CONSTRUCTION OF QUASI-PERIODIC SOLUTIONS OF
STATE-DEPENDENT DELAY DIFFERENTIAL EQUATIONS BY
THE PARAMETERIZATION METHOD II: ANALYTIC CASE

XTAOLONG HE AND RAFAEL DE LA LLAVE

ABsTRACT. We construct analytic quasi-periodic solutions of state-dependent
delay differential equations with quasi-periodically forcing. We show
that if we consider a family of problems that depends on one dimen-
sional parameters(with some non-degeneracy conditions), there is a pos-
itive measure set I1 of parameters for which the system admits analytic
quasi-periodic solutions.

The main difficulty to be overcome is the appearance of small divi-
sors and this is the reason why we need to exclude parameters. Our main
result is proved by a Nash-Moser fast convergent method and is formu-
lated in the a-posteriori format of numerical analysis. That is, given an
approximate solution of a functional equation which satisfies some non-
degeneracy conditions, we can find a true solution close to it.

This is in sharp contrast with the finite regularity theory developed
in [HAIL15]. We conjecture that the exclusion of parameters is a real
phenomenon and not a technical difficulty. More precisely,for generic
families of perturbations, the quasi-periodic solutions are only finitely
differentiable in open sets in the complement of parameters set I1.

1. INTRODUCTION

The goal of this paper is to investigate analytic properties of solutions of
state-dependent delay differential equations(SD-DDEs).

For functional differential equations with constant delay, [Nus73] proves
that for a broad class of analytic equations, many solutions are analytic. An-
alytic solutions for differential equations with time-varying delay(independent
of the state) have been considered before in [LSO7, MPN14]. In both pa-
pers, an important technique is to conjugate the delay function to a simple
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form(either a linear multiple or a constant rotation). In the reduction to con-
stant delay[MPN14], the dynamical properties of the delay mapping play an
important role. In particular, they require to use the theory of smooth con-
jugacy to rotations[Arn63, [Her80]. Hence, small divisors play a role.

As listed in open problems section in [MPN14], the case of state-dependent
delay equations is significantly more complicated. Nevertheless, as [MPN14]
observes, the time dependent delay can be considered as a linearization ver-
sion of the theory. Recently, [[Kri114] considers a state-dependent delay dif-
ferential equation in which the delay is defined by the threshold condition.
It shows that the globally defined bounded solutions are analytic. We also
call attention to [SBO3, Remark 3], which presents a KAM theorem for
state-dependent delay differential equations on the torus.

In this paper, we look for analytic quasi-periodic solutions of SD-DDEs
by the parameterization method[CFdILO3, ICEdILOS]. To avoid technical
difficulties, we focus on the following scalar quasi-periodic differential equa-
tion with state-dependent delay, which contains all essential difficulties

x(1) = ax(t) + bx(t — r,(x(1))) + f(6)
(L.1) {

() = w

where x € R, § € T¢ = RY/22Z? and the frequency w € R? is rationally in-
dependent(i.e. w-k # 0 for k € Z¢—{0}). Later we will need to impose quan-
titative Diophantine properties on the frequency w. The nonhomogeneous
term f is a real analytic periodic function defined on the complex domain

(1.2) Dy ={0=(01,---,00) €C*: |Sm@B)| < p, 1 < j<d},

which means it is analytic in its interior and can be extended continuously
to the boundary. We also denote the neighborhood of T¢ with width p in the
complex space by T¢, i.e.

(1.3) T¢ = {6 € C*/2xZ" : |Sm(8))| < p).

Then we say that f is defined and analytic on Tff for some p > 0. We
also introduce the parameter u € R into our system. Note that (I.I)) is
a extremely nonlinear equation because the unknown function x appears
composed with itself.

Our main result, Theorem [3.1] asserts the existence of analytic quasi-
periodic solutions. We require introducing one extra one dimensional pa-
rameter and perform parameter exclusion. We prove that the set of pa-
rameters on which admits analytic quasi-periodic solutions is of positive
measure.
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It is worth to compare this paper with [HdIL15]. Both papers consider
similar problems, but the methods are very different and the results are com-
plementary. Hence the overlap is minimal. The paper [HdIL15] uses a the-
ory of exponential dichotomy in finite regularity setting. Even if it produces
finite regularity solutions, it does not need to exclude parameters.

Combining Theorem [3.4] with the results in [HdIL15]], we have that given
an approximate solution in an one parameter family of problems, we can
obtain C" solutions for all values of the parameter and obtain a positive
measure (with open dense complement) set I1 of parameters for which the
solution is analytic.

We conjecture that this result is essentially sharp in the following sense.

Conjecture 1. Consider a family of quasi-periodic state-dependent delay
differential equations

X' (1) = flwt, x(1), x(t = r,(x(1)))),

where f is analytic in its arguments and u is the parameter.

Assume that for uy, we have an analytic quasi-periodic solution and the
Sfamily of delay functions r, satisfy some non-degeneracy conditions(which
hold in open sets of their arguments).

Then, there is a sequence of intervals I; accumulating at p, and a se-
quence of integers rj, such that when u € 1I;, then the K, produced in
[HAIL15] is C7 but not C'7*".

The reason for this conjecture is the observation in [PdILVO3] that a fam-
ily of delay mappings which satisfies some non-degeneracy conditions will
experience phase locking intervals in which there is an exponentially at-
tracting invariant torus of lower dimension. The conditions for these phe-
nomenon are very explicit and can be verified in concrete examples with a
finite calculation. Furthermore, these conditions hold in open sets.

These are the generalizations to high dimension of the well-known Arnold
tongues in circle mappings. Once one has the existence of an set with
nonzero Lyapunov exponents in the delay mapping dynamics, it seems that
the argument of [Fen74] will be able to produce that the mapping K is only
finitely differentiable.

This phenomenon has been observed in the theory of normally hyper-
bolic invariant manifolds [HCE*15]], where the manifold is analytic if the
motion on it is analytically conjugated to an irrational solution and it is only
finite differentiable if it contains periodic orbits with a positive Lyapunov
exponent. See also [Fen74, Een’/’7]].

1.1. Motivation for the procedure. In the light of parameterization method
[CFdIL03, [CFdILO03]], we look for an embedding K : T¢ — R such that
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x(t) = K(0 + wt) is a solution of (I.1)). It is immediate that x(r) = K(6 + wt)
is a solution of (L.I) if and only if K satisfies

(1.4) OK(0) - w = aK(0) + bK(0 — wr,(K(6))) + £(6).

Instead of treating (I.T]) as an evolution equation, we just work on function
spaces and find a solution of the functional equation (I.4). An important
source of difficulties is the study of the composition operator that to a func-
tion K associates ¥[K, ul(0) = K(0 — wr,(K(0))).

If there was any hope to apply a fixed point theorem in a space of analytic
functions defined on a domain U c C?, it would be necessary to have that
the range of the composition would be this domain, i.e.

(1.5) U =1{0 - wr,(K(@®)) : 0 €U

The condition (1.5)) is very hard to satisfy, especially if K is changing.
One case, however in which (1.5) is satisfied is when the diffeomorphism
of the torus

(1.6) olK,ul =1d — wr, o K

is conjugated to a rotation Rq on the torus (see (A.4]). We call the map ¢
the delay mapping.
More precisely, if there exists an analytic function H such that

(1.7) woH=HoRqg.
Then, taking U = H (Tg), we have
o(U) = o(H (TZ)) =H (RQ(TZ)) =H (TZ) =U.

Remark 1.1. Hence, we can think of as a way of finding the domain
U where to study ¢. It is a result in [MosQ1, Theorem 2.1] that if a mapping
¢ sends a domain to itself it is conjugated to a rotation. So the reduction to
a rotation to obtain invariance of the domain is a natural procedure.

Remark 1.2. From [SBO3, MPN14], we also know that the dynamics prop-
erties of the delay mapping play an important role in determining the ana-
Iyticity and non-analyticity of the invariant objects of a differential equation
with time varying delay.

Given K and pu, we observe that the delay mapping ¢ is a foliation-
preserving torus map(also called reparameterization of an irrational flow
[Fay02]), which is a map of form

(1.8) @(6) = 0 + we(6)

defined on the torus. Here ¢ : T¢ — R is a scalar function. It is easy to see
that the torus maps of the form (I.8)) form a group. For more details, see

Appendix
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In the following, we assume the delay function ry(z) is a constant(i.e.
independent of z) so that when ¢ = 0, equation (I.1)) becomes just a constant
delay equation, whose existence of quasi-periodic solutions has been well-
studied in [LdILO9)]. Without loss of generality, we further assume that
ro = —1. Otherwise, we just replace w by ryw, which also satisfies the
Diophantine affine condition required in Theorem (3.1

Geometrically, for sufficient small u, the delay mapping ¢ is close to
a rotation. From [PdILVO3, Theorem 3.2], we know that there is a near-
identity mapping H : T¢ — T¢ conjugating a foliation-preserving torus
map into a rigid rotation with a slight frequency shift cw. In Appendix [A]
we present a more quantitative version.

It also should be kept in mind that the transformation H preserves the
w-foliation, i.e.

(1.9 H =1d + wh

where 4 is a periodic scalar function. With these motivations, especially the
particular form of H and the frequency shift in the direction of w, one will
see that the reduction of conjugation equation defined in (I.13)) is essentially
a one dimensional problem.

1.2. Formulation of the functional equations. We define the operator .7
as

(1.10) K, 1] = 0K(0) - w — aK(6) — bK o [K, ] — £(6).

As indicated above, a zero solution of .%# will give a quasi-periodic solution
of frequency w.

Following the motivation in Section [I.I} we supplement the functional
equation .% = 0 with another auxiliary equation, whose purpose is to make
possible to solve the Newton equation for ..

To this end, we simultaneously consider the conjugation problem and
define the operator ¢ as

(1.11)
YK, h,u;a] =¢[K,u] o H—H o Rii1)w
=wh — wh o Riys1yw — (@ + 1w — wry, o K o (Id + wh).
Then, we look for solutions of the functional equations
(1.12) FK,u] =0,
(1.13) YK, h,u;a] =0.
We call (T.12)) the invariance equation and (1.13) the conjugation equation.
Even if our main goal is only the invariance equation (I.12)), it is re-

markable that solving the two euqations is easier that solving just one. Of
course, the fact that the equation (I.13) gives us more information. We note
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that in [HdIL15] there is a procedure to solve (1.12)) along but as indicated
in Remark [I.T| we do not expect that the solutions in [HdIL15] are always
analytic. See Conjecture|[I]

Of course, the functional that to a map of the torus associates the conju-
gacy is rather delicate and one cannot solve it by elementary methods. As a
result, one has to resort to KAM methods and has to have external param-
eters [Arn63), Mos66a, Mos67]. Hence, the procedure we will implement
is a Newton iteration for the invariance equation and the conjugation equa-
tion. We will consider fixed frequency vector w and real number @. The
unknowns will be thus the parameterization K, the conjugacy to the rota-
tion /& and the parameter u. As it turns out, these two equations(for three
unknowns) (1.12) and (1.13)) are coupled, but we will be able to solve them.

Note that solving the linearization equation of (I.13) leads to small di-
visor problem, so that we will have to use a rapidly convergent method to
ensure that the iterative process converges. The KAM method has been
used in delay differential equations but in a very different way. Typically,
the KAM method was used for constant delay equations treated as a dy-
namical system (for example [EB76, [LdILO9, [LY12]). A case where the
parameterization method was used was [LdILO9] which uses the dynami-
cal interpretation (but only in a first preparatory stage). The KAM method
developed in [SBO3, Remark 3] also applies to state-dependent delay equa-
tions on the torus, which reduces the delay equation to an integral form. We
note, however, that [SB0O3]] requires the same dimensional frequency as the
torus.

Along the way, we will also have to solve several other difficulties. No-
tably, the d,, operator does not work well with the composition. Besides, to
establish the non-degeneracy condition, we have to take full advantage of
the structure of ¢ as was done in [Van02, PdILVO3]].

Our main goal is to seek analytic quasi-periodic solutions of (I.1)). Ob-
viously, in the case of u = 0, they are easy to find. See the formulation of
Lindstedt series in Section 4] We want to show that for the majority x in a
neighborhood of zero, there also exist analytic quasi-periodic solutions.

Our results are given in an a posteriori format, which plays an important
role in numerical analysis. More precisely, given an approximate solution
for (I.1) satisfying some non-degeneracy conditions, there is a true solu-
tion nearby. For example, we can take as the approximate solutions in the
assumptions of Theorem [3.1] the result of a numerical (non-rigorous) cal-
culation. Then, Theorem [3.1] validates the calculations since it shows that
there is a true solution nearby. We point out that careful calculations of
solutions which could be used as inputs of an a-posteriori theorem already
exist in the literature [HDMU12, MKW 14, HCHS14]].
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Unfortunately, the method in this paper is restricted to having just one
delay. Indeed, if we transform the variables so that one ¢ corresponding to
a delay becomes a rotation, the terms corresponding to other delays will not
in general be simplified.

This paper is organized as follows. In Section[2] we collect some standard
definitions and recall some properties, which serve to set the notations. This
section could be omitted at a first reading and used as a reference. In Section
we present our main results on the existence of analytic quasi-periodic so-
lutions of (I.I]) in an a-posteriori format. As an immediate consequence, we
also prove that the obtained solutions admit C!-Whitney regularity, which
implies the set of y validating Theorem [3.1] has positive measure. In Sec-
tion ] we formulate a power series of @ satisfying the Lindstedt property.
In Section [5] we give a detailed analysis on the Newton equations of the
functional equations (1.12)) and (1.13). With different coordinates, we show
a delicate estimate on the loss of analyticity domain to construct a rapidly
convergence sequence. In Appendix |Al we give a brief introduction to the
foliation-preserving torus map, which provides a background and enables
us to consider the conjugacy problem.

2. PRELIMINARIES

To formulate the KAM results, we need to introduce the families of Ba-
nach spaces on which the operators .# and ¢ are defined. Hence, we collect
several definitions and properties of different spaces of analytic functions in
Section[2.1] When studying the conjugation equations, one encounters with
the small divisors problem. As standard KAM theory, in Section @], we
give the definition of Diophantine conditions and the estimates on the solu-
tion of cohomology equations.

Following the notations in KAM theory, we denote the universal constant
by C, depending on the dimension of the space, the width of analytic do-
main, the Sobolev index and the Diophantine exponents. The value of C
may be different from line to line.

2.1. Function spaces. Throughout this paper, we will work on analytic
function spaces endowed with two different norms-the classical supremum
norm and Sobolev norm.

2.1.1. Supremum norm. Recalling the complex domain D, defined in (L.2)),
we denote by A, the Banach space of analytic functions on D, endowed
with the norm

2.1 llull, = sup{lu(@)| : 0 € D,}.
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Then by the Cauchy estimate, it is readily seen, if u € A, the partial deriv-
ative of u with respect to 6; satisfies

lJull,
”u@j”p—o- = 7

forall 0 < o < pand 1 < j < d. Furthermore, if u is periodic, it can be
expanded into Fourier series

u(e) — Z ﬁkezmkﬂ’
kezd

whose Fourier coefficients u;, satisfy
(2.2) ] < [lul >

for all k € Z Another useful property is the interpolation inequality
(Hadamard three circle theorem)

0 1-6
(2.3) llutllop-+c1-eypr < llualllleell ™
Given an analytic function ¢ mapping D, to C¢, we denote its range by

(2.4) Dy, =1{Y0) : 0 € D,}.

2.1.2. Sobolev norm. We also find it convenient to introduce norms of an-
alytic functions which can be read off the Fourier coefficients. Since some
of our steps are formulated in in Fourier space, these norms will allow us to
obtain sharp results and formulate steps as fixed point arguments. For the
details, we refer to [CCCdIL135] and the references therein. For simplicity,
only the even Sobolev exponents are considered.

Assume p > 0 and s € 2N. Let ﬂp,s(Td) (or A, ) be the space of real
analytic periodic functions defined on the domain Tg such that the norm

@5) = 3 S (kR + 1Y < oo
a kezd B(k. p)
where
B(k,p) = TI{_,a(k;, p)
with

(Gip) dnljl, it j#0;
ad J, = .
Y= anp, if j=0.

When considering T;’ as a 2d dimensional real manifold with boundary,
there is a geometric representation of the Sobolev norm norm given by

d
2.6) I, = | 1A+ D?u@)Fd* 0= | (> Ve,V + D"?u(0)|d*o
" ™ 5

n=
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where the bar denotes the complex conjugation. Indeed, (2.6) can be ob-
tained from the inner product

2.7) (u,v) = f S, (Bg + 1)'v)d™ 0.
T5

This makes it clear that A, , is the closed space of complex analytic func-
tions endowed with the norm corresponded to a real 2d dimensional Sobolev
space. And we can show that A, ; is complete, since the limit in the || - ||,
of analytic functions is still analytic. Thus A, ; is a Hilbert space under the
inner product (2.7). Furthermore, for s > d, the Sobolev space A, is a
Banach algebra under multiplication.

For convenience, we also state some relations between supremum norm
(2-1) and the Sobolev norm (2.5).

If u € A, with p’ > p, then, by (2.2) and Lemma 2.1} we have

2
2
a2, <>

[leellZ, ,
2 (@n) k> + 1)* e kI0"=p)
kezd

B(k, p)
<Ilull’, (max{1, (4mp)"}) > Qnlk? + 1)*e k")
o

kezd

(2.8)

—(2s+d 2
<C(p' — p) O ul

where the constant C depends only on p, s and d.
On the other hand, if u € A, ,

1/2
ll, < ) le™ < € {Z((zn)‘ﬂkﬁ * 1>—°'B(k,p)} Nl

kezd kezd
(2.9) 12
<C {Z[(Zﬂ)dnz + 1170’ 2n + 1)"} Nl
n=0
<Clluellp,s

whens>d+%.

2.2. Diophantine properties and cohomology equation. There are two
types of Diophantine conditions that appear in KAM theory. The first con-
dition appears when we consider KAM theory for flows and the second one
for the maps. See [Riis75)dILO1] for an introduction.

Definition 2.1. (Diophantine affine) A vector w € RY is called Diophantine
affine of type (y,v) for positive constant y and v if

(2.10) k- w| = ykl™
holds for all k € Z¢ — {0}.
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Definition 2.2. (Diophantine) A vector Q € R is called the Diophantine of
type (1, V) for positive constants T and v if

@.11) k-Q—1 > k™
holds for all k € Z¢ — {0} and | € Z.

In this paper, we are interested in the number @ € R such that Q = aw is
Diophantine. Typically, denoting

D(t,v;w) = {a € R : aw is Diophantine of type (1, v)}

and
I =) 2y ),
>0

we have the following lemma on the abundance of such numbers.

Lemma 2.1. ([SAIL12]) If w € RY is Diophantine affine of type (y,v) and
v >d + v, then 9(v; w) is of full Lebesgue measure.

The proof in [SdIL12] is just an elementary estimate on the regions where
the definition of Diophantine fails. The abundance of Diophantine numbers
in a constrained linear space has attracted attention in number theory[Spr79].
The papers Kle01,Kle08 present results with sharper exponents.

The following cohomology equation (2.12) is standard in KAM theory,
which will be used to solve the conjugation equations in Section[5| A de-
tailed proof can be found in [Riis75].

Lemma 2.2. Assume that Q satisfies (2.11). Let Q € A, with zero average.
Then there is a unique solution W of

(2.12) W) - W+ Q) = Q)

such that W has zero average.
Moreover, we have for all 0 < o < p,

(2.13) Wllp-o < CTo" (10l

where the constant C depends only on the Diophantine exponent v and the
dimension of the space.

2.3. Lindstedt series. We will study (I.I) perturbatively when the delay
mapping is close to a rotation. More precisely, we will consider a as a
small parameter and will find K(«), h() and u(e) solving (I.12)) and (T.13))
in the sense of formal power series in @. To this end, we give the definition
for the Lindstedt series.

Definition 2.3. (Lindstedt series) Let X, and Y, be a scale of Banach spaces
and o/ : A X X, — Y, Assume that </ (A, x)) = 0 for xy € X, and
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Ao € A. We say that the operator <7 satisfies the Lindstedt property for every
solution (Ay, Xo) if there exist formal power series to order M, M € N U {co},
M
(D) = Y x4 = )
=0
with x; € Sym j(A, X,—s), such that

N
1/ (Y x4 = 20)°, Dllp-25 < C(N, 6)IA = Aol
Jj=0
for N < M.

The Lindstedt series method is also used to consider the bifurcation prob-
lems for delay differential equations. See [CF80].

3. KAM THEOREM

As stated before, our main technical result Theorem[3.1]is in an a-posteriori
format. Out of it, we will deduce several consequences which are almost
automatic. In Theorem we will fix @ and obtain that given approximate
solutions Ky, hg, uo, there are true solutions. We note that if o, @ € Z2(v; w)
are close, the solutions corresponding to « is an approximate solution for @.
Then, applying Theorem [3.1] we can obtain solutions for @. Therefore, we
can obtain K(a), h(@), u(@) defined in a Cantor-like set of parameters which
is of positive measure.

Theorem 3.1. Let 0 < p < p, 0 = p/48 and d < s € 2N. Assume the
frequency w satisfies the Diophantine affine condition (2.10).
We further assume the following:

(HI1) Regularity conditions: The forcing function f is an analytic periodic
function in A,; The delay function r,(z) is analytic on the complex
domain D* for any parameter u in some neighborhood O C R of
zero and p +— 1, is CN*! from O to the analytic function space on the
analyticity domain D* endowed with the supremum norm;

(H2) Nearly-rotation: r, is independent of z € D" when u = 0. Without
loss of generality, we assume ry = —1.

(H3) Initial guess: Let (Ko, ho, o) be an approximate solution of (1.12))
and (1.13) satisfying Ko o Hy € Az and py € O. We assume that

(3.1) llells , I|E o Hollps < €
where
E = F[Ko, pol,
(3.2) e = 9Ky, ho, o],

Hy = Id + why.
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(H4) Diophantine condition: a + 1 € 2(t,v;w). Namely, « satisfies
k- (@+ Dw—I| >k, VkeZi-{0},lcZ;

(HS5) Non-degeneracy conditions:

(3.3) lwholl, < mi(o, s,d,p) <1,

(3.4) (M[Ko, ho, o) # 0
where M is given in (5.33) and (-) denotes the average of a periodic
function;

(H6) Composition conditions: Let n = dist(C4 — D, Dkyotiyp) > 0.
Letk =2v+ 5(s+d/2) + 2.
Then, if
bl < my(Ko, ho, [Irllc2, 5, A)
and
€ < € (Ko, ho, |I"llc2, a, b, s,&,d) - o,
there exist K*, h*, u* such that h* € Ay, K* o H* € Ay 5, 11" € O and
FIK 11 =0, YK, h'u']=0,
where H* = Id + wh*. In addition,
lwh™ — whyllp2 < Coe,
(3.5) IK* o H* — Ko o Hyllpjo,s < Co™"€,
" = pol < Co™e,
where C depends only on ||r||cv+1, ho, Ko, A, 1o, a, b, s, p, w,a,d,&, T and v.

We also have local uniqueness of the solution of (1.12)) and (1.13)). More
precisely, there exists 6* > 0 such that if (K1, hy, i) and (K, hy, uo) satisfy

(3.6) FKi, il =YK, hi, 1] =0,
(3.7) F Ky, o] = YKo, b, 2] = 0,
and (H1) - (H2), (H4) — (H5).

Then, if

max {||K2 o Hy — Ky o Hill3p)2, lh2 — hill3p2, 2 —/11|} <o,

we have
(K1, hl,ﬂl) = (Kz, hz,,uz)-

To produce the approximate solution, we can use a variety of methods.
One case is to apply the Lindstedt series developed in Section 4, We could
also take the numerically computed results as the approximate solutions.
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Remark 3.1. If we take the solution of the case u = 0 as the approximate
solution, then the non-degenerate condition is simplified by (0,1, 0 Kol,=0) #
0 since u would be assumed to be small enough. See the formulation of
Lindstedt series in Section

An immediate result of Theorem [3.1]is the Lipschitz continuous property
on the parameter «.

Corollary 3.1. Under the hypothesis of Theorem if (K(a), h(a), u(a@))
is the true solution of (1.12) and (1.13) , then (K o H, h,u) is Lipschitz
continuous with respect to @ € Z(v; w) in some neighborhood of w.

Proof: Let (K(a), h(ay),u(a;)) and (K(as), h(as), u(asz)) be two different
solutions of (I.12)) and (I.13). We consider (K(a), h(a;), u(a1)) as an ap-
proximate solution of (I.12)) and (I.13) when @ = a,. Indeed, we have

G[K(ay), h(ay), u(ay); as]
=wh(a;) — wh(a;) o Ry, — as — wrye,) © K(ay) o H(ay)
=9 [K(a1), h(ar), p(ar); a1] + wh(ay) o Ry, — wh(ay) o Ry, + a1 — 2
=wh(a1) o Ry, — wh(ay) 0 Ry, + @1 — 2,
which implies
19 [K(ay), h(ay), p(ay); as]ll; < Clay — asl.

If |@; — a»| is sufficient small, there exists a true solution nearby, which is
(K(a2), h(ay), u(a,)) by the local uniqueness. From (3.5) in Theorem [3.1]
we have the Lipschitz continuity of the desired functions. O

We also formulate Lindstedt series for the solutions of (I.12)) and (T.13).
There are two reasons that we discuss Lindstedt series here. On the one
hand, when looking for the power series, we would also encounter the main
difficulties appearing in the analysis of Newton equations in Section[5 That
is, the small divisor problem in conjugation equation and the solvability of
the Newton equation of invariance equation. On the other hand, [CCdIL15]
recently develops an easy and efficient way to prove the Whitney regulari-
ties of functions with respect to the parameters defined on some Cantor-like
sets. The methods in [CCdIL135]] are based on an a-posteriori theorem and
the existence of Lindstedt series.

Actually, we have

Theorem 3.2. Let w satisfy the Diophantine condition. Assume (H1) and
(H2) in Theoremhola’. If (0,1, 0 KO,20) # O, then we obtain the formal
power series to order N

N N N
— ()W) - [O)Pw) — ()P
K—ZOK a’, h—zlh a’, ,u—zly a’.
= j= j=
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Furthermore, the power series satisfy the Lindstedt property. That is, for
0<d6<pand 0 <M <N, we have

1.7 <MK, 1llp-5 < Cla™*,  1G=M[K, b, u]llp-s < Cla™™'
where C depends on p,6,a,b,r,,w and f.

From the proof in Corollary it is readily seen that the Lipschitz con-
tinuity is a by-product of an a-posteriori result. In [CCdIL135], it is shown
that with the Lindstedt series one can obtain higher regularities on the pa-
rameters in the sense of Whitney. Actually we have a sharper result than

Corollary [3.1]

Theorem 3.3. Under the assumption of Theorem[3.1] the obtained solutions
(K(a), ia), u(a)) is CN-Whitney smooth with respect to « in some neigh-
borhood of zero satisfying a + 1 € I(v; w).

Proof: Taking @ = 0, we choose 7 = u = 0 and obtain a unique solution
K©. Then by Theorem [3.1] there is a unique solution (K(a), h(@), u(a)) for
a € Y(v,w). Let " € Z(v; w) be small enough. Using the continuity of the
non-degeneracy condition and Corollary we have (0,7,0K(a")|y=ua)) #
0. Repeating the procedure in Sectiond] there are also power series of order
one

K@) = K@) + KV - (a - a),

h@) = h(@*) + hY - (a - ),

() =p* +uV - (@ -a)
satisfying the Lindstedt property. Namely,

L7 [K(e), fl(@)]ll,—5 < Cla - o'
and  |Z[K(a), h(a), fi(@); alll,_; < Clo — a*P".

Then again by the a-posteriori result in Theorem [3.1] we have

IK(@) = K(@)ll,5 < Cla = &F,

lIh(e) = h(@)l|,-5 < Cler — @ P,

(@) — f(@)| < Cla — o',

which coincide the definition of C'-Whitney regularity.

For higher Whitney regularities of solutions K, h, u with respect to a, we
refer to [CCdIL135]] for a general discussion. The main technique is that we
can find a piecewise C! path connecting two points @; and @, on which all
the points satisfy Diophantine condition for complex vectors. O
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Finally, we denote II the set of the parameters u which guarantees the
existence of analytic quasi-periodic solutions. We want to show the abun-
dance of parameters in I1.

Theorem 3.4. Under the assumptions of Theorem there exist positive
constants C and r, such that for all r withO <r < r,,

(3.8) |(=r,r) NIl > Cr
where | - | denotes the Lebesgue measure.

Proof: By the Whitney extension theorem, we find a C! function I'(@) in a
neighborhood of zero, whose restriction on Z(v; w) equal to u(a). And we
also have

I'0) = uV = (31 0 K=o))™ # 0
which provides a positive lower Lipschitz constant for I. Then the bi-
Lipschitz functions allow us to control the measure of their ranges. A stan-
dard argument yields inequality (3.8). m|
Of course, with higher Whitney regularities of u(a), we can get sharper

estimates on the measure of I1. See Appendix B in [Van02]] on the density
of pullbacks.

4. PROOF OF EXISTENCE OF LINDSTEDT SERIES(THEOREM [3.2))

Following the standard perturbative procedure we write

K = Z KPal,

=0

_ D

4.1 h=> 10,
720

_ ) A

p=y ua.

where KWV, h'Y), /) are the coeflicients of @’/. Substitute (4.1) into invariance
equation (1.12) and conjugation equation (I.13)) and equate the powers of
.

Equating the coefficient of power a° in (T.13), we obtain

KO —h?oR,—1-ruoK?o(d+wh®)=0.
Choose ¢ = 0 and K9 = 0. For the coeflicient of power in (T.12), we have

4.2) OKY - w—akK® —bKY o R, - f=0.
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H” re-

Expanding K° and f into Fourier series with coefficients k\,(co) and h,

spectively, we obtain
43 K" = Ji Tt
(4.3) k 2nik - w — a — be*rikw

It is readily seen that when |b| < |a, the divisor in (4.3) stays away from zero
and |f(\,({0)| < (la] = |b])"'|fil. Indeed, the Fourier series 3z f(\lgo)ez”"k(‘”“”) is
a real analytic quasi-periodic solution of the constant delay case.

Equating the coefficient of power o' in (T.13), we have

B _ M oR,—1- aﬂr#(K(O))l,l:o 'ﬂ(l) =0.

Then if w satisfies the Diophantine condition and the average of d,,7,(K)|,=o
is not zero, we obtain from Lemma [2.2| that there is a unique solution A"
with zero average. For the coefficient of power @' in (T.12), we also have

OKD - w — aKV = bKV o R, = =bDK - 08,1, (K )|,z - "

is also solvable since the right hand side is already known.
Of course, one can further continue the calculations to higher order of
power series. Indeed, for the coeflicients of power @’/ with j > 1, one has

4.4) B9 —h9D o Ry = 8,1 (KO)zg - u + §<67D
and
4.5) OK? . w — aKY — bKP o R, = T<U™D

where S=<U~D can be explicitly computed. And 7=~ also depends on u"
in (@.4). Therefore, one is able to solve (4.4)) and by the same argu-
ments under the same assumption that the average of 6#ry(K(0))|#:0 does not
vanish.

Then by the Taylor estimates, we can easily prove the Lindstedt property
for the power series, without involving the Sobolev norm.

5. ITERATION PROCEDURE FOR THE PROOF OF THEOREM [3.1]

In this section, we analyze the Newton equations for the invariance and
conjugation equations. We show how having an (approximate) solution of
the conjugation equation simplifies the Newton step of the invariance equa-
tion.

5.1. Newton equation for the invariance equation (1.12). Given the ap-
proximate solution Ky, iy and u(, we formulate and analyze the first New-
ton iteration step in this subsection. Without causing confusions, we use
(K, h, u) instead of (Ko, ho, o).
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5.1.1. Formulation of the Newton equation of (I.12). For the moment, we
specify the scheme and ignore several precisions such as domain of oper-
ators and regularities. They will be discussed later in Section [5.1.2] In
this section, we just want to highlight several remarkable cancellations that
make the scheme possible of the invariance equation.

The Newton equation of (I.12) is given by

5.1 D.Z K, ul(AK, Au) = —E,

where K and u are the given approximated solutions and unknowns are AK
and Au. If we can find (AK, Au) solving (5.1)), we expect that K + AK and
i + Ay are much better approximate solutions of (1.12)).

Under some regularity assumptions which we discuss later, the derivative
of Z is

DF[K, u](AK, Au)
(5.2) =0AK - w — aAK — bAK o ¢[K,u] — bDK o ¢ - Oxp[K, u] - AK
—bDK o ¢ - 0,9[K, ] - A

where
Ok¢lK, ulAK = —wDr, o K - AK

(5.3) {(9,J¢,0[K,u]A/,L = —wD,r, o K - Au.

See [dILO99]] and [Mey75] for the computations of Fréchet derivatives of

operators involving composition and their estimates.

Looking at (5.2), we see that the equation (3.1]) presents an essential dif-
ficulty because it involves the terms 0AK - w and AK o ¢(K, ). The problem
is that due to the composition with the delay mapping ¢[K, u], it would be
hard to find an analyticity domain for both 0AK - w and AK o ¢(K, ). As
we discussed before in Remark [I.T] the problem of studying analyticity do-
main invariant under the delay mapping ¢ is resolved by the conjugation
equation.

To this end, denoting

(5.4) V = AK o H = AK o (Id + wh)
and using (3.2) we have

(5.5)
DZK, ul(AK, Aw) o H

=[0V-w=-aV = bV oRs1)w] + 0V - (DH)' =D)w + bP - wDr,0o Ko H-V
1
+bP-w6#r#oKoH-A/,t—bf DAK o (H o Ry+1yw + ge) - € dgq,
0

where
(5.6) P[K,h,e] = DK o (e + H o Riy+1)w)-
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From Proposition [2.2] we have
AV-(DH) ' -Dw = Tr {D[v - (DH)™" =) - w}—V-Tr {D((DH)—1 ~1)- a)}

in which T'r represents the trace of a matrix and I is the identity matrix of
order d.

We would like to seek an approximate solution of the Newton equation
(5.1). More precisely, we will consider the following equation

(5.7

~EoH =%V +Tr{DIV-(DH)" -D]-w} - V-Tr{D(DH)" - 1) - v}
+bP-wDr,oKoH-V +bP-wd,r,oKoH:-Au

where the linear operator . is defined as

(5.8) ZLIV]=0V-w—-aV —-bVoRu+1)w

and the function spaces will be specified later.

5.1.2. Analysis of the Newton equation (5.7). We solve the functional equa-
tion on the Sobolev space A, ;. Firstly, we prove that the operator .
has a bounded inverse on A, ; for any positive { and s € 2N. Then we show
that the other terms can be treated perturbatively.

To see that .Z has a bounded inverse, we have that, for a given S € A,
there exists a V solving .ZV = S given by

(5.9) V() = Z V,e2miko — Z(Zm’k - W — a — bePriklarhwy-Ig mik
kezd kezd

The solution V in ( is obtained by expanding S and V into Fourier series

with coefficients S and Vi respectively. Note that . is diagonal in the basis

of exponentials

jeZMk -0 (Zﬂlk w—-a-— beka~(a+l)w)62mk~6.

Obviously, if || < |al, then the divisor in (5.9) stays away from zero and
satisfies
27rik-(a/+l)w|_1 < (|ll| _ |b|)—l

for all the k, w and Q. Then, for the Sobolev norm, one has

Arlklg
2 €
VIZ =)

kezd Bk, )
<(lal = 1B 2IIS 117,
or equivalently
(5.10) 1L Mlgs < (lal = 16D~

for any { and s.

|27Tik-w—a—be

() Ik +17° -

” 2 =~
_ beka ((1+l)w| X |Sk|2
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Next, we consider the expression £ ' Tr{D[V-(DH)™'-I)]-w}. Keeping
in mind that (DH)™! = (I + wDh)~! and that Dh is expected to be small, we
can apply the Neumann series to compute (DH)~' — I and obtain

(DH)™' =1 = —wDh - Z(—th)J.
=0

We introduce the notation

(5.11) g=(g1,8:) ==Dh- Y (~wDh)
j=0

and then

(5.12) (DH)'-1=w-g.

By Proposition [2.3] in Appendix [B] we have the following formal Fourier
series
(5.13)

Z‘lTr{D[V -(DH)™' =D - w}

d
= Z 2nik - w (2m'k ‘w—a-— 1962””"(‘”1)“’)_1 Z wj(V/'Ej)k . e¥ikY,
kezd J=1
Noticing that for all ¢ € R, when [¢| is sufficient large, the estimate
t l 1
—| = < <
it —a — be't | —a—bcosq+i(t+bsing) ~ |1+ (bsing)/t|
holds and when [z is bounded,
t
it —a — be't
is also bounded. Thus we conclude that
2mit
S ;IEPR 2nit — a — be* 4
Back to the series (5.13)), we finally obtain

(5.14)
||$_1TF{D[V . ((D[—I)_1 -D]- (U}”?s

l¢]
" la+ bcosg]|

2

AL N IR e 3
- 4 - w; .0
B(k’ {) 2rik - w — a — beka-Q 4 J gj k
kezd =
d d
<CY Vgl < C ) lgili, - VI,
J=1 j=1

if{<p-o.
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Remark 5.1. Without the particular form (5.12)), the estimate of the Sobolev
norm of L~ 'Tr{D[V -(D™'H —1)]- w} would diverge. This can be seen from
its general expression (B.2)), in which the numerator does not contain factor
w-k. Hence, for a general form of (DH)™", the numerator would grow faster
than the denominator for large k.

With the analysis above, we now construct a contraction mapping % such
that the equation (5.7) can be solved using (5.10) and (5.14). To this end,
we define the linear operator & as
(5.15)

BV, K. h, u]

= -27'Tr{DIV - (DH)™" = D] 0} + £ Tr{V-D(DH)™" - T)- a)}
~bZ""{P-wDr,0KoH -V}
on the Sobolev space A, ;.

5.1.3. Analysis of analyticity domain of (5.15)). Obviously, we encounter
the problem of choosing suitable analyticity domains such that the mul-
tiplier P[K,h,e] in (5.13) is well-defined. Thus, we need the following
lemma to analyze the loss of domain. Recalling the notation defined in
(2.4) we know Dy, = H(D,) which represents the range of a function H
on the analytic strip domain D, with width p > 0. We will also give sev-
eral similar lemmas when determining the analytic domain for composition
functions.

Lemma 5.1. If
(5.16) o whll,, Colell, < 1/2,
then

@HOR((,+1)w+e,p—100' gDH,p—SG’ c DHOR(Q+1)w+e,p—50' - Z)HOR(Ml)w,p—ZO'

5.17
( ) :@H,p—ZO' g 'Z)H,p-

This is really a perturbation argument using that H = Id + wh is a Lips-
chitz perturbation of the identity and one could use the standard Lipschitz
implicit function theorem. We give full details to be more quantitative.
Proof: Let& =(1,---,1),;. We show one inclusion in (5.17) and divide the
argument into several steps.

1) H is injective on D,,_»,.
For any different z;, 2o in D,_»,, one has

|H(z2) — H(z1)| = |22 — 21 — (Wh(z2) — wh(zy))]
> |25 — z1| = llwDA||p-2c|22 = 21
> (1= Qo) Mwhlly) - |22 — zi
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which implies the assertion. As a result, given any 0 < p < p — 20, the
mapping M,
s R > H{9eC':3m@)=p,j=1,-,d})
P x e H(x + ipé)
is bijective. And we denote (-); the j-th component of a vector.
Tsm(Mf (x)); is monotone increasing in p forany j=1,--- ,n.
For any 0 < p; < p, and x € R?, one has
SM(H(x + ip2§) — H(x + ip1§));

= Im(i(p2 — p)¢ + [wh(x + ip2§) — wh(x + ip1&)]);

> p> — pi — llwDh||,—2-(p2 — p1) > 0
since |lwDhl|,—rr < (20')“||a)h||,o < 1. It should be kept in mind that 2)
holds under the assumption of real analyticity of H.

Geometrically, 1) and 2) say that the surface H{6 : Im(0) = p,&})

lies between the real plane and another surface H({6 : Im(0) = p,é&}).
Similar arguments hold for the case of negative imaginary part.

DHOR(a+1)w+€,.D—5<T c Z)HOR(<Y+1)wap_20"
For any x € R?, one has

SmH(x +i(p — 20)€ + (a + 1w)); — IM((H o Ryi1yw + €)(x + i(p — 50)))

=30 + Im(wh(x +i(p — 20)¢ + (@ + Dw) — wh(x + i(p — 50)& + (a + Nw));
+ 3Im(e(x + i(p — 50)&));
>30 - (1 = |lwDh|p-o — (30')_1||e||p) > 0.

Observing that the rotation operator R,+1y, does not change the strip do-
main on the complex space. That is, R+1)w(D;) = D, for all { > 0.Then,
DHOR(U+1)UJ’§ = Z)Ha,('

The other inclusions in (5.17]) are proved in the same way and thus omit-

ted. O

5.1.4. Solution of the Newton equation (5.7). Our goal in this subsection

1S

to prove that the operator % defined in (5.15) is a contraction on the

Sobolev space A,_¢s. Actually, we have

Lemma 5.2. If

llwhll,

O-2+s+d/2 ’

bl << 1,

then, 2 is a contraction on the Sobolev space A,_¢y..

Proof: We first estimate the Sobolev norm of g defined in (5.11)) in terms
of the supremum norm of 4, we get the estimates

”gj”p—Z(r,s < CO-_(S+d/2)||gj||p—(T < CO-_(1+S+d/2)”wh”p
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and

IDADH)™ = Dllp-ses < Co™*PID(DH) ™" = Dllpe < Co™ 2 |wh .
if

(5.18) llwhll, < 1.

0-2+s+d/2

Furthermore, we have

(5.19)
”P[K’ ha e]”p—6a’,s

<Co™ " P|DK o (H 0 Rigatyo + O)lp-sr < Co™**?|DK o Hl|, 5,
<Co 2 (DH) -0 - IIK © HIly-

Then, for any V; and V; in A,_e. 5, one sees from (5.14) and (5.19) that

(5.20)
”'%[VZ - Vl]”p—60',s

d
sC(Z Igal2 600" - V2 = Villp-s + CUTHD(DHY ™ = 1) - @lllpg0rs

n=1

X ”VZ - Vl”p—6a’,s + |b| : C”P”p—6(r,s : ”wDry oKo H”p—6o‘,s”V2 - Vl”p—()(r,s

|Dr,, o K o Hl|y—
O-1+s+d/2

llwhll, Ib| .
¢ {0'2+S+d/2 + 0—1+s+d/2”(DH) lllp—o' -|IK o Hl|,, -

X ||V2 - Vl”p—60',s-

If
llwhll,
m, |b| << 1

such that

llewhll, |b] |Dr,, o K o Hl|,— 1
G:2h C- {O-2+s+d/2 o2 1K o Hil, - o 1+s+d]2 <Aa< )
then % is a contraction on A,_¢;, which satisfies

1

(5.22) B |p-60s < A < 5

Hence, from (5.7]), one has
(523) V=(d- 2" {-b.L7'[P-wi,r, o Ko H- Al - £7'[E o H]},

which belongs to A,_¢.s. It is necessary to choose a suitable Ay such that
V can be small enough. We will find such Ay in next subsection under some
non-degeneracy conditions.
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5.2. Newton equation for the conjugation equation (1.13). Likewise, we
formulate and analyze the Newton equation for the conjugation equation.
Because of the delay mapping preserving the w—foliation, we actually en-
counter a one dimensional problem.

5.2.1. Formulation of the Newton equation of (1.13). We consider the New-
ton equation of (I.13)), which reads

(5.24) DY[K, h, ul(AK, Ah, Au) = —e.

The unknowns are AK, Ah and Au. The goal is to solve (5.24)) such that
K + AK, h+ Ah and p + Au are better approximate solutions of (I.13)).
Under some regularity assumptions stated later, the Fréchet derivative of

the operator ¢ is

(5.25)
DY[K, h, u)(AK, Ah, Ay

= wAh — wAho R 1y, —wDr,0oKoH-DK o H-wAh—wd,r,oKoH-Au
—wDr,oKoH-AKoH.
Equation (5.24) is very standard and appears in [Mos66a]. We also observe
that when the delay mapping ¢ defined in (1.6) is foliation-preserving(see
Appendix [A), the equation (5.25) has additional features. That is, the de-

rivative of ¢ can be written as the product of the w and a scalar function.
Differentiating (3.2) with respect to the variable 6, one also has

De =wDh — wDh o R g1y

(5.26) — wDr, o K o (Id + wh) - DK o H - (1 + wDh).

This motivates us introducing a new unknown W in place of Ah. Let
(5.27) W =1+ wDh)™" - wAh = (1 + wg) - wAh
and then

wAh = (I + wDh)W.
Substituting (5.25)) and into the Newton equation (5.24) yields
W —=WoRgyinw = -0+ wgoRyiw) - {e —wd,r, o K o (Id + wh) - Au
—wDr,0oKoH-AKoH + De- W},
where now the unknown are W, AK and Au.

Since the term De-W is formally quadratic from the equation to be solved,
we omit it for the moment and consider the following approximate Newton
equation
(5.28)

W—=WoRguinw =— 1+ wgoReuiw) {e —wd,r, o K o (Id + wh) - Au

—a)DrMOKOH'AKOH}.
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Inserting AK o H obtained in (5.23)) into (5.28)), one has

(5.29)
W-Wo R(a+1)w

=~ (I+wg o Rasw) - e+ wDr,0 Ko H-(Id - )" £ [E o H]}
+(I[+wgoR(a+1)w)~a){(9ﬂrﬂoKoH+DrMoKoH

x(Id — B)' 27 '[P- woyr, oK o H]} - Au.
We emphasize that the unknowns in (5.29) are W and Ay and the other
terms are already known.

5.2.2. Analysis of the Newton equation of (1.13). With the properties of
foliation-preserving, we finally reduce (5.29)) to a scalare equation problem.

To see this, we find that the initial error for the conjugation equation e
can also be written as

(5.30) e =ew,
where
e=hy—hyoRqg—a—r, oK,o (ld+ why).
Let W = Ah + gwAh and from (5.27) we have
(5.31) W= Wo.
Substituting (5.30) and (5.37)) into the cohomology equation (5.29), we ob-
tain the scalar equation
(5.32) W =W o Rsnw = —NIK, hpt] + MIK, h, 1A,

where
(5.33)

MIK, h, 1] =(1 + g o Rgi1ye - ) - {(9#1”,1 oKoH+Dr,oKoH
x(Id — B)"' £ (DK o H 0 Rigs1y - w01, 0 K © H)} ,

and

(5.34)

NIK, h.p] = (1+80R i1 w)-{€ + Dr, o Ko H- (Id — )™ £ 7'[E o H]}.
Recalling the theory of cohomology equation developed in Section to

obtain a solution of (5.29), it is necessary and sufficient that the right hand
side has zero average. This amounts to

(5.35) — (NIK, h, u]) + IMIK, b, u])Ap = 0,

where (-) denotes the average of a periodic function.
For the first Newton step, by the non-degeneracy condition (3.4))

(M[Ky, ho, uol) # 0,
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we can solve (5.35) uniquely and obtain a sufficient small Ay . We will give
the estimates on the corrections in the next subsection.

Remark 5.2. Since we will be modifying the functional equation (1.12))
and (1.13) in the iteration process, it is important to realize that the non-
degeneracy condition (3.4) is an open condition. More precisely, if (3.4)
holds for some Ky, hy, uo, it will also hold for all K, h, u close enough in the
usual C' topology.

5.3. Estimates on the corrections. For Equation (5.33), using the non-
degeneracy condition (3.4)) one has

(5.36) Au = —(MI[Ko, ho, t1o])™" - (NTKo, ho, 110])
and
(5.37) |Au| < Ce,

where the constant C depends on the given approximate solution Ky, /g, (o, A,
the delay function r and the norm of (Id — )"

Applying Lemma[2.2]to the equation (5.28)), one readily obtains a unique
W with zero average which belongs to A,_7,- and

C
(5.38) Wllp-70 <—€.
o
Combining with (5.27)), we get the correction and its estimate as
C
(5.39) lwAhll,—7, < —€.
O-V

Once Au and its estimate is obtained, we also have
(5.40)
IAK o H||p-6c,s =lIVllp-60,s < CUIP[K, h, elllp—60s|Au| + [|E o H||,5) < Ce.

For the following iteration step, we denote

K" = K + AK,
h* = h+ Ah,

(5.41) H* =1d + wh™ = H + wAh,
p= ot A

We also give some estimates after introducing the corrections AK, wAh, Au.
For convenience, we summarize these standard estimates below in detail
and give their proofs in Appendix

Proposition 5.1. If
(5.42) oG D) whl|,, Co™" Ve, b| << 1,

one has the following estimates:
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(i) llwh*llp-70 < llwhll, + Co™€;
(i) llwDh*||p-s» < llwhll,o™" + Co™*Ve;
(iii) |IDH* = 1|,-8 < |lwhll,o™" + Co™*Ve;
(iv) I(DH*)™ = 1l|, 5, < 2llwhll,0™" + Co0*Ve;
(v) IDA(DH*)™" = Dllp-9s < Cllwhll,o2 + Co="*?e;
(vi) |ID*H*||p-05 < |lwhll,o + Co™*Pe
(vii) |[K o H* = K o Hllp-75 < C|IDK © Hljy2; - o€
(viii) |K o H"||p—75 < [1 + Co™"*Ve] - IK o Hl;
(ix) IDK o H|lp50 < [0 + Co™ 2 - €] - K o Hll, - (1 + 2/lwDh*[|p-s0);
(x) [IAK 0 H*||y-120,, < Co™ P
IDK o Hll,

(xi) IDK*oplK™, 10 H lp-123s < € im—+CIID™ Hllp- -0~ 7 e

(xii) |0kplK*, "] o H||p-120.5 < ClIDr||p- - o st
(xiti) 10,[K*, 110 H" - Aptllp-120,5 < CllOyrllp - €
(xiv) I rxplK* 11 (AKY) & HVll-120s < CIUD Ml - O,
() [OxplK 1] AK) 0 H Myl 12 < CIDG,rlpy - O
(1) 18,6 LK* 1] © H* (8|12 < CllDyrllpy - 0+ - &
(xvii)

ID*K* 0 GIK™, 1] © H'lly 10
< Co™C YD o Hlly 2y + CUD*Hlly - DH)Y [}, - o+,

p—0

The estimates (i) — (vi) can be proved using Lemma [5.1] to analyze its
analyticity domain. However, when composing with H*, the estimates
(xi) — (xvii) requires a further restriction on the analyticity domain. We
will present how these expressions come into our problem in the follow-
ing subsection. The Lemma and Lemma will be used to estimate
(vii) — (x) and (xi — xvii) in Proposition 5. I{respectively.
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5.4. Estimates on the improved error. By the assumptions on the smooth-
ness and the Taylor’s formula, we have

(5.43)
GIK + AK, h + Ah, i + Au) — 9K, h, 1] — DY[K, h, u)(AK, Ah, M)

1 1
=— f q f a)Dzrwqu,, o K o (H + pgwAh) - [DK o (H + pqwAh) - wAh]®?
0 0

+ WDryypgnu © K o (H + pqwAh) - D*K o (H + pqwAh) - (wAh)®?
+ 2wD0, 1y pgay © K o (H + pgwAh) - [DK o (H + pqwAh) - wAh] - Au
+ wDﬁr,Hquﬂ o K o (H + pqwAh) - Au®*
+ tzr,Hquﬂ o (K + pgAK) o (H + pqwAh) - AK o (H + pgqwAh)

X D(K + pgAK) o (H + pqwAh) - wAh
+ WDTyi pgay © (K + pgAK) o (H + pqwAh) - DAK o (H + pgqwAh) - wAh
+ wDO, T yspgry © (K + pgAK) o (H + pgwAh) - AK o (H + pqwAh) - Au
+ WD?Ty i pgry © (K + pgAK) o (H + pqwAh) - [AK o (H + pqwAh)]®*
dp dq.

Before estimating the difference, we have to show the terms in (5.43) are
well-defined. To see this, we show a similar result to Lemma[5.1]

Lemma 5.3. If the conditions (5.42) hold, then

(544) DH+wAh,p—100' - DH,p—SO'-

Proof: It is sufficient to show that, for any x € RY,

SM(H(x + i(p — 80)&)); — IM((H + wAh)(x + i(p — 1007)));
=Sm(H(x + i(p — 80))); — IM(H(x + i(p — 1057))); — Sm(wAh(x + i(p — 1007)));
IIwAhIIp-m)

220 - (1 = [lwDhlly-s7 = ———=

>0
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We now consider the difference (5.43)) on the analyticity domain D,_j¢,-.
Obviously, a trivial estimate yields

(Sigzl( + AK, b+ Ah,pu + Al — 9K, h, 1] — DYIK, h, u)(AK, Ah, Al 100
<l ID*rllp - IDK o HI]_,, - Co™ € + |w| - IDrllp: - |D’K © H|lpsy - Co '€
+ ol - ID*rllp: - [IDK © Hlly 2y - Co™*De®
+ ol - ID*rllp: - C€ + || - ID*Flp: - IDK © Hllp5p - Co "€
+ ol - IDAlp: - Co™*'€ + |l - IDB,rllp: - CE + |w| - ||ID*rllp: - CE?

< C(IDK © HI; 5, + ID*K 0 Hllpo2y) - 07 €

We recall that AK, Ah and Au have been chosen in such a way that the
Newton equation (5.24) is solved up to an error term De - W. Considering
the omitted term De - W in the Newton equation (5.2.1), one immediately
has

(5.46) 1De - Wlly-10 < CIDHY |, - Ve,

Then, from (5.28)), (5.45) and (5.46)), we have

(5.47)
191K + AK, h+ Ah,p + Aulll,_ 0,

<|¥4[K, h,ul + DY[K, h, ul(AK, Ah, Aw)lp-100
+ 191K + AK, h + Ah,pu + Aul — 91K, h, u] — DK, h, ull(AK, Ah, A)|,-100
< CU(DH) jp-o + IDK © HI[} 5, + ID*K o Hl|p20) - 07" .

p—20

We denote the new error of the conjugation equation (I.1T)) by

(5.48) e" =9[K + AK, h + Ah, y + Ayl
and thus
(5.49) lle*llp-100 < Co> €.

Now we are ready to give the estimates on the new error in the invariance
equation after introducing the new correction AK. Again one has the formal
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expression

(5.50)

1 1
= —b[} qj; 2DAK o @y, - [0kppg - AK + 04 - Al
+ D*(K + pgAK) 0 @, - [(0xppq - AK) + 20x0pq - AK - 0,0, - Mt
+ Bupg - D)™
+ D(K + pgAK) 0 ¢, - [0xkPpg - (AK)® + 20k, - AKAL
+ Ouufpq - (Aw)*] dpdg
where

©pg = OIK + pgAK, u + pgAul.

Furthermore, when composing with H*, we show some terms explic-
itly as follows:

(E1)
Opg 0 H =H" — wryypgny © (K + pgAK) o HY
= - @lK, 1o H" = (plK, 1 + pgAul — g[K,u*]) o H*
1
- wqu Dryypgny © (K + pgtAK) o H - AK o H' dt
0
(551) =-H" OR((Hl)w +e*
1
—w(l - pQ)f OuT s pg+(1—pgyiau © K © H* - Ay dt
0
1
- wqu Dryipgny © (K + pgtAK) o H - AK o H' dt
0
(E2)

[Okppg - AK + 0uppq - A o H' = — wDrypgny © (K + pgAK) o H' - AK o H”
~ Ol yspgrn © (K + pgAK) o HY - Au

(E3)

[0kk@pq - (AK)P] 0 H' = D1y pgny © (K + pgAK) o H* - (AK o H*)*?

which either determine the analyticity domain or are useful for the error
estimates.

The remanning terms are similar to (3)) and thus omit. From lemma 5.3}
one has

‘Z)H+,p—100' c DH,p—S(T-
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Furthermore, since

(5.52)
IDFyny © (K + AK) o H - AK 0 H'|p-100 < Clldurlp - IIAK o H[|,-100

< Clldyrllp - IAK © Hllp-60 < CllduHlp- - IAK 0o Hl|p—60.s
< Clriy: - 1Pl - €
and
(5.53) 10, ysau © K o H" - Aptllp—100 < Cll0urlp- - €,
we have the following lemma from the expression (5.51)) of [K*, h*]o H.
Lemma 5.4. If the conditions hold, then
(5.54) D+ y+1ot+ p-100 S Dip-8or-

The smallness of € also ensure that u + Ay and Dg+op+ o100 does not run
out of the analyticity domain of d,r and Dr. Using Lemma we are able
to estimate the terms in (5.50)).

By Proposition[5.1] we have

(5.55)
IWF K + AK, p + Al = ZK, u] = DF K, pl(AK, A} 0 H |lp-120:

< ClIDAK © @y © H'ljp-120.s - {{ @k @l K™ 1171 - AK) © H'p-126:
18,0l K ", 111 © Hl|p-120.5 X | Al + DK™ 0 @[ K™, t1*] 0 H* |10
X {0kl K", 11 AK) © H'||p-1205 + 10,01 K™, 1171 © H |- 120,
X [AulY + IDK* o @[K*, i*] 0 H[|p-120:°
X {ll(0xkelK*, 1*] - (AK)®) 0 H||p-120
+ 20| OkuplK*, 1t - AK) 0 H[|p-120r - 1]

2
+ ||ayy90[K+aﬂ+] © H+||p—120',s ' |A/J| }
2
<C——.
0-5(x+d/2)+2
For the omitted term in the Newton equation of .7, it is readily seen
DH’%H*,/)—]OO’ = H_I(Z)H",p—lOa') c H_I(Z)H,p—&r) = Dp—&r

and then
(5.56)

1
Hbf [DAK o (H o Rigi1y, + s€) - eldso H ' o H*
0

p—120,s

< Co " P|DAK o (H © Rigs1y + €)llp-so - € < Co > IDAK o Hl|y 7, -

< Co_—(Zs+d+l)€2.
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Then, similarly to (5.47), we have the new error of .% under the corrections
2

€
(557) ”LQ[K + AK,,U + A/.l] ) H+||p—120-as < CW
Let

E* =Z[K + AK, u + Aul,
(5.58) p"=p-120,

€ =Co e,
where k = 2v + 5(s + d/2) + 2. Combining the analysis above, we have
proven

Lemma 5.5. Assume ||wh||, and |b| are small enough such that (5.21) and
(5.42) hold. Furthermore, the approximate solutions K, h, u satisfy the non-
degeneracy condition in Theorem Then if

o+l e<l,

we have
”E+ © H+”p+,s <€ = CO-_KE2’
and

lle*ll,« < €' = Co™ €.

6. PROOF OF THEOREM [3_1]

In this section, we complete the proof of our main result Theorem
The openness of the non-degeneracy condition enables us to iterate the
Newton steps. By the analysis in Section [5] we prove the convergence of
the iteration sequences. This is very standard in KAM theory.

6.1. Proof of the convergence. From the standard techniques in KAM the-
ory, we use the subscript n to denote the n-th step for the Newton itera-
tions. More precisely, we choose the loss of the analyticity domain o, as
o, = 2" Do and o = p/48. Let p,y1 = p, — 120,41 and py = p. Induc-
tively, we assume the errors E, = .#[K,,, u,] and e, = 4[K,,, h,, i, ], satisfy
|E, o Hylly, s < € and |lell,, < €,, where Ko = K, hg = h,up = p and g = €.
Noted that K,, and #, are inductively defined by K, = K,_; + AK,_; and
h, = h,_1 + Ah,_;. Furthermore, we also assume that

6.1) € = Co“é

n—1+

Generally, if holds for all n, it is easy to show that €, approaches zero
when € is small enough. Indeed, denoting &, = Co*2"*D¢,  from (6.1))
one has &,,; = &, which implies

(6.2) &, =[CQ2J/o)el.
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Then if
(6.3) CR2/o)e< 1,

€, obviously approaches zero and satisfies

Z g, < Z[C(Z/O')"e]" < CQ2Jo)e

n=1 n=1
To prove the (n + 1)-th step, it suffices to verify the conditions in Propo-
sition[5.5] All together, we are led to show the difference K, o H, — K o H
and wh,, — wh are small enough so that the non-degeneracy and contraction
conditions hold. Furthermore, we also need to show D?H,, and (DH,)™" are
uniformly bounded along all the iterations. Obviously, by (vii) and (x) in
Proposition [5.1], one has

”](ﬁ © Iiﬁ - Ko II”pms

n
< YUK 0 Hy = Kjoy o Hyilly, o + IAK ;- © Hill,
=1

(6.4) SZC( €j-1 4 €j-1
=1 7

v+s+d/2 s+d/2)
= j 7

J=

€j

and

Ej—] -
€;.

65 llwh, —whl, < 3 lwAhyill, < ) € <
j=1 J=1 Jog=

Likewise, the uniformly boundedness of D*H,, (DH,)~", P[K,, h,, e,] can
be proved by applying our detailed analysis in Proposition [5.1] Since p,
decreasing to p/2, for the convergence of H, and K,, o H, , it is sufficient
to apply the same estimates in (6.4) and (6.5)) to show that both sequences
are Cauchy on the uniform analyticity domain D,,;, which is an immediate
result of the convergence of 37 &;.

6.2. Proof of local uniqueness. For the local uniqueness, we assume that
there are two solutions (K, hy, 1) and (K, hy, 1) of the invariance equa-
tion (1.12)) and the conjugation equation (I.13), which also satisfy the non-
degeneracy conditions.

We can write

6.6)  FIKy o] = FIK1, il + DFK, 1)Ky — Ky i — 1) + R
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and
(6.7)
GKy, hy, o] = YKy, by i1+ DGKy, by i 1Ky — Ky By = by, o — ) + R?

where R” and R are the Taylor remainder for .% and ¢. Let
AK =K, - Ky, AH=H,-H;=w(h,—hy), Au=p—pu.

We just repeat the computations in (5.50)-(5.53)) to estimate R” . It is readily
seen that R” has the same expression (5.50). When composing R” with H|,
we need to specify the analyticity domain of (k- AK) o Hy, (0,¢pq- Apt) ©
H; and ¢,, o H, where

(Ok@pg - AK) 0 Hy = —wDry, pgau © (Ky + pgAK) o H - AK o Hj,
(8,1190[761 ' A,u) © Hl = _wapruﬂ)qmz © (Kl + quK) o Hl : Aﬂ’

and
¢pg © Hi =¢[Ky, 1] o Hy + ¢, 0 Hy — ¢[Ky, 1] 0 Hy

1
=H; © Rig+1)w + f OkPpgr © Hi - pgAK o Hy + 8yppy © Hy - pqAp dr.
0

Noticing that, for 0 < ¢ < 1, the following estimate

\Hy + tAH — H||; = [|(t — DAH]|; < Cllha = halp.
holds, which yields
(6.8) Dy vintp-65 C Dy p-as € Duyvinip-260 € Dy po

if ||y — hyl|, is small enough. Immediately, one has

1
|IKy o H — K; 0 HZ”ﬁ—3(3',s = ||f DK, o (H, + tAH) - AH dt”,ﬁ—3é’,s
0
< sup ||DK; o (Hy + tAH)||s-365 - lw| - [1ha —

0<<1
< C6 M PNDK; o Hollp—o - llha — hully
< CH DK, o Hallps - l1ha = hullp.
which implies

(6.9)
IAK o Hyl|p-35,s < [|IK2 0 Hy — Ky © H||p-36.5 + ||IK2 0 Hy — K3 0 H>||p-36.5

~A—(1+s+d/2
< ||K2 oH, —K;o H]”p_gﬁ—’s +Co (L+stdf )”KZ o HZ”/},S : ”hZ - hl”ﬁ

Then the smallness of AK o H; and Au in the integrand of ¢, o H; yields
the analyticity domain inclusion

(6.10) Dyorty p-46 € Dy p-36

forany 0 <7< 1.
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Let
8, = max {|[Ky o Hy = Ky © Hillp, I1hy = . iz = punl}
Combining the equations (6.8))-(6.10), one has
I Rg”p—w,s < CH2s+d+D) 62.

Similarly, for the Taylor remainder of ¢, R? has the same formula with

(5.43]) and satisfies
”Rg”ﬁ—66’ < Cé-_(23+d+3)6/23.
Repeating the procedure in Section [5] we also obtain the equation (5.29)
but replacing E and e by R” and R? respectively. Then we have

_ A—(25+d+3) <2
luo =l < Cp 55

(6.11) lwAh|l2p3 < Cﬁ_(y+25+d+3)5§a
(K> = K1) © Hillya,s < Cp~* 967,
Noticing that
1Ky o Hy — K; o Hi||p2 < C||Ky 0 Hy — K5 0 Hillpjo,5 + ClIAK o Hllp2,

< Cﬁ—(v+3s+%+3) 52 +C ﬁ—(25+d+3) 52’

it is readily seen that
S0 < Cﬁ—(v+33+¥+3)6§'
Combining the interpolation inequality (2.3) to d,, i.e.,
63 < C632032
we have
Co3p12

ﬁv+3s+%+3

Op2 < 5/2-
Then if 635/> is small enough such that Cﬁ‘<v+3s+%+3)(53ﬁ/2 < 1, we have
0p/2 = 0, which implies the local uniqueness.
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APPENDIX A. FOLIATION-PRESERVING TORUS MAP

There are quite extensive literature on the dynamical properties of torus
maps both in mathematics and physics. They appear in ergodic theory ,
Schrédinger’s equation with a quasi-periodic potential, bifurcation of quasi-
periodic tori and etc. The original treatment appears in [Arn63, Mos66b,
Mos66al]. For a more modern presentation, see [KH93]] and the references
therein.

As we all know, the universal cover of T¢ is R? with the covering map

7:RY> T n(x)=x mod 1.
Therefore, for any continuous torus map
(A.1) T:T¢—T¢,
we can lift 7 to T : R — R¢ such that the diagram commutes as
(A.2) Ton=noT.
Moreover, T has the form as
T(x) = Ax + F(x)

where A is a d X d integer valued matrix and F is a periodic function. It
is noted that any torus map has infinitely many lifts, differing by an integer
vector.

If w is a eigenvector of A, any torus map of the form Ty = A + wf with
periodic scalar function f has the property that it preserves the foliations
{x+wt: x € RYt € R). We refer to such maps as w-foliation preserv-
ing torus map. These maps are also called reparameterization of linear
flow[Fay02]]. More particularly, when Ty = Id + wf, the torus map 7 pre-
serves each equivalence class of T¢/wR, where the equivalence relation is
defined by

X~ye x—yewR.
Indeed, for any z = x + wt, one has
(A.3) Ti(z) =z+wf(z) = x+ w(t+ f(x+ wt)).

Furthermore, the set of w-foliation preserving torus maps has group struc-
ture under the composition operator. We denote Diff(T¢) the diffeomor-
phism on the torus T¢.

Remark 1.1. Note that when w is irrational(w - k # 0,Vk € Z¢ — 0), each
of the leaves of the foliation is dense. Hence, there is no quotient manifold.
The maps that preserve irrational foliations have infinitesimal Lie symme-
tries, but they cannot been "reduced” to a lower dimensional system.
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Lemma 1.1. Let E be the subset of Diff (T%), in which the element T; has
the form of Tr = Id + wf. Then E is a subgroup of Diff (T?) under the
composition Ty o Ty = Ty, ror, and the inverse of Ty is given by T_ for ;-

The preservation property reduces the dynamics of F to be essentially
one dimensional problem.

The simplest example of w-foliation preserving torus map is the rigid
rotations Ry, : T¢ — T defined by

(A4 Roow(®) = (x + aw) mod 1

where @ € R. These maps are clearly invertible and analytic and their
dynamics are easy to understand. If w is non-resonant, then each leaves of
foliation wind densely on T¢. Due to the simplicity of rotations, one may
be interested in which classes of torus map can be conjugated to a rotation
torus map like (A.4).

It is also noteworthy that if a w-foliation preserving torus map 7'y can be
conjugated to a rotation Rg, then there exists a @ such that Q = aw. We
show a simple argument as a justification. If there exists H and Q such that
H_1 o Tf oH = RQ, then

1 1n—l
—T"—Id:—§ Tt
n(f ) nj:OfO ! w

which implies the limit of (T;‘ — Id)/n, if exists, has the form of aw. On the
other hand, T; also satisfies

Ti=HoRgqoH '=1d+nQ+hRqoH")+H ' -1d

which implies (T?—I d)/n approaches € since the left terms remain bounded.
Thus we have QQ = aw. Furthermore, to maintain the foliation preserving
structure, we also have H € E, i.e. H = Id + wh. More precisely, in the re-
duction procedure of a w-foliation preserving map, all the transformations
should be chosen from the subgroup =.

The conjugation problems of maps of the torus is studied in great detail
in [Mos66a]. The analogy with Lie algebras is also discussed. Since the
the set of foliation preserving maps is a subgroup of the group of diffeo-
morphism, there are some differences. The most notable is the fact that to
study the conjugacies of foliation preserving maps, we only need to adjust
one dimensional parameter, while the general case requires as parameters
of the same dimension as the torus. See also [[Van02, [PdILV03]].
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APPENDIX B. SOME TECHNICAL LEMMAS

In this appendix, we give several elementary facts used in the formulation
of our main results. Firstly, we cite a well-known result on the infinite sum
containing the exponential decay terms.

Lemma 2.1. [BMS76]] Assume O < ¢ < 1 and v > 1, then
_ vy 1
(B.1) Z k" e 2K < (;) Sl + e).
kezd

Next we show a differentiation formula on the product rule of matrix
value functions.

Proposition 2.2. Given w € R¢ and a matrix A = (@ij)axa- If V,a;j €
C!(RY,R), then
DV-A-w=Tr[D(V-A) w)-V-DAw)].

Proof: Denoting C = (¢ij)axa = D(V-A)-w and M = (m;j)axa = V - D(Aw).
Then one has

and

The result is readily obtained by observing that
d d
1%
DV-A-w= — ajjw;.
= (9xj ;
For the formal Fourier series (5.13)), we prove the general result.

Proposition 2.3. Assume A = (a;j)ixq With formal Fourier series as

—~  onik6
a;j(0) ~ Z ajje” .
kezd
Then,

27le i 'E‘l'k .
B.2 X‘IT D(A 0) ~ J Jb : 2nmik-6
(B.2) FID(Aw)](6) é} I;d 1<Z,<d e

where the operator £~ is given in Section m

The verification is straightforward and thus omitted. When

A=V -w- (g8

we have aj; = w j(V/~\gl)k and inserting the particular coefficients into the
above sum yields the expression (5.13)).
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AppPENDIX C. PROOF OF PROPOSITION

The estimates on the corrections are standard in KAM theory. Not sur-
prisingly, the techniques used here are the Cauchy inequality (2.1.1)) and the
relation of two different norms (2.8) and (2.9). In order to prove the con-
vergence of the Newton iterations, we need to give delicate estimates on the
corrections.

Proof of Proposition We show some direct computation as follows.

@) llwh*llp-7o < llwhll, + lwAhll,-75 < llwhll, + Co™e.

(i) llwDh*ll,-s5 < lwDhll,—s + llwDAR|, 55 < o Hwhll, + Ca*Ve,
(ii1)
||DH+ - JI||p—80' S||DI_I+ - DH”p—SO' + ”DH - JI”p—o-
<o lwhll, + Co™"Ve.
(iv) Since 0! |lwhl|, is small enough, the inverse of DH does exist on D,_

and satisfies

ID™'H =T, = | Z(_th)n”p—(r < lwDAhlly— - (1 = l|lwhl|, o)™

n=1

< 2||wDhlly-y < 20 |whl|,.
Likewise, we also have
D' (H + wAh) = 1||,_s, < 2llwDh||,_gs < 20" ||lwhl|, + Co Ve

if o€ is sufficient small.
(v) Cauchy inequality from (iv).

(vi)
||D2H+||p—9a' S||l)211”p—30' + ||D2H+ - DzH”p—90’
<o ?||whl|, + o *||lwAhl|, 7,
(vii)
1
IK o H' = Ko s =1 [ DK o (H -+ quih) - wh dall s,
0
1
< f ”DK o H”p—Z(r : ||C‘)Ah||p—7o' dC[
0
< C|IDK o H||p-2s - 0 €.
(viii)

”K © H+||p—70' S||I( oH"-Ko H||p—70' + ||K © H”p
<[1+Co™ Vel - |IK o H]|,.
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(ix) Since
ID(K o H") = D(K © H)||p-s0 <0 '||K o H* = K o H||_7,
<Co™"?|KoHl|,- €

and
ID(K o H")|ly-35 <IID(K o H") = D(K © H)||,-35 + ID(K © H)||,—

<o YKo H|l, + Co " ?||K o H||, - €,
then one has

IDK o H*||,—ss <[ID(K o H) - D™ H*||, 3
<[c7'+Co™*? €] - |K o Hl|, - (1 + 2||wDh*||,_g5)-

(x)
”AK o H+||p—120',s < CO-_(S-HI/Z)”AK o H+|Ip—100' < CO-_(S-Fd/Z)llAK o H”p—60',s-

The following estimates would also need the domain analysis in
Lemmal[5.3l
(xi) Since
IDAKo@[K*, "] 0 H'l|p-1205 < Co™*PIDAK © o[K*, "] 0 H'||p-100
< Co " PIDAK o Hllp-s, < Co™ " ?|IDAK © H)llp-s5 - ID™" Hllp-so
< CO-_(1+S+d/2)”D_1H”p—0' : ”AK © H”p—60’,s
and

IDKo@lK", "] 0 H'llp-120.5 < Co™ " DK 0 @[ K*, 11" 0 Hlp-105
<Co™“**P||DK o H||)_s, < Co™“**?||DK o H||,_.,

one has
||DK+O()D[K+,/J+] o H+||p—120',s
< ”DK o 90[K+,/'t+] o H+||p—120',s + ”DAK o 90[K+9/1+] o H+||p—120',s
< CO-_(S+d/2)||DK © H”p—(r + CO-_(1+S+d/2)||D_1H”p—0' ' ”AK © H||p—6cr,s-
(xi1)
||Dry+A,u © (K + AK) © H+||p—12(r,s : ”AK o H+||p—12(r,s
< CO-_(ZHd)”Dr/f' © K+ ° H+||p—100' ' “AK © H”p—60'
< ClIDrllp - DN AK © Hllp-60s-

(Xlll) ||a}lr/1+A/J o (K + AK) oH" - A,u”p—IZtT,s < Cllayrlli)* €.
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(xiv)
1@kx @ K", 1*] - (AK)Y®) © H |lp-1205
< ID*rn © (K + AK) o H - (AK 0 HY)®||y 120
< Co™ " \Dr|p - |AK o HY|_
< CIDllp: - o FPNAK o HI ..
(xv)
0kl K™, 1171 - AK) 0 H Aptllp-1205
< |ID8,rysny 0 (K + AK) 0 H* - AK 0 H||p_120.s - 1A]
< Co™PNDo, | - IAK © H ||y 1205 - [Aul
< D3, lp: - ™ |IAK o Hlly-gcs - €,
(xvi)
10,0 lK*, 111 0 H* (A llp-120n5 < 1Dyt © (K + AK) 0 H||p1205 - [ Al
< ClDyrllp: - o2 - &,
(xvii) Since
ID*AK o g[K*, 11" ] 0 Hllp-1205 < Co™ " P|ID*AK © Hl|p 5
< Co™ | [D*(AK o H) -~ DAK o H - D*H] - (D™' H)|,_s

< Ca ™ PID*(AK © H)llp-s0 + IDAK © Hlly s, - ID*Hllp2o} - ID HII; .

< CIID*Hllp2s - IDT'HI}_, - ™| AK 0 H|p—60-s
and
ID*K o o[K*, "1 0 H|lp-120.s < Co™ " P|D*K 0 [K*, "] 0 H[|p- 100
< Co | D*K o Hl|y-ss
< Co | D*K o Hllp-2
then
ID*K* o @[ K*, 1" ] 0 H'[|p- 1205
< |ID*K 0 o[K*, u"] 0 H'||p-120,s + ID*AK 0 @[K*, "] 0 H' ||y 120
< Co | D’K o H|p25 + CID*H|lp—2s - ID7'H||} . - 42
X [|AK © Hlly-60.5

which is bounded if € is sufficient small.
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