o of
2-D strange attractors for I'y g with the following properties:

(1) If Z is an attractor for Iy g, then Z € Zgp.

(i1) For every Z € Z,g there exists an ergodic absolutely continuous invariant measure
for 'y g supported on Z.

(111) For every Z € Zqg there exists a natural number p and a decomposition
Z=XoUXjU---UX,
of Z in such a way that U'yp(Xi) = Xitimoap for all i = 0,...,p — 1. The

measure [i supported on Z is mixing (up to the eventual period p) from which Fzﬁ
15 topologically mixing on every X;.

(v) If Z € Zyyp, then Z traps almost every point in W*(2), i.e. for almost every point
P € W*(Z), there exists j € N with I} 4,(P) € Z. Moreover, the set Uzez,, W*(2)
covers a full Lebesgue measure set of Ky p.

(v) If U is a compact Ty g-invariant set with nonempty interior, then there ezists
Z € Zgp such that Z C U. Moreover, if Uy and Uy are compact T, g-invariant
sets with disjoint nonempty interiors, then there exist two different 2-D strange
attractors Z; € Zq g with Z; C U; fori=1,2.
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Theorem A will be proved in the same way as Theorem 1.2 in [20]. In fact, once
again, the proof of Theorem A is strongly based on the results given in [22], [23] and
[24]. Nevertheless, we include here a sketch of the proof of Theorem A because certain
crucial considerations on the so called weighted multiplicity must be checked for all
0 € (0,7). Finally, we point out that the proof of Theorem A mainly relies on the
existence of an invariant set for I', g, namely /C, o (which is in fact strictly invariant),
hence the restriction 1 < a < ag on the space of parameters.

From now on, we will consider § = 27k/n € (0, 7) with k,n € N and ged(k,n) = 1.
The following results show how for a sufficiently close to 1 the invariant set K, (and,
consequently, the attractor it contains) may split into another set formed by pieces
permuted by I'y 9. Thus, a connected strange attractor bifurcates for a first value a;(0)
into a disconnected strange attractor formed by at least n pieces. When n is odd, this
new attractor splits into other strange attractors of n? pieces for some ay < a;. When
n = 2v with v odd, likewise a second splitting occurs for some as < a;, giving rise in
this case to another strange attractors of n?/2 pieces. However, when v is even, the
original attractor of at least n pieces splits into two different strange attractors, each
of which having n?/2 pieces. We will call this phenomenon doubling of attractors. This
process goes on when v/2 is even. Since for § = /2 it was proved in [19] the existence
of a decreasing sequence {a;} of values of splitting of strange attractors, we obtain an
infinite cascade of doubling of attractors for any n = 2° with s > 2.

The next result establishes the existence of a value a;(6) for which the first splitting
takes place:

Theorem B. Let § = 2nk/n € (0,7) with k,n € N and ged(k,n) = 1.

(a) There exists a; = ay(0) € (1,00) and D C R? such that, for every a € (1,ay) it
holds that
(i) Fi’g(D)ﬂngfor every j=1,...,n—1.
(ii) Ty (D) CD.

(b) Forn >4, the restriction of 'y g to D is conjugate by means of an affine change in
coordinates to an 2-fold EBM.

A set verifying statements (i) and (ii) is said to be a restrictive domain of I, ;. See
Definition 2.4. According to Theorem A, the map I', ¢ displays a strange attractor with
at least n pieces, each of which contained in a different Ffw(D) with j =0,1,...,n— 1.
Note that from statement (a) it follows that for every pair 7,5 = 1,...,n it holds that

Lo(D)N Fie(D) = & whenever i # j.
As a consequence of the proof of Theorem B we obtain the following result:

Corollary 1.3. Under the hypothesis of Theorem B, the set D can be constructed in
such a way that every attractor for I, ¢ is contained in the forward orbit of D.

In order to illustrate this corollary and statement a) of Theorem B, see Figures 12a,
13a, and 14a at the end of this paper.
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For values of a < a;(0) sufficiently close to 1, the restriction of I'; ; to D has an
unstable focus P with eigenvalues a"e?! with ; = 27 /n. The translation of the origin

of coordinates to P and a suitable change in coordinates allows to express I'} , as the
map V, 9, = EBM(C,L,4,,0,A), for which:

(i) C is the critical line z = 1.

(ii) Ly, is aline that crosses C at an angle 0; and its distance r(a) to the origin satisfies

li = 1.
)

(iii) A'(z) = a"e¥iz.

Let FY _ be the set of maps ¥, , = EBM(C, L,,, A') satisfying (i), (i) y (iii) for o,
¢, and k instead of a, 0, and n. Thus, ¥, 4, € F}, . We will consider EBM(C, A’) to
be included in EBM(C, L, ,, A’), since this trivially holds when £, , = C or L, does
not intersect a certain invariant set on which the dynamics is studied.

Let us state a first result on renormalization:

Theorem C. Let § = 27k/n € (0,7) with k,n € N and n > 3 and ged(k,n) = 1. The
following statements hold:

(a) If n is odd, then there exists ay = as(0) < ay(0) such that for all a € (1,az) there

n

ezists a restrictive domain Dy & D for Uy, .

(b) If n = 2v is even, then one of the following statements hold:
(i) If v is odd, there exists ay = a2(0) < a1(0) such that for all a € (1, ay) the map
Wi o, has a restrictive domain Dy & D.
(i1) If v is even, there exists as = as(0) < a1(0) such that for all a € (1, ay) the map
Wy g, has two disjoint restrictive domains Df ¢ D. Moreover, the restriction
of Ui 4, to each one of these domains belongs to By, , .

Figures 12, 13, and 14 shed some light on statements a), b-i) and b-ii) of Theorem C,
respectively.

Statement (ii) of (b) still holds for \If:;/ezl provided that v/2 is even, and successively
for any power n = 2° with s > 2. Therefore, as we have stated above, as a consequence
of the previous Theorems and Theorem B in [19] (See Lemma 2.7 in Section 2) we obtain
the following result:

Corollary 1.4. Let 0 = 2nk/n € (0,7) with k,n € N and ged(k,n) = 1. If n = 2° for
some s > 2, then there exists a decreasing sequence {a;(0)};>1 such that I'yg exhibits
2771 strange attractors simultaneously for all a € [aj41,a;) and for every j > 1.

Thus, in this paper we extend to 6 = 2wk/n € (0,7) with k,n € N, ged(k,n) =1
and n > 4 all the results proved in [18], [19], and [20] for the case § = 37w/4. In
particular, the existence of a cascade of doubling of strange attractors for a dense set of
values 0 = wk/ 27 with k an odd natural number and j > 1. Some questions still remain
open for the rest of values of . For instance, we may ask if the renormalization from
statements a) and b-i) of Theorem C can be indefinitely iterated like in statement b-ii)
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thereof. In particular, we may ask what happens with the dynamics in the special case
n = 3. Finally, one should think about the dynamics when 6 /7 is not rational.

This article is organized in the following manner. In Section 2 are gathered some
definitions and basic results on EBMs. Section 3 is devoted to the proof of Theorem
A. In Section 4 we prove Theorem B considering three different cases independently:
n > 5 n =4, and n = 3. In Section 5 Theorem C is proved. In Section 6 some open
questions are posed.

2. Expanding Baker Maps

In this section we will introduce the concept of EBM and renormalizable EBM. These
maps are characterized for a very particular dynamics: They fold some domain and,
after that, they expand the folded region. For our purposes it is enough to define EBMs
on compact and convex domains of R2.

To begin with, let us state the definition of fold and good fold.

Definition 2.1. Let K C R? be a set with nonempty interior and let L be a line in
R? intersecting the interior of K. The line £ splits K into two sets Ko and K1, i.e.
KoUK =K and KoNKy = LNK. Let P € Ky. The fold with respect to L onto P
for K is the map Fr p: K — R? given by

Q ifQe Ko,

Q if Q€ Ky,

where Qj denotes the symmetric point of Q with respect to L. If Fr p(K) = Ko, we say
that Fr p is a good fold for K.

N < o[

(a) A good fold (b) A not good fold

Frp(Q) = {

Figure 1: Examples of folds

Now, let us write £ = L' and let £ be a line with £2 N int(Ky) # @ and P ¢ L%
Then, £? divides Ky into two subsets Koo and Ko (Koo denotes the one containing
P). Let us assume that Fr2 p(ICo) = Koo (i€, Fr2p is a good fold). Repeating these
arguments, we may successively define a sequence of good folds Fy: p, Fr2 p,...,Frn p,
where

f£17P . IC — ICO
Frip : Kyizig = Koo
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Frt Fr2 Fr3 Frn
Ko —— 400 —— e R = 0
P P P P

Figure 2: Sequence of goods folds

with Kj,-1, C Ky, and P € K, for every j =1,2,...,n.
We now may introduce the concepts of EBM and renormalizable EBM.

Definition 2.2. Let K C R? be a set with nonempty interior. Let P be a point in K and
{Fevp,... . Fenp} a sequence of good folds of IC with P € K, for every j =1,...,n.
Let A:R?* — R? be an expanding linear map, i.e. |det A| > 1. Let us consider

A:QeR?*= AQ)=P+ A(Q - P)

and assume that Z(]Co.f;.o) C K. We define the Expanding Baker Map associated to
P, A LY. ... L" as the map T : K — K given by

F:;{O.Fgmpo...ofglyp
For short, we will denote

I = EBM(L',...,L", P, A)

Folds Expansion

# #

P [« Q

Figure 3: An example of EBM

We will usually take P as the origin of coordinates O and omit it in the notation
of a fold (F, instead of Fr ). The linear map A will be of the type

Ay — (acos@ —a51n0>7 (11)

asinf acosf

(or Agg(2) = ae®z in the complex variable) with a > 1.
The following lemma will be useful in Section 4:
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Lemma 2.3. Let £ be a line in R? such that O & L. Let Ky and K, be the two
half-planes limited by L, with O € int(Ky). Let £ = A;é(ﬁ). Then,
FroAus(Q) = Ao Fi(Q),
for all Q € Ko such that Fz(Q) € K.
Proof. Let Ky and Ky be the two subsets into which Ky is divided by LN Ko,
with O € int(Kgo). Then, A, o(Ko;) C K; for i =0, 1.
For Q € Ko, it holds that Fz(Q) = Q and A,»(Q) € Ko. Thus,
FroAao(Q) = Aap(Q) = Ao o Fz(Q).
Now, let @) € Ky; and assume that FE(Q)~€ KCo. By definition of Fz, the points
@ and Fz(Q) are symmetric with respect to £, and so are Aqp(Q) and Aqg o Fz(Q)

with respect to A, ¢(L) = L because of the orthogonality of the rotation matrix aflAaﬂ.
Since A,0(Q) € Ky, then

FroAus(Q) = Ao Fz(Q)

and the lemma is proved. m

Definition 2.4. Let I" be a map defined in a certain domain K. We say that D C K s
a restrictive domain if D # K and there ezists n = n(D) € N such that

(i) T9(D)ND =& for every j=1,...,n—1, and

(ii)) T™(D) C D.

Apart from several extensions to higher dimension (see [25], [26], and [27] among
others), the notion of renormalizable maps comes from the one-dimensional framework.
A one-dimensional map f belonging to some family F (for instance, the family of
unimodal maps defined on an interval) is said to be renormalizable if there exists a
restrictive domain D such that f" restricted to D is, up to an afine change in coordinates,
a member of F. In this sense, the concept of renormalizable EBM arises.

Definition 2.5. An EBM T defined on certain domain IC is said to be renormalizable
if there ezists a restrictive domain D (with an associated natural number n = n(D)) such
that the restriction F‘”D of I'™ to D s, up to an affine change of coordinates, an EBM
defined in IC.

Definition 2.6. Let I' be a renormalizable EBM with restrictive domain D (with an
associated natural number n = n(D)). If Uy is a renormalizable EBM, we say that 1" is
twice renormalizable. Similarly, we can speak of k-times renormalizable EBMs
for any k > 3 and infinitely many times renormalizable EBMs.

The following result for the map I,y with § = 7/2 was proved in [19] (see
Lemma 2.2) and will be useful in Sections 4 and 5.

Lemma 2.7. For 0 = /2, the following statements hold:

(a) For every a € [Qi,Z%], the map T'ap has a strongly topologically mizing strange
attractor with two positive Lyapunov exponents.

(b) For every n > 2 and every a € [22°""V 227"], the map Tap is n-times
renormalizable and displays 2™ strange attractors with two Lyapunov exponents.



Splitting and coexistence of 2-D strange attractors 12

3. Existence of 2-D Strange Attractors: Proof of Theorem A

The proof of Theorem A is similar to the proof of Theorem 1.2 in [20]. In fact, the proof
would be the same if we restrict ourselves to the case in which 6/ is a rational number.
This is because the formula given in (18) is easily obtained in the rational case without
using the Geometric Estimate given in [22] (see page 700). See also Remark 3.3. Let us
point out here that formula (18) is, as we will see soon, the key to applying the results
in [22]. Since the Geometric Estimate was not used in the proof of Theorem 1.2 in [20]
we think we must give a sketch of the proof of Theorem A paying special attention to
these new details.

Fix 0 < § < 7 and then fix a € (1, ag]. In Theorem B of [21] we show the existence
of a (strictly) invariant set K, 9. We consider the sets

Ko={(z,y) € Kop:x <1}, Ki={(z,y) € Kop:2 >1}. (12)

Let P = {int(Ko),int(K1)} and Y = int(Ko) Uint(K;). Then, Tog:Y — Y = K, is an
expanding piecewise analytic map of the plane according to the corresponding definition
given in [22].

Therefore, according to the main result in [22] we have the following result.

Proposition 3.1. Let 0 < 0 < w. For every a € (1, ag] there exist absolutely continuous
invariant measures for I'y 9. Moreover:

(i) Each one of these ACIMs is a conver combination of a fixed, finite collection of
ergodic ones.

(i1) For every ergodic measure p of I'yg, there exist a constant k < 1, a natural
number p, and a decomposition

supp(p) = X = XoUX7U...UX,

of the support of p in such a way that T'y 9(X;) = Xit1modp for alli=0,...,p—1.
Moreover, the measure v is mizing (up to the eventual period p) and then the map
FZ@ 15 topologically mixing on any X;.

Now, and here is where the differences between the proof of Theorem A and
Theorem 1.2 in [20] arise, the crucial argument is to control the weighted multiplicity
of a piecewise analytic mapping of the plane. This weighted multiplicity is defined in
Section 1 of [22]. In our context (piecewise linear maps), we may introduce this notion
as follows. Let us begin with the definition of circular sectors.

Definition 3.2. Given any P € K,9 and any v > 0 a ctrcular sector Sp at P
is the interior of any bounded set whose boundary is formed by two different straight
segments l; and ly starting at P and the circle C(P,r) centered at P with radius r. For
any circular sector Sp we define ?p as the set of unit vectors which are in the cone
generated by the straight segments l; and ly at P.

The partition P = {Ko, K1}, see (12), defines at each point P € K, a collection
SpP of at most two circular sectors Sp given by int(Ko) N B(P,r) and int(K1)N B(P,r)
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for r > 0 small enough. Here we also consider as a possible circular sector the whole ball
B(P,r). The local weighted multiplicity of I'yp in a point P € K, can be now defined
by

Ay (Tup | S'p)

mult(P, T4, P) = y
7 2 Too)a(P
SpespraC( a.0)A(P)

(13)

where A is the element of P containing Sp and

Ay(Tag | Sp)i= sup [[(Taa)u(P)(@)]l -

ve P

Now, let us define

=" 1 =7 1 A+<F;40 ’ ﬁp)
mult(P I, ):=sup mult(P ,[7,, P)=sup : )
’ PG’Ca,e ' Pe]ca,,@ =n JaC(Fa 9>(P)
SpeSpP ’

(14)

where P" is made of sets A which are given by sequence of nonempty intersections
Ao N (A N N (Apsy), Ao,..., Ay 1 €P
and we also take the notation

T2y =(Ta0)a, 00 Tap)a

for any of such sets A € P". Observe that in the formula given at (14) and for every
P e Kap, SpP" is the collection of circular sectors given (for r > 0 small enough) by
the nonempty intersections int(.A) N B(P,r), whenever A € P

As we said before, related to formula (13), we have Ay(Ipp | ?p) = a and

jac(Tup)a(P) = a?. Therefore, taking n =1 in (14), it is easy to see that

mult(P,Typ) = 2 (15)
because the supremum taking part of the definition of mult (7P, I'4) is achieved at points
x in the critical set.

With respect to formula (14) it follows that A (T}, | ?p) = a" and jac(T'}},)(P) =
a®", for every 6§ € (0,7),P € K,9,n € Nand A € P". Therefore, for every n € N, we
obtain that
Ry a0

an
where we have introduced the sequence
Rpap= max card{A€P": Pc A} (17)

PG’Caﬁ

mult(P", [0, =

(16)

Observe that R;,¢ = 2 and therefore equation (15) follows from equation (16).
Following the Geometric Estimate given in [22], we may conclude that

1 —n
limsup — logmult(P, T ,) <0

n—oo T

This crucial bound gives, in our case,

1
limsup —log R, .0 < loga. (18)
n

n—o0
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Remark 3.3. If 6/7 is rational then R, .9 remains bounded as n goes to infinity. This
is because the slopes of the straight lines forming part of the boundary of any set A € P
belong to a finite set of real numbers. Therefore, equation (18) easily follows without
using the Geometric Estimate.

Let us now consider from [23] the definition of the dilatation coefficient of I', y given

by

5(Tus) = I ~logsup [[DIZ3(P)],
M peln o (Y) ’

where Y = Uy N Uy = int(Ky) Nint(K;) and the norm of the derivative is taken along
each smooth branch of I'_§. In our case, it follows that §(I';9) = —loga. Therefore,
from (18) we have

lim 1 log Rpa0+6(Lap) <O

n—oo N
This inequality allows us to apply Lemma 2.2 in [23] to assert that some iterate of the
map [',p satisfies conditions (PE1) — (PE5) in [23] (see page 226). Therefore, from
Proposition 3.4, Theorem 5.1 (ii) and Proposition 5.1 in [23] we have the following result:

Proposition 3.4. Let 0 < 0 < w. For every a € (1,aq] and for every ACIM p of Ty
the interior of the support of y has full pi-measure. Moreover, each ACIM i of I'nyg is
finite.

Finally, see Theorem 3 in [24], we also have the following result:

Proposition 3.5. Let 0 < 6 < mw. For every a € (1,ag| there exist finitely many
absolutely continuous ergodic probability measures fu1,. ..y, for Iyg. Moreover, the
basin of each measure ; is an open set modulo sets with null Lebesque measure, and the
union Ui'=1 Basin(u;) has full Lebesgue measure in Kqg. Moreover, Uézl int(Basin(yu;))
has full Lebesgue measure in Ky p.

The rest of the proof of Theorem A follows exactly in the same way as the proof
of Theorem 1.2 in [20]. In fact, it is enough to consider the measures {p,. .., 1} given
by Proposition 3.5, define Z; as the support of u; for ¢ =1,...,[ and take

ZQVQZ{ZiZZ':L...,l}.
In the same way as Lemma 5.1 in [20] was proven, we have here the following result:
Proposition 3.6. For everyi=1,...,1 the following statements hold:

(i) The interior of Z; traps every point in Basin(u;), i.e. for every P € Basin(u;),
there exists j € N such that I'} 4,(P) € int(Z;).
(i1) The set Z; is a 2-D strange attractor for I'yyg.

This last result is the key to completing the proof of Theorem A in the same way
as the proof of Theorem 1.2 was completed using Lemma 6.1 in [20].
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4. Splitting of Attractors: Proof of Theorem B

Let us consider the two-parameter family I', g given in (8) and assume that § = 27k /n €
(0,7) with k,n € N and ged(k,n) = 1. Recall that I';p = EBM(C, Aup) is the
composition of the map F¢ which folds the plane along the line x = 1 (see (9) and
(6)) and the linear map defined by the matrix A, given in (11).

For each j = 0,...,n—1 we will denote by &’ the ray that starts from the origin and
extends indefinitely in the direction of the vector (cos 27j/n,sin27j/n). Thus, the plane
is divided into n regions R°, ..., R"!, where R’ is the region bounded by &7 and S/+!
for every j = 0,...,n—1, setting S" = 8°. See Figure 4. The dynamics of I', g on these
regions depends on k and the following inclusion holds for every 7 =0,...,n — 1:

Too(RIN{x < 1}) ¢ RITFmodn,

As a consequence, given a point Q € R/ N{x < 1}, if T 4(Q) € {z < 1} for every
i=1,...,n—1,then I'} ,(Q) € R’. In order to define D, we will first construct the set
of points @ € R® N {z < 1} such that T 4(Q) € {x < 1} for every i =1,...,n — 1.

Figure 4: Regions for z <1

From now on, given a point B or a set 3, we denote B; = FQQ(B) and B; = FZ,G(B)
for each j > 0. Furthermore, Q(B',..., B") denotes the polygon with vertices
B',...,B" and with sides B1B?, B2B3, ..., BB, where BC is the segment joining B
and C.

We will divide the proof of Theorem B into three cases. First we will prove the
result for n > 5 in order the point M’ (see Figure 4) is on the right half-plane. In this

situation, the arguments of the proof hold regardless of the value of n. Then, we will
consider the case n = 4, for which M’ belongs to x = 0. Actually, this case was already
studied previously and was collected separately in Lemma 2.7 because of its interest
for the successive renormalizations given in Corollary 1.4. Finally, we will consider the
special case n = 3 to which only statement (a) applies.
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4.1. Casen >5

Fix n > 5. In this case, the set R°N{z < 1} is the triangle Q(O, M, M’) with M = (1,0)
and M’ = (1,tan27/n).
Lemma 4.1. There ezists ayr € (1,00) such that M; € {x <1} foreveryj=1,...,n—1
and every a € (1,ayy).
Proof. Assuming that AM; € {x < 1} for every ¢ = 1,...,j — 1, the point M; is
given by
M; = (a’ cos jO, a’ sin j6).

Therefore, it is enough to find a value a,; such that a’ cos j0 < 1forevery j =1,...,n—1
and every a € (1,ay). In fact, we can ignore the iterates j for which M; € {z < 0}
because, in that case, cosj6 < 0 and hence a’ cosj0 < 1. Let J C {1,...,n — 1} be the
set of indices j such that M; € {x > 0}. For every j € J it holds that 0 < cos j# < 1.
We define

ay = mi§1 {/sec jb. (19)
Je

Then, ay; > 1 and therefore a cos jf < afw cosjf < 1 for each 5 € J and for every
a€ (l,apy). =

Let us now consider a € (1,ay) and denote by m the first natural number such
that M, € S'. By definition,

2
cos mb = cos —W, sinm@ = sin — . (20)
n n

On the other hand, the point M,, belongs to the line £, given in (10). Thus, the line
L,, is also given by
2m . 27
xcos — + ysin — = a™. (21)
n n
See Figure 5a. We define the triangle
A=QO0,M,,, K) (22)
where K is the intersection point of £,, and S, i.e.
K = (a™sec2m/n,0). (23)

The first aim is to determine the values of a such that A, C A. By definition,
Fe(A) = Q(O, M,,, H, M) where H is the intersection point of C and L,, and is given
by

H = (1,a" csc2m/n — cot 27 /n). (24)
Hence,

AI = Q(O7 Mm—l—la Hh Ml)
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According to Lemma 4.1, if m+1 < n—1, then the points M,,., and My, and therefore
Hy, belong to {x < 1}. In fact, this is also true for M,,,;, M;, and H; whenever
m+ j <n — 1. Hence,

Aj = QO, My, Hj, Mj) C {x < 1}
forevery j=1,...,n—m+ 1 and
Ay = QUO, My, Hy iy My i).
However, A,,_,, ¢ {x < 1} because M,, = (a™,0) with a > 1. See Figure 5b. Note that,

according to (20),

2 2
cos(n —m)f = cos —W, sin(n —m)f = —sin -, (25)
n n
Since H; € {x <1} foreach j=1,...,n —m — 1, it follows
2m

2m
H, ., = (a", a"cot = — g™ ™ ese 21 . 2
(a",a" co — —a" " esc n) (26)

Therefore, the point H,_,, also belongs to the line z = a", so that H,_,, € {x > 1}.
From (20) and from the definition of ay, in (19) it follows that

2 2
a" cot — — "™ ese — < 0. (27)
n n

We denote H,_,, the point of intersection of line C with the segment H,_,, M, _,,. If
fC(Hn7m> S An,m, then

fC<An—m> = Q(Oa Ma ﬁn—ma Mn—m)
and
An—m-l—l = Q(O, Mla ]:-vln—m—‘rl, Mn—m+1)-

Furthermore, A,,_,,,1 is contained in certain region R7.

Figure 5
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Lemma 4.2. There ezists ag € (1,00) such that Fe(Hp—m) € An_p for every
a€ (lag).

Proof. From (26) we deduce that

2 2
Fe(Hp—m) = (2—a",a" cot ™ esc —W)
n n

In order to prove that Fe(H,—n) € A,_y, it is sufficient to show that Fe(H,,_,,) belongs
to the region

2
RN {z <1} ={(v,y):0<z < 1,—xtaun—7T <y <0}
n

As we have seen in (27), Fe(Hp—m) € {y < 0}. On the other hand, for sufficiently small
a € (1,ays) it holds that a™ < 2. Therefore, it only remains to prove that

n 2m W 2m 2w
—(2—a")tan— < a"cot— —a csc —
n n n
or, equivalently,
2 2 2
a"cos? 2L — g m cos 21 4 (2 — a™) sin® >0 (28)
n n n

since n > 5 and both sin 27 /n and cos 27 /n are positive. For a = 1, inequality (28) is
strictly satisfied:
(:0822—7T —cos2—7r+sin22—7T =1 —cosz—ﬂ > 0.
n n n n

By continuity, there exists ay > 1 such that (28) is fulfilled and, consequently,
Fe(Hy ) € Ay, for every a € (1,ay). =

Notice that both a;; in Lemma 4.1 and ay in Lemma 4.2 depend on #. From now
on we denote ag = min{ag, ay}.

Proposition 4.3. For every 0 = 2rk/n with ged(k,n) = 1 and n > 5 and for every
a € (1,ag), it holds that

(i) A, CA,
(i) AjN{x > 1} =& for every j € {1,...,n— 1} \ {n —m}, where m is the smallest
natural number such that M,, € S*.

Proof. Recall that A = Q(O, M,,, K). As we have seen below, A; N {zx > 1} = o
foreach j € {1,...,n—m—1} and A,,_,,N{x > 1} # @. Furthermore, since a < ay < ay
it holds that

An—m-l—l = Q(O, Ml; j_-v[n—m—&-l» Mn—m+1)

(see Lemma 4.2).
Now, since a < ag < ayp, then the points M; and M, _,,.1, and therefore

H,_m+1, belong to {z < 1}. This is also true for M;, M,_,,+; and H,_,,,; whenever
n—m-+7 <n—1. Hence,

Ay = O, My (nmy, Hy, My) C {z <1}
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for every j =n—m+1,...,n— 1 and statement (ii) is proved. For j = n, it turns out
that

A, = O, M, H,, M,).

See Figure 5b. To prove that A,, C A it is sufficient to note that H, belongs to L,, and
both ]:.7” and M,, are on the vertical line z = a™. Since a” is less than the abscissa of K
in (23), statement (i) is proved and the proof ends. =

Note that

fC<A> = FC(An> = Q(Oa Mm>H7 M)
and consequently, A; = F‘;(,(A) = FZ,Q(A,L). Therefore, we get the following corollary.

Corollary 4.4. For every § = 2nk/n with ged(k,n) = 1 and n > 5 and for every
a € (1,ag), it holds that

(Z) AQTL - An;

(i) Apy;N{x > 1} =@ for each j € {1,...,n—1}\ {n —m}, where m is the smallest
natural number such that M,, € S*.

Let us now study the dynamics of I';, on A,. To that end, we denote by
L_(nom) = A;(en_m) (C) the line given by

zcos(n —m)d — ysin(n —m)f = a~ "™, (29)

We will prove that the n-th iterate of I', p on A, is the two-fold EBM that results from
composing the linear map Ay, with the folds Frmm and Fe.

Proposition 4.5. There exists ag € (1, ag] such that for every (a,0) € (1,ap) x (0, 7) the
map Iy restricted to A, is equal to EBM(C, L_(—m), O,a"I), where m is the smallest
natural number such that M, € S'.

Proof. From the proof of Proposition 4.3, it follows that

[0 9(A,) = Aflyo Feo A7 o Fe(A,).

We will see that Lemma 2.3 can be used to get
Fco AZ;’" = AZ;m o fg_(n_m)

Then
I0o(An) = AgoFr_ . © Fe(An)

and, finally, since nf = 2k,
[ho(An) =a"loFp . oFe(An). (30)

That is, FZ,G = EBM(C,ﬁ_(n_m), O,a"I).
In order to apply Lemma 2.3, we need to prove that Fz_ _ = is a good fold defined
on A, N{x < 1}. Indeed, the equation of L_(,_,,) in (29) can be expressed by

27 2w ~(n—m)
rcos — +ysin— =a . (31)
n n
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Thus, it is parallel to £,, given in (21) and its slope is —cot27/n < 0. Both are
perpendicular to S' and, since 0 < a~ ™™ < @™, the line L_(n—m) cuts the set A,
and, in particular, to the critical line C at the point
27 27
V=(1,a"""csc— — cot — 32
(10" ese 27— cot 2T (32)

forming an angle 27 /n. Then, the fold with respect to £_(,_p) is

fﬁ_(n_m) — amfnefi%r/n] o FC o anfmei27r/n]" (33)
As a consequence, it is directly verified that the line F, <n7m>(£m) is given by

2m .27 e —n
xrcos — +ysin— = a™(2a " — 1).
n n

This line intersects C at the point

2 2
H = (1,a™ ™2 —a")csc T cot 1),
n n

so that Fr_,_ - is a good fold defined on A, N {z < 1}, as long as
27

a™ (2 —a") — cos g > 0. (34)

Since a™ (2 — a™) — cos 2w /n > 0 for a = 1, there exits @y > 1 such that (34) holds for
1 < a < ay. The result is proved. m
Finally, we can prove Theorem B. We take € > 0 and choose a;(f) < @y such that

a™ "2 —a") — cos 2% >e>0 (35)
for every 1 < a < ay(#). Then
ag=0a"ToFr . oFc
is well defined on A,,. In particular, it is well defined on
A=A, N{y > e}
Note that F_ . oFc(A;) C AL N{xr <1} and
1A € AN {y > a'e) G A,

Therefore, A7 & A, is a I'} j-invariant set. Moreover, A traps the orbit of every point
in A, N{y > 0}. It is clear that A% does not intersect S° so that AZ and T',»(AS)
are disjoint (see Figure 5b). Then D = A¢ verifies each statement of Theorem B. The
proof is complete for n > 5. B

From the fact that D = A traps the orbits of every point in A, N {y > 0}, we can
deduce Corollary 1.3 straightforwardly.
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4.2. Casen =4

This case can be followed directly from the proof of Lemma 2.7; however, it is considered
here for the sake of completeness. The proof is similar to that for n > 5.
Since § = 7k/2 € (0,7), then £ = 1 and 6 = 7/2. Let us define
A, =[0,a"] x [~a*, 0]
with a* < 2. Then, F¢(A,) C A, N {z < 1}, F£,9<An) C {z <1} for j = 1,2 and
Fz’e(An) — ATL'
A new fold is necessary to define Fﬁﬁ restricted to A, in such a way that, by
applying Lemma 2.3,
I'hg=EBM(C,L_3,0,a"])
where £_3 is the line y = a=3. Note that F,_, is a good fold on A, N{z < 1} whenever

2/a® —a > 0 (or equivalently, a* < 2). Hence, for 1 < a < a; < 24, the set D = A,
verifies Theorem B.

4.3. Casen =3

First of all, since § = 27k/3 € (0,7), then k = 1 and 6 = 27/3.
Let M = (1,0) and A = (1, ‘/?3(261 + 1)) be the intersection points of the critical
line C and the lines S° and C; respectively. We define

A=Q(0,M,A M) .
See Figure 6. By construction, A C {z <1} and A = Q(O, My, Ay, My) .

B3

/\% 4

F(As)

Figure 6: Orbit of A

It is clear that A, C {z < 1}. Then, Ay = Q(O, My, Ay, M3) being

Ay = <a3, —?cﬂ(a + 2))
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Since a > 1, A, intersects {z > 1}. Hence, to obtain A, we first need to define ]—"C(KQ).
Note that

Fe(Ay) € Q(O,Cy, F(As), By, M)

where Bs is the intersection point between C and Cs, given by

By = (1, —?(2& +1)),

and C} is the intersection point between S? and the straight line parallel to C, through
the point F¢(Ajy). Therefore, see Figure 6,

As € Q(O,Cs, Ag, Bs, M),

where

Vi, V3

As = (a* +a® — a——a+ a—l—\/_)
Let us define A = Q(O, Cs, As, Bs, My). We will prove that A is sze—invariant.

SO

F(Bs)~ . ™
F(As)

82

Figure 7: Orbit of A

Proposition 4.6. There exists ag € (1,00) such that, for every a € (1,ay), it holds that
(1) Az C A,
(1) AN {x>1} =@ fori=1,2.
Proof. See Figure 6 and Figure 7. Note that
‘FC<A> = (Oa M: A7 FC(BS)a JT_‘(A?)); H37 Ml)

where Hj is the intersection point between C; and the vertical line through the point

Fe(As). Thus,
A1 = (O7M1;AlvB47A4aH47M2)
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and
AQ — (Oy M27 A27 B57 A57 H57 M3)

where

a*\/3

As = (a® + a® — a?, T(2a4 +a® —3a — 3))
We claim that
]:C(AQ) g Q(O7CQ;FC(A2)7BQaM)

and hence, Az =T’} 4,(A) € A. To prove the claim is enough to prove that Fe(As) € A,.
In fact, Fe(As) € Ay if and only if Fe(As) € {y — ztan26 < 0} and this holds whenever

a® +2a® —3a2 -3 <0,

Thus, Ag =175 4(A) CAaslongas 1 <a<1,1762... =
As in the previous cases, the proof of the first statement of Theorem B for n = 3
concludes by taking D = AN {y > ¢} for € > 0 arbitrarily small.

Remark 4.7. The restriction of IS ; to A is the composition Ay o Fe o A%y o Fe with
0 =27 /3. In order to show that F279|A is the EBM given by EBM (C,L_5, O, a*I), where
L_y = A,5(C) is the line —jx + Ly = L we need that Fe o A2y = AZyo Fr_,. But,
unfortunately, Lemma 2.3 cannot be applied, because Fr_, is not a good fold on Fe(A).

5. Renormalization and Coexistence of Attractors: Proof of Theorem C
and Corollary 1.4.

Throughout this section we will suppose that I',y satisfies the assumptions in
Theorem B. In particular, we will assume that inequality (35) holds.

Since Ffm /2 is the cartesian product of two one-dimensional tent maps, the
renormalization for the case n = 4 follows from Lemma 2.2 of [19] and the results
were already collected in Lemma 2.7. For n > 5 we cannot take advantage of this
fact and we will see how the construction of the restrictive domains for the successive
renormalizations get more complicated, depending on whether n is odd or even. In the
first case we will obtain a single restrictive domain as stated in statement (a) of Theorem
C. In the second case we have n = 2v. Then, when v is odd, we also obtain a restrictive
domain for a first step in the renormalization, statement (b-i). When v is even, two
disjoint restrictive domains are obtained and the renormalization can be continued, at
least one more step, in each of these domains, statement (b-ii). It is clear then that
when n is a power of 2 there is a sequence of renormalizations leading to a sequence of
doubling attractors, as stated in Corollary 1.4. We emphasize that the results obtained
in previous publications [18]-[20] correspond to the case n = 23. For the general case
n # 2™ obstructions to the renormalization arise from the difficulty in defining good
folds over the corresponding restrictive domain.
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We will assume that n > 5 and denote 6, = 27 /n. As we have seen in Proposition
4.5, the restriction of I'y ; to the region A,, can be shown as the EBM given by

Gaﬂ =a"lo ‘F‘C—(nfm) o fc,

which is defined as the composition of two folds: the first one along the critical line C
and the second one along the line £_(,_,) whose equation given in (31) is of the form
y = —axr+ [ with a = cotf; > 0 and 8 = a™ " cscf; > 0. These critical lines cross
each other at the angle ;, so that the respective folds are conjugated by a® ™e~"1],
that is,

Fr o = a™ e [ o Fpoa™ e ]

Therefore, setting A = @™~ ", we have (see Figure 8a) that

) .
Gg,g = a"l m ICO()
G = a"Ae® T o Fp o A~le i1 ] in Koy
G o= , 36
a, GLO o an[ o J’.' in ]C ( )
a0 — ¢ 10
| Gop=a"Ae"ToFeodTle™™ o Fe in Ky

Noting that F¢ and Fc p are reversed folds (the same for o . and Fz . p), the
next lemma is directly obtained from definition of G .

Lemma 5.1. The following statements hold:

(1) In KC; = {Q € Ko1 : Fep(Q) € Ki1} it holds that G, o = Gi:(la o Fe.p.
(i) In Koo ={Q € Koo : Fr_,_,.,,p(Q) € K51} it holds that

Gap = GygoFeroFr o ,.p-
(iii) In K5y ={Q € Kio : Fe(Q) € K3} it holds that Gog = GygoFepoFr . .poFc.
Proof.
(i) If @ € K, then
GygoFer(Q) =a" eI o FeoX e ™o Feo Fep(Q)
= a"Ae""To Feo N 'e ™ I(Q) = Goy(Q)
But Go'g(Q) = Gap(Q) because Q € Koy
(i) If @ € Ko then F_ . .(Q) € Ky and, according to (i),
G}l:é oFepOoFr Q) =GCGapoFr . »(Q)
Since Fr_,_,., »(Q) € Ko1 then
G0 O FrL_ (. p(@Q) = G% OFL pmy.p(Q)
= GogoFr oy 0 Fe 1 r(Q) = Gop(Q).
but Gg:g(@) = Ga0(Q) because Q € Ko.
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(iii) If Q € K7, then Fe(Q) € K, and, according to (ii),

Giip © Fer 0 Fe_y_ 0 Fe(Q) = Gly(Fe(@)) = G,5(Q),
with Gizg(@) = Gop(Q) because Q) € .

C *
ﬁ—(n—m) —(n—m)
K .
01 11// Ga,0 (K11) |3
Koo PX 0 % Vi

2 VY Ko o :
(@)
(a) Domains of definition of G, g (b) Intersection of K11 and G 0(K11)

Figure 8

The differential map of G,y is constant in the four regions C;; with 7,5 € {0,1},
and we will see next that it has complex eigenvalues only in K;;. More concretely, in
this case the differential map is given by the matrix a"e?1T; see (8). In order to take
advantage of this analogy, in Ky; we will search for a fixed point P of G,y and then
perform a certain change of variables in which P is the origin of coordinates.

In K41, the map G can be written in the complex variable as

G}l’;(z) = a" (22X — 26101 12017, (37)
Then, the fixed point is

2ei201 _ 9 )\l
61261 —aq "

20 = Xg + 1y0 = (38)

where
a* —a™(a" — 1) cosy — a™ cos 26,
1 — 2a™ cos 20; + a2
a™(1+ a™)sinf; — a" sin 26,
1 — 2a™ cos 26, + a2”
The set Ky is limited by C and the reflection ﬁ*_(

whose equation is

(2 —x)cosby +ysinfy =a~ "™, (40)

, (39)

ZEOZQ

Yo = 2

) of L£_(,—m) with respect to C,

n—m

Therefore, the point P is an interior point of Ky if and only if

7’1:1’0—1 (41)

ro = (2 —xg) cos by + ypsinty —a™ "
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are positive. In this case, each r; represents the distance of P to the respective lines
limiting /Cy;. Their values are obtained by a straightforward substitution of (39) in (41).
That is,

a™ —2a™cosf; +1
a?" — 2a™ cos 20, + 1
a™+a™ " — 2cos by
a?" — 2a™ cos 20, + 1
Then, since a > 1, we have the following lemma:

r = (a"™ —1), (42)

(a™ —1).

To =

Lemma 5.2. The map G, has a fized point P in K11 if and only if the following
conditions hold:

(i) a™ —2a™cosfB; +1 >0
(i) ™ +a™ "™ —2costh >0
Remark 5.3. For any 6, both conditions of Lemma 5.2 hold as a — 1. In particular,

for all a € (1,a1), being a; given in Theorem B. Indeed, according to (34), it holds that
costy < a™ ™(2—a"). Then, by Lemma 5.2, and since m < n — 1, we obtain

a" —2a"cosf +1>a" +2a*"(1 —2a7") + 1
> 14 a"%(2a" + a® — 4)
where the latter term vanishes for a = 1 and increases as a — co. On the other hand,
a™+a"™" —2cosby >3a"(1—a") > 0.
From this remark we obtain the following result:

Proposition 5.4. Let 0 = 2nk/n € (0,7) with k,n € N and ged(k,n) = 1. For every
a € (1,ay), the map G, has a fized point P € KCy; whose coordinates are given in (39).
Moreover, the Jacobian of Gag at P is the matriz a™e® 1. In particular,
Gop(Q) = P+ a"e?(Q — P)
for all Q) € Kq1.
Proof. The existence of the fixed point P € K;; is an immediate consequence of
Lemma 5.2 and Remark 5.3.

To calculate the differential of G, at P, substitute the expression of Gi’,i} given in
(36) for its differential. Then, we obtain

. cosf; —sinb, -1 0 cosf; sinb, -1 0
sin 6, cos 6, 0 1 —sinf; cost; 01
which is equal to
o [ cos20; —sin26;
a , .
sin 26, cos 26,
Finally, since Gi:é is a composition of affine maps and fixes P, then it can be written as
in the statement of this Proposition. =
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We will now consider the folds F¢ p and Fp+ ey P Both folds coincide with the

identity on Kq;. It also holds that
fﬁi(n—m)’P - FC’P © ]:L—(n—m)vp © FC' (43)

Going back to Lemma 5.1 to define K* = K§, U K, U Ky U K7y. Then, we obtain the
following result:

Proposition 5.5. In K* it holds that
Ga,@ = G[ll”é e} Fﬁi po ./T'-CJD. (44)
Proof. The first equality is trivially verified in Ky, because both .ngwim

(n—m)’
P and
Fe p are the identity map. In F¢ p(K§,), the fold Fee P coincides with the identity
map. Therefore, by statement i) of Lemma 5.1,
Goo=GogoFer=GyyoFer
In K, by statement ii) of Lemma 5.1 we have that
Gap = G(ll:}; oFc.pOFr P
Since from (43) it follows that
FeroTe b =Fre
we obtain (44). Finally, in K3, statement iii) of Lemma 5.1 and (43) lead to
Gap = thl:(l; oFepoFr P OFc= Gijé o Frx

,(n,m)z

We obtain (44) by noting that F¢ p is the identity map in £j,. m

poFcp.

p o Jcp,
P-

Remark 5.6. It is clear that the line y = 0 is invariant for G, g and that every line of
the form y = ¢ > 0 is moved upwards by G, 9. Also, every line forming an angle 6, with
y = 0 located at the right of the origin is moved rightwards. Therefore, it easily follows
that the possible attractors for 'y, on A, must be in A, N K.

Since A,, is an invariant set for G,g, according to Remark 5.6, the study of the
dynamics of I'y ; on A, reduces to that on K*. We will use the expression of G4 given
in (44). The composition of the folds F- P © Fe.p takes all £* on Kyp, which is the
region limited by the lines C and C’i(n_m). These lines intersect at a point V' given in
(32) and cross each other at an angle ;. The image V; of V' is obtained after rotating
around P an angle 20; and multiplying by a, or directly from G, (V) = GSZS(V) to
obtain

Vi =(a",a™ csch; — a" cot by) (45)
Then, the image G, 9(K11) of Ky; intersects Ky; according to Figure 8b.

Let A = G,9(A) C K* be a strictly G, p-invariant set. Then, G, 9(A) C G (K*) =
Ga,0(K11) and therefore A C K*NG,9(K11) = Ri. Repeating this process iteratively we
have that A C K*NGup(R1) = Rs and in general A C R, with R,, = K*NGop(Rp-1)-
Thus, A C N2, R,. Following the arguments in [21] we can prove that there exists
a natural number N such that R, = R, for all n > N, so that R = F‘lff:an is
an strictly invariant set. However, we are interested in studying next how this strictly
invariant set can split into several pieces.



Splitting and coexistence of 2-D strange attractors 28

5.1. Renormalization

We will translate O on the fixed point P = (xp,yp) of the map G,y given in (39).
Afterwards, the change of variables (z,y) — (15 - 1_ywp) turns C into another critical
line whose equation is x = 1 in the new coordinates and which will be still denoted

by C. The line Ej(nfm) is turned into another line £,y that crosses C at an angle ¢,

and whose distance to the origin is

miqh — 9q"—m 1
ra) = ro(a)  a™(a a"™cosby + 1)

= : (46)
As usual, we will denote by Koo the region limited by C and £, that contains the new

~ ri(a) a™(a™ — 2a™ cosf; + 1)

origin. Note that lim, ,; r(a) = 1.

After performing these changes of variables, and according to Propositions 5.4
and 5.5, the dynamics of the restriction of I}, to A, for a € (1,a;) is equivalent
to that of the family of EBMs

Uop=a"e?1oF., , oFc. (47)

As at the beginning of section 4, for each j = 0,...,n—1 let us again denote by &’
the ray that starts from the origin and has (cos 76, sin j6;) as its director vector. Then,
the plane is divided into n regions R, ..., R" !, where R/ is the region bounded by &’
and S7*! for each j =0,...,n — 1, setting 8™ = S°. It is clear that

W, 0(RI N Kyg) € RITZmedn,

We will denote in this section My = W% (M,). Note that M, € S*mdn In

Figure 9 we represent the position of the regions R’ with respect to the line L,

depending on whether n is odd (Figure 9a) or even (Figure 9b). We will study each
case separately.

C
£a,6
Sl SV71 Sl
> RY
SO SV R SO
Rl/ O Rnfl
S”_l $V+1 Sn71
(a) Case n =2v + 1 (b) Case n = 2v
Figure 9

5.1.1. Casen odd. Let n =2v+ 1. Then, § = 20, = k27 /n with k = 2 verifies the
hypotheses of Theorem B. We will revisit its proof with 6 = a” instead of a and taking
again ¢; = 27 /n. In this case, m = v + 1. Since the angle formed by £, and C is 6,
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the line £, is orthogonal to the bisector of the region R*~*, which is limited by S*~!
and §”. Let r be such that R~ = W} ,(R). If v is odd, then r = (v — 1)/2, otherwise
r = 3v/2. Note that in the latter case the iterates \Pi’g(Ro) with j = 0,...,r describe
a full rotation.

Let us take on the rays S*~! and S” the points M, = Wy o(Mo) and M,y =
W7, (M), respectively. Whether v is even or odd, the distance of these points from the
origin is less than ™. The orthogonal lines through M, and M, ., to the respective rays
S¥~! and 8" intersect each other at a point H,; see Figure 10.

Lemma 5.7. There exists dp; > 1 such that for all 1 < § = a™ < 0y it holds that
(i) The point M = (6°cosjby,0°sinjOy) for all j = 0,1,...,.n—1 and 0 < s < n
belongs to the half-plane {x < 1}.
(it) The line L, g intersects the polygon QUO, M,, H,, M, +.,) at two points H and H,'.
Proof. Statement i) is proved proceeding as in Lemma 4.1. In fact, the result
for {z < 1} is obvious taking § = 1 and j # 0. By continuity it still holds as 6 — 1.
Since r(a) — 1 as a — 1 (see (46)), this argument also concludes statement ii). m
Before proving statement a) of Theorem C, note that except for F¢, ,, the map ¥,
belongs to family (8) with a = §, 0 = 20, = k27 /n and k = 2. Therefore, we will try

to construct the set D; from another set A = Q(O, M,,, K) as in (22), with m = v + 1.
Then,

Fe(BA) = O, My, H, M)
as in Figure 5a, and
Ay =QO, M1, Hy, M),
In the case r = (v — 1)/2 we obtain
A,y = UO, My, Hy, M),
Now, in order to obtain A,, it is necessary to consider the fold Fz,, that leads to
Fruo(Bo1) = UO, My, HY  H,, M)
where H;" and H,  are the points given in Lemma 5.7. Then,
A, = QO, My yrn, Hy Hi oy M)
and

Ao = O, M, H"  H-

n—m? n—m?

My _pm).
See Figure 10 and compare with Figure 5b. Of course, the set A,,_,, is contained
An—m = Q(O, an Hn—mu Mn—m)

Note that A,,_,, would coincide with A,,_,, if the fold Fr,., had not intervened. After
applying to both A,_,, and A,,_,, the fold F¢ and the iteration Uip, we obtain

A, CA, CA=A.
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Figure 10: Case n = 2v + 1: The restriction of ¥7 , to A is a 3-fold EBM

In the case 7 = 3v/2, the fold F, , would have not intervened before the (n —m)th
iterate, so that A,_,, = A,_,.. In fact, Zn_mﬂ» = Ap_pyj for j = 0,1,...,v/2.
Since n — m + v/2 = r, we have that fgaﬂ(zn,my/g) C A,_myj, and therefore
Zn7m+j =Ap_pmyj for j=0,1,...,m.

In conclusion, we obtain for the map ¥,y given in (47) the following result, which
is similar to Proposition 4.3 and, consequently, to Corollary 4.4.

Proposition 5.8. There exists 1 < 01 < dp; such that as long as 1 < 6 = a™ < &y it
holds that

(i) wry(B,) C B,
(i1) \Ilije(zn) N{z > 1} = & for each j € {1,...,n—1} \ {n — m}, where m is the
smallest natural number such that M,, € S*.
As in the proof of Theorem B, we construct the set
D =A =A,Nn{y>¢} (48)

verifying for W, o statement a) of Theorem B, which proves statement a) of Theorem C.

Remark 5.9. We have seen that each one of the n disjoint pieces D; that contain the
strange attractor for I'yy for 1 < a < ay splits itself into another n pieces D, when
1 <a < ay <ay, thus giving rise to n? disjoint pieces that contain the strange attractor
for I'yg. When considering the restriction of FZ?& on each one of these n? pieces, it is
necessary to take into account the fold Fr, ,. Then, applying Lemma 2.3 we obtain the
restriction of FZ; as a 3-fold EBM.

5.1.2. Case n even. Let n = 2v. The line L,y is orthogonal to the ray S*~! limiting
the regions R*~2 and R"~!. See Figure 11. We will distinguish two cases: v odd, and
v even, according to statements ii) and iii) of Theorem C.
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Lao

MY

Figure 11: Case n = 2r with v even: There exist two disjoint restrictive domains
. ) .t ~
respectively contained in A~ and A

Assume first that v is odd. Then, we will follow the steps in the proof of Theorem B
for the map W, in (47) with 6 = 20, = 27 /v. It is straightforward to check that W,
satisfies the hypotheses and m = 1. Let us take the domains

R—ROUR',...R? =R"Z2UR",... R =Rr2UR™,

and R =R'. Tt is easily checked that \I/aﬁ(ﬁj) =R for j=0,...,v—1.
Inside R let us take the triangle A = Q(O, My, K), where M; = U, 4(My), with
My = (1,0) and where K is the point of intersection between y = 0 and the orthogonal
line to 8? at the point M;, whose equation is
27 . 2w
rcos— +ysin— =49 =a".
v v
Then, we can proceed as in the proof of Theorem B to obtain
By = 05 (D).

If the line £,y does not intersect Z(y,l) /2, then the process follows as in the proof of
Theorem B until obtaining A, C A. On the other hand, if the line L, intersects
Z(V,l) /2, then the fold F¢, , intervenes when it comes to obtaining both \pa,g(z(y,l) /2)
and \yg,g(z(,,_l) /2).  As we have explained in the case when n is odd, despite the
intervention of such fold, it still holds that A, C A. Therefore, taking again D’ as
in (48) we obtain statement a) of Theorem B for the map W, 4, equivalently, statement

b) of Theorem C.

Remark 5.10. In this case, each one of the n disjoint pieces D; that contain the
strange attractor of I'yg for 1 < a < ay splits now into v = n/2 new pieces D} when
1 <a<ay < ay, thus giving rise to n?/2 disjoint pieces in which the strange attractor
of T'ap ts contained. When considering the restriction of FZ;/Q on each one of these
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n?/2 pieces, it is necessary to take into account the fold along the line Fropo- If this
fold intervenes in the dynamics, then again by Lemma 2.3 we know that this restriction

n?2/2 .
Lyg” is a 3-fold EBM.
Finally, let us suppose that v is even. In this case, we construct the triangles
AT =Q(O, MY K), A =QO,M ,K),

with M* = (lcos @y, £lsinf;). The orthogonal lines to the rays S' and S"~! through
M™ and M~ respectively, intersect y = 0 at K = (Isecfq,1). Take [ > 1 such that

lcosf; <1, IsecH; > 1. (49)

The critical line = 1 intersects A at My = (1,0) and H* = (1, £(lcscf; — cot b;)).
See Figure 11. It is clear that \IIV/Q(MO) € &Y, while @Z{;(M_) e 8! and

\112{9271(M *) € 871, The respective distances of these points from the origin are §"/2,
16¥/2, and 16¥/?>~'. Arguments as in the proofs of Lemma 4.1 and Lemma 5.7 allows to
prove the next result.

Lemma 5.11. There exists oy > 1 such that for all 1 < § = a™ < dp; the following
statements hold:
(i) Forj=0,1,...,v—1, the points \IJ;e(MO), \I/iﬂ(MJr) and \IIQB(M_) belong to the
half-plane {x < 1}.
(11) Froo(Voo(MY)) = Wi 4(M*) for all j # v/2 — 1.
(iii) Fﬁa,a(\pi,e( 7)) \I’fw( 7) forall j #v/2.
Actually, Fr, (7, TN M) = \I’Z’/;*l(M*) if and only if 16"/~ < r(a) and
Froo, o(\I/Z/HQ(M )) = \I/Z/;(M ) if and only if 16*/2 < r(a).
Let us first consider the triangle A™ to analyse the different iterates A} = \Iffl o(AT)
under W,y. The segment OM, returns into S° after v iterates. Accordlng to

Lemma 5.11, in each of these iterates it does not undergo any fold and thus returns with
a length of 8V > 1. On the other hand, the segment OMT also returns into S! after
v iterates, but it may also be folded by F,, o in its v/2th iterate if [6"/*7! > r(a).
Either way, the segment OMT returns into S' with a length less than or equal to
r(a)§”/*t1. Therefore, in order that A} = WY ,(AT) is contained in AT, it is enough
to take 0” < Isecf; and 7(a)d*/**' < I. Since | > 1 is fixed and satisfies (49) and
lim,_,; 0” = lim,_,; 8*/?*'r(a) = 1, we can conclude that there exists 6, < d); such that
AF =Ty (AT) C AT para 1 < 6 = a" < d;. Moreover, the restriction of Wy 5 to AF
again an EBM of at most two fold. Taking D' = Al N{y > ¢} as in (48), we conclude
that D’ verifies the first three statements of Theorem B, and the restriction of Wy , to
D' belongs to the set Fyg.

Let us now consider the triangle A~. The segment OM — returns into S™~! after
v iterates, but it may also be folded by F¢_, in its (v/2 + 1)th iterate if 16"/2 > r(a).
Either way, the segment OM— returns into S"~! with a length less than or equal to
r(a)é¥. Therefore, the same value §; in the previous case is valid to guarantee that
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AT = \IJZ?Q(A_) C A” forall 1 < ¢ = a" < ;. Then again, the restriction of W} , to

v

A, is an EBM of at most two folds. Taking D' = A, N{y > €} as in (48), we conclude
that D’ verifies the first three statements of Theorem B, and the restriction of ¥y , to
D' belongs to the set F, g.

The proof of the third statement of Theorem C is complete.

6. Conclusions and Open Questions

An attractor for a transformation as well as the closure of its basin of attraction (if
bounded) are both invariant compact sets. Moreover, attractors are minimal strictly
invariant compact sets. Strictly invariant sets for maps defined by a fold along a certain
line (such as I', 9) are self-similar in some sense and are limited by the successive images
of such line. This fact allowed us to prove in [21] the existence of strictly invariant
sets KCqp for every 6 € (0,7) and every a > 1 sufficiently close to 1. These sets ICy g are
polygons, and there exists a nonincreasing sequence {a,,(0)}nen of values of a at which
the number of sides of I, ¢ increases. This sequence is finite (eventually constant) if and
only if /7 is a rational number. The question of the minimality of IC, g is of utmost
importance.

For 6 = 3m/4 it was proved in [17] that IC, ¢ is a minimal strictly invariant pentagon
for all (1 4+ \/5)1/ 4 < 4 < /2. The expansivity of I, ¢ for these values of a guarantees
then that /C,p is a strange attractor. In [16] and [15] it was numerically shown that
for slightly smaller a-values, the pentagon K,g loses its minimality only to contain
another attractor, which is connected but not simply connected (a hole around the origin
appears). For even smaller values of a, such attractor splits into eight pieces starting a
process of doubling. These processes of splitting and doubling were analytically proved
in [18] and [19]. Later in [20] it was proved that each one of these strictly invariant
sets contains a disconnected strange attractor whose pieces are contained in those of the
strictly invariant set.

The interest in extending the above-mentioned results to any 6 # 37 /4 motivated
the following conjectures:

(i) For every 6 € (0,7) there exists ap = ag(f) > 1 such that I',» displays a strictly
invariant polygon K, for all a € (1, ap).
(ii) The polygon I, is minimal (hence a strange attractor) if and only if (2,0) € K, .
(iii) Let a{, > 1 be the minimum of the values of a for which (2,0) € K,p. Then,
there exists aj € [1,a() such that for every a € [ag,af) there exists a connected
neighborhood U, ¢ of O such that K, 9\ U, g is strictly invariant and minimal (hence
a connected but not simply connected strange attractor). It holds that aj = 1 if
and only if §/7 is not a rational number.

(iv) If 6/ is a rational number, a process of splitting and/or doubling of attractors
occurs for a sequence of values of a in (1, af).
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Conjecture i was positively solved in [21]. From Theorem A we then conclude that
there exist strange attractors for any 6 € (0,7) and any a € (1, ao).

Conjectures ii and iii remain open, though some numerical experiments (see
Figures 12, 13, and 14) seem to support them. A numerical approach to the irrational
case is not possible, so that it can only be analytically tackled.

Conjecture iv is actually a complex issue which requires to control a complicated
process of renormalization. Given 6 = 27k/n € (0,7) with k,n € N and n > 3 and
ged(k,n) = 1, we have proved in this paper the existence of two consecutive splittings of
the strictly invariant set and therefore of the strange attractor (one splitting for n = 3).
However, when n is odd or n = 2v with v odd, for the study of a possible third splitting
it is necessary to consider a 3-fold EBM. Then, it seems natural to ask whether the
splitting process finishes at that point or further renormalizations can be carried out
considering other EBMs of more folds. A possible increasing number of folds could make
this problem analytically unmanageable. Numerically, some simulations in Figure 12
show that for n = 7 each one of the 49 pieces obtained for a = 1.006 split again into
another 7 pieces as is shown for a = 1.0006.

After the proof of Theorem C, we would like to reformulate Conjecture iv in a more
precise way: Given the levels of the Sarkovskii ordering for all numbers greater than 3,

Sy:db>T7T>9> -

S51:3-2>5-2>7-2D> -

Sg:3-29>5-291p> 729> -

St >16 1> 81> 4,
we know by Corollary 1.4 that for every n € S, there exists a sequence of doubling of
attractors, and we wonder whether for every n € S, there exist ¢ — 1 doublings along

with a infinite sequence of splitting of attractors.
The singular case n = 3 should be also studied. See Figure 15.
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Figure 12: Numerical simulation for § = 27/7 and decreasing values of a
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Figure 15: Numerical simulation for § = 27/3 and decreasing values of a
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