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We show that a Schrodinger operator As , with a d-interaction of strength o supported on a bounded or un-

bounded C%-hypersurface ¥ C R%, d > 2, can be approximated in the norm resolvent sense by a family
of Hamiltonians with suitably scaled regular potentials. The differential operator As o with a singular inter-
action is regarded as a self-adjoint realization of the formal differential expression —A — a(dsx, -)dx, where
a: X — Ris an arbitrary bounded measurable function. We discuss also some spectral consequences of this
approximation result.
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1 Introduction

Singular Schroédinger operators with ‘potentials’ supported by subsets of the configuration space of a lower di-
mension are often used as models of physical systems because they are easier to solve, the original differential
equation being reduced to the analysis of an algebraic or functional problem. The best known about them are
solvable models with point interactions used in physics since the 1930s (see [25]), the rigorous analysis of which
started from the seminal paper [8]; for a survey see the monograph [2]. In the last two decades the attention
focused on interactions supported on curves, surfaces, and more complicated sets composed of them, which are
used to model ‘leaky’ quantum systems in which the particle is confined to such manifolds or complexes, but the
tunnelling between different parts of the interaction support is not neglected; for a review see [15] or [19, Chapter
10].

While these models are useful and mathematically accessible, one has to keep in mind that the singular inter-
action represents an idealized form of the actual, more realistic description. This naturally inspires the question
about approximations of such singular potentials by regular ones. In the simplest case of a point interaction this
problem was already addressed in the 1930s in [36]. Starting from the 1970s the approximation of Hamilto-
nians with point interactions supported on a finite or an infinite set of points in R%, d € {1,2,3}, was treated
systematically; cf. the monograph [2] and the references therein.
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Apart from that, the literature on the approximation of Schrodinger operators with d-potentials supported on
curves in R? and surfaces in R? is less complete; there are results available for the special cases that ¥ is a sphere
in R? [5,33], that ¥ is the boundary of a star-shaped domain in the plane [31], and that 3 is a smooth planar curve
or surface and the interaction strength is constant [16,18]. In all of the above mentioned works convergence in the
norm resolvent sense is shown. Abstract approaches developed in [3,34] cover more cases but imply only strong
resolvent convergence in this context. We point out that the usage of scaled regular potentials is not the unique
way of an approximation of J-interactions supported on hypersurfaces, other mechanisms of approximation are
discussed in e.g. [11,12,20,30]. It is also worth mentioning that the approximation of -interactions supported
on special periodic structures in R? has important applications in the mathematical theory of photonic crystals,
see [21] and the references therein.

The aim of the present paper is to analyze the general case where the interaction support is a C?-smooth
hypersurface > C R, d > 2, which is not necessarily bounded or closed, and the interaction strength is an
arbitrary real valued bounded measurable function o on ¥. Following the approach of [16, 18] we show that the
corresponding singular Schrodinger operator can be approximated in the norm resolvent sense by a family of
regular ones with potentials suitably scaled in the direction perpendicular to 2. We pay particular attention to the
order of convergence and provide all preparatory technical integral estimates in a complete and self-contained
form. We shall also mention some spectral consequences of the general approximation result.

In the following we describe our main result. Let d > 2 and let 3 C R< be a bounded or unbounded orientable
C?-hypersurface as in Definition 2.1, and consider the symmetric sesquilinear form

a&,a[fag] = (vfa vg)LQ(Rd;Cd) _Aaf|2%da, domas o = Hl(Rd)v

where o € L>°(X) is a real valued function and f|s, g|s. denote the traces of functions f,g € H'(R?) on X.
Standard arguments yield that as , is a densely defined, closed, and semibounded form in L? (Rd), and hence
there exists a unique self-adjoint operator As,, in L?(R%) such that

(Asaf,9) = asalf, 9], f €domAs,, g €domas, (1.1

see Lemma 2.6 for more details. The operator A; ,, is regarded as a Schrodinger operator with a d-interaction of
strength a supported on X which corresponds to the formal singular differential expression —A — «({dx;, -)ds;
cf. [10] and [7, Theorem 3.3]. The choice of the negative potential sign is motivated by the fact that interesting
spectral features are in this context usually associated with attractive interactions.

Let v be the continuous unit normal vector field on 3, choose 5 > 0 sufficiently small as in Hypothesis 2.1
and consider layer neighborhoods €2, of X of the form

Qe :={zs +tv(zs)zx €5, t € (—¢,0)}, 0<e<p.
Fix a real valued potential V' € L°°(R?) with support in s, define the scaled potentials V. € L>(R%) with
support in €2, by

Vo(2) = {’SV(IE + gty(zg)), ifx =xx +tv(zs) € Q, (12)

0, else,
and consider the corresponding self-adjoint Schrodinger operators

H.f = -Af—V.f, dom H, = H*(RY).

With these preparatory considerations we can formulate the main result of the present paper.

Theorem 1.1 Let ¥ C RY d > 2, be an orientable C*-hypersurface as in Definition 2.1 which satisfies
Hypothesis 2.1, let Q € L= (R?) be real valued, and let V € L= (R?) be real valued with support in Q. Define
a € L™ (X) as the transversally averaged value of t — V (zx, + tv(zx)) by

B
alzs) = /_ﬂ V(zs + sv(zs))ds
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fora.e. xx € ¥ and let As o, be the corresponding Schrodinger operator with a -interaction of strength o
supported on 3. Then there exists a \g < 0 such that (—oo0, Ag) C p(Ase + Q) N p(He + Q) foralle > 0
sufficiently small and for every \ € (—oo, \g) there is a constant ¢ = ¢(d, X\, 2, V, Q) > 0 such that

[(He+Q—XN)""— (A0 +Q— N7 < ce(1+|Inel)

holds for all € > 0 sufficiently small. In particular, H, + Q) converges to As o + @ in the norm resolvent sense,
ase — 0+.

Let us briefly describe the structure of the proof of Theorem 1.1 and the contents of this paper. Section 2
contains preliminary material, definitions and properties of the hypersurfaces X and their layer neighborhoods,
as well as a representation of the resolvent of the Schrodinger operator As , which goes back to [10]. The heart
of the proof of Theorem 1.1 is in Section 3. The main part of this section deals with the special case ) = 0.
For this purpose, the potentials V. in (1.2) are factorized with the standard Birman-Schwinger method and useful
representations of the resolvent of H. are provided. The convergence analysis is then done by comparing the
different resolvent representations from Theorem 2.7 and Proposition 3.3, and essentially reduces to convergence
properties of certain integral operators discussed in Lemma 3.4. However, the proof of Lemma 3.4 requires
various refined technical estimates for integrals containing the Green’s function for the free Laplacian which are
outsourced to Appendix A. We wish to mention that in Appendix A particular attention is paid to keep the present
paper self-contained. Therefore all necessary estimates are presented in full detail and complete rigorous form;
as a result Appendix A is of mainly technical nature. The statement of Theorem 1.1 in the general case with
Q@ # 0 follows then from the previous considerations by a simple perturbation argument. Eventually, there is a
short Appendix B in which it is shown that boundaries of bounded C'?-domains satisfy the assumptions imposed
on the hypersurfaces X in this paper.

Finally, we agree that throughout the paper ¢, C, Cy, 5k, k € N, denote constants that do not depend on
space variables and on e. In the formulation of the results we usually write C = C(...) to emphasize on which
parameters these constants depend, but in the proofs we will mostly omit this.

Acknowledgements. Jussi Behrndt and Vladimir Lotoreichik gratefully acknowledge financial support by the
Austrian Science Fund (FWF): Project P 25162-N26. Pavel Exner and Vladimir Lotoreichik also acknowledge
financial support by the Czech Science Foundation: Project 14-06818S. Markus Holzmann thanks the Czech
Centre for International Cooperation in Education (DZS) and the Austrian Agency for International Cooperation
in Education and Research (OeAD) for financial support under a scholarship of the program “Aktion Austria -
Czech Republic” during a research stay in Prague.

2 Preliminaries

This section contains some preliminary material that will be useful in the main part of the paper. In Section 2.1
we recall certain basic facts from differential geometry of hypersurfaces in Euclidean spaces and of layers built
around these hypersurfaces. Then, in Section 2.2 we define Schrédinger operators with J-interactions supported
on hypersurfaces in a mathematically rigorous way.

2.1 Hypersurfaces and their layer neighborhoods

In this section we introduce several notions associated to hypersurfaces and layers around these hypersurfaces.
We follow the presentation from [26], which we adopt for our applications. We start with a suitable definition of
a class of hypersurfaces in the Euclidean space R%. We wish to emphasize that the hypersurfaces considered here
are in general unbounded and not necessarily closed; note also that the index set [ in the parametrization below
is assumed to be finite.

Definition 2.1 We call ¥ C RY, d > 2, a C%-hypersurface and {;, U;, V; };c1 a parametrization of ¥, if [ is
a finite index set and the following holds:

(@) U; ¢ R4 1 and V; C R? are open sets and @, : U; — Vj is a C?-mapping for all i € I;
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(b) rank Dp;(u) =d — 1forallu € U; and i € I;
© ¢i(U;) =V;NXand ¢;: U; — V; N X is a homeomorphism;
) © € Usep Vis
(e) there exists a constant C' > 0 such that
lpi(u) — @i(v)] < Clu — v
forallu,v € U;and ¢ € 1.

Let ¥ C R? be a C2-hypersurface with parametrization {¢;, U;, V;}ic7. Then the inverse mappings cp[l :
V; N3 — U, are often called charts and the family {go;l, VinX,U;}ier atlas of ¥. Forz = p;(u) € ¥ (u € U,
¢ € I) we denote the tangent hyperplane by

T, := span {d1pi(u), . .., Oa—1pi(u) }.

The tangent hyperplane T, is independent of the parametrization of ¥ and dim 7, = d — 1 holds by Defini-
tion 2.1 (b). Subsequently, it is assumed that X is orientable, i.e. there exists a globally continuous unit normal
vector field on 2. From now on we fix a continuous unit normal vector field (which is unique up to multiplication
with —1) and denote it by v(x) for x € X. Then the mapping U; > u — v(p;(u)) is continuously differentiable
forall i € I and O;v(pi(u)) € Ty, () forallu € Usand j € {1,...,d — 1}, see, e.g., [26, Lemma 3.9 and
Section 3F].

The first fundamental form I, associated to 3 is the bilinear form on the tangent hyperplane T, defined by
I.[a,b] := {a,b), a,be Ty,

where (-, -) denotes the standard scalar product in R%. For x = ;(u) € ¥ (u € U;, i € I) the matrix representing
I, in the canonical basis {(9;;)(u) ?;11 of T, is given by

Gi(u) = (O (w), (Drp0) () 1Ly @.1)

and also known as the metric tensor of 3. Observe that G;(u) = (Dy;(u)) T - (Dy;(u)). Together with condition
(b) in Definition 2.1 this implies that G;(u) is positive definite.

Finally, we introduce the notion of the Weingarten map or shape operator.

Definition 2.2 Let X C R%, d > 2, be an orientable C2-hypersurface with parametrization {;, U;, V; }ier
and let v(z), © € X, be a continuous unit normal vector field on 3. For x = ¢;(u) € ¥ (u € U;, i € I) the
Weingarten map W (x): T,, — T, is the linear operator acting on the basis vectors {0, cpi(u)}?;% of T}, as

W (2)0;pi(u) = —0v(pi(u)).

The Weingarten map W (z) is well-defined (but its sign depends on the choice of the continuous unit normal
vector field), independent of the parametrization and symmetric with respect to the inner product induced by the
first fundamental form, see e.g. [26, Lemma 3.9] for the case d = 3. For z = ¢;(u) € ¥ (u € U;, i € I) the
matrix associated to the linear mapping W (z) corresponding to the canonical basis {0, (u) ?;% of T, will be
denoted by L;(u).

The eigenvalues {1, (w) ;i;ll of L;(u) are the principal curvatures of 3 and do not depend on the choice of the
parametrization, see [26, Definition 3.46). In particular, the quantity det(1—tL;(u)) for t € R, which will appear
later frequently, is independent of the parametrization and will also be denoted by det(1 — ¢WW (x)). Furthermore,
the eigenvalues of W (z) depend continuously on = € ¥, as the entries of L; depend continuously on u € U; (see
the text after Definition 3.10 in [26]) and ¢; : U; — X N V; is a homeomorphism.

Next, we discuss a convenient definition of an integral for functions defined on the C2-hypersurface 3. For this
fix a parametrization {¢;, U;, V; }ics of X as in Definition 2.1 with a finite index set I and choose a partition of
unity subordinate to {V; };cz, that is a family of functions x; : RY — [0, 1], i € I, with the following properties:
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() x; € C=(R?) foralli € I,
(i1) suppx; C V; foralli € I;
(i) D> ,c; xi(w) = 1forany z € X.

Note that some of the functions x;, ¢ € I, are not compactly supported, if > is unbounded.

A function f: 3 — C is said to be measurable (integrable), if

Ui 3 u = xi(pi(u)) f (i (u)

is measurable (integrable, respectively) for all ¢ € I. If f: ¥ — C is integrable, we define the integral of f over
Y as

/Zf(m)do(x) = Z/U Xi(pi(w) f(pi(w))y/det G;(u)du, (2.2)

el

where du := dAg_1(u) denotes the usual (d — 1)-dimensional Lebesgue measure on U; and G; () is the matrix
of the first fundamental form given in (2.1). The measure o in (2.2) coincides with the canonical Hausdorff
measure on X which is independent of the parametrization of X; cf. [27, Appendix C.8]. Therefore, the above
definition of the integral does not depend on the parametrization of X and the choice of the partition of unity. We
denote the space of (equivalence classes of) square integrable functions f : ¥ — C with respect to o by L?(X).

Next, we introduce layer neighborhoods of a C2-hypersurface ¥ and we impose some additional conditions
on Y in Hypothesis 2.1 below. For this it is useful to define the functions

Lot Ui x R = RY, Lo, (U, 1) == i (u) + tr(p;(u)), iel (2.3)
The Jacobian matrix of ¢, i € I, is given by the d x d matrix

(Diy)(u,t) = (D) (w)(1 — tLi(w)  vli(w)))
and the absolute value of the determinant of this matrix can be expressed as

’ det ((Duy,)(u,t))| = | det(1 — tLi(u))‘\/(Wi(u); 24)
cf. [28, Section 2] and [14, Section 3]. We will also make use of the mapping

i B xR — RY, ts(zs,t) = xx + trv(zs), (2.5)
and layer neighborhoods €23 of ¥ of the form

Qp = 12(X x (-4,8)), B>0. (2.6)

We employ the following hypothesis for the hypersurface .

Hypothesis 2.1 Let > C RY be an orientable C?-hypersurface with parametrization {@;, U;, V; }yic 1. Assume
that there exists 8 > 0 such that

(@) the restriction of the mapping vs, on ¥ X (=3, B) is injective;
(b) there is a constant ) € (0, 1) such that det(1—tW (xx)) € (1—n,14n) forall zs, € L and allt € (-8, B);
(c) there exists a constant ¢ > 0 such that the mappings ., in (2.3) satisfy

i (1) = g, (v, 8)]" = & (Ju =0 + |s — 1)

Jorallu,v € U, s,t € (=3,0) and alli € I.
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All the assumptions of Hypothesis 2.1 are satisfied for the boundary of a compact and simply connected C?-
domain; see Appendix B. We also mention that a similar set of assumptions was imposed in [10, Section 4].
In the next proposition it will be shown that item (c) in Hypothesis 2.1 implies that the eigenvalues of W are
uniformly bounded on X. In particular, this shows that (b) in Hypothesis 2.1 is automatically satisfied if 5 > 0 is
small enough.

Proposition 2.3 Let ¥ C RY be an orientable C?-hypersurface and assume that item (c) in Hypothesis 2.1
holds. Then the eigenvalues of the matrix of the Weingarten map are uniformly bounded on X..

Proof. Let 5 > 0 be as in Hypothesis 2.1 (c) and suppose that the eigenvalues of the Weingarten map are not
uniformly bounded. Then for some i € [ there exists u € U; and an eigenvalue x of L;(u) such that [u| > 571
Choose a sequence (s,,) C (=3, 3) such that s;, ! are not eigenvalues of L;(u) and s,, — p~*. Then

det(1 —spL;(u)) #0 and det(l —s,Li(u)) =0

and as G; ( ) is positive definite and has uniformly bounded values by Definition 2.1 (e), the same holds for

det(1 ))y/det G;(u), that is,
det Duy, (u,8,) #0 and  det Duy, (u, ,,) — 0;
cf. (2.4). From DuJ ! 1y, (4, n)) = (Diy, (u, 5,)) " we conclude

1
det DL ( Ly, (u Sn)) = m — O0. (27)
Pi »on

On the other hand, by Hypothesis 2.1 (c) the mapping ¢, ! is Lipschitz continuous on ., (U; x (—f,3)) and
hence || D¢} || is bounded; this contradicts (2.7). O

In the next example we provide a C2-hypersurface which does not satisfy Hypothesis 2.1; here a curve in R?
with unbounded curvature at “infinity” is discussed.

Example 2.4 Consider the curve

. 2 u
p:R=>R* uw <f0usin(t2)dt)7

and observe that (RR) is an orientable C2>-hypersurface in R? with parametrization {, R, R?}. If we fix the unit
normal vector field by

() = ! S“““z)) ,

(1 + sin®(u2))'/2 ( 1
then the corresponding 1 x 1-matrix of the Weingarten map is given by

2u cos(u?)

L) = st

Clearly, L is unbounded and hence, item (b) in Hypothesis 2.1 is not satisfied.

Under Hypothesis 2.1, the mapping ¢y, in (2.5) is bijective from ¥ x (-4, ) onto Q. This allows us to
identify functions f supported on Qg with functions f defined on X x (—4, 3) via the natural identification

f(@) = fls(as,t) = flas,t), ==x(zs,1), o2, te(—F,0).

Subsequently, L'(Q5) is equipped with the d-dimensional Lebesgue measure A, and L'(X x (—
equipped with the measure o x A;. In the next proposition it is shown that L'(Q5) and L'(X x
can be identified and a useful change of variables formula is provided.

B,B)) is
(=8.8))
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Proposition 2.5 Let . C R be an orientable C?-hypersurface, assume that Hypothesis 2.1 is satisfied and
let Qg be as in (2.6). Then the following assertions are true.

(i) Letig := LZ|2X(,5’5). Then, there exist constants 0 < ¢1 < co < +00 such that

allfllzies S Ifotsllnimx—ppn < collfloiy,  feL(Q)
In particular, f € LY (Qg) if and only if f o 15 € LY(X x (=8, )).
(i) For f € L*(Qgp) the identity
B
o, fz)dz = /Z /ﬁ flzs + tv(zy))det(1 — tW (xy))dtdo(zx)

holds, where W is the Weingarten map associated to ..

Proof. Let {¢;,U;, V;}icr be a parametrization of ¥ with a finite index set I, let {x; };cs be a partition of
unity subordinate to the covering {V;};cr and set

Xi(7) = xi(rs), iel,

forx = 1g(xn,t) = oy + tv(zs) € Qp withzy, € Y and t € (-4, ). The family {; };c; satisfies
D Xi(z) =1 forallz € Qp (2.8)
il

due to the properties of the partition of unity {x; }ier-
Let f € L*(Qg), let 1y, be as in (2.3) and let ©; g := ¢, (U; x (=33, 8)). Using (2.8) we get

[ = /| PRIBEEIESS / R

iel i€l

Making the substitution z = ¢, (u,t), i € I, in each summand of the last formula, we get with the aid of (2.4)

f(x dx—Z// Xi(tg, (u, ) f g, (u, 1)) det(1 — tL;(u))/det Gy (u)dtdu.

Qp i€l

Using Xi(te, (u, 1)) = xi(pi(uw)), (2.2) and ¢y, (u, t) = t5(p;i(u),t), we end up with

B
f(x)dac:/_ﬁ/zf(w(xz,t))det(l—tW(mg))da(xg)dt.

Q3

Together with Hypothesis 2.1 (b) this formula implies assertions (i) and (ii). O

2.2 Schrodinger operators with -interactions on hypersurfaces

In this section we recall a representation for the resolvent of the self-adjoint Schrodinger operator A , in L?(R%)
with a d-interaction supported on the Cg—hypersurface Y. As in [10] the operator A; , is defined via the corre-
sponding quadratic form with the help of the first representation theorem [24, Theorem VI 2.1]; the functions in
the domain of A; . then satisfy the typical J-type boundary conditions on X, see, e.g., [7, Theorem 3.3]. In the
following Aj ,, is the unique self-adjoint operator in L?(R%) associated to the form as,, in the next lemma; cf.

(1.1).
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Lemma 2.6 Let ¥ C R? be a C?-hypersurface, assume that Hypothesis 2.1 is satisfied and let o € L> (%)
be a real valued function. Then the symmetric sesquilinear form

Galf, 9] = (V1. V9) o gacay — /2 aflsglsdo, domas, := H'(R?), 2.9)

is densely defined, closed and bounded from below in L?(R?); here f
f,g€ HY(RY) on 3.

s, gls denote the traces of functions

Proof. First, we note that Lemma A.3 (i) together with [23, Theorem VII 2, Remark VI 1] (see also [23,
Section VIII 1.1]) imply that for § < s < 1 there is a bounded trace operator from H*(R%) to L*(X). In
particular, the form as , in (2.9) is well-defined. Moreover, since H 1(Rd) is dense in Lz(Rd), the form a5 is
densely defined in L2(R%).

Subsequently, fix some s € (4,1) and ¢, > 0 such that || f[s | .2(s) < v/ClIfll e (ra) forall f € HY(RY).
Let € > 0 and use [22, Theorem 3.30] or [37, Satz 11.18 (e)] to see that there exists a C'(¢) > 0 such that

[(@flz. fle)rae] < lallsollflslZa ) < esllallooll Il Fe @)

, , (2.10)
< callallo (<110 oy + CEON W) -

Thus, for sufficiently small ¢ > 0 the form f + (af]|s, flz) on H!(R?) is relatively bounded with respect
to the closed and nonnegative form f + (Vf,Vf)2gacay on H 1(R?%) with bound smaller than one. Then
by [24, Theorem VI 1.33] the form a; , in (2.9) is closed and bounded from below. ]

Next, we provide a formula for the resolvent of the Schrodinger operator A . For this purpose some notations
are required. The free Laplace operator in L?(R?) with domain H?(R?) is denoted by —A; it is clear that —A
coincides with A5 (o = 0) in the above lemma. The spectrum of —A is given by o(—A) = [0,00). For
A € (—00,0) C p(—A) we define the function

eNe) ::1(u)1d/2f<d _ (ﬁm) z € R\ {0} 2.11)
(2m)472 \ V=X /2 ’ ’

where K/5_1 denotes a modified Bessel function of the second kind and order g — 1, see [1] for the definition
and the properties of these functions. Then,

(RVH(@) = (A =X f)(x) = /Rd Ga(z —y)f(y)dy;

cf. [35, Section 7.4]. Next we define for A\ € (—o0,0) integral operators (), M (X) and provide the integral
representation for the adjoint of y(\)

Y(N): LA(E) — LA(RY), (OWE @)= [ Grle = m)elrm)iotus): (2.122)
M(N): L3 (%) = L*(%), (M(N)E)(z5):= /Z Gi(zs — ys)é(ys)do(ys); (2.12b)
YN LARY) 5 L2(5), (YN ) (ws) = / Galrs — ) )iy, (2.12¢)

For our later considerations the resolvent formula in the next theorem is particularly useful. In the proof of item
(a) and later in Section 3 the Schur test for integral operators will be used frequently, see, e.g., [24, Example 111
2.4] or [37, Satz 6.9].

Theorem 2.7 Let X C R? be a C%-hypersurface which satisfies Hypothesis 2.1 and let o € L™ (X) be a real
valued function. Then the following statements are true.

(a) For A € (—00,0) the operators y(A), M(\) and v(\)* in (2.12) are bounded and everywhere defined.
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(b) There exists a g < 0 such that 1 — oM (X\) admits a bounded and everywhere defined inverse for all
A € (—00, Ag). These A belong to p(As,.) and it holds

(As0 — N1 = RO +7(N) (1= aM(N) ™ ay(\)*.

Proof. (a) Let A € (—o0,0). In order to prove that y(\) is well-defined and bounded we use the Schur test.
In fact, from Proposition A.4 (i) and Proposition A.2 (i) we obtain

[v(V)||? < sup / |G>\($—yg)’da(yg)~ sup/ |G>\(x—yg)’dz<oo.
z€RE J X ys€X JRI

In a similar way one can show that M () and v(\)* are bounded.

Item (b) is essentially a variant of [10, Lemma 2.3]. In fact, let us define for Borel sets B C R? the measure
m by

m(B) :=o(BNY), (2.13)

where ¢ is the measure in (2.2). Then m(R? \ X) = 0, the spaces L%(R%; m) and L?(X) can be identified and
for f € L*(X) one has

/ fas)o(es) = [ Fla)dm(z),
> R4

where fis some extension of f onto the m-null set R\ 3. Moreover, the estimate (2.10) shows that the measure
m in (2.13) satisfies [10, eq. (2.1)] (with v = —«). Now it is easy to see that the integral operators y(\), M (\),
and y(\)* in (2.12) can be identified with the operators R, 4. (iv/—\), Rym (iv/ =) and Rqz  (iv/—X) in [10],
respectively. The assertion in item (b) follows from [10, Lemma 2.3 (ii) and (iii)]. ]

3 Approximation of A;, by Schrodinger operators with regular potentials

In this section we prove Theorem 1.1, the main result of this paper. First, in Section 3.1 we recall briefly the
definitions of the layer neigborhoods, the scaled potentials and the associated Hamiltonians H. from the Intro-
duction, and we derive a resolvent formula for H. which is convenient in the convergence analysis. Section 3.2
contains the main part of the proof of Theorem 1.1. It is efficient to prove Theorem 1.1 for the special case () = 0
first; all technical estimates in Appendix A and all preparatory steps in Sections 3.1 and 3.2 are tailormade for
this case. The general case () # 0 is treated with a simple perturbation argument in the last step of the proof of
Theorem 1.1. Finally, in Section 3.3 we discuss some connections between the spectral properties of H. and of
As o that follow from Theorem 1.1.

3.1 Preliminary considerations on H.

Let d > 2 and ¥ C R? be a C%-hypersurface which satisfies Hypothesis 2.1. Then the mapping ¢x. in (2.5) is
injective on ¥ x (—f, ) for some (in the following fixed) S > 0 as in Hypothesis 2.1. Recall the definition of
the layer (2. from (2.6) for € € (0, 3], fix a real valued potential V' € L°°(R%) with supp V' C Q5 and consider
the scaled potentials

B B S
V() = v (1’2 + gtl/(xz)) , ifx=uxx+trv(zy) € Q,
0, else,

where v is the continuous unit normal vector field on . Observe that Vg = V and supp V. C €2.. The associated
self-adjoint Schrodinger operators are given by

H.f = -Af-V.f, dom H, = H?(RY). (3.1
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Our main objective in this section is to derive the resolvent formula for H. in Proposition 3.3 which turns
out to be particularly convenient for our convergence analysis. We start with the standard factorization of the
potentials V. = v.u., where

ue : L2(RY) — L2(Q.),  (uef)(x) == |Ve(x)|Y?f(z), =z €., (3.2)
and

sign Vz («)|Va(2)|"/?h(z), @ € Q,

33
0, else. (3-3)

vt L2(Q2) » LARY),  (veh)(a) = {

Recall that for A € p(—A) = C\ [0, c0) the resolvent of —A is denoted by R(\) = (—A — X)~L. The following
proposition contains a first auxiliary resolvent formula for H..

Proposition 3.1 Let H. be defined as in (3.1) and let u.,v. and R(\) be given as above. Then the following
assertions are true.

(i) Forall A € C\ [0,00) with 1 € p(ucR(\)v.) one has A € p(H.) and
(He = X)7" = RO\ + R(\ve (1 - ueR(A)ve) ™" uzR(N).
(i) Forall M € (0,1) there exists Apy < 0 such that
Jue R(A)ve|| < M
holds for all e € (0,08]) and A < Ap. In particular, for these \ the results from (i) apply and hence
(=00, Anr) C p(He) forall e € (0, 3].

Proof. (i) Let A € C\ [0,00) be such that 1 € p(u.R(A)v:). Note that A is not an eigenvalue of H, as
otherwise 1 € oy, (u: R(A\)ve); cf. [9, Lemma 1]. Next, we define the operator

T(\) = RO\ + RO)v. (1 — w.R(\)o.) ™ ucR().
This operator is well defined and bounded, as 1 € p(u.R(\)v.). Using V. = v.u. we conclude that
(He = NTO\)f = (= A= X —veue) TN f
= f+v- (1= uRA)ve) " u RN f — veueRON) f
—v(1 =1+ uR(Nve) (1 — uER()\)vg)fl uR(N\) f
= f+v: (1 —uRA\)v:) " RO f — veusRON) f
—ve (1= u:R(\)ve) " u:R(f +veu-RONf = f
holds for any f € L?(R%). Hence, (H. — )) is bijective, which implies that A € p(H.), and
(He = N)7'=T(A) = R() + RA)ve (1~ ueR(A\)ve) " uR(N).

This proves assertion (i).

(ii) Let A € (—o0,0) and recall that R(\) can be expressed by R(A)f = [pa GA(- — ) f(y)dy with G as
in (2.11). Let M € (0,1) be fixed. Using the Schur test and that the absolute value of the integral kernel of
u: R(A)ve is symmetric, we find that

[ue ROe || < SUKI;/Q Val@)[21G (@ — ) IVaw) /2y < 2 IV Sup/ GA(z —y)l|dy.
xelle

c z€Q: JQ.

Hence, the claimed result follows from Proposition A.4 (ii), as this shows the existence of a number A\y; < 0
such that

p
SVl [ 16 =y < M

forany x € Q., all A < Ay and any € € (0, 5]. O
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Next, we transform the resolvent formula from Proposition 3.1 into another one, which is more convenient for
the convergence analysis. This requires several preparatory steps . Recall that for an interval I C R the space
L?(X x I) is equipped with the product measure o X A; of the Hausdorff measure on X and the one-dimensional
Lebesgue measure. Define the functions u,v € L (X x (—1,1)) by

u(zs,t) == |8V (zx + Btv(zx))|V/? and wv(ry,t) := sign (V(zs + Btr(zs))) - u(zs, t). (3.4)

The following operators are essential to state a convenient resolvent formula for H.. We define for ¢ € [0, j]
and A\ € (—00,0) the integral operators A.(\): L2(X x (—1,1)) — L*R%), B.(\): L*(Z x (-1,1)) —
L*(Y x (=1,1)) and C-(\): L2(RY) — L*(X x (—1,1)) as

@)= [ [ 11 G — ys — esv(ys))o(ys, ) (3.52)
det(1 — esW (y5))Z(ys, s)dsdo(ys);
(B2, ) = utas.) [ [ 11 G (w5 + etvlas) — ys — =s(ys)) (3.5b)
0(ys, s) det(1 — esW(ys))E(ys, s)dsdo(ys);
(Cc)Nlas.t) = ulas.) [ Gatas +etvlas) =) Fw)is (3:50)

In order to investigate the properties of A.(\), B-(A) and C.()), we introduce several auxiliary operators. For
e € (0, 8] define the embedding operator

T.: L*(Z x (—¢,¢)) = L*(0), (Z.®)(xx + tv(zs)) = ®(zx, t). (3.6)

It follows from Hypothesis 2.1 (b) and Proposition 2.5 that the operator Z. is bounded, everywhere defined and
bijective. Its inverse is given by

T L2(Q)) — LA(Z x (—¢,€)), (Z7'h)(zx,t) = h(zs + tv(zy)).

Furthermore, we consider the scaling operator
1 t
S, L*(2 x (=1,1)) = LA(Z x (—¢,¢)), (S.E)(wx,t):= —=E (x5, . (3.7
Ve €
The operator S; is unitary and its inverse is
ST LAS x (—6,0) = LAS X (=1,1)),  (S1®)(ws, t) = vEB(ws, et).

In the next lemma some properties of A.(\), Be(A) and C. () are provided.

Lemma 3.2 Let A € (—0,0) and let € € (0, 3]. Moreover, let the operators u., ve, I. and S. be defined by
(3.2), (3.3), (3.6) and (3.7), respectively, and let the integral operators A.(\), B:(\) and C:(X\) be as in (3.5).
Then the following assertions are true.

(1) It holds
Ac(N) = RIS, and C-(\) = ST'Z7 u.R(\).
In particular, the operators Ac(\) and C-(\) are bounded and everywhere defined.
(i) It holds
B-(\) = S- ' ' u R(\)v.Z.S...

Moreover, for any M € (0, 1) there exists Ay < 0 such that | B:(X)|| < M for all X € (—o0, Ayr) and all
e € (0, 8]. In particular, B:(X) is bounded and everywhere defined and for X < \ps the operator 1 — B.()\)
has a bounded and everywhere defined inverse.
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12 J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik: Approximation of d-interactions supported on hypersurfaces

Proof. Lete € (0,8] and A € (—o0,0) be fixed.

(i) We show the two formulae A.(\) = R(\)v-Z.S: and C.()\) = S-*Z-'u.R(\). The operators A.()\) and
C¢(\) are then automatically bounded and everywhere defined, as the operators Se, Z. as well as their inverses,
ue, ve and R(\) have these properties.

Let Z € L?(X x (—1,1)). By the definitions of Z. and S. it holds that
(5.2 + sv(ys)) = = (s, )
= SV = —== — ).
eFe Ys ) \ﬁ Is, c
Furthermore, the definitions of v. and v (see (3.4)) imply for any h € L?(€.) that

1/2
h(ys + sv(ys))

(v2h) 0.+ sv(y)) = = sien V (yz " /jé’l/(yz)> ‘51/ <yz ; fSV(yz)>

_ % (yz, g) h(ys + sv(ys))

forae. (ys,s) € X x (—e&,¢). Using the transformation . 3> y = ys + sv(ys) — (ys,s) € B X (—¢,¢) and
Proposition 2.5 we find that

(R(\v.Z.S-E) (x) = | O =) I5E)(y)dy

= [ [ 6o s — sv(um) 202) (v 2) det(1 - 51 () s ()

—€

= /E /_1 Gr(xz —ys —erv(ys))v (ys,r) det(1l — erW (ys))ZE (ys, r) drdo(ys)

= (A (VE)(2).
(3.8)
Since this is true for a.e. z € RY, the first formula of item (i) is shown.
Next, we show the assertion on C. (). A simple calculation yields that
(ST ueg) (s, 1) = V(I ueg) (@, et)
1 3 1/2
=" 7 sV (J:z + estu($2)> g(zs + etv(xy)) (3.9)

=u(xg, t)g(zs + etv(zs))

forany g € L?(R?) and a.e. (zx,t) € ¥ x (—1,1). Using (3.9), we find that

(ST ROV f) (s, 1) = ules, ) /

g Ga(rs +etv(zs) —y) f(y)dy = (C-(N) f)(2s, 1)

forall f € L2(R?) and a.e. (vx,t) € ¥ x (—1,1). Thus, the second formula is shown as well.
(i1) Using (3.9) and (3.8) we get that
(S7'Z7'ue R(N)0.I.S:E) (25, ) = u(zs, t) (R(N)v.L.S-E) (5, + ctv(zs))

= u(zs,t) /2 /_1 Gi(zs + etv(zs) — ys —erv(ys))

v (ys, ) det(1 — erW(ys))= (ys, r) drdo(ys)
= (B:(M)E) (w5, ).

Therefore, we obtain the desired formula in item (ii). In particular, this formula implies that B.(\) is bounded
and everywhere defined.
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Let M € (0,1) be fixed. Note that Z. and Z_ ! are uniformly bounded for all € € (0, 3] by Proposition 2.5
and Hypothesis 2.1 (b). Furthermore, recall that S. is unitary. Hence, using Proposition 3.1 (ii) we find that

”BE()‘)H = ||S‘;II‘;1U6R(A)UEI€SE|| < HSs;IH : ||I;1H : |’U8R(>‘)Us|| : HIs” ’ HSEH <M
for all A < 0 with |)\| sufficiently large and all £ € (0, 3]. O

After all these preparatory steps it is simple to transform the resolvent formula for H, from Proposition 3.1
into another one which is more convenient for the convergence analysis.

Proposition 3.3 Ler H. be defined as in (3.1) and let A.(\), B:(\) and C-()\) be as in (3.5). Then there
exists a Ao < 0 such that (—oo, \g) C p(H.) and

(Hs - )‘)_1 = R()‘> + As()‘> (1 - Be()\)) CE()‘)
foralle € (0,8] and A < Ao.

Proof. Let the operators u., ve, Z, Sc be defined as in (3.2), (3.3), (3.6) and (3.7), respectively. Choose
Ao < O such that 1 — u. R(A\)v. and 1 — B.(\) are boundedly invertible for any A < A and all £ € (0, 8] (such
a )\ exists by Proposition 3.1 and Lemma 3.2). Then, it holds by Proposition 3.1 and Lemma 3.2 that

(H. —X)~" = RO) 4+ R(\)ve (1 — ueR(A)v) ™ ucR(N)
(A + A (NS (1= T.8.B.(A)S oY) T 1.S.C (V)
(A + A (V) (1= B-(A\) ™ C=(N),

which proves the statement of this proposition. O

R
R

3.2 Proof of Theorem 1.1

In this section we prove Theorem 1.1. The argument essentially reduces to special the case Q = 0, which
will be treated first. In this situation we have to show that the family of operators H. converges in the norm
resolvent sense to As o, as € — 0+. Because of Theorem 2.7 and Proposition 3.3 it is sufficient to investigate
the convergence of A.()), B-(\) and C.(\) separately. This is done in the following lemma. In the proof we
make use of the integral estimates in Appendix A and we frequently use the Schur test for integral operators;
cf. [24, Example III 2.4] or [37, Satz 6.9].

Lemma 3.4 Ler A € (—00,0) and let A.(N\), B<(\) and Cc(\) be defined as in (3.5). Then there exists a
constant ¢ = ¢(d, A\, X, V') > 0 such that for all sufficiently small £ > 0 the following estimates hold:

14:(A) = Ao, C=(3) = CoWI| < ee(1+ [mel) ', |[Bo(A) = Bo(W)]| < e=(1+ | Inel).

Proof. First, we provide an estimate related to the Weingarten map W (ys). Let p1(ys),-. ., ttd—1(yx)
be the eigenvalues of the matrix of W (yx), which are independent of the parametrization of ¥ and uniformly
bounded on 3J; cf. Proposition 2.3. This implies for s € (—1,1) and € € (0, 1) the existence of a constant ¢; > 0
such that

d—1

1— H(l —esuk(ys))| < e, ys € X (3.10)
k=1

De(ys, ) = [1 — det(1 — esW(yz))| =

Fix A € (—00,0). In order to find an estimate for || A-(\) — Ag(\)||, we introduce for € > 0 the auxiliary integral
operator A.(\): L?(X x (—1,1)) — L?(R%) by

(A.(NE) () = / / Gala — y — esv(ye)olym, E (s, Sdsdo(y).
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The quantities || A-(A) — Ac(A)| and || A-(\) — Ag(A )|| are estimated separately for sufﬁc1ently small € > 0. To
estimate ||A;(\) — A-(X)|| we introduce the functions FLE R? — [0, <] and FlAE' ¥ x (—=1,1) — [0, 0] by

File) = | / G @ =y — esv(ys))o(ys, )| D (ys, 5)dsda(ys),
ﬁfg(yg, s) = / |G,\($ —ys —esv(ys))v(ys, s)|D€(yg, s)dx.
Rd
With the aid of (3.10), Proposition A.5 (i) and Proposition A.2 (ii), we find that
A A
sup FL5 <ca€ and sup FLE < ca€
with a constant c4 1 = ca,1(d, A, 3, V) > 0. Using these bounds and the Schur test we obtain
~ 2 ~ ~
HAE(/\) —AE(/\)H < (supr}g) . (supr}E) < 01247152. (3.11)

To estimate ||A.(\) — Ag())||, we introduce the functions ffgz R? — [0, 0o and ﬁ{}es Y x(=1,1) = [0, 0]
by
F( / / |(Galz — ys —esv(ys)) — Galz — yx))v(ys, s)|dsdo(ys),
Fil(ys,s) = /Rd |[(Ga(@ = ys — esv(ys)) — Gale — ys))v(ys, 5)|dz.
We find with the help of Proposition A.9 (i) and Proposition A.6 that
sup F3 e <cape(l+|Inel) and sup ﬁfs < caoe

with a constant c4 2 = cA72(d, A, 2, V) > 0. Using these bounds and the Schur test we get

HEE(/\) — AO(/\)H2 < (sup ﬁfa) . (sup ﬁfg) < 01247282(1 + |Ingl). (3.12)

Combining the estimates (3.11), (3.12) and applying the triangle inequality for the operator norm, we conclude
that there exists a constant c4 = c4(d, A\, X, V) > 0 such that

A=) = AoV < [|Ac(N) = AV + [|Ae(N) — Ao (V)
<cane+caze(l+|ne)t/? < cac(l+ \ln5|)1/2

Next, we analyze the convergence of B (). For this purpose, we introduce for ¢ > 0 the auxiliary operator
B.(\): L*(¥ x (=1,1)) = L?(X x (=1,1)) as

(§€(A)E)(xg,t) = u(xg,t)/z/_l Gi(zs +etv(zs) —ys —esv(ys))v(ys, $)2(ys, s)dsdo(ys).

As in the analysis of convergence of A, (\), we separately prove the estimates for || B: (A) —
By (N)||, which yield then the claimed convergence result. To estimate |B:(A) — Bo(A
functions F3 E,Fl X x (—1,1) — [0, 00] by

Bo()]| and || B=(3) -
)||, we introduce the

ﬁfe(l‘g,t) = /2 [1 |U(l‘g,t)G>\($E + etv(zy) — ys — esv(ys))v(ys, s)|D€(yg, s)dsdo(ys),
1
ﬁfs(yz, 8) = /Z [1 |U(I‘Z,t)G)\(I§] + etv(zy) — ys — esv(ys))v(ys, s)|D5(yg, s)dtdo (zy).
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Using (3.10) and Proposition A.5 (ii), we get
sup ﬁli <cp,¢€ and sup ﬁfg <cp,¢€

with a constant cg 1 = ¢p,1(d, A, 2, V) > 0. Employing these bounds and again applying the Schur test we
obtain that

[B-A) = B-V)|)* < (sup FE) - (sup FE) < ¢% 1% (3.13)

To estimate || B-(\) — Bo(\)|| we introduce the auxiliary function FP : ¥ x (=1,1) = [0,00] as

in(:rg,t) ::// |u(:rg,t)(GA(:vg—i—stV(xg)—yg—ssy(yg))—GA(xg—yg))v(yg,y)|dsda(yg).
»Jo1

Using that the absolute value of the integral kernel of B. (A) — Bo(A) is symmetric and applying Proposition A.9
(ii), we obtain with the help of the Schur test that

| B-(A) — Bo(N)|| < sup FE. < eppe(1+ |Ine]) (3.14)

with a constant cg o = cp2(d, A\, X, V) > 0. Putting together the estimates in (3.13), (3.14) and employing the
triangle inequality, we eventually deduce that there is a constant cg = cg(d, A, X, V') > 0 such that

||BE()\) - BOO‘)H § HBE()‘) - -/B\s(/\)H + H§6<>\) - BO(/\)H
<cp€+ 03725(1 + |1n€\) < 035(1 + |1ns|).

Finally, we analyze the convergence of C.(\). Using again the Schur test, Proposition A.9 (i) and Proposi-
tion A.6 we find

e — oW < sup// w(ws, 1) (Ga (s + ctv(es) — y) — Gales — )| dido(es)

sup / |u(zs,t)(Gr(zs + etrv(zs) —y) — Galzs —y))| dy
(z3,0)€ExX (—1,1) JRA

< cce®(1+ |Inegl)

with a constant cc = cco(d, A\, Z,V) > 0. Setting ¢ := max{ca, cp, cc}, the claimed result of this lemma
follows. O

Theorem 2.7, Proposition 3.3 and Lemma 3.4 contain the essential ingredients to prove Theorem 1.1. In the
first two steps of the proof the special case () = 0 is discussed, the general situation is treated in the last step.

Proof of Theorem 1.1. For A < 0 and ¢ € [0, 3] the operators A.()), B-(\) and C. () are defined as in (3.5).

Step I: First, we prove that (1 — Bo(\)) ™! exists and is bounded and everywhere defined for A < 0 with ||
sufficiently large. Let M € (0, 1) be fixed and choose Ap; < O such that || B.(\)|| < M for any A < Aps and all
e € (0, B]; recall that such a s exists by Lemma 3.2 (ii). Hence, the operators (1 — B.()))~! are bounded and
everywhere defined for A < A\js and e € (0, 3], and it holds

1
1-M

Because of (3.15) and Lemma 3.4, we can apply [24, Theorem IV 1.16], which yields that 1 — By()\) is boundedly
invertible. Moreover, for A < A\j; we conclude from [24, Theorem IV 1.16] and (3.15) that

DY < (1 = B-(A)
T 1= [1B(A) = BoW[I[(1 = B=(A))~

< cie(1+ |Inel)

[(1=B(A)7H| < (3.15)

[[(1=B(A) ™" = (1 = Bo(A
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holds for all £ > 0 sufficiently small and a constant ¢; = ¢1(d, A\, X, V) > 0.
Step 2: From Proposition 3.3, Lemma 3.4 and the estimates in Step 1 we obtain
[[(He = 2)7 = (R(A) + Ao(M) (L = Bo(A)) "' Co(V) |
= [[Ac (N (1 = Bo(X)T1Ce(A) = Ao(A)(1 = Bo(A)) " Co(V)]| < cae(1 + |Inel)

with a constant co = co(d, A, 2, V') > 0. It remains to verify that
R(A) + Ao(AN)(1 = Bo(A) " Co(A) = (450 = N) 77, (3.16)

where oo € L°(X) is defined as in the theorem,
B

alzry) = / V(zs + sv(zs))ds.
-8

In order to show (3.16) let u and v be given by (3.4), introduce the bounded operators U: L3(2) — L*(Z x
(—=1,1))and V: L?(X x (—1,1)) — L3(X) by

(U€)(zx,t) := u(ws, t)é(zs) and (VE)(zs) = / v(zs, 8)E(zy, s)ds

-1

defined almost everywhere, and note that VU is the multiplication operator with v in L?(3). Furthermore, recall
the definition of the bounded operators v(\), M () and the formula for (\)* from (2.12); cf. Theorem 2.7.
Then, we observe that

(Ad(NE)(z) = /E /_ Gl =)ol (s, $)dsdo ()
- [ G- yz)( JRCEETS s)ds) do(ys) = (v(NVE) (2)

forany £ € L2(X x (—1,1)) and a.e. € R?. Thus, we conclude Ag(\) = v(\)V. In a similar way, one finds
that

(Bo(VE) (3, 1) = u(es, ) / / Gl =)ol (s, )dsda ()

-~

1
= U(Iz,t)/EGA(ﬂiz - yz)(/ ”(y&S)E(y&S)dS)dU(yz) = (UMNVE)(ax,t)

-1

forany = € L?(X x (—1,1)) and a.e. (zx,t) € ¥ x (—1,1), which implies By()\) = Tj'M()\)‘/} Finally, one
sees that

~

(CoN) Nz, t) = utas.t) [ Galas =) )y = (O ) s

forall f € L2(R%) and ae. (zx,t) € X x (—1,1), which implies Co(\) = U~(A)*. Thus, we get

lim (H. — 2) ™" = R(\) + Ap(\) (1 = Bo(A) ™' Co(N)
€0 - R L (3.17)
=R(\) + 7(A)V(1 — UM(/\)V)_ Uy(N)*.
Since o = VU we conclude from

~ — -1

f/(l —OMOW) U= (1 -VOMW) V0 = (1—aM(\) ‘o,
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and (3.17) together with Theorem 2.7 that

lim (H. —A\) ' = RO\ +y(A\) (1 —aM (X))

* _ —1
i, 0y = (Asa = )7

This completes the proof of Theorem 1.1 in the case @) = 0.

Step 3: Let Q € L>™(R?) be real valued and let A € R be such that A < Ap; — [|Q]| . Then X is smaller
than the lower bound of the operators A5, + @ and H. + @ for all € € (0, §]. Using the formula

(He+ Q=N = (1= (H. +Q - N)7'Q) (H. — N7,
we compute
(H-+Q—-N"'— (450 +Q— N1
(e + Q=N (450 + Q=) = 1) (450 + Q=N
[(H+ Q=N = (1= (He + Q= )7'Q) (s = )| (Asa = M(Asa + Q= N) !
(1= (He + Q= N7'Q) [(H: = V7! = (Asa =N (1= Q50 + Q= X) 7).

This implies

[(He+Q—=XN""— (450 +Q =N
<= He+Q=N""Q| - [(He =)' = (As.a = A7 - 1 = QAs0 +Q = N7

Since the norm ||1 - (H:+Q — A)*lQH is uniformly bounded in ¢, the result of Step 2 yields the desired
claim. O

3.3 Consequences for the spectra of H, and A;

In this section we discuss how Theorem 1.1 can be used to deduce certain spectral properties of H. from those
of A, and vice versa.

First, the approximation result in Theorem 1.1 combined with the results in [7, 16, 18] on the existence of
geometrically induced bound states for Schrodinger operators with d-interactions supported on curves and sur-
faces can be used to show the existence of such bound states also for the operators with regular potentials (in the
approximating sequence) provided that the potential well is sufficiently “narrow” and “deep”. This application is
motivated by Open Problem 7.1 in the review paper [15]. In order to formulate the respective claims we introduce
several geometric notions. We say that the hypersurface ¥ C R?, d > 2, is a local deformation of the hypersur-
face ¥ C R, if © #* % and if there exists a compact set K C R% such that ¥ \ K = v \ K. Furthermore, we
introduce for § € (0, 7/2) the broken line £ C R? and the infinite circular conical surface C C R3 by

L= {(z,y) € R*: y = cot(0)|z|}, C:={(z,y,2) ER®: z = cot(0)\/22 + y2}.

Proposition 3.5 Let ¥ C R? be as in Definition 2.1 such that Hypothesis 2.1 holds and assume that ¥ satisfies
one of the following assumptions.

(@) d =2 and X is a local deformation of a straight line;
(b) d =2 and ¥ is a local deformation of a broken line;

(¢) d = 3 and % is a C*-smooth local deformation of a plane, which admits a global natural parametrization
in the sense of [13, Section 2-3, Definition 2];

(d) d =3 and X is a local deformation of an infinite circular conical surface.
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Let the layer g C R? be as in (2.6) and let V. € L>®(R?) be real valued with suppV C Qg. Assume
that « € L*>(X) associated to V' as in Theorem 1.1 is a positive constant, which in case (c) is assumed to be
sufficiently large. Then for all sufficiently small € > 0 the self-adjoint operator H. in (3.1) has a non-empty
discrete spectrum below the threshold of its essential spectrum.

Proof. As there is no danger of confusion, we denote the value of the constant positive function o € L>°(X)
by « as well. First, recall that by Theorem 1.1 the self-adjoint operators H. converge in the norm resolvent sense
to the self-adjoint lower-semibounded operator As o as e — 0+.

Next, in all the cases it is known that oess(Asa) = [—a?/4,00); cf. [6, Theorems 4.2 and 4.10] and [7,

Theorem 3.3]. Moreover, Proposition 3.1 implies that the operators H. are bounded from below uniformly in
¢ € (0, B]. Hence, the result [37, Satz 9.24 (a)] yields

inf oo (H.) — —a/4, e—0+. (3.18)

Moreover, in all the cases it is known that oq(As,o) N (—00, —a?/4) # 0; cf. [16, Theorem 5.2] for (a), (b),
[18, Theorem 4.3] for (c) and [7, Theorem 3.3] for (d). Choose now a finite interval (a,b) C (—oo, —a?/4)
with a,b € p(As) such that 04(Aso) N (a,b) # 0. By (3.18) we get for all sufficiently small ¢ > 0 that
inf oess (He) > 0.

Eventually, it follows from [37, Satz 2.58 (a) and Satz 9.24 (b)] that for all sufficiently small € > 0 the dimen-
sions of the spectral subspaces of H. corresponding to (a, b) are equal to the dimension of the spectral subspace
of A, corresponding to the same interval; i.e.

dimran Epg, ((a,b)) = dimran E4; , ((a,b)) > 0. (3.19)

Since b < inf oess(H), this implies the claimed result. O

In the next proposition we show that Schrodinger operators with potential wells supported in curved periodic
strips have gaps in their spectra under reasonable assumptions. This proposition can be proven in a similar way
as Proposition 3.5. It suffices to combine a result [17, Corollary 2.2] on the existence of gaps in the negative
spectrum for the Schrédinger operator with a strong d-interaction supported on a periodic curve with the main
result of this paper and with standard statements on spectral convergence. Note that a similar idea was earlier
used in a different, albeit related context in [38].

Proposition 3.6 Let ¥ C R? be as in Definition 2.1 such that Hypothesis 2.1 holds. Suppose that ¥ is
parametrized via the tuple {o, R, R?} with |¢'| = 1. For ¢(s) = (¢1(s), p2(s)) define the signed curvature of

Y by k= ol ol — )y Assume that ¥ is not a straight line and that k satisfies the following conditions.

(@) k € C?(R);

(b) k(s + L) = k(s) for some L > 0 and all s € R;
© [ K(s)ds = 0;

@ | [ w(s)ds| < m/2forall T € [0, L).

Let Q3 C R? be as in (2.6) and let V € L°°(R?) be real valued with supp V' C Qg. Assume that « € L>®(X)
associated to V' as in Theorem 1.1 is a sufficiently large positive constant. Then for all sufficiently small € > 0
the self-adjoint operator H. in (3.1) has at least one spectral gap in the interval (—o0,0).

One can also use Theorem 1.1 to obtain spectral results for A; ., from those of H.. To illustrate this idea, we
show in the following example that for d > 3 the operator As , does not have any negative bound states if X is
a sphere with radius R > 0 and if o € (0, d%) is a constant. The same result is also contained in [5, Theorem
2.3] for d = 3 and in [4, Theorem 4.1] for arbitrary d > 3. The proofs there are of a different nature than ours.

Example 3.7 Letd > 3, R > 0O and ¥ = 0B(0,R). Let a € (0, %2) be fixed. Let ¢ € C5°(R4.) be

non-negative with supp ¢ C (R/2,3R/2) such that
3R/2
/ q(r)dr = a.
R/2
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Define the radially symmetric potential V' € L>®(R?) by V(z) := q(|z|), * € R%. Furthermore, define the
scaled potentials V. and the operators H, as in the Introduction with 8 = R/2 and £ € (0, R/2]. By Theorem 1.1
the operators H. converge in the norm resolvent sense to As, as ¢ — 0+. For any ¢ € (0, R/2] the potential
V% is also radially symmetric and we get with the help of Lebesgue’s dominated convergence theorem that for
G (J2]) = V()

oo g R R
lim rge(r)dr = lim (R+7) 224 (R + r) dr

e—0+ 0 e—0+ e 2 2e
3R/2 92
= lim (w+R—25> q(z)dz =aR < d—2.
e—0+ R/2 R

Hence, using Bargmann’s estimate [32, Theorem 3.2], we obtain that H. has no negative eigenvalues for all
sufficiently small € > 0. Because of Theorem 1.1 and [37, Satz 9.24 (a)] it follows that As . has no negative
eigenvalues as well.

A [Estimates related to Green’s function

In this appendix we provide estimates for integrals that contain Green’s function

1-d/2

Gi(z) = (2771)d/2 (J%) Kijo-1 (ﬁm) , zeRN\{0}, d>2, (A1)
from (2.11). The estimates are formulated in a way such that they can be applied directly in the main part of
the paper. We note that some of the estimates below are known, but exact references are difficult to find in the
mathematical literature. Therefore, in order to keep this paper self-contained we also provide complete proofs
of standard estimates as, e.g., in Proposition A.1. Throughout this appendix we assume that 3 is an orientable
C?-hypersurface which satisfies Hypothesis 2.1, and we denote by v the continuous unit normal vector field of
3.

In the first preliminary proposition we discuss the asymptotics of Gy and VG .

Proposition A.1 Let A € (—00,0) and let G be as in (A.1). Then there exists a constant R = R(d) > 0
such that the following assertions hold.

(i) There is a constant ¢ = c(d) such that for all |x| < %

e
c(1+|In(V=Az|)|), ifd=2,
|G,\(x)’ = 2-d ;
clzl*~, ifd >3,
holds. Moreover; there exists a constant C' = C(d) such that for all |x| > \/% it holds

el N e
’G,\(x)’ <C Wy e .

In particular, Gy € L' (R?).
(ii) The function R%\ {0} > x — G(w) is continuously differentiable. Furthermore, there exist constants

_ _ R
¢ =c(d,\) and C = C(d, \) such that for all |x| < =

|VGA(2)] < cla|' ™7

is true and for all |x| > \/% it holds

[VGi(z)| < CemV Al
In particular, VG € L*(R%; CY).
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Proof. (i) Due to the asymptotic behavior of K /51, see [1, Section 9.6 and 9.7], there exist an R = R(d) >
0 and constants C7, Cs, C's > 0 such that for any p € (0, R]

Ci(1+|Inp)), ifd=2,
o . A2
| d/2 1(p)| — {Cgpl_d/2, ifd Z 3’ ( )

is satisfied and for any p > R
|Kas2-1(p)| < Cse™ (A3)

holds. Hence, the claimed asymptotics follow from the definition of GG. It is not difficult to check that these
asymptotics imply G € L'(R%).

(ii) Recall first that the mapping C \ (—00,0] 3 z — K, (z) is holomorphic by [1, Section 9.6]. Therefore,
R?\ {0} > = + G(x) is continuously differentiable and we obtain

VGA(x)=1$(<1—d) 2 s 1 (V=Xal

(2m)d/2 |z 2 )
| |)\ 1-d/2 (Ad)
T
+Vv- (F) K(/i/2—1 (V )‘|$|))
for d > 3 and
VG (r) = — L VINK, (\/—)\|x|) (A.5)
27 || 0
in the case d = 2. Since
, d—2
Kyo_1(2) = Kaja(2) + 5 a/2—1(2) (A.6)
by [1, eq. 9.6.26] we conclude from (A.2) that for d > 3 and |z| < \/%
[ Kyoa (VAR | < [Kap (VA2 |+ 5= [ Kajp-1 (V=) |

2Fl\

<Oy |x‘—d/2 + O ——— ‘xll d/2 < Cg |CL" d/2

2Fl|

holds with some constant C4 = Cg(d, A) > 0. It is easy to see that the same estimate is also true in the case
d = 2. Hence, (A.2), (A.4) and (A.5) yield

[VGA@)| < Cr (Jal =2 | Kaja-y (Ve )| + [ =2 Koy (VR )|) < el

In the same way, using (A.3), (A.4), (A.5), and (A.6) one finds for all |z| > that

R
VSN
|VGA(z)| < Cem Vel

holds with some constant C = C(d, A) > 0. Finally, it is not difficult to check that the asymptotics for VG
imply VG, € L' (R4, C9). O

We start now with the estimates which are needed to show Lemma 3.4. The first proposition in this context is
only based on the integrability of G; cf. Proposition A.1 (i).

Proposition A.2 Let 3 be a C%-hypersurface which satisfies Hypothesis 2.1 and let \ € (—00,0). Then the
following statements are true.
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(i) There exists a constant C' = C(d, \) > 0 such that

sup / |GaA(z —yx)|dz < C.
Rd

Ys €D

(i) Lety) € L°(X x (=1,1)) and let € € (0, B]. Then there exists a constant C' = C(d, A\, 1)) > 0 such that

sup / |Ga(z — ys — esv(ys))¥(ys, s)|dz < C.
(ys,8)€Xx(—1,1) JRA

Proof. We only prove item (ii), assertion (i) can be shown in the same way. For (ys, s) € ¥ x (—1,1) fixed
we have

[ 1Gata = s = sl blus, 9o < = [ [Gata)lde <
R4 R
with some constant C' = C'(d, A, ¢). This is the claimed result. O

The following lemma contains an auxiliary estimate associated to the hypersurface 3. Recall that o denotes
the Hausdorff measure and A is the d-dimensional Lebesgue measure.

Lemma A.3 Let ¥ be a C?%-hypersurface which satisfies Hypothesis 2.1. Then the following assertions are
true.

(i) There exists a constant 61 = 51 (d,X) > 0 such that for any ro > 0 and any x € R? it holds
o( N B(x, 7)) < Crrdt.
(i) Lete € (0, ] and let Q) be as in (2.6). Then there exists a constant Cy = Cy (d, %) > 0 such that for any
ro > 0 and any x € R? it holds
Ad(QE n B(Z‘,To)) < égETg_l.

Proof. (i) By the definition of the measure o we have

a(XN B(z,rg)) :/ do(zx) = Z/I(Z » ))Xi(soi(u))\/det Gi(u)du;
®; NB(x,ro

YNB(x,ro) icl

cf. (2.2). Assume that @; ' (SNB(x,70)) # 0, letu; € ¢; (SNB(x,70)) be fixed and let u € ¢; ' (ZNB(x, 7))
be arbitrary. Using Hypothesis 2.1 (c) we obtain

clu —uil < lpi(u) = @i(ud)| < lpi(u) — | + |z — @i(us)| < 2ro.
Hence, it follows ¢; * (X N B(x, 7)) C B(ui, 2ro/c), which implies

o(XN B(z,r)) = Z/.l(sz(f ) Xi(pi(u))y/det G;(u)du

icl

SC&Z/ duSClz/ dugélrgfl,
il W;l(sz(lvT'O)) ier Y B(ui,2ro/c)

where we have used that det GG; is uniformly bounded and that the index set [ is finite by assumption.
(ii) Using Proposition 2.5 (ii) and Hypothesis 2.1 (b) we find

Aa(Q2 1 Bl o) = / dy = / Lo e (¥)dy
Q.NB(z,r0) Q.

= /2 /j Lo, AB(a,ro) (s + sv(ys)) det(1 — sW (ys))dsdo(ys)

€
SCQ// Lo nB(2,r0) (s + sv(ys))dsdo(ys).
¥ J—e

Copyright line will be provided by the publisher



22 J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik: Approximation of d-interactions supported on hypersurfaces

Let ¢, be given by (2.3). Using the definition of the measure o and the fact that det G; is uniformly bounded by
assumption, it follows

Aa(Q 1 B(z, 7)) < C / / Lo, nB(ar) (U5 + s0(ys))dsdo(ys)

- 022/ / Xi SDZ ]lQ NB(z,ro) Lgpl u, S \/(stdu
—&

iel

<C’32/ / 1 4, (u, s)dsdu,

el
where A; := L;}(QE N B(x,7r9)) C U; x (—¢,¢) and hence 14, = Lo nB(a,ry) © Ly;- Assume A; # 0, let
(u;,t) € A; be fixed and let (u, s) € A; be arbitrary. Using Hypothesis 2.1 (c) we find
1/2
clu—us| <e(fu—wil*+ (s =1)°) "7 <pilu) + sv(pi(u)) — @i(us) — tv(pi(ui))|
< lpi(u) + sv(pi(u) — 2| + |z = @i(wi) — tr(pi(ui))] < 2ro.
Therefore, we find A; C B(u;,2rg/c) X (—¢,¢€), which yields

Aa(Q2 0 B(x, o)) <CJZ//]1A u, s)dsdu

el

<032/ o [edst—Cgerd 1

i€l

O

The next proposition contains two estimates of a similar flavour as in Proposition A.2. The proof is essentially
based on Lemma A.3.

Proposition A4 Let 3 be a C?-hypersurface which satisfies Hypothesis 2.1 and let \ € (—00,0). Then the
following assertions are true.

(1) There is a constant C' = C(d, A\, %) > 0 such that

Sup/ |G,\(ac—yg)|do(yg) < C.
b

r€R4

Moreover, for any fixed C > 0 there exists A\c < 0 such that the above inequality is satisfied for this fixed C'
and all A < A¢.

(i) Let e € (0, 8] and let Q) be as in (2.6). Then there is a constant M = M (d, X\, X) > 0 such that

sup / |G (x —y)|dy < Me.
Q.

zER4

Moreover, for any fixed M > 0 there exists Ap; < 0 such that the above inequality is satisfied for this fixed
M, all X\ < Appand all € € (0, ).

Proof. (i)Letz € R% and A € (—o0,0) be fixed, let R > 0 be as in Proposition A.1 and set
={ys €X:V-Az—yg| <R} and %= {ys € ¥:V-Alz—ys|> R}.

Then we have

/ 1Ga(z — y)|do(ys) = / Galz — yx)ldo(ys) + / Gz - ys)ldo(ys).
) Y Yo
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In order to find an estimate for the integral over ¥ observe that

oo
JRCCETSTETOED Sy NGRS TEtS]
1 n—=1"4n
where the sets A,, are defined as
An:{yg62:2*”<\/—7)\|x—yg\/R<2*"+1}, n € N.
Due to the asymptotics of G in Proposition A.1 (i) we find for y», € A,, that

Ci(1+nn2), ifd =2,

Gr(z —ys)| < "
|G (= yz)l_{CQ(A)d/zl.(gdz), ifd > 3.

Hence, we get in the case d > 3 that

/ |Gx(z — ys)|do(ys) Z/ |Ga(z — ys)|do(ys) 202 AL (2d_2)n/ do(ys).
n=1 An

Using that A,, C B(z, R-27""!/y/=X), we can employ Lemma A.3 (i) and get

/ |G/\($_yE)|dU(yZ) <Cg d/2 12 Qd 2 R 92— n+1/\/7)
b3

AT Z 27" = Cy(=A) 2
n=1

Note that similar estimates are also true in the case d = 2, as for yx, € A, it holds

(A7)

|Gx(z —ys)| < C1(1+nln2) < Cs5(1+2"2) < 2052"/2.

Finally, we derive an estimate for the integral over X5. For this purpose we decompose the integral as follows

[ 1Gate = pldotus) = Y- [ 1Gae - ys)ldatus).
22 n=1 Bn
where the sets B,, are given by

B,,,:{ygeE:R+nfl<\/f/\|xfyz\<R+n}, n e N.

Using the asymptotics of G for large arguments from Proposition A.1 (i) we find for ys; € B,, that

. 1-d/2
(Gato )| = o (221} vt < g pytetmen o,

Since B,, C B(z, (R +n)/v/—X), we can employ Lemma A.3 (i) and get that
[ 16ata = pldatus) = - [ 1Gate - pldatus)
Yo n=1" Bn

< 207(—A>d/2‘1e‘<R+”‘” / do(ys) (A.8)
B

n

< Cs(— 1/226 (R+n)Tt = Cy(—N) "2

Copyright line will be provided by the publisher



24 J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik: Approximation of d-interactions supported on hypersurfaces

The estimates (A.7) and (A.8) yield now the claimed bounds. In particular, by choosing A < 0 with || sufficiently
large the constant C' := (Cy 4 Cy)(—\)~/2 becomes arbitrarily small.

(ii) The proof of this statement is similar to the one of assertion (i). The difference is to replace X by the layer
Q). and to use Lemma A.3 (ii) instead of Lemma A.3 (i). O]

The next result is a consequence of Proposition A.4.

Proposition A.5 Let X be a C?-hypersurface which satisfies Hypothesis 2.1, let X\ € (—00,0) and let ¢ €
(0, B]. Then the following statements are true.

(i) Letp € L>®(X x (—1,1)). Then there exists a constant C' = C(d, A\, X, ) > 0 such that

sup / /_1 |Gr(z — ys — esv(ys) ) (ys, s)|dsdo(ys) < C.

z€eRE J X

(il) Let w,v € L>=(X x (—1,1)). Then there exists a constant C = C(d, A\, 3, w, ) > 0 such that

sup / / w(zs, t)Ga(zs + etv(zs) — ys — esv(ys))(ys, s)|dsdo(ys) < C.
—1,1)

(zs,t)eXx(

Proof. Let z € R? be fixed. According to Hypothesis 2.1 (b) there exists a constant C; > 0 such that for
any s € (—1,1) and all ys, € X the estimate

1< Crdet(1 —esW(ys))

holds. Using Proposition 2.5 (ii) and Proposition A.4 (ii) we conclude that there exists a constant C' > 0 (inde-
pendent of z) such that

1
/ / ’G)\(Z —ys — ssu(yg))|dsda(y2)
=/
1
<G /2 /_1 |GA(z — yz — esv(ys))| det(1 — esW (ys))dsdo(ys)

: (A.9)
=2 [ ] 16A(z = s = rvtus)) | det(1 = rW () ()

Cl/ Cr(z—p|dy < C
() Let = € R? be fixed. Then it follows from (A.9) (with z = z) that
1
] 16 s = esvlys))wtas. ) dsdaus)
»J-1

< bl / / 16 = = esv(y)) dsdo(a) < C.

where C' does not depend on z. This is the claimed result.
(ii) Let x5y, € Y and ¢ € (—1, 1) be fixed. Then it follows from (A.9) (with z = zx, + etv(xy)) that

// w(xs, t)Gr(zs + etv(zs) — yg—6su(yg))¢(yg,s)|dsda(yg)

1
< |lwll e ||%]l L / / |GA(:Z}§] +etv(zy) —ys — ssy(yg))|dsda(yg) <C,
rJ-1

where C' does not depend on xyx;, and ¢. This completes the proof of Proposition A.5. [
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The following estimates are slightly more involved than the previous ones, as from now on also the gradient of
G has to be considered. First, we provide a useful simple argument that is needed for the next results. Assume
that 7 € L®(R? x ¥ x (—1,1)%R?) and that (z,yx, s,t) € R x ¥ x (—1,1)? is such that

Tr—Ys + EQT(xvabS?t) 7é 0

forall @ € [0,1] and all € € (0, 8]. Since G (y) is differentiable for y # 0 (see Proposition A.1 (ii)) it follows
that the mapping [0,1] 3 6 — Gx(z — ys + €07(x, yx, s, t)) is differentiable and one has

1
d
G,\(a:—yz+67'(x,yg,s,t))—G,\(x—yz):/ @G,\(m—yg+697(x,yg,s,t))d9
0

1
= / <VG>\(x —ys +e07(z,yz, 8, 1)), e7(x, ys, s,t)>d9.
0

Using the Cauchy-Schwarz inequality for vectors in R¢ this leads to

‘G)\(x —ys +er(z,ys, s, t)) — Ga(x — yg)‘
1 (A.10)
< ellrllp= / VG(x — s + 207 (2, ys. 5. 1)) d6.
0

Proposition A.6 Let 3 be a C?-hypersurface which satisfies Hypothesis 2.1, let 1) € L>=(% x (—1,1)) and
let X € (—00,0). Then there exists a constant C' = C(d, \, 1) > 0 such that for all € € (0, 8] it holds

sup / |(G,\(a: —ys —esv(ys)) — Ga(z — yg))¢(yg, s)| dz < Ce.
(ys,5)€TX(—1,1) JRE

Proof. Letys € Y and s € (—1,1) be fixed. Since v — ys — esfv(ys) # 0 for ae. € R? it follows
from (A.10) (with 7(x, ys, s,t) = —sv(ys) implying ||7| L~ = 1)

/Rd [(Ga(z —ys —esv(ys)) — Ga(z —ys))d(ys, s)|dx

1
<ellim [ [ 196 - — estvlys)|doa,
R 0

Now consider the bijective transformation 7" : R? x (0,1) — R? x (0, 1) given by

(g)  T(2,0) = (w —ys —96891/(3/2)) _

Note that 7" is differentiable and that its Jacobian matrix is given by

DT(z,6) = (110d Ssvl(yz)> |

where 14 is the identity matrix in R?*¢, Hence | det DT (z,6)| = 1 and we conclude that
/Rd|(GA($ —ys —esv(ys)) —Ga(r — yz))v(ys, s)|dz
1
< el [ [ 196w — s — cstlys))]avas
reJo

1
=l [ [ VG ©lasd = ellin [ [VGa(@ac .

where we used in the last step that the integrand was independent of ¢. Since the last integral is finite by
Proposition A.1 (ii), the proof is complete. O
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The next lemma contains an auxiliary estimate that is needed to prove the final two integral bounds.

Lemma A.7 Let ¥ be a C*-smooth hypersurface satisfying Hypothesis 2.1, let A € (—o0,0), let 1o > 0 and
let ¥ C X be measurable. Then there exists a constant C = C(rg,d, A, X) > 0 such that

[, 9t —am = comtusp it <

for all sufficiently small € > 0, all € (0,1) and all x € R? satisfying dist(z, f]) > 10
Proof. Let z € R with dist(z, ¥) > r( and 6 € (0, 1) be fixed. We are going to show first that
/i VG (z — ys — ebsv(ys))|do(ys) < C (A.11)
with C independent of x, s, 6 and ¢. For this define the sets
An::{y26§:r0+n—1<|m—yg|<r0+n}, n € N.
Since it holds for £ < %2 and all (ys,5) € & x (—1,1)
z—ys —elsv(ys)| > |z —ys| —e > %07
it follows from Proposition A.1 (ii) that for ys; € A,, C )
|VG,\(J: —ys — 6951/(242))| < Cle*\/j\r*yzfsesu(yz)l < Cgefx/jll’*yz\ < Cbeﬂ/j\(rﬁn*l)_

Finally, since A,, C B(z,ro + n) we can employ Lemma A.3 (i) and get that
/~ ‘VGA (x —ys — sesv(yg))|do(yg) = Z/ ‘VGA (ac — s — sesu(yz))’da(yg)
s =17 An
R
n=1 An
< 03 Z e*\/j)\.n(ro + n)dfl — 04.
n=1
Thus, the estimate (A.11) is true. Finally, interchanging the order of integration we obtain

1 1
/~ / |VG>\(x — Yy — EOSV(yE))|dsda(yg) < / Cyds < C.
s/ -1

This is the claimed result. O

The next lemma contains the main tool to prove the final two integral bounds. Here, we apply Lemma A.7 for

Y =Yand ¥ = X\ B(z, ) with z € R%. Moreover, we make use of the notation C'([0, 1];R?) for the set of
all continuous vector valued functions defined on the interval [0, 1].

Lemma A.8 Let Y be a C*-smooth hypersurface satisfying Hypothesis 2.1 and let X\ € (—oc,0). Then there
exists a constant C = C(d, \, ) > 0 such that for all € > 0 sufficiently small and all x € C([0, 1]; R?) it holds

1l
/2[1/0 |VGA(x(0) — ys — efsv(ys))|dfdsdo(ys) < C(1 4+ |Inel).
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Proof. Letx € C(]0,1];R?) be fixed and choose ro > 0. Interchanging the order of integration we get
11
// / |VGA(x(0) — ys — efsv(ys))|dfdsdo(ys)
sJ-1Jo

/// ‘VGA —ys —ebsv(ys) |dsdo(yg)d9

We are going to find a suitable bound for the integral with respect to ds and do. So let § € (0,1) be fixed. If
dist(z(0), X) > ro, Lemma A.7 yields immediately that

/Z/—1 ’VGA(x(Q) — Yz — E@SV(yz))|dsda(yz) <

for all € > 0 sufficiently small and thus, the claimed result is true in this case.

If dist(x(6), X) < ro we split the hypersurface ¥ into two disjoint parts
21 I:EQB(I'(Q),T()) and EQ I:Z\B(ZE(Q),T()), E:EluEg,

and we define the following two auxiliary quantities

),0,¢) / / |VG)\ 2—598V(:l/2))|d8d0’(y2), je{1,2}.
2, /-
Hence, it holds that
1
// IVGA(@(0) — ys — eBsv(ys))|dsdo(ys) = T, (2(0), 0,2) + To(x(0), 6, ). (A12)
»J-1

Again Lemma A.7 implies that Z»(x(0), 0, ) < C; for all sufficiently small £ > 0 independent of x(¢) and 6.

It remains to estimate Z; (x(6),0,¢). Let {¢;,U;, V;}icr be a parametrization of ¥ as in Definition 2.1.
By (2.2) we get

),0,¢) Z/ / i(v))’VG,\(:U(H)—npi( ) —ebsv(p;(v )’\/detG )duds,

icl 8071(21

where {x;}:cs is a partition of unity subordinate to {V;};c;. Since det G;(v) is bounded by Definition 2.1 (e),
we can continue estimating

1
Iy (x(0),0,¢) = Z[l /.‘1(2 )Xi(goi(v))|VG>\(m(9) — ¢i(v) — ebsv(p;(v))) |\/det G;(v)duds

el

< Oy Z/ / |VGA(2(0) — ¢i(v) — efsv(p;(v)))|dvds

—1
i€l 21)

=Cs Z/ / 21) —pi(v) — 595V(¢i(v))|1iddvd5,

i€l
(A.13)

where we used an estimate for |[VG, | that follows from Proposition A.1 (ii). It remains to find a suitable bound
1—d
for |2(0) — ¢;(v) — esv(pi(v)| .
Claim. Leti € I with ; *(X;) # 0 be fixed. Then there exists a constant C=C(i,%),u=u(x(),0,ei) €
U;andt = t(x(0),0,¢,i) € [—1, 1] with the following properties:
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(a) forany (v,s) € ¢; *(£1) x (—1,1) it holds
[2(8) — @i(v) = e8s(pi ()" < Cllu— v~ + (6]t — s))* )7

(b) ; 1(21) C B(u,2ry/c).

Here, c is the same constant as in Hypothesis 2.1 (c). We mention that « and ¢ also depend on d, ¥ and 7q, but
this is not of importance in the following.

In order to prove the claim, set
= inf {J2(0) — wi(v) — Bs((0))]: (0,5) € 97 (S1) x (1, 1)}
Choose a sequence (uy,t,) € ¢; '(21) x (—1,1) such that
|2(0) = @i(un) — ebtav(wi(un))l = h and  @i(un) + et (pi(un)) — y € RY

this is possible since the set {p;(v) + e0sv(pi(v)): (v,5) € p; (1) x (—1,1)} is bounded in R?. Using
Hypothesis 2.1 (c), we find that

C2(|un - Um|2 + (59)2|tn - tm|2) < |90%(un) + Eeth(SDi(un)) - ‘Pi(um) - Eetmy(‘»oi(um))P-

Therefore, (u,) and (t,) are Cauchy sequences. Set limwu,, =: u € U; and limt,, =: ¢t € [-1,1]. Using a
continuity argument and again Hypothesis 2.1 (c), we find for all v € U; and all s € (—1,1) that

A(lu—v]? + (0)?t — s]*) = ¢ nlgr;o (Jun —v|* + (€0)?|tn — s|?)

lim oo (un) + £0tnv(pi(un)) — @i(v) — sv(pi(v))]* (A14)
%

IN

= [y — ¢i(v) — ebsv(pi(v))
Finally, for v € ;' (%) and s € (—1, 1) it holds by the triangle inequality
ly—i(v) —ebsv(pi(v))| < |2(0) —pi(v) —ebsv(pi(v))|+]2(0) —y| < 2|2(0) —pi(v) —ebsv(pi(v))|

due to the construction of y. Hence, we get that

|2(6) — @i(v) — ebsv(pi(v))]| = %Iy — @i(v) — ebsv(pi(v))]. (A.15)
In particular, this and (A.14) with s = 0 imply that
clu =] < e(fu—of + (€0)°)'"* < Jy = @i(v)] < 212(6) — pu(w)| < 2r0
and thus, ¢; '(£1) C B(u,2ro/c). This is item (b) of the claim. Furthermore, using for a,b > 0 the inequality
AT < (a+ ) e (a+0) < (@ )T

and equations (A.14) and (A.15) we obtain

|2(8) — @i(v) — ebs(pi(v)]' ™7 < 29 |y — s (v) — s (s (v))|

< Cy(Ju—v]* + (e0)?|t — s|2)(1_d)/2

< Cs(ju—v| +eblt — )7

-1
< Cs (Ju—o|"" + (et —s))1) .
Thus, also assertion (a) of the claim is true.
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Using the result of the above claim, we can continue with the estimate (A.13). Employing a transition to
spherical coordinates and that ;' (2;) C B(u, 2r¢/c), we get for all sufficiently small € > 0 that

1
/ / ‘J;(G) —pi(v) — eesu(goi(v)ﬂl_ddvds
—1Je H(Zh)
1
< 05/ / (\u—v|d71—|—(€9|t—s|)d71)_1 dvds
—1J B(u,2rg/c)

1 2ro/c 1
= CG/ / r2 (r 4 (0t — s)Y) T drds.
-1Jo

We employ now the substitutions z := 7%~! and ¢ := s — ¢. Note that s, € [—1, 1] implies ¢ € [~2, 2]. Hence,
we get

/ /71 |2(6) — ¢;i(v) — 89$V(<pi(v))|1_ddvds
e, (Z1)

-1

1 2rg/c B
< 06/ / r472 (r 4 (Ot — s[) ) ' drds
—1J0

2 (2r¢/c)? ! _
<c / / (= + (0lch ) " dade
—2J0

e /22 (m <<2’C”0>d_1 + (50|<|)d1> “ln ((ae|¢|)d1))d<.

For a fixed ro > 0 it holds that In ((QTO)dfl + (50|C\)d_1) < Cg independent of § € (0,1). Therefore, we

(&

obtain

-1

/ /71 |2(6) — @i (v) — 595V(<p,;(v))|1iddvds
v, (Z1)

2
< 09/ (1 —1In(e6/¢]))d¢ < Cro(1+ | Ine| + [In6)]).
—2

Summing up all 7 € I, we get

1

T,(2(0),0,¢) < cgz/

el ¥

/ |z(0) — pi(v) — EGSV(goi(v))fl_ddvds < Cri(1+ |Ingl+[Ind]).
1/ (1)

Thus, using (A.12) and the last estimate, it follows

/2/11 [VGA(z(0) — ys — ebsv(ys))|dsdo(ys) = (Zi(x(8),0,¢) + T2(2(6),6,¢))
< Ci2(1+4 |Ing|+ |Inf]).
This is the desired estimate, if dist(x, ¥) < 7. Integrating the last estimate with respect to 6 we finally obtain
1 1
/0 [2[1 WGA(x(@) —Ys — Eﬁsu(yg))|dsda(yg)d9
< 013/01 (1+ |Ine| +[In6])df < Cr4(1 + |Ingl),

which leads to the statement of this lemma. ]
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In the following proposition we state the last two estimates that are needed to prove our main result. They
follow from Lemma A.8, that is once applied for the case that 2(6) is a constant function and once for z(6) being
linear affine in 6.

Proposition A.9 Let X be a C%-smooth hypersurface satisfying Hypothesis 2.1 and let \ € (—o0,0).

(i) Let € L*>®(X x (—1,1)). Then there exists a constant C = C(d, X\, X, ) > 0 such that the bound

sup / / |(G)\(JU —yy —esv(ys)) — Ga(z — yz))w(yg, s)fdsda(yz) < Ca(l + |ln5\)
»J-1

z€RC
holds for all sufficiently small € > 0.

(il) Let w,v € L>=(X x (—1,1)). Then there exists a constant C = C(d, \, X, w, ) > 0 such that the bound

1
sup / / |w(xg,t) (GA(xz +etv(zy) — ys — esv(yy))
(zs,t)eXx(—-1,1) /X J -1
— Gi(zs — yx))¥(ys, s)|dsdo(ys) < Ce(1+|Ine|)
holds for all sufficiently small € > 0.

Proof. (i) Let z € R be fixed. We employ (A.10) (with 7(x,ys, s,t) = —sv(ys) implying ||7||z~ = 1)
and find that

1
/z [1 |(Ga(z — ys —esv(ys)) — Galz — yx)) ¥ (ys, 5)|dsdo(ys)

1o
§5||¢|\Lw/2[1/() |VGA(z — ys — ebsv(ys))|dfdsdo(ys).

Thus, Lemma A.8 yields the claimed assertion.
(i) Let (zx,t) € ¥ x (—1,1) be fixed. Using (A.10) (with z = =y and 7(zx,ys, s,t) = tv(zs) — sv(ys)
implying ||7||L~ < 2) we find that

/Z/_1|w(xz,t) (Galzs + etv(zs) — ys — esv(ys)) — Galws — y=)) ¥ (ys, s)|dsdo(ys)

1 1
<2eflimlvlis [ [ [ 196 (s — s + eblevlos) = svlum) dodsdos).

Therefore, the claimed statement follows from Lemma A.8 (with z(0) = xx + eftv(zyx)). O

B Boundaries of bounded C?-domains

In this appendix it is shown that the boundary of a bounded and simply connected C'?-domain is a C?-hypersurface
in the sense of Definition 2.1 that satisfies Hypothesis 2.1. Recall that a bounded C2-domain Q C R is an open,
bounded and simply connected set with boundary ¥ for which there exists a parametrization {®;, X;,Y; };c; with
a finite index set [ satisfying the following conditions:

(@) X; C R 1andY; C R are open sets and ®;: X; — Y; is a C%-mapping for all i € I;
(b) rank D®;(u) =d—1forallu € X; andi € I;
(©) ®;(X;)=Y;NXand ¥;: X; — Y; N2 is a homeomorphism;

@ XcC Uie[ Yi;
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see, e.g. in [29, Chapter 3] for a similar notion. Since ¥ is compact it is no restriction to assume that the sets
Y;, i € I, are bounded. In order to prove that ¥ is a hypersurface in the sense of Definition 2.1 choose a family
{V;}ier of open sets in R? such that V; ¢ V; C Y; and ¥ C Uier Vi- Next, set U; := @;1(1/; N3) C X; and
@i = ®;|y,. Then U; C U; C X; and {¢;, U;, V; }ic satisfies the conditions (a)-(d) above. In addition, each ¢;
is uniformly Lipschitz continuous on Uj;, as U; C X;. Therefore, {©i, Ui, Vi }ier is a parametrization of ¥ with
the properties (a)-(e) in Definition 2.1 and hence ¥ is a C%-hypersurface.

Moreover, as U; C X; there is a constant C' > 0 such that the corresponding first fundamental form in (2.1)
satisfies

det Gi(u) > C >0 (B.1)

for any uw € U, and all ¢ € I. Since the outward unit normal vector field v is continuous, it is clear that the
hypersurface X is orientable.

Recall that the eigenvalues of the Weingarten map depend continuously on xx, € ¥ and, since X is compact,
these eigenvalues are bounded. Hence, item (b) of Hypothesis 2.1 is satisfied. It remains to show that (a) and (c)
of Hypothesis 2.1 hold. The following proposition concerns condition (a).

Proposition B.1 Let Q C R? be a bounded and simply connected C?-domain with boundary ¥.. Then there
exists B > 0 such that the mapping s, : ¥ x R — R% in (2.5) is injective on & x (=3, ).

Proof. Suppose that the claim is false. Then for all n € N there exist xx. ,, Y5, € X and s,,, ¢, € (— %, %)

such that (x5, t,) # (Y5 n, Sn) and
Tyn + tny(xﬁl,n) = LE(xE,na tn) = LE(yE,na Sn) =Yt.n + sn’/(yZ,n)- (Bz)

Since ¥ is compact we can assume that the sequences (zx ), and (ys ), converge to s, and ys, respectively.
Then, equation (B.2) implies 25, = ys. Let {¢;, U;, V; }icr be the parametrization of 3 constructed above and
let iy, : Ui x R — R< be as in (2.3). Since Ty, — ox and yx , — Ys, = Ty, there exists N € Nand i € [
such that x5 ,,, ys , € V; foralln > N. Hence, u,, := @;1($27n) and v, := goi_l(yg,n), n > N, satisfy

Lo (Uns tn) = @i(un) + tnr(pi(un)) = 0i(vn) + snv(0i(vn)) = Ly, (Vn, Sn)

and it follows that ¢, is not injective on U; x (—/3, ) for any 8 > 0. On the other hand, if G; and L; denote the
matrices representing the first fundamental form and the Weingarten map, then

|det Dig, (u,t)| = det(1 — tL;(u))/det Gi(u) > C >0

holds for some C' > 0, all w € U; and all ¢ sufficiently small; cf. (2.4) and (B.1). Now the inverse function
theorem implies that ¢, is invertible; a contradiction. O

Finally, we prove that condition (c) of Hypothesis 2.1 is satisfied for the boundary of a compact and simply
connected C2-smooth domain.

Proposition B.2 Let Q) C R? be a bounded and simply connected C*?-domain with boundary 3, let {p;, U;, Vi }ier
be the parametrization of ¥ as above and let v, be as in (2.3). Then there exist B > 0 and a constant ¢ > 0 such
that for all u,v € U;, s,t € (—f,8) and all i € I it holds

g (s t) = 1 (v,8)]F > 2 (Ju— o] + |s — ) .

i

Proof. Let {®;, X;,Y;};cs be a parametrization of ¥ as in the beginning of this appendix, fix ¢ € I and
choose 8 > 0 and a constant D > 0 such that

det(1 —tL;(u)) > D >0 forall (u,t)e X; x (—28,28); (B.3)
here L;(u) is the matrix representing the Weingarten map associated to the mapping ®;. As in (2.3) define
1, Xi xR = Rd, Lo, (u, t) = <I>l(u) + tu(@i(u)),

Copyright line will be provided by the publisher



32 J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik: Approximation of d-interactions supported on hypersurfaces

and consider the open sets
Ql = L’tpi(Ui X (_ﬁa ﬁ)) and Q3 =Ly, (XZ X (_267 26))

in RY. Since Q; C Q; C Q3, there exists 3; > 0 such that B(x,23;) C Q3 for any = € €2;. Eventually, we need
the open set

Q= | B(x,p).
€N
Note that ; C Qs C Qs C Q3.

Let u,v € U; and s,t € (=3, () be fixed. Set x := 1y, (u,t) = 13, (u,t) and y := 1y, (v, ) = 1o, (v,5). We
distinguish two cases: |z — y| < 1 and |z — y| > B1. In the first case, if |x — y| < 5 then y is contained in the
convex set B(x, 81) C . It follows from

| det ((Deo,)(u,t))| = |det(1 — tL;(u))|y/det Gy(s)

(cf. (2.4)), (B.3) and (B.1), which is also true for u € 3 with a possibly smaller constant C, that | det Deg, (u, t)| >
D’ > (O forall (u,t) € ®;'(Qs). Hence, there exists a constant C; > 0 such that

1
det Dig, (15 (2))

IOEHE] = || (D, (1) | = <c

adj[Dia, (15(2))]

for all z € Qo; here adj [-] denotes the adjugate matrix. Hence, we obtain
(|u—u|2+|s—t‘2)1/2: Lgl _L<1> ’—‘/ deq) (z+&(y—=z df’
< / | Dig (@ + €y — ) (y — @) dg
0

< maX{HDL;il(z)H 2 € B(z,B1) } |z — y| < Chleg, (u,t) — 1y, (v, 5)],

which is the claimed result in the case |z — y| < (1.

In the remaining case |z — y| > B we set Cy := max{|s}!(2)]: z € Q}. Since O C Q3 we conclude
Cy < oo and

4C3 4C?2
lu—v> +|s—t]* = ;}(a:)—b;}(y)f < z 2|2| y|? < 52|L% u,t) — L%(U,S)|2.
i
Setting finally
!
oW .—
min { AT }
and ¢ := min {C¥) : i € I}, the result of this proposition follows. O
References

[1] M. Abramowitz and I. Stegun, Handbook of mathematical functions with formulas, graphs, and mathematical tables
(Wiley, Washington, D.C., 1984), p. 1046.

[2] S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, and H. Holden, Solvable models in quantum mechanics. With an appendix
by Pavel Exner. 2nd ed. (AMS Chelsea Publishing, Providence, RI, 2005), p. 488.

[3] S. Albeverio and V. Koshmanenko, On form-sum approximations of singularly perturbed positive self-adjoint operators,
J. Funct. Anal. 169, 32 (1999).

Copyright line will be provided by the publisher



mn header will be provided by the publisher 33

(4]
(5]
(6]
(7]
(8]
(9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
[18]

[19]
[20]

(21]
[22]
(23]
[24]
[25]
[26]
(27]
(28]
[29]

[30]
[31]

(32]
(33]

[34]
(35]

(36]
(37]
[38]

S. Albeverio, A. Kostenko, M. Malamud, and H. Neidhardt, Spherical Schrodinger operators with d-type interactions, J.
Math. Phys. 54, 052103 (2013).

J.-P. Antoine, F. Gesztesy, and J. Shabani, Exactly solvable models of sphere interactions in quantum mechanics, J.
Phys. A 20, 3687 (1987).

J. Behrndt, P. Exner, and V. Lotoreichik, Schrodinger operators with §- and ¢’-interactions on Lipschitz surfaces and
chromatic numbers of associated partitions, Rev. Math. Phys. 26, 1450015 (2014).

J. Behrndt, P. Exner, and V. Lotoreichik, Schrédinger operators with J-interactions supported on conical surfaces, J.
Phys. A, Math. Theor. 47, 355202 (2014).

F. A. Berezin and L. D. Faddeev, A remark on Schrodinger’s equation with a singular potential, Sov. Math., Dokl. 2, 372
(1961).

J. Brasche, On the spectral properties of singular perturbed operators, in: Dirichlet forms and stochastic processes.
Proceedings of the international conference held in Beijing, China, October 25-31, 1993, (Berlin: de Gruyter, 1995),
pp. 65-72.

J. Brasche, P. Exner, Y. Kuperin, and P. Seba, Schrédinger operators with singular interactions, J. Math. Anal. Appl.
184, 112 (1994).

J. Brasche, R. Figari, and A. Teta, Singular Schrodinger operators as limits of point interaction Hamiltonians, Potential
Anal. 8, 163 (1998).

J. Brasche and K. OZanovd, Convergence of Schrodinger operators, SIAM J. Math. Anal. 39, 281 (2007).

M. P. do Carmo, Differential geometry of curves and surfaces (Englewood Cliffs, N.J., 1976), p. 503.

P. Duclos, P. Exner, and D. Krejéitik, Bound states in curved quantum layers, Comm. Math. Phys. 223, 13 (2001).

P. Exner, Leaky quantum graphs: a review, in: Analysis on graphs and its applications. Selected papers based on the
Isaac Newton Institute for Mathematical Sciences programme, Cambridge, UK, January 8-June 29, 2007, (Providence,
RI: American Mathematical Society (AMS), 2008), pp. 523-564.

P. Exner and T. Ichinose, Geometrically induced spectrum in curved leaky wires, J. Phys. A, Math. Gen. 34, 1439 (2001).
P. Exner and K. Yoshitomi, Band gap of the Schrodinger operator with a strong J-interaction on a periodic curve, Ann.
Henri Poincaré 2, 1139 (2001).

P. Exner and S. Kondej, Bound states due to a strong § interaction supported by a curved surface, J. Phys. A, Math. Gen.
36, 443 (2003).

P. Exner and H. Kovaiik, Quantum waveguides (Cham, Springer, 2015), p. 382.

P. Exner and K. Némcov4, Leaky quantum graphs: Approximations by point-interaction Hamiltonians, J. Phys. A, Math.
Gen. 36, 10173 (2003).

A. Figotin and P. Kuchment, Spectral properties of classical waves in high-contrast periodic media, SIAM J. Appl. Math.
58, 683 (1998).

D. Haroske and H. Triebel, Distributions, Sobolev spaces, elliptic equations (EMS Textbooks in Mathematics, Ziirich,
2008), p. 294.

A. Jonsson and H. Wallin, Function spaces on subsets of R™ (Math. Rep. Ser. 2, 1984), p. 221.

T. Kato, Perturbation theory for linear operators (Springer-Verlag, Berlin, 1995), p. 619.

R. de L. Kronig and W. Penney, Quantum Mechanics of Electrons in Crystal Lattices, Proc. Roy. Soc. Lond. 130, 499
(1931).

W. Kiihnel, Differential Geometry. Curves—surfaces—manifolds (American Mathematical Society, Providence, RI, 2002),
p- 358.

G. Leoni, A first course in Sobolev spaces (American Mathematical Society, Providence, RI, 2009), p. 607.

Ch. Lin and Z. Lu, Existence of bound states for layers built over hypersurfaces in R™*, J. Funct. Anal. 244, 1 (2007).
W. McLean, Strongly elliptic systems and boundary integral equations (Cambridge University Press, Cambridge, 2000),
p. 357.

K. Ozanovéd, Approximation by point potentials in a magnetic field, J. Phys. A, Math. Gen. 39, 3071 (2006).

I. Yu. Popov, The operator extension theory, semitransparent surface and short range potential, Math. Proc. Camb. Phil.
Soc. 118, 555 (1995).

N. Setd, Bargmann’s inequalities in spaces of arbitrary dimension, Publ. Res. Inst. Math. Sci. 9, 429 (1974).

S. Shimada, The approximation of the Schrodinger operators with penetrable wall potentials in terms of short range
Hamiltonians, J. Math. Kyoto Univ. 32, 583 (1992).

P. Stollmann and J. Voigt, Perturbation of Dirichlet forms by measures, Potential Anal. 5, 109 (1996).

G. Teschl, Mathematical methods in quantum mechanics. With applications to Schrodinger operators. (American Math-
ematical Society, Providence, 2014), p. 358.

L. H. Thomas, The interaction between a neutron and a proton and the structure of H*, Phys. Rev. 47, 903 (1935).

J. Weidmann, Lineare Operatoren in Hilbertraumen. Teil 1. (Teubner, Stuttgart, 2000), p. 475.

K. Yoshitomi, Band gap of the spectrum in periodically curved quantum waveguides, J. Differ. Equations 142, 123
(1998).

Copyright line will be provided by the publisher



