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ON LATTICE TOPOLOGICAL FIELD THEORIES
WITH FINITE GROUPS

N.J.B. AZA AND F. DORESTY F.

ABSTRACT. The approach of Lattice Topological Field Theories is used to describe
quantities which are independent of manifolds, and the same time Lattice Gauge
Theories are important to renormalize continuous theories. Therefore, the natural
connection between both theories can be made to understand physical topological
theories. In this work, we review the basic concepts of each theory and study gauge
theories coupled with matter fields in two-dimensional manifolds. In order to
proceed, we first describe a formalism in two and three dimensions which is based
on the idea of Kuperberg of defining a topological invariant in three dimensions
using Hopf algebras and Heegaard diagrams. This formalism is useful in the
context of our analysis because it allows to easily identify topological limits without
solving the model. Furthermore, we write the gauge model with matter fields
choosing the unitary gauge, working with finite groups, in particular with the
abelian group Z, and explaining the Z, case in detail. We calculate partition
functions and Wilson loops for this group in different topological limits. We show
that there were cases in which the results depended on the triangulation although
in a trivial way, these cases are called quasi-topological.
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1. INTRODUCTION

In recent years, Topological Field Theories (TFT) have been advantageous for
understanding the non-perturbative structure of continuous models, such as string
theories to quantize gravity [GSW87a, GSW8&7b, Wit88]. Witten uses the Jones
polynomials to show the relevance of topological theories in physics, in particular
in connection with Quantum Field Theory (QFT) [Jon87, Wit89], which in turn
can be described as a lattice model when the continuum limit is taken. In such
models gravity is quantized following the prescriptions of loop quantum gravity
[Reg61, Iwa95, BDR11]. A relation between lattice models and topological theories
have been developed by Fukuma, Hosono, Kawai, Chung and Shapere (FHKCS) in
[FHK94, CFS94] , where the authors formulate a Lattice Topological Field Theories
(LTFT) in two and three dimensions. Moreover, it has been shown that their ideas
can be generalized [CKS98], being possible to go to a higher number of dimensions.
Thanks to the fact that on the lattice all scales are equivalent, the use of a LTFT
allows the study of the geometry and the algebraic structure of the corresponding
TFT even without recurring to the limiting procedure from discrete to continuum.

Topological invariants in physics or mathematics have direct relevance to topologi-
cal theories, they represent in fact quantities that can be calculated on a manifold .#Z
independently of the metric or discretization used [Wit89] (in phys such quantities
correspond generally to the partition function). In the lattice there are several ways
to define topological invariants, such as: the Dijkgraaf-Witten invariants [DW90],
the Turaev-Viro invariants [TV92] and invariants constructed from Hopf algebras,
via Kuperberg method [Kup91], which is the case of the invariants that we use
in this paper. While Kuperberg defined topological invariants using Hopf algebras
for the three-dimensional case when the Hopf algebra is involutory, he later intro-
duced a generalization for the non-involutory case [Kup96]. Kuperberg invariants
for triangulations are represented by Heegard diagrams [PS97, Joh], and FHKCS
[FHK94, CFS94] showed that there exist a one to one relation between these and
semisimple algebras in the two-dimensional case and involutory Hopf algebras in
the three-dimensional case. Hopf algebras then connect Kuperberg invariants and
LTFT.

For a partition function Z over a manifold .#Z to be topological invariant, it
has to be independent of the discretization or “triangulation” of the manifold .Z .
This means that for two different triangulations .77 and % the value found for the
partition function is the same, i.e., Z(#, %) = Z(M , F). When this happens, the
theory is called a TF'T. Since the manifold is the same for both triangulations, there
must exist some way to go from one triangulation to the other in a finite number of
steps, a requirement satisfied by the Pachner moves [Pac78, Pac91, Rob05, DH12]
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that need to be taken into account in the construction of a LTFT. Finally, if Z
trivially depends on the size of the lattice it is said that the theory is a Quasi-
Topological Field Theory (QTFT) [YTSMO09, Yok05, FPTS12, Berl2, Azal3].

On the other hand, we look back to Lattice Gauge Theories (LGT). These ap-
peared for the first time when Wegner wanted generalize the Ising model by placing
the spin variables, o(l), on the links of the lattice [Weg71]. Using this procedure, it
was shown that in this model there was no spontaneous magnetization and the phase
diagrams of the theory were not trivial [Kog79]. To distinguish the phases of the

model, Wegner introduced a gauge invariant quantity, W, = [ [ o(l) around a closed
lel
loop ¢ and it was enough to show the called area’s and perimeter’s law for different

energy regimes [GP96]. Formally, LGT were proposed by Wilson in [Wil74], using
the idea of lattice regularization of non-abelian gauge theory of a continuum theory.
One of his first results was that in a pure gauge theory (without matter fields) the
quarks are confined. This means that the energy to separate two charges increases
linearly with the distance between them making therefore impossible to create single
charges [FM83]. On the other hand, without gauge fields, the theory is topological
[Bou97]. In the case when gauge and matter fields are present, Wilson’s basic ideas
can not predict the existence of charges and consequently different methods in con-
densed matter were developed, such as the recent ones by Wen [Wen04, Wen03] and
others. In particular to classify the differents states of the matter at temperature
0°K, via topological order and quantum order, which are general propierties of states
to this temperature [LWO05, LW06, BPT13].

As mentioned, LGT can generalize Ising models and methods of statistical me-
chanics can be used for solving them. At the same time, we know that despite
the formal simplicity of the Ising model, it is extremely difficult to find analytical
solutions for it. In the one-dimensional case the exact analytic value of the parti-
tion function (with and without external magnetic field) is known [Sall0], however,
when more dimensions are considered an analytical value is not known, except for
the two-dimensional case without external magnetic field for which an exact solu-
tion is available [Sei82]. In the presence of a magnetic field, the Ising model in two
dimensions is dual to a gauge theory coupled to matter fields. Finally, the three-
dimensional Ising model, is dual to a gauge theory with gauge group Zy [YTO07].

For the gauge-Higgs model in the two-dimensional case, with finite gauge group
G, the parameter space in the topological limit is represented by the figure 1. This

éﬁc:

FIGURE 1. Parameter space.

diagram corresponds to coupling constants with positive sign and the dotted bound-
aries represent the limits Sg gy — 0. It is known that on the solid and dotted lines,
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an exact value for the partition function exists corresponding to the topological and
quasi-topological limits of the theory respectively.

Our purpose in this paper is to review lattice topological theories for finite groups
and apply it to extend the phase diagram of figure 1 using the gauge group Z,, for a
two-dimensional, orientable, connected and closed manifold .#Z. We will make this
based in LTFT and LGT analyzing first the case of negative coupling constants in

A

.................... Pul
FIGURE
11 I 2. Parameter
5 space. Cases
where the partition
III v function and the
Wilson loops are
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, caleulable.

the topological limits. Then, we will observe what happens when coupling constants
with different sign are considered also in topological limits, a case that has not been
studied before. The resulting full phase diagram is shown in figure 2. We will get
an exact value for the partition functions and the expectation value of observables,
Wilson loops, in both the solid and dotted lines.

This paper is organized as follows.

In section 2 we review what is a lattice gauge theory in two and three dimensions
for finite groups. We recall which are the gauge transformations when gauge fields
are coupled with matter fields. We will also make a particular choice of gauge called
unitary gauge. We do this for the gauge group Z,, and we write a gauge-Higgs action
for this instance. Making use of the formalism of Kuperberg [Kup91], we represent
two-dimensional and three-dimensional lattices in terms of curves.

In section 3 we discuss Lattice Topological Field Theories (LTFT). We describe
the formalism provided by FHKCS [FHK94, CFS94], for two-dimensional and three-
dimensional manifolds. We write the partition function and Wilson loops in terms of
contractions of certain tensors M, A and S, and we define the topological and quasi-
topological theories. In particular, the partition function coincides with the one
provided by Kuperberg. We show topological invariance in the language of curves,
i.e., we show the invariance by Pachner moves for the case where a two-dimensional
gauge theory is coupled with a matter field.

In section 4 we use character expansions to describe the gauge model for a general
finite group, in particular the dihedral group Dg and for Z, we find the curve that
describe the parameter space of the model. We show that for Zs the coefficients
describing the pure gauge model 7% and 7}, are related by the hiperbola-equation
&8 = 1, which is represented by the dotted curve in figure 3. The values where
the partition function is calculated correspond to the dotted line, S5 = 0 and solid
lines, B — +oo0. A similar graph is obtained for the pure Higgs model. We will
see that the parameter space of figure 3 can be extended for negative values of
the parameters 72 and v}, for the Zy case. Thus, the partition function and the
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Wilson loops can also be calculated in regions of the parameter space which do not
correspond to any physical model and only carry a mathematical meaning.

Finally, in section 5 we summarize the results found for partition functions and
Wilson loops were found. Thanks to the diagrammatic and algebraic formalism
developed here and from other works in the same field, we expect that the methods
presented in this work lead to find interesting applications in the near future.

2. LATTICE GAUGE THEORY

In this section, our goal is to explain the basis of the formalism introduced by
Wegner and Wilson in [Weg71] and [Wil74], respectively. First, we state the basic
definition of a lattice gauge theory taking the gauge group as finite. We present
the action of the theory when we consider gauge fields associated to matter fields.
Furthermore, we study the gauge transformations which satisfy the fact that the
action is gauge invariant. We define the expected value of observables, which are
constructed like gauge invariants and called Wilson loops. In the following sub-
section, we define a gauge-Higgs model for the discrete gauge group Z%,, using a
particular gauge. Finally, we discuss about the formalism of colored curves for two-
dimensional manifolds, who is based in Heegaard diagrams, which are a tool for
studying three-dimensional manifolds.

2.1. Basic properties of a lattice gauge theory. A lattice is a discretization
of a manifold .# composed by vertices v, links e and faces f. The vertices can be
thought as a finite set of points on the manifold, the links as lines that connect two
different points and the faces as surfaces that are bounded by a set of links joined
between them via vertices. In accordance with this, every link e has two vertices
in its boundary called {vy,v,}. In the same way, every face f has in its boundary
a sequence of links (eq,...,ex), such that every link e; has one vertex in common
with the preceding link e;_; and the other vertex in common is the link e;,¢. It is
said that the link e is oriented if it is possible to distinguish the initial vertex s(e)
and the final vertex t(e). Furthermore, it is said that the face f is oriented if it is
possible to choose a sequence of links in its boundary in a cyclic form [Rob05], see
figure 4(a). Finally, we say that the lattice is oriented when it is oriented in links
and faces at the same time. In order to define a gauge configuration, we consider a
group G where each link e; will be associated to the variable g., € G, as shown in
4(b). We recognize g., as the parallel transport operator of s(e;) to t(e;) [Wit91].
We now define the holonomy for the face f by ordering the links (ey,...,e,) at the
boundary ¢ of f [BDHK13]. We multiply the group elements associated to every link
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(a) Oriented link e, with (b) Gauge configuration. (¢) Loop with inicial point
inicial vertex wvi(e) = P.

s(e) and final vertex

va(e) = t(e).

F1GURE 4. Construction of a discrete gauge theory.

(geyy - -+ e, ) according to the cyclic order. The orientation of the links is induced
by the orientation of the face (and g, = g;_ll where e~! is the link with opposite
orientation to the link e) [BDR11]. We take the relative orientation face-link by
0i(f,e;) = 1 for every link e; around the face f. Explicitly, an holonomy is defined
as

1 Ur= T g0
f

€e; €02

When this is written, we choose an initial vertex to make a proper sequence of the
cyclical ordering of links.

Holonomies can be calculated also for composed polygons of many plaquetes as
follows (figure 4(c)): we choose some initial point P in the lattice such that it
coincides with the end point of a path. We take a particular direction through each
link where each one of these has associated an element of the group G. Then, we
note that the holonomy depends on the relative orientation path-link in expression
(1).

Let us now recall that the group G is divided into conjugacy classes by the following
relation: we say that z is in the same class of y if there is a g € G such that y = grg™*
and we write x ~ y, because this is an equivalence relation. Using the last sentence,
we define ¢ : G — C as a class function ¥ (z) = ¥ (y) where x and y are conjugate
elements of G. An important point about holonomies is that for a class function
Y : Up — C, 9 is invariant under the set of gauge transformations, as we will
discuss in the subsection 2.2. The physical configuration of any gauge theory can be
described uniquely and faithfully by their holonomies. Indeed, holonomies can offer
a popular geometric structure of work for all fundamental forces of nature. Each
equivalence class of closed curves is called loop [GP96].

Clearly, when we define the action of the theory, this should be an invariant
function by cyclic permutations of the links, furthermore the action will be a function
of the holonomy, since the holonomy over each face is calculated without taking into
account the order of links on the boundary, because the initial vertex can be anyone.
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In addition, the action must be invariant by the conjugation of elements of the
group; without this condition, the action is not invariant by gauge transformations
(subsection 2.2). For this action, the orientation of the plaquete must be invariant
due to the fact that it has to be irrelevant, i.e., by changing the orientation of a
plaquete or link, the action should remain unchanged. Finally, the action must
also be independent of the initial and final links when we expect to calculate the
numerical value of each holonomy for each plaquete. With the conditions above, the
action for finite groups is defined as

2) Seont. faces = Y, (W(Uy) + ¥(UF)),

ez

where it is required that ¢» — C be a class function. However, it is clear that for
abelian groups all the functions are class functions [COS83].

Note that the action of the model (2) is trivially invariant by inversion of faces, i.e.,
by changing the orientation of a face f by its inverse, we obtain that the holonomy
Uy changes to U, !. However, this term is considered in expression (2), so that the
numeric value does not change due to holonomies. Since 9(Uy) is a class function,
it is certain that it is invariant by cyclic permutations, i.e.

U(ayz) = Y(a(ayz)z) = Y(yza) = Py~ (yza)y) = (zay),

for all x,y and z € G. Thus, the holonomy over every face can be calculated starting
from any link around the boundary.

Let p be an unitary representation of G on a field F', i.e. a homomorphism p that
sends G to GL(n, F), for any n, where the dimension of p is the integer n'. We can
redefine the action (2) as

(3) conf faces — /8 Z + tI'( (Uf_l))) + 7)7

fesz

with p(g)~! = p(g71) = p(g)* [JLO1], B the coupling constant, a a nonnegative real
number and v a real number, where o and have units such that their product with
B gives dimensionless. For G = Zy with a = 2,7 = 0 we have the spin-gauge action
[Bhag1] and for @ = —2 = % the Wilson action [ID91].

Vertex variables or matter fields can be introduced in the following way [Sei82]:
the variable v; is a map which associates the site i of the lattice with some unitary

R
Us(e) Ut(e)
FIGURE 5. Matter fields defined on the vertices of the lattice.

vectorial space Vp of finite size, which is an unitary representation of the gauge
group G (figure 5). The action for matter fields or Higgs fields, is defined as

(4) Sconf. links — Z </US (e) ge 'Ut )>
{8(6) t(e)}

1GL(n, F') denotes the group of invertible matrices n x n with entries in F.
2The matrix AT references the conjugate transpose of the matrix A.
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where [p is the interaction term associated with the Higgs field and (vy,vy) =
R(tr(vfvy)) € R is the inner product. The symbol {s(e), t(e)} in (4), refers to nearest
neighbors.

Therefore, the full action is the sum of (3) and (4)

( ) conf. = _BG Z + tI‘( (Uf_l))) Z <US(€ ge Ut(e>

feZ {8(6) t(e)}

where the indices G and H distinguish the gauge and Higgs fields respectively.
Adding terms, the partition function for finite groups has the form

(6) Z =) et

conf.

2.2. Gauge transformations. As in gauge theories in the continuum it can be
also defined a gauge transformation in the lattice [BDR11, Rob05, Mor83]. This is
given by a mapping 9 : ¥ — G, that assignes an element h of the group G to each
vertex v. The gauge transformation for the links is defined as

(7) ge = hs(e)gehy!

t(e)?

where h, are the gauge group elements associated to the vertices of the lattice
(remember that s(e) is the initial vertex of link e and t(e) its final vertex). The
invariant gauge information is contained in the conjugacy class of U;. For an “ori-
ented polygon”, a loop with initial point P of n links, we choose one direction as
in figure 6(a). Then we associate each link with g¢., and each vertex with h,,, with
the constraint h.,,, = he,. We assume that all links are oriented, so each link
has an inicial vertex and a final vertex. We see that when the orientation coin-
cides (not coincides) with the orientation of the loop ¢, the signal 0;(¢,¢;) in (1) on

(a) Loop . (b) Oriented links with la-
beled vertices.

FIGURE 6. Figure 6(a). Loop ¢ with some orientation. Figure 6(b).
Oriented links in the lattice.

the orientation of the loop-link is positive (negative). Therefore, the initial vertex
(with respect to loop) will be always found to the left of the transformation (7) (for
example if the orientation of the loop coincides with the orientation of some link,
{e;}n 1, then (he,ge.h ! )t = he,ge,h ! . On the other hand, for inverse orientation

€it+1 €it+1"
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(P i helgellh;ﬂ) Consequently, when the two elements associated

with two consecutive links are multiplied, the result is

ggll(fel)ggi(é,eg) N <h617€zgelh 1 )01 £e1)(h627e3962h 1 )02(&62)‘

eg,e1 €3,€2
Additionally, ¢(e;) must coincide with s(es) because both links are united. Then

ggll(é el)ggg(f ,€2) N h gol(é 61)gg§(€7e2)h;,)1-
By induction we obtain for 1 < j < n that

Hg"’“el — N, (Hgmé“) — for 1 <i <.

€5 el €; el

Working for all links of the loop, h = he,, we prove the following lemma [ID91]

€n+1

2.1. Lemma.
The product of fields along a closed curve { = ejes - - - e eq drawn on the lattice

Ué = U6162U6263 U Uen€1

18 transformed like
Uy — helUghe_ll.
That is, it remains in the same conjugation class of the group.

2.2. Corollary.
For one oriented plaquete we take the orientation of the loop as the same of the pla-
quete. The gauge transformation Uy — helUfhe_ll makes that for one class function

(8

b(U}) = o(Uy).
Le., the necessary condition for the invariance of the action that depends on the
faces (2).

1
hs(e)geht(e)
o——>— 0
P(hse))Vsie)y  P(hice))Vece)
FIGURE 7. Gauge transformation with Higgs field.

For the Higgs field we take the gauge transformation as (figure 7)
Vitey = P(Rie))Vi(e), for all i(e) = s(e) or t(e),

and since p and v;(.) are unitary representations, it is easy to see (using (7)), that
the Higgs field associated is invariant

<U , p(ge)vy @) = v, s(e )p(ge)vt(e)
= ( (h e))vs(e )Tp(hs(e)geh( )( (ht e))vt( ))
= ol (p(hao) () pl90) (Pl )o(eco)) e

= Ul(e)p(ge)vt(e)
= <Us(e)7p(ge)vt(e)>‘
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Summarizing, the gauge invariance is valid when the gauge transformations are

[Cre80, OHZ06]

(8a) ge — hyogehi),

(8b) Vitey —  P(Pi(e))Vi(e), for all i(e) = s(e) or t(e),
as shown above.

2.3. Wilson loops. Observables in gauge theories need to be gauge invariant.
Therefore, it is useful to introduce a set of quantities in terms of which any gauge
invariant can be written. These objects are called Wilson loops which are gauge
invariant constructed, considering a closed loop ¢ and defining

ST W (£)eSeont.

) W) =

conf
where W (¢) = x,(Us). x, are the characters, that means, the traces of the corre-
sponding matrices in the irreducible representation. Uy in (9) is the holonomy of the
link variables around the closed curve ¢.

In a pure gauge theory, for very large loops ¢, there are two possible limit behaviors
[GP96, OHZ06)*
(1) AREA LAW. (W (£)) ~ e Kxareal®) for B, « 1
(2) PERIMETER LAW. (W ({)) ~ e~ K'>xperimeter(t) for g, 5 1.

2.4. The gauge-Higgs model. The gauge action with Higgs fields (o = %, v=0
in the expression (3)) can be written as

Sgauge—Higgs = _66' Z ( tI‘ pT Uf)) + tr (pT (Ufl)))>
feF
—Bu Z éR(tr(vz(e)pv"(ge)vt(tf)))'
{s(e);t(e)}
For G = Z,, the n irreducible representations denoted by {p, }o<r<n—1 in C are [JLO1]

pr(WF) = S O0<k<n—-lew= 627”).

Furthermore, as stated in the previous section, each link e of each face f has an
associated member of the group Z,, therefore the representation is given by

27’k17T, 27’]€27T, 271]{]\[6)‘_7]-‘
10 (U}) = NG
(10) pr(Uy) = exp < - 1) exp ( " 1) exp < i

with N, the number of links of the face f. In (10) 1 makes reference to the first
link where the holonomy begins to be calculated and N, to the last link of the

3In general Wilson loops have two fundamental properties [GPI6]

e THE MANDELSTAM IDENTITIES: these are relations between Wilson loops which reflect
the structure of a given gauge group.

e THE RECONSTRUCTION PROPERTY: it can be reconstructed all the gauge invariant infor-
mation of a theory from the Wilson Loops.
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face. Since the irreducible representations have dimension 1 x 1, the character of
the representation, tr(p,(w*)) = x,(w¥) coincides with the representation. Hence,
we have that

2r(ky + -+ kNef)n>

Xr(Up) + x:(U;1) = 2008( -

In this work, we use the faithful representation from the previous expression?, i.e.,
r = 1. Given that each face has a certain number of links, the action is written as

Ne
2w { 2km
Sgauge—Higgs = _BGZCOS ? 2 k’L - ﬁH Z §R(tr(v;[(e)e " Ut(e)))'
f i=1 {s(e),t(e)}

It follows that Higgs fields at the vertices represented by v; must be a matrix of size
1 x 1 and also the gauge transformation vie) — p(hi())vie) must be satisfied. We
choose vy = p(hie))~" such that the field at each vertex be the unity. This gauge
fixation is equivalent to a pure gauge theory coupled to a field which is not gauge
invariant with coupling constant Sg. This choice is called unitary gauge [Cre80].
We represent this as in figure 8. The “new” term of matter field can be written now

-1
hs(e)geht(e)
o————>——@

F1cUrRE 8. Configuration without matter fields at vertices.
as e n 'en’'e” n ' where ky and ko are integers (0 < k1, ko < n — 1). By cyclicity,
it is clear that this new term belongs to Z,, then the complete action is

Ne
21 O3 2k
(11) Sgauge-Higgs = _BGZCOS W Z ki | — ﬁHZCOS (Tl) .
f 1=1 l

For a two-dimensional manifold with gauge group Zs; decomposed into triangles,
the partition function was exactly calculated Sy = 0, and it can be shown that
this quantity depends only on the number of triangles with which the manifold is
discretized [Weg71, YT07]. The general case for Z, is dual to the Ising model with
external field [Weg71, Kog79, Sav80], and it is well known than an exact value is
still elusive. Overall for the group Z, the analytic value is not known even for
Bu = 0. However, for s = 0 the value is easily found and the model is considered
topologically trivial [Bou97]. On the other hand, approaches by the Monte Carlo
method in the general case were found in various articles of the text [Reb83], and it
is shown that for n — oo the behavior of the model is very similar to the U(1). Our
purpose is to find numerical values of the partition function and the Wilson loops for
By # 0. For this reason, we consider the methods used in [YT07, FPTS12, Azal3,
BPT13], where there are some techniques for calculating the partition function of
three-dimensional manifolds, not for the general case 8¢ g # 0, but within the limits

“In the case that each element of the group matches a distinct transformation, one says that
the representation is faithful [Tun85].
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Ba,m — +oo and other points. In this work, we aim for topological limits of the
gauge theory coupled with matter fields only for the two-dimensional case, because
the study for the three-dimensional case is more complicated and it is not studied
here.

2.5. Colored diagrams and Heegaard diagrams. Consider a triangularized
two-dimensional manifold .#Z. We choose a plaquete oriented triangulation at faces
as links, figure 9(a). We associated each face with a closed black curve and each

(a) Oriented plaquete in (b) Association of col-

faces and links. ors to plaquetes. Face,
black closed curve. Gray
closed curve.

FIGURE 9. Association of colors to faces and links for a triangulation.

link with a closed gray curve perpendicular to the link, figure 9(b). The relative
orientation between the face and each link is determined by the intersection of their
respective curves (this will be explained in detail in the section 3). Thus, we have a

F1GUurE 10. Two triangles connected by a link without representing
the orientations of faces and links. We note that the gray curve which
connects the two triangles seems to be in 3D. However, it was drawn
in this way in order to show that the curve is closed.

set of curves for faces and links denoted by b and g respectively. The rule for each
set of black or gray curves is simple: any curve can be crossed by itself and two
curves of the same color do not intersect. These two conditions are compatible with
the fact that every face of a triangulation and every link do not cross the other face
and any other link respectively. For representing two glued triangles (being homeo-
morphic a closed curve, as defined here, with a circle), we use circles connected by
a link (figure 10). Note that each triangle has three gray curves to denote its links,
and these in turn are connected to other black curves representing the neighboring
faces.

For the three-dimensional case, we consider the triangulation .7 of the manifold
M , oriented, closed, compact and connected, see figure 11(a) [Berl2, Azal3, Ale01,
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(a) (c)
FIiGure 11. 11(a). Triangulation in 3D. 11(b). Regular neighbor-
hood of a 1-skeleton, handlebody Hg. 11(c). Part of a regular neigh-
borhood of a dual 1-skeleton, handlebody Hy,. It is just a 3-ball of the
dual 1-skeleton.

Joh, BPT13]. It is well known that a regular neighborhood of a 1-skeleton .# in
a three-manifold is a handlebody, H, (figure 11(b))[Joh]. On the other hand, the
dual 1-skeleton to .7, called .#*, has also a regular neighborhood which is also a
handlebody, this will be called Hy, (figure 11(c)). Furthermore, there is a handlebody

FIGURE 12. 12(a). The handlebody H, has associated finite set of
closed curves, g. 12(b). The handlebody H}, has associated finite set
of closed curves, b.

H of genus g, homeomorphic to Hy and H, [Ale01, Joh]. Therefore, we note that
there is a finite collection of disjoint 2-disks, {Ds, ..., D,} which are cut in a set
of disjoint 3-balls. We use H, to represent the boundaries of these discs by gray
(dotted) curves (figure 12(a)). In a similar way, there is a finite collection of 2-disks,
{D1,..., Dy} which cuts Hy, in a set of disjoint 3-balls. We represent the boundaries
of these disks by black curves (figure 12(b)). The set of gray curves is denoted by
g = {g1,...,8,} and the set of black curves by b = {by,...,b,}.

Now, since H is homeomorphic to Hg and H}, there is a function ¢ such that maps
the gray closed curves g in Hg, in the handlebody H,. The surface where both
finite finite closed curves are living will be called ¥, figure 13(a). Also there is a
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function ¢ such that maps the closed curves b in Hp, in the handlebody H,. The

&Y
g 2y

FIGURE 13. 13(a). Heegaard diagram. 13(b). Dual Heegaard diagram.

surface where both finite closed curves are living will be called ', figure 13(b).
The collections b = {by,...,b,}, g = {g1,...,8,} motivate the following definition
[Ber12, Ale01, Joh]

2.1. Definition (Heegaard diagram). A Heegaard diagram is a triple D = (X, b, g),
where ¥ is a surface of genus g closed, oriented and connected and

b={bi,....b;},g={g1,....8}
are two pairs of systems of disjoint closed curves on Y such that the complements of
uU;b; and U;g; are connected. The curves b; (resp. g = {gi}) are called black curves
(resp. gray) of the diagram. Note that the set b n g is finite and it can be supposed
that the curves meet transversely. The Heegaard diagram D is called oriented if all
black and gray curves are oriented.

The advantage of using curves is that we can employ them to obtain simpler
curves. For example, the Heegaard diagram 13(a) can be deformed continuously
for obtaining the figure 14(a). We represent the Heegaard diagram without surface,

FIGURE 14. 14(a). Modified Heegaard diagram. The regions of gray
color are the holes in the surface. 14(b). Simplified Heegaard diagram.

like in figure 14(b). This diagram is called simplified Heegaard diagram. Diagrams
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corresponding to dual Heegaard diagram 13(b) can be obtained in a similar way. We
can note, that in the Heegaard diagram, the black closed curves are relationed with
the faces of the original triangulation and the gray closed curves with the links. This
representation of a manifold can be used to describe a theory in three-dimensions
[Kup91, BPT13].

As follows, we give the rules to know how the curves can be deformed. Formally,
it is said that two colored diagrams (for the two-dimensional case) or Heegaard
diagrams (for the three-dimensional case) are equivalent, if it is possible to obtain
one from one another with a finite sequence of the following moves [Ale01]:

e Homeomorphism of the surface: Let . and .¥” be closed, connected and
oriented surfaces. If . is homeomorphic to ., black curves (resp. gray)
on . are homeomorphic to black curves (resp. gray) on .#’. The colors of
the curves are equal.

¢ Orientation reversal: The orientation of black curves (resp. gray) is replaced
by its inverse. The inverse of the black curve b; is b;!. Analogously, gj_1 is
the inverse of the gray curve g;.

e Two point move: If the black curve intersects twice a gray curve, as in figure

(a) Before. (b) After.
FI1GURE 15. Two point move property.

15(a), one can eliminate the crossing as it is shown in figure 15(b). The color
of each curve is invariant after separating them.

e Stabilization: Let 7] be a torus with genus one and let % be a torus of
genus greater than or equal to one, both with their respective black and gray
curves. If the black and gray curves of the two torus are disjoint, it can be
added or removed the torus .7;.

e Sliding: Let C; and C5 be two closed curves of the same color in a colored
diagram or Heegaard diagram over a surface .. Let b € .¥ be the connection
between C; and Cy as in figure 16(a). The curve C} is replaced by the curve
(7. The new curve C} is an isotopy of Cy. The curve C (resp. C%) has the
same orientation of C (resp. Cy) as it is shown in figure 16(b).

3. TOPOLOGICAL AND QUASI-TOPOLOGICAL THEORIES

In mathematics, it is well known that each manifold .#Z connected, closed and
orientable, can be triangularized in different ways. In the particular case of one
manifold with the topology of a torus, it may be sticked two triangles as it is shown
in figure 17(a). However, we could also describe the same torus by gluing three
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(a) Two curves of the same color glued (b) Sliding.
by a ribbon.

FIGURE 16. 16(a). The curve C (resp. Cs) has m (resp. n) crosses
with curves of different color. 16(b). After sliding the final curve C
(resp. C%) has m + n (resp. n) crosses with curves of different color.

Yo~

b

@

)
ay c ay “ye ay’) e
= oy oy
d d d
(a) Torus represented (b) Torus represented (¢) Torus represented
by two triangles. by three triangles. by four triangles.

FIGURE 17. Three equivalent ways to represent a torus. Note that
we have to paste the links a and ¢, and also links b and d. All faces
and links are properly oriented.

or four triangles (see figure 17(b) and 17(c)). On the other hand, it has physical
interest to define invariant quantities of the topology, such as the partition functions
which should not depend on the triangulation of the discretized manifold, because it
is only a calculation tool. However, it is not necessarily so. It means that, the theory
may depend on the number of constituents of triangulation, such as: links, triangles
and tetrahedra. However, this dependence is trivial. In this section, we show how
one can build a theory which in principle does not depend on the lattice details. To
achieve this, we define topological theories and quasi-topological theories.

3.1. Topological Theories. Fukuma, Hosono, Kawai, Chung and Shapere provide
a formalism to describe lattice topological field theories in two and three dimensions
[FHK94, CFS94] and the basic ideas are described as follows: suppose a manifold
A with triangulation .Z. Let £ be a lattice composed by a collection of oriented
polygons with faces joined by hinges. Now, we color the lattice by associating to each
face one element x of a set X (similar to the previous section where we associate
a gauge group G with the faces of a lattice using the holonomy). When this is
done, the rule which determines the weight for each polyhedron as a function of
coloreds of the faces is established. The partition function is the total sum of these
weights in all triangulations with their respective weights. In the three-dimensional
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(a) Polygons glued. (b) Hinges where polygones are (c) Polygon decom-
glued. posed into triangles.

FiGURE 18. Decomposition of a tridimensional lattice into faces and hinges.

case many faces can be glued with a hinge, which is an open neighborhood of the
line in which the faces stick together (see figure 18(a) and 18(b)). The theory
is described assuming that each polygon can be decomposed into triangles (figure
18(c)). Therefore, we can simply specify which are the weights of the triangles by
merely introducing the rule of gluing between triangles.

Now, we define the possible weight of a any face f: imagine a polygon as in
figure 19(a). We associate t o each link of the polygon an element a; of a group G
which can be finite or infinite, and we associate to each polygon a symmetric tensor

Ap—1 bm—l IR
Lo
a R
" \ bm I bl I
(R
ai t bl \ Dl b
S
a2 IR
R
R
Il |
==
(a) Face with n links (b) Hinges with m
has associated a tensor polygons glued. They
Ma,aran 1a,- have associated a ten-

sor Abibzebm—1bm,

F1GURE 19. Diagramatic representation of a face and hinge.

M, ay--a,_1a,, Peing n the number of links of the polygon. We choose a cyclic tensor
M, ie., Maayan van = Mageay vanay = - = Ma,aya9--a,_,; We perform a similar for
each hinge h, as it is shown in figure 19(b), i.e., we associate the tensor AP0z bm—1bm
where m is the number of polygons which are glued by the hinge. The tensor A is
also cyclical, i.e., Abtbzbm—1bm — Ab2bn—1bmbi — ... — Abmbibabm—1

Being able to decompose polygons into triangles is the first condition to construct
a lattice topological theory. We have defined how polygons are glued and the two-
dimensional case is a simple one as it is shown in following example
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3.1. Example. Consider an oriented polygon of four links as shown in figure 20(a),
with tensor Mpeq (figure 20(d)) associated with it. Due that we have four links, this

a d a d
Yy
x Y L ,Sy’ Y
A<— TA(YY — A<— TAAY —>Y
b c b c
(a) Face with (b) Two glued faces with one hinge. (¢) Two glued faces with one hinge.
4 links.
Mabcd MabmAxyMycd MabmAwy Sg/ Mycd
(d) Tensor associ- (e) Tensor  asso- (f) Tensor associated
ated to figure 20(a). ciated to figure to figure 20(c).
20(b).

FI1GURE 20. The way to stick two polygons with their respective tensors.

polygon can be decomposed into two triangles which are glued by means of a hinge.
Each triangle will have an associated tensor M with three indices and the hinge is
represented by the tensor A with two indices. Therefore, the tensor M4 is written
as Mape A™ M,q (figures 20(b) and 20(e)). Note that we are only contracting the
tensors by using the rule of indices between lower and upper indices for M and A
respectively. As it was stated, tensors M and A are cyclically symmetric. However,
the relative orientation face-link must be taken into account when contracting ten-
sors. For this reason, we introduce the operator SY whose function is to change the
direction of a link into a hinge. In figure 20(c), we change the orientation of a link
and we associate the contraction of tensors Mp, A™Y S;’,Mycd represented by 20(f).

The same rules for gluing are used for three-dimensional polygons remembering
that more than one face can be pasted on a hinge. When this is done, we define that
the partition function® of the triangulation is Z (4, 7) = 3, | | M. A" S, where
the sum is over all the labels, and the product is for all the elements f,h and its
orientations o. The partition function is topological invariant if it does not depend
on the triangulation, because the triangulation is merely a helpful tool, and in turn,
the results should not depend on it. Therefore, we have to connect in some way
two different triangulations of the same manifold, then the concept of moves is used
which satisfies all the mentioned requirements. These moves were discovered by
Pachner in the general case of n-dimensional manifolds. These have the important
property that if .77 and % are triangulations of the same manifold .#, by using a
finite number of steps, we obtain the triangulation .7 starting from .7;. In a similar
way, it is possible to obtain 7 from % [CKS98, Pac78, Pac91, Rob05]. The moves

5This function was defined in a two-dimensional case, for the three-dimensional a similar ex-
pression will be defined.
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(a) Pachner move (1,3), (3,1). (b) Pachner move (2,2).

FIGURE 21. Pachner moves in two-dimensional manifolds.

for the two-dimensional case are shown in figures 21(a) and 21(b). These are called
Pachner moves from (1,3) and (2,2), due to the number of triangles that are related.
For the three-dimensional case, we have more complicated moves, however, these
are not shown in this work because we are interested in a two-dimensional theory.
Different moves in three-dimensional can be found in [Ber12, Pac78] and moves in
four-dimensional are discussed in [CKS98, DH12].

Now, recall the formalism of colored curves provided in the previous section: each
face corresponds to a black curve and every link to a gray curve. Thus, taking into
account the number of faces and links, for the two-dimensional case, the Pachner

(a) Pachner move (1,3), (3,1). (b) Pachner move (2,2).

FIGURE 22. Pachner move like colored curves.

moves (1,3) and (2,2) are shown in figures 22(a) and 22(b). Note that the curves
are not representing the orientations of any of them. As we mentioned in section 2,
the Heegaard diagrams are the colored diagrams for the three-dimensional case and
the Pachner moves are a slightly more complicated than 22(a) and 22(b), because
these are based in glued multiple Heegaard diagrams. The basic Heegaard diagram
used for it, is shown in figure 14(b), which corresponds to a polygon with four faces
and six links.

As it was said before, in [FHK94, CFS94] and [CKS98] it can be found the tra-
ditional formalism to construct a lattice topological field theory. Basically, it is
necessary to consider that the set of polygons and hinges which represent the trian-
gulation 7 of a manifold .# are cyclically symmetric, and that the Pachner moves
are satisfied. That was the reason for introducing the tensors M and A besides
the face-link orientation represented by the tensor S. However, in order to use the
colored curves for our required computation of the partition function and Wilson
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loops, we will show in the following subsection that in fact the black and gray curves
are symmetric, contain the information of the orientation, and in addition satisfy
the Pachner moves.

3.2. Diagramatic formalism and colored diagrams. There is a one to one
relation between an associative semisimple algebra and a lattice topological field
theory in two dimensions while there is a one to one relation between an associative
Hopf algebra and a lattice topological field theory in three dimensions [FHK94,
CFS94, CKS98]. This shows a relation between topological invariance and Hopf
algebras. In [Kup91, Kup96] Kuperberg defines invariants when the Hopf algebra is
involutory (S? = 1) and non involutory (5% # 1), respectively. In this work we use
the algebra as involutory. For the two-dimensional case we can use an involutory
Hopf algebra because if tr(5?) # 0, the algebra is semisimple, see [LR95].

The basic properties of a Hopf algebra are explained as follows. We use the
diagrammatic language provided by Kuperberg which is useful to represent the basic
properties of such algebras [Kup91, KR99]. Once this is done, we diagrammatically
define tensors M, A and S [BPT13, Ale01].

3.2.1. Diagrammatic summary of Hopf algebras. We consider a vectorial space &
of finite dimension dim(&/) = n, such that its basis is denoted by {¢4}7_;. The
dual vectorial space is written as «7*, with finite dimension dim(</*) = n and basis
denoted by {¢"}7_,. The relation between the two basis is given by the pairing
P (py) = 53, for g,h=1,...,n.

We recognize the product m : &/ ®«/ — 7 (resp. coproduct A : F*Q/* — o)
associative (resp. coassociative), i.e. for elements of the basis ¢4, ¢, ¢r € o7 (resp.
@9, 9", ¢F € 7*), we have

[m(m & 1)](¢g ® ¢n ® dr) = [m(1 @ m)](dg ® b1 @ ¢x)

(resp. [A(1® A)](¢Y ® ¢" @ &) = [A(1® A)](¢? ® ¢" ® ¢*)). Furthermore, there
is e € &/ (resp. € € &/*), called the unity (resp. counity), such that for all ¢, € o
(resp. ¢9 € "), m(pg Q@ e) = m(e® ¢g) = ¢y (resp. (¢ @ €)A = (e® ¢)A = ¢9).
It is possible to write the product and coproduct using the basis ¢, through the
structure constants mj and Agk

m(¢; @ ¢;) = mzfﬁbka
Agi) = Agkﬁbj ® Pk
Therefore m : & ® &/ — & and A : &/ — &/ ® o/. If additionally we have the
relation
A(m(d: @ ¢;)) = m(A(g:) @ Alg;))
(13) — (0:i9j)1 ® (¢sd;)2 (0i)1(05)1 ® (:)2(d5)2,

we state that the algebra o7 is a bialgebra. Finally, if there is an element S, called the
antipode, which satisfies for the product (resp. coproduct) S(¢; - ¢;) = S(¢;)S(¢:)
(resp. S(¢i ® ¢j) = S(¢;) ® S(¢;)) and mo (S®L)ocA=mo(1®S)oA =cog,
we invoked a Hopf algebra [CKS98, BJM10, LR88, GS96].
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Graphically, the structure of a Hopf algebra &7 in a field K is provided by the
product m : &/ ® of — o/, the unity e : K — o, the coproduct A : &/ — & ® <,
the counity € : &/ — 1, and the antipode S : &/ — &7. These are represented as in

el
_ € ~

(a) (b) (c) (d) ()

FIGURE 23. 23(a). Product. 23(b). Unity. 23(c). Coproduct. 23(d).
Counity. 23(e). Antipode. Diagramatic formalism of the elements of
a Hopf algebra.

figure 23. The outward arrows symbolize the product and are read counterclockwise
and the inward arrows symbolize a coproduct and are read clockwise. The structure

bk Jhe i A
(a) (b)

FIGURE 24. Representation of tensors m," and AJFin figures 24(a)
and 24(b) respectively.

constants mi;? and Afk for algebra and coalgebra are given by the figures 24(a) and

a2 AT
- N

*»A*»m*»

FIGURE 25. Relation between product and coproduct.

24(b). The relation of bialgebra, expression (13), is provided by figure 25. The
properties of antipode are diagrammatically represented by figures 26(a) to 26(d).
Hopf algebra properties can be shown using the diagrammatic formalism previously

S  » TN — > = —> —
O P
(a) mo(S®1)oA=coe. (b) mo(1®S)oA=coe.
P Var- N G AT AT
A _ls/mﬂ STAL A\Sk
(c) S(¢i-¢;) = S(¢;)S(s). (d) S(¢i ® ;) = S(¢;) ® S(5).

FIGURE 26. Diagrammatic representation of antipode properties.

stated.
Let (p(¢:))b, be the regular representation of one element ¢; of the basis of alge-
bra; we write it as ¢;, in an abuse of notation. The trace is defined as tr(¢;) =
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— T

R o~
(a

a2

FIGURE 27. 27(a). Trace mzj 27(a). Cotrace AY.

> mé = mlj and it is diagrammatically represented in the figure 27(a). The cotrace
J

cotr(¢?) = STAY = AY | as in figure 27(b).

In this paper we use the following definition of the cointegral and integral elements
of algebra [Kup91, KR99]:

3.1. Definition (Cointegral and integral). The cointegral element \ € &7 is defined
as in the figure 28(a) and it can be a left or right cointegral. The figure 28(a)

—€ N A e—
(a) Cointegral . (b) Integral A.

F1GURE 28. Diagramatic representation of cointegral and integral el-
ements of algebra.

represents the left cointegral. Analogously, the integral is an element A € .&7* such
that the condition drawn in the figure is satisfied. In the figure 28(b) we represent
the right integral.

For this work we use that the left and right cointegrals are equal [Kup91, LR8S],

in particular for an involutory Hopf algebra, S? = 1, ) is represented in terms
A=A A=—m;
(a) Tensor . (b) Tensor A.

FIGURE 29. Diagramatic representation of cointegral and integral el-
ements of algebra.

of the structure constants of the coproduct as in the figure 29(a). Similarly, A is
represented in terms of the structure constants of the product as in the figure 29(b).
The definition of cointegral, 29(a), and integral, 29(b), coincides with the definition
of cotrace and trace as it is shown in figures 27(b) and 27(a), respectively.

3.1. Lemma. -
In an involutory Hopf algebra the tensor A?mjllz 1s equal to the dimension of the
algebra (see figure 30).

Proof. We note that the cointegral can be represented by figure 31(a). We use the
integral property to obtain the figure 31(b). Placing the arrows with the same index
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A7 = dim(«)
FIGURE 30. Contraction Aﬁjmﬂ’j.

i 67’

AT, e
(a) (b) (c)

FIGURE 31. Proof of lemma 3.1.

we obtain the figure 31(c). Numerically, the last figure is )| e"mi;: = tr(¢.), where
J
de 1s the identity matrix. So, Y| eimfj = n = dim(«/) and thus we had proven the
J
lemma. 0

3.2.2. Tensors associated to curves. Through the associativity and coassociativity
of algebra, the tensors My, a,..q, and AP12tm can be defined diagrammatically as in

ai b
H,x b2
\;‘MszH,,,HmHT A{ECHAH...HAL
a}/ a/2’ a}, \b‘k % \%

(a) Tensor My, ay..a,, - (b) Tensor Ab1b2~bn.
—T=—m C—="a-
(c) Trace muj (d) Cotrace AY.

FIGURE 32. Diagrammatic representation of tensors My, a,..q, and Abbz-bk,

diagrams 32(a) and 32(b), where there were defined the trace mlj and the cotrace

Alz as in diagrams 32(c) and 32(d) [Kup91, KR99]. We note that combinations of
several tensors M and A can be introduced by only placing the arrows according to
the rules of contraction of tensors. In particular we have of following lemma:

3.2. Lemma (Relation between M, A and 5).
In an involutory Hopf algebra, S* = 1, we have that the contraction between tensors
M,A and S gives the dimension of algebra, figure 33.

M« A—S—=dim()

FIGURE 33. Relation between tensors M, A and S.

This proof can be found in [Kup91]. Based in this last relation, we can show the
following results:
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3.3. Lemma.
In an involutory Hopf algebra, S? = 1, the following identities are satisfied:

FIGURE 34. Tensors m}; and mlj are equal.
(2) AV = AV,

R
AT=cAs5

FIGURE 35. Tensors AY and A;j are equal.

Proof. The basic idea is to use the above lemma. It is enough to proof the part 1 of
it and the part 2 can be proven in a similar way. By the lemma 3.2, we note that the

“A2A
A E
TN = Em@y MM Tm(@) MM
(a) (b)
A .
1 gi/A 1 @HE
dim(z) M I dim(e) ¢ 2D M

FiGURE 36. Diagrammatic proof to show that tensors mﬁj and mlj are equal.

left part of the identity can be represented as in figure 36(a). Using the definitions of
tensors M and A we represent 36(a) as 36(b), and with the associativity of algebra
we obtain the figure 36(c). However, with the property of the antipode, figure 26(b),
we obtain the figure 36(d). Finally using the unity property and contracting the
tensor A with the counity AY — ¢; = dim(), we have the figure 36(c). O

3.4. Lemma.
Tensors My, .., and AP represented by 32(a) and 32(b) respectively, are cyclic
symmetric.

Proof. The idea is to show that both tensors 32(a) and 32(b) can be represented
by the diagrams 37(a) and 37(b), respectively. For tensor Mg, 4,..q,, the proof is
based on the associativity of the algebra, and we only need to note the sequence of
diagrams 38(a) and 38(b). We see that the last arrow to the left is the same as the
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: y

A by
\ai Wl \agm/m \mm, 1%42 b,T N ‘,,\A/ \A/
e T S owhrTE A
7 o < S 2 wA
aT ib,
(a) Tensor Ma,a,---a,- (b) Tensor Abibz-b,

FIGURE 37. Another diagrammatic representation of tensors
My, ay..a, and Alrbz-bk

Lm— = m— Mg aﬁl & ~az a
a7 S i,*rn*>*>7n*,*,,rn*,?nm
(a) Definition of trace. (b) Associativity of algebra.

FI1GURE 38. Diagrammatic proof of invariance of tensor M, 4,...a, DY
cyclic permutations of their indices.

first one in figure 38(b). Joining these two arrows, we proved the desired lemma.
For the tensor AP we use a similar argument with the coassociative of the
algebra. 0

Using the two above lemmas, the associativity and coassociativity of algebra, it
is easy to show the following result:

3.5. Corollary.
The orientation of arrows in the product leaves invariant the tensors M and A, see

figures 39(a) and 39(b).

lal lal bi bi
S G e T e g AT T AT AT R
RV o= ! A/ = | Vo=t y
an/f '.\T/.‘ ‘.\T/.‘ X .\?/. .\?/.
a; a; bj b;
(a) Tensor My, ay---a, - (b) Tensor Abrbz-bx

FiGURE 39. The orientation of arrows leaves invariant the product
and coproduct.

It can be seen that the lemma 3.4 ensures that tensors M and A are cyclic, as we
expect, to describe polygons and hinges as in the preceding section [Ale01]. With
the tensorial notation previously defined, we can be provide a weight related to faces
(black curves) and links (gray curves) of a colored diagram or Heegaard diagram. We
naturally associate the tensor M to the black curves and A to the gray curves. Since
every face and link are oriented, the black and gray curves should be also oriented.
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The tensor M,, ..., associated with each black curve represents n crossings with gray
curves. Similarly, it is defined a tensor Ab1*m associated with each gray curve, with
m the number of intersections with black curves. Note that M and A are cyclic, no
matter the order of these crossings. Also, it is well known that the orientation of
the faces and links should not change the value of the partition function. Now, we
define how it is considered the relative orientation between black curves (faces) and
gray curves (links): let P be the intersecting point between curves® and let 7, and Z,
be the tangent vectors to the black and gray curves in P. If n is the normal vector
to the surface @M, we have two possible cases for the vectorial product tp x t; and
contractions of tensors between M and A:

(1) 7 and #, x tz are parallel according to the right hand rule, figure 40(a).
(2) 7 and fp x ﬁg are antiparallel according to the right hand rule, figure 40(c).

Yaoh A
& = N

(a) Crossing. (b) Associated
tensor.
7
M S A
ATITAS
(c) Crossing. (d) Associated tensor.

F1GURE 40. 40(a), 40(b). Intersections of curves with parallel direc-
tion and contraction of tensors. 40(c), 40(d). Intersections of curves
with antiparallel direction and contraction of tensors. We introduce
the antipode.

Note that we introduce the tensor S in 40(d) to represent the relative orientation
black-gray curve. In the case where the curves intersect twice as in figure 41(a), we
use the diagrams 40(b) and 40(d) to write the tensor 41(b)".

A AR
(a) Two cross- (b) Tensor associated
ings. to interlaced curves.

Fi1GURE 41. Crossings and contraction of tensors.

6Remember that two curves of the same color do not intersect.
"The number of inward arrows in M (going out A) is the number of gray curves (resp. black)
crossing each black curve (resp. gray).
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So far, we have seen how it is possible to describe a lattice topological theory,
however, it has not been defined how is the contribution of tensors M and A. In
[FHK94], Fukuma, Hosono, and Kawai showed that all the physical information is
related to the center of the algebra considered. Let p(¢;)* ; be a regular representa-
tion of an element ¢; of the algebra which will represented, as previously mentioned,
as ¢;. The tensor M is associated with the center of the algebra by the element z
and the tensor A with the cocenter of the algebra denoted by ( as follows

(14) Ma1a2"-an = tr(z¢a1¢a2"'¢an)a
(15) APt = cotr(Co g™ @),

with ¢; and ¢’ the elements of the basis of 7 and its dual &* respectively [BPT13].
The generalized tensors M and A provided by diagrams 32(a) and 32(b) are now

¢
N 5. Co
\:‘Mzi»mamﬂ---TmﬂT A EC*’A""‘*’Aﬁ
ay’ S B o o
(a) General definition of M. (b) General definition of A.

FIGURE 42. The tensors M and A are redefined using the center and
cocenter of algebra.

represented by figure 42. For z (resp. () being an element of the center (resp.
cocenter), M (resp. A) is cyclically symmetric as expected when we build a Lattice
Topological Field Theory.

3.3. Partition function, Wilson Loops and topological invariance. We are
ready to define the partition function of the manifold .#. Due to the polygons
are decomposed into triangles glued by hinges and each hinge can have pasted an
arbitrary number of polygons, the partition function for the manifold .# with tri-
angulation 7 is naturally defined by

(16) Z(tt, T) = Y T | Mave(H)A" () S (0),

conf f e [

where we use f and e to denote that the product is over all faces and links. The
product “o” means the product of all crossings with different orientation from the
normal vector to the surface 0.#. We write the partition function in the same way
followed in the three-dimensional case by Kuperberg [Kup91] and it is basically the
same as Chung, Fukuma and Shapere [CFS94]. The difference regarding the two-
dimensional case is that as it was described before hinges can be thought as links,
which can only stick two polygons®. ILe., the tensor Ab%2% in (16) has only two
indices: AY?2. Now, it is well known that the relevant physical quantities depend
on the partition function, however, this one, for a manifold .#, written as we did
above may or may not depend on the manifold of triangulation. We summarize this
in two cases:

80nly two different faces can share the same link.
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(1) TOPOLOGICAL INVARIANT: the partition function of each triangulation is
equal for two different triangulations .77, % of the manifold .Z, i.e., Z(7) =
Z(%). This can be done by selecting (or finding) the weights z and ¢ on
curves such that this condition is satisfied.

(2) QUASI-TOPOLOGICAL INVARIANT: the partition function depends on details
of the triangulations .77 and % of the manifold .#. As in the topological
invariant case, we choose (or find) the weights z and ( associated to curves
such that this condition is satisfied. In the quasi-topological case

Z(//a %) = f(nel T Ny, Ny — Nify, Nty _ntz)Z(%’ ‘71)7

where n,,, ng, and ny, are the number of links, faces and tetrahedras (in the
three-dimensional case) of triangulation .7 respectively, and f a factor that
depends on the difference of the number of constituents for each triangula-
tion. Note that for the topological case f = 1.

According to the paragraph above, the Wilson loops are now defined as follows

1
1 W) = 27 ;f]:[ ]_[ ]_[ W (€) Mape () A" 207 () SY (o),
where we take the partition function different from zero.

As it was stated, the invariance or quasi invariance of the partition function will
be satisfied by taking the elements of the center (resp. cocenter) of the algebra
of the group (resp. coalgebra). Thus, we associate a point to each black and gray
curve to denote the relation with the center and cocenter of the algebra, respectively
(figure 43). Since z is related with the black curves, this will provide information of
gauge fields residing on their faces. On the other hand, ( is related to matter fields
or Higgs fields of section 2.4, where we choose the unitary gauge, v;.) = p(hi(e))_l,

FiGURE 43. Curves with weights.

such that matter fields lying on the vertices vanish and now these lie on the links.
As expected, all the information in the triangulation is provided by tensors M, A
and S which are built from a Hopf algebra. However, it is still needed to show that
we can obtain a triangulation from another in a finite number of steps. As mentioned
earlier for triangulations, Pachner showed that one only need some moves for this
purpose. Then, we need to show that by using the language of colored curves we
get a triangulation 75 with diagram %, from a triangulation .77 with diagram %
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in a finite number of moves. By proving this, we are showing the invariance of the
partition function.

In the previous section, we saw the conditions for two colored diagrams or Hee-
gaard diagrams to be equivalent (see subsection 3.2 and the conditions on moves
2.5). Our goal is to show invariance and quasi invariance (unless scalar factors) of
the partition function using these conditions [Kup91, Ale01]. We suppose that each
black curve (resp. gray) has a weight associated with z (resp. (). However, it will
not stand for simplicity this weight as a point but just as a gray curve (resp. black)
in the diagrams and also in the statements of lemmas below.

3.6. Lemma (Homeomorphism of the surface).

Let . and " be closed, connected and oriented surfaces. If .7 is homeomorphic to
S, black curves (resp. gray) on & are homeomorphic to black curves (resp. gray)
on .. The colors of the curves are equal.

This is equal to show that two homeomorphic surfaces have the same colored
diagram or Heegaard diagram”. Clearly the partition function (16) is invariant with
respect to this condition.

3.7. Lemma (Orientation reversal).
The orientation of black curves (resp. gray) is replaced by its inverse. The inverse
of the black curve b; is b;'. Analogously gj_1 is the inverse of the gray curve g;.

Proof. The proof is based on the cyclicity of tensors M and A. Consider a black
curve with three crossings with gray curves, as it is shown in figure 44(a) (a similar
proof can be done for a gray curve). For n crossings the proof is trivial following the
same procedure. The idea is to show that the tensor associated to figure 44(b) is

(a) First orien- (b) Second ori-
tation. entation.

\u 2 Jo \S(ea) Istas) |stas)

2 S
G—>M = M = a /m\ @»

) M = M = S(a.
o Ne TN T sy s Nse) T T

(c) Tensor Mg, a,a, associated to 44(a). (d) Tensor Mg (ay)s(as)S(a;y) associated to 44(h).
FIGURE 44. Intersection of curves with first and second orientations

and diagram showing that M, 4., and Mg(a;)s(as)S(ar) are equal.

Mg (az)S(as)S(ar) (figure 44(d)) and this is equal to Mg, a4, (figure 44(c)) which is the
associated tensor to figure 44(a). The tensor M, q,q, in the figure 44(c) is equal to

9The proof of this effect can be found in [Joh] for Heegaard diagrams.



30 N.J.B. AZA AND F. DORESTY F.

ay -1
l ay

_a —-4S5—m—m-—m-—
oy e = M / bt
—Z>m\/m‘w A A 91,5 (5,5/

(a) Tensor Mg, a,as and use of trace m,;. (b) Defining a;' = S(a;) and
use S? = 1.
af/lfm ai,IS’S/m b b L{;m/ br b
2 o
(c) Use S(ab) = S(b)S(a) (d) Use S(ab) = S(b)S(a)
for a; and as. for ay'ay! and az.

FIGURE 45. Proofs that tensors M, a,q, and Mg(ay)s(a2)S(ar) are equal.

the sequence of steps, from the figure 45(a) to the figure 46(d). Step by step, we use
the facts that the algebra is associative and the antipode is an anti-homomorphism
of the product. Finally, the corollary 3.5 states that the orientation of the product

is invariant. So the tensors My, a,q; and Mg(a,)s(as)S(ay) are equal. O
%,E] as
im——m—»S—»mT —1 -1 p1
-1 S/ afl\az RN S L}m?m—,rmﬁ
I)/v 1M ——=1M—— 1 — e a3 7 ay 7 a7
(a) b=t = S(b). (b) Use S(ab) = S(b)S(a) (c) Use of associativity
for az'(ay'a;!) and b=!.  of algebra.
| (@) | (@)
Swory | e Sy e
7 Sa) v Sla)
(d) Joining the ar- (e) Changing the
rows in the ends — orientation of the
MS({I3)S(G2)S(G1)' pI‘OdUCt.

FIGURE 46. Proofs that tensors M, a4y, and Mg(a;)s(a2)S(ar) are equal.

3.1. Remark.

Due that we are taking the weight z on the black curve (resp. gray) as a gray curve
(resp. black), it seems that this is not taken into account. In this hypothesis we
need that the antipode on the weight z (resp. (), i.e. S(z) (resp. S(¢)) be equal to
z (resp. ¢). We have the following result

3.8. Corollary.
Let z (resp. () be the weight over a black curve (resp. gray), for topological invari-
ance we need that S(z) = z (resp. S(¢) = ().

This ensures the invariance with respect to an orientation change. In the next
section it is calculated the weight associated with the gauge model, and this will
fulfill the mentioned condition.
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(a) Before. (b) After.
FIGURE 47. Two point move property.

3.9. Lemma (Two point move).

If the black curve intersects twice a gray curve, as in figure 15(a), one can eliminate
the crossing as it is shown in figure 15(b). The color of each curve is invariant after
separating them'".

Proof. The diagram associated with the figure 47(a) is represented by diagram 48(a).

i AT M- T A—AT-
(a) Tensor associated (b) Definition of tensors M and A.
with interlaced curves.

~ L . A
—M~—e e—A— —M A —

- W RS
(¢c) Usemo(S®1)oA = (d) Unity and
eoe. counity.

FI1GURE 48. Two point move proof.

Using the property of the antipode mo (S®1)o A = eoe, diagram 26(a), we obtain
diagrams 48(c) and 48(d) which are the tensors associated with the figure 47(b). O

3.10. Lemma (Stabilization).

Let 7 be a torus with genus one and let 75 be a torus of genus greater than or equal
to one, both with their respective black and gray curves. If the black and gray curves
of the two torus are disjoint, it can be added or removed the torus 7.

Proof. We consider the figure 49(a), which will be represented by the tensor 49(c).
We expect to unite the torus with black and gray curves to the torus of genus g > 1.
We write the tensors associated before and after of the union, these are equal. [

A more interesting result is that in which the cointegral (resp. integral) property
is used.

10Ty say that the color of each curve is invariant is state that the weight of each curve does not
change.
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K @ &K@

) Two torus which are separated by disjoint (b) Two torus joined by black and gray curves.
black and gray curves.

UM M—A
et

(c¢) Tensors associated with curves before and
after the union of two torus, do not change.

FIGURE 49. Proof of stabilization, trivial.

3.11. Lemma (Cointegral (resp. integral) property).

Let be a black curve (resp. gray) whose weight is the cointegral (resp. integral)
(figure 50(a)), crossed by any number of gray (resp. black) curves. The cointegral
(resp. integral) can be replaced by a gray curve (resp. black), as shown in figure
50(b). We can separate the black curve (resp. gray) of other crosses, as in figure
50(c).

o o P

Cl’ ," Cn
A
(a) Black curve with (b) Gray curve crossing (¢c) Use of cointegral prop-
weight the cointegral. Jjust one gray curve. erty.

Ficure 50. Cointegral property.

Proof of cointegral property. By the definition of cointegral (definition 3.1), tensor
51(a), we have that it can be related to a gray curve, so we obtain the figure 50(b).
Let n+ 1 be the number of crossings of the black curve with gray curves; the tensor
associated to 50(b) is 51(b). By definition of M we have the tensor 51(c). Using the
cointegral property (definition 3.1), we have the tensors 51(d) to 51(e). We observe
that the tensor 51(e) is associated with the figure 50(c). To prove the integral
property we use similar arguments. 0

3.12. Corollary.
For the cointegral X\, the diagrammatic configuration shown in figure 52(a) can be
represented as in figure 52(b).

Proof. We only apply the cointegral property on the black curve. 0
3.13. Lemma (Sliding).

Let Cy and Cy be two closed curves of the same color in a colored diagram or Heegaard
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e
E) SRR
e M ur B G
A=A '
(a) Tensor A, (b) Tensor M with n + 1 inward arrows. (¢) Definition of M.
associated to
gray curve.
CAD oo € L€ - € A=——m
EA a},m a/n,m LTn) ay’ aV' (% L)
a4

(e) Definition of the cointegral property

(d) Definition of the cointegral.
repeatedly. Tensor associated to 50(c).

F1GURE 51. Proof of the cointegral property.

FIGURE 52. Black curve with weight \ which intersects just one gray curve.

diagram over a surface .. Let b € . be the connection between C7 and Cy as in

figure 53(a). The curve Cy is replaced by the curve C|. The new curve Ch is an
isotopy of Cy. The curve C| (resp. C%) has the same orientation of Cy (resp. Cs)

figure 53(b).

(b) Sliding.

(a) Two curves of the same color glued
by a ribbon.

FIGURE 53. 53(a). The curve Cy (resp. Cy) has m (resp. m) crosses
with curves of different color. 53(b). After sliding the final curve C}
(resp. C4) has m +n (resp. m) crosses with curves of different color.
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Proof. The proof will be made for the basic case in which the weight of the curve
to the right is trivial, i.e., 2z = e, the unity. In subsection 3.5 we show that there
are other non-trivial weights with which we can also apply the sliding moves. It

Aq
o X A Y Az'\\* X
N e T LM ~
. M M M‘i e b M m—l/ A(*M :
BnA '\\An LA & N el 2
4 AL, A, s A,
(a) Form of tensors of (b) Definition of M and unity e. (c) Integral property.
curves.
Ay
A, Ay
Z:\\:M m m=—~Aj Az\\x
. \ / - 4 M<—m‘—A<—m<— m<—A/
A,,,?‘ P A«—m\ ™~ AL \A,Z An ,1//'4 ~ \A/
ol : SomgmmEAea S ¥
(d) Definition of M again. (e) Use of relation between product and co-
product.

FI1GURE 54. First part of statement of the sliding property.
should follow diagrams 54(a) to 54(e), where there are used the definitions of the

1 Al

A - Y — A Az m <— AH M=<—A]
g SN A
- M~—A, M
(a) Definition of M and A. (b) Relation product and coproduct.
) LA ,
AZ.\\} /AH“.m:iAl AQ\\: /ﬁé
oM AN Al M .
A,nfl/v n Am/]/ff A.
AL M~—A, An” M &
(c) Definition of A. (d)  Analogously

by mn crossings of
the previous step.

FIGURE 55. Second part of the demonstration of the sliding property.

tensor M and unity e and also, the relation between product and coproduct. Now,
in figures 55(a) to 55(d) it is used the A definition repeatedly. Furthermore, the
relation between product and coproduct n times, where n is the number of crossings
of the original curve to the right. O

3.4. Topological invariance using curves. It is well know that Pachner moves
assure topological invariance. Therefore, our purpose is to show that these are
satisfied at least for the two-dimensional case using the moves described in the
previous subsection; a detailed demonstration for the three-dimensional case can
be encountered in [Berl2]. At the end of this subsection, we shall give all details
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(a) Pachner move (1,3), (3,1). (b) Pachner move (2,2).

FIGURE 56. Relation between the two diagrams Pachner move like
colored curves.

for the proof. Firstly, we merely show the relation between diagrams. Indeed, as
stated before in this section, the corresponding diagrams in colored curves for the
Pachner moves are represented by the figures 56(a) and 56(b). Using the moves for
curves, we obtain that the association between diagrams (1,3), is shown in figure 57.

FIGURE 57. Pachner move (1,3), (3,1).

Note that we have three additional diagrams, in the left part of this figure, to relate
both triangulations (two black curves crossing one gray curve and one isoloted gray
curve), this will be discussed below. On the other hand, for the (2,2) move, it will

o

FIGURE 58. Pachner move (2,2).

be shown that the equivalence between figures is hold, see figure 58.

As it was shown, the relation between diagrams in figure 57 has three additional
diagrams. These diagrams represent the difference in detail of both diagrams in
figure 56(a). The diagram to the right has 6 links and 3 triangles, and the diagram
to the left has 3 links and 1 triangle. Therefore, the additional three diagrams in
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the figure 57 represent the difference in details of both diagrams. This corresponds
to a quasi-topological behavior of the model using the kind of moves shown in this
work. To know the numeric value of the these isolated diagrams we remember that
in subsections 3.2.2 and 3.3 we associate to each closed black curve the tensor M,
and the tensor A to each closed gray curve; furthermore, we represent their weights
z and ( respectively by points. In figure 59(a) it is represented one black curve

z
veM-~ A ~( 2 =M~ A5 +F~( dm@) z—F—(
'Y

(a) (b) (c) (d)
F1GURE 59. Tensors associated with isolated curves with weight.

crossing just one gray curve, and its tensorial representation is given in figure 59(b),

in which using that S? = 1 and the lemma 3.2, we obtain the figure 59(d). This last

diagram has numeric value dim(#) > 2"S((,), however by corollary 3.8, S(¢) = ¢,
h

therefore the numeric value is dim(&) Y. 2", where 2" and ¢}, are the coefficients
h

that expand the center and cocenter respectively. On the other hand, by lemma

3.7 we know that by changing the orientation of one curve the partition function

is the same. To know the numeric value of one black curve with weight z, we

observe figures 60(a) and 60(b). The corresponding numeric value is ] z"m, and
I

zO oM ¢ A
(a) (b) © (@

F1GURE 60. Tensors associated with isolated curves with weight.

for one gray curve, figures 60(c) and 60(d), the numeric value is Y (,A2. Note that
I

following the corollaries 3.5 and 3.8 the orientation of the curves is not important.
This way, we proved the following lemma:

3.14. Lemma.
FEach isolated curve, black or gray, and each pair of crossing curves, black with gray,
has a numeric value independent of the orientation of each curve.

Following the definition of quasi-topological invariant in the partition function,
two different triangulation .7 % of a manifold .# are related by

(18) Z('/lv ‘%> = f(nol T ey, Ty — Ty, Mgy — nt2>Z(‘%7 '91)7

where n,,, ng, and n;, are the number of links, faces and tetrahedras (in the three-
dimensional case) of triangulation .7; respectively, and f a factor that depends on
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the difference of the number of constituents for each triangulation. So, it is possible
to take the function f according to paragraph above, as follows

(19) f = g,

where 71, ¥2 real parameters, in principle non-negative. Therefore, the corresponding
partition functions for two different triangulations are related for {v;,7v2} # 0 by
Z(M,Tn) _ Z(M,T)

A
where Z(.#) is called topological partition function because it is independent of

triangulation. For the three-dimensional case the topological partition function is
given by the form [FPTS12, Ber12, BPT13, YTSBO07]

A A

2() =

o= A
with 71,72, 73 real parameters, in principle positives.

To complete this subsection, we prove the topological invariance under Pachner
moves using the formalism of colored curves and their moves; in particular the two
point move and the sliding move. On each black and gray curve, we do not represent
the elements of the center and the cocenter of the algebra. However, each time we
make the sliding move we assume that the element of the center or cocenter, allows
this. Furthermore, we do not put the orientation because we are supposing that
the lattice is oriented. The same technique is used to show topological invariance
in more dimensions. However, we have to clarify that in dimensions higher than 3,
the number of curves make very difficult to vefify topological invariance due to the
number of Pachner moves that we need.

3.4.1. Move (1,3).

Proof. By definition, the Pachner move (1,3) is the reverse of move (3,1). Thus, we start
from the triangulation which has three triangles and six links (figure 61(a)), denoted by
(3,6) and colored diagram 61(b), to another which has a triangle and three links, and it
will be denoted by (1,3), as in figure 61(c) and colored diagram 61(d). Firstly we use the
sliding move, lemma 3.13, to the upper black curves, figure 62(a). We repeat the sliding
move, but now on the lower black curve in the graph, figure 62(b). We use two point move
and then we obtain the figure 62(c). We make move sliding on the lower gray curves and
we have 62(d). We use two point move, and the gray curve is now in the black curve, as
it is shown in figure 62(e). We do sliding between the two gray curves which intersect the
same black curve, and then we can remove one of these, figure 62(f). We make now sliding
of the gray curve crossing two black curves 63(a). Using two point move, we obtain the
figure 63(b). Now, each gray curve crossing a black curve can move freely on the black
curve as in figure 63(c). We make sliding over the gray curve crossing two black curves,
figure 63(d). We use two point move to get the diagram 63(e). We note that in the last
diagram there is a black curve which crosses only one gray curve. It can be removed from
the diagram because it does not intersect with any other curve. Doing the same for other
gray curve, we have the figure 63(f). We note that the final diagram is equivalent to a
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(a) Three triangles (b)
that divide a larger
one.

(c) One triangle. (d)

FIGURE 61. Representation of triangles 61(a) and 61(c) in colored curves.

FIGURE 62. First part of the statement of Pachner moves (1,3) in
colored curves.

triangle with three links: two black curves, each one crossed by a gray curve, and a gray
curve. 0

3.4.2. Mowve (2,2).

Proof. The proof is again based on sliding move. Considering the diagram 64(c) which
is originated from diagram 64(a). First, we make a sliding move on the left black curve,
figure 65(a). Then, we recall that the gray curve which intersects only a black curve can
move freely through it, as in figure 65(b). We move the sliding between gray curves and
we obtain the figure 65(c). Making two point move we find the figure 65(d). Making
sliding again, it is removed the black curve which crosses only one gray curve. After that,
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FIGURE 63. Second part of the statement of Pachner moves (1,3) in
colored curves.

(a) Two (b)
triangles

glued “hori-

zontally”.

(¢) Two tri- (d)
angles glued
“vertically”.

FIGURE 64. Representation of two triangles 64(a) and 64(c) glued
together in colored curves 64(b) and 64(d).

we extract these curves and the figure 65(e) is obtained. The same steps are followed for
the other triangulation, and as a result we have an equality between graphs. [
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()

FIGURE 65. Diagrammatic proof of Pachner moves (2,2) in colored curves.

3.5. Group algebra. So far, we have the most general formalism for a topological
theory. We only chose a Hopf algebra, (A,m,A, S, e, ¢) and we were able to show
Pachner moves which imply topological invariance, except by multiplicative factors.
However, the goal is to work with discrete groups, therefore it is natural introduce
the group algebra defined below [JLO1, pag. 53].

3.2. Definition (Group algebra). Let G be a finite group whose elements are g1, . . . , gy,
and let F be a field (R or C).

A vectorial space over F' with ¢g4,,..., ¢, as a basis, is called vectorial space F'G.
The elements of F'G are all elements of the form » M¢, = A\¢,, where the rules of
geG

addition and multiplication by a scalar in F'G are naturally given by: if
u=MNe¢; and v = p'g;
are elements of F'G, and A € I, then
u+v=(\+p)p; and Mu = (AN) ;.
Since G is a finite group of order n, dim F'G = n.

The product of two elements ¢,, ¢, of the basis is provided by ¢,¢n = ¢g41, where
the product gh is the same of the group G. For consistency, the structure constants
of the product

m(dy @ dn) = bydn = My dr

are given by mgﬁ = 0(gh,k). The identity element is written unambiguously as
e = ¢., where e € G is the identity of group G. The group algebra is a Hopf algebra
if the following relations are satisfied

(Pg®n)tr = Og(Pndr),
Aldy) = ¢g® ¢y,
Aldgpn) = Aldg)A(dn),
e(Pgpn) = e(@g)e(on)
S(¢g) = ¢g1.
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The structure constants of the coproduct and antipode are

(20) Ayt = 3(g,h)o(g, k),
(21) Sy = d(g,h7h)
The diagram representing the property A(¢,) = ¢, ® ¢, corresponds to the figure
Py
AT =
T S

FIGURE 66. Homogeneous element aplied to the coproduct.

66, in which the element ¢, of the basis will be called an homogeneous element of
the group algebra.

3.3. Definition. In the case of the group algebra F'G, the elements of the center of
it will be provided by

Z(FG) ={2€ FG: zr =rz for all r € FG},

with z = t9¢, for some coefficients t9 € F,Vg € G. It is easy to verify that if all

t9 are equal to t € F' then the element ¢ ), ¢, belongs to Z(FG). In the particular
geG
case t = 1, we are making reference to the cointegral element of the algebra, see

definition 3.1 [BPT13].

3.15. Proposition.
Let ¢4 be a homogeneous element of the group algebra and we define the diagram
67(a) for simplicity. Then A, can be modified as in figure 67(b).

-
(bfl
79 7

M=y —Qg—A =—A
¢/ N N

g Pq

N

(a) Definition — ¢4 —. (b) A modified.

FIGURE 67. Proposition.

Proof. Considering the sequence of figures 68(a) to 68(e), we prove the desired result.
0

3.6. Abelian groups. Let us contemplate show other useful properties for discrete
abelian groups in the group algebra. Since we have a great interest in the Z,, group
a “direct” application of it will be obtained in the following section.

We know that tensors M and A can be expressed in terms of the center z and
cocenter ( of an algebra, and we previously mentioned that these are represented by
points on the black and gray curves. In the case of the group G be commutative, the
Hopf algebra in the group algebra is commutative and cocommutative. Knowing
that the move sliding implies topological invariance, we want to know what happens
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Vedn

7
i 7 B
/¢g_ —/,’m—’A d)g‘l Pg—A"—m
- ¢g - A\ ng m \r m —
o ' 17 it
N ¢g d)g
(a) (b) Definition — ¢4 —-. (c) Relation product and co-
product.
m —
/;Y
—>A—>m ¢—1
ol 7 AT
I m—>m — ~
7 _/1'
d)g (ng
(d) Homogeneous element (e) Asso-
aplied to coproduct. ciativity.

FI1GURE 68. Proof of proposition 3.15.

with the weights of the curves after this move. The lemma 3.13 states that it is
possible to make the sliding for curves of the same color when the weight of one of
them is trivial. However, the following lemma is valid when the groups are abelian
and the sliding move is applied over a black curve with weight, ¢4, a homogeneous
element.

3.16. Lemma (Sliding over homogeneous elements).
Let G be an abelian group with ¢4 the basis of the group algebra. Let Cy and Cy be

g

N4
N \~
N
m

v
s

(a) Two black curves connected by a rib- (b) Sliding.
bon.

FIGURE 69. 69(a). The black curve Cy (resp. C3) has m (resp. n)
crosses with gray curves (resp. black curves). 69(b). After sliding the
final curve C} (resp. C) has m+n (resp. n) crosses with gray curves
(resp. black curves).

two closed black curves with weights z and ¢, respectively, figure 69(a). The curve
C' is replaced by the curve C] with weight z¢,. The new curve CY is an isotopy of
Cy. The curve C| (resp. C4) has the same orientation of Cy (resp. Cy) figure 69(b).

Proof. The proof is similar to the sliding for the trivial case of the black curve to
the right, lemma 3.13. However, in this situation the weights are represented as
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AAI\\Z
2
A A A \2 | AN Al
T Z NN i A
\M M/ \Mge m{;M‘/ A,,L_l//’f \A<_M/
A N B S T T,
A Pq A Pg s o»
(a) Shape of tensors of (b) Definition of M and counity e. (c) Integral property.
curves.
A \z A \z
SN 20
M MM A M
Bt 7 S A S S Awdd S - ,
A<—m A Al mt 7 A~— g Me—--Mz=—A]
NN AN " : NN AN .,
s g s, B
(d) Definition of M. (e) Use of definition — ¢4 —.

FiGURE 70. First part of proof of sliding property.

points in the figures. Another difference is that for the proof of lemma 3.13, the
center was considered as a gray curve. Now, the elements of the center are explicitly
represented. We associate with each tensor M the element of the center as shown
the figure 70(a) and then we follow the steps to figure 70(d). Finally we use the

A A \2
AQ\\:\;Z A2'\\:\
Mt A
AL I~_ Al \\ ,
A<—m<—~-~m<—Aﬁ ¢g A«—m:\—...mHAl
_ ng/ \A,, \A'Q / mi ¢g Ay AIQ
s, Ty
(a) Use proposition 3.15. (b) Definition — ¢, —-.
A A \z A
A21\\:\Z¢g éQ}W%Aé
M 2 :
Anx//f’ \AH m:\—m:iA/l A&'H M AAH—I
m / , m ~_ n
M= ¢, A, A bg
(c) Definition M. (d) Follow  the

steps in figure 55.
FIGURE 71. Second part of the statement of the sliding property.

proposition 67 from 71(a) to 71(d).

Another property that can be shown is the following lemma:
3.17. Lemma.

Consider the diagrammatic configuration 72(a). It is equivalent to figure 72(b), here
¢ is an element of cocenter of the algebra, which can be written as ¢ = Y. (",

h
Thus, the element gb;l — (5 (g1
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FIGURE 72. Figure of lemma 3.17.

Proof. To prove this lemma we write the tensor associated to each curve and then
we use proposition 3.15. U

4. GAUGE-HIGGS MODEL IN THE TOPOLOGICAL LIMITS

In section 2 we described the traditional formalism when it is defined a gauge
theory with matter fields. In this section, we use the unitary gauge which makes
that the variables related with the matter field do not lie on the vertices, but in fact,
lie on the links of the lattice of discretized manifold .#. Also, in section 3 we did a
rundown of how a lattice topological theory can be constructed. We define tensors
M and A which provide information of faces and links of the triangulation .7,
and the tensor S which provides the relative orientation face-link in their crossings.
Furthermore, we showed the invariance of the partition function in the representation
of oriented black and gray curves, which are associated to faces and links respectively.
But even defining the partition function and the Wilson loops, we did not calculate
explicitly any of them.

In this section we calculate explicitly partition functions and Wilson loops of
two-dimensional manifolds for the gauge-Higgs model with gauge group Z,. We
do this remembering that the information of triangulation of the manifold .Z is
contained in the weights of black and gray curves. As we mentioned, these weights
are related to the center and cocenter of a Hopf algebra. We shall show that the
weights associated to gray curves, which are in the cocenter of algebra, are related
to the center of algebra, in such a way that we can replace this weight by one black
curve with weight in the center of the algebra. Thus, by knowing only an expression
of the center of the group, we can fully describe the gauge-Higgs model. As follows,
we define what is a topological limit, and we see that for Z,, the partition function
is topological or quasi-topological. Finally, we calculate the expected value of the
observables, Wilson loops, using the formalism of curves shown here.

4.1. Character expansions and center of group. In section 2 we state that for
a finite group G, the action for a pure gauge model is given by expression (3)

S=-3 Z (atr(p(Uy)) + tr(p(Ufl))) +7),

feF
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where Uy is the holonomy for each face. Let r denote the representation in tr(p(Uy)),
such that the action can be written in terms of the character x,(Uy) = tr(p(Uy)).
The weight associated with the partition function related with the gauge fields is
(without loss of generality we take v = 0)

Wgauge(f) = He*aﬁ(Xr(Ufﬁm)_
f
Let M(Uy) = e~ B0 (Un+x-Un) be the class function, i.e. M(hUsh™") = M(Uy) for

all h € G. So, it is possible to expand M (Uy) in terms of the £ irreducible characters,
X1, - - -, Xx of the group G

(22) M(Uy) = Y M"x,(Uy),

where M" are real numbers. In order to obtain these last terms, we use the following
theorem (we take all irreducible representation as unitaries) [JLO1, page 161]:

4.1. Theorem.
Let x1,...,xk be the irreducible characters of a finite group G. Let g1,...,gx be
representatives of the conjugacy class of G. The following relations are satisfied for
any r,s € {1,... k}.

(1) Ortogonality relation between rows:

XT g’t XS gl
=4(r,s).
Z |CG gz ( )

(2) Ortogonality relation between columns:

2 Xi<gr)m = 5(7”, S)|CG(QT)|'

i=1
Where Cg(x) is the centralizer of x in G, this is, the set of elements g € G that
commute with x.

On the other hand, we shall prove the following lemma [Fer14]:

4.1. Lemma.
Let x1, ..., Xk be the irreducible characters of a finite group G. The following relation
is satisfied for all elements f,h e G

(23) D xe(9F)xs(gh) = nbpaxe (fR7Y).

geG
Proof. We use the relation of ortogonality of irreducible unitary representation ma-
trices D(g),” of the group G

(24) Z D d 6rséz]6lmu
geG

where n and d, are the dimension of the group and irreducible representation r,
respectively [Ham89]. We write the expression (23) as

> xe(9f)xs(gh) = > Di(gf)/ Ds D,(gh), .

geG 9,%,J
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where we have used that ¢ — ¢f, so we write

S x@h)xs(gh) = 3 Di(9)iDolgf h), = Y Di9)iDulg), Do(fh),

geG 9,8,5 96,3,k
Using the ortogonality relation (24) we obtain

Yo gfxlgh) = Y 0ndiduDe(fR),]

geG 1,7,k

= N6, Dy(fh),

= nérsxr(fh_1>7

because the representation is unitary, and we had proven the lemma. O

With the above lemma we find the coefficients M" in (22) to obtain

(25) >\ M(Upxs(Uy) = 2 M, (Up)xs(Uy) — ZM Up)x»(Uy).

For consistency, we note that M (Uy) is the contraction between tensors My, 4. Ne,

bibo-b :
aeof AR [T.SY
1

defined in (16), where for each link a; we associate an element g of a group G, and
there is an antipode when the relative orientation face-link is reversed.

We recall that the partition function in the formalism of Heegaard diagrams de-
pends of weights on the faces and links (16). However, due to the weight of faces
associated with black curves, this is associated with the center of the gauge group
G. Since it is a finite group, every element of the center z € Z(F'G) can be written
as [JLO1]

(26) z = Zzici, where ¢; = Z o

9EG;

with % the conjugacies class of the group G and z° complex numbers. Also, as
mentioned above, the contraction between tensors M, aleafAble bk HSy’

a1a2°AN,
(where a; are links around the face f and each g¢; is an element of the group G
associated with the link) must coincide with M (Uy). In the group algebra we have
(expressions (14), (20) and (21))

bibg--b -
azed fAETOR H Sy
7

M,

INe ;9 ;
tr(zdg, - - - ¢9Nef )Agu]i co . ANes INe; H Sby{

Nef

= tr ZH¢g?i(f,ei)
7

= tr(z¢Uf)7

102 AN,
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Ney
with Uy = ]_[ g: oi(lei) the holonomy around of the face f. Using the expression (26)

we obtain

M,

182°ANe ¢

aieafAble‘..bk H Syz Zz tr cijUf Z Z p tr ¢9¢Uf)

i gEG;

For the group algebra tr(¢yéu,) = tr(dyu,) = nd(gUy, e) = x,(gUy) for some repre-
sentation r. Since My, a,-ax, aseop A2k [T.8% = M(Uy) we have

=D 2xa(gUy).

% gEfi

Multiplying both sides by xs(Us) and adding all the group elements we find

DIMU(Uy) = Y12 xe(gUp)x:(Uy)

Uf 7 gE(topi Uf
= Z Z Zzné’/‘sXT(g)
1 geE;

where we used the lemma 4.1. In the last sum we can take a representative element
gi € €; such that the number of elements in the conjugacy class €; is |%;|. So, we
have

n Z |Cg|XT gz ZM Uf Xr(Uf)

9i€G Uf

Multiplying both sides by x,(g;) and adding all the representative characters r

n Z |%|ZXT gz Xr g] ZM Uf ZX?“ Uf Xr(g])

9:€G Uf

Finally, we use the ortogonality relation for columns of theorem 4.1, where we note
that U, ! must be in some conjugacy class such that the element g, is its represen-
tative element

n ) 160, 1) Colg)] = ZM 9580, k)[Celgi)| = M(g7HIEICel)l,

9:€G

where in the last expression we have used the fact that M is a class function and
that the number of elements in the conjugacy class 6 is |%|. We obtain that the
coefficients 2 are given by z* = LM (g;"). However M(Uy) = M(U; "), therefore the
coefficients are

1) 5 = M (g),

This last expression gives the weight related with a pure gauge, for a general fi-

nite group such that M(U;) = e~ ®P0Un)+x-(Us) " For example, we know that the
dihedral group [JLO1]

G=Ds={a,b:a®>=b"=1b"ab=a")
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has elements, g = {1,a,a?, b,ab, a*b}, and the representative elements of its conju-
gacies classes are,

19 = {1},a% = {a,a®},b% = {b, ab, a*b}.

Then, since the characters of Dg are real numbers, see table 1, we have that the

| [ifalb |
aftf 11
[xe [1[ 1|1
xs|2[-1] 0|

TABLE 1. Characters for the group G = Dg.

coefficients which expand the center have the form (a = %xunits such that their
product with § gives dimensionless)

1 A
zlgDG _ Ee—BxT(g)’ such that z = Z 2" Z Pg-
i€Ds  gE€G;

Now, we know that Dg has three irreducible characters, therefore we write the center
for each one of these as

1
<= 6(¢1+¢a+¢a2+¢b+¢ab+¢azb); forr =1

1 1 1

Z = ae_ﬁgbl + Ee_ﬁ(gba + ¢a2) + geﬁ(gbb + ¢ab + ¢a2b); for r =2
1 1 1

z = ée_w(zﬁl + éeﬁ(qba + Pg2) + 6<¢b + Gap + Pazp); for r = 3.

We note that the first of the above expressions coincides with the definition of
the cointegral multiplied by a constant given by the definition 3.3. The other two
expressions for the center of the group for the particular action of gauge pure can
be used to describe the theory, however, we use the second expression because it has
each term dependent of .

For the Z, case, recalling the action for the gauge-Higgs field with gauge group
found in section 2

N.,
2T 2k
(28) Sgauge-Higgs = _BGZf]COS ? ; ki | — ﬁHZl: COoSs <T) )
where every k; € {0,1,...,n—1}. As previously mentioned, the term field spin-gauge

21
is due to the holonomy in all faces. We recognize M (Uy) = —f¢ cos (% > k2>
i=1

Following the expression (27), we find that the coefficients expanding the center are
given by

Y

(29) M= leﬂcos(%Tw)
n
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where h now corresponds to the representative element of each conjugacy class. Le.,
the center is

1S .
(30) 2= = M ePe(B) g,
n h=0

Taking the expression (25), the characters are given in terms of coefficients which
expand the center of group

n—1 n—1
1 (2hx
(31) M = Z Zhwfhr _ = Z eﬁcos(%)w—hr'
h=0 n h=0

We notice that this center z, associated to faces, has a similar relation in the case
of links, by the expression (28). However, we have to be careful, because the in-
formation on the links is associated with the center of coalgebra or cocenter and
not to the center. In the next subsection, we will show how to obtain the physical
information, in the regular representation, of the triangularized manifold .# using
only the elements z of the center of group G.

4.1. Remark.
We can note that the coefficients describing the model, pure gauge or pure Higgs,

are given by ¥ = %eﬁcos(%Tﬁ) for k = {0,1,...,n — 1}. So, the relation between
them is found by multiplying these terms in order to obtain

1 8"S cos(Zm) 1

~0x1 ~n—1

fyfyry = —¢ k=0 = —,
n" n"
n—1
due to the fact that ), cos (227) = 0. Normalizing, we take ¥ = ny* and we have
k=0
(32) Aottt =1,

this is the expression which describes the model.

4.2. Remark.

In the remark 3.1 we assure that S(z) = z, to have topological invariance with
respect to the orientation of the black curve b. We see this for our z which describes
the gauge-Higgs model. Indeed, we can write z as expression (26)

z = ZZ’Z% where ¢; = Z bg,
i

gEC;

LM (g;)

= E i

such that z is written following the expression (27), 2 = LM (g;)

= S M) Yo M) Y 4,

9E6; g~ tes!
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Therefore, the antipode S(z) for the group algebra is

1 _
S(2) = - 20| Mgi) X dgr + M(g") 3, g
7 geS; g le?]
1 _
= oo | M) X o+ M) D) o |
i g~ 1e%; geE]
but this last expression coincides with z, then S(z) = z, which is the required

condition.

4.2. Partition function and Wilson loops with matter fields. In order to
study gauge fields coupled to matter, we have to check the relation between these
two fields. In section 3 we stated that the information contained in gray curves,
which are associated with the links, depends on the elements ( of the cocenter of
the algebra <. However, the following lemma will show that it can be replaced
the weight associated with a gray curve by one black curve which has a weight that
belongs to center of the algebra.

4.2. Lemma.
Consider the group algebra <7, and a gray curve with weight { = (,¢" as in figure
73(a). The weight ¢ can be replaced by a black curve with weight z = 2"¢y,, as it is

(a) Gray curve with weight (b) Gray curve with one
C. additional black curve with
weight z.

FIGURE 73. FEquivalence between gray curves.

shown in figure 73(b). The relation between the elements 2" of z and the coefficients
Cy of C is given by 2" = mgh_l.

Before the proof of lemma 4.2, we will recall the meaning of the term diagram-
matic, as follows: imagine a gray curve g with weight ( and n crossings with black
curves bjeq12... ny, With weights 2; as in figure 73(a). Originally g had n crossings
with black curves and in turn, each black curve b; have several intersections with
gray curves. The lemma states that it can be added a black curve with weight z,
but it will only have a crossing; therefore the partition function of Kuperberg for a
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manifold .# with triangulation .7 (expression (16))

= LT [ @)5300),

conf f e

will be
(33) Z H H H Mabc ka+1 f/)Ab1b2 bkbk+1( )Sy( )

conf f e

Note that the the differences between both partition functions are the extra face
' and the A associated to the hinges. N(f') is the tensor associated with the new
black curve and this has an element associated with the center z’, which in general
is different from the z associated with the original black curves. APbz0bk+1 implies
to add another polygon to each hinge.

According to the mentioned above, the Wilson loops for a loop ¢ must be

W(t)) = ZHHHW we (D) Ny, () AL 00551 () SY (o),

conf f e

where W (¢) = x,(Up). x, are the characters and Uy is the holonomy of links variables
around the closed curve ¢. Considering for simplicity a two-dimensional manifold
M and supposing that the orientation of the loop is arbitrary. Let ¢ be a loop, with

FI1GURE 74. Loop with links k;.

origin at P and with the set of links x(¢) = {k1,...,k,} as it is shown in figure
74. Let G be the gauge group and we suppose that the lattice .# is oriented. The
holonomy over the loop ¢ is (see expression (1))
0;(L,k;
UZ = gkl( )a
fiief

with 0;(¢, k;) = +1 the relative orientation loop-link, and k; the element represen-
tative to link r;. x..(U,) is given by

0; (4,k;
XT(UZ) = Xr ( gki( )> ;
nieﬁ
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S0, it is natural to define the covariant tensor W,Z;l Ky = Xr(Uy), so that the Wilson
loops are written as

(84 W(h) = mZHMauf)me(fv [T akbbbee)

conf f e ¢ x(f)
[] aoesimononrg, o [[st0)
HjEﬁ(é) ¢

where each covariant index Wi o h, 18 contracted with the additional index k; in
Abib2-bibriiki (@) [FPTS12]. The meaning of the latter term is that links ; belonging
to loop ¢, would seem to add a polygon to the manifold .Z, see figure 75, therefore

2 3
S
&

FiGURE 75. Loop in a regular triangular lattice.

we represent the loop with a dark gray color. Note that it is not necessary to locate
the source of the loop because this is arbitrary. The polygon in figure 75 will have
associated an element of the center

2w = Zz@vq where ¢; = Z bq,

i 9EG;

and the index W denotes the weight associated to the Wilson loop. To find the
elements z{, which expand the center, we make use of expression (27), noting that
in our case, according with (35) the weight M (g;) is A% (e)W] . Therefore,

3 1 1 0;(L,k; -1 1 —0; (L,k;

since we assume that the orientation of the loop over the lattice is arbitrary, we have

(3) Ay = o)

The last expression is a generalization of the paper [FPTS12], where Zy was used
as the only group considered for the three-dimensional case. As an example, for the
dihedral group Dg we obtain

1
2w = 6(¢1+¢a+¢>@z+¢>b+¢ab+¢a2b); for r =1

Zw = %le + %((Z% + Qba?) 1(¢b + ¢ab + ¢a2b>; for r =2

6
1 1
2w = —§¢1+6(¢a+¢az); for r = 3.
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In the case of Z,, the coefficients 2%, have the form

i r\k;
AW n(w ) )
where w = en 1 and r, k; = {0,1,...,n — 1}. Using again the faithful representation
r =1 to obtain (subsection 2.4)
1 2y 2(n71)7ri
(36) ZW:E<¢O+8”¢1+"'+G " %—1)-

Lemma 4.2. The tensor related to the gray curve is given by the diagram 76(a). We

5.
A
%* —M~—A—S—=dim(&)—
(a) Gray curve with weight ¢ and m cross- (b) Relation between the tensors M, A
ings with black curves. and S.
~A—+S— ~—z
1 @*M A—S—( @*M
T A A
dlm(% ) X.:"" Xi’”
(¢) We use the relation of figure 76(b). (d) Definition of M with weight z.
1 1
h h 9 k
-~—Z = —§— ~—Z = — {2
dim(e7) A=5—¢ dim(/) A=55¢
(e) Definition of z in figure 76(d). (f) z written in terms of the coefficients.

FIGURE 76. Diagrammatic proof of lemma 4.2.

use the lemma 3.2 (figure 76(b)) for the inward arrows in ¢ and we write the tensor
explicitly as diagrams. Algebraically
= Z Ar9Sk,

d1m

in the group algebra A™9 = §(h, g) and Sk =§(g, k1), then

1
d1m 25 (h, 9)3(g, k™) = dim—(ylﬁgﬂ'

O

In the three-dimensional case, the lemma states that it is equivalent to add an-
other face to each hinge as stated earlier. However, for the two-dimensional case
where each link has originally two faces glued to it (figure 77(a)) when one more
face is added, we would obtain a three-dimensional model. The new face can be
considered perpendicular to the plane, as shown in figure 77(b). Note that the col-
ors of perpendicular faces are different from the original this is due that they have
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(a) Two-dimensional lattice. Links (b) Three-dimensional lattice.
with weight gluing two polygons. Links with weight gluing three
polygons.

FIiGURE 77. Equivalence between a two-dimensional lattice with
weights in the links and a three-dimensional lattice without weight
in the links.

a different weight associated (element of center). The original faces give the gauge
fields and new polygons gives of the Higgs fields.

4.3. Partition function and Wilson loops for a two-dimensional lattice.
Let us define the partition function for a two-dimensional lattice formed only by
triangles (three links per triangle), figure 78(a). As it was stated, gauge fields are

) Two-dimensional lattice. Edges with ) Three-dimensional lattice. Edges
Welght gluing two polygons. Wlthout weight gluing three polygons.

- _
20— M<— A—aQ— N <%
G/,M A—S M\ €

N e
20— M~—A—>§—N“2
G M-—A—S5—M:—%¢ ]?7
¢ zH
(¢) Tensors figure 78(a). (d) Tensors figure 78(b)

FIiGURE 78. Equivalence between a two-dimensional lattice with
weights on the links and a three-dimensional lattice without weight
on the links.

related to faces and matter fields to the links of triangulation. In the same way,
faces and links are related to the elements 2z from the center and ( of the cocenter
respectively (as it is shown in figure 78(a), and the related tensorial diagram is
shown in figure 78(c)). On the other hand, for the finite gauge group G we find that
for the group algebra, the element z of center is provided by

z = %ZM(%)C@', where ¢; = Z bg-

9EG;
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This expression gives all the information related to the faces of the triangulation.
However, the lemma 4.2 states that for the special case of the group algebra the
information in the links is also provided by elements of the center of the group, figure
78(b). To distinguish between the elements of the center related to faces (gauge
fields) and the links (Higgs field) we call zg the elements of center associated with
black curves (faces) and zy the elements of center associated with the black curves
which intersect only a gray curve (link), figure 78(b) (tensorial diagram 78(d)). For
a manifold .#Z without boundary, with triangulation .7, we note that each hinge
has three glued faces. Therefore, the partition function of Kuperberg (33) in this
instance will be

(37) = HHHMabC ) Ny () A"12% () S2 (0).

conf f e

For the case of Wilson loops, we draw a loop ¢ over the lattice, as in figure 75, and

FIGURE 79. Representation in the language of colored curves of a
two-dimensional manifold with loop /. Each curve has an associated
weight. All black curves have weights related to the center of algebra.
Faces: zg. The dotted black points related to links: zg. The Wilson
loop: zw.

this will have the equivalent diagram in colored curves of figure 79. Note that in this
diagram the weight associated with the loop ¢ is denoted by zw and the orientation
of each curve is not considered. Finally, in accordance with the mentioned above,
the expected value of observables, Wilson loops, is given by

(38)  W() = 2 11 ]_H_[ W (€) Mape (£) Ny, (£) A" (€) S (o).

Conf f e

4.4. Calculation of the partition function and Wilson loops in the topo-
logical limits for Z,; detailed case, Z,. So far, we showed the mathematical
formalism needed to find partition functions over manifolds. Our goal is to calculate
partition functions as general as possible form using the diagrammatic representa-
tion provided here. Let us recall that for the group 7Z, with the group algebra we
showed several useful properties such as the lemmas 3.16, 3.17, in addition each of
the general moves 2.5 defined in section 2, were proved as lemmas (see lemmas 3.6
to 3.13) in section 3.
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FiGURE 80. Two-dimensional lattice model.

In first instance we remember that the expression (30), which gives the center (for
the gauge field z¢ and for the matter field zp) in terms of the elements of the group

za za za 2a
T 7 T v
s e
G | Yo} .
- ) “ To
(a) (b)
zZG zZGQ
N 7
e
> L

F1GURE 81. Two-dimensional gauge pure model.

L, i

IS Ba,m cos( 22T )
ZG,H=EZG : n )y,

We note that for S g — 0, the element of the center will be 2y = = Z ¢n, that

is, the cointegral element divided by n. If we take g — 0, the figure 80 is modlﬁed
to figure 81(a), where A is the cointegral element of algebra o/ . Using the cointegral
property, lemma 3.11, we obtain the figure 81(b). However, following the lemma 3.14
we know that isolated black and gray curves have as numerical value the dimension
of algebra. Thus we obtain a gauge pure model, as expected [Kog79, YTO07], see

1y 1y
- 7 Ny N,
[ A (9) (1)

FIGURE 82. Representation of pure Higgs for two-dimensional case.

figure 81(c). On the other hand, for Sz — 0, we have that the figure 80 will be



ON LATTICE TOPOLOGICAL FIELD THEORIES WITH FINITE GROUPS 57

modified by the figure 82(a). Using again the cointegral property we obtain the
diagram 82(b), where N; and N, are the number of faces and links respectively.
However, we know that a gray curve crossing just a black curve, has a numeric value
which is equal to the dimension of algebra .27, then the factor 82(b) dependent on
the number of faces is 1. For the term depending only on links, we see that tensors
are provided in figure 83(a). Remember that ¢, — € : €(¢,) = 1 for all g € G. Since

A -meem A
aw; ZH—>€ “A=—m
e <
(a) Tensors. (b) Use property of
cointegral.

FIGURE 83. 83(a). Diagrammatic representation of tensors of a black
curve with weight zy and one gray curve. 83(b). Trivial tensors.

€ is a linear operation, the numerical value on the left part of the figure 83(b) in
terms of the coefficients of the center is

]_ ] BH COS(?hTr)
€(zy) = - Z e n )
h=0

Thus, the numerical value of the partition function for a manifold .# with triangu-
lation .7 in pure Higgs case is

n—1 Ne
Z(M,T) = (Z eﬁHms(QT)) ,
h=0

and this result coincides with Salinas [Sall0, page 91| where Z, is the considered
group. We obtain that the partition function explicitly depends on the number
of links of triangulation, and now it is possible to state that the model is quasi-
topological as defined in expressions (18) and (19).

In this paper, we observe the behavior of the partition function and Wilson loops
for the group Z, in the limits g g = 0%, fg,x = 0, because as we will see, the
partition functions in these situations can be calculated using moves over the col-
ored curves, which means that the partition function is invariant or quasi-invariant
topological. Thus, these limits are called topological limits of the theory. Note that
the center for Z, in the limit § — oo is

h=1

The roots w", h = 0,...,n — 1 are around the unitary circle. Thus, by taking
cos (%TW) we have P positive values, negative values N and Z’ null values (zeros),
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with P + N + Z' = n. Then, the center will be provided by
1
z=—P
n ’YZ (bh?
h
where v — o0 and the sum is over h such that cos (%T”) > 0.
Partition function for Z,. To obtain partition functions for Z,, we note that the

two-dimensional model is represented in figure 84. Now, it is not necessary to orient
the curves, since the relative orientation face-link is not required (the inverse element

e zaG

FiGURE 84. Two-dimensional gauge-Higgs model for Z,.

of one element of basis ¢, is itself). Note that the center of the group is provided
by the gauge and Higgs fields as

1 1
1 h ~
26, H = 5};)650,11005( ﬂ')¢h — ;)’}/G,H¢g7

where the coefficients %’; y are positive real numbers. Writing the term ¢, of the
basis as (0,..., 1 ,-..,0), we have zgy = (3., Vé.m)s With 38 5 and
(g+1) th position
fNyé ; the coefficients which expand the basis {¢y, ¢1}. Let us calculate the partition
functions for different z. For example, when ¢ g = F00, the centers will be given
by
5 _ ﬁg,H¢07 if BG,H — X0 (%&H?O): if BG,H — ®©
GH = 4~ . = X . .
’YG,HQSla if BG’,H — —0 (07’75,H)7 if 5G,H — —00

Le., the centers will have the form z¢ g = fNyé n®g where the Einstein sum notation
is not used. Considering several cases for the centers:

e 2z = % ¢p: the model in figure 84, will be represented by figure 85(a). Since

% <G .
.C. (zccbggO)Nf(% @)Ne
Vi %g

FIGURE 85. Two-dimensional for zg = 3% ¢y,.

the center is a homogeneous element multiplied by a constant, we use the
lemma 3.17 in order to obtain the figure 85(b). Note that the weight of each
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curve associated with one “triangle”, black curve, has a multiplicative factor
¢_3p, due that this has three links. In Z,, the weight is zg¢p_3, = zgon,
therefore, the term associated to each black curve is

tr(2con) Z Vet (Dg+n) = 2786(g + h, 0) = 2750(g, h).

On the other hand, the dependent factor of number of links is 27%. Then,
the partition function is

Z(AM, T) = (270(g, b)) (275)™
Calling ’yG = 2?%’% we find finally

Z(M, T) = ()" (vir) "0 (g, h).
L.e., the partition function is quasi-topological, see subsection 3.3 and ex-
pressions (18) and (19).

o 2 = 4o, and zy = 3(¢o + ¢1): the model in figure 84 is a gauge pure
model. This is represented by figure 81(c) for Z, and by the figure 86(a) for
Zso. Since the weights are homogeneous elements, we use the sliding move,
lemma 3.16, having the figure 86(b). We note that the cointegral property
can be used, lemma 3.11, to remove the black curve connected to the gray

FIiGURE 86. Gauge pure model with homogeneous elements like weights.

curve inside the greater closed curve. Now, the cointegral contributes with
a factor of 2 and the constant 37, is still present. So, each face contributes
with a factor of 27%. Since we have N; faces, the partition function is

Z(M.T) = ()"

where 7¢, = 277, Once again, the partition function is quasi-topological.

o 2g =%d, and zy = Yo + Vi;é1: we shall show the existence of a numeric
value in terms of a numerical series, without find it explicitly. It was shown
in [YTSMO09] that if the Pachner move (2,2) is satisfied, the partition func-
tion has numeric value which corresponds to a numerical serie. Then, our
porpuse is to show that it is satisfied the Pachner move (2,2). To achieve
this we recall the Pachner move in figures 87(a) and 87(b). We note that in
each case the link that is gluing both triangles has a vertical and horizontal
position, respectively. The basic idea is to show the equivalence between
both diagrams starting from the diagram 87(a) to diagram 87(b). Indeed,
we apply sliding move of the curves with weight ¢,, similary to figure 86(b),
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() (b)
FIGURE 87. Pachner move (2,2).

but with a general zy. After this, we make sliding move of black curve with
weight 2z = Y ¢ + Y5¢1 over the right black curve and we note that we
could remove this. We make similar moves when both triangles are glued
by the horizontal link, and we would obtain that both final diagrams are
equivalent.

Up to this point it was calculated the partition function for several elements of the
center, which have the form z = (7% ~!), where the 79 are positive parameters.
However, in general, it can be calculated the partition function for general elements
which have the form z = (7°,+!), where the 79 are real parameters not necessarily
positive, as was mentioned in subsection 3.4. This means that, as in the previous
case we had elements of the center in the form vg g¢, for v¢ g positive; however,
in the general case these coefficients can also be negative. In this way, we can also
find partition functions when the coefficients have opposite sign, i.e., these could
be calculated for an element of the center given by %(1, —1). We shall show that,
indeed, it can be found the partition function for elements of the center of the form
zg,u = 3(1,—1). In order to achieve this, we use the following lemma:

4.3. Lemma.
Let b be a black curve with n crossings with gray curves, {g:}ic1. n-
(1) The diagram of b with weight z = z; + z3 is the sum of individual diagrams
of b with weight z1 and the same black curve b with weight 2.
(2) The diagram of b with weight 2’ = az with o € C is equal to b with weight z
multiplied by o.

Proof. The proof is due to the linearity of the trace. We have for b with n crossings

with gray curves g, tr(z¢q, -« @a,) = tr(z10a, -+ - @a,) + tr(2204, - - - ¢q, ). For the
second part, we know that tr(azg., - - ¢a,) = atr(zdg, - - - @a, )- O

Considering the previously lemma, it can be shown the following result:

4.4. Lemma.

We consider Zo with ¢o and ¢, the basis of the group algebra. Let Cy and Cy be
two black closed curves with weights X' = ¢g — ¢1 and z = a%¢y + al¢y (a°,a' € C)
respectively, figure 88(a). The curve Cy is replaced by the curve C with weight X
The new curve CY is an isotopy of Cy with weight 2= = a%¢y — at¢y. The curve C
(resp. C4) has the same orientation of Cy (resp. Cs), figure 88(b).
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\\\A/
- A )

(a) Two black curves connected by a rib- (b) Sliding.
bon.

FIGURE 88. 88(a). The black curve Cy (resp. C3) has m (resp. n)
crosses with gray curves (resp. black curves). After sliding the final
curve C1 (resp. C%) has m +n (resp. m) crossings with gray curves
(resp. black curves).

Proof. The point of the proof is to separate the right curve as the sum of two graphs.
The first has weight a’¢ and the second a'¢;. Then we apply sliding move under
homogeneous elements, lemma 3.16, and we note that the second graph will have
weight ¢\ = —X. We apply linearity and we obtain the desired result. 0

The lemma above will be very useful in the calculation of Wilson loops for Zs.
However, for the moment we use it to calculate partition functions. We consider the
first case in which zg = (¢ — ¢1) = 3N, figure 89(a). Then we make use of lemma
4.4 to obtain the figure 89(b), where A is the cointegral. Finally we use the cointegral
property to remove curves with weight %)\, which contribute to a numeric value of
str(¢o+¢1) = 1. We note that we have a black curve with weight zy = 3,¢0 + 5501

1y
(a)

FI1GURE 89. Black curves relationed with the faces, these have weight
zZqg = N.

connected to a gray curve, which contributes with a numeric value €(zx) = 7% + 7
multiplied by 2, see figure 83(b) (pure Higgs model). The important fact to note
is that the sliding move eliminates a link, so we can apply the sliding moves in
the whole lattice, and the end we will end up with a black curve with weight %X ,
and numerical factor ftr(¢o — ¢1) = 1. So, we obtain that for ze = 3(1,—1) and
z = (%, 7)) the partition function is

(41) 2(M.T) = 2% (g +33) "
This result coincides with the Higgs pure model, zg = %(1, 1), for Zs.

So far, we found explicitly the partition function for several limits, however we
need to state their physics meaning. Indeed, we wrote the model in terms of the
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1M 1M
el TH |
W (1,1) *(1,1)
----- 2 > --"'-----Ou
TG TH
(a) Gauge parameters. (b) Higgs parameters.

F1GURE 90. Regions where the partition function was calculated for

coupling constants ¢ g reals and positive parameters . These are
represented by the continuous and pointed lines.

coefficients v i, see remark 4.1 of subsection 4.1. For the particular case of Z,, we
have that the coefficients describing the model are relationed by the equation of the
hyperbola 7¢ ;76 5 = 1, see figures 90(a) and 90(b). However, as it was mentioned,
this is equivalent to write the center of the group as zg g = (78:,}1775,}1)- In the

gauge pure case, zg = (1,1), Wegner found its value, and several methods can be
used to obtain it [Weg71, YT07, Azal3]. This result is

(42) Z( M, T) = 2% (cosh(Bg)™ + sinh(Bg) ™M),

which can be thought as quasi-topological, due that it depends on details of triangu-
lation, however, it does not satisfies the condition of expression 18. The pointed line
in figure 90(a) represents the limit when 3¢ — 0% and we note that for values above
this line, we have the paramagnetic case (Sg — —o0). On the other hand, for values

S ) | e 2] oo
| Ya(1,0) | (v&) N ()N 0 | (v&)™ | * |
| 76(0,1) | 0 | (V)N (v ™ | (v | * |
s | N ] ()™ | O )™
| (&) | (N )N | ()N (v = e |

TABLE 2. Partition functions for differents vy i = 0.

below this line we have the ferromagnetic case (S — ) [FPTS12, Azal3]. In the
case for Sy, the meaning in figure 90(b) is similar. Topological limits are represented
by the axis ¢ ;; (as an element of the center zgy = y¢,u(1,0)) and 74 5 (as an
element of the center zg g = v¢.1(0,1)), and are Sg g — © and Sg g — —0 respec-
tively. We note that the parameters are positive and these are consistent with the
literature [Kog79, Sei82, MMST79]. The table 2 shows the results for several values
of the positive parameters 'yg;’f}{. In the table 2, the symbol % denots the existence
of a possible numeric value in power series, which was not explicitly calculated. The
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S (,0) w0, [ 301 | 40| g
@0 | v | v vk
RSO A R R A N A .
sy [ v v
B A A B A A
STV A A N A N
TABLE 3. Partition function for differents v¢ p.

symbol = represents the expression of the partition function calculated by Wegner,
(42). On the other hand, the symbol ¥ makes reference to the points where it was

not possible to find a numeric value; this corresponds to the general case of the
gauge-Higgs model. We note that other topological limits could be calculated and
we made this explicitly; now, the parameters yg’}}{ are reals, positive and negative.

The table 3 contains different cases of parameters fyg’f}{, and the symbol v is used

V&

~
Semn

~~
~~

(a) Gauge parameters.

Vi

~
~
~ean

~~

(b) Higgs parameters.

F1GURE 91. Regions where the partition function is calculable. These

are represented by solid and dotted lines.

to denote those cases where the numeric values of the partition function were cal-
culated. The symbol % denots the existence of a possible numeric value in power
series, and we use the symbol ¥ to denote those cases where it was not possible to
obtain any numeric value. The graphs are represented in 91(a) and 91(b).

associate to the loop ¢ will be [FPTS12]
(43)

1
AW = 5(% - ¢1)-

Wilson loops for Zs. Following the expression (36), in the case of Zs, the weight
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FIGURE 92. Loop in a regular triangular lattice.

As it was stated, in terms of colored curves with weights, the figure 92 is represented
by the figure 93, and as previously mentioned, each curve has a weight associated to
it. Only black curves belonging to links are represented by dotted black points and
weights zy. We may note that the new curves with weight zw, seems to intersect
these points but we know that two curves of the same color can not cross, which

FIGURE 93. Representation in the language of colored curves of a
two-dimensional manifold with loop ¢. Each curve has an associated
weight. All black curves have weights related to the center of algebra.
Faces: zg. The dotted black points related to links: zgy. The Wilson
loop: zw.

would be contradictory. In fact, these geometrical objects do not intersect, and the
diagram is showed in that way for simplicity. A part of the diagram 93 corresponds
to figure 94. Knowing the form of 2w, we make several choices for the weights zq ,

F1GURE 94. Lattice with Wilson loop.

as we did in the case of partition functions. Let us first vary the element of the center
2, related to the matter field. First, the topological limits 2z = 3% ¢, with 7% and
¥i; limits for Bz = £o0, respectively. Second in Sy = 0, that is, zg = %(éﬁo + ¢1):
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o 2y = Yh¢p: the diagram is shown in figure 95(a). Since the center is a

2w h— Ny (zG¢—3hO )Nf (71}3 ,‘,(-}})Ne

(b)

Ficure 95. Diagram corresponding to the calculating of Wilson
loops for zg = Y% ¢y,.

homogeneous element multiplied by a constant, we use the lemma 3.17 to
obtain the figure 95(b). Note that the weight of each curve associated to one
triangle, has a factor ¢_sz;, due that it has three links glued to it. For the
Wilson loop, the factor which multiplies the weight is ¢_ny,n, Where Ny is
the number of links where the loop is crossing. Since we are using the group

Zy, the weights are zg@_s;, = 2¢¢p and 2wd_nyh = 2WONwh, Tespectively.
Thus, the term associated to each face is

tr(zGon) Z Ltr(dgin) = 2740(g + h,0) = 2745(g, h)
and the loop

tr(ewPnyn) = %(U(%@vwh) —tr(¢10nywn)) = 0(0, Nwh) — (1, Nwh).

Note that for h = 0, the numeric value is 1. For h = 1, the numeric value
depends on whether Nw is even or odd. For Nw even, we have again 1. For
Nw odd, we have —1. This is summarized as follows:

1, if h =0, for all N
tr(2wonywn) = { v

(=)™ if h =1, for all Ny,

where the factor depending on the number of links is 23%. Calling fyg’z =
Q’yé’zq we have that the numerator in (35) is

(V&) N (i) Ned (g, ), if h=0, for all Ny
(—=1)MW ()N (42 NG (g, ), if h =1, for all Ny.
With (39) we obtain that the Wilson loops are given by

(W(e)) = {(_1)9 v, ifg=h, forall Ny

undefined, in other cases.
o 2y = 3(¢o + ¢1): the diagram is shown in 96(a), this weight is the cointegral

element divided 2. We can extract each curve with this weight, by using
the cointegral property, lemma 3.11. The numerical factor which contributes
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FIGURE 96. Diagram corresponding to the calculation of Wilson
loops for zy = %A.

to the weight of the links is 2 divided into 2, i.e., we have to calculate the
Wilson loops in the case of a pure gauge model, figure 96(b). However, in
[GP96], Gambini and Pullin showed that, for high temperatures, fo « 1,
the behavior has the form

<W(€)> — o f(Bg)area(t)

where f(fSg) = —In(tanh(fg)) and area(f) is the number of elementary
plaquetes inside of the loop ¢. For low temperatures, S5 » 1, the dependence
of (W () is in relation to the perimeter of the loop [OHZ06], and the methods
of this paper lead us to the same result. We take g = 0 and 8 = oo, for the
limit of high and low temperatures respectively:

Ba=01If zg = %(% + ¢1), by the cointegral property we can extract all black

curves relationed with the faces of triangulation. Now, the loop will
cross Ny links. So, the loop will have Ny gray curves crossing it. The
curves for the loop do not cross, and these taken from the diagram and

AW,

.'_\(Ne — Nw) times (l @)Nf times
Y - 2 @’ m—an)
Nw times zw/
(a) (b)
ZW—>€ @—> m

(c)

FiGUure 97. Diagram corresponding to the calculation of Wilson
loops for zg = zy = %)\.

have numerical factor 2, as it is shown in figure 97(a). Using again
the cointegral property we extract one by one the gray curves until
one of them is missing. Finally we have a black curve with weight
2w = %(gbo —¢1) = %X crossed by one gray curve, and this tensor
is represented in figure 97(b). We use again the cointegral property
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and we obtain the tensor of figure 97(c), where zw — € contributes as:
e(zw) = 3(e(do) — €(¢1)) = 0, therefore the Wilson loop is simply 0.
Note that S = 0 in expression (44) is also zero.

fe =+ If zg = &Py, we make the move sliding, lemma 4.4, over each face.
We know that the weight of each face will change as well, originally
2q = VLo, figure 98(a), after sliding is z; = (—1)93%¢,, figure 98(b);
we can do this under each face. At the end, we have that the faces

E ZW E E E

i W i i i

FI1GURE 98. Diagram corresponding to the calculation of Wilson
loops for zg = &d, and zy = 3.

inside the loop will change their weight if § = —oo0, or ¢ = 1. The fact
is that we can factor the signal Niw times, where N;w is the number
of faces within the Wilson loop. Wilson loops have the same value of
the partition function (40), except for the factor (—1)V:w. Found so the
Wilson loop has a value

W) = (-1,

This expression would appear to have the form of the area’s law to high
temperature limits, S = 0. However, we note from figures 98(a) and
98(b) that for every face that adds (removes) inside the loop, the loop
will cross a link more (less). So it actually can be written Wilson loops

as
W () = (=1)7™,
which has the form of perimeter’s law [FPTS12].
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Now, for zg fixed, we vary the element of the center zq, associated with the gauge
fields. Within the topological limits z¢ = 3%¢,, with 7& and 7 limits as g = o0,
respectively. After, for S = 0, i.e. for zg = %(% + ¢1). Finally for zg = %(gbo —¢):

e z¢ = V4¢P, The diagram is shown in figure 99(a). Even without finding

(_1)9?G¢g ZWO

FI1GURE 99. Diagram corresponding to the calculation of Wilson
loops for z¢ = 3%,

explicitly the partition function in this situation, the argument is the same
as for the limits S5 = +oo from the previous part, in which the center a
homogeneous element do sliding move, lemma 4.4, under each face. We
know that the weight of each face will change as well: originally z¢ = 72y,
figure 99(a), after sliding move is z; = (—1)932¢,, figure 99(b). But we note
that the isolated black curve has numeric value 1 and we factor signals. The
Wilson loops have the same numerical value of the partition function, if it is
not zero, except for the factor (—1)9¥w_ then
Wity = S gt ) =
Z(M,T) ’ '
o 2 = 5(do + ¢1): the diagram is represented in figure 100(a). By the cointe-
gral property black curves relationed to the faces can be extracted from the
diagram. The links which do not intersect the loop leave the leave the dia-

AW
- (Ne — Nw) times Ny times N\ ]
1 55
(-+0) (:9) i
~—~
Ny times

(b) (c)

NV Ng — N
(0] (o) 0 S
(d) (e) (f)

Ficure 100. Diagram corresponding to the calculation of Wilson
loops for zg = %A.
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gram, the others remain therein as shown in figure 100(b). We make sliding
move of the loop with weight zw = %(¢0 — ¢1), over each black curve with
weight 2z = 3% ¢o +F ¢, figure 100(c) (The links which do not intersect the
loop leave the diagram, the others remain therein as shown in figure 100(b)).
After sliding move the weights will change to z; = 3% do—73¢1. Making two
point move by applying the move sliding the following Nyw — 1 black curves,
we have the figure 100(d). Now, the numeric value of one black curve with
weight, glued with a gray curve, is calculated using the tensor represented
in 100(e) and 100(f). For the curves with weight zy the numeric value is
two times €(zy) = Y + 5 and for the curves with weight 2z is two times
e(z7) = V% — k. Then, the Wilson loop using (41) is

WO = MW (A —Ag) 2NN (Y +AE) Y (AR AR
W) = A TR =
2Ne (Y + ) (Vor + 7w

)

for 3 # 4.

e 2g = 2(¢o — ¢1): The diagram is shown in figure 101(a) and we use the
sliding move to the loop on each face. The weight of each face is z¢ = %)\' ,
and it is the weight of the loop as well. By lemma 4.4, we know that the
weights on each side will change to 2z, = %)\. At the end of the process we
have figure 101(b). By cointegral property the black curves related to faces
can be extracted from the diagram. After disconnecting the N;w faces inside

FiGure 101. Diagram corresponding to the calculation of Wilson
loops for zg = %X i
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--‘DZH ‘DD‘H

<H 'PZH

1y

2
VO ( ®) f(ZH ) : - / Ne New, _ NNVe=New

1
2

ry Homo(:9) (9 (+9)

Ne - Ne.W
(b) (c)

FiGure 102. Diagram corresponding to the calculation of Wilson
loops for zg = %X .

the loop, we note that the N¢w links within the loop connecting the faces
are isolated, as it is shown in figure 102(a). Now, we could choose one face
f and do sliding move under each face glued to it via a link. Certainly, the
black curve with weight zo = %)\' , will change to be z; = %)\. Then, we
can extract that curve, and we make sliding move until extracting all black
curves. However, note that each time we apply the sliding move the face f
will have more and more links crossing it. At the end we have figure 102(b),
where N, — N.w. Finally, we make again sliding move as in figure 100(c)
until arriving at figure 102(c). Recalling from left to right the weights of
cach of the curves in figure 102(c): 32 = 1, for the first three; 2(39 + 7};)
and 2(3% — F1,) for the last two set of curves. The value of Wilson loops
using (41) is

~ ~ Ne_ — ~ ~ Ne_Ne.
2New (33, 4+ Fg) oV 2Ne~New (39, — AY) W

W) =

2N (7, + i)™
Ne—Ne,
G A
e_Ne4 ’
(’YH ’YH) v

Nw
since Nw = N, — Now, the result is (W ({)) = % and it is satisfied
(3%+7)

for 3% # —34. As expected, the result is quasi-topological and depends on
the usual form of the Wilson loops.
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Previously, we analyze the meaning of partition functions using this to also study
the values found for Wilson loops. However, this becomes more difficult in this latter

T m(L0) | (01) | (L) | 3L -1 | ()
| 7c(1,0) | 1 | undefined | 1| 1 | 1 |
| 7¢(0,1) |undefined | (=)™ | (=)W | (=)™ | (=1)Nw |
1(1,1) 1 (—1)Nw 0 undefined (v%ﬂ}q)zw

22 (Vo) "

1(1,-1) 1 (—1)Nw 0 undefined @%_W}{)zw

22 (vortvh) ™
Gl R S I Gl R I D .

TABLE 4. Numeric values of Wilson loops for differents g g.

case, because there are three possible values of the center of the center of algebra.
Certainly, the values of the v, for Wilson loops which could have some physical
meaning, correspond to real positive numbers. In most of cases it was confirmed
the perimeter’s law. However, there is a “physical” case where the expected value
of Wilson loop is zero. It ocurred when the coupling constant Sg was zero in a pure
gauge model, g = 0, which coincides with Wilson in relation with the confinament
of quarks [Wil74]. Other values of Wilson loops were considered undefined since we
obtain divergences when performing their explicit calculation. In the case where the
parameters v could have any real value, there were found numeric values which can
be found in table 4. Inside of it, the symbol *X is used to denote those points for
which it was not possible to obtain any value for Wilson loops. Figures representing
the numeric values of Wilson loops in topological limits, are shown in figures 103(a)
and 103(b).

The description based in curves here discussed is important due that it may be
used to characterize models satisfying topological properties. In [BPT13], the weight
on curves describes anyonic excitations in the lattice, such as the Kitaev’s toric code
[Kit03], in this work the transfer matrix is represented in terms of curves, and there
are also being studied generalizations for other models. Matter fields are introduced
in the vertex of the lattice without using a representation different from regular
representation, in order to describe the dynamics of (1+ 1) and (24 1) models, with
matter fields. Finally, we observe that the methods using curves as well as thoser
showed here, can be useful to study phases of matter, thus as in other parallel
works, for example [LW06, BMDO08, DK13], which use also graphs to understand
the behavior and properties of dynamical of models.

5. OUTLOOK

We presented in this paper a review of the basic concepts of LGT in two and
three dimensions for finite groups. In order to do this, we recall the basic definitions
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(a) Gauge parameters. (b) Higgs parameters.

F1GURE 103. Regions where the expected value, Wilson loops, were

calculated. The real parameters v are represented by continuous lines
and pointed lines.

of gauge transformations for gauge and Higgs fields in a lattice, and we define a
gauge-Higgs action model for the Z, case, which can be generalized for any finite
group when the unitary gauge is chosen. The latter recalls the colored-Heegaard
diagrams, for a two-dimensional and three-dimensional discretized manifold, respec-
tively, where the curves must satisfy five different moves in order to be deformed,
and also to obtain equivalent colored-Heegaard diagrams.

On the other hand, we remember LTFT for two and three dimensions, and we
show topological invariance in a two-dimensional theory, where we state the Pachner
moves, (1,3) and (2,2), using colored curves, where there are gauge and Higgs fields
associated with black and gray curves respectively. We define the partition function
and the Wilson loops for a topological and quasi-topological theory for a special
kind of tensors M, A and S, which are intimately related with Hopf algebras, and
use the fact that the physical information is related with the center and cocenter of
the Hopf algebra used. The procedure is similar for the three-dimensional case, and
can be generalized for higher dimensions, taking the corresponding Pachner moves
in each dimension.

We also show that the information of a gauge pure model can be described using
the elements of center z of the gauge group considered. For this purpose, it was
used the group algebra, and we show that all the information of the gauge-Higgs
model can be described only by z. This is performed to specify that the partition
function and Wilson loops with matter fields, it is equivalent to add one more face
to the triangulation, however this latter will have a different weight. This lead us
to provide a general Wilson loop’s weight for a finite group. Finally, we calculate
the partition function and Wilson loops in topological limits for the special case of
Zs, in a two-dimensional lattice, where we conclude the following results: the trivial
dependence on the triangulation for the partition function, the dependence on the
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area’s or perimeter’s laws for Wilson loops, and a topological dependence on real
parameters 7% and 7}, for the Higgs pure case.

In the end, we hope that methods used here, about describing topological invari-
ance using curves, may be useful in order to find topological limits without solving a
specific model for any compact group. Furthermore, the approach in this work may
be useful to understand topological theories, as well study dynamical of observables
in condensed matter, using a different representation of the regular representation
to describe matter fields, and classify the topological phases of models.
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