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1. Introduction

The present work is devoted to the existence of stationary solutions of the following
system of integro-differential equations

Oy, 22\’ >
o = Dl gz | tnt [ Enlt=y)gn(uly,0))dy+fn(z), L<m<N

Ox?

(1.1)
appearing in cell population dynamics. The space variable  here corresponds to the
cell genotype, functions w,,(x,t) describe the cell density distributions for various
groups of cells as functions of their genotype and time,

u(z,t) = (uy(z,t), ug(,t), ..., un(z, )7



The right side of this system of equations describes the evolution of cell densities
due to cell proliferation, mutations and cell influx or efflux. The anomalous dif-
fusion terms with positive coefficients D, correspond to the change of genotype
due to small random mutations, and the nonlocal production terms describe large
mutations. Functions g,,(u) denote the rates of cell birth which depend on u (den-
sity dependent proliferation), and the kernels K, (z — y) express the proportions of
newly born cells changing their genotype from y to x. We assume that they depend
on the distance between the genotypes. The functions f,,(z) describe the influx or

efflux of cells for different genotypes.
2 S

The operator | — in system (1.1) describes a particular case of anoma-

Ox?
lous diffusion actively studied in the context of different applications in plasma
physics and turbulence [11], [12], surface diffusion [13], [15], semiconductors [16]
and so on. Anomalous diffusion can be understood as a random process of par-
ticle motion characterized by the probability density distribution of jump length.
The moments of this density distribution are finite in the case of normal diffusion,
but this is not the case for superdiffusion. Asymptotic behavior at infinity of the

probability density function determines the value s of the power of the Laplacian

9 s

[14]. The operator | — — | is defined by means of the spectral calculus. In

Ox?
the present work we will consider the case of 0 < s < 1/4. A similar problem in
the case of the standard Laplace operator in the diffusion term was studied recently
in [26]. Note that the restriction on the power s here comes from the solvability
conditions of our problem.
Let us set all D,,, = 1 and establish the existence of solutions of the system of
equations

2 o0
- <— %) um+/ Kp(x—=y)gm(u@)dy+ frm(z) =0, 0<s< i, (1.2)
with 1 < m < N. Let us consider the case where the linear part of this operator
fails to satisfy the Fredholm property. As a consequence, conventional methods of
nonlinear analysis may not be applicable. We use solvability conditions for non
Fredholm operators along with the method of contraction mappings.

Consider the equation

—Au+V(x)u — au = f, (1.3)

where v € E = H*(R%) and f € F = L*(RY), d € N, a is a constant and the
scalar potential function V() is either zero identically or converges to 0 at infinity.
For a > 0, the essential spectrum of the operator A : £ — F' corresponding to the
left side of problem (1.3) contains the origin. As a consequence, such operator fails



to satisfy the Fredholm property. Its image is not closed, for d > 1 the dimension
of its kernel and the codimension of its image are not finite. The present work
deals with the studies of some properties of the operators of this kind. Note that
elliptic problems with non Fredholm operators were treated actively in recent years.
Approaches in weighted Sobolev and Holder spaces were developed in [2], [3],
[4], [5], [6]. The non Fredholm Schriédinger type operators were studied with the
methods of the spectral and the scattering theory in [17], [19], [21]. The Laplace
operator with drift from the point of view of non Fredholm operators was treated
in [20] and linearized Cahn-Hilliard problems in [22] and [24]. Nonlinear non
Fredholm elliptic problems were studied in [23] and [25]. Important applications
to the theory of reaction-diffusion equations were developed in [8], [9]. Non
Fredholm operators arise also when studying wave systems with an infinite number
of localized traveling waves (see [1]). In particular, when a = 0 the operator A
is Fredholm in some properly chosen weighted spaces (see [2], [3], [4], [S], [6]).
However, the case of a # 0 is significantly different and the approach developed in
these articles cannot be used. Front propagation equations with anomalous diffusion
were studied largely in recent years (see e.g. [28], [29]).

We set K, (2) = €, () with £,,, > 0, such that
€ 1= MaAT1<m<NEm
and suppose that the following assumption is satisfied.

1
Assumption 1. Let 1 < m < N and consider 0 < s < T Let fr(z) : R — R be
nontrivial for some m. Let f,,(z) € L*(R) N L*(R) and

2\ )
(- @) ful@) € LA(R).

Assume also that K,,(x) : R — R, such that K,,,(z) € L*(R) and

2\ )
(— ﬁ) Kn(z) € L*(R).

Moreover,
N
K2 =) 1K (@) |71 m) > 0
m=1
and
1 s 2
N d2 2
2. _
m=1 L2(R)




Let us choose the space dimension d = 1, which is related to the solvability
conditions for the linear Poisson type problem (4.1) stated in Lemma 6 below. We
use the Sobolev spaces for 0 < s < 1, namely

H*(R) := {QS(x) 'R = R|o¢(z) € LA(R), (- dd—;) o€ LQ(R)}

equipped with the norm

s 2
d2
0117720y = 0l 72m) + (‘ @) ¢ (1.4)
L2(R)
For a vector vector function
u(z) = (ur(z), up(x), ..., un ()"
we will use the norm
N d 2
U,
Il F g my = ellie@ryy + Z Tz ; (1.5)
m=1 L2(R)
where
N
lull7e @y =D 2.
m=1

By means of the standard Sobolev inequality in one dimension (see e.g. Section 8.5
of [10]) we have

1
V2
When all the nonnegative parameters ¢, vanish, we obtain the linear Poisson type
equations

1Pl oey < ==l a1 @y- (1.6)

a2

(-5%)
— | Uy = fr(z), 1<m<N. (1.7)

By virtue of Lemma 6 below along with Assumption 1 each equation (1.7) has a
unique solution
1
Ugm(r) € H*R), 0<s< T
such that no orthogonality conditions are required. By means of Lemma 6, when
;11 < s < 1, certain orthogonality relations (4.3) and (4.4) are necessary to be able
to solve problem (1.7) in H%*(R). By means of Assumption 1, since

d2 % d? %—s 9
(— @> uo,m(ﬂf) = <_ @) fm(m) €L (R)’



we get for the unique solution of linear problem (1.7) that ug,,(z) € H'(R), such
that
uo(w) = (ug1 (), uo (), ..., uon(2))" € HY(R,RY).

We seek the resulting solution of nonlinear system of equations (1.2) as
u(z) = uo(z) + up(x), (1.8)

where
up() = (up1 (%), Up 2 (), ooy up o (2)) T

Clearly, we arrive at the perturbative system of equations

d2 fe’e) 1
( ) Upm = sm/ Kn(x — y)gm(uo(y) + up(y))dy, 0<s< 7 (1.9)

 da? .
where 1 < m < N. Let us introduce a closed ball in the Sobolev space
B, = {u(z) € H'R,RY) | |ullm@r~) < p}, 0<p< L. (1.10)

We seek the solution of problem (1.9) as the fixed point of the auxiliary nonlinear
system of equations

d2 00 1
(_ @) Um = 5m/ Ko — ) gm(uo(y) +v(y))dy, 0<s< 7 (1.11)

[e.o]

with 1 < m < N in ball (1.10). For a given vector function v(y) this is a system
of equations with respect to u(x). The left side of (1.11) involves the non Fredholm
operator

a2

( d—2> : H*(R) — L*(R).

Its essential spectrum fills the nonnegative semi-axis [0, +00). Therefore, such op-
erator has no bounded inverse. The similar situation appeared in articles [23] and
[25] but as distinct from the present situation, the equations studied there required
orthogonality conditions. The fixed point technique was used in [18] to estimate
the perturbation to the standing solitary wave of the Nonlinear Schrodinger (NLS)
equation when either the external potential or the nonlinear term in the NLS were
perturbed but the Schrodinger operator involved in the nonlinear equation there had
the Fredholm property (see Assumption 1 of [18], also [7]). We define the closed
ball in the space of N dimensions as

1
o= {2 € RY | |2] < —=(lluollmzm + 1)} (1.12)

=



along with the closed ball in the space of C?(I, RY) functions, namely

Dy = {9(2) = (91(2), 92(2), ... gn(2)) € C*(L,RY) | llgll 2z ey < M},

(1.13)

where M > (. Here the norms

N
l9llo2z mvy == Z | gmllc2n), (1.14)
m=1
N N
OYum 0% gm

m = Il9m s 1.15
lgmllcza = lgmllea + ; H Dz (1) * nzl::l Hazn@zz Hc(l) (1)
where || gi||cr) := maz.cr|gm(2)]. Let us make the following assumption on the

nonlinear part of system (1.2).

Assumption 2. Let 1 < m < N. Assume that g,,(z) : RN — R, such that
9m(0) = 0 and Vg,,(0) = 0. It is also assumed that g(z) € Dy and it does not
vanish identically in the ball 1.

We introduce the operator 7, such that v = T,v, where u is a solution of system
(1.11). Our first main proposition is as follows.

Theorem 3. Let Assumptions 1 and 2 hold. Then for every p € (0, 1] there exists
e* > 0, such that system (1.11) defines the map I, : B, — B,, which is a strict
contraction for all 0 < € < €*. The unique fixed point u,(x) of this map T, is the
only solution of system (1.9) in B,,

Evidently, the resulting solution u(z) of system (1.2) will be nontrivial because
the source terms f,,(x) are nontrivial for some 1 < m < N and all g,,(0) = 0 as
assumed. We make use of the following trivial lemma.

Lemma 4. For R € (0, +00) consider the function

L 1—4s ﬁ 1
©(R) := aR +%, O<S<Z, a, 3> 0.
4
It achieves the minimal value at R* := L which is given by
a(l —4s)
(1_45)4871 4s o1—4
R* — S S‘
P(R") e 8

Our second main result is about the continuity of the fixed point of the map T,
which existence was proved in Theorem 3 above with respect to the nonlinear vector
function g.



Theorem 5. Let j = 1,2, the assumptions of Theorem 3 hold, such that u,, ;(x)
is the unique fixed point of the map T, : B, — B, which is a strict contraction for
all 0 < e < ¢} and 0 := min(e7, €3). Then for all 0 < & < § the inequality

[up1 — Up,2HH1(R,RN) < Cllg1 — g2||CQ(I,RN) (1.16)
holds, where C > 0 is a constant.
We proceed to the proof of our first main proposition.
2. The existence of the perturbed solution

Proof of Theorem 3. We choose arbitrarily v(z) € B, and designate the term in-
volved in the integral expression in the right side of system (1.11) as

Gn(2) = gm(uo(x) +v(z)), 1<m<N.

Let us use the standard Fourier transform

~

1 = —ipT
o(p) = E/oo p(x)e P dx. (2.1)

Obviously, we have the inequality

16(P) || ooy < 2.2)

1
—||o(x .
\/%”gb( )HLl(R)
Let us apply (2.1) to both sides of system (1.11) and obtain

\/_,%m (p)ém (p)

R T E R
p S

Thus we express the norm as

> k\:m P 2 é\m p 2
[wmlZ2m) =27r€3n/ o )||p"4s Wl 1<m<n. @3

As distinct from articles [23] and [25] involving the standard Laplace operator in
the diffusion term, here we do not try to control the norm

Ko (p)
|p|?

L>o(R)

Instead, we estimate the right side of (2.3) using the analog of inequality (2.2) ap-
plied to functions /C,,, and GG, with R > 0 as

i 21 A 2 > 29 A 2
ey [ KaPICu0Il [ KalPCaI? )
<R |p|* IpI>R |p|*

7



1 Rl 4s
< en Kl = I1Gm (@) 17y T + 4S||G (@) 72w ¢ 2.4)
T )1—4s R

Due to the fact that v(z) € B, we easily obtain
[uo + vl 2 vy < [luol| ey + 1.

Sobolev inequality (1.6) implies that

1
|u0 -+ 'U‘ S _<HUOHH1(R,RN) -+ 1)

V2
Let the dot denote the scalar product of two vectors in R, Formula
1
= / Vgm(t(up(z) + v(x))).(up(z) + v(x))dt, 1<m<N
0

with the ball / defined in (1.12) yields

|G (2)] < supzer|Vgm(2)||uo(z) + v(z)] < Mluo(x) + v(z)].
Thus

|G (@)l 2wy < Mlluo + vll 2rryy < M(||uol g ryy + 1)

Apparently, fort € [0,1] and 1 < m,j < N, we have

tata) o) = [ VLAl o) k) +
This implies
%(t(uo(x) —HJ(x)))‘ < Sup.er V%EZ |uo(x) + v(2)] <

N 929
< m .
- anl H 02,0%; C(I)’uo(x) v()|

Therefore,

C(I)|u0’j(x)+vj(x)| < Mluo(z) +v(z)|".

(| g

Gon)] < o) 0] 3 |555-
Hence,

1Gon @) 3y < Mo + vliFaaamy < Mol mneay + D% @25)

8



This enables us to obtain the upper bound for the right side of (2.4) as

(luoll g ey + 1)° R L
(1 —4s) R [’

Em Mol L1 &) (1ol 11 (r vy + 1)2{

with R € (0, 400). Lemma 4 gives us the minimal value of the expression above.
Thus,

M2
(1 —4s)(4ms)4s

122y < €111y (Nl 11 g vy + 1)

such that
M2
(1 —4s)(4ms)*s

ull72 @ mvy < €2 (Juoll g @ryy + 12 (2.6)

Clearly, (1.11) yields

d2 % d2 %—s [e8)
o3 Um () = em — o / Kz —y)Gn(y)dy, 1<m < N.

By means of the analog of inequality (2.2) applied to function G,,, along with (2.5)

we obtain
1 s 2
A |2 ) ) d?\°
|2y < Gl ( =] Ka| <
L2(R)
d2 E_S 2
S €2M2(HUOHH1(R,RN) + 1)4 ‘ ( - @) ]Cm ’
L2(R)
such that
N du
m 2272 412
—m M 1)*Q2. 2.7
mZH |y < &M ol ey +1)*Q @7

Therefore, by virtue of the definition of the norm (1.5) along with inequalities (2.6)
and (2.7) we derive the estimate from above for [|u| ;1 (g rvy) as

1
2

<p (2.8)

I (JJuo | e rrvy + 1)

(1 — 4s)(4ms)*s +a

M (||uol| g gy + 1)

forall e > 0 sufficiently small. Hence, u(x) € B, as well. If for a certain v(z) € B
there exist two solutions u; »(z) € B, of system (1.11), their difference w(x) :=
u1(z) — ug(z) € L*(R,RY) solves

2\
— ) wa=0 1<m<N,
X

p



2

S
Because the operator ( — ﬁ) considered on the whole real line does not possess
x

nontrivial square integrable zero modes, w(x) vanishes a.e. on R. Thus, system
(1.11) defines amap 7, : B, — B, for all € > 0 small enough.

Our goal is to establish that this map is a strict contraction. Let us choose arbi-
trarily vy o(x) € B,. The argument above implies u » := Tyv; 2 € B, as well. By
means of (1.11) we have for 1 <m < N

( d_2> Ulm = Em /oo Ko (7 — y)gm (uo(y) + v1(y))dy, (2.9)

T2
dx o

( d—2> Usm = Emy /_OO K (x — y)gm(uo(y) + v2(y))dy, (2.10)

 da? o
1 )
0<s< T ‘We introduce

Gim(2) == gm(uo(z) + v1(7)),  Gam(®) := gm(uo(z) +va(z)), 1<mMm<N

and apply the standard Fourier transform (2.1) to both sides of systems (2.9) and
(2.10). This yields

Ve Kn)Crn) - /g Km(©)Com(p)

Ut (P) = Em , Ugm(p) = EmV2T .
tmP) |p|? 2 (2) Ip|?

Obviously,

o0 Em 2 é - _é .
1 = w32y = 2,2 / K (0) P1G1m(P) = Co(p)]

2
oo |p|* ap-

Evidently, it can be estimated from above by virtue of inequality (2.2) by

Rl-4s . |G1m () — Gz,m(33)H2L2(R)}

1
eznicmuium{;”%(@ ~Gam@lim T, R

with R € (0, +00). We will make use of the identity for 1 < m < N

Gim(z) — Gom(x) = /0 YV gm (ug(x) + tvr(z) + (1 — t)ve(z)).(v1(x) — va(x))dt.

Clearly, for ¢ € [0, 1]

[va(z) +t(v1(2) —va2 ()| 1 ey < tllor (@) ||y + (=) [[v2(2) | 1@ vy <
< p,

10



such that vy(x) + t(vi(2) — va(x)) € B,. Hence,
|Grm (@) = Gom ()] < sup=er|Vgm(2)||vr(2) = va(2)] < Mlvy(2) = vy(2)].
This yields

HGLm(l’) - GQ,m(iU)Hm(R) < MHU1 - U2HL2(R,RN) < MHU1 - ’U2HH1(R,RN)-

OGm
Evidently, for 1 < m,j < N, we can express ai(uo(m) +tvy(z) + (1 — t)ve(x))
%

/o v@gm (7[uo(x) + tvr(x) + (1 = t)va(2)]).[uo(x) + tvr(x) + (1 — t)va(x)]dr,

025

such that for ¢ € [0, 1]

%(uow + tor (@) + (1 = tua(w))| <
N 82 -
< ; azngazj c(I)(|uo(fL")| +tloi ()] + (1 = B)[va()]).

We obtain the upper bound for Gy ,,(z) — G2, () in the absolute value as

Mo () — (@) (Juo(@)] + lon(@)| + 5loa(a)]):

By means of the Schwarz inequality we arrive at the estimate from above for the
norm |G () — Gom ()| L1(r) as

1 1
M||vr — vo|[2r &) (HUOHLQ(R,RN) + §HU1HL2(R,RN) + §HUQHL2(R,RN)) <

< Moy — val g ey (wo || 1 mvy + 1) (2.1

Thus we arrive at the upper bound for the norm ||u; (x) — ua(z)|]3, (g given by

1

L

1—45+R4S

R1—4s 1 }

M2 o1 = vl oy { = (ol oy +1)°

By means of Lemma 4 we minimize the expression above over R € (0,+00) to
obtain the estimate from above for ||u;(x) — ua(x) ”%Q(R RN) 88

(lwoll mrr rery + 1)
(1 —4s)(4ms)4s

2 KMoy — vl H1 vy (2.12)

11



By virtue of formulas (2.9) and (2.10), for 1 < m < N we have

(i) v =en(35) [ttt

Inequalities (2.2) and (2.11) yield

2 ls 2
2 2 d* \°
<e|Grm — Gamliw) ' < — @) Km

L2(R) L2(R)

IN

d
%(ul,m - Uz,m)

1 s 2
2\’
< &2 M?||loy — vl Fr g vy (1wl e vy + 1) (— —) K ;
L2(R)

such that

N
m=1

2

< €2M2H“l - 712H?MR,}RN)(HUOHHl(R,RN) + 1)2Q2'
L2(R)

d
%(ul,m - Uz,m)

(2.13)
By virtue of (2.12) and (2.13) the norm ||u; — us|| 1 (g rvy can be estimated from
above by the expression

ICQ(HUOHHl(R,RN) + 1
(1 — 4s)(4ms)™

)8572 2
e M (||t 111 vy + 1){ + Q% b o = vall -

(2.14)
This yields that the map 7;, : B, — B, defined by system (1.11) is a strict contrac-
tion for all values of ¢ > 0 small enough. Its unique fixed point u,(x) is the only
solution of system (1.9) in the ball B,. The resulting u(z) € H'(R,R") given by
(1.8) is a solution of system (1.2). Note that by means of (2.8) u,(x) tends to zero
in the H*(R,RY) norm as € — 0. |

Then we turn our attention to the proof of the second main statement of our
article.

3. The continuity of the fixed point of the map 7|
Proof of Theorem 5. Obviously, for all 0 < & < § we have
Up1 = Ty up1, Ups = Tgupo.
Hence

Up1 — Upa = Tgyup1 — Ty upo + Toupo — Ty, upo.

12



Therefore,
[upy — wpall i emryy < N Tgtpy — Ty upollm@ry) + 1Ty tup2 — Toytip 2|l mr).-
Inequality (2.14) yields

|| 1Up1 — Up,2||H1(R,RN) < 5U||up,1 - up,2||H1(lR,RN)7

with ec < 1 since the map 7, : B, — DB, under our assumptions is a strict
contraction. Here the positive constant

1
Kz(HUOHHl(]R,RN) + 1)88_2 n QQ}Q.

7 il 1){ (1= 43)(4ms)"

Hence, we obtain
(1 —eo)llupr — wpallm@eny < [Ty up2 — Tooup 2l @ myy- (3.1

Clearly, for our fixed point Tj,u,2 = w,2. Let us denote {(x) := T,,u,o. For
1 <m < N, we arrive at

o0

( - dd_;> (o) =20 [ " Kol = ) a(o(0) + o)y, ()

d2 5 [e'e)
( - @) up,lm(x) = 8m/ Ko (z — y)g2,m(uo(y) + upg(y))dy, (3.3)

1
where 0 < 5 < T Let us designate here

Gram(T) = gim(uo(z) + up2(®)),  Gaom(T) = gom(uo(x) + up2(2)).

We apply the standard Fourier transform (2.1) to both sides of (3.2) and (3.3). This
yields

R e

Evidently,

o [ 21 A _ ~ 2
A e

p|*
Apparently, it can be bounded from above by means of (2.2) by

Rl —4s 1
€2H’Cm||%1(m){ 1G12,m — G22m||L1R)1 S IGL2m — Gaoml 7o) R4S}

13



with R € (0, +00). We use the formula

G12.m(7) = Gapm(T) = /0 V1g1,m = g2,m) (t(uo(2) +up2(2))). (uo(2) +up2(2))dL,
such that

1G1o2m(x) = G2om(T)] < |g1m — Gomlle2(ny[uo () + upa()].

Therefore,
HGl,Q,m - G2,2,mHL2(R) < Hgl,m - 92,m|\c2(1)H’U0 + Up,ZHLQ(R,RN) <

< lgrm — g2mllc2 @y ([|woll i ryvy + 1).

Let us apply another useful representation formula with 1 < j < N and t € [0, 1],
namely

0

5z, 91m = g2m) (H(o(z) + () =

-/ v [ = 20 () + 1) (0 (0) + (o))

Hence 9

| (g1 = g2 (o (@) + ()| <

(92]-

N

82(gl,m - g2,m)
<> [~ e, o) + upa(a).

n=1 c()

such that
1G12m (%) = Goom ()| < |lg1m — Gomllc2n|uo() + upa(2)]?.

Thus,

1G12m — Ga2mllr@®) < ll91,m — g2mllc2(n)|Juo + up,2H%2(R’RN) <

< Nlgr.m — g2.mllc2n (luollm wryy + 1) (3.4)

This enables us to derive the upper bound for the norm [|{(x) — up2(x) ||%2(R’R Ny as

(Juoll 2 ey + 1)2 R N 1
(1 —4s) R 1

I (ol ey + 1)%l91 — 922 v |

This expression can be trivially minimized over R € (0, +00) by virtue of Lemma
4. We obtain the inequality

16(2) = up2(@) 2@ vy < €2 (lluoll iy (1 — 45)(dns)™ |

14



Formulas (3.2) and (3.3) with 1 < m < N yield

d? % d2 %75 00
< - @) Em(T) = €m < - @> /OO Ko (2 — 1) Gro.m (y)dy,

A% AN
-5 Upom(T) = Em I / Kn(r — y)G22m(y)dy,

2

can

d
such that by means of (2.2) and (3.4) the norm H — (fm(ac) — upg,m(x))
dx L2(R)

be estimated from above by
2\
_ 2 K,

A
< 82”91 - 92”%‘2(],]1%1\’)(HUOHHl(R,RN) + 1)4|| ( — —) ]Cm

2

e’ HG1,2,m - GQ,Q,mH%l(R) <

L2 ()

2

dx?
L2(R)
Then
N d 9
2 2 4.2
> | 55 (600) =t @)|| L, < <lln = gallzm (ol e, + 1)@

Therefore, we arrive at [|{(z) — up2(7) || g1 (rry) <
1
’CQ(HUOHHI(R,RN) -+ 1)85_2 2

(1 —4s)(4ms)*s e

< ellg1 — g2llc2(r.rmy (|Juo || g mryy + 1)?

By virtue of inequality (3.1), the norm [|u, 1 — up || g1(rr~) can be bounded from
above by

1

£ K2 (luo |l o e mevy 4+ 1)%72 ?
1— 60-(||u0HH1(R7RN) + 1)2 (1 _ 45)(47'('8)48 + Q2 Hgl - gZHCQ(I,RN)a
which completes the proof of the theorem. m

4. Auxiliary results

Below we state the solvability conditions proven easily in [27] by applying the
standard Fourier transform (2.1) to the linear Poisson type equation with a square
integrable right side

da?

2 S
( d>¢:f(x), reR, 0<s<l. 4.1)
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We denote the inner product as

(f(2),9(x)) 2y = / " f@)gla)de, 4.2)

with a slight abuse of notations when the functions involved in (4.2) are not square
integrable, like for instance the one involved in orthogonality condition (4.3) of
Lemma 6 below. Indeed, if f(x) € L*(R) and g(x) is bounded, then the integral in
the right side of (4.2) makes sense. The left side of relation (4.4) is well defined as
well under the stated conditions. We have the following technical proposition.

Lemma 6. Let f(z) : R — Rand f(x) € L*(R).

1) When 0 < s < i and in addition f(z) € L'(R), equation (4.1) admits a
unique solution ¢(x) € H**(R).

2) When ; < s < 2 and additionally |z|f(x) € L*(R), problem (4.1) possesses
a unique solution ¢(x) € H*(R) if and only if the orthogonality relation

(f(2),1)2m) =0 (4.3)
holds.

3) When 3 < s < 1 and in addition 2*f(x) € L*(R), equation (4.1) has a
unique solution ¢(z) € H?**(R) if and only if orthogonality conditions (4.3) and

(f(x), 2) 2y =0 (4.4)
hold.

Note that for the lower values of the power of the negative second derivative
1 . ) )
operator 0 < s < 1 under the conditions stated above no orthogonality relations

are required to solve the linear Poisson type equation (4.1) in H*(R).
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