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Abstract
From quantum mechanical first principles only, we rigorously study the time—evolution of a N—-level atom
(impurity) interacting with an external monochromatic light source within an infinite system of free electrons
at thermal equilibrium (reservoir). In particular, we establish the relation between the full dynamics of the
compound system and the effective dynamics for the N-level atom, which is studied in detail in [1]. Together
with [1] the present paper yields a purely microscopic theory of optical pumping in laser physics. The model
we consider is general enough to describe gauge invariant atom-reservoir interactions.

1. INTRODUCTION

Optical pumping is an important method in laser technology to produce the so—called “inversion of population”
of some optically active (quantum) system, as for instance impurities in crystals. Such an inversion is then used
to obtain optical amplification through stimulated emission of photons. We aim to derive the phenomenon
of optical pumping by (i) being coherent with the phenomenological description of physics textbooks and
experimental facts, (ii) starting from first principles of quantum mechanics only, and applying mathematically
rigorous methods to study microscopic models.

We analyzed in [1] the effective time-evolution of a N-level atom (an impurity) interacting with an external
monochromatic light source within a host environment (reservoir), which is represented by an infinite system of
free fermions at thermal equilibrium. The external monochromatic light source is a time—periodic classical field
stimulating transitions between two energy levels of the impurity. We showed [1] from this effective dynamics
how an inversion of population of energy levels of the impurity can appear and derive a dynamical law for the
evolution of populations under the influence of the external oscillating field (optical pumping). We proved [1]
that a generalization of the celebrated Pauli master equation, used in all standard textbooks on laser physics,
correctly describes the time-evolution of populations. In contrast to the usual Pauli equation, this generalization
takes memory effects into account. This proof uses [1, Theorem 3.3], which states that the restriction of the
full unitary dynamics (of the impurity—reservoir-pump system) to the N—level atom is properly described — up
to small corrections for moderate pump strengths — by an effective non—autonomous time—evolution involving
atomic degrees of freedom only. The detailed proof of this assertion, which is not performed in [1], is the main
issue of the present paper.

Thus, together with [1], the results presented here give a complete microscopic derivation of optical pumping
and the induced inversion of population from quantum mechanical first principles only. Indeed, to our knowledge
there is only one framework in which aspects of laser phenomenology has been mathematically rigorously
analyzed from first principles, namely for some versions of the Dicke model [2], see [3, 4, 5, 6]. Nevertheless,
Dicke-type models are based on two-level atoms whereas the phenomenology of lasers as described in physics
textbooks is based on three— or four—level atoms [7]. Moreover, they cannot explain the inversion of population
at finite number of impurities. For more details, see [1, Section 1] as well as [8, Chap. 11]. Note that so—called
“one—atom lasers” are object of recent research, both experimentally and theoretically. See for instance [9]. In
a future work, we aim to couple the impurity—reservoir-pump system considered here to a cavity (few—mode
bosonic field) in order to study light amplification in such devices, directly from the microscopic quantum
dynamics.



The derivation of the effective atomic dynamics is conceptually similar to what is done in [1, Section 4],
but technically more involved: We represent the non—-autonomous evolution as an autonomous dynamics on
some enlarged Hilbert space of periodic functions (Floquet—-Howland method). Next, we perform an analytic
translation G(6) of the generator G of the autonomous dynamics and prove that the dynamics driven by both
operators coincide with each other when restricted to the atomic subspace. We then study the discrete spectrum
and eigenspaces of G(#) through Kato’s perturbation theory [10]. Finally, by using the inverse Laplace transform
for strongly continuous semigroups together with Kato projections, we analyze the action of the semigroup
{e“g(e)}azo on vectors of the atomic subspace. This analysis leads to the main result of the paper, that is,
Theorem 3.1. Notice that, as compared to the model used in [1] to illustrate the microscopic origin of the
effective dissipative dynamics of the impurity, we consider here a more general atom-reservoir coupling in order
to include gauge invariant interactions. The results of [1] only concern the effective dynamics of the impurity
and are very general. They also hold for such more physical microscopic interactions.

The paper is organized as follows. In Section 2 we introduce the microscopic model. Then, in Section 3 we
define the dynamics of the impurity-reservoir-pump system and state our main result (Theorem 3.1), which
is proven in Section 4. Finally, Section 5 is an appendix briefly reviewing, for the reader’s convenience, some
useful mathematical objects.

Notation 1.1

To simplify notation, we denote by C, D € RT generic positive and finite constants. Note that these constants
do not need to be the same from one statement to another. A norm on space X is denoted by || - ||x. A similar
notation is used for scalar products in Hilbert spaces. 1x denotes either the identity of a C*-algebra X or the
identity operator acting on X.

2. THE HOST ENVIRONMENT—IMPURITY-LIGHT SOURCE MICROSCOPIC MODEL

For completeness and to fix notations, we recall below the setting of [1]. We keep the discussions as short as
possible and refer to [1, Sections 2-3] for details.

2.1 The host environment as a thermal reservoir of free fermions

Let b1 := L?(R3) and E : R® — R be any measurable rotationally invariant function that, up to some diffeo-
morphism, behaves like |p|. In the sequel, to simplify discussions, we set E(p) = |p|. Define the (multiplication)
operator hy = hy1(E) on b1 by f(p) — E(p)f(p). Let Vg be the CAR C*-algebra generated by the annihilation
and creation operators a(f), at(f) := a(f)*, f € b1, acting on the antisymmetric Fock space F_(h;) and ful-
filling canonical anti—-commutation relations. The dynamics of the reservoir is given by the strongly continuous
group {77 }ser of Bogoliubov automorphisms on Vx uniquely defined by the condition:

TR (a(f)) = ale™ f), feb, teR. (2.1)

§w denotes the symmetric derivation generating 7/¥. The initial state of the reservoir wx at inverse temperature
B € RT is the unique (7'727 B)fKMS state (thermal equilibrium state).

2.2 The impurity as a N-level atom

Let d € N and B(C?) be the finite dimensional C*-algebra of all linear operators on C? and take any self-
adjoint element Hny = Hj, € B(C?) with Hay ¢ Rlgca) C B(C?). Eigenvalues and eigenspaces of Hyy are
denoted by Ey € R and Hy, € C%, k € {1,...,N} (N > 2), respectively. Ej, is chosen such that E; < Ej
whenever j < k. The dimension nj of the eigenspace Hy is the degeneracy of the kth atomic level. Then, the
free atomic dynamics is given by the group 7# := {73*};cr of automorphisms of the C*-algebra B(C?) defined
by

TI(A) 1= et gem i A € B(CT) (2.2)

for all t € R.



Let w, be any faithful state on B(C?) and denote by p,, € B(C?) its unique density matrix, i.e.,
Wat(A) = Trea (p,, A) ,  AcB(C?) .

For any inverse temperature 8 € R*, the thermal equilibrium state of the (free) atom is the (Gibbs) state

gfff ) = gat associated to the density matrix

e_ﬂHat

pg = 7’]:‘1‘@(1 (e_BHat) . (23)
The triplet ($as, Tat, Qat) stands for the standard GNS representation of wyy:
Har == (B(C), (-, )g..) (2.4)
with
(A,B)g :=Trca(A*B) , A, B e B(CY) (2.5)
while
Qoo = pal” € Har and T (A)= A, AeBCY). (2.6)

Here, for any A € B(C?), the left and right multiplication operators A and A are respectively defined on B(C%)
by
B AB:=AB and Bws AB:=BA. (2.7)

Note that the dynamics of the atom defined by (2.2) can be represented in the Schrédinger picture of Quantum
Mechanics through the Lindbladian

Lowi= —i (Hay = Ha) = =ilHai, -] =~ (2.8)

acting on the Hilbert space $),¢ since, for all ¢t € R,

wat (T85(A)) = (" Qug, Tap(A) e Q). , A€ B(CH) .
Define the sets
te:={(j,k): E; —Ep=¢} C{1,2,...,N} x{1,2,...,N} (2.9)
for each eigenvalue
eco(ila) ={E; — Er:j,ke{l,2,...,N}} . (2.10)

Here, o (A) denotes the spectrum of the operator A. Furthermore, for all € € o (i£,;), denote by Péf) € B($at)
the orthogonal projection on $,; associated to the eigenspace of i£, with eigenvalue €. B($a.t) stands for the
set of all linear operators on ,¢.

2.3 The uncoupled reservoir—atom system

Define the C*-algebra V := B(C?) ® V. Then the free dynamics of the atom-reservoir compound system is
given by the strongly continuous group 7 := {7+ }ser of automorphisms of V defined by

T ;:T?t®7'zz, teR. (211)

The generator of this dynamics is the symmetric derivation denoted by ¢ and acts on a dense sub——algebra
Dom(d) of V. The initial state of the atom-reservoir system is

WO = Wat ®WR - (2.12)

As the state wq is faithful, the map V x V — C,

(A,B) — wo(A*B) ,
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defines a scalar product on V. For any fixed inverse temperature 8 € R, set wa; := ggfg ) and let the Hilbert

space ®) be the completion of V with respect to (w.r.t.) the above scalar product. ‘i?éf) stands for the
orthogonal project on $H? with (finite dimensional) range

ran(P) = B(CH @ 1y, cV c HP) .

As ran(f Efﬁ)) C VYV C H® the restriction q}gf) to V defines a projection &Bg’f) = P, on V. Notice that in the
sequel we identify ran( E(f)) = B(C%) @1y, CV and B(CY).

2.4 Classical optical pump
Define
L * d
Hy, = hy, + hy, € B(CY)
for some h,, € B(CY) satisfying
ker (hp)L C Hy:=ran(1[Hux = F1]) ,
ran (hp) C Hy:=ran(l[Hy = En]) .
Here, 1[H,t = E] stands for the orthogonal projection on the eigenspace of H, with corresponding eigenvalue
E. The coupling of the optical pump to the atom is represented by a time—dependent perturbation of the form

ncos(wt)L, | w:=Fky—FE; >0, teR,
to the atomic Lindbladian £.;. Here,
Y A o

and 1 € R is a coupling constant.

2.5 Field form factors of the atom—reservoir interaction

Let K,m € N and, for any x = {1,...,K}, let {ff)}znzl C b1 be a family of rotationally invariant functions,

e fzn)(p) _ flgn)(|p|) for all p € R3 and ¢ e( {)1,...,T§~#With fé“) : Rf — C. For all kK = {1,...,K} and

¢ e {1,...,m}, the complex-valued functions g,” and g, on R are respectively defined by
{7 x>0,
N R — By T1/2
VeeR: g (z):=z[(1+e77) (2.14)
fén)(—m) , <0,
and
g () = ig\™ (—x) zeR. (2.15)
We assume the following:
Assumption 1
There is Tmax > 0 such that géﬁ) and ggﬂ)# have an analytic continuation to the strip R+i(—rmax, 'max) and

satisfy
wp [ i) + e I @k )P < oo
R

yE(_rmax 7rmax)

[The factor e~ 2@+ in this assumption is, by mistake, missing in the condition below [1, Eq. (2.16)].]

To satisfy this condition one may, for instance, choose the functions f}”)(m) as linear combinations of terms
of the form |x|?P~! exp(—Ca?) with p € Ny. Finally, at any fixed inverse temperature 3 € R* of the fermionic
reservoir and for any x = {1,...,K}, let {fé“’ﬁ)}znzl be the family of functions R — RJ defined by

& £ (|
14 e B

‘ 2

fz(n’ﬁ)(x) = 47

2
=47 ’gén) (x)‘

(2.16)



2.6 Atom-—reservoir interaction

For all k € {1,...,K} choose a finite collection {Q }ZL,...,&C:I C B(C?) satisfying

Then, the atom-reservoir interaction is implemented by the bounded symmetric derivation Ad,¢,z with coupling
constant A € R and

K m
b =iy > QW @a(f)- o), -] . (2.17)
k=141,....4,=1
Here, for all f € by,
B(f) = ——(a*(f) +alf)) = B(f)* € BEF_ (1)) - (2.18)

For any normed space X, B(X') stands for the set of all linear bounded operators on X.

To simplify discussions, without loss of generality (w.l.0.g.), we assume:
Assumption 2 %(ﬁ)éat 73‘,13;[3) =0.

This technical condition is not essential for the results below and does not exclude most physically relevant
atom-reservoir couplings.

For all € € R, define the linear operator Egs) € B(Hat) by

2= 3 (P RDsur( - ) +ie— ) 1 - DB EY) . (219)

e€o(ilat)

Recall that we identify the spaces ran(i}’};f)) = B(CY) ® 1y, C V and B(C%). Note further that ,e¢ € R and
o(6) C iR. [§ generates a group of contractions, i.e., £§ are generators of semigroups of contractions.] From
the analyticity assumptions on the field form factors of the atom-reservoir interactions, one shows that the
following limit exists:

£r = lim € € B(5) = BB(CY)) - (2.20)

See for instance Lemma 4.13. It is known that, in this case, the limit L is the generator of a completely
positive group, see for instance [11, Section 6.1]. By the Stinespring theorem,

’Q (HLamg HLamb) + £d 3 (221)
where Hyamp = Ht, ., € B(C?) and £, has the form

La(p) =D (VapVi = ViVap—pViVa),  pE Har
acA

for some fixed V,, € B(C%), a € A, |A| < oo. Here, Hy,amb is the so—called atomic Lamb shift and £4 € B($.:) is
the effective atomic dissipation. The atom-reservoir interaction yields an effective atomic dynamics generated
by L. + )\2273 (without pump). Notice furthermore that Hyam, commutes with the atomic Hamiltonian Hy.

Explicit expressions for Hyan,p and £4 in terms of the microscopic couplings Q and fz(”) are quite
cumbersome in the general case but can straightforwardly be obtained. In the s1mplest non-trivial case, i.e., if

obtam the following: Let {f/](f;) }ike C B(C?) be the family of operators defined by

Vi = 1[Hay = Ej) Qo 1[Ha = E] (2.22)



for j,k € {1,2,...,N} and £ € {1,2,...,m}. Then, the atomic Lamb shift Hy .., € B(C?) is the self-adjoint

operator defined by
1 TN (0 (O
. e S S o L1 2
ceo(iLa)\{0} (Jh)Ete £=1
The real coefficient

i =PP7 (- + By - Ey))]

>

is the principal part PP[f] of the function f = fz(l’ﬁ) (-++ (Ex — Ej)). See (2.16) for the definition of fé(l’ﬁ).

Meanwhile,
1 Z Z Zm 0) lt
Ed = 5 c;,l)egg',l)c , (2.24)

eco(ilat) (j,k)Ete £=1

where cg-i)c = él’ﬁ) (Ex, — E;) >0 and

L 7 (£) vr(£)* (€)1 (€ T (0)x v (4
(o) =2V Vi =V ViRe = oV VI L p € (2:25)

Note that these expressions for Hy.,, and £4 appear in the heuristic derivation of the time-dependent Lind-
bladian given in [1, Section 6.1]. See also [12, 1.3. Remarks.].

To control Rabi oscillations (caused by the optical pump, whose strength is of order O(n)) via the effective
atom-reservoir interaction A€ we assume:

Assumption 3 (Moderate optical pump)
For some fized constant C € R and all coupling n, A € R: |n| < C\2.

Moreover, we impose 0 to be a non-degenerated eigenvalue of Z£, + A€ with some non—trivial real spectral
gap, that is, more precisely,

max {Re (w}lweo (gsp + A2£R> \{o}} <-N0<0

with C € R being some fixed constant not depending on A and 5. This allows the study of the dynamics of
the atom at large times. By [1, Lemma 6.3], the following assumption on the dissipative part £4 of £ suffices
to ensure the above spectral property:

Assumption 4 (Irreducibility of quantum Markov chains)
The family {Va}aea C B(C?) satisfies
1"
(U va}) =Bt

a€cA

with M" being the bicommutant of M C B(C?).

This last assumption highlights the role played by dissipative effects of the reservoir on the atom in order to
get an appropriate asymptotic evolution of populations of atomic levels. For further discussions, see [1, Section
3.2].

From now on, we assume Assumptions 1-4 to be satisfied.

3. MICrROScOPIC DYNAMICS
Let
S = § 4 ncos(wt)darp + Marz ,  tER, (3.1)

with A\,n € R and
5at,p = Z[Hp X 1VR’ . ] .



Recall that the generator of the group 7 := {7;}1er (2.11) is the symmetric derivation d, while d,¢ % is defined
by (2.17). Therefore, the time-dependent symmetric derivation (59’77) corresponds to a bounded and smooth
(w.r.t. t € R) perturbation of §. For all A,n € R, the (non-autonomous full) microscopic dynamics is defined

by the unique strongly continuous two—parameter family {TE:\S’")}tZS of *—automorphisms of V satisfying the
evolution equation
Vs,teR, t>s: 8t7'§,>‘s’77) = rﬁfs”’) o (59’") , Tg?‘s’") =1y, (3.2)
on the (time—constant) domain of (5?""). The existence, uniqueness and strong continuity of the two—parameter
family {Tij\s’")}tzs is shown by standard arguments, see Proposition 4.1 and Definition 4.2.
The time—evolving state of the compound system is then given by

Wt = wp O Tgfb’") = (Wat ®wR) 0 T%’n) ) teRy .
The restriction of this state to the atomic degrees of freedom yields a time-dependent atomic state defined by
war (1) (A) :=wi(A®1y,),  AecB(CY, (3.3)
for all t € R{. The corresponding family of density matrices of {wa; (£)} tert 1 denoted by {par ()} teRY -

The aim of this paper is to prove [1, Theorem 3.3]. This amounts to study the orthogonal projection
Po (p,y (t)) of the atomic density matrix p,; (¢) on the subspace

D=D(Hy) :=B(H1) D ®B(HN) C Hat (3.4)
of block—diagonal matrices. In other words, we analyze the density matrix
N
Py (pay (1) = D L[Hat = Ep) pag (t) 1[Hay = Ex] (3.5)
k=1

for any t € Rar. In fact, we compare the above time—evolving density matrix with the unique solution of the
following (effective) atomic master equation on $,4:

d
dt
Here, for any A\, n,t € R, EEM') is a time—dependent Lindbladian defined on £, by

W € Ry : p(t) = (o) . p(0) = pay (0) = g € Har - (3.6)

29’77) = Lo +ncos(wt) L, + N Lr (3.7)
see (2.8), (2.13) and (2.20)—(2.21).

Since the Lindbladian 29”” is continuous in time and generates a Markov completely positive (CP) semigroup

at any fixed ¢ € R, there is a continuous two—parameter family denoted by {%,Ef;”)}tzs C B($)at) of CP trace—

preserving maps satisfying the evolution equation:
Vs teR, t2s: A" =g oty AN =1y,
For any initial condition p,; € $a¢ on has:
A,
(1) =715" (pa) ,  TERS .

The main interest of the initial value problem (3.6) is that — at small couplings — its solution p(t) accurately
approximates, for all ¢ € Ry, the true density matrix p,, (¢) of the time-dependent state w.; (t) on the subspace
D ((3.4), space of populations of the atomic energy levels):

Theorem 3.1 (Validity of the effective atomic master equation)
Assume that p,, € © and let € € (0,1). The unique solution {p(t)}+>0 of the effective atomic master equation
(8.6) and the atomic density matriz {p,; (t) }1>0 satisfy the bound

1Po (pac(t) = p())llg,, < Came A"

for some constant Cw, . € RY depending on w, e, but not on the initial state w,y of the atom and the parameters
t, A, and n, provided || is sufficiently small.



Note that [1, Theorem 3.3] asserts the above bound with e = 0 but for the special case K = 1. We prove here
the slightly weaker bound with e € (0, 1), for technical simplicity. [To get the bound for ¢ = 0 one may improve
the estimate (4.112).]

4. TECHNICAL PROOFS

The remaining part of the paper is devoted to the proof of Theorem 3.1, which is concluded in Section 4.7.
We essentially follow [12], where the notion of C—Liouvilleans has been first introduced. The setting of [12] is
extended here to allow time-dependent C—Liouvilleans.

4.1 Existence of the non—autonomous dynamics

Recall that the generator of the group 7 := {7:}+cr (2.11) is the symmetric derivation §. Then, any time-
dependent and self-adjoint family {W;}:cg C V defines a family of symmetric derivations

ow, ::(S-‘ri[VVt7 ] s teR. (41)

If {Wihier € CL(R,V), then such time-dependent derivations generate a unique fundamental solution
{20, +}s,ter, which is in our case a family of *—automorphisms of V. By fundamental solution, we mean here
that the family {20}, er of bounded operators acting on V is strongly continuous, preserves the domain

Dom(dw,) = Dom(d) ,
satisfies

W..(A) € CHR;(Dom(d),]-ly))

s

W, .(A) € C'(R;Dom(d),]-lly)) ,
for all A € Dom(d), and solves the corresponding Cauchy initial value problem
V&t e R . 5SQBS_¢ = _5WS Oms,t 9 QHiﬁ,t = 1V ) (42)

in the strong sense on (Dom(0d), [|-]|,,):

Proposition 4.1 (Non—autonomous C*—dynamics—I)

If {(Witier € CHR,V), then there is a unique evolution family {Ws +}ster of *—automorphisms with the fol-
lowing properties:

(i) It satisfies the cocycle property, also called Chapman—Kolmogorov property,

Vt,r,seR: Wy = W Wy

(ii) It is the fundamental solution of (4.2).
(iii) It solves in the strong sense on (Dom(d), ||-||,,) the abstract Cauchy initial value problem

Vs, t e R: 6&1]“ = Qﬂ&t o 5Wt s Qﬂs,s =1y .
(iv) If {Wi}ier is periodic with period T > 0, then

VS,IJ} eER, peZ: Qﬂ&t = QIIHPT’HPT .

Proof. See proof of [16, Proposition 5.4] to arrive at Assertions (i)—(iii). In fact, one has [16, Eq. (5.24)], that
is,
ws7t (A) =T_s (%t757't(A)Q7f,s) (43)

for any A € V and s,t € R, where il; ; € V is given by the absolutely convergent series

t Sk—1
By s :=1p+ sz/ dsq -- / dsprs, W) 75, (Ws,) (4.4)



in the Banach space (Dom(0), ||[[pom(s))- Here, [|*||pom(s) stands for the graph norm of the closed operator §.
In particular, if {W,}+cr is also periodic with period T > 0, 7,1 (Bitpr,s+p7) = Vi,s and we obtain Assertion
(iv) by using Equation (4.3). O

Then, the microscopic dynamics (3.2) corresponds to the following definition:

Definition 4.2 (Non—autonomous C*—dynamics—II)
The non-autonomous dynamics {T¢s}t>s is defined by T4 s := W ¢ for t > s, provided {W;}ier € CH(R,V).

Indeed, by construction, this family is the (unique) solution of the abstract Cauchy initial value problem
Vs,t eR: Oty s=T¢s00w, , Tss=1y,

in the strong sense on (Dom(0), [|-][,,)-

4.2 Time-dependent C—Liouvilleans'

Assume first that the initial state wg (2.12) is of the form
Wo = gat QWR

where g, is the (Gibbs) state corresponding to the density matrix Pg (2.3). Denote by ($at, Tat, Qat,g) and
(Hr,mr, Q%) GNS representations of respectively gy and wg. Let £ = H. Q@ Hr, T := 7 ® 7r and
Qg = Qay,g @ Qr. Observe () is cyclic because it is the tensor product of cyclic vectors and hence, (9,7, Q) is
a GNS representation of wg. An important property of the initial state wg is that it is faithful. In particular, =
is injective. So, to simplify notation, 7 (4) and 7 (V) are identified with A and V), respectively. The weak closure
of the C*—algebra V C B(%) is the von Neumann algebra V" denoted by 9. The state wq is a (7, 5)-KMS
state, where {7 }+cr is the one—parameter group of *—automorphisms on V defined by (2.11). By [14, Corollary
5.3.9], the cyclic vector Qg is separating for 9, i.e., AQy = 0 implies A = 0 for all A € M. The state wy
on V extends uniquely to a normal state on the von Neumann algebra 9 and {7;};cr uniquely extends to a
o—weakly continuous x—automorphism group on 91, see [14, Corollary 5.3.4]. Both extensions are again denoted
by wo and {7¢}+er, respectively. Because wy is invariant w.r.t. {7¢}ser, there is a unique unitary representation
{U;}ter of {7¢}ter by conjugation, i.e.,

VieR, AeM: T (A) = U AU;

such that U;Qy = Qg4. As t — 7, is oc-weakly continuous, the map ¢ +— U, is strongly continuous. Therefore,
there is a a self-adjoint operator Ly with U; = eFs for all ¢ € R. In particular, 2y € Dom(Ly) and Ly
annihilates Qg, i.e.,

LsQy=0. (4.5)

Moreover, Lg is related to the generator § of the group {7;}:cr by the following relations:
{AQ;: A€ Dom(d)} C Dom(Ly) C H (4.6)
and
VA € Dom (0) : Ly (AQy) =6 (A)Qq . (4.7)
The self-adjoint operator Lgy is named the standard Liouvillean of the x—automorphism group {7¢}icr.

The (Tomita-Takesaki) modular objects of the pair (9, 4) are important for our further analysis. We write
Ay =ePLs J, and
g = s Jg

Py :={AJgATQy : A M}
respectively for the modular operator, the modular conjugation and the natural positive cone of the pair (91, Q).

Now, if the faithful state wa; is not the Gibbs state ga; in (2.12) then, because Q, is cylic for m,¢ (B(CY)), a
GNS representation of
Wo 1= Wat @ WR

I This section has been partially done in collaboration with M. Westrich during his PhD [13, Chapter 5].
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is also given by ($),m, Q) where Q = Q. ® Qi for some Q¢ € Hat, see (2.6).
Observe that 2 = AJgAJ £y € Py with

1/4 —1/4
A:pat{ Pg / ®lag ,

where we recall that pg is the density matrix (2.3) of the Gibbs state ga;. Additionally, by cyclicity of  and
[15, Proposition 2.5.30 (1)], Q is also separating for 9. So, we can define the modular operator A and the
modular conjugation J of the pair (9, ). By [15, Proposition 2.5.30 (2)], Jg = J.

Observe that Ly does not necessarily annihilate 2, as in (4.5). But, from the Trotter-Kato formula,
VteR, BeM', AeMm: 74 (A) = it(LatB) ge=it(Ls+B) c gy |

Therefore, we can change the standard Liouvillean Ly by adding some appropriate element of the commutant
M’ = JIMMJ to annihilate . With this aim, we define

L=1Lg+J(Hy®1lgy,)J — JAY?(Hy @ 15,)A7Y2T (4.8)
It is straighforward to verify that
L =0 (4.9)
(see (4.28)—(4.29)) as well as

VteR, Ac: 71 (A) = el Ae M c 0 .
The operators Ly and L are equivalent to each other. To see this, define the linear map 3.; on $a; by
3 (4) = Apy" . A€ =B(CY) (4.10)
Because p,; is the density matrix of a faithful state, 3,; has an inverse and
L= (32 ®1gz) Lg (30 ©1sg) - (4.11)

Observe that, if the density matrix p,, commutes with Hy, i.e., p,e € D (cf. (3.4)), then LyQ = 0. We could
take, in this case, L := Ly from the beginning. We discuss here the general case, for completeness.

In our setting, however, the free dynamics is perturbed by the pump and the atom-reservoir interaction.
Altogether, this leads to a perturbation W; of L. For autonomous perturbations of the generator § of the
dynamics {7;}tecr (on V) of the form ¢[W, - ] with some self-adjoint W € V, one has

VieR, AeV: TtW (A) = GHLAW) fo—it(LAW) £ gp 7

where {71V };cr is the strongly continuous x—automorphism group on V generated by & + i[W, - ]. Analogously
as above, {7}V };cr defines a o—weakly continuous group on whole 9. Nevertheless, in general, the operator
L + W does not annihilate anymore . A way to get around this problem is presented in [12, Section 2.2] by
introducing the notion of C-Liouvilleans £, which is constructed such that £ = 0.

Observe that, in our case, the dynamics is non-autonomous. Using the C-Liouvilleans construction of [12,
Section 2.2] we can design the time—depending C-Liouvillean of the non—autonomous dynamics such that
L = 0. This is a very useful property for the analysis of the dynamics. Therefore, we now extend the
definition of C-Liouvilleans [12, Section 2.2] to non-autonomous evolutions.

Following [12, Section 2.2], we define the linear space
O:={AQ:AeV}CH.

Let ¢ be the map from V to O defined by ¢ (A) := AQ. This map is an isomorphism of the linear spaces V
and O because §) is a separating vector for 9. In particular, ||AQ| o := ||A||y defines a norm on the space
O, ¢ is an isometry w.r.t. this norm, and (O, || - ||o) is a Banach space. It is the so—called non—commutative
L space associated with the (initial) state wg. Any element A € V also defines a bounded operator on O by
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left multiplication, i.e., A (BQ) := (AB) . Moreover, we define a strongly continuous two—parameter family
{Ts,i}s.1er acting on O by
T =10, 0 Pt s,teR. (4.12)

Note that, since {205+ }s ter is a family of *—automorphisms, the operator T ; has a bounded inverse. Moreover,
Vs, teR, AeV: T,,(Q)=Q and T, AT, =W, (A) . (4.13)

Here, A,20,,(A) € V are seen as bounded operators on O defined by left multiplication, as explained above.
We would like now to extend the two—parameter family {7 ;}s ter to whole $). To this end, similarly as done
in [12, Eq. (2.5)] for the autonomous case, we define the time-dependent C-Liouvillean as follows:

Definition 4.3 (Time—dependent C—Liouvilleans)
For any self-adjoint family {Wi}ier C V, the time—dependent C—Liouvillean is the family of operators acting
on $ defined by

Li:=L+W,—JAYV?W,A"Y2], teR.

Even if L = Lg, this time-dependent operator is not anymore self-adjoint. Note also that the term
Vi =W, — JAY2W,ATY2] € B(O)
implements the commutator [W;, -] on O for any t € R. Indeed, for any A € V,
(Wi, A]Q = W, AQ — (W, A*)" Q (4.14)
and using JAY2AQ = A*Q, A~Y/2 = JAY2 ] and J? =1,

JAYVPW,ATY2JAQ = (W, A" Q. (4.15)
In particular,
[ JAY2W, A2 || g0y = [[Welly < oo (4.16)
and
VteR:  LQ=0. (4.17)

Note that the norm ||-|jo on O is not equivalent to the Hilbert space norm on this subspace of §). In particular,
the boundedness of the operator
JAYPW, AT

as an operator on $) is unclear, in spite of (4.16). Therefore, for every ¢t € R, we assume some sufficient conditions
on the operator family {V;}.cr, like the boundedness of its elements as linear operators on the Hilbert space §,
in order to extend the elements of the two—parameter family {7 ;}s er to whole $ D O.

Proposition 4.4 (Extension of {7}, icr—1I)
Assume that {Vi}ier € CH(R,B($)). Then, there is a unique evolution family {Us+}ster C B(9) with the
following properties:
(i) It satisfies the cocycle property
Vt,r,s eR: Usy =Us,Ury .

(ii) It is the unique fundamental solution of the abstract Cauchy initial value problem
Vs, t eR:  OUsy = —iLUsy, Upr =1g .

(iil) It solves, in the strong sense on Dom(L), the Cauchy initial value problem
Vs,t eR:  OUs = iU Ly, Uss=1g .

(iv) For any s,t € R, Uy s has a bounded inverse Utfsl,
(v) If {Wi}ier is periodic with period T > 0, then

Vs,t S R, p S Z: Us,t = Us+pT,t+pT .
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Proof. Since L; = L+ V;, Assertions (i)—(iil) can easily be deduced from [17, Sect. 5.4, Theorem 4.8.]. To prove
that U s has a bounded inverse U, L, it suffices to prove that Us. € B($) exists for small time differences

|t — s|, by the cocycle property (i). To this aim, we observe that
t
Vs,teR: U, =t~k 4 z/ Usr (L — Ly + V) "D Laqdy | (4.18)

in the strong sense. See, e.g., [17, Sect. 5.4, Lemma 4.5. and Theorem 4.6.]. Using that {L — Ly + Vi }4er €
CH(R,B($)), it follows by standard arguments that ||U,. .| B(sy) 18 uniformly bounded for r, r’ in compact subsets
of R. [To show this, U, can, for instance, be represented by Dyson—Phillips series.] Therefore, by unitarity of
e!®=9)La_for any ¢t € R and sufficiently small |t — s| one has

By using Neumann series to construct Uy ;€ B($) for such times, Assertion (iv) holds for all s, € R because of
(1). If {Wi}ier is T—periodic, then both {Us ¢ }s er and {Usypr i+p7 }s ter satisfy the integral equation (4.18).
By uniqueness of solution of (4.18) (cf. [17, Sect. 5.4, Lemma 4.5.]), it follows that {Us ;}s ter is T—periodic in
this case. O

t
/ Usr (L — Lg + V;) e koqy <

1
5 -

B($)

Combining this with Proposition 4.1, we deduce that the evolution family {Us ; }s tcr is the unique continuous
extension of the two-parameter family {Ts;}stcr to the Hilbert space $:

Proposition 4.5 (Extension of {7}, ;cr—1I)
Assume that {Wiher € CH(R,V) and {Vi}ier € CHR,B(H)). Then, the evolution family of Proposition 4.4
satisfies Ug +§2 = §) and

Vs,t R, A€V: W, (A)=U,, AU} .

Here, A=m(A) and W, (A) = 7 (Ws+ (A)) are seen as bounded operators on ), by left multiplication.
Proof. Note first that U, ;£ = Q is a direct consequence of (4.17) and Proposition 4.4 (iii). Using the isometry

between O and V,
T..(AQ) € C'(R;0),  T,.(AQ) € CY(R;0)

for any A € Dom (0) and s,t € R, by Proposition 4.1 (ii). By using Proposition 4.1 (ii)—(iii), (4.1), (4.6)—(4.7)
with € replacing g, (4.12), and (4.14)-(4.15), it follows that

0:T51 (AQ) = —dw, (Ws, (A) Q= —ils (Ts: (AQ)) , (4.19)
OTs i (AQY) = W, (dw, (A)Q=1iTs, (L (AQ)) (4.20)

for all s,t € R and A € Dom (). Meanwhile, since
VAEV: A0, < Al = 149, | (421)

we have

T4(AQ) € CH(R; (Dom (L), [-5)) »  Ts,.(AQ) € C'(R; (Dom (Lg) , [|-[|)) »
and (4.19)—(4.20) also holds in the sense of §. By Proposition 4.4 (ii),

VAeDom(d): Uy (AQ) =T, (AQ) :=20,,(A)Q. (4.22)

By density of Dom (8) in V, for any A € V, there is a sequence {A,,} -~ ; C Dom (§) converging in V to A. We
infer from (4.21) that this sequence {A,} -, also converges to A in the sense of §. On the one hand, by the
boundedness of U, ; in $,

nli_{I;OUs,t (AnQ2) = Us 1 (AQ) .

On the other hand, using (4.22) and the boundedness of T} ; in O, one gets

lim Us,t (AnQ) = h_>m Ts,t (AnQ> = Ts,t (AQ) .

n—0o0



As a consequence, Us ¢|o = Ts . In particular, from the uniqueness of the inverse, one has Uy tl\o = T;tl. We
then use (4.13) to deduce that

Vs,teR, AeV, z2e€O: W, (A)x:U&tAUS_,tl (z) .

By density of O in $), we arrive at the assertion. a

The use of C-Liouvilleans is advantageous because of the following identity:

Vs,teR, AeM: U, ;AU Q =U, 1 AQ .

4.3 Dynamics in an explicit GNS representation

To obtain the atomic Lindbladians (3.7) from the time—dependant C-Liouvilleans (Definition 4.3), we use a
convenient explicit GNS representation of the initial state (2.12). As already mentioned, this GNS representation
includes the GNS representation defined in Section 2.2 for the atomic initial state w,t. So, it remains to give
an explicit GNS representation (9Hr,7r,2r) for the (TR,B)fKMS state wgr of the fermionic reservoir at
inverse temperature 8 € RT. As briefly discussed in [1, Section 6.1], we use the so—called Jaksié—Pillet glued
representation [12], because it is well-adapted to the application of spectral deformation methods, see Section
4.5.

Consider the Hilbert space
by := L*(R x §2,C) , (4.23)

where 52 C R? is the two—dimensional unit sphere centered at the origin and R x S? (spherical coordinates of
R3 x R3) is equipped with the measure dA\®d?s. Here, d2s is the usual rotation invariant measure induced by
the Euclidean norm of R? on 2 and d\ is the Lebesgue measure. The Hilbert space of the Jaksié-Pillet glued
representation is the antisymmetric Fock space

Hr = F_(bh2) -

The cyclic vector Q% is the vacuum of F_(hs). The representation map mg of the C*—algebra Vg is the
C*~homomorphism uniquely defined by

Vieh: wr(®(f) = (gy) . (4.24)

with @, ® being the field operators defined by (2.18) respectively on F_(h;) and F_(bhz), and where g; € b is
given, for (p,9) € R x S? a.e., by

fpo) , p>0,

f(_pﬁ) ) p<0'

gf(p, 19) — |p| (1 4 e—Bp)—l/z

Compare with (2.14).

Note that wg is faithful and we thus identify 7z (A) and 7g (Vr) with A and Vg, respectively. The weak
closure of the C*~algebra mx (Vr) = Vg is the von Neumann algebra Mz := V}. The family {7 }+cr of Bo-
goliubov automorphisms on the algebra Vg analogously defined as in (2.1) uniquely extends to an automorphism
group of the von Neumann algebra Mz, again denoted by 77 := {7R }icr. (Mg, 7~) defines a W*-dynamical
system and wrg is a (77, B)-KMS state. Hence, Qg is cyclic and separating for M.

As above, there is a unique unitary representation of 7% by conjugation, the generator iLg of which satisfies
LrQgr =0 and 71%(-) = e (-)e~L for all t € R. The standard Liouvillean Ly is the second quantization

Lz =dI'(p) (4.25)

of the multiplication operator by p € R, that is, the operator acting on bs as (pf)(p,9) = pf(p,9).

13
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An explicit GNS representation of the initial state wgy of the composite system is now easy to derive. Using
indeed the representations ($at, Tat, Qat) (see Section 2.2) and (Hg, 7R, Qr) of the states w,y and wg, a GNS
representation (9,7, Q) of wq is given by

H=HDuRHR, T:i=Tux TR, Q:= Qat & QR . (426)

Since £, is finite dimensional and V := B((Cd) ® Vg, we do not have to specify the meaning of the tensor
product. Recall that, for simplicity of notation, 7 (A) and 7 (V) are respectively identified with A and V.
M := V" is the weak closure of the C*-algebra 7 (V) = V. In this explicit representation, M = B(C%) @ Mz,
where My := V%

As explained in Section 4.2, (2.11) defines a one-parameter group {7:}tcr of *—automorphisms on 9. The
standard Liouvillean of {7;}+ecr reads

Ly =ifa @ Lop + 1o, @ L = (Hag — Hat) @ Loy + 1, @ dL'(p) (4.27)

in the representation given above and satisfies (4.5). See also (2.8) and (4.25). Then, in order to satisfy (4.9)
instead of (4.5), we use the operator (4.8), that is here,

—1/2 1/2
L= Lo+ Ha ® Loy — pu " Hupal” © Loy - (4.28)

Indeed, for any A € ), = B(C?) and B € Dom(e #L=/2) C g,

AY2(A® B) = (0 Apy"?) ® (e7PP2B) | J(A® B) = A" ® (JgB) (4.29)

a

with Jr being the modular conjugation associated with the pair (Mg, Qx). In fact,
Tr®(g5)Ir = (1) W)e(gF) . fen, (4.30)

where
gf (0,9) ==1igs(—p,9) ,  (p,¥) ERx S? (ae.) .
Compare with (2.15). For more details, see [12, Theorem 3.3. and Proposition 3.4.].

In the same representation, the time-dependent C—Liouvillean £; (Definition 4.3) then equals

L= = L+ W, — JAV2W,AY2 (4.31)
with
Wy = ncos(wt)]—i ® 1y, + A Z Z Qe1 _____ o (4.32)
—>

k=101,...,0,=1

(55) (a7l +atal) - (a6l +atels)

and, by (4.29)—(4.30),

JAVPW,ATV2T = eos(wt)pn P Hupl @ Tue =AY >0 QW pilfe (4.33)

T
(&;)H(—l)dr(lhﬂ( ( —Bpg(r )) +at (igéf)))
(= 1) (L) (a (ie‘ﬁpg§:)> Lat (zgé:))) .

Recall that p,, € B(C?) is the (invertible) density matrix of the (faithful) state w,; and, for any k = {1,... K}
and £ € {1,...,m} with K,m € N,

9 (p,0) =g ), (p,9) eRxS?, (4.34)
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where {ggm) 172, is the family of complex—valued functions defined on R by (2.14). Note that dI'(1y, ), the second
quantization of 1y,, is the particle number operator acting on the antisymmetric Fock space Hir := F_(h2).

{Wihier € C®(R,V) is 2w~ -periodic and the operators
Vi = Wi — JAVPW,ATY2 (4.35)

defines a smooth family {V; }er € C*°(R, B($))). Therefore, the assumptions of Proposition 4.5 are satisfied for
this explicit example. The evolution family {Us +}ster is in this case 2w~ periodic, by Proposition 4.4 (v).

4.4 Evolution group of {Us(,);n)}tZS

We now represent the non-autonomous evolution family {U,; = Us(,/\t’n)}s,telR of Proposition 4.4 as an au-
tonomous dynamics on the enlarged Hilbert space

H = L*([0,2rw "), 9)

of 2w~ -periodic $H-valued functions. The scalar product on # is naturally defined by

2m

oo == | T ), g)gdt,  figeH .

:%O

In the sequel we identify ) with the subspace of constant functions on [0,27w™!). See also (4.26).

From the strongly continuous two—parameter family {Us;}stcr on $ we define a strongly continuous one—
parameter group {T, }acr on H by the condition

YVt € [O, 27‘(’@71) (a.e.) : (Ia (f) (t) = Ut7t+oéf (t + Oé) y (436)

for all @ € R and f € H. Because of (4.32) and Proposition 4.4 (v), T, is an operator acting on H for any
a € R. The strong continuity of o — %, follows from the strong continuity of ¢ — U, ;, and the group property
of {%4}aer from the cocycle property of the two—parameter family {Us +}s ter, see Proposition 4.4 (i).

The Howland operator of the non—-autonomous dynamics {Us ;}s ter is, by definition, the generator G of the
strongly continuous group {%T,}aecr. It is a closed unbounded operator acting on H. It is not a priori clear
whether the group {¥,}acr is contractive. In fact, it is quasi—contractive. Such a property can be useful to
analyze the domain of generators of semigroups.

We show that (£G — () is dissipative, i.e.,
VfeDom(G):  Re{(f,(+G6-C)fHin} <0,

for a sufficiently large positive constant C. By the Lumer—Phillips theorem, (G — C) generate contraction
semigroups.

Lemma 4.6 (Quasi—-Contractivity of {Z,}acr)
There is C € RS such that (£G — O) is dissipative. In particular, {e~““Ty}as0 and {e T _,}a>0 are
contraction semigroups.

Proof. For any positive constant C' € RS‘ , we define the operators
Us(,(i) = Usﬂge(s_t)c , s,teR.

By Proposition 4.4 and Equations (4.27), (4.28) and (4.31), {US(S) }s,ter is the fundamental solution on Dom(Lg)
of the Cauchy initial value problem

Vs,t € R: 8SUS(S) =—(iL, — C) Uﬁf); Ut(,?) =1,
while it solves on Dom(Lg) the Cauchy initial value problem

vs,teR: U =0 (iL, - 0), U =154.

s,t s,8
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Choose
C = mhax IL—Lg + Vt”B(ﬁ) <00,

where we recall that V; is defined by (4.35). As Ly is self-adjoint, (i£, — C') is dissipative for all ¢ € R and

[17, Theorem 4.8.] implies that ||Us,(,€)||8(ﬁ) <1 for all t > s. It follows that [|e”C*T,|[p(s) < 1 for all a > 0.
Similarly, we show that |e=“*T_, |53 < 1 for all a > 0. To finish the proof, one uses the fact that (G — C)
is the generator of the contraction semigroup {e’co“fia}azo together with the Lumer—Phillips theorem. O

Observe that # is unitarily equivalent — via the Fourier transform § — to the Hilbert space H := %(Z,9)
with scalar product

(i)=Y (f(k).9(k)s ., fgeH.

kEZ

It is indeed more convenient to analyze the Fourier transform FGF* instead of G directly. To this end, we define
the dense subspace

b= {7t j@ € bomtar. X (101 +ILati) <o
kEZ

of the Hilbert space H as well as the (unbounded) operators k., L o and Ly on D by

VkeZ: (kyf)(k):=kf(k), (Lygf)(k):=Lof(k), (Lgf)(k):=Lfk), (4.37)

see (4.27)-(4.28). By abuse of notation, we denote kg, L 5 and Ly respectively by k, Ly and L. In the same
way, let V3 =V be the bounded operator acting on H defined by

vt e [0,2rw ") (ae.): (Vi f) (@) == Vi (f(D)) - (4.38)
We prove below that the unbounded operator
G:=i(wk+L+V) (4.39)

defined on D with V := FVE* is the Fourier transform FGg* of G:

Theorem 4.7 (Explicit form of the Howland operator in Fourier space)
The Fourier transform of the generator G of the strongly continuous group {%o}tacr equals

363 =6 .
Proof. The operator wk + Ly can be viewed as a tensor sum of self-adjoint operators acting on

ﬁ:@ﬁk, HL=9H.

keZ

It is essentially self-adjoint on
Dy = {f e : f(k)=0 for k outside a finite set and f(Z) C Dom(Lg)} cD (4.40)

and D is the graph norm closure of Do w.r.t. the operator wk + Ly. Hence, wk + Ly is self-adjoint on D. The
operator L — Ly € B(H) is bounded and, since {V;};cr € C®(R, B(£)), the operator V € B(H) is also bounded.
Thus, G is closed on D. The unbounded part i(wk + Lg) of G is dissipative, as wk + Ly is self-adjoint. Hence,
by adding a sufficiently large constant C' > ||L — Lq + V||B(’f:£)7 the operator (G — C) defined on the dense set D

is the dissipative generator of a strongly continuous semigroup. On the other hand, as FGF* = G on the core
Do of (G — C), (FGF° — C) is a closed extension of (G — C) and generates a strongly continuous semigroup.
Choosing C sufficiently large, both generators (G —C) and (FGF* — C) are dissipative, by Lemma 4.6. Using the
fact that generators of contraction semigroups have no proper dissipative extensions, it follows that G =3FG5".
O



We show next that — at small couplings — the quantity
(QUot (A®15,0))¢ »
which gives the time evolution of the atomic state, are well-approximated by
(Q, T (A® 15,Q))y »

provided the density matrix p,, of the initial atomic state as well as the atomic observable A are block diagonal

(ct. (3.4)):

Theorem 4.8 (Effective behavior of p(t))
For any initial faithful state way with density matriz p,, € D C B((Cd), any observable A € ©, and a € R,

(0, Voo (A @ L @)y — (2 Ta (A® Lo D))3| < C 1ALy (L + AP OFAD, (4.41)

where C, D € RS’ are finite constants not depending on w,, A, X\, n, @, and a.

Proof. Since

27

w [=

(U0 (A® 1)y — (2, Ta (A® 15, Q))y = (©Q, (U = Utiya) (A® 15, Q) dt , (4.42)

2m Jo
we need to estimate the difference
(€, (UO,a - Ut,t+a) (A® 15’9RQ)>5§
forany a € Rand t € [O, 27rw’1). Using Proposition 4.4 (i), note that
Uoa = Utjt4a = Uoa (g = Uata) + (Vo — 16) Urt1a -
By Proposition 4.5,

<Q’ (UO,a - Ut,t-‘roz) (A® 15’.)729»,6 = <Q’m070¢ (A ® 1y — Watta (A @ 1-672)) Q)ﬁ
+ (2 (Uot — 1g) Ut 4o (A® 15, Q) (4.43)

for any t € [O, 27rw_1). On the one hand, for any B € V,
(€2, 20,0 (B = Wata (B) Dg| < [Wo,allsn|B = Waitra (B) v = 1B — Waita (B) [Iv - (4.44)
By (4.3)—(4.4),

1B~ Warra (B) v < [Besaa = Wiy 1By [Diraally, + 1By [Ditan =100,

Iy

+I7¢ (B) = Blly | Titaall, (4.45)
with .
Sk—1
rroa = ot S0 [ s [ dsiria (70 Weyia)) o7y (7o (W) (4.46)
0 0

keN

Since 74 (A® 1g,) = A® 1g, for A € ® C B(CY), it follows from (4.44)—(4.46) together with (4.32) and
Assumption 3 that

|<Q, mO,a (A ® 13’972 - wa,Ha (A ® 15R)) Q>f,’ <

PO ¢y, (4.47)

On the other hand, for any B € V,

[, (Uo.t = 1) Unrra (BR)) | < [[(Us, — 15) Q| 1By, - (4.48)

17
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Meanwhile, we deduce from (4.18) that

*

t
Vs,t eR: Ul =e't7Dle —y (/ Usr (L — Ly + V) ei“—t)%dr) (4.49)
S

while s
Vs,teR: G0 =0Q+i / e rLa L Qdr , (4.50)
t

because 2 € Dom (Lg). If p,, € © then LyQ2 = 0. So, we can combine (4.48) with (4.49)-(4.50) and the upper
bound [17, Theorem 4.8.]
”Ut,s”[g(ﬁ) < Celt=s) )

to arrive at ,
(O, (Ut = 15) Ur o (A® 15, Q)| < CA]ly, [A[(1+ [A)m TP THAD™ (4.51)

Finally, using (4.42), (4.43), (4.47), and (4.51) we obtain the assertion. 0

4.5 Resonances of the Howland operator

Similar to [12], we now perform an analytic deformation of the Howland operator in Fourier space, see (4.39)
and Theorem 4.7. Let

Go(0) :==i(wk+L+0ON), 6eC, (4.52)

where, for any f €eH and k € Z,

N(f)(k) = 1, ® dU(1y,)(f(K)) - (4.53)

Recall that dI'(1y, ) is the second quantization of 1y,, i.e., the particle number operator acting on iz := F_(h2).
By (4.10)—(4.11), Gy is equivalent to the operator

i(wk + Lg + 6N) .
For all 6 € C such that Im{#} > 0, the latter is a normal operator with domain
D N Dom(N) = Dom(Gy(9))

and spectrum in the left half-plane. In particular, by the spectral theorem for normal operators, Go (9) is the
generator of a strongly continuous contraction semigroup for all # € C such that Im{f} > 0. [It cannot be
extended to a group, as the (negative) real part of the spectrum of Gy(6) is unbounded.]

Similarly, we define the operator V (#) by replacing in Equations (4.32)-(4.35) the functions glg”) with

A p0) =g"(p+0.0),  (p9) ERx S,

in the creation operators and with gé%) in the annihilation operators for every x € {1,..., K} and £ € {1,...,m},

see (4.34). By Assumption 1, there is rax € RT such that, for all § € C such that |Im{0}| < ryax, 1% (0) is a
well-defined bounded operator. The deformed Howland operator

GO):=Go)+iV(0), 6e€S, S:=R+i[0,max) , (4.54)
is thus the generator of a strongly continuous semigroup {eé((’)o‘}azo. Let Cp € RY and Dy € [1,00) be the
stability constants of G(6), i.e., )

€90 < Dpe™“? . (4.55)

The family {Q(G)}GGS\R of closed operators is of type A (Definition 5.1). See also [18]. This property is an
obvious consequence of the following lemma:

Lemma 4.9 (Analyticity of V(-))
The map 0 — V (6) from R+i(—Tmax, 'max) C C to B(H) is analytic.



Proof. Define, for all k = {1,...,K} and ¢ € {1,...,m}, the maps

P8 ) B0 R~ Tmax) = bz i= L2(R x §2,C)
by
g (p+90),

ei(p-‘rG)gé”)#(p + 9’,(9) ,

[0 ©)] (v, 0)
w620 0.9)
W20 09) = T EEE s g,)

These three maps are weakly continuous. Indeed, by analyticity of gé'{), for any fixed ¥ € bo, 0,0" €
R+i(—Tmax; T'max) and some sufficiently small radius v > 0 with [0' — 6| < ¢,

() (g i re'?
d dd d 0 oY) .
(p@)), =5 [ [0 [ aevoae 0+
By Assumption 1 and the Cauchy—Schwarz inequality,
/ d<p/ dﬁ/dp [0(p, )l (p + 0 + e, 9)| < 0 . (4.56)
—m S2 R

Thus, by the Fubini theorem and the Lebesgue dominated convergence theorem, the map 6 — (1, w(ﬁ)( 0))p, is

continuous on R+4(—Tmax, 'max)- Lhe weak continuity of 1/1?2 and 7,/14’7 is shown in the same way. Let v be any
closed contour in the domain R+4(—TImax, I'max) € C (with finite length). For any fixed ¢ € bho, we infer from a

similar estimate as (4.56), the Fubini theorem and the analyticity of gén)(~, 9) that

/dzww“’( Doa = /dZ/dP/SQdﬁlﬁ(p,ﬂ)gé”)(erz,ﬂ)
= /dp/52d191/1p7 /dzgl)(p—kz,ﬁ)zo.

Thus, by Morera’s lemma, the map 6 — (1), wgn)w)ﬁ,z is analytic on R-+4(—Tmax, 'max). In other words, ¢§”) is
weakly analytic and hence, by [10, Chap. III, Theorem 1.37], it is strongly analytic. The (strong) analyticity

of wgi)r, w[ﬂ is shown by the same arguments.

Finally, observe that

— K —ﬁ K K ﬁ K
ie g () = e g (p) . il (p) = 2P (p) .

From the analyticity of dzé”), ) wétﬂ together with the bounds

£+
|a'+(f)HH < ||f||[]2 ) f € h? )
the linearity of f — a™(f), the antilinearity of f +— a(f), and Equations (4.32) and (4.33), it then follows that
the map 6 — V () is analytic on the domain R+4i(—TImax, I'max), in the sense of B(H). d

The subspace Dy € Dom(Gy(8)) defined by (4.40) is a core of Gy(6) for all § € C. Hence, for all § € S, by the
boundedness of V' (0), Dy is also core of G(6). This fact implies the following;:

la()ll5 »

Lemma 4.10 (Limit of semigroups)
Forall feH,a € RS, and 0 €S,

g(a)af = lim {eé(‘gl)o‘f} .

0’'—0
In particular, for all f € # and ¢ € C with Re{¢} > Cy,

(=60 f=lim {(C-G@) ' f} .

0’'—6
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Proof. The first assertion follows from the Trotter-Kato approximation theorem [19, Chap. III, Theorem 4.8]
as G(0") converges strongly on the common core Dy when 6" — 0, by Lemma 4.9. The second assertion results
from the integral representation of the resolvent [19, Chap. III, Eq. (5.18)]:

=Gy f = [ et da, (457)

for all ¢ € C with Re{¢} > Cp. O

Recall that $),¢ is defined by (2.4), while Q% is the vacuum of Hr = F_(h2) and §F denotes the Fourier
transform. Using Lemma 4.10, we prove now that the dynamics given by {eé(e)a}a>0 restricted to the atomic
space -

593&‘5 =3 (ﬁat 29 QR) - 7:l (458)

does not depend on the choice of 6 € S, in the following sense:

Theorem 4.11 (Invariance of the evolution semigroup under analytic translations)
For all a« € RS, 1,15 € Hat and 6,60 €S,

<,&1’e§(9)a,&2>ﬂ = <¢17€G(9/)a7}2>ﬁ .

Proof. Using (4.57) applied to any vector f € $a¢ and the injectivity of the Laplace transform, we only need to
show that

(1, (¢ — 6(9))_112’2%; = (¥, (¢ — g(el))_l{ﬁﬁﬁ (4.59)
for any 12)1,{#2 € Hat, 0,0 €S, and ¢ € (D, 00) with
D >supCy
6esS
see (4.55). Indeed,
supCy < 00 .
6esS

For any real parameter 6 € R, we define the unitary (translation) operator u(6) from bhs to ho by
(u(0)f) (p,9) = f(p+6,9)
for any f € by and (p,9) € R x S? (a.e.). Consider now the unitary operator defined on H by
(UO)F) (k) = (Lo, @ T(u(®)(f())
for any 0 € R, f € # and k € Z, where T'(u(f)) is the second quantization of u(f) for # € R. Clearly

U(#) =U(—0)* for all § € R and

VOER: (¢—G(6)) =U@O)C—G0)U®O)", (4.60)

while

VOER, €Ha:  UB)WD) =1 . (4.61)
It follows that the function
9(0) = (1, (¢ = G(0) o)y
is constant on R, i.e.,
VoeR: g(@)=g(0) .

By Lemma 4.9, the family {G (0)}oes\r of closed operators is of type A, see Definition 5.1. Therefore, we infer
from Lemma 5.2 that the function g is analytic on S\R. Finally, using the Schwarz reflection principle, we
deduce that g is constant on S. a



Therefore, as soon as the restricted dynamics on the atom is concerned, we can analyze the evolution given
by the strongly continuous semigroup {eg(”)‘x}azo at a fixed r € (0,Tmax). The main advantage of studying
{eg(ir)a}azo instead of {eé(o)a = eéa}azo is that the continuous spectrum of G (coming from the reservoir)
is shifted to the left half plane. Indeed, in contrast to G , if 7 > 0 is sufficiently large, the generator G (ir) has
discrete spectrum, as explained below. The effective atomic Lindbladian defined in (2.20) is related to Kato’s
perturbation theory at second order for the discrete spectrum of G (ir) near the origin.

From now on, let r € (0,max). For A =7 =0, i.e., in absence of pump and atom-reservoir interaction, the
discrete spectrum of the operator Gy (ir) equals

0d(Go(ir)) = i (WZ+o(iLa))

see (2.10) and (4.52). By (4.28), the full spectrum of Gy (ir) is

a(Go(ir)) = 7a(Go(ir)) U {iR—rN} .

In particular, there is a strictly positive gap between the discrete and essential spectra of C;o(ir):

dist (ad(go(ir)), {iR—T‘N}) =r>0.

For r € [0, I'max), let 7 € B(H) and Z(ir) € B(H) be such that
G(ir) == Go(ir) 4+ iV (ir) = Go(ir) + nT + AL (ir) (4.62)

for any X\, 7 € R, see (4.54). Le., nJ := V (ir) |r=o and XZ(ir) := V (ir) |,—=o are the interaction parts of G(ir)
respectively related to the pump and the atom-reservoir interaction. By Kato’s perturbation theory for the
discrete spectrum, if |A|,|n| are small, the deformed Howland generator G(ir) has discrete spectrum.

Indeed, for r € (0,rmax), let v € (0,1/2) N (0,7) be such that
VpEZ, e€o(ifu):  dist (i(pw +6), 0(Go(ir)\{i(pw + e)}) > 2t (4.63)
and, for p € Z, € € 0(iL4), the contour v, . be defined by
Vpe () =1 (pw+e) + 1™ € C, y€[0,1] . (4.64)

Then, for every n € R, p € Z, € € 0(iL4), and sufficiently small ||, the operator

P = o (- Gl e (465)

211
’yp,é

is the well-known Kato projection associated with G(ir) and the discrete eigenvalue i (pw + €) of Gy (ir). Define
also

75;,)\577) =1y — PIS,)‘G"") , MNER, peZ, c€o(ila) -
Lemma 4.12 (Perturbative expansions of the deformed Howland operator)
Let r € (0,rmax). For allp € Z, € € 0(iLa) and sufficiently small ||,

P]gj\g")(j(ir)PZ()j\g") = i(pw+e) 7’1(,?6’0) +n 7)1(,?6’0) J 7?15?6’0)
+22 PO Z(ir) PO (i(pw + €) — g})(m)*l pi0.0) Z(ir) PO
+A3 R

with R = R®&A being an operator with norm HRHB(?—D < C for some finite constant C € RT not depending
onp, €, X and 7.

21
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Proof. We fix w.l.o.g. p=¢e = 0. To simplify notation, in all the proof we denote by R = R any operator
with norm ||R|| < C for some fixed constant C' € RT not depending on A, n. Note that the operator R does not
need to be the same from one statement to another.

Assumption 3 yields, at small ||, ||V (ir) || < C|\|, see (4.62). Hence, if |)| is sufficiently small then the
resolvent (¢ — G(ir)) ™! equals the absolutely convergent Neumann series

(€= GGir) ™ = S7(C = Golir) ™ { (T + AT(ir) (¢ = Gotir)) '} (4.66)

n=0

for all ¢ € 74 . By (4.65) and Assumption 3, it follows that

P = Po” + P AP, + AP, + R (4.67)
where
1 5 /e \y—
PV = o (¢ Golin) NI (¢ = Golir) T
Yo,0
1 iy s
Pk = 5= ¢ (¢ Golir)) " Z(ir)(C — Golir)) 7 ,
70,0
@ _ 1 N =112
PR = 5= $(¢=Golir) ™ {Z(ir) (¢ = Golir) ™} dc .
Yo,0
We infer from (4.66)—(4.67) that
P G(ir)Pss" (4.68)
= (P& + B0 + AP + NP ) Glir) (PG +nP + AP, + N2PE))

+AR .
Note that, by Assumption 3, 7 = O(\?). Thus, using the equality Pé?do)go(ir) = 0 and (4.62) we obtain
(PSS” +nP + AP, + 02P PR ) GGy = P (0T + /\I(ir))
+ (P + AP + NP )Go(ir)
+A Pg}zz(w) + MR . (4.69)

Furthermore, from Assumption 2 and similar analyticity arguments as used in the proof of Theorem 4.11, one
gets that

QO(ZT)P(O 0'=0 and 73(0 :0) (27’)73(0 0) = (4.70)
We deduce from (4.68)—(4.70) that
(>\ﬂ7 g( ) (A 77) — 7)(0 0)._77)(0 ,0) + A 7)(0 ,0) ( )PoEtI)R
TN PLRT(NPYG + N Py Golir) P
+A°R . (4.71)

Since 770 2 s a projection, obviously,
A1) Ay - A ) ) A (A, A,
P(§70n)g(27“)77(§7 ) 73( n) ( pAm) G ) n)) 73(()7017)
and, by (4.67) and (4.71),

PGP = PO TPEY + NPT (ir) PR P + AP PR T (i) Py
AP P Goir) PLUR PG + AR (4.72)
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Now, using again 73( 93, (ir) = 0 and (4.70) we observe that

P O)Pftl)ng (ir) PR PG (4.73)
1 R
= 94 {Cl 73(00 Z(ir) (¢, — go (ir) 74 go (ir)(Cy — Golir)) ™ 11(17‘)73(50 O)Cz ldCQ}dcl ,
Yo,0

while, by (4.70),
Z(ir) P = (15, = POOYZ(ir) PSS and PGV Z(ir) = PO T(ir) (1, — P - (4.74)
By analyticity of the map
Co = Golir)(Cy — Golir)) " (1, — P Z(ir) P

Equations (4.73) and (4.74) together imply that

rPSOOO at Rg (’LT)Pétl)R'P(O :0) (4.75)
= _% {C 73(00 ( )( —POOO))(C_QAO(Y:T))7 ( P(OO) ( )P(OO)}dC
70,0

We also remark that (4.74) together with Pé?do)go(ir) =0 and (4.70) yields

1 5 0 Ny— .
PO PRRTPE = o= b {¢T P T (1 = PEp”)(C = Golir)) ™ (L = Pis (PG } g
Y0,0
= Pi T PO P (4.76)

By analyticity of the map
¢ = Pog” Zir) (L = P )(C = Golir) ™ (L — Pog” ) Z(ir) PG,
we then infer from (4.75)-(4.76) that

Py (i) PR PSR + PG PR (ir) P + P& P Goir) P PSR
= PV T(ir) (1 — PSSO — Golir)) "L (1, — PEGT(ir) PSS

Using this and (4.72) we arrive at the assertion for p = ¢ = 0.

Up to some obvious changes in the above arguments, the general case with p € Z and € € o(i£,4) is proven
in the same way. Note only that R is an operator with norm ||R/| sy < C for some finite constant C' that does
not depend on p, € because of (4.63)—(4.64). O

Similar to the atom-reservoir Lindbladian E%) € B(9at) (2.20), we define the operator E%’T’p ) € B(H) by
L= 3 [P;?gm Z(ir) PO (e +i(pew + €) — Go(ir)) ~ PO Z(ir) P;?;Oﬂ (4.77)
e€o(ilat)

for any € € ]Rar , 7 € [0,Imax) and p € Z. This operator has the following important properties:

Lemma 4.13 (Properties of the operator E%’T’p))

For anyp € Z, e € R§ and r1,72 € [0, Timax),
E%»Thp) _ ﬁ%ﬂ“mp) )
Moreover, in the sense of B(H),

E(P) — E(O 0,p) _ = lim ,C(E 071’)
eNO0
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Proof. Fix p € Z and ¢ € RJ. By using similar analyticity arguments to those used in the proof of Theorem
4.11, one shows that (ﬁ%’” ’p))* = (ﬁ%’m’p))* for all 1,72 € [0, I'max), which is equivalent to the first assertion.
Choose now r € (0,rpax). Then, by the first part of the lemma, £§§’0’p) = £$§’T’p) for all ¢ € Rj. For r > 0,

lim (= +i(pe + ) — Go(ir)) ™" = (i(pw + ) — Golir)) "

in the sense of B(#) and the second assertion follows. O
We show below that E%) acts — up to an equivalence transformation — as the Lindbladian £ defined in (2.20).

Recall that the eigenspaces of the atomic Hamiltonian H,; € B(C?) associated with the eigenvalues Ej, for
ke{l,...,N}, and their dimensions are denoted by H;, C C% and n;, € N, respectively. By taking any arbitrary
orthonormal basis {e } *, of Hy for each k € {1,..., N}, we define the elements

k/ ’
W(Sm ) € 6, = BT
for any k, k' € {1,...,N}, n € {1,...,nt} and n’ € {1,...,np} by the condition

k'\n’

VE" € {1,...,N}, n" € {1,... ,npn}: W((k,;) )(e(k

7 )) == 5n7n"6k,k”e7(z’f/) . (478)

n

Then, for any p € Z and € € o(iL,), straightforward computations show that

ran(”P]g?gO)) = Span{S(eitwm(W((,:T;;l ) 1/2)®Q )i (mk, k') € Ope, ne{l,... ,m}, 0 €{1,... ,nk/}} (4.79)

with
Ope :={(m,k, k) €Zx{1,...., N}y’ :mw+Ey —E, =wp+e} .

Recall that pat € B(C?) is the density matrix of the initial state of the atom. The range ran(P(O 0)) of the Kato

projection Pp,’ 9 does obviously not belong to the atomic space Hat (4.58). We can remove oscillating terms by
(0,0)

using a unitary map U . from ran(Pp.¢ ') to the atomic subspace

f_)(p’ = span{W((,jT;;l ) i{z (k,K)ye{l,...,N}*, ne{l,...,ns}, n/ € {1,...,np},
Im with (m, k, k') € @p’e} C Nt (4.80)
for p € Z and € € o(iLy;) as follows:
iteo k'n' k' \n €
Up’e(g(ezt m(W((k,n) ) i{?) @ Or )) W((k ” ) 1/2 Ef)(p ) (481)

for any k, k' € {1,...,N}, n € {1,...,nt} and n’ € {1,...,ng }. Let & be the bounded self-adjoint operator
on B(H) defined by

A 1 . A
(6f)(k) == sFE+D)+f(k=1), keZ. (4.82)
Using the identification above of ran(Pz(,?gO ) and $,; ) $Hat, we can establish a relation between the deformed

Howland operator G(ir) and the Lindbladians £, (2.13) and £x (2.20) via the linear map 3, (4.10) and the
adjoints £, £ w.r.t. the scalar product of £, = B(C?) defined by (2.5). By abuse of notation, Bati};S;l and

3085 3.," can be seen as operators defined on ran(P;()?gO)) like in (4.37) or (4.53): Let

P = {f = {f (W) hez s fk) €9 © Oy S IF B3, < oo} cH. (4.83)

k=—oc0
For any linear operator £ € B($im) and f 1= 4 ® Qg € Him, we define £ = & € B(Him) by
(L) k)= (La(k)) ® Q. keZ. (4.84)

Note that ran(P(O 0)) C $im is an invariant subspace of £ =05,
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Theorem 4.14 (Effective microscopic dynamics)
ForallpeZ, e € o(ifa), A€ YJ(p’E) and sufficiently small ||,

PLG(irYPRU; (A) = i(pw + ) Uy (A) + 0P 63253, Uy (4)
+)\23at£R3atlU* <A) + RU;;E(A) ’

where R = RPSM) s an operator with norm IRllg) < C|\? for some finite constant C' € R* not depending
onp, €, N\, nand A.

Proof. By Lemma 4.13, if A € $%° then

PO Z(ir) PO (i(pew + €) — éo(ir))‘lﬁ;?go) Z(ir) PLOUL (A)
(0,r,p)\ " 7+ _ 1 (,0.9) " 17
(£R™) U (4) = im (£5°7) U (4) (4.85)

see (4.77). Straightforward computations show that, for all A € YJ(p “and € € RT
LRIV (A) = 3L 31U L (A)
Hence, by the definition (2.20) of £x together with (4.85),
PO Z(ir) PO (ipw + €) — Golir)) PO Z(ir) PLOUE (A) = 3008532, U (A)
for all A € .V)(p ©) Similarly, from straightforward computations, one gets that, for all A € .V)(p ©)
PO T POOUr (A) = PO 63.: 535 U (A) . (4.86)
The theorem then follows from Lemma 4.12 combined with (4.85) and (4.86). O

We are now in position to analyze the resonances of the Howland operator:

Theorem 4.15 (Resonances of the Howland operator)

Let v € (0,rmax). There are constants \g,C1,Ca,C3,Cy,Cs € RT such that the following properties holds for
all |A] < Ao:

(i) For any p € Z, ipw is a non—degenerated eigenvalue of G(ZT) with eigenvector fp defined by

fo@)=0ppQ, DeEL, (4.87)

where 0y 4 15 the Kronecker symbol.

(il) {iR + (—C1A\?, 00) } \iwZ C o(G(ir)). Here, o(G(ir)) stands for the resolvent set of G(ir).

(iii) The spectrum of G(ir) in iR + (=Ca|Al, —Cl)\Q) is discrete with algebraic multiplicity at most d?, where
Cy > Cr|A].

(iv) iR + (=Cs, —Cs |A]) € 0(G(ir)), where Cs > Cy |A|.

(v) For all ¢ € iR+ (—Cj5,—Cy), where C3 > Cy,

¢ = G06r) sy < Cs
(vi) For any D € R, there is Cp € R such that

sup [|(¢ — .C;(Z'T))71||B(7SL) <Cp .

Re(>D

Proof. (i) For py € Z, assume that ip;c is an eigenvalue of G(ir) with eigenvector fpl € H. Then, for p; € Z,
the vector f,, defined by

for )= o (—p2+p1) ., pPEL, (4.88)
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is an eigenvector of G(ir) with eigenvalue ipow. In fact, the map f () — f(p—ps+p1)is a unitary trans-
formatlon on 7, whose conjugation with g(zr) is g(zr) + i(p2 — p1). Consequently, it suffices to prove that
G(ir) fo = 0 and 0 is a non-degenerated eigenvalue of G(ir).

Remark that the vector fo defined by (4.87) is an eigenvector of G(0) with eigenvalue 0. Using (4.60)—(4.61)
we then deduce that G(6)fy = 0 for all # € R. Recall that {G(0 )}oes\r is of type A (cf. Lemma 4.9) and

fo € Dom(G(0)). It follows that, for all ¢» € H, the continuous function

g(0) = (,G0)fo)y, 0O€S,

is analytic on S\R and is zero on the real line. We thus infer from the Schwarz reflection principle that g = 0
on S. In other words, G(ir)fo = 0 € H for r € (0,rmax) and so, the vectors f, defined by (4.87) are, for any
p € Z, eigenvector of G(ir) with eigenvalue ipw. It remains to prove that 0 is a non—degenerated eigenvalue.

By Assumption 3, || < CA? for some fixed constant C' € Rt and we can infer from (4.32), (4.33) and (4.35)
that, at small ||,
Vo eS: V(O gy < CIAl - (4.89)

By (4.28) and (4.52), we observe that 0 is also an isolated eigenvalue of the unperturbed Howland operator
Qo(zr) and by Kato’s perturbation theory, it is an isolated eigenvalue of G (ir) for sufﬁmently small |A| at any
7 € (0, I'max). However, 0 is still a degenerated eigenvalue of Go(ir). The interaction part of G(ir) removes this
degeneracy.

Indeed, by (4.52),
UF € Dom(@(ir)) s (7,60r) fog = i {{F. ok fog+ (. L+ £,V ir) P} = rUF, ¥ o
Suppose, for simplicity, that L = Ly. The operators wk, L, J (cf. (4.62)) are self-adjoint and thus,
i{(f, ok P+ F L)y + (T flz} € iR
Then, using Assumption 2, we conclude that, for some finite constant C not depending on A and r € [0, Tyax),
Re{(£.Z(ir) f) = (. Nf)z} <0

whenever r > C|A| and f(k) ¢ $ac ® Qg for some k € Z. This implies, in the special case L = Ly, that,
for fixed r € (0, rmax) and sufficiently small |A|, each eigenvector of & (ir) associated with a purely imaginary
eigenvalue y € iR must be an element of the subspace iy defined by (4.83). By using (4.10)—(4.10), we show,
with obvious modifications of the above argument, that the same is true for any general L.

Now, we need several definitions. Let

Do 1= { Febm: 3 RIFWIZ. < oo}

k=—o0
and the (unbounded) operator ki, be defined on Dinm by
(kimf) (k) :=kf(k), keL.

To simplify notation, we denote the operator ki, by k. Define further the bounded operator El(m’" S B(f)lm)
by
ﬁ(/\’n) = 3a0(L5 + A LR)3a + 16308}, 3 (4.90)

where £7;, £5 and £% the adjoints of £,, £, and £g, respectively. See (2.8), (2.13), (2.21) and (4.10) as well
as (4.83)—(4.84).
Similar to [1, Eq. (4.8)], define
GO = ik 4+ L7 (4.91)



with dense domain ﬁim C 5%1111. We denote by
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1 R _
P = — f (z =GNz (4.92)

the Kato projection associated with the closed operator éi(;‘l’n) defined by (4.91), for a sufficiently small enough
parameter t > 0 (cf. (4.63)—(4.64)).

From Theorem 4.14,

m

PSPPSR — PP GNP 0>H <P
Note that ran(P(O ?) C Him. Define
A 0,0 i 0,0
AOD . pOO GO p00)

By observing that
(0,0 0,0).5(0,0 0,0 0) (0,0
730 = Pé )Pé,o )v 73(g,o )|ﬁm 7Doo )P( : (4.93)

and using the bounds

[Pl - P =OX,

) Ay A7
HP(S,OU)Q(”)P(S,O )

B(H) ‘B( H)

we deduce that
CIN? . (4.94)

,P Am) 7)()\’77 ,P(O ,0) A (A, n)p( )H <
H 0,0 g(”") A Poyg B
If Assumption 4 holds then, exactly like in [1, Lemma 6.3], for all (\,n) € R x R,

min { [Re {p}| : p € o(AL"I\{0}} > Con® (4.95)
with Cy, € R being a constant depending on @ but not on A, 1. Similar to [1, Lemma 6.1] one proves, moreover,
that 0 is a non—degenerated eigenvalue of Ai(l’l\]’n). Using this, the relations (4.93) and Kato’s perturbation theory
together with the bound (4.95), for small enough |A|, G(ir) has a non-degenerated eigenvalue & (A, 1) = O ()\3)
with

min { [Re{p}| : p € o(G(ir)\{z (A m)}} > CA? (4.96)

[Lemma 5.4 applied to the pair of projections Pé?o’o) and 73(()7)‘0’") can be useful in this context.] As 0 is an
eigenvalue of G(ir), it follows that € (A\,7) = 0 and 0 is a non-degenerated eigenvalue of G(ir), provided |A|
is sufficiently small. As a consequence, the vectors fp defined by (4.87) for p € Z are eigenvectors of Q(zr)
associated with the non-degenerate eigenvalues ipco, for small enough |\|.

(ii) As explained in the beginning of the proof, it suffices to prove this statement for the spectrum near 0.
Therefore, the assertion is a direct consequence of the estimate (4.96).

(iii) Recall that 0 is an isolated eigenvalue of the unperturbed Howland operator Go(ir) with algebraic mul-
tiplicity n € N, n < d?. By Kato’s perturbation theory and (4.89), there are at most n eigenvalues of C;(zr)
within a ball of radius |\| with algebraic multiplicity at most d?. Therefore, we arrive at the third assertion by
combining this observation with (i)—(ii).

(iv) and (v) are easy to verify for the case V = 0 because the operator Go(ir) is equivalent to a normal
operator with explicitly known spectrum. The general case is proved by using simple power expansion for the
resolvents of G(ir) as V is a bounded operator of order O(\).

(vi) To prove the last assertion, use the fact that the eigenvalues ipcw, p € Z, are non—degenerated. By Kato’s
perturbation theory, its resolvent near such spectral points behaves in the limit ( — ipw as

1(¢ — ipw — (i) 5y < C1¢ — ipw|

where C' € R is a constant not depending on p € Z. The uniformity of this last estimate is related to the fact
that the spectral spaces associated with the eigenvalues ipco are all unitarily equivalent, see Equation (4.88). O
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4.6 Time—uniform approximations of {e"‘é(”)}azo

Let r € (0,rmax) (see Section 3.1). The strongly continuous one—parameter semigroup {eag(iT)}aZO can be
represented as the inverse Laplace transform of the resolvent of G(ir). Indeed, by Theorem 4.15 (vi) and the
Gearhart—Priiss—Greiner Theorem [19, Chap. V, 1.11], for any D € R, there is Cp € RT such that

Va € Ry : ||eag(ir)||5(ﬁ) < CpeP

i.e., the growth bound of the semigroup {eag(ir)}azo is zero. Hence, by Lemma 5.3,

. 1 pwHiN A A
90 f — lim { / e (¢ —G(ir) "L f d(} (4.97)
N—o0 271 w—iN
for all f € Dom(G(ir)), w, € RT. Next, we modify the contour of integration to make Kato projections
appear.
To this end, define
1

pAn) . —
P 2mi

f (-GG, pez, (4.98)

Tp

where, for any p € Z, the contour 7, is defined by

i(pm+rt)+i(w—2t)y for y€10,1]

. ) i((p+)w—r) = Cy(y—1) for yell,2].

@)= L i (4 D) 1) —i (w20 (y—2) for ye |29 (4.99)
—Cy+i(pw+rt)+Cy(y —3) for ye[3,4]

Here, v € (0,1/2) N (0, 1max) is a sufficiently small parameter, see (4.63)-(4.65), while Cy € R is the constant
of Theorem 4.15 (v). For all f € Dom(G(ir)), w,«a € RT, and any negative real number v € (—C3, —C4) (cf.
Theorem 4.15) we now observe that, for N € wN+r ans sufficiently small |},

1 Wk al 50 —17 a5 (Nn) 7
i € (C—=G(ir))""fd¢= Z et T Pye S
w—iN pEZ: |plw<N
n Z eakéx,n)ﬁzg,\m)f
pEZ: pw,(p+1)we[—N,N]
1 v+iN . R
-5 e (¢ = G(ir)) "t fd¢
2mi w+iN

1 v—iN . R
T 2w Joain (¢ —G(ir) " fd¢
1 w—iN . R
T ) (¢ —G(ir)) ' fd¢ (4.100)
where

K= PGNP . pel, (4.101)
kP = PONIGir)PM . peZ. (4.102)

We analyze in the three next lemmata each term of the right hand side (r.h.s.) of Equation (4.100), in the limit
N — oo.

Lemma 4.}6
For all v¥,v € $Hax C Dom(G(ir)), w,a € RT, and v € (—C5,—Cy),

vEIN . R
lim e (¢ = G(ir)) Mpd¢ =0,

N—=oo Jiy+iN
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while

. VO 9 o
lim sup < C\e Il 1Y 1 -

N —oc0

v—1N ,
?, / (¢ — G(ir)) M d¢
v+iN

#H

Proof. Using the equality

vf € Dom(G(ir), ¢ € o(Gir)) - (¢~ G(ir) ' F = ¢ (¢~ G(ir) GG+ F) (4.103)
we deduce that, for any 12) € 5§Jat,
vEiN . R vEiN N . R vEiIN R
/ ™ (¢ = G(ir))"ld¢ = / ¢le™ (¢ = G(ir)) TG (ir)dd( + / ¢leahd( .
wtiN wtiN wtiN

Recall that o(G(ir)) stands for the resolvent set of G(ir). In the limit N — co, both integrals in the r.h.s. of
this last equality vanish.

We prove now the second inequality. Observe first that, for any ¢ € o(G(ir)) and sufficiently small |A|,
(C=GGm) ™" = (¢=Golir)™" + (¢ = Golir) ' Z(ir)(¢ = Golir)) ™
+1(¢ = Go(ir) ' T (¢ = Golir)) !
H(C = Golir) ™ (0T + AZ(ir)) (¢ = Golir)) ™ (1T + NI (ir)) (¢ = Gir)) ™!
Because of Assumption 2, for all 1, fb/ € Har, C € Q(Q(zr)) and sufficiently small |\,
(,(¢ = Golir) "' Z(in)(¢ = Golir) 1) =0,

while, by using (4.78),

] N v—iN L et
]\/lgnoo <¢, A+iN (C - gO(ZT)) w dC>7:£

> (st eaw)) (5wl e o))
(n,k),(n’ k") H
v—iN

x lim e (¢ —i(Ep — Ey))~td¢
N—o00 v+iN

H

=0
for all « € RT and v < 0. Clearly, for ¢ € v+ iR and 7:/1/ € S%at,

[ = Gotir) 176 = Gotir) i, < 11

with C' € RT being some finite constant that only depends on v. Thus, using Assumption 3,

v—1N /
Kw, / e“n(¢ = Golir)) ' T (¢ — Go<ir>)1dc> < ONe™ [0l 19 |15

v+iN

#H
for some constant C' € R*depending only on v.
Again by Assumption 3, note that, for all ¢ € v + iR and 12) € Nats

[[(¢ = Gutir)™ (a7 +32(6r) (¢ = Gofir)) ™" (07 +32(6r)] "], < Xl

IC |
with C' € RT being some finite constant only depending on v. On the other hand, by using Equality (4.103)
together with Theorem 4.15 (v), we obtain

¢~ gy < Sl

~ el
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~ 1/ ~
for some constant C € RT that does not depend on ¢ € v+ iR and ¥ € §),;. Hence,

~ !

‘<w / o (¢ = Golir)) ™ (T + NZ(ir)) (¢ — Go(ir)) ™ (nT + AZ(ir)) (¢ — G(ir)) "o dc>

v+1 N

H
~ ~l
< CNe™|[ Y)Y N4

for all 121, 121/ € f)at, a € RT and some constant C' € R that does not depend on 12), 12)/ and a. ]

Lemma 4.17
There is a constant C € RY such that, for all ¥ € $Hax C H,

W eZ\{0} [Py Vllg < Cp i Rl
¥p € Z\{0,-1} : [IPSMlly < Cp 2w 2|dy, -

Moreover, if ) € (D @ Qg) then

P 1 1 ;
: A
VpeZ: POl < CIA <w2p2 gy 1) 1]l -

Proof. Using two times Equality (4.103), for any p € Z\ {0} and ¢ € $.; C Dom((G(ir))?), in the definition
(4.65) of the Kato projection PI(,?‘OW), we obtain that

N 1 4 A - 1 N A 1 N
PD = g fCHE G G P+ 5 G RaC +  § ¢
Vp,0 p,0 Yp,0
1 - A .
= 5 §CTHC Gl G
Vp,0

by analyticity. There is C' € RT such that, for p € Z\ {0}, ¢ € v, , and sufficiently small |X|,

1¢ = 6Gr) Mgy <C and [(G(ir) 2Dy < Cldly

see (4.39) and (4.54), while
I¢|72 < Cp~ 2w 2. (4.104)

We thus arrive at the assertion
) 5 _o oy’
PSS ¢l < Cp~2@2|1¢)

with a constant C' € R* not depending on p € Z\ {0}.

#H

To prove the second inequality, we proceed in the same way by using the fact that

1¢ = GG lgemy < €

for all p € Z, ¢ € 7, and sufficiently small [A[, by Theorem 4.15. Note also that (4.104) also holds for all
p € Z\{0,—1} and ¢ € 7,,.

To prove the last assertion, observe that if ¢ € F(® ® Qr) then
1(G(ir))* 5 < C I 19 ll4
for some constant C' € RT. 0

Lemma 4.18
There is a constant C € RT such that, for allp € Z and o € R{,

HeaKPHB(ﬁ) <C and ||ea’€pHB(?%) =C.
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Proof. By Kato’s perturbation theory and Assumption 3, which implies (4.89), the operator

2
Ré/\;n) = (P:g?do) _ IP;’)\OJI)) , pe 7 ,
is bounded by
IR gy < CN* < 1 (4.105)

for p € Z, sufficiently small |\| and some constant C' € R™ not depending on p, A (cf. (4.63)—(4.64)). Therefore,
we can infer from Lemma 5.4 for P = 731(,?60) and QQ = 731(,))6") that there are two invertible, bounded operators

U = (PP + (1= P ) (1= PS57)) (1 - Rzgkm)_l/z

p, p,

and

VO o (PP + (1P (1-P37)) (1 - R}(jx,m)‘”z _ (U;W)_l

such that
PO 0,0
1()707]) _ IT£A7W)P15,O )Vp(A,n) ]

By Kato’s perturbation theory and (4.89), there is C' € R such that, for all p € Z and sufficiently small ||,

1P = P sy < CIAL - (4.106)

Combined with (4.105), ||PI()?O’O) || =1 and the absolutely convergent binomial series

_ [ —1/2 .
=gy 3 (V) crpe)

Inequality (4.106) implies that

sy < CP, (4.107)
IIPé%”VW —Pé?o° ||B(m < o, (4.108)

for some constant C' € RT not depending on p, A (|A| sufficiently small). By (4.101), it follows that

|| * HB(’}:L)
,P(O 0) ()\ n) (>\ n) (0,0)
< CH o V(A 77)7) ) Q(M‘)'P 1 lT()\ n)'p 0 0 H

(0,0) 1, (Asm) PO G ()P 7 (A1) (0,0)
||U()"’7) aP OO VAP G iy PO UMM PO Vp(/\’n)”ls(?l)

B(H

for all p € Z and sufficiently small |\|, with some constant C' € R™ not depending on p, A. Meanwhile, by using
(4.107)—(4.108) as well as the Neumann series (4.66) and (4.70) extended to all p € Z as it is done in Lemma
4.12 one verifies that

0,0 ) A A, 0,0 0,0) (A, A, 0,0
”7)}(’,0 )Vp(/\’mpé,on)g(w)ﬂ(q,on)U;E)\’n)Pz(y,o ) 7)1()’0 )stﬁoﬂ)g(”ﬁ)rp( 77)7;( )||B(7:L)
< CIAP (4.109)

for some finite constant C € RT not depending on p, A, . Using the operator 3.; € B($at) (4.10) and Theorem
4.14, it follows from (4.109) that, for all p € Z, A € H and sufficiently small |A|,

PV (PGP ) USRI (A4) - = ipw’P(O’O)(A)
(0 0)63at£*33t P(O 0)( )
+/\23at£7€31t1 (0 0 (A)
+PSY R (A)
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with R = R(”»*") being an operator with norm IRl 505y < CIA|? for some finite constant C' € R* not depending
on p, A, n and A. Hence, since, by (4.82),

- * 1 * g — * 9 — * * 9 —
Up,O,PIS?dO) 63at£;3atlplg?60) p,0 — §3at£p3atl|ﬁz(£,0) 3 Up,OSatSRBatlUp’o = 3at£R3atl‘ﬁ§£=0) ’ (4110)
(see (4.10)), it suffices to bound the group on .6;’;’0) (4.80) generated by
M, = ipw + gs;; + 2285 + O,

with
- 0,0 0,0) 17
0, = 31U, 0P RPGOUE )3,
Note that iwp is a non-degenerated eigenvalue of M, with associated Kato projection P satisfying
HPHB(;)(;,,U)) < 2 for sufficiently small |A\|. Hence,
at

Mo — PP 4 (1,0 - P)eaM;(lﬁ(M) — P) (4.111)
with
./\/l;) = (]Tag,o) — P)Mp(lﬁg‘o) — P) .

Using spectral properties of the operator
(iwp T2 gsp) e B(nP)
and Kato’s perturbation theory we deduce that
o (M;ran(lﬁ(?o)—PO C (—00,CN?) +iR

for some constant C' € R and sufficiently small |A|. [It is similar to (4.95) or [1, Lemma 6.3] and it results from
Assumption 4.] Since the generator M;|ran(1 (n0)—P) actson a finite dimensional space, this spectral condition
ﬁat’

implies that the corresponding semigroup is bounded. By (4.111), the semigroup {eaMP }azo is thus bounded.

The proof of [[e®X || sy < C is performed in the same way. It is even simpler because the real part of the

spectrum of K, is strictly negative, by Theorem 4.15 (ii). ]
We now study the semigroup {eag(ir)}azo via (4.97) and (4.100):

Theorem 4.19 (Time—Uniform Approximations of {eo‘g(”)}azo)
There is a constant C € RT such that, for all « € R, 721, @?J/ € Har and sufficiently small ||,

~ 5. - ~ = ~ ~ 1 _ va ~ ~ 1
‘<w’ (eag(zr) _ eoleop(g:\OsTl) _ eaICOPé)\,U) _ ea)nyp(_)\lﬂ?)),(/) >7:£‘ <C (w 2 + )\26 ) ||1/’H7;||¢ ||7:L .
Moreover, if 12)/ €F(D®Or) then
~ 5. ~t ~ ~ 1
[ (. (€290 — o)) | < € (14 @72) 1N+ N%e) [ -

Proof. The assertion is a direct consequence of (4.97), (4.100) and (4.106) combined with Lemmata 4.16-4.18.
O

4.7 Proof of Theorem 3.1

1. Let
A — ( (5 (163485320 + 223,853 79(5?(;‘”) €BH) .



By (4.79), observe that ran(P( ; )) is equivalent to the space .660,0) of [1, Sections 4.4, 6.2]. In particular, A7)

can in this way be identified with the operator A" = Ag’\m) of [1, Section 6.2]. See also [1, Eq. (6.6)]. B
Theorem 4.14 and (4.110),
JACD)* — Kol < CIAP (4.112)

for some finite constant C' € R not depending on A, 7 (|A| sufficiently small). Using exactly the same arguments
as in the proofs of [1, Lemma 6.4, Theorem 4.4], one verifies that, for any ¢ € (0, 1),

(Nsm)y*
eoc(A ) 7ealC0

< Cmin {a|>\|3, A+ e*DW} < CAI-E (4.113)
B(H)

for some constants C, D € R not depending on ), n (]\| sufficiently small).

2. Now, we combine (4.113) with Theorems 4.8, 4.11, 4.19 to deduce that, for any initial faithful state w,; with
density matrix p,, € ® C B(C?), any observable A € ® C B(C?), ¢ € (0,1) and sufficiently small ||,

o (XNym)y* —e
(.U (A® 15, 0)y = (2,0 (U8 15,9)) | < o Allgen N0 (4114)

where C . € Ra' is a finite constant depending on w,e but not on way, A, A, n, and «. Recall that {U,, =
Us(;’")}syteR is the non—autonomous evolution family of Proposition 4.4. By (3.3),

(Q,Upa (A®15,Q)) g = wat () (4) . (4.115)
Moreover, for any observable A € ® C B(C?),

war (@) (A) = (pye (@), A) g, = (Popag (0)). Ay, (4.116)

see (2.5). Recall also that p,, (o) is, by definition, the density matrix of wyt (o)) and Pp is the orthogonal
projection on the subspace © (3.4) of block—diagonal matrices. Meanwhile, we infer from (4.110) that

AC = (PEUs 03t (35 + A€k ) 3 Voo Pl O)) : (4.117)

[1, Theorem 4.6 (i)] implies that YJ;(E’O) is an invariant space of
3ut (325 + V2R ) 33 € B(Hao)
and we deduce from (4.117) that
a(AC) 73(0 0) _ = U} p3aic” a2 D+A2):;Q)3at1UO 073(0 0)
y (4.81), it follows that, for any observable A € ® C B(C¢) and initial density matrix p,, € D,
P, e (B8 2R) 304,102)
(2 20

Paps 27+ LR)A>ﬁat

(ol
<
_ <ea 18,4+228R) . t’A>;,m
<
<

<Qvea(/\(*>n))* (A® ]-f)RQ)>H —

at

P@ 772 +A £R)pat)7A>
9

at

Po (e ),A> , (4.118)

at

where )
RO = e, 4+ Xer

is the operator of [1, Theorem 4.6 (i)]. We used in the second equality the identities

PO ((Ap?) @ Qr) = (Aps”) @ O and Ugo((Aph!?) ® Qr) = Apil®

33
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when A € ©. [Cf. definition (4.81).]
3. Therefore, Theorem 3.1 follows from Equations (4.114)—(4.118) and [1, Corollary 4.5, Eqs. (4.37)—(4.38)].

5. APPENDIX

1. For the reader’s convenience, we review here one definition and a result from the theory of analytic families
of closed operators used in Section 4.5 to study the analytic deformation of the Howland operator G.

Definition 5.1 (Families of type A)
For an open subset S of C, a family {F,}.cs of closed operators defined on a Banach space X and with non—
empty resolvent set is of type A when Dom(F,) =Y C X of F, is independent of z € S and the map z — F,x
is strongly analytic on S for all x € Y.

Families of type A are useful in the context of Kato’s perturbation theory as they form a special case of analytic
family (in the sense of Kato). In our proofs, we use the following well-known result on type A families (see [10,
Sect. VII.1, Theorem 1.3]):

Lemma 5.2 (Type A families and analycity of resolvents)
Let {F,}.es be a closed operator family of type A and let ¢ € o(F,), where o(F,,) is the resolvent set of F,,
with z9 € S. Then the map z — (¢ — F,)~! is analytic in some neighborhood of zg.

2. We used a representation of strongly continuous one-parameter semigroups w.r.t. resolvents. Indeed,
resolvents and semigroups are related to each other through the Laplace transform (see, e.g., [19, Chap. III,
Corollary 5.15]):

Lemma 5.3 (Semigroups as Laplace transforms)
Let A be a (possibly unbounded) generator of a strongly continuous semigroup {eO‘A}a>O on a Banach space X

with growth bound ¢ € RU{—oc}. Then, for all z € Dom (A), w > ¢ and o € RT,

e a:zl\}gnoo %[J)ime (C—A)"zd¢ ;.

3. In Kato’s perturbation theory, a perturbed Kato projection P (y) is related to the (non—perturbed Kato)
projection P (0) through some bounded operator U (y) with bounded inverse V (y) by the relation P (y) =
U (y) P(0)V (y), provided the coupling constant y € R measuring the strength of the perturbation is small
enough in absolute value. This fact is used to prove Lemma 4.18. The following relations between pairs of
projections (see [10, 1.4.6. p. 33]) are important in that proof: Let P,Q be two projections acting on a Banach
space X. Then, the bounded operator

U=QP+(1-Q)(1-P)

maps ran (P) into ran (Q), whereas
Vii=PQ+(1-P)(1-Q)

maps ran (Q) into ran (P). Moreover, V'U’ = U'V' = 1 — R, where R := (P — Q)°. In Kato’s perturbation

theory, the operator (P (y) — P (0)) has typically a small norm for small |y| and (1 — R)71/2 exists as an
absolutely convergent power series in R. Under this assumption and since R always commutes with P and @,

we can relate both projections to each other, as explained above:

Lemma 5.4 (Pairs of near projections)
Let P, Q be two projections and R := (P — Q)2. If(1- R)_1/2 exists and is bounded then the bounded operator

U=U1-R)""=1-Rr) U



maps ran (P) into ran (Q), whereas

V=V (1-R)P=(1-R)VV

maps ran (Q) into ran (P). Moreover, VU =UV =1, i.e., V=U"' and P=VQU, Q =UPV.
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