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Abstract

For any o € (0,1), ¢ € Ry\{1} and v > 0, and Lebesgue almost all irrational
p € (0,1), any two C?T*smooth circle diffeomorphisms with a break, with the same
rotation number p and the same size of the breaks ¢, are conjugate to each other,
via a C'-smooth conjugacy whose derivative is uniformly continuous with modulus
of continuity w(z) = A|logz|™7, for some A > 0.

1 Introduction and statement of the result

The question of the smoothness of the conjugacy of circle diffeomorphisms to a rotation
is a classic problem in dynamical systems. Arnol’d [1| proved that every analytic cir-
cle diffeomorphism with a Diophantine rotation number p, sufficiently close to the rigid
rotation R, : x — x + p mod 1, is analytically conjugate to R,. Arnol’d obtained this
local rigidity result using the perturbative methods of KAM (Kolmogorov-Arnol’d-Moser)
theory and conjectured that the result should also hold without the assumption of the
closeness to the rotation. This global rigidity result was proven by Herman [3], almost
two decades later, and is the subject of Herman’s theory on the linearization of circle
diffeomorphisms. Herman also proved that a C'*°-smooth circle diffeomorphism with a
Diophantine rotation number p is C°°-smoothly conjugate to I,. The theory was further
developed by Yoccoz [13] (see also [4]) who established, for C"-smooth diffeomorphisms,
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the dependence of the smoothness of the conjugacy on the Diophantine properties of the
rotation numbers. In a recent formulation [9], C*T*-smooth circle diffeomorphisms with a
Diophantine rotation number p of class D(3), with 0 < 8 < a < 1, are C*t*F_smoothly
conjugate to the rotation R,. A number p is called Diophantine of class D(/) if there
exists C > 0 and 3 > 0 such that |p—p/q| > C/¢**?, for every p € Z and ¢ € N. Since, for
S > 0, the set of Diophantine numbers of class D(f3) is of full Lebesgue measure, C'*¢-
rigidity of circle diffeomorphisms, for some € > 0, holds for almost all irrational rotation
numbers. We use the term rigidity for the phenomenon that within a given class of maps
that are topologically conjugate to each other, the conjugacy between any two maps is,
in fact, smooth. Arnol’d proved that the latter rigidity result for circle diffeomorphisms
cannot be extended to all irrational rotation numbers by constructing an example of an
analytic circle diffeomorphism with an irrational rotation number for which the invariant
measure is singular, which implies that the conjugacy to the corresponding rotation, with
the same rotation number, is not absolutely continuous.

A natural question to ask is what are the rigidity properties of circle diffeomorphisms
with a single singular point where the diffeomorphism condition is violated. Over the last
25 years, significant progress has been made in understanding the rigidity properties of
circle diffeomorphisms with a singular point where the derivative vanishes (critical circle
maps) or has a jump discontinuity (circle diffeomorphisms or maps with a break). Under-
standing the rigidity properties of circle maps with breaks is also of independent interest
due to their relationship to generalized interval exchange transformations [2,11]. These
transformations were introduced recently by Marmi, Moussa and Yoccoz [11]| and are ob-
tained by replacing the linear branches with slope 1 of an interval exchange transformation,
which cuts an interval in several pieces and permutes them, by smooth diffeomorphisms.
A cyclic generalized interval exchange transformation of n intervals, i.e., a generalized
interval exchange transformation with a cyclic permutation o : i +— ¢ + k£ mod n, of the
indices ¢ = 1,...,n of the intervals, is just a circle map with finitely many break points.
Rigidity results for circle maps with breaks are, therefore, also relevant to generalized
interval exchange transformations |[8].

Recently, we proved a series of results that are at the core of rigidity theory for circle
diffeomorphisms with a break [5-7,10]. To state the results precisely, a C"-smooth circle
diffeomorphism with a break is a map 7' : S! — S!, where S* = R/Z, for which there
exists p,, € S' such that: (i) T € C"(S"\{zw}), (ii) 7" is bounded away from zero and
positive on S!, (iii) the one sided derivatives of T" at zy, are not equal to each other, so
that the size of the break

Ti (.Qﬁbr)

ci= m # 1. (1.1)

The main technical tool to prove rigidity results for circle maps is renormalization.
To define renormalizations of a circle map T, which is an orientation-preserving homeo-
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morphisms of S!, we start with a marked point zq € S!, and consider the marked orbit
x; = Tz, with i € N. As shown by Poincaré, for every such map 7T, there is a unique
rotation number p € [0, 1), defined by p := lim,, o, 7"(z)/n mod 1, where T is any lift
of T' to R. We consider orientation-preserving circle homeomorphisms with an irrational
rotation number p, characterized by the continued fraction expansion

1

P = [kl,kg,k’:g,... € (0,1), (12)

k2+k3-1‘-.“

)= k1 +

with an infinite sequence of partial quotients k,, n € N, and an infinite sequence of rational
convergents pn/q, = k1, ..., kn]. The denominators ¢, can also be defined recursively via
Gn = knGn-1 + qn_2, with ¢qo = 1 and ¢; = 0. The n-th renormalization of T, for
n € Ny := NU {0}, is the map f, : [-1,0] — R, given by

fni=Tpo0oT™o 7';1, (1.3)

where 7, is the affine map from [z,, ,,z0] to [-1,0], for n even, and from [z¢, 2z, ,] to
[—1,0], for n odd, that maps z; into 0 and z,, , into —1. Here, x, , is regarded as zo — 1.

Rigidity results for circle diffeomorphisms with a break rely on the following theorem
that establishes the convergence of renormalizations for such maps.

Theorem 1 ([6]) Let o € (0,1) and let ¢ € RT\{1}. There exists X € (0,1) such that,
for every two C***-smooth circle diffeomorphisms with a break T and T, with the same
irrational rotation number p € (0,1) and the same size of the break c, there exists C > 0

such that the renormalizations f, and f, of T and T, respectively, satisfy || fn — ﬁl||cz <
C\", for all n € Ny.

In [7], we have proven that this result implies C'-rigidity of circle maps with breaks for
almost all irrational rotation numbers. The main result of this paper is the following
theorem that strengthens the main result of [6,7].

Theorem 2 Let a € (0,1) and ¢ € Ry\{1} and v > 0. There exist A > 0 and a set
S C (0,1)\Q of full Lebesgue measure such that the following holds. Any two C***-smooth
circle diffeomorphisms with a break T and T, with the same size of the break ¢ and the
same rotation number p € S, are C*-smoothly conjugate to each other, i.e., there exists a
Cl-smooth diffeomorphism ¢ : St — S! such that ¢ o T o o1 = T. The derivative ¢’ of
the conjugacy ¢ is uniformly continuous with modulus of continuity w(x) = A|logz|™7,
i.e., it satisfies |’ (z) — @' (y)| < w(|z —yl|), for any x,y € S, such that x # y.

Remark 1 The first part of the claim — the existence of the C''-smooth conjugacy, for a
set of full Lebesgue measure rotation numbers — has already been proven in [6,7]. Here,
we prove that, for any v > 0 and for a subset S (depending on ) of full Lebesgue measure,
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-l=m, (%n-l) o (24,,) o (24,)

Figure 1: The graph of the n-th renormalization f, of a circle map with a break: Case 0 < ¢ < 1
and n even, or ¢ > 1 and n odd (left) and case 0 < ¢ < 1 and n odd, or ¢ > 1 and n even (right).

the derivative of the conjugacy is uniformly continuous with modulus of continuity w. We
will show, in the proof of Theorem 2, that there exists A; € (A, 1) (depending on ) such
that the claim holds with S defined as follows. For Cy > 0, let S;(C, A1) be the set of all
irrational rotation numbers p = [k, ka, ... ] € (0, 1) whose subsequence of partial quotients
k41 for all n even satisfies the bound k,; < Ci1A]", while the subsequence of partial
quotients k, ;1 for all n odd satisfies the bound £, ; < 1M Let S2(C1, A1) be the set
of all irrational rotation numbers p = [k, ka,...| € (0,1) whose subsequence of partial
quotients k41 for all n odd satisfies the bound k, 1 < C1A]", while the subsequence
of partial quotients k,; for all n even satisfies the bound k,.; < e“*". We define
S(C1, A1) == S1(C1, M), if 0 < ¢ < 1, and S(Cy, A1) := S3(Cy, Aq), if ¢ > 1. Finally, we
define S = S()\l) = U01>08(Cl, )\1)

The distinction between the cases of even and odd n, in Remark 1, is related to the
difference in the behavior of renormalizations. It was shown in [6], that, for sufficiently
large n, renormalizations have a definite convexity: if 0 < ¢ < 1, f,, are concave if n is
even and convex if n is odd; if ¢ > 1, f,, are convex if n is even and concave if n is odd
(Figure 1).

Remark 2 The claim of Theorem 2 cannot be extended to all irrational numbers [5]. In
[5], we constructed examples of pairs of analytic circle diffeomorphisms with breaks, with
the same irrational rotation number p and the same size of the break ¢, for which any
conjugacy between them is not even Lipschitz continuous.

Remark 3 Theorem 2 cannot be strengthened by taking w(x) = |z|, for any € > 0 [10].
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In fact, it was shown in [10] that there is a set of full Lebesgue measure irrational num-
bers Sy, such that, for any » > 2 and any p € Sy, there is a pair of C"-smooth circle
diffeomorphisms with a break of size ¢, with the same rotation number p, which are not
C'*4-smoothly conjugate to each other, for any £ > 0.

2 Proof of the result

A crucial role in the proof of this result is played by the geometry of dynamical partitions
of the circle. These partitions are constructed from an orbit of a marked point zy € S'.
The n-th dynamical partition of a circle, associate to xg, is given by

Pp={TAT): 0<i<qg}U{TH(AM): 0<i<qgu1}, neN  (21)

where A" = [x,,, 20, for n odd, and AL = [zg,2,,], for n even. We also define
Aé_l) = [zg — 1,z0] and Py := {A(()_l)}. These partitions are nested, i.e., intervals of

partition P, are subsets of the intervals of partition P,. The set of end points of the
intervals of dynamical partition P, will be denoted by Z,,. We denote by A§"> = Ti(Aén)).

Below, we consider circle maps with a break 7' and T which are C?*t*-smooth, o €
(0, 1), outside the break point xy = x1, and satisfy conditions (ii) and (iii). In particular,
for these maps, there are constants K, Ky > 0 such that 7"(x) < Ky, |T"(z)| < K,
and T'(x) > Ko, for all z € S! (at = x¢, both left and right derivatives satisfy these
inequalities). Since V := Var,es: InT"(z) < oo, one can show that

(A) [In(T") (z)| <V,
(B) |I,] < KA",

for any I, € P,, where K > 0 and A = (1 +e~")~"/2. In this paper, the absolute value
sign | - | also denotes the length of an interval. Estimates (A) and (B) were proven in [12].
Estimate (A) is the Denjoy lemma. In particular, it implies property (B).

The following proposition contains some important estimates on the geometry of the
iterates of the renormalizations of circle maps with a break that were proven in [6,7]. Let
Cp = D",

Proposition 3 ([6,7]) Let T be a C*T*-smooth, a € (0,1), circle diffeomorphism with
a break of size ¢ € RT\{1}, with rotation number p € (0,1)\Q. There exist ¢ > 0 and
» € (0,1) such that, for alln € Ny and for 0 < j < kpy1,

(AT N > e AV > e (e < 1),

Gn—1+7qn (2‘2)
(AL )l 2 k2, AT 2 b (e, > 1),
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Notice that |7,(A )1+]¢In)’ = fi*1(=1) — fi(—1). The difference between the cases of
¢, < 1 and ¢, > 1 corresponds to the difference in the behavior of renormalizations,
explained in the previous section. For sufficiently large n, if ¢, < 1, the renormalizations
are concave and the iterates f/(—1) approach geometrically fast the end points of the
interval [—1,0]. If ¢, > 1, the renormalizations are convex and the iterates f7(—1)
approach at a slower rate the point of a parabolic almost tangency (where the derivative
of f, equals 1), somewhere in the interior of the interval [—1,0] (Figure 1).

The next proposition provides the central estimates on the geometry of dynamical
partitions that will be used in the proof of our main result. These estimates are obtained
by spreading the estimates that follow from Proposition 3 to the whole circle.

Proposition 4 Let T be a C*™*-smooth, a € (0,1), circle diffeomorphism with a break
of size ¢ € RT\{1} and rotation number p € (0,1)\Q. There exist ¢, > 0 and » € (0,1)
such that, for all n € Ny, for every element 1,1 of partition P,y1 and the corresponding
element I, € P, satisfying I,,1 C I, we have

|Ini1] > €1 o1, (cn < 1),
[lni1] > 61kn+1|1n’ (Int1 & Poya o0 > 1), (2.3)
|In+1| Z €17 n+2|-[n‘ (In—i-l = Ipio € 7Dn—&—2 , Cp > 1)

Proof. It suffices to prove the claim for sufficiently large n. Every interval I,,,1 € P,1
is either AE”), for some 0 < i < @41, Or it is A;"H), for some 0 <1 < q,. If I, = AE”),
for some 0 < ¢ < ¢,_1, then I,y € P, and, thus, I, = I,4. If I,.; = AE") and
Gn-1 < @ < Qps1, then @ = ¢, 1 + jq, + [, where 0 < j < k.1 and 0 <[ < @,. Thus, in
this case, I,11 = TZ(A )1+]q ) C Al(n_l) € P,. Similarly, if I,,;; = Agnﬂ), for 0 <1 < ¢y,
then [n+1 = TI(A(HH)) C Alnfl) € P,. Therefore, in either case, there is an interval
I C AO , such that ;1 = T'(1,41).

Since T is C%-smooth outside the break point, we have

’L

Lnal [T (Tns)) L] H
| 1] |TZ<A<” NGRS YR
1

@

(G
(€:)
"(

-

|A 1A minges [T(x))]
I, R ne
> | n+11| ( 212’A5 1)‘> )
|AS i=0

Here, ¢; € T'(I,;1) and & € TI( . We have used that 1 — 2 > 2%, for 0 <

x < h“—z and that K; K, 1|Az | can be made arbitrarily small, if n is sufficiently large,
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since the length of the longest element of partition P, decreases exponentially with n
(see property (B)). The claim now follows from Proposition 3, taking into account that
|7, (1)| = |I|/|A(()n_1)| and the fact that A(()nH) is the only interval of partition P, inside
A(()n_l) € P, which also belongs to P, . QED

The length of the shortest element of dynamical partition P,, can decrease arbitrarily
fast with n. The next proposition shows that, if the rotation number p € S, this speed is
at most super-exponential.

Proposition 5 Let T be a C*"*-smooth circle map with a break of size ¢ € RT\{1}
and rotation number p € S. There exists Co > 0 such that, for all I, € P,, we have
|In|L,|| < CoAT", for alln € Ny.

Proof. It suffices to prove the claim for sufficiently large n. Since, for p € S, there exists
C1 > 0 such that, k11 < CiA ™, if ¢, <1 and kg < eC M if ¢, > 1, it follows from
Proposition 4 that, in this case,

n n n
= 11 et 11 () zar T (25)
m=0 m=0 km+1 m=0
cm <1 cm>1

where C3 = (' max {1, ﬁ} Therefore, we obtain

I [Z,[] < (n+ 1) Ine |+ [Inse Y CsA™

m=0 (2.6)
<(n+1)|lneg|+ |1M|C3Al .
1—X)
The claim follows with Cy > 2C5]In »|/(1 — Ay), if n is large enough. QED

Let T and T be two C* *-smooth, o € (0,1), circle diffeomorphisms with breaks x
and 7, respectively, with the same irrational rotation number p € S and the same size of
the break ¢ € R, \{1}, and let ¢ be the conjugacy between them satisfying poTop™t =T
and () = To. For any interval I € S, let I = ¢(I) and let

I
o(l) := M (2.7)
1]

The following estimate on the ratios of lengths of the corresponding intervals of dynamical
partitions P,, and P, plays a crucial role in our analysis.
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Proposition 6 There exist constants C > 0 and p € (0, 1) such that, for any two intervals
I1,1I' € P,, which are either adjacent to each other or I,1' C J for some J € P,_1, we
have

o) — o(I')| < ", 2.5)

for alln € N.

Proof. Using the main result of [6], in [7], we proved that, for p € S, there exist constants
Co > 0 and p € (0,1) such that, for any two intervals I, I’ € P,, as in the statement of
this proposition, we have [Ino(I) —Ino(I)] < Cou", for all n € N. Since, for p € S, the
conjugacy ¢ is C'-smooth (see Proposition 3.1 — the Criterion of smoothness — in [7]),
estimate (2.8) follows immediately. QED

As a corollary, we obtain the following.

Proposition 7 There exist constants C > 0 and p € (0,1) such that the following holds.
Let {I,,}nen be any sequence of nested intervals I, € P, of dynamical partitions P, of T,
satisfying I, C I,,—1. Then,

o(1) — oL 1)| < Cp” 2.9)

Proof. Each interval I,,_; of partition P,_; is a union [,_; = UI;LUnﬂIT'Z of non-
overlapping, except at the end points, intervals I] of partition P, and, thus, we have
o1l =2 1 ., 1] Denote I,, = ¢(1,). It follows directly from (2.8) that

(0(Lp) = Cu") 1| < || < (o) +Cu) |- (2.10)

By summing up the inequalities (2.10) over all I! C I,,_4, the claim follows. QED

Proposition 8 For any two different points x,y € S', there ewist m € Ny, intervals
I, I, € Py, and an interval 1,11 € Py, such that the following holds

(i) x €Ly, yel, and I, NI #10,
(ZZ) Im+1 C ['Tvy]
Here, [z,y] denotes the shorter interval between two points on the circle.

Remark 4 Notice that the condition (7) implies that x and y either belong to the same
element [,,, = I or to the neighboring elements I,,, and I}, respectively, of partition P,,.

Proof. For sufficiently large n, there is an interval I, of partition P, such that I,, C [z, y].
This follows from the fact that the length of the maximal interval of dynamical partition
P, approaches zero, as n — oo (see property (B)). This implies that the end points of
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I,,, denoted by 7, and n;", belong to [z,y] as well. Hence, for sufficiently large n, at least
two points in =, belong to [z, y]. Let m be the smallest number n € Ny such that [z, y]
contains at most one point in =,. Such a number m € Ny always exists since =g = {x¢}.
If [z, y] contains exactly one point &, of Z,, in its interior, then there are two elements of
partition Py, I, and I/, such that [z,y] C I, UI and ¢, € I, NI/, . If [x,y] contains
no points of Z,, in its interior, then there is an interval I,,, of P,, such that [z, y] C I,,.
Therefore, condition (i) holds. By definition, [z,y] contains at least two points in =, ;.
Hence, there is an interval I, of partition P, 1, such that I,,,;1 C [z, y]. Thus, condition
(7) holds as well. QED

Proof of Theorem 2. The first part of the claim, i.e., that, for p € S, ¢ is C*-smooth
was proven in [6,7]. We will now establish the regularity of the derivative ¢'.

For any two different points z,y € S', by Proposition 8, there exist m € Ny, and
intervals I,,, I, € P,, and J,,41 € P41 such that z and y either belong to the same
element I,,, = I}, or to the neighboring elements I,,, and I/, respectively, of partition P,,,
and J,41 C [z,y]. Furthermore, there are nested sequences {1, }nen, {1} }nen of elements
I,, I of partitions P, satisfying I,, C I,_; and I/ C I/, ,, such that x = N,en/, and
Y = Mpen!). Since p € S and ¢ is C'-smooth, using Proposition 6 and Proposition 7, we
obtain

¥ (z) —¢'(y)| = | lim o(1,) — lim o(1})| = lim |o(1,) — o(L},)|
n—o00 n—00 n—o0
n—1
< lim (Jo(Ln) = o(I)| + Y |o(ian) = o (L)
0t B (2.11)
+ > lo(ll) = o))
<cpm+2S cptt = —Lepm
<Cu™+ Z:: 1 e
It follows from Proposition 5 that
In |z — yl| < [In[Jpga]] < Cory ™. (2.12)

For any v > 0, if A € (A, 1) is chosen such that A\; > /ﬁ, then, from (2.11) and (2.12),
we obtain

0 (2) — ¢'(y)] < Cup™ < AC;TN Y < Aln |z — y|| 7, (2.13)

where Cy = }’_L—HMC , provided that A > 0 is sufficiently large. The claim follows. QED
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