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ABSTRACT. The N -particle Schrodinger operator H(K), K €
(—m, 7% K being the total quasi-momentum, with short-range pair
potentials on lattice Z?, d > 1, is considered. For fixed total quasi-
momentum K , the structure of H (K) ’s essential spectrum is described
and the analogue of the Hunziker — van Winter — Zhislin (HVZ) theorem
is proved.

INTRODUCTION

In the sixties, fundamental results on the essential spectrum of the many-
particle continuous Schrodinger operators were obtained by Hunziker[1],
van Winter [11], Zhislin[12]. The theorem describing the essential spec-
trum for a system of many particles was named the HVZ theorem in honor
of these three authors. It affirms that the essential spectrum of an N -
particle Hamiltonian (after separating off the free center-of-mass motion)
is bounded below by the lowest possible energy which two independent
subsystems can have. Since then the result was generalized in many ways
(see [2, 4, 6, 14, 17, 23] and for more extensive references [16]).

For the multiparticle Chandrasekhar operators the HVZ theorem was
proved in [18]. The HVZ theorem for atomic Brown-Ravenhall operators
in the Born-Oppenheimer approximation was obtained in [19, 20, 21] in
terms of two-cluster decompositions. In [22], the HVZ theorem is proved
for a wide class of models which are obtained by projecting of multiparti-
cle Dirac operators to subspaces dependent on the external electromagnetic
field.

In the continuous case one method of proving the HVZ theorem is the
use of the diagrammatic techniques and the Weinberg-Van Winter equations
through the theory of integral equations of Hilbert Schmidt kernel (see e.g.
[3, 11, 1, 16]). Another set of equations for the resolvent are the Faddeev-
Yakubovky equations [24, 25]. These equations became the base for the
creation of new computing techniques in nuclear and atomic physics. Tech-
nically simple proofs of the HVZ theorem were given in [6]. The key idea
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here was the use of geometry of configuration space to separate the chan-
nels. Moreover this method was applied to prove the finiteness or infinitude
of bound states of an N -body quantum systems. Alternative methods for
the determination of the essential spectrum of generalized Schrodinger op-
erators involve C* -algebra techniques [26].

Since the discrete Schrodinger operator is a lattice analogy of the con-
tinuous Schrodinger operator (see [8, 7]), we can expect a HVZ type result
for the discrete Schrodinger operator associated with the Hamiltonian of the
system of N — quantum particles. Furthermore, it may be conjectured that
one can use similar methods for the proof.

The kinematics of the system of quantum particles on lattice is quite ex-
otic. Thanks to the translation invariance of the N -particle Hamiltonian H
in (5((Z4)N), the study of spectral properties of H is reduced to study of
the spectral properties of the family of the /N -particle discrete Schrodinger
operators H(K), K € T¢, where T? = (R/27Z)¢ = (—m,n]¢ is the
d -dimensional torus.

Namely, the underlying Hilbert space ¢*((Z4)") is decomposed to a di-
rect von Neumann integral, associated with the representation of the (dis-
crete) Abelian group Z? by shift operators on the lattice and then, the total
Hamiltonian H is also decomposed into the direct integral

H= / oH(K)dK,
Td

where K € T¢ —is called the N -particle quasi-momentum. In contrast to
the continuous case, the corresponding fiber operators, i.e. the /N -particle
discrete Schrodinger operators H(K'), associated with the direct integral
decomposition, depend non trivially on the quasi-momentum K € T¢. As
a result, the spectra of the family H(K) turn out to be rather sensitive to a
change of the quasi-momentum K.

The physical significance of the study of the /N -particle discrete
Schrodinger operators was duly stressed in the survey [8]. A review on the
Hamiltonians in solid-state physics as multiparticle discrete Schrodinger
operators is given in [7].

The essential spectrum of an N -particle additive cluster operator in the
subspace of antisymmetric functions of £5((Z%)") has been studied in [5]
and the analogue of the HVZ theorem was proved using the geometric
method of Simon.

In [27], for the Hamiltonians of a system of [N -identical particles
(bosons), interacting via zero-range pair potentials on a lattice, the struc-

ture of essential spectrum was studied.
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In [28] and [9], the limit operators method has been applied to study the
location of the essential spectrum of square-root Klein—Gordon operators,
Dirac operators, electromagnetic Schrodinger operators and some classes
of the discrete Schrodinger operators under very weak assumptions on the
behavior of magnetic and electric potentials at infinity.

For the discrete Schrodinger operators, associated with the Hamiltonians
of systems of three quantum particles moving on lattice interacting via zero-
range attractive pairs potentials, the location and structure of the essential
spectrum has been investigated in [13, 30, 31, 32, 33, 34, 35].

In four particle case, the analogue of the HVZ theorem and Faddeev-
Yakubovsky type equations are obtained by Muminov [10], but in this case
the structure of the essential spectrum has not been fully understood yet.

In the present paper, we consider the discrete Schrédinger operator
H(K), K € T9, (see (1.7)) associated with the Hamiltonian of a system of
N -particles moving on dN -dimensional lattice (Z?)" and interacting via
short-range pair potentials. We prove the analogue of the HVZ theorem us-
ing the diagrammatic method of Hunziker for the case when particles have
arbitrary bounded dispersion functions having not necessarily compact sup-
port. Moreover we describe the structure of its essential spectrum by means
of two-cluster Hamiltonians (see Theorem 3.1).

Observe that the operator H(K) is bounded, thus, the essential spectrum
is no longer the positive real line. More precisely, it consists of the union of
closed segments and in turn this may allow the Efimov effect to appear not
only at the lower edge of essential spectrum, but at the edges of the gaps
between those segments (see [29]).

The present paper is organized as follows. In Section 1, we introduce the
N —particle Hamiltonian H in both coordinate and momentum represen-
tation, introduce the NV -particle quasi-momentum, and decompose the en-
ergy operator into the von Neumann direct integral of the fiber Hamiltonians
H(K), thus providing the reduction to the NN -particle discrete Schrodinger
operator problem.

The cluster operators and the structure of their spectra are discussed
in Section 2. In this section, fixing the quasimomenta of the mass cen-
ters kq, ..., ks of the clusters specified by the cluster decomposition D =
{D;, ..., D}, we prove the analogous breakup of cluster operator H”(K)
into the sum of the Hamiltonians of clusters corresponding to the cluster de-
composition D (see (2.4) in Section 2).

Finally, in Section 4 the analogue of the HVZ theorem is proved in terms
of graphs.

Some notations: as in [14] we equip R? with the norm:

el = D]+ + 2], 2=, D) eRY
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and hence for © = (z1,...,2x) € (RN :
[ = [z1] + -+ lon]s

where |z;], is norm of z; = (2", ..., 2!?) e RY,

Let Z? be d-dimensional lattice and T¢ = R¢/(27Z)? = (-7, )¢
be the d-dimensional torus (the first Brillouin zone, i.e. the dual group of
74 ) equipped with Haar measure. Let /5((Z%)™) (resp. Ly((T%)™)) denote
the Hilbert space of square-summable (resp. square-integrable) functions
defined on (Z4)™ (resp. (T4)™).

For s € Z% and p € T?, (s,p) = sWMpM) + ... 4 sDp(d),

We denote by o(A) the spectrum of a self-adjoint A and by cess(A) its
essential spectrum.

1. N -PARTICLE SCHRODINGER OPERATOR ON LATTICE Z%

1.1. Coordinate representation of N -particle Hamiltonian. In coordi-
nate representation, the total Hamiltonian H of the system of [V -particles
moving on d-dimensional lattice Z?, with the real-valued pair potentials
\A/Z-j , is usually associated with the following self-adjoint (bounded) opera-
tor in the Hilbert space ¢2((Z%)") of the form

I:I - I:IO - V,
where the unperturbed operator H, , called the free Hamiltonian, is the op-
erator

A 1 - 1 .
Ho= — A+ + — Ay,
mi my
with
A;)H:Al@jd@”'@jd? ,AxN:jd®"'®fd®AN7

where m; - the mass of particle i, I, is the identity operator on (?(Z%),
and A; is the generalized Laplacian, a multidimensional Laurent-Toeplitz-
type operator on the Hilbert space ¢%(Z<):

Ai=> &(s)T(s), i=1,...,N.
seZ4

Here T(y) is the shift operator by y € Z9 :
(T(y)f)(2) = fz+y), fer@),

The function &; : Z% — C, so-called the dispersion function of the particle
1, ¢ =1, N, is further assumed to satisfy Hypothesis 1.1 below.
Recall (see, e.g., [36]) that a Laurent-Toeplitz operator A is a bounded

linear operator on (o(Z™) with the property that the matrix entries
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(Avy,1,), z,y € Z™, depends only on the difference = — y, where
{4y}, y € Z™, is the canonical basis in (*(Z™):
1, i y=s,se€Z™

wy(s)_{ 0, if y#s,s€2™ "’

In the physical literature, the symbol of the Toeplitz operator A; given

by the Fourier series (without the factor (27)% )

ei(p) =Y &), peT (1.1)

s€Z4

yezZm.

The real-valued continuous function ¢;(-) on T¢ is called the dispersion
relation of the 1 -th normal mode associated with the free particle.
The perturbation V of Hamiltonian H, comes from pair potentials, i.e.

V - E Vij)
1<i<j<N

where Vij is a multiplication operator by a function ¥;;(z; — x;) in
L((ZY) -

(Vijf)(x17 e ,IN) = @U(ZEZ — Ij)f(ZEl, Ce ,.IN).
Further we assume

Hypothesis 1.1. 1) &;, i =1,..., N satisfy:
a) “Regularity” property: the series Y |y|° |£:(y)| is convergent for

y€eZ4
some § > 0;
b) “Self-adjointness” property: &;(y) = &;(—y), vy € Z%.
ii) The functions 0;; : Z° — R, 4,57 =1,...,N, i < j tend to 0 at the

infinity.
1.2. Momentum representation of N -particle Hamiltonian. Let F,, :
l5((Z4)™) — Lo((T9)™) be the standard Fourier transform.

In the momentum representation, corresponding Hamiltonian H has the

form
H=H, -V,
where Hy = FyHoFy', V =FyVFL
Here free Hamiltonian Hj is a multiplication operator by the function
E: (THY — R:

(HOf)(pla s 7pN) = g(pla s 7pN)f<p17 s 7pN)a
N
g(pla"'>pN):Z€i(pi)7 pla"'apNETda
=1
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and the perturbation operator V. = )V, is the sum of partial integral
i<j

operators V;:

1

(Vi f)(p1s-- - pN) :W / vij(Pi — @)O(pi + pj — @i — q;) X
T)2
(T4)?
X f(ph?qlvvq]a?p]v)d(bdq]a

where § is the Dirac delta function on T¢ and the kernel function v;; =
Flﬁij : Td — (C,

vij(p) = (2m) " Z bij(s) P, peT?

s€Z4

belongs to Ly(T9).

1.3. Decomposition of the Hamiltonian H into the direct von Neu-
mann integral. Let us introduce the unitary representation {U},cza of
the abelian group Z¢ by the shift operators on the Hilbert space ¢2((Z%)?):

~

(Ijsf)(xl,...,x]v):f(x1+s,...,xN+s),, T1,..., T, € Z%.

Observe that via standard Fourier transform Fy the family {U,}, s
is unitary-equivalent to the family of unitary (multiplication) operators
{U,}4eza actingin Lo((T9)N) as

(Usf)(p1, - pn) = exp(—i(s, pit- - +pn) f(p1, - pn), | € La((THY).
Given K € T¢, we define Fy as follows

Fg = {(pl,..-,pN) E(Td)N cpLttpN = K}
Introducing the mapping 7; : (’]I‘d)N N (v]rd)Nq7

Wj((pla <oy Pi-1,Pj, Dj+15 - - - 7PN)) = (pla ey Pj—15Pj+1,y - - ,pN),
we denote by 7jx, K € T?, the restriction of 7; onto Fx C (T%)Y, that
18,
7TjK:7Tj|]FK- (12)
The following lemma shows that Fg, K € T¢,isa d x (N — 1)-
dimensional manifold homeomorphic to (T?)N -1,

Lemma 1.1. The mapping mx, K € T¢, from Fx C (THN onto
(T4)N=1 is bijective, with the inverse mapping given by

(ﬂ-jK)71<p17"'Jpjflapj%*lv"'upN):
N
<p17"‘7pj—17K_ Z piapj—i-h‘"apN)'
i=1,i#£7
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The decomposition the space L?((T¢)Y) into the direct integral

Ly((THY) = / ®Ly(F)dK, (1.3)
KeTd

yields the corresponding decomposition of the unitary representation U,
s € 74, into the direct integral

Us = aU s(K )dK )
KeTd

with

US(K) = €7i(S’K)IL2(FK)
and I;2(r,) being the identity operator on the Hilbert space L*(Fg).

The Hamiltonian H (in the coordinate representation) obviously com-

mutes with the group of the unitary operators U,, s € Z?. Hence, the
operator H can be decomposed into the direct von Neumann integral

H= SH(K)dK (1.4)

KeTd
associated with the decomposition (1.3).
In the physical literature, the parameter K, K € T?, is named the N -
particle quasi-momentum and the corresponding operators H(K), K €
T9, are called the fiber operators.

1.4. The N -particle Schrodinger operators. The momentum represen-
tation. The fiber operator H(K) : Lyo(Fx) — Lo(Fg) is defined as fol-
lows:

H(K) = Hy(K) -V, (1.5)
where
ﬁ]o(K)f(P17 ..., DN) = (81(]91) + -+ €N(pN))f(p1, .., DN),

and

with

Vo) pn) = —

(m)? )

Here (pi1,...,pn) € Fk.
Using the unitary operator Uy : L*(Fg) — L2((T4)N-1), K € T¢,

Unkg=go (WNK)_la
7
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with 7y defined by (1.2), we get the operator H(K) : Lo((T4)N1) —
Ly((THYN-Y), H(K) = Uy H(K)UyL, being unitary equivalent to (1.5),
of the form

H(K)=HyK)-V, (1.6)
where the operator Hy(K) is the multiplication operator in Ly ((T?)N 1)
by the continuous function & : (TH)N 1 — R:

Ex(p1, - pn-1) = e1(pr)+- - Fen—1(py—1) Fen(K —p1—. .. —Dpn-1),
and the perturbation V = " Vj; acts in Ly((T%)V~1) with
i<j
1
(ij)(pla o PN-1) = Ry Uij(pi_Qi>f(pla coy iy DittD iy - ,DN-1)dg;
()t )
for 1 <i<j < N and
1
(Vinf)(p1, - pN-1) = @ )4 /UiN(pi_Qi)f(pla-~->Qia-~-7pN—1)in
T)2

Td
for 1 <7 < N.

Remark 1.1. Instead of Uy one may use the operator Ujf : L*(Fx) —
L>(THN1), K € T,

Urg=go(mx)™", j=1,...,N—1

and obtain the operator H;(K) = UjKﬁ(K)U;‘K which is unitarily equiv-
alentto H(K).

1.5. The coordinate representation the NV -particle Schrodinger opera-
tor. In coordinate representation, the [V -particle Schrodinger operator acts

in lo((Z4)N=1) as follows:

~ A

H(K) = Hy(K)—-V. 1.7)
Here . R . .
Ho(K)=A, +--+Apy, + An(K), (1.8)
with
Afﬂl :\A1®fd®”'®[/\%7"'7A$N71 :[Ad®"'®fd®AN717
N-—1times N—1Emes
An(E) = e en(s)T(s) @ -+ @ T(s)
s€Z4 N_1times
and R A
V= Z Vtijv
i<j
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where,

(Vijf)(:vl,...,:cN,l) = 0;;(z; —xj)f(:cl, o TNa1), 1<i<ji<N-1,
(Vin ) (@1, xn_) = o5 () f@, .. anoq), 1<j<N-—1,

fe C((ZHN.

Remark 1.2. In what follows we call H(K), K € T¢ —the N -particle
Schrodinger operator. We abuse this “name” for the other representations
H(K) and H(K).

2. CLUSTER OPERATORS
2.1. Cluster decomposition.

Definition 2.1. A partition C' of the set {1,..., N} into nonintersecting
subsets C', (s, ..., Cy is called a cluster decomposition. Each C), is called
a cluster.

Let C' = {C1, (s, ..., C,} be acluster decomposition, and let the opera-
tor I be the sum of all potentials V;; with i and j belonging to different
clusters. Further we use the following notations: |C}| denotes the num-
ber of elements in C%, the symbol 5 € C' means ¢,5 € Cj for some
1 < k < ¢; analogously, the symbol ij ¢ C' denotes the situation in which
particles ¢ and j are in different clusters (i.e. i € C, and j € Cy with
a # () and #C denotes the number of elements in C, ie. #C = /;
besides, set VC = > Vi, [9= > V; =V -V,

ijec ijg¢C
Definition 2.2. The operator
HYK)=H(K)+1° KeT¢

acting in Lo ((T?)N~1) is called the cluster operator of the corresponding
cluster decomposition C.

2.2. The discrete Schrodinger operator corresponding to a cluster. Let
C., 1 < k <[ be a cluster in a decomposition C = {C4,...,C;} and
m, = |Cx|. Suppose C, = {ai,...,qy,.}. For k € T¢ we define the
d x (m, — 1) -dimensional manifold

IFZ‘“:{q:(ql,...,qu)E(Td)m“: G+ qm,. =k}

being homeomorphic to (T4)™~!. Define the operator hC (k)
Ly(Fy) — Lo ("),

hE (k) = (k) — 2%, @.1)
9



where

(A=) )1, - omy) = D €ai(P) F(P1, - m,)

aiecm
and
NC ~
vt = E Ve
a;,a;€CK,
o <o
with

(%iajf)(ph oy Pmy) = (277)d/2/Uaiaj(pi_%)f(plv vy iy DIt s - -

Td

Note that in view of (1.5) and (1.6), the operator defined by (2.1) is the
m,, -particle discrete Schrodinger operator associated with the Hamiltonian
of the system of particles C,.

2.3. Spectrum of cluster operators. Let K € T¢ and C = {C,...,C}
be a cluster decomposition. Instead H®(K) we consider the unitary-
equivalent fiber cluster operator

HE(K) : Ly(Fg) — Ly(Fg), H(K)= Ho(K)+ I

with 1¢ = > ‘7@-, where Ho(K) and ‘7” are defined in (1.5).

ij¢C
It is easy to see that
|C1] |Chl
IFK = |_| ]Fk X X Fkl = |_| IF(kla ; kl)
k1,...,k €T?, k1,...,k; €T
ki+-+k =K k1+-+k=K

Hence Hilbert space Ly(Fx) is decomposed into von Neumann direct in-
tegral

LQ(]FK) - / @LQ(F(kla R 7kl))dk7 (22)
Fitee k=K
where dk is a volume element of the manifold {(k,...,k) € (T4 :

ki+-+k =K} _
Since fiber cluster operator H¢(K) commutes with the decomposable
abelian group of multiplication operators by the function ¢, : Fx — C,

7pmn)sz

s(q) = exp(i(s1, Y _ qa))x--xexp(i(si, D ¢a)), 5= (s1,...,8) € (2,

aeCy a€eC)
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where ¢ = (q1,...,qn) € Fg, the decomposition (2.2) yields the decom-
position of the operator H(K) into the direct integral

HE(K) = / SH (ky,. .., k)dk, (2.3)
ki+-+k =K
where the fiber operator HC (ky, ..., k), (ki,....k) € (T acts in the
Hilbert space
Lo(F(ky,... k) = La(FS) @ - @ Ly(F)

as follows:

H(ky, ... k) =h (k) @ I (ky) @ -+ - @ IO (k) + - - - (2.4)
+ I (k) @ IO (ky) @ - - - @ B (Ky),

where [° i (k;) is identity operator in LQ(IE‘E]") and the operator 7 (k;) -
LQ(]FEj |) — LQ(]FL? |) is the my; -particle discrete Schrodinger operator
corresponding to the cluster C; (see previous subsection).

Theorem 2.1. Let C = {C},...,C,} be a cluster decomposition with | =

#C > 2 and K € T¢. Then for the spectrum o(HC(K)) of the cluster
operator HY(K) the relations

o(HYK)) = ous(HO(K) = |J  Ao(hD (k1) + -+ + 0 (h% (k))}
kit-+k=K 25)

hold, where A+ B={x+y: € A,y € B} for A,B CR.

Proof. For any ky, ...,k € T¢ using (2.4) and the theorem on the spectra
of tensor products of operators [15] we obtain

o(H ki, ... k) = {o(hC (k) + - - - + o(hC (k))}. (2.6)

Moreover the theorem on the spectrum of decomposable operators (see
e.g.[16]) together with (2.6) and (2.3) gives the representation

o(HOK) = |J  o(H (k... k).
k1,...,k €T?
ki++k =K

and the equality o(HC(K)) = 0es(HC (K)).
U

Let C ={C4,...,Cy} and D = {Dy, Ds,...,D,} be cluster decom-
positions, K € T¢.
11



Definition 2.3. We say C' is refinement of D and write C'> D if each D;
is a union of some C;’s.

Theorem 2.2. Let K € T9. Assume that C > D, C # D. Then
o (HO(K)) C o (HP(K)).

Proof of Theorem 2.2. For simplicity we omit the dependence on K :
HY .= HY(K) and Hy := Hy(K) Let A € 0(H®) = 0o5s(HC). Then
by Weil’s criterion there exists a sequence {f,} C (o((Z4)N-1) weakly
converging to 0 such that ||f,]| = 1 and ||(HC — \)f,|| — 0 as n — co.
Now by means of f,, we build the sequence {g,} C l>((Z4)N~1) such that
gl =1 and [|(HP = N)g,|| — 0 as r — oc.

Let ¢ : [0,00) — R be a Holder continuous function of order § such
that |¢(¢)] <1 and

1, t>2
t: ) — )
v {O, 0<t<1.

Using v define the function:

prRYNTT SR, pyr,uv) = [ (s —wils)
ij¢C

with yn = 0 € R%. Recall that the states in the range of p are such that the
distance between any pair {i,j} one from C, and other from Cjy, o # 8
is larger than 1.

Observe that since ¢ is bounded and Holder continuous of order ¢, so
is p. Let C, be an Holder constant of p.

For r € N we define the function

pr: (ZHNTN SR, pe(y) = ply/r).

Let R, denote the multiplication operator by p, in fo((Z%)V~1). Observe
that supp (1 — p,) is finite, and, thus, for any r € N the operator [ — R,
is compact.

Since f, weakly converges to zero, there exists N(r) such that ||(I —
R.)full < 1/2 forall n > N(r). This and the relation

L= Ifull < 11 = R Full + IR o

imply that ||R, f,| > 1/2 forall n > N(r). We can assume that N (r)
is monotonously increasing. Now choose the sequence of natural numbers
ny < mg < ... such that n, > N(r) and consider the sequence g, =

Rofo /| RS || € L2((Z4N-1). Note that for any f € lo((Z4)N-1) we
12



have
| <9 f>1< 2 <Rifu, f>]=2/< fo, Ref > <
2/ fo, MR fI] = 2[R fll = 0
as r — oo and hence g, weakly converges to 0.
By definition
=it - Y W
ijeD,ij¢C

Note that V;;R, = R,.V;; and, so, VPR, = R,V". Then

Herm«H(HD - )‘)gr :RT(FIC - )‘)fm« + [HO;RT]fm_

Z ‘A/inrfAnT

ijeD, ij¢C
and since ||R,f,, || > 1/2 we have
G = Mgl 2[R (H = M) o, I+
+ 2| [Ho, Rl fu, ||+
+2 ) VyRefull

ijeD,ij¢C
Since p, is bounded,
IR (HE = A) fu || < Mlprllocl[(HE = A) fu, |

and so
lim [[R,(H = N)f,, || = 0.

Further according to Lemma A.1

iR < & z [z pane ] |
and, thus,
lim (o Ry,
Now take any ij € D, ij ¢ C. By Remark A.1
Vi Rell < llpllso sup [23(y)|-

lyl+>r

Since sup |0;;(y)| — 0 as r — oo,
lyl+>r

lim [V R, | = 0.
13
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Now relations (2.7)—(2.10) imply
lim [|(H” = A\)g.[| = 0.
Since g, weakly converges to 0, Weil’s criterion implies that A €
Oess(HP). Theorem 2.2 is proved. O
Remark 2.1. Theorem 2.2 implies that o(HP (K)) C 0es(H(K)) for any
cluster decomposition D, #D > 2.
3. MAIN RESULTS
The main result of this paper is the following analogue of HVZ theorem.

Theorem 3.1. Fix K € T?. Assume Hypothesis 1.1. Then for the essential
spectrum oess(H(K)) of the operator H(K) the following relation holds:

vs(H(K) = |J oHP(K)= |J oH"(K)),
DEE, #D>2 DEE, #D=2

where Z is the set of all cluster decompositions.
Proof of Theorem 3.1. The relation

U ow?m)= J o@#H"(K)

DEE, #D>2 DEE, #D=2

is a simple consequence of Theorem 2.2. Moreover, due to Remark 2.1

ol HE) D | o(H”(K))

DEE, #D>2
Now we prove
Oess(H(K)) Coo= | ] o(HP). 3.1)
#D>2

It is enough to show that o(H (K)) is discrete on the complement of o..
The main tool of proving inclusion (3.1) is the functional equation of S.
Weinberg and C. van Winter for the resolvent G(z) = (H(K) — z)™".

Let Go(z) = (Ho(K) — z)~'. Observe that for any interaction V;; the
relation

lim [|Vi;Go(2)]| =0

Rez——o0
holds.

Let M < 0 be such that ||Go(2)Vi;]| < 2/(N(N —1)) forall i < j
if Rez < M. Thus, for Re z < M, the iteration solution of the resolvent
equation

G(z) = Go(2) + Go(2)VG(2)
14



exists and is given by the series

Gz)=), D, Gol)VaiGol2)Viss - - Go(2)Viju Gol2), (3.2)
n=0 (i151),.,(indn)

which converges absolutely in the sense of operator norm. As

in [3], [1] and [16], we define the graph representing the term

Go(2)Vi s Go(2)Vigjy - - - Go(2) Vi, Go(2) of the series (3.2) to consist of

N horizontal lines (“particles”) and n vertical lines (“interactions’) link-

ing just the pairs of particles i171,...,%,J, from left to right (see Figure
1).
1
2
3
N-1
N

FIGURE 1. Graph representing the term of series (3.2)

Each graph G consists of a certain number & of connected parts (1 <
k < N) — only the endpoints of the interactions counting as connections —
and thus defines a cluster decomposition D(G) of length k : two particles
belong to the same cluster if their lines belong to the same connected part of
G. Recall that Dy, > D; (k > ) means that each cluster in D; is a union
of clusters in Djy. A graph G is called D;-disconnected if Dy(G) ¥ D,
i.e. none of the interactions of G link different clusters of D;. Identifying
graphs with terms in the series (3.2), we find, for Re z < M,

Z(all D; -disconnected graphs) = (Hp, — 2) ™' = Gp,(2). (3.3)

Suppose G has [ links. Denote by Gy, ..., G, the diagrams obtained
by keeping first O,...,[ links counting from left. Then consider distinct
cluster decompositions Dy, ..., D, among D(GYy),..., D(G;). Here D,,
has exactly m clusters. We write S(G) for the associated string of G :

S(G)=(Dn,Dn-1,..-,Dy), Diza>Ds;, N=>k>1, (3.4)
15



where Dy, is the decomposition corresponding to the whole graph accord-
ing to (a). We recall that if £ = 1 then the string is called connected and
disconnected if k > 1. k is called index of S and we write i(S) = k.

In this way, each graph G uniquely determines a sequence S(G) of
type (3.4). To sum up all diagrams, we first sum all diagrams with the same
associated string S. Any graph of this class has the form

i [(any interaction linking different ) <any D;-disconnected )]
G []

S clusters of D, but not of D; graph

(3.5)
where the “factors” are ordered from left to right as ¢ decreases. By (3.5)
and (3.3), this yields

Gs(z) = Z(all graphs of class S) =

k sum of all potentials sum of all
=G H linking different clusters D;-disconnected =
i=N-—1 of D, but not of D; graphs

:GDN (Z)VDNDN—IGDN—I (Z)VDN—lDN—2 s VDk+1DkGDk (Z>7

where Gp, (z) = Go, Vp,p, , = IP" — I[Pt and I" is defined in sub-
section 3.1.

The remaining finite sum over associated strings is carried out in two
steps: first, we sum over all S = (Dy, ..., Dy) with k > 2. This is the
sum of all disconnected graphs and defines the disconnected part D(z) of

G(z):
D(z)= Y Gs(2)
all S with k> 2

Similarly, we obtain the connected part C'(z) by summing over all S with
k =1 (sum of all connected graphs):

Clz)= > Gsl).
all S with k=1
Noting that each term of last sum ends with a factor Gp, (z) = G(z), we
finally arrive at

G(z2) =D(2)+C(z) = D(2) + 1(2)G(z), (3.6)

[(Z) = Z CTYDN <Z>VDNDN—1GDN—1 (2) s GDz (Z)VDle- (3.7)

all S with k=1

Remark 3.1. According to Theorem B.1, the operator Go(z)Vi,j, ... Go(2)V;

is compact if and only if the corresponding graph is connected. We recall
16
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that for Re z < —M the operator
GDN (Z)VDNDN—lGDN—l (Z) s GD2 (Z)VDQDl

is a norm convergent sum of the operators corresponding to the connected
graphs, and thus it is a compact operator.

Observe that I(z) and D(z) are defined for all z ¢ o, and are bounded
operators, but the functional equation (3.6) for G(z) is established so far
only for Rez < M. Since V;;Gp(z) is holomorphic in C \ o, for all ij
and for all cluster decompositions D € =, the operator-valued functions
I(z) and D(z) can be analytically extended to z € C \ o.. Thus, by
analytic continuation, (3.6) extends to any z ¢ o.Uo(H(K)) = o(H(K)).
By definition of I(z) it is easy to see that

Llim (1)) =0

Lemma 3.1. The operator 1(z) is compact for all z ¢ o..

Proof. Since
I(Z) = Z GDN (Z)VDNDN—IGDN—l (Z) e GDz (Z)VD2D1

all S with k=1
consists of the sum of finitely many compact operators for Rez < —M.
By analyticity [(z) is compact for all z ¢ o, (see Theorem XIIL5 in
[16]). O

Since I(z) is a compact-valued operator function on C\ o, and I —1(z)
is invertible if z is real and very negative, the analytic Fredholm theorem
implies that there is a discrete set S C C\ o, so that (I — I(z))~" exists
and is analyticin S C C\ (o, U S) and meromorphic in S C C\ 0. with
finite rank residues. Thus

(I =1(2)"'D(2) = f(2)
is analytic in C \ (0. U S) with finite rank residues at points of S. Let
z ¢ S, Imz # 0. Then, by (3.6), f(2) = (H(K) — z)~!. In particular,
f(2)(H(K) — 2)¢p = ¢ forany ¢ € Ly((T¢)N~1). By analytic continua-
tion, this holds for any z ¢ SUo,. This proves that o(H (K))\ 0. consists
of only isolated points with the edges of segments of . as possible limit
points. Finally, since (H(K) — z)~' = f(z) has finite rank residues at any
point A € S, we conclude that spectral projection

Py = (—2i)"! f (H(K) — 2)~Adz

|z—X|=¢
is finite dimensional, i.e. any A € o(H(K)) \ 0. is in oaisc(H(K)). This
concludes the proof of Theorem 3.1. U
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APPENDIX A. SOME PROPERTIES OF OPERATORS HO(K ) AND 1

Fix K € T Let ¢ : (R)¥~! — R be a bounded Holder continuous
function of order 9 :

[¢(z) = o) < Clo —yl’, (A1)
where C' > 0 is some constant and z,y € (R%)V~!. Define the sequence
¢: (ZHYNP SR, ¢p() = p(z/r), r=1,2,....

Since ¢, are bounded, the operators ®, Hy(K), and Hy(K)®, are well-
defined, where ®, is a multiplication operator by ¢,..
We recall that according to Hypothesis 1.1 > |y|% |£;(y)| < oo for all
Yy

i=1,...,N.

Lemma A.1. Forany r € N
. o X
r
Jj=1 y

Proof of Lemma A.1. For y € Z? let us introduce

T =L - QLRTYR® @1 j=1,... N—1,

j—1times N—j—1times

Tn(y) =" " T(y)©---2T(y).

-

N—1times

Then

with A, := Ay(K). By the subadditivity of the norm one has

TN

N
[[Ho(K), @] < ||[As,, @]
j=1
Now it is enough to prove that
. C X
1A, @[ < 5 > Iyl 1)) (A2)
Yy

Let f, g € {5. Note that
[T5(y), @, ()] f () = (T;(y)6,(x) = ¢ (@) - Ty(y) f ().

18



Then

([As,, @0F, 901 < > ()]

z€(ZA)N-1

X Y &) 1T () (x) = ér(2)] - 1T5(y) f(2)]:

By (A.1) we get

C 0
T, (0)0 () — 00(@)] < 14
Consequently,
(A, @11, 3) |<— Yo D WEWI T )] - 1g()] =
ZdN 1y
Zm Ml2 D> 1L @) 15)]
ze(zZd)N-1

According to
Y. LW @) 9@ < 1A 191,
z€(Z4)N-1

we get

R R C R
1([As,, @], 9)| < = (Z \y|‘i|éj(y)!> 1A 1G]l
Yy

Now (A.2) follows from the fact that
1Al =" sup  [{Af,g)l

fi9
[1f11= HgH 1

where A : ’H — 'H is linear bounded operator.
O

Remark A.1. Let ¢ : RY — R be bounded function with support {x €
R?: |x|. > 1}. Define the sequence

Yo 2SR (o) =y(/r), =12

For fixed 1,5 € 1, N, © < j let V,. denote the multiplication operator by
the function .. (y; — y;) in Lo((ZH)N7Y), here yn = 0. Then

Vi Well < A sup [oy(2)],

€24, |24 >

where A = sup |¢(z)|.
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APPENDIX B. CONNECTEDNESS OF THE GRAPH

We begin with the following proposition.

Proposition B.1. Let E : (TY)N"! — C be a continuous function
with Fourier coefficients E € (,((Z")N-Y). Assume that Gy is multi-
plication operator by the function E(-) in Lo((TYH)N1) and let T =
Vo Go ... GoVa,p,, o, 0; € {1,...,N}, o < B;. If we formally define
the graph G corresponding to this operator and if this graph is connected,
then T' is compact operator.

Proof. In order to show that the operator 7' is compact it is enough to prove
that the operator

T = f;,l_leN_1 = Val& Go Ce CA?O\A/%@L

is compact, where @0 = .7-"]\_,1_1G0.7:N_1.

In order to prove that T is compact we show that the image T(B) of
unit ball B C £,((Z%)N~1) is precompact. So it is enough to prove that for
any € > 0 there exits R = R. such that

Ap(f)= Y WTH)P <e

uniformly in B.
Since || f|| < 1, from the definition of G and V;; one can easily check
that

Ay <sp Y [[E@9)x

[ZI>R ) 1) =1

n j—1 i—1
X H Va3, (m + jz: w‘”) — (x + JZ w(i)>
j=1 i=1 o i=1 8

J

2

Let M = maxsup |0;;(z)| < co. For L > 0 we define
() x

B ={x=(21,...,2m) € (ZHYN"D)™: |zg|o < L,i=1,...,n}.
Since E € (1, the series
n—1
A= Z HE(w(j)>2

w) . wh=1) j=1

20



is convergent. Thus for given € > 0 there exists L = L. > 0 such that

n—1

> e < 5m

we((zd)Nfl)n—l\BZ—l j=1

here w = (w®, ..., w™Y). Hence

> ﬁ E(w?)?x

we((zd)Nfl)nfl\BZ—l 7j=1

X

IN
TR

n 7j—1 j—1
@ajﬁj <l’ + Z w“)) — (:)3 —+ Z w(1)>
= =1 =1

7j=1

&

B;

Now consider the finite sum

> ﬁE(w(j))zx

w63271 Jj=1

n —1 i—1
x [ Pas, (m - ]Z w(”> — (x + ]Z w(i))
Jj=1 i=1 i=1

First we prove that since G is connected if x — oo, then at least one
of |24, —x4,|; tends to co. Assume the converse. Let there exist Ry > 0

Qj

Bj

such that |z, — x|+ < Ry for each j = 1,...,n. Then since G is
connected and zx = 0, one can easily show that |z,,[; < NRy and so
x € BYp. which contradicts to 2 — co.

Since ¥4,4,(y) — 0 as y — oo forall j =1,...,n, choose r =r. >0

such that for |y|. >

£
< 2AM2n—2’
21

Sup (7,5, (1) j=1,....n.

lyl+>r



Jo—1

Then provided that |z| > Nr 4+ nL (and so |(z + > w),, — (z+
i=1 ‘
Jjo—1
> w)g | > for some jo = jo(x)), we get
i=1
n—1
| IS
weBY Lj=1
n Jj—1 j—1
X H @a]ﬁj (l’ + Z w(l)> — <£ + Z w(l)) <
j=1 i=1 o i=1 3

n 7—1 j—1
X H ’[)Oéjﬁj (93 + Z w(i)) — ([E + Zw(ﬁ) <
J=1, 5o i=1 o / 3
IS
< -
_2AM27”L*2

Consequently,

_AMQn—2 — E
5

~

ANr+nL(f) S €

uniformly in B. Thus 7'(B) is compact. O
Fix K € T and z ¢ o..

Theorem B.1. Let T = Go(2)Va5,Go(2)...Go(2)Va,p,, «;,0; €
{1,...,N}, a; < f;, be the operator corresponding to the graph G.
Then T is compact if and only if G is connected.

Proof. Assume that GG is not connected and corresponding cluster decom-
position is D(G) = {Dy,..., D;} with [ > 2. Without loss of generality
we may assume that N € D,. We define the abelian group of unitary oper-
ators U, s € Z% in Ly((T%)N~1) as follows:

(Us£)(p) = exp(is, D pa)) f(p)-

a€Dq

Itis easy to see that the operators V3, j =1,...,n and Go(z) commute
with U,. Hence T' commutes with U;. Moreover, Riemann-Lebesgue the-
orem implies that U, — 0 weakly as s — oo. Take fy € Ly((T4)N™1)

such that || fo]| = 1 and T'(z)fo # 0. Then U, fy — 0 weakly as s — oo.
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But since U, unitary and commutes with 7' we have

IS = VLTS = T ol £+ 0.

Hence T is not compact.

Now assume that G is connected. Set F = (€ — z)~!. Since E is con-
tinuous on (T¢)V~!  according to [37] there exists a sequence of trigono-
metric polynomials P, : (TH)N~! — C, s = (s1,...,5y_1) € N? such
that P; converges uniformly to £ as s — oo. Clearly, P, = FyL P €
01((Z4)N=1). Let G§ denote the multiplication operator by the function
P,. Note that G converges to G(z) in operator norm.

Define the sequence of operators

TS = GSValﬁl Gg ce VOC'rLﬂn GS

According to proposition B.1, T, is compact. Since Gy(z) and V;; are
bounded operators and n is finite, 75 — 7' in operator norm, implying 7'
is also compact.

O
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