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Abstract. We consider a particle on the horizontal plane with a
dry friction. The friction is anisotropic but symmetric under the
group of rotations of the plane.

It turns out that the particle can move such that in the finite
time the trajectory turns about the center of symmetry infinitely
many times.

1. Introduction and the Statement of The Problem

Consider a fixed horizontal table. There is a particle of mass m on
the table. There is an anisotropic dry friction between the particle and
the table.

To explain how this friction acts on the particle let us introduce the
standard polar coordinates (r, ϕ) in the plane. And let O be the origin.

Define the friction force by the formula

F = −kmg (v, eϕ)

|v|
eϕ, |v| 6= 0. (1.1)

Here (·, ·), | · | stand for the inner product and the length of a vector
respectively; eϕ stands for the coordinate unit vector which is directed
along the coordinate circle; v stands for a velocity of the particle and
k > 0 is a constant friction coefficient.
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Thus formula (1.1) means that the friction is directed along the con-
centric circles with the common center O.

Such a hypothesis is consistent with the modern notion on anisotropic
dry friction [3, 4, 1, 2].

From the results of these articles we know that a good model for the
force of anisotropic dry friction is as follows:

F friction = −NA(r)
v

|v|
.

Here A is a linear operator (matrix) which depends on the position
vector r of the particle; N – normal pressure.

The operator A is non negatively defined: (A(r)v,v) ≥ 0, ∀r,v.

2. The Main Observation

In the polar coordinates the Second Newton Law mv̇ = F with (1.1)
takes the form

r̈ = rϕ̇2, rϕ̈+ 2ṙϕ̇ = −σ rϕ̇√
ṙ2 + (rϕ̇)2

, σ = kg. (2.1)

This system is considered under the assumption ṙ2 + (rϕ̇)2 6= 0.
The following proposition is obtained by direct calculation.

Proposition 1. System (2.1) has a solution

r(t) =
σ

3
√

6
(T−t)2, ϕ(t) = ±

√
2 ln(T−t)+K, t ∈ (−∞, T ). (2.2)

Here K,T ∈ R are arbitrary constants.

This solution starts from a moment t0 < T and comes to the origin
O in time T − t0. During this time the particle tuns around the origin
infinitely many times.

Note also that solution (2.2) describes the Logarithmic spiral in the
plane.
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