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Abstract

We construct an anisotropic, degenerate, fractional operator that never-
theless satisfies a strong form of the maximum principle. By applying such
an operator to the concavity function associated to the solution of an equa-
tion involving the usual fractional Laplacian, we obtain a fractional form of
the celebrated convexity maximum principle devised by Korevaar in the 80’s.
Some applications are discussed.

1 Introduction

The celebrated converity mazimum principle was proved by Nick Korevaar [13, 14]
to answer a question posed by his advisor, prof. Robert Finn, concerning convexity
of capillary surfaces in convex pipes. Korevaar’s idea gave birth to a number of
subsequent contributions, especially due to Kawohl [8, 9] and Kennington [10, 11,
12]. To be more specific, in order to prove the convexity of a continuous function
u(r) in a convex domain Q@ C RY, N > 1, the concavity function

Clz,y) = 2u(5*) —u(r) —uly), =,y€Q (1.1)

was introduced (see [9, p. 113, (3.30)]). One may also deal with the function
clx,y, \) = (1 = N u(z) + Au(y) —u((1 — X))z + \y) for z,y € Q and A € [0,1] as
in [12, p. 687], but we prefer to keep A\ = % for simplicity. This is enough because
u(z) is continuous.

The convexity of u(z) in € is equivalent to the inequality C'(z,y) < 0 in the
Cartesian product Q2 = Q x €. In order to prove this inequality, the first step
amounts to exclude that C(z, y) attains an interior, positive maximum, i.e., to prove
a maximum principle. This is the reason why such kind of result became known as
convezity maximum principle. Concerning the method of proof, in the mentioned
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papers the conclusion is obtained by contradiction, arguing at an interior point
(20, Yo) where the concavity function supposedly becomes extremal. In [6], instead,
an elliptic degenerate inequality satisfied by C(x,y) is constructed, starting from
the equation satisfied by u(z). For instance, if a function v € C*(Q) is a classical
solution of the torsion equation —Awu = 1 in €2, then the following equality holds:

N
0*C o02C 920 . ,
Z (81’1‘ Ox; 2 ox; 0y; + d; Oy ) =0 in " (1.2)

i=1
Equation (1.2), although degenerate, implies a maximum principle (see [6]). In-
dependently of the method used for excluding that C(z,y) has interior positive
maxima, in order to conclude that C'(z,y) < 0 in the whole domain Q? it is nec-
essary to ensure that C(x,y) < 0 at the boundary of Q?, i.e., when at least one of
x,y lies on 9Q (here we are assuming u € C°(Q)). Unfortunately this turns out to
be a difficult task, not only from a technical point of view, but also because the
claim is false, even in very simple cases. For instance, if () is a smooth, convex,
bounded domain, then the solution v of

{—szl in

1.3
v=0>0 on 0f) (13)

is known to be power-concave in the sense that the function
u(z) = vz (z) (1.4)

is concave (see [9, p. 120, Example 3.4] and [12, p. 697, Remark 4.2.1]). Thus,
the point of view is slightly changed. In fact, thanks to the exponent % in (1.4),
the gradient Du becomes infinite along 02, and this implies that the concavity
function C(z,y) cannot attain a negative minimum on 9(2?). Hence, if u were
not concave, the function C(z,y) would attain a negative minimum in the interior
of Q2. Furthermore, a minimum principle holds (see [9, p. 116, Theorem 3.13] and

(12, p. 691, Theorem 3.1]). It follows that the minimum of C'(z,y) over 0% equals
zero, and therefore \/v(z) is a concave function.

Different approaches have also been used for proving that solutions of elliptic
PDE’s are convex or concave: for instance, comparison of u(x) with its convex
envelope [2] and constant-rank Hessian theorems [15].

Problem (1.3) also provides an example where all strategies for proving concav-
ity must necessarily fail. Indeed, let Q C R? be an equilateral triangle. In this case
the solution v is known explicitly, and we have Dv = 0 at each vertex of 0€): there-
fore the (positive) function v is not concave. Nevertheless, since v is power-concave,
then its level sets are convex: this was initially proved by Makar-Limanov [17] in
dimension 2 (see also [1, 16]).

In the present paper we extend the convexity maximum principle to continuous
functions u € C(RY) satisfying the equation

(=AY u(z) = f(u) in €, (1.5)
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where (—A)®, s € (0,1), is the fractional Laplacian

(—A) u(xg) = cng P.V./]R Mdm (1.6)

N |zo — x|N+2s

: u(zo) — u(z)
= ¢y lim —_—

* et |zo—2|>e |£L’0 - x|N+25
Here P.V. stands for principal value, and the constant cy s (which is found, for
instance, in [3, Remark 3.11]) is given by

45T (5 +s)

CNs = ———.
72 (1 — s)

A continuous function u: RY — R is a solution of (1.5) if the integral in (1.6)
converges for all g € Q, and if the equation in (1.5) is satisfied pointwise. To
give an idea of the applications of the tools developed afterwards, let us quote a
statement that holds under rather simple assumptions on f(¢).

Theorem 1.1 (Convexity maximum principle, sample statement 1). Let u €
CORYN) be a solution of (1.5) in a convex, bounded domain Q@ C RN, N > 2.
Suppose that the function f(t) in (1.5) is monotone non-increasing and convex. If
C(z,y) <0 for all (x,y) & Q?, then C(x,y) <0 in all of R?N.

We also put into evidence the following surprising property of convex functions
in two variables satisfying equation (1.5) in a (possibly unbounded, or even very
small) convex domain €.

Theorem 1.2 (Convexity maximum principle, sample statement 2). Let s € [$,1),
and let u: R? — R be a convex function in the plane satisfying equation (1.5) in
a conver domain . Suppose that the function f in (1.5) is negative, and that
—1/f(t) is a convex function. If there exist two distinct points xq,yo € 2 such that

5”0;“3‘0) “(w‘));“(yo), then the graph of u over R? is a ruled surface.

u(

The convexity maximum principle is obtained by showing that C'(z,y) satis-
fies a degenerate inequality (see Section 4) extending (1.2) to the fractional case.
The inequality is constructed by introducing in Section 2 a convenient degenerate
operator, denoted by (—A4)®, which is proved to satisfy the maximum principle.
The computation of (—A,4)* C in terms of (—A)®u is done in Section 3. The two
sample statements given above are proved in the last section.

Equations posed in the exterior of a convex body K have also been considered
in the literature: confining ourselves to fractional operators, we mention that the
solution of

is shown to have convez level sets in [18].
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2 Degenerate anisotropic fractional Laplacian

The following definition introduces a linear, non-local operator, denoted by (—A 4)*,
which includes the fractional Laplacian as a special case. Apart from being non-
local, such an operator may also be degenerate due to the fact that the domain
of integration A(xg) indicated in (2.1) is allowed to have lower dimension than
the whole space. Accordingly, a degenerate strong maximum principle holds (see
Theorem 2.2).

Definition 2.1. (Degenerate anisotropic fractional Laplacian) Let G be an open
subset of R™, m > 1. For ¢y € G, choose an affine subspace A(xzy) C R™ of
positive dimension k = k(x¢) < m passing through xy. The operator (—A4)?® is
defined as follows:

w(xo) — w(z)

(= A1) w(x0) = xgonys PV / A () (2.1)

Awo) o — @|N+2s

provided that the integral in the right-hand side is well defined. The notation
dH* @) represents the k(xg)-dimensional Hausdorff measure.

When k(x) = m, i.e., when A(x) = R™ for all x € G, the operator (—A,)° is
non-degenerate and coincides with the usual fractional Laplacian (—A)®. In such a
case, a strong minimum principle is found in [7]. Apart from considering the more
general case 0 < k(x) < m, here we also put into evidence that the conclusion
propagates to the whole space (see Remark (4)).

Theorem 2.2 (Anisotropic strong maximum principle). Let k be any function from
G to the set {1,...,m}, and let A be a function that associates to every x € G
a k(x)-dimensional affine subspace A(x) C R™. Let w: R™ — R be an upper
semicontinuous function satisfying

(—Aq)’w(x) <blx)w(x) inG (2.2)

where b: G — R is any real-valued function.

(1) Assume that G is bounded, w < 0 in R™\ G, and b <0 in G. Then w <0
in all of R™.

(12) If w <0 in all of R™, and if w(xo) = 0 at some xy € G, then w(x) =0
for all x € A(xy).

Remarks. (1) Claim (i) holds even though G is unbounded, and irrespectively
for the sign of b.

(2) The two claims may be used together: indeed, under the assumptions of
Claim (z), it follows that w is non-positive and therefore Claim (ii) applies.

(3) The degeneracy of the operator (—A4)® for k < m reflects on Claim (7):
indeed, from the equality w(xq) = 0 it is not possible to deduce w = 0 in all of R™
as in the non-degenerate case k(xg) = m.
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(4) The non-local character of the operator (—A4)®, for k < m, also appears in
Claim (77): the claim asserts that w(x) = 0 for all & in the affine subspace A(x),
i.e. even though @ ¢ G and independently from the geometry (connectedness)
of G. By contrast, a similar result does not hold for the Laplacian. For example,
if —Au < 0 in an open set  C RY and if u = 0 on 9Q and u(zxy) = 0 at some
xy € (Q, then the function u may well be negative in some connected component
of ) distinct from the one containing .

Proof of Theorem 2.2. Claim (i). If w were positive somewhere in GG, then, by the
compactness of G and using the fact that w < 0 in R™ \ G, w would reach its
(positive) maximum at some xy € G. By (2.1) we may write

w(xg) — w(x)

(—Aa) w(Zo) = Criao),s P.V./ d?—[’“(mf))(m)
(z0) GnA(zo) |z — @|N+2s
+ Ck(:co)s/ ﬂd}ﬁ(zo)(m)'
" Ja@one |To — x|V

The first integral is non-negative because w(xy) = maxw. Concerning the second
integral, we have omitted P.V. because x, is interior to G. Furthermore, since
k(xg) > 0 and G is bounded, the difference A(xy) \ G has an infinite k(xg)-
dimensional measure. This and w(xy) > 0 imply that the second integral is strictly
positive. Consequently, we get that (—A4)° w(axy) > 0. However, b(xg) < 0 by
assumption, hence b(xg) w(xg) < 0, thus contradicting (2.2). Thus, we must have
w < 0 in all of R™, as claimed.

Claim (i7). Suppose, by contradiction, that w(x;) < 0 at some x; € A(x).
Then, by upper semicontinuity, there exists €; > 0 such that —w(x) > &; for
all x in the ball By = B(x1,¢1). By reducing &, if necessary, we may assume that
xo € B, thus avoiding singularities in the second integral below. Recalling that
w(xy) = 0, we may write

—w(x)

(Baf wl@) 2 ey PV.[ U aH @)
(z0) Alwo)\By |y — @|N+2s
+ Ck(a:o),s/ 6—1N+2dek(mo)(w).
BiNA(xo) |y — x| V2

As before, the first integral non-negative because now w < 0 in R™. Furthermore,
the second integral is strictly positive because the intersection By N A(xg) has a
positive k(xy)-dimensional measure. Hence we get (—Ay4)* w(xy) > 0. However,
since b(xo) w(xy) = 0, a contradiction with (2.2) is reached. Thus, we must have
w(x) =0 for all & € A(xy), and the proof is complete. O
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3 Fundamental expansion

In order to investigate the convexity of a solution u of (1.5), we will apply the
operator (—A4)® introduced in (2.1) to the concavity function C(z,y). To this aim
we let m = 2N and k(x) = k(z,y) = N. Furthermore, in the present section we
suitably choose the subspace A(x) = A(x,y) and give an expression of (—A4)*C
in terms of (—A)*u. To this purpose, we start from a spectral analysis of the
matrix M in (3.2). Such a matrix was used in [6] as the characteristic matrix of
a local operator to be applied to C(z,y). It is worth recalling that the idea of a
rotation of the coordinate frame in order to give a PDE a more convenient form
goes back to d’Alembert, who investigated the wave equation (see [5, p. 216]).

Proposition 3.1 (Spectral analysis). Let I be the N x N unit matriz, N > 1, and
let o, 7 be two real numbers such that o* + 72 > 0. Furthermore, let w € [0,27) be
the angle determined uniquely by

COSW = —— Sinw = ——— (3.1)

N N

Then, the 2N x 2N symmetric matric M = M (o, T) given by

o2l o1l
M_(OT[ 7'2]> (3.2)

1s transformed into a diagonal matrixz by means of the orthogonal, symmetric ma-
triv P = P(w) defined as follows:

P ((Cosw)l (sinw) I ) | (33)

(sinw)l (—cosw)I

More precisely, we have

I 0
P"M P = (0 4 7°
where the exponent T denotes transposition, and 0 is the N x N null matriz.
The matriz M(o,T) has two distinct eigenvalues: the eigenvalue N\g = 0 and the
eigenvalue \; = o?+712, each one of multiplicity N. The corresponding eigenspaces
Vo(w) and Vi(w) are given by

Vo(w) = { (e,y) € R

() =P (). neRY\ {0} };
() =P (), ¢V \{0} }.

Proof. All claims are easily verified by computation. O]

Viw) = { (@,y) € R
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We can now prove the following fundamental lemma, which gives an expansion
of (=A4)* C in terms of (—A)®u provided that A is defined as in (3.4).

Lemma 3.2 (Fundamental expansion). Let u: RN — R be a continuous function
such that the fractional Laplacian (—A)®u(x) is well defined for all x in a convex
domain Q C RN, N > 1. Fiz xo,yo € Q, and let 29 = (zo+1o)/2. Choose an angle
w € [0,27) and define the N-dimensional affine subspace A C R?*N as follows:

A = (xo,y0) + Vi(w) (3.4)
= {@n e () = ()P e\ .

Then
(=84 Clag) = 2 (L=l )™ (A () (35)

—|cosw|® (—=A)* u(xg) — |sinw|* (—A)* u(yo).

% is linear, and by (1.1), we start by computing

Proof. Since the operator (—A,)
(—A4)* w(xo, yo), where w(z,y) = u(z) and z = ¥ By means of the matrix
P = P(w) defined in (3.3), we perform the change of variables (;) = (™) +P (g)

w0
and find

A E — ens P.V./ u(zo) — u(2) dHN (z,
(CAN UG g = s PV | o S gy T @)

U(ZD) _ U(ZO + cosw;—sinw 5)
= s P.V. dg.
CN, /RN €]N+2s §

In the case when cos w+sinw = 0, we immediately obtain (—A 4)* u(%ﬂ)kmo’yo) =0

Otherwise we take z = 2y + W§ as the new variable of integration. Since

dz = (L2l N e e arrive at

. 2s —
_ <\cosw;—smw|> CNs PV/ U<ZO) U(«Z) dz
R

N |ZO _ Z’N+25

(D) (25

2 )I(zo,yo)

_ <Cosw2+sinw|>28 (—A)* u(z).

Note that the last equality collects the case cosw + sinw = 0 as well. To pro-
ceed further, let us compute (—A4)* w(xg, yo) where the function w, different from
before, is given by w(x,y) = wu(z). Denote by m(z,y) = z the first canonical
projection over RY. Using again the change of variables (z) = (zg) +P (g) we find

(=A2)° uw(mi (T, Y)iny e = CNs P.V,/A |($0’1;(03)701z;:(y"§|)]v+28 dHY (z,y)

= CN,S PV/RN U(Z.O) — TET;:;S(COSW) g) dé-
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If cosw = 0 we immediately obtain (—Ax)® u(m(x,y)) = 0. Otherwise we

|(900,y0)
use z = zy + (cosw) £ as the new variable of integration. Since dx = |cosw|" d¢,

we arrive at

(=A4) u(m(z,y)) da

| (z0,v0)

- ]cosw]QS CNs P.V./ —u(%) — ul()

x| zo — [Nt
= |cosw|2$ (—A)* u(zxy).

The equality above continues to hold when cosw = 0. Finally, a similar computa-
tion shows that (—Ax)* u(m2(z,y))|,, .0 = |sinw|? (—A)* u(yo), where mo(x,y) =
y is the second canonical projection over RY. The lemma follows. O

4 A non-local inequality

We establish a non-local inequality of the form (2.2) satisfied by the function C'(x, )
in the set G = Q2 More precisely, we give conditions on the function f in (1.5)
sufficient to obtain such an inequality through the expansion (3.5). We state for
first the general assumption (4.1), then we discuss some special cases where such
an assumption holds.

Lemma 4.1 (Non-local inequality). Let Q be a convex domain in RY , and let u be a
(continuous) solution of (1.5). Denote by U = {t € R |t = u(x) for some x € Q}
the interval described by u(x) as x ranges in ). Suppose that for every couple of
real numbers ty,ty € U there exists an angle w = w(ty,t2) € [0,27) such that

2

2 (Lemspsinel Y piitia) —Jcoswp (1) — [sinwl® f(t) 0. (41)

Then for every (xo,yo) € G we may define the N-dimensional affine subspace
A = A(xo,y0) C RN by letting w = w(u(xg),u(yo)) in (3.4), and we have

(—A4)° Cx0,y0) < b(zo,y0) Cxo,y0) for all (xg,y0) € G (4.2)

where the coefficient b(xg, yo) is given by

. 25 xo+y u(z )+u(y )

| cos w+sin w| Flu(B0TH0)) — f(220 )y ‘

b(.fl'(], yO) = 2 ( 2 ) : C(z0,y0) . ? Zo, yO) ;é 07
0 C(wo,90) = 0.

Proof. The conclusion follows from Lemma 3.2 by using assumption (4.1) and the
identity

sin w 28 cos w+sinw 2s u(zo)+u(yo
2 (Lol )7 fu(zg)) = 2 ((leomspeined ) p(lenl ) b, o) €z, o).

]
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Remarks. (1) If the function f is monotone non-increasing then b(z,y) < 0
in G. The last inequality is an assumption of Claim (i) of the maximum principle
(Theorem 2.2).

(2) Assumption (4.1) is satisfied if f(¢) > 0 for all t € U. This is readily seen
by letting w(ty,ts) = Z%?T for all t;,t5 € U, so that cosw + sinw = 0.

(3) If f is a convex function (hence, in particular, if f is constant) then assump-
tion (4.1) holds with w(t,t2) = .

A further condition implying (4.1) involves the harmonic concavity of the function
g = —f. For the present purposes, it is convenient to adopt the following definition:

Definition 4.2. (Harmonic concavity) A non-negative function g defined in an
interval U C R is harmonic concave if
g(tl—gtg) Z 2g<t1)g(t2)
9(t1) + g(t2)
for every tq1,ts € U such that g(t1) + g(t2) > 0.

If ¢ is concave, then it is harmonic concave (see [12, p. 688]). In comparison
to the definition in [6, 11, 12|, the present one is restricted to the case g > 0:
this because we will consider the power function ¢g*~! in the proof of the following
proposition. In the realm of continuous, non-negative functions, all the mentioned
definitions coincide. Continuity enters in this equivalence because the definition
here (as well as in [6]) involves just the middle point 432 instead of the whole
interval Aty + (1 — A) 2, A € (0,1), as in [11, 12]. Finally, it is worth recalling that

a positive continuous function ¢ is harmonic concave if and only if 1/g is convex.

Proposition 4.3. Suppose s € [%, 1). If f(t) <0 forallt € U, and if the function
g = — [ 1is harmonic concave, then (4.1) holds.

Proof. Fix t1,to € U. If f(t1) = f(t2) = 0, we may take w arbitrarily and (4.1)
holds because f (@) < 0. For later purposes we choose w = %’ﬂ'. If, instead,
f(t1) + f(t2) > 0, then we let w € (37, I 7) be the angle determined by (3.1) with
o = f(tz) and 7 = f(t;). Since |0 + 7| = —o — 7, the target condition (4.1) may
be rewritten as

2s s s
(i(,;) g(lgtz) — I alt)H*glta) > (4.3)

If either |o| = g(t2) = 0 or |7| = g(t1) = 0, then (4.3) trivially holds. Otherwise,
since ¢ is harmonic concave, in order to prove (4.3) it is enough to check that

2s—1 s s
(9(t2)-59(t1)> g(th) g(ty) — LD gt+HEMN"gltz) > ()

Dividing by g(t1) g(t2) we get the equivalent inequality

<9(t2)-;9(t1) )231 _ L))t 5

which holds true because the power function a*~* with s € [3,1) is concave in the
variable a > 0. O
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5 Applications

Let us prove the two sample statements given in the Introduction. We start proving
the following, generalized form of Theorem 1.1, which also applies to non-convex
functions f(t).

Theorem 5.1. Let u € CO(RY) be a solution of (1.5) in a convex, bounded do-
main . Suppose that the function f(t) in (1.5) satisfies (4.1) and is monotone
non-increasing when t ranges in the interval U, image of the domain ) trough the
function u. If

u(ct_éy) < U(w);U(y)
whenever x,y € Q, as well as when x € Q and y € Q, then u is convex in RY.

Proof. The assumptions on v imply C(x,y) < 0 in R*¥\ Q2  those on f imply that
C satisfies inequality (4.2) in the bounded domain G' = Q?, with b < 0. Since (2 is
bounded, the theorem follows from Claim (7) of Theorem 2.2. O

The statement in Theorem 1.2 is a special case of the following, which makes
use of the notion of harmonic concavity.

Theorem 5.2. Let s € [3,1), and let u: R* — R be a convex function in the
plane satisfying equation (1.5) in a convex domain 2. Suppose that the function f
in (1.5) is non-positive and harmonic concave. If there ezist two distinct points
Zo, Yo € Q such that u(2FL) = "(xo);“(yo) then the graph of u over R? is a ruled

surface.

Proof. Observe, firstly, that since u is convex by assumption then whenever C(z, y)
= 0 the graph of u contains the line segment whose endpoints are (z, u(z)), (v, u(y))
€ RY¥*1. This will be repeatedly used in the sequel.

In order to prove the theorem, let us apply the fractional convexity maximum
principle. The assumptions on f imply that C(x,y) satisfies inequality (4.2) in
G = Q2. The assumptions on « imply C(x,y) < 0 in R*, and there exists (o, yo) €
G such that C(zg,y0) = 0. Hence by Claim (ii) of Theorem 2.2 we have

C(z,y) =0 for all (z,y) € A= A(xo, o). (5.1)

The two-dimensional affine subspace A C R* is given by (3.4), where the angle w is
chosen as in the proof of Proposition 4.3: if f(u(zo)) = f(u(yo)) = 0 then w = 2,
otherwise w is determined by (3.1) with o = f(u(yo)) and 7 = f(u(zo)). Since
f < 0 by assumption, we get w € [m, 2x]. In conclusion, by (5.1) we may write

C(x,y) =0 for all z,y € R? given by

T =20+ (cosw) &
y=1yo+ (sinw)
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as ¢ ranges in R?. Letting £ = A (zg — y) for A € R, and recalling the initial
observation, we see that the graph of u contains the whole straight line passing
through (zo, u(zo)) and (yo, u(yo))-

Now let us turn our attention to the points x; € R? such that x; # xo+\ (xo—y0)
for every A € R. Since cosw and sinw cannot vanish simultaneously, without
loss of generality suppose cosw # 0. Then every x; as above is given by z; =
7o+ (cosw) & for a convenient & € R?, which in its turn defines a particular point
y1 = Yo + (sinw) &;. Since cosw,sinw < 0, and since xy # yo by assumption, we
have y; # x;. Arguing as before we get that the graph of u contains the whole
straight line passing through (x1,u(z1)) and (y1,u(y1)). Since z; is arbitrary, the
graph of u is a ruled surface, as claimed. n

Let us conclude the paper by explaining why the present method cannot be
used to prove that the solution to

“APu=-1 in®
(—A) u in & (5.2)
u=0 in RV \ Q,

where () is a smooth, convex, bounded domain, is concave in 2. Essentially, the
present method fails because the solution u of (5.2), which is positive in {2 and
vanishes outside, is not concave in the whole space. Nevertheless, in view of the
results in [19] concerning the boundary behavior of u, we may expect that the
restriction of u to the domain 2 is concave.

Acknowledgement. The author is member of the Gruppo Nazionale per I’Ana-
lisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto
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References

[1] A. Acker, L.E. Payne, G.A. Philippin, On the convezxity of level lines of the
fundamental mode in the clamped membrane problem, and the existence of

conver solutions in a related free boundary problem. 7. Angew. Math. Phys.
32 (1981), 683-694.

[2] O. Alvarez, J.-M. Lasry and P.-L. Lions, Convez viscosity solutions and state
constraints. J. Math. Pures Appl. 76 (1997), 265-288.

[3] X. Cabré, Y. Sire, Nonlinear equations for fractional Laplacians I: regularity,
maximum principles, and Hamiltonian estimates. Trans. Amer. Math. Soc. (in
print).

[4] L.A. Caffarelli, A. Friedman, Convezity of solutions of semilinear equations.
Duke Math. J. 52 (1985), 431-456.



12

[5]

[10]

[11]

[12]

[16]

[17]

[18]

[19]

Antonio Greco

J.-B. Le Rond d’Alembert, Recherches sur la courbe que forme une corde
tendué mise en vibration. Histoire de 'académie royale des sciences et belles
lettres de Berlin 3 (1747), 214-219.

A. Greco, G. Porru, Convexity of solutions to some elliptic partial differential
equations. STAM J. Math. Anal. 24 (1993), 833-839.

A. Greco, R. Servadei, Hopf’s lemma and constrained radial symmetry for the
fractional Laplacian. Submitted.

B. Kawohl, When are solutions to nonlinear elliptic boundary value problems
conver? Comm. Partial Differential Equations 10 (1985), 1213-1225.

B. Kawohl, Rearrangements and convexity of level sets in PDE. Lecture Notes
in Math. 1150, Springer-Verlag 1985.

A.U. Kennington, An improved convexity maximum principle and some ap-
plications. Thesis, University of Adelaide, Feb. 1984.

A.U. Kennington, Convexity of level curves for an initial value problem. J.
Math. Anal. Appl. 133 (1988), 324-330.

A.U. Kennington, Power concavity and boundary value problems. Indiana

Univ. Math. J. 34 (1985), 687-704.

N.J. Korevaar, Capillary surface convexity above conver domains. Indiana
Univ. Math. J. 32 (1983), 73-82.

N.J. Korevaar, Convex solutions to nonlinear elliptic and parabolic boundary
value problems. Indiana Univ. Math. J. 32 (1983), 603-614.

N.J. Korevaar, J. Lewis, Convex solutions to certain elliptic partial differential
equations have constant rank Hessians. Arch. Rational Mech. Anal. 97 (1987),
19-32.

X.-N. Ma, Concavity estimates for a class of nonlinear elliptic equations in
two dimensions. Math. Z. 240 (2002), 1-11.

L.G. Makar-Limanov, Solutions of Dirichlet’s problem for the equation Au =
—1 in a convez region. Math. Notes Acad. Sci. USSR 9 (1971), 52-53.

M. Novaga, B. Ruffini, Brunn-Minkowski inequality for the 1-Riesz capacity
and level set convezxity for the 1/2-Laplacian. Submitted.

X. Ros-Oton, J. Serra, The Dirichlet problem for the fractional Laplacian:
reqularity up to the boundary. J. Math. Pures Appl. 101 (2014), 275-302.



