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Abstract

We investigate the existence of local holomorphic solutions Y of linear partial differential equations in
three complex variables whose coefficients are holomorphic on some polydisc in C? outside some singular
set ©. The coefficients are written as linear combinations of powers of a solution X of some first order
nonlinear partial differential equation following an idea we have initiated in a previous work [20]. The
solutions Y are shown to develop singularities along © with estimates of exponential type depending
on the growth’s rate of X near the singular set. We construct these solutions with the help of series
of functions with infinitely many variables which involve derivatives of all orders of X in one variable.
Convergence and bounds estimates of these series are studied using a majorant series method which leads
to an auxiliary functional equation that contains differential operators in infinitely many variables. Using
a fixed point argument, we show that these functional equations actually have solutions in some Banach
spaces of formal power series.
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1 Introduction

In this paper, we study a family of linear partial differential equations of the form

(1) Y (t,z,w) = Z(al,k(t,z,w)ﬁtﬁﬁ,Y(t,z,w)
keS
+ ag i (t, 2, w)@z@lij(t, z,w) + a3 i (t, 2, w)@ff)Y(t, zZ,w))

for given initial data %Y(t,z,O) = pj(t,2), 0 < j < S —1, where S is a subset of N? and §
is an integer which satisfy the constraints (118). The coefficients a, ;(t, z,w) are holomorphic
functions on some domain (D(0,7)2\0)x D(0,w) where © is some singular set of D(0,7)? (where
D(0,6) denotes the disc centered at 0 in C with radius ¢ > 0) and the initial data ¢;(t, z) are
assumed to be holomorphic functions on the polydisc D(0, 7).

In order to avoid cumbersome statements and tedious computations, the authors have chosen
to restrict their study to equations (1) that involve at most first order derivatives with respect
to t and z but the method proposed in this work can also be extended to higher order derivatives
too.

In this work, we plan to construct holomorphic solutions of the problem (1) on (D(0,7)?\
©) x D(0,w) and we will give precise growth’s rate for these solutions near the singular set ©
of the coefficients a,, x(t, z, w) (Theorem 1).

There exists a huge literature on the study of complex singularities and analytic continuation
of solutions to linear partial differential equations starting from the fundamental contributions of
J. Leray in [15]. Many important results are known for singular initial data and concern equations
with bounded holomorphic coefficients. In that context, the singularities of the solution are
generally contained in characteristic hypersurfaces issued from the singular locus of the initial
conditions. For meromorphic initial data, we may refer to [3], [8], [24], [25] and for more
general ramified multivalued initial data, we may cite [9], [10], [26], [31]. In our framework,
the initial data are assumed to be non singular and the coefficients of the equation now carry
the singularities. To the best knowledge of the authors, few results have been worked out in
that case. For instance, the research of so-called fuchsian singularities in the context of partial
differential equations is widely developed, we provide [1], [2], [7], [22] as examples of references
in this direction. It turns out that the situation we consider is actually close to a singular
perturbation problem since the nature of the equation changes nearby the singular locus of it’s
coefficients.

This work is a continuation of our previous study [20]. In the paper [20], the authors focused
on linear partial differential equations in C2. They have constructed local holomorphic solutions
with a careful study of their asymptotic behaviour near the singular locus of the initial data.
These initial data were chosen to be polynomial in ¢,z and a function u(t) satisfying some
nonlinear differential equation of first order on some punctured disc D(tg,r) \ {to} € C and
owning an isolated singularity at ¢ty which is either a pole or an algebraic branch point according
to a result of P. Painlevé. Inspired by the classical tanh method introduced in [21], they have
considered formal series solutions of the form

(2) ult,z) = Y wilt,2)(u(t))

>0

where u; are holomorphic functions on D(tg,r) x D where D C C is a small disc centered at
0. They have given suitable conditions for these series to be well defined and holomorphic for
t in a sector S with vertex ty and moreover as t tends to tg the solutions u(¢, z) are shown to



carry at most exponential bounds estimates of the form Cexp(M|t — to|#) for some constants
C,M,p> 0.

In this work, the coefficients a, ;(t, z,w) are constructed as polynomials in some function
X(t, z) with holomorphic coefficients in (t, z,w), where X (¢, z) is now assumed to solve some
nonlinear partial differential equation of first order and is asked to be holomorphic on a domain
D(0,7)? \ © and to be singular along the set ©. The class of functions in which one can
choose the coefficients a,, 1 (t, z, w) is quite large since it contains meromorphic and multivalued
holomorphic functions in (¢, z) (see the example of Section 2.1).

In our setting, one cannot achieve the goal only dealing with formal expansions involving
the function X (¢, z) like (2) since the derivatives of X (¢, z) with respect to ¢ or z cannot be
expressed only in term of X (¢, z). In order to get suitable recursion formulas, it turns out that
we need to deal with series expansions that take into account all the derivatives of X (¢, z) with
respect to z. For this reason, the construction of the solutions will follow the one introduced
in a recent work of H. Tahara and will involve Banach spaces of holomorphic functions with
infinitely many variables.

In the paper [27], H. Tahara introduced a new equivalence problem connecting two given
nonlinear partial differential equations of first order in the complex domain. He showed that
the equivalence maps have to satisfy so called coupling equations which are nonlinear partial
differential equations of first order but with infinitely many variables. It is worthwhile saying that
within the framework of mathematical physics, spaces of functions of infinitely many variables
play a fundamental role in the study of nonlinear integrable partial differential equations known
as solitons equations as described in the theory of M. Sato. See [23] for an introduction.

The layout of the paper is a follows. In a first step described in Section 2.2, we construct
formal series of the form

h «a
® U w) = 3 dalt, = (50 Gy )0

a>0

solutions of some auxiliary non-homogeneous integro-differential equation (13) with polynomial
coefficients in X (¢, z). The coefficients ¢, o > 0, are holomorphic functions on some polydisc
in C**3 that satisfy some differential recursion (Proposition 1).

In Section 2.3, we establish a sequence of inequalities for the modulus of the differentials
of arbitrary order of the functions ¢, denoted ¢ ng i (1n)o<n<n fOF all non-negative integers
a,ng,ni,lp with 0 < h < «a (Proposition 2). In the next section, we construct a sequence of

coefficients Yo ng ny,(1n)o<n<. Which is larger than the latter sequence

Pa,no,n1,(ln)o<h<a < wmnomh(lh)oghga

for any non-negative integers «, ng,n1,l, with 0 < h < o and whose generating formal series
satisfies some integro-differential functional equation (37) that involves differential operators
with infinitely many variables (Propositions 3 and 4). The idea of considering recursions over
the complete family of derivatives and the use of majorant series which lead to auxiliary Cauchy
problems were already applied in former papers by the authors of this work, see [14], [17], [18],
[19], [20].

In Section 3, we solve the functional equation (37) by applying a fixed point argument in some
Banach space of formal series with infinitely many variables (Proposition 10). The definition
of these Banach spaces (Definition 2) is inspired from formal series spaces introduced in our
previous work [20]. The core of the proof is based on continuity properties of linear integro-
differential operators in infinitely many variables explained in Section 3.1 and constitutes the
most technical part of the paper.



Finally, in Section 4, we prove the main result of our work. Namely, we construct analytic
functions Y (¢, z,w), solutions of (1) for the prescribed initial data, defined on sets K x D(0,w)
for any compact set K C D(0,7)? \ © with precise bounds of exponential type in term of
the maximum value of |X(t,z2)| over K (Theorem 1). The proof puts together all the con-
structions performed in the previous sections. More precisely, for some specific choice of the
non-homogeneous term in the equation (13), a formal solution (3) of (13) gives rise to a formal
solution Y (¢, z, w) of (1) with the given initial data that can be written as the sum of the integral
0,°U(t, z,w) and a polynomial in w having the initial data ¢; as coefficients. Owing to the
fact that the generating series of the sequence 1y 1o ny,(1))0<p<n» SOMUtion of (37), belongs to the
Banach spaces mentioned above, we get estimates for the holomorphic functions ¢, with precise
bounds of exponential type in term of the radii of the polydiscs where they are defined, see
(136). As a result, the formal solution U(¢, z,w) is actually convergent for w near the origin
and for (¢, z) belonging to any compact set of D(0,7) \ ©. Moreover, exponential bounds are
achieved, see (137). The same properties then hold for Y (¢, z, w).

2 Formal series solutions of linear integro-differential equations

2.1 Some nonlinear partial differential equation

We consider the following nonlinear partial differential equation

d
(4) O X(t,2) = alt,2)0.X (t,2) + Y _ ap(t, 2)XP(t, 2)
p=0

where d > 2 is some integer, the coefficients a(t, ), a,(t, z) are holomorphic functions on some
polydisc D(0, R")?2 C C? such that aq(t, 2) is not identically equal to zero on D(0, R')2.

Notice that the equation (4) can be solved by using the classical method of characteristics
which is described in some classical textbooks like [4], p. 118 or [6], p. 100. However, the
solutions of (4) cannot in general be expressed in closed form. Nevertheless, we can mention
some general results concerning qualitative properties of holomorphic solutions to equation (4)
and even to more general first order partial differential equations of the form

(5) ou(t,x) = F(t,x,u(t,z), 0zu(t,z))

for (t,z) € CxC" where F is some holomorphic function and n > 1 an integer. For the construc-
tion of holomorphic functions to (5) with singularities located on some specific hypersurfaces
(like {t = 0}), see [28] and [29]. For the existence of local multivalued holomorphic solutions
ramified around some singular sets, we may refer to [11] and [13]. Concerning the study of the
analytic continuation of singular solutions bounded on some hypersurface, we cite [30] and with
prescribed upper estimates, we quote [12] and [16].

In this work, we make the assumption that (4) has a holomorphic solution X(¢,z) on
D(0,R")?\ © where © is some set of D(0, R')? (© will be called a singular set in the sequel).

In the next example, we show that a large class of functions can be obtained as solutions of
equations of the form (4).

Example : Let n > 1 be an integer and let g : D(0, R')?> — C be a holomorphic function which
is not identically equal to zero. We consider

ania(t,2) = = (0:9(t.2) ~ Dig(t, 2))



which defines a holomorphic function on D(0, R')2. Then, the function X (¢,z) = 1/(g(t, 2))"/"
is a holomorphic solution of the equation

X (t,2) = 0.X(t,2) + any1(t, 2) X" (¢, 2)

on D(0,R')?\ © where © is the singular set defined by © = {(t,2) € D(0, R")*/g(t,2) € Ly}
and Ly is some halfline Ry e with § € R depending on the choice of the determination of the
logarithm.

2.2 Composition series

Let X be as in the previous subsection. In the following, we choose a compact subset Ky with
non-empty interior of D(0, R)?\ © for some R < R’ and we consider a real number p > 1 such
that
sup | X(t,2)| < p/2.
(t,z)eKo
Let K & Ko be a compact set with non-empty interior Int(K’). From the Cauchy formula, there
exists a real number v > 0 such that

0LX (t, 2)|
(©) sp  ZXGA
(t,2)€Int(K) hlvh
for all integers h > 0. For all integers o > 0, we denote I(a) = {0,...,a}. We consider a

sequence of functions ¢ (vo, v1, (Un)ner(a)) Which are holomorphic and bounded on the polydisc
D(0, R)* e 1(a)D(0, p), for all a > 0.
We define the formal series in the w variable,

8hX t, o
@ Ut zw) = 3 dult o () )

hlvh
a>0

For all @ > 0, we consider a holomorphic and bounded function @q(vo, v1, (un)her(a)) on the
product D(0, R')*M,e1(a)D(0, p). We define the formal series

- . ohX(t,z w®
© otz w) = Y gl 5 (), )

a>0
Let S be a finite subset of N and let S > 1 be an integer which satisfies the property that
(9) S >k

forallk € S. Forall k € S, m = 1,2, 3 and all integers & > 0, we define a function b, i o (¢, 2, uo)
which is holomorphic on D(0, R/ )2 x C and satisfies estimates of the form: there exist two
constants Dy, ;. > 0, D, ;, > 0 and an integer d,, ;, > 0 such that

(10) sup b ka(t, 2, w0)| < Di pp™ Dy, !
[t|<R!,|z|<R',|ug|<p

for all @« > 0, all p > 1. In particular, each function wy — by, k.o (t, 2,u0) is a polynomial of
degree at most d,, k. for all (t,2) € D(0, R')?. Finally, for all k € S, m = 1,2, 3, we consider the
series

(11) bmktZUO, mekatZ’UO
a>0

which define holomorphic functions on D(0, R')? x C x D(0,@), for any 0 < @ < 1/Dy, 1.



Proposition 1 Assume that the sequence of functions (¢q)a>0 satisfies the following recursion

(12)

QSQ(UO, U1, (uh)hEI(a)) Z Z bl,k,al (U()a U1, UD)

ol ol
keSS a1 tas=a,a0>S—k

ol a(vg, v
+ Z ( Z M(b"‘l)VulQ-i-l

lllljll
jel(az+k—S) litla=j

avo(ﬁaerk*S(UO? U1, (uh)hel(a2+k75))
OéQ!

J 4
RS aﬁ‘fap(vo,m)np )an¢a2+k—S(U07U17(uh)hel(aerka))

- - _ U4
]O!VJO =177 0421

+ Z Z b2, k01 (;?; U1, Up)

keS a1+as=a,a0>S—k
y (avl Pay+k—5(V0, V1, (Un)he(astk—5))

p=0 j0+-~-+jp:j

042!

Ou; Pay +k—5(V0, V1, (Un) hel(an+h—S))
CVQ!

+ Z (J+ Dvujpa

jel(op+k—S)

b3 e (00,01, U0)  Pag+k—5(v0; V15 (Un)her(an+h—5))
DD x

Otl! 012!
keS a1tas=a,a2>S—k

@a(v0, V1, (Un)her(a))
al

_l’_

for all o > 0, all vo,v1 € D(0,R), all up, € D(0,p), for h € I(«). Then, the formal series
U(t, z,w) satisfies the following integro-differential equation

(13) U(t,z,w) => (biit,z, X(t, 2),w)0:0, U (t, 2, w)
keS
+ba i (t, 2, X (t, 2), w)828;S+kU(t, z,w) + b3 i (t, z, X (t, 2), w)@;s+kU(t, z,w)) + @(t, z,w)
for all (t,z) € Int(K), where 0, denotes the m-iterate of the usual integration operator f(;”[.]ds

Proof We have that

b3 k(t, 2, X (t, 2), w)0, T FU (L, 2, w)

hX(t,
‘b3,k‘,a1 (ta Z, X(t7 2)) d)ag—‘,-k—S(t) 2, (Z}LT(ZZ))hEI(az-HC—S)) w®
=> > o - o~ o
a>0 ajt+as=a,a2>S—k 1 2 )
and we also see that
bai(t, 2, X (t, 2), )00y, TFU (¢, 2, w)
a agX(tvz) o
B Z( Z a'b2’k’a1 (t,z,X(t,Z)) Z(¢O¢2+k—s(t7’z7 ( hlyh )hEI(O&Q-f—k—S))))w*
- ' a;! sl al

a>0 ajtas=a,a2>S—k



with
NX(t,z Xtz
92 (Past+k—s(t; 2, (h!l(/h))hel(az—i-k—s))) = (Ov1 Pas+k-5)(1; 2, (h!l(jh))hel(ag-&-k—s))
X (t,2) X (t,2)

+ Z G+~

7(8u¢a +k75)(t7 2, (
1,,7+1 J 2
jel(az+k—S) (‘] 1)‘1/]

W)hel(angka))a

for all (¢, z) € Int(K). We also get that

bii(t,z, X(t, z),w)@t@;SJrkU(t,z,w)
h z
S bt k-5) e

— Z( Z a!bl,k,m (t,z,X(t,2)) O (Pay+k—s(t, 2, ( = :

aq! !

a>0 ajtas=a,a2>S—k
with

oIX(t,z oMX(t,z
0Gasshs(t: 5 () i) = Ot ) 2 () i)

02X t,z X (t, 2
+ ) tj,yg»)(auj Pantk—5)(t; 2, (hll(/h))hel(az-i-k—s))’
j€I(ag+k—S) ' ’

for all (¢,z) € Int(K). Now, from (4) and the classical Schwarz’s result on equality of mixed
partial derivatives, we get that

d

0 X (t, o, X (¢, 1 .
d j!yg 2 _ ;!V(j 2 _ o0t 20X (1,2) + 3 an(t, 2)XP (1, 2))

p=0
and from the Leibniz formula, we can write

9a(t, )

lﬂVll

1 Ol HLX (¢, 2)
li+la=j
and 4 .
Ohay(tz) |, HX(1.2)
=1

a1 )X () = Y

ez . o
Jo+-.-+ip=J

jo!VjO jl!le
for all (¢,2) € Int(K). Finally, gathering all the equalities above and using the recursion (12),
one gets the integro-differential equation (13). O

2.3 Recursion for the derivatives of the functions ¢,, a > 0

We consider a sequence of functions ¢q(vo,v1, (Un)ner(a)); @ = 0, which are holomorphic and
bounded on some polydisc D(0, R)QHhE](a)D(O, p) for some real numbers R > 0 and p > 1 and
which satisfy the equalities (12). We introduce the sequences

(14) (Pa,no,nh(lh)hej(a) = sup |8gooagf Hhe[(a)afﬁbgba(vm U1, (uh)hél(a))|

‘U0|<R7‘Ul |<R,|uh|<p,h€I(a)



for all ng,ny >0, all i, > 0, h € I(«), for all @ > 0. We define also the following sequences
(15) bm,k,a,no,nl,lo = sup |811;L(? 81?11 87500 bm,k:,a (UOa U1, U0)|,
|v0\<R,\U1\<R,\u0|<p

" — 0 QN1 [ ~
Wa,no,mi,(ln)her(a) — sup ‘avo Dy Hhef(a)auhwa (vo, v1, (Uh)hel(a))‘
‘U0|<R7|vl|<R7|uh|<p7hel(a)

form=1,2,3 and k € S. We put

3f,1la(vo, v1)

(16)  Aj(vo,v1, (Wn)herasn) = D (l2 + Dvug, 11

101
iy 1l
p .
A ap(vo,v1)
+ 0 Oy,
pz=t:)jo+.§pj oo L
and
(17) Bj(vo, v1, (un)ner(a+1)) = (J + Druja

for all j € I(a), vo,v1 € D(0,R') and uy, € C, h € I(«). We define the sequences

— 10 G Ih A,
Aj,a,no,nl,(lh)hel(a+1) - sup |8’U0 avl Hhe[(a)auhA] (UO’ U1, (uh)hel(a+1))|
|1}0|<R’|U1|<R’|uh|<pzh€1(a)

and

_ n0 Hn1 Ih B,
Bj,a,no,n1,(lh)hel(a+1) - sup ‘avo 81)1 HhEI(a)auhB] ('Uo, U1, (uh)hEI(a-i-l))‘
IUO|<R7|U1|<R7|uh|<p7hel(a)

forall j € I(«), all ng,ny >0, alll, >0, h € I(a+1), for all « > 0. We also recall the definition
of the Kronecker symbol &y ; which is equal to 0 if [ # 0 and equal to 1 if [ = 0.



Proposition 2 The sequence Pa,no,n1, (1) her(e satisfies the following inequality:

(18) Panomny,(n)her(a) < Z Z no!nl!nhel(a)lh!
| : : | | | ITI L 110 5!
k€S ajtag=ang 1+ng 2=ng,n1 1+n1 2="n1 0,1:700,2:11,1-701,2- 1 he I () h,1-h,2
ag>S—k Ip,1+ip, 2=t hel(@)

b17k7a17n0,17n1,1,lo,1 II 5 Pag+k—=S,ng,2+1,n1,2,(
hel(a)\{0}00,l;,1 X

lh,2)hel(ag+k—S)
, m,
el

a! ) (@)\I (a2 +k—85) 0,152

nolnllﬂhel(a)lh!
" Z Z no,1!mo,2!mo,3!m1,1!ma 2!ma 3 M yer(a)ln,1 e 2! 3!
j€l(az+k—S) no,1+n0,2+10,3=n0,71,1+71,2+n1 3=n] ’ ’ ’ ’ ’ ’ ’ ’ ’
Uy 1+, 2+ 3=1p hEI(a)

bl,k’,oq,no,l,nl,l,l()’l]:[ 5 < A
! hel(a)\{0}90,l 1 Jraa+k—S+1,m0,2,m1,2,(lh,2) he T(ag +h—5+1)

900!2-‘:-/?—57710,3,nl,s,(lh,a)hef(a2+k_s),h¢j,lj,3+1 I 5
] X Hher@\1(az+k-5)00,, 3

Y > el
no 1!710 2!n1 1!n1 Q!Hhel(a)lh 1!lh 2!
keS Ot1+0<2 ang 1+ng,2=ng,n1,1+n1,2=n1 ’ ’ ’ ’ ’
az>5— lp, 1+lh o=lp hel(a)

X Hper(a)\1(astk—5+1)00,1, 5 X

b27k,a1,no,17n1,1,lo,1 I 5 Pag+k—5n0,2,n1,241,(In2) ner(ag+k—s) I 5
ayl hel(@)\{0}90,l, 1 X ) heI(a)\I(aa+k—S)00,l, o

nolnllﬂhel(a)lh!
- Z Z no,1!mo,2!no 311! 2! 3 Mg oy ln,1 ' n 2!k 3!
j€l(aa+k—S) no,1+n0,2+10,3=n0,71,1+71,2+n1 3=n] ’ ’ ’ ’ ’ ’ ’ ’ ’
Uy 1+Hp 2+, 3=lp hET ()

b2,k,a1,n071,n1,1,l0,1ﬂ (S % B.
! hel(@)\{0}90,ln,1 Jrazt+k—S+1,n0,2,m1,2,(lh,2) hel(ag+k—S+1)

90a2+k‘—57n0,3,m,3,(lh,3)hef(a2+k—5),h¢jalj,3+1 1 5
] X Uper(@)\1(aa+k—5)00, 3

Y Y nolmi i
no,1!no2!'ma1!ma 2 Myer(a)ln,ln 2!
keS Q114-042 ang 1+ng,2=ng,n1,1+n1,2=n1 ’ ’ ’ ’ ’
az>S—k Uy 1+l 2=ty hel(a)

X Mper(an\I(aotk—5+1)00,04 5 X

b3,/€,011 ,m0,1,71,1,00,1 Pas+k—S,n0,2,n1,2,(lh,2)

Hhera)n {0100, X

hel(ag+k—S) I
hel

—_5)001
O[l' a2| (a)\[(a2+k S) 07 h,2

Wa,no,n1,(Un) hei(a)

al

for all a >0, all ng,ny,lp, >0 for h € I(a).

Proof In order to get the inequality (18), we apply the differential operator 900" 11, I(a)ﬁi’z

Vo CU1
on the left and right handside of the recursion (12) and we use the expansions that are computed
below.

From the Leibniz formula, we deduce that
(19) 9300 e r(a)0h (b3,k,01 (V0, V1, U0) Pag+h—5 (00, V1, (Un)heT(anth—s5))) =

no!m!HheI(a)lh! no 1 nl 1 11
1n0,1:10,2:11,1:N1,2-Uper(a)th,1:th,2:

n0,1+n,2=n0,n1,1+tNn1,2=n1
lh, 1+, 2=th hel(a)

n, n l
X oy Doy *Mhe(a)Oup” (Pan+k—5 (00, V1, (Uh) her(an+k—5)))



10

and
(20) 000 Mper(a)Oih (b1 k,ar (V0, V1, 10) Dy Pag+h—5(V0, V1, (Un) heT(anth-85))) =

Iy 1T I

noni-llper ht 1

| | | | (a) | | ano ! anl IHhEI(a)au}Zl (blvkval ('UO, 'Ul, uo))
Z no,1!no2!n11ma 2 M e 10y lh,1n 2!

ng,1+n,2=n0,n1,1+tNn1,2=n1
Uh, 1+, 2=th hel(a)

—+1 l
X 0oy Doy " Mye ()0 (Pagsk—5 (00, V1, (Un)her(asth—s)))-

Moreover, we can write

(21) RS O e g (o) Out (B s (V05 01, 10))

!
o O Oy b3, (V0 1, 10) X e () {03 00,05 4
with

n, n 1
(22) uy? 0y 1QHhel(a)au};{Q(gbaz-&-k—S(UOaUla(uh)hel(ag—i-k—s)))
n, n 1
o Our *Ther(ag+k—9)Oup” (Pagtk—5 (00, V1, (Un)her(as+h—5)))
X Hper(an\1(ag+k—5)00,15 2

and

n, n 1
(23) Do " Ouy  Mher(a) Ouy” (D1,k,04 (Y0, 1, u0))
n, n 1
vy Ovy " Oug 01 k (V0,015 10) X e r(a)\{0390,0, 1
with

n 14an
(24) A>T O e (o) Ot (Do S(”Oa”la(“h)hél(ag—i—k )

+1
= O O e 1oy 119D (Bars k5 (00, V1, (R (g 1h—5))

X Mheran\I(az+k—5)00,1 -

By construction, we have

811,1 a(vg, v1)
(25)  Aj(vo, v1, (Un)ner(apth—s41)) = Y W(lz + 1) vty 4
li+la=j )

Zd A ay(vo, v ) p
Z v 0, V1
+ : p' 7o Hl—l Ji
. 5 . Jo-V:
p=0jo+...+jp=7
for all j € I(ag + k — S). Again, by the Leibniz formula, we get that

(26)  Op0 0 Mye payOit: (b1 k.an (v0, 01, 10) Aj (v0, V1, (Uh) her(an+h—S+1))
X Ou; Pag+k—5(v0; V1, (Un)her(as+k—5)))
- > R0ty e o !
no,1!m02!mo 31 1!na 2! 3 Myera)ln,1 a2 3!

no,1+710,2+n0,3=n0,n1,1+tn1 2411, 3=n]
lh,1Hlp 2ty 3=l kel (@)

n n 4
Ay Oy My 1) Ouy, (11,04 (V05 V1, U0))
n, n 1
X Ouy " 0oy *Mpe1(0) Oy (A5 (v0, V1, (Uh) hel(a+h—5+1)))

! 41
X OO (M 1) it O )0 by ke (00, 01, (UR) he L(an th—5))-
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Inside the formula (26), we can rewrite the relations (23) and

1
(27) Doy * 00y * My (o) Ouuy” Aj (v0, V1, (Un)ner(as+h—S+1))
l
= Doy 0o " Mher(ap+h—s+1)0uy” A (V0, 01, (Un) her(as+h—s+1)) X Mher(an\1(astk—5+1)00.1, 2
with
1 +1
(28) 5O, (Mper(a )h;éjau};zs)aujjg Bantk—5(v0, V1, (Un)hel(aotk—5))

1 +1
= OO0t (Wher(o 1h9) hg O )L G5 V0, 01, (Wh)ner(an +hs))

X Hperan\r(az+k—9)90,1 5-

In the same way, one gets the next equalities

(29)  Op0O My pa)Oits (b k. (0, 01, 40) Doy Gyt k—5 (L0, V1, (Un) e (s +h-5))) =

no!m!HheI(a)lh! n0,1 qN1,1 Ih1
| | | | | a a HhEI(a)au}{ (b27k7al (UO, ’Ul, UO))
Z no,1'mo 211! 2 Myeria)ln,aln,2!

n0,1+n,2=n0,n1,11tN"1,2=n1
lh,1Hp, 2= hel(a)

n, n 1
X D20 e () Oy (G- (V0 V1, (Un)ner(as +h-5)))

with the factorizations

!
(30)  9uy O Mher(a) Oy (b2,k,04 (V0, V1, o))
!
= Oy Oy O b2 e,y (V0,015 10) X Mg (a)\ (0190,05 1
and

n, n 1 !
(31) Ouan" Hhel(a)au};f(‘bag—i—k—S(UOaUla (Un)hel(anth—5)))

+1 1
o 2Ot Mher(agrh-9)0uy (Gan+k—s(00, V1, (Un)he r(ag+h—s)))

X Hperanr(az+k—9)00,1 2

We recall that

(32) Bjj(vo, v1, (up)ner(ag+h—s+1)) = ( + Drujp

for all j € I(aa + k — S) and we deduce that

(33)  Op 0 ye pa)yOit: (bak.n (v0, v1,10) Bj(vo, v1, (Uh)her(an+h-5+1)
X Oy; Pag+k—5(v0; V1, (Un)hel(as+k—5)))
_ > R0l e o !
no,1!m02!mo 31 1!na 2! 3 Myera)ln,1 a2 3!

no,1+710,2+n0,3=n0,n1,1+tn1 2411, 3=n]
lh,1Hlp 2ty 3=l hel (@)

l
817}071 817}1171 I_IhEI(Ot)au,Z1 (b27k,a1 (UO? V1, 'LL()))
l
X Oy 00 Te 1(a) 0" (Bj (v, V1, (Un)ner(a +r-5+1)))

l +1
X OO (M 1) it O )0 by ke (00, 01, (UR) hec L (an 1))
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Inside the formula (33), we can rewrite the relations (30) and

!
(34) 8;1(?’28311’2Hh61(a)8u};{2Bj (UO? U1, (uh)hel(a2+k—s+1))
I
= Oy Oy "M 1(ap+h—5+1) 0y Bj (00, 01, (Un)ner(aath—5+1)) X Mher(a)\1(as+k—s+1)00.05 5

with the factorization (28). O

2.4 Majorant series and a functional equation with infinitely many variables

Definition 1 We denote G[[Vy, V1, (Up)n>0, W] the vector space of formal series in the variables
Vo, Vi, (Uh)hZ()v w Of the form

WO(
(35) (Vo Vi, (Un)nz0, W) = D Wa(Vo, Vi (Unneren)

a>0 )

where Vo € C[[Vo, V1, (Un)her(a)ll for all a > 0.

We keep the notations of the previous section and we introduce the following formal series:

Vo Ulo We
(36) Bmix(Vo,Vi,Uo, W) => [ > bmkamnomio 5 —r 2

Ung! I |l
a>0 \ng,n1,lo>0 no! ! lo! a:
~ ~ Vono Vlm Ullzh we
Q(VO’ Vi, (Uh>h20’ W) - Z Z wa,nomh(lh)hel(a)nio!nil! hel(a)ﬁ F
a>0 \ng,n1,lp>0,hel(a)
form=1,2,3,all k € S, and
Vbno Vlm Ullzh
Aja(Vo, Vi, (Un)her() = Z Ajono.m ()nera ni()!nil!nhel(a)ﬁ’
no,n1,lp>0,hel(a)
Vbno Vlm Ullzh
Bj.a(Vo, Vi, (Un)rer(a)) = Z Bj.vno,m (th)nera) niolnil!nhel(a)ﬁ

no,n1,lp>0,hel(a)

for all @« > 0, all j € I(a). We also introduce the following linear operators acting on
G[[Vo, V1, (Un)n>0, W1]]. Let

DAY (Vo, Vi, (Up)n=0, W)

= Z( Z Aj7a+1(%7 Vi, (Uh)hel(a+1))(an o) (Vo, V1, (Uh)hEI(a)))

a>0 jel(a)

W()é

al’
]D)B\Il(‘/(% Vvl? (Uh)h207 W)

= Z( Z B]}Ot-i-l(VO? Vi, (Uh)hel(a+l))(an\I]a)<V07 Vi, (Uh)hel(a))>
a>0 jel(a)

WOL
al

for all U € G[[Vp, Vi, (Up)n>0, W]]. We stress the fact that although these operators act on
G[[Vo, V1, (Un)n>0, W] their image does not have to belong to this space.



Proposition 3 A formal series

Vo Ulh we
T(Vo, M1, (Uh)hzo’ W) = Z Z wa,no,m,(lh) . 17|Hhel(oz)ﬁhl al

hel(@) ol nq! a!
a0 \ng,n1,l,>0,h€l(a)

satisfies the following functional equation

(37) U (Vo, Vi, (Un)nz0. W) = > _(Buri(Vo, Vi, Uo, W)y 20y, O (Vo, Vi, (Un) 0, W)
keS
+ Bl,k(%a Vv17 UO) W)aa/s+kDA\I](‘/07 ‘/la (Uh)h207 W))
+ Y (Bok(Vo, Vi, Uo, W) 50y, © (Vo, Vi, (Un)nz0, W)
keS
+ B i (Vo, Vi, Uo, W)y T* D (Vo, Vi, (Un) pz0, W)
+ Z Bs x(Vo, Vi, Ug, W) 03> ™0 (Vo, Vi, (Un) w0, W)
keS

+ Q(Vo, Vi, (Un)nr>0, W)

13
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if and only if its coefficients @/}a,mmla(lh)hez(a) satisfy the following recursion

(38) wavnofnlv(lh)hel(a) _ Z Z Z nO!nl!HhEI(a)lh!

ol no.1'ng 2!n1 1!nq 911 I 1!l 9!
Fe8 a1 ronma o1 n0a=nom 1 tnt gmny 10:170.211,1 M1 2 ke 0y In n 2
ag>S—k lh,1+lh,2:lh7hel(a)
bl,k,almo,lym,l,lo,l wa2+k_5’n0’2+1’m’2’(

lh, ) a —
Hherangoy00,1, 1 X St Uper(an\1(as+k—5)00,05 2

061! 042!

n Z Z nO!nI!Hhe[(a)lh!

n0.1!no 2!mo 3'n1.1'n1.2!nq 311 Iy, 11y 211 3!
jel(ag+k—S) no,1+n0,2+n0,3=n0-n1,1+n1,2+n1,3=n1 0,1770,2°70,37141,17151,27181,3° 2 he () th, 12, 270h,3
U1 +p 0+, 3=l hET (o)

bl,k,al,no,l,m,l,lo,l

o Hhef(a)\{ﬂ}éovlh,l X Aj7a2+k_s+1vn072vn1727(lh,2)h61(a2+k—s+1)

wa2+k_57n0,37”1,37(lh,3)hel(a2+k75),h¢j7lj,3+1

X Iper(a)\I(ant+k—5+1)00,1) 5 X X Mper(a)\I(az+k—5)00,15 3

Odg!

n Z Z Z nO!nI!Hhe[(a)lh!

ng.1!ng 2!ny 1!nq oI Ih1'lp 2!
k€S aytag=ang 1+ng2=ng,ny 1+ny 2=ny 0,1770,2°7, 1151, 2° 2 Shel (@) hy 1 2
ag2>2S—k U1+ 2=l hEI(Q)

b2,k,0¢17n0,1,n1,1,lo,1 I s wa2+k*57n0,27n1,2+1»(lh,2)heua2+k—5) II 5
hel(a)\{0}00,lp,1 ¥ heI(a)\I(az+k—8)00,15 2

aq! o)

+ Z Z nO!nI!Hhe[(a)lh!

no.1!mg 2!mo 3'n1 1'n1 2!nq 311 I 11y 91l 5!
eI (aah—§) mo1-+n0.a-Hn0.3=nom 1+ g+ g =1 0,1:10,2'10,3:101,1:101,2:11,3: U per(a)tn,1*th,2 0,3
lh,1Hp 2 h 3=tp hel(a)

b2,k,0¢17n0,1,n1,1,lo,1

041' Hhel(a)\{o}doJ}hl X Bjao‘2+k_5+17n0727n1,27(lh,2)h€I(a2+k75+1)

wo‘2+k757n0,37”1,3’(lh,3)hel(a2+k75),h7§j7lj,3+1

X Mper(a)\I(ast+k—5+1)00,05 5 X X Mper(an\I(as+k—5)00,15 3

Ckg!

n Z Z Z no!nI!Hhel(a)lh!

ng.1!mo.2m1.1!n1 211 Ih1lp 2!
kES aytag=amng,1+ng 2=ng,n1,1+n1,2="n1 OO he @) 1 2
ag>S—k Iy, 1+, 2=lp,hel(a)

b3,k,a1,n0,1,n1,1,l0,1 ¢a2+k_syn0,27”1,27(lh,2)h61(a2+k—5) I
hel

Mher(a) {090,051 X

! ] (@\ I (az+k—5)00.11,2

wa7n0 U 7(lh)h€[(o¢)

al

for all a >0, all ng,ny,lp, >0 with h € I(«).

Proof We proceed by identification of the coefficients in the Taylor expansion with respect to
the variables Vo, Vi, (Un)ner(a) and W for all a > 0. By definition, we have that

Bl,k(VOa V1, Up, W)‘?I/_VS_%&VO\II(V(M Wi, (Uh)h20> W) = Z Z C;Q,Ocz we

a>0ajtag=a
as>S—k



where the coefficients Cé ., Can be rewritten, using the Kronecker symbol dg , in the form

b VT'LO V’I’L1 Ulh
1 17k7 ) ) 7l h
Cahaz = ( Z %Hhel( )\{0}50 o T ?Hhel(a)ﬁ)
no,n1,lp>0,hel(a) ’ 1 he

wa?'f'k—s,no-f'l,nl:(lh)hel(a2+k—s) Vno Vm U;llh
Z Hpern\r(aa+k—5)004,— 7 Tﬂﬂhel(a)m)

X

no,n1,lp>0,hel(a)

Hence,

b1k !
1 ,R,1,10,1,11,1,L0,
(39) Copan = > ( > S T () (0300, 4

a1'ngq!ng 111 Ip 1!
no,n1,lp>0,h€l(a) m0,1+n0,2=n0,m1,1+n1 2=n1 10,1501, 12 he I (o) Phsl
U 1+Hp 2=ty hel(a)

¢a2+k—5 no,2+1,m1,2,(p 2)hel 24+k—S) l
,1o, )701,2, s (a H _ 5 VnOVnIH Uh‘
az!ng 2!y oMl er(a)ln,2! net@N\i(ar+i=$)0042) Vo Vi Hneriey U
We also have that
By (Vo, Vi, Up, W) " DA (Vo, Vi, (Un)nz0, W) =D Y Faya,W°

a>0 ajtag=a

a>S—k
where the coefficients F. | Can be rewritten in the form

!
b Voo vt Ul

1 _ L,k,a1,m0,n1,l0 h

Faran = > > ol Mherenoron s 7o T her) 77 o)
jel(az—S+k) no,ni,lp>0,hel(a)
X ( Z Aj,a275'+k+1,no,n1,(lh)hel(a2_5+k+1)Hhe[(a)\[(a275+k+1)50,lh

no,n1,lp>0,hel(a)
l
Vn() ni U h
% 0 1 II h

ng! my! el zh!)
waQ—S""‘%"Ua"l7(lh)hel(a27S+k),h;£jvlj+1
x ( > o] Hper(a)\I(az—S+k)00.1,
no,n1,lp>0,hel(a)
l
V”O an U h
x e LT (o) 22
7”L0! 711! lh'

Therefore,

40) Fro= > (>

jel(aa—S+k) no,n1,lp>0,hel(a)

( Z bl,k,m,no,l,nl,l,lml I 5 l
hel(a)\{0}Y0,
Oél!n071!n1’1!Hh€I(a)lh71[ (a)\{0} h,1

ng,1+ng,2+ng 3=ng,n1,1+n1 2+n1 3=n1
lh,1Flp,2Fp,3=1h hel ()

Aj70¢2*S+k+lvn0,2vnl,Qv(lh,2)h€I(a2—S+k+1)

hel(a)\I(as—S+k+1)0
Hher(a)\1(az—S+k+1)00,0,,
no,2!m1 2 Mg 1(0) Ih,2! (e)\I (a2 )70 n2

wO‘Q_S+k7n0,3vn1,3v(lh,3)he1(a2—S«Hc),h;&j7lj,3+1
012!11073!7’L173!Hh€[(a)lh73!

hel(a)\I(as—S+k)00,0),3)

X VgV My r(oy Ut )

15



16

On the other hand, using similar computations we get

Bo i (Vo, Vi, U, W) 0, O (Vo, Vi, (Un)nzo, W) = > Cal 0, W
a20a1+a2 «
ag>S—k
where
bQ,k:,a 01,111,
(1) Cha= > | > T (o) {0} 00,00,

a1'ngq'ng 11 Iha!
no,n1,lp>0,hel(a) m0,1+n0,2=n0m1,1+n1 2=n1 10,1501, 12 he I (o) bhol

Lp1Hpy 2=1p hEI(c)

¢a2+k75 n0,2,M1, 2+1 (lh‘ ) @
2D e pa I (agh—)00.0 ) VG Vi e 1oy U

az!ng 2!ny oMl er(a)ln,2!
We also have that
By (Vo, Vi, Uo, W)05 P DB (Vo, Vi, (Un)nzo, W) = Y Y 7,

a>0ajtag=a
as>S—k

a17a2

where

42) Foan= >, (>

jGI(a275+k) no,n1,lh20,hel(a)

( 2 : b2,k,0¢1,n0,1,n1,1,lo,1 I S0
hel(a 0100, h,
ai!ng1!ng 1 Mlera)lna! ({0370 01

ng,1+n0,2+np 3=n0,n1,1+n1,2+n1 3=n]
U, 1+p, 2y, 3=1p hel(a)

B.
X

Jaa2—S+k+1,n0,27”1,27(lh,2)h61(a2—S+k+1)

her(a)\I(as—S+k+1)%0,
no2!'m12Myer(a)ln,2! (@)\ ez )70th2

» wa?7S+k7n0,37n1737(lh,3)h61(a27S+k),h7§j:lj,3+1

II —S4k)0
OQ!n0,3!n1,3!HhEI(a)lh,3! hel(a)\I(az—5+k) 07lh,3)

X Vbno ‘/ln1 Hhe[(a) U]llh )

and
Bs (Vo, Vi, Uo, W)y TR0 (Vo, Vi, (U)o, W) = > Y €3 W
a>0 ajtag=a
as>S—k
where
b3k011 n0,1,71,1,00,1
43) Chow= >, 2. T he (@) (0} 500
no,n1,lp>0,h€l(a) m0,1+n0,2=n0,m1,1+n1 2=n] 041-no,l-nl,l-HheI(a)lh,l-
lh,1Hh,2=1p hel(a)
wa2+k—5 10,2,71,2,(ln,2) her(
) ) a2+k S) n1 ln
om0 212 e 1o he 1o 1(aa+k-5)00,2) Vo " Vi e r(a) Uy
Finally, gathering the expansions (39), (40), (41) and (42) with (43) yields the result. O

Proposition 4 The sequences Pano,n1, (1) ner(a and wa,no,m,(lh)hez(a) satisfy the following in-
equalities

(44)

Pa,no,n1,(In)her(a) = wavnO’nlv(lh)hEI(a)

for all >0, all ng,ny >0, alll, >0, h € I(a).
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Proof For a = 0, using the recursions (12) and (38), we get that

P0,n0,n1,(In)hero) — Wonont,(n)hero) — wO,NOym,(lh)hez(o)

for all ng,n1,lp > 0. By induction on « and using the inequalities (18) together with the
equalities (38), one gets the result. O

3 Convergent series solutions for a functional equation with in-
finitely many variables

3.1 Banach spaces of formal series

Let p > 1 and o, Vp, Vi, W,§ > 0 be real numbers. For any given real number b > 1, we define
the sequences 75(a) = >°0_,1/(n+ 1)° for all a > 0 and U, = 6/(h® + 1) for all h > 0.

Deﬁnition 2 Let o > 0 be an integer. We denote Ep7a7‘707‘717(0h)}bel(a> the vector space of formal
series

U (Vo, V1, (Uh)hel(a)) = Z Q/Jnoth(lh)hez(a)ﬁil hel(a) 1,
0: N1 h:
no,nl,lhzo,hel(a)
that belong to C[[Vo, V1, (Un)ner(a)l] such that the series
||‘Ij(‘/0> Wi, (Uh)hel(a))| £,,V0,V1,(Up) her(a)
_ Z Wﬂoﬂl»(lh)ham | Von0 Vlnl Uner(a) ﬁilzh

!
no,n1,ln 20,hel () explors(a)p) (no +m + 2 her(a) tn + @)

is convergent. We denote also G, i, v, (0,),=0,W) the vector space of formal series

«

U(Vo, Vi, (Un)nzo, W) = Z Vo (Vo, V1, (Uh)he](a))?
a>0 ’

where o (Vo, Vi, (Un)ner(a)) belong to E, o v v, () for all a > 0, such that the series

hel(a)

«

H\II(VO’ Vi, <Uh)h20’ W)‘|(p7‘707‘717(0h)h207w) - Z "\IIO‘Hma,Vo,VL(Uh)heI(a)W
a>0
s convergent. One checks that the space G(P7V0a‘71»(0h)h>07W) equipped with the norm

|"||(p,‘707{717(0h)h20’w> is a Banach space.

In the next two propositions, we study norm estimates for linear operators acting on the

Banach spaces E, o, 9 11, (04)ne 1y CORSEIUCEE above.

Proposition 5 Consider a formal series
Vbno Vlm Uilzh
b(Vo, V1, (Un)ner(a)) = Z bno,m,(lh)he,(a>Td?ﬂﬂhef(a)m

no,n1,lp>0,hel(a) '
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which is absolutely convergent on the polydisc D(0,Vy) x D(0,V7) X her(a) D(O, Un). We use the
notation

5o T l
o

‘b‘(‘_/o,‘_/l, <Uh)h61(a)) = Z ’bno,nl,(lh)hel(a)‘ hel(a)lhil.

no! nq!
no,n1,lp>0,hel(a)

Let W(Vo, Vi, (Un)her(a)) belonging to Ep,oc,‘_/o»‘_/h(ﬁh)hef(a)' Then, the following inequality

(45) ||b(‘/0) ‘/17 (Uh)hel(a))\lj(VOa ‘/1’ (Uh)hEI(Q))||p,a,‘_/0,‘71,([_]h)h€[(a>
< |b|(%7 Vla (Uh)hél(a))H\Il(‘/Oa Wi, (Uh>h61(a))||p,a,\70,‘71,(l7h)h€1(a)

holds.

Proof Let

Vo Uy
— hel(a) I

U(Vo, V1, (Uh)hel(a)> = Z wnovnh(lh)ha(a)

77,0! n1!
no,n1,lp>0,hel(c)

which belongs to E By definition, we have that

2:2,V0,V1,(Un)her(ay”

16(Vo, Vi, (Un)ner(a))¥ (Vo Vi, (Un)her(a)l o, %.% (@) neria

_ Z | Z no!m!HheI(a)lh!

1no.1'mo 2!n1 1!nq o'11 U1,
no,n1,lp >0,hel(a) mo,1+n0,2=n0,m1,1+n1 2=n1 0,1:7%0,2°01,1°81,2 -2 he I () Ph, 120h,2
lh’1+lh’2:lhyh61(a)

1 VooV Mye (o) U

b .
nO,l»"l,ly(lh,l)heI(a)wn0,27n1,27(lh,2)h61(a) | exp(ory(a)p) (no +ny + Zhe[(a) I +a)!

We can give upper bounds for this latter expression
(46) ||b(Vb, Wi, (Uh)hel(a))\p(vba Wi, (Uh)hGI(a))||p,a,VO,V1,(Uh)h€I(Q)

< Z Z ( ng!m!HhE](a)lh!

no.9'ny 911 9!
no,ni,lp>0,hel(a) n0,1+n0,2=n0m1,1+n1 2=n1 0,2°781,2° 2 he (o) h,2
Uy 1+, 2=l hET (@)

(no2 +mn12+ > Iz +a)'\ [bngna . [ -
hel(a) 10,1,71,1,(Uh, 1) her(a) Vno,lvlnl,lnhel(a)U}llh’l

(no + 11+ Xper) I+ @)! 10,111 Mher(a)ln,1!
1 ‘—/Ono,z ‘—/1n1,2 Hhel(a)U;llh’z

exp(m“b(oz)p) (n0,2 +n12+ Zhel(a) lh72 + Oé)'

x |¢n0,27n1,21(lh,2)hel(a)|

Lemma 1 For all integers o, ng,n1 > 0, all I, > 0, all 0 < nga < ng, all 0 < nja < ng, all
0 <lpo <l for h € I(c), we have that

no!m Mherayln! (02 +n12 4 X per(a) lhz + @)

47
(47) no2!ni 2Mheryln2!  (no +mn1+ Xpera) th + @)!
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Proof For any integers a < b and « > 0 one has

(a+a)! _al

(b+a)! — bl

by using the factorization (a + a)! = (a + a)(a + « — 1) --- (a 4+ 1)a!. Therefore, one gets the
inequality

(48)

no!nl!HhEI(a)lh! (n0,2 + ni,2 + Ehe[(a) lh,Q + OZ)'
n072!n172!]:[h€](a)lh72! (no +n1 + Zhe](a) Ih + a)!

(49)

no!ni ez (a)ln! (no2 +mn12+ Ehe](a) Ih2)!
~ o2 2Mlher@ylag! (no +n1 4 2 e r(a) n)!

Now, from the identity (A + B)"U+n1+2h€l<a) "= (A4 B)™(A+ B)™ x Hper(a)(A+ B)' and
the binomial formula, we deduce that

nolnllﬂhel(a)lh!

no,1!'mo 211! 2 Myera)ln,1ln 2!
(no 411+ X pera) In)!
T (o1 1+ D pera) ) (o2 + 12 + 3 e r(a) Ih2)!

for all ng1 + np2 = no, n1,1 +n12 = n1, lp1 + lp2 = . Therefore, we deduce that

noni Myep@yln! - (Ro2 + 112 + X her(a) lh2 + @)t

(50) no2'm1 2 Mperyln2!  (no +n1 + Zhe](a) lh+ a)!
noatm i Mher@lna! .
= (nog F i+ ey i) T
and the lemma follows from the inequalities (49), (50). O
Finally, the inequality (45) follows from (46) and (47). O

Proposition 6 Let o, o’ be integers such that o' > 0 and o/ +1 < a. Let j € I(a/) and
k €{0,1}. We have that

(51) ||8UJ\II(‘/O7 ‘/17 (Uh)hEI(a/))||p,a,‘70,‘71,(0h,)h€[(a>
__ealor)
U Ha—1+1)

||‘IJ(‘/07 Vi, (Uh)hel(a’)) | |p,a’,V0,V1,(Uh)h61(a/)a

(52)  [10v. % (Vo, V1, (Un)neran)|l .o, Vo, 04,0 ne 1o
- exp</—op(g+;3’b>
Vi Ha—1+1)

H\I](‘/Ov ‘/la (Uh)hGI(a’)) | |p70‘l7‘707‘717((7h)h61(a’)’
and

(53) 1% (Vo, Vi, (Un)nera)l p.a o, (0n)ner o
eXP(*GP%)
TIPS (a—141)

fOT' all \Ij(%7 V17 (Uh>h€I(o/)) € Ep,a’,Vo,Vl,(Uh)heI<a/> .

19 (Vo, Vi, (Un)heran)lp.ar, o, %) pe o



Proof Let V(Vo, Vi, (Un)her(a)) € Epor 1. : that we write in the form

Uh)he](o/

@(Lo, le (Lh)hel(a’))
Vo lﬂ
’ 1 11—[ hh

0
TLo!

= Z ¢n0,n1,(lh)h€1(a/)Hhe[(a)\[(a’)éo,lh771! hEI(a)m-

no,n1,lp>0,hel(a)
By definition, we get that

||8Uj\I’(Vb, Vi, (Uh)hel(a’))

_ Z W}no,nl,(lh)hel(a/)’h#,lj+1HhEI(a)\I(a’)50,lh‘ Vono‘znll‘[hel(a)[j}llh

£,,Vo,V1,(Un)her(a)

no,n1,l,>0,hel ()

We give upper bounds for this latter expression,

(54) (190, ¥ (Vo, Vi, (Un)neray))lp.o,vo. 02 (0n)nerio

_ Z (no +n1+ ZhEI(O/),h;éj lh + lj + 1+ O/)! 1
o T e S bl Ty eplep(nia) ~ (@)
— — 7l — l +1
Ynoma,(neriary nsbs+1] Vo 'Vi' Uneran mzi U U

exp(ory(a)p) (no + 11+ X per) I+ )l

exp(ars(a’)p) (no + 711+ Xper(annzg th 1 +1+a)!
Lemma 2 We have

(no + 11+ 2 peranneg th 1 +1+a)! 1

(55) (ot 1+ Sheren T exp(op(ra(@) — (@)

exp(~0pE5%5)

< —
0" — 1+ 1)

Proof We notice that

«

no_ 1 o—o
rule) =) = n:%:ﬂ (n+1)° = (a+ 1)

and, with the help of (48), that for all integers a > 0,

(a+1+a)! 1
(a+a)l  ~ I Ha—14+1)

The lemma follows.

20

a

We get that the inequality (51) follows from (54) together with (55). Finally, using similar

arguments, one gets also the inequalities (52) and (53).

a

In the next two propositions, we study norm estimates for linear operators acting on the

Banach space G(p7‘707‘71’(0h)h207w).
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Proposition 7 Let a formal series b(Vo, V1, Uo, W) e (C[LVO, Vi, Up, W] be absolutely convergent
on the polydisc D(0,Vy) x D(0,V1) x D(0,Uy) x D(0,W). Let ¥ (Vo, Vi, (Up)n>0, W) belong-
ing to G, 0.1 (0n)neo. W) Lhen, the product b(Vo, Vi, Uy, W)W (Vo, Vi, (Un) >0, W) belongs to
G (0,700,710 nso. W) a1 the following inequality

(56) Hb(%7 V17 U07 W)\I/(VE% V17 (Uh)h207 W)’ (P,VmVL(Uh)hZOuW)
< 161(Vo, Vi, Uo, W) (Vo, Vi (Un)nz0 W)l 0,1%,74 (0o,

holds.
Proof Let
b(Vo, Vi, Up, W) = > ba(V0, VA U)E
0, V1, Y0, - a\V0, V1, V0 al
a>0
WOL
U(Vo, Vi, (Un)nz0, W) = > Wa(Vp, VA, Un)ner() =y

a>0

By definition, we get

(57) [6(Vo, Vi, Uo, W)U (Voy, Vi, (Up) >0, W)|

(P,Vo0,V1,(Un)h>0,W)

ba, (Vo, Vi, Uo) Ya, (Vo, Vi, (Un)her(az)) _
= Z | Z al = : praaVO,VL(Uh)hEI(a) :

| |
o'l ool
a>0 artoag=o 1 2

Lemma 3 We have

(58) Hbal (V07 Vi, UU)\IIO@ (V07 Vi, (Uh)hel(az))’|p,a,\70,\71,(17h)h€1(a)

OQ! - - =
< a“}al‘(%? Vi, Uo)[|Was (Vo, Vi, (Un) her(an) | pas, v, 71, (00)

hel(ag)’

Proof We can write

Vg v Uy
bay (‘/07 Vi, UO) = Z bal,no,n1,lloGI(a)\{O}(SO,lh%17' hGI(a)lihl
0 Ni-: h-
no,n1,lp>0,hel(a)
and
Vo, (V07 W, (Uh)hel(ag))
vievity U

- Z waz,no,nl,(lh)hel(az)HhEI(O&)\I(aQ)(SOJh

—II —
no,n1,lp>0,hel(a)

n()!
By remembering (45) of Proposition 5, we deduce that

(59) ||bal (%a Wi, UO)\IICQ (va Vi, (Uh)hel(ag))’|p,a,Vo,\71,(Uh)hE](a) <

Z ’wa%nOvnlv(lh)hEI(aQ)’ ‘_/[)n0‘71N1Hh€I(a2)U]lzh )
exp(orp(a)p)  (n0+ 11+ X pep(ay) b + )

|ba1 |(‘70’ Vlv UO)(
no,N1,lh ZO,hEI(O@)
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Lemma 4 We have

1 ao! 1

60 < — .
( ) (no +n1 + Zhe[(ag) Ih+a)! = al (ng+n + Zhe](ag) I+ az)!

Proof We write

1 (no +n1+ ZhEI(ag) Iy, + CYQ)! 1

(no + 11 + X perag) I + ) -~ (no+n1+ Dohel(an) h H ) (o + 11+ D e r(0y) In + a2)!

and we use the inequality
(a+a)! _ ag!
(a+a) = ol
for all @ = a1 + as and all a € N which follows from (48). This yields the lemma. O

Using the fact that exp(ory(a)p) > exp(ory(az2)p) and gathering the inequalities (59) and (60)
yields (58). O

Finally, using (57) with (58), one gets

(61) |[b(Vo, Vi, U, W)W (Voy, Vi, (Up) >0, W)|

(P,Vo0,V1,(Un)h>0,W)

ba ‘_/07 ‘717 Ub 1o
Yy el 10 (Vo Vi Undnerton 5.0 Gcro )V

Ckl!
a>0 ajtaz=a

from which the inequality (56) follows. O

Proposition 8 1) Let S,k > 0 be integers such that
(62) S>k+1+max(b(dip+2)+3,d+14+b(d+dy i+ 1)).

Then, there ezists a constant Cgq > 0 (which is independent of p > 1) such that

(63)  [|B1x(Vo, Vi, Uo, WO ¥ DAY (Vo, Vi, (Un)nz0s W)l (5,70, 740 nso )
< Coa W |10 (Vo, Vi, (Un)n0s W)l (.0, 74 (0 s, 1)

for all \IJ(V(), Vi, (Uh)h207 W) S G(P7‘707‘71:(Uh)h20,W)‘
2) Let S,k > 0 be integers such that

(64) S>k+34b(2+dag).

Then, there ezists a constant Cga > 0 (which is independent of p > 1) such that

(65) || Bax(Vo, Vi, Uo, WO > ¥ DB (Vo, Vi, (Un)n0s W)l (570,74 (01 nso, )
< CgaW |1 W(Vo, Vi, (Un)n0s W)l (.7, 74 (0 s, W)

for all \IJ(V(), Vi, (Uh)h207 W) € G(P7‘707‘71:(Uh)h20,W)‘
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Proof 1) We show the first inequality (63). We expand

Wa
By x(Vo, V1,Uo, W) = > B1sa(Vo, Vi1, Uo)

al
a>0

By definition, we have
(66) || Brx(Vo, Vi, Uo, WO ¥ DAY (Vo, Vi, (Un)n20, W)l (5,70, 74.( O s )
Bl,k:,oé (‘/07 VYla UO)
S D S

041!
a>0 ajtas=a,a2>S—k

% ( Z Aj7042—5+k‘+1(‘/07 ‘/1’ (Uh)hel(a2—5+k+1))

. CVQ!
JjEIl(aa—S+k)

X (O0; Wan-5+1) Vo, Vi, (Un)neras—s+1))p.a, v, 7100 e sy WV

Now, using Lemma 3, we deduce that

(67)  [1B1x(Vo, Vi, Uo, W)y DAY (Vo, Vi, (Un)hz0: W)l (4, 70,74, (0 nso¥)

|B1 00 | (Vo, V1, Up)
< Z( Z : | Z Ajor—5+k+1(Vo, Vi, (Un)her(as—s+k+1))

|
1.
a>0 ajtas=a,a2>S—k 1 jeIl(aa—S+k)

X (an \I]a2*5+k)(vbv Vi, (Uh)hel(a275+k))|’p,ag,Vo,Vl,(Uh);LGI(a2))Wa

In the next lemma, we give estimates for the coefficients of the series A, and |Bj o

Lemma 5 1) The coefficients of the Taylor series of Aja,—s1k+1(Vo, Vi, (Un)her(as—S+k+1))

Ao —5+k+1(Vo, Vi, (Un)her(as—s+k+1)) =

no Y711 ln
$ " o'Wty U,
Jaz—S+k+1,n0,n1,(lh)her(ag—St+kt1) hel(az—S+k+1) I

no! nq!
ng,n1,lp>0,hel(az—S+k+1)

satisfy the next estimates. There exist constants a,d > 0, with 6 > 6, ap > 0,0 <p<d such
that

Aj7a2—5+k+17n07n17(1h)h61(a27s+k+1)

(68)

no!mi e r(ay—s+k+1)ln!
_avlaa—S+k+ D2(p+0) + (d + 1) maxo<p<a ap(p + ) Palas — S + k)

s+ her(ay—s+r+1) th

forallag > S —k, all j € I(ag — S+ k), all ng,n1,lp, >0, h € I(ag — S+ k + 1) where Py is
defined in (73).

2) The coefficients of the Taylor series of |B1 k.ay|(Vo, V1, Uo)

w7 O

n()! m! lo!

‘Bl,k,a1|(‘707 Vi, UO) = Z b1,k no,n1 ko

no,n1,lo>0
satisfy the following inequalities. There exist constants 6 > 9, Dy, DLk > 0 with
69 blzkval,n(]vnl,lo D17k(p+ 5)d1Yka1‘ﬁi}€
(69) nolnilly!  — gnotnitlo
for all aq > 0, all ng,nq,ly > 0.
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Proof We first treat the estimates for A;,. From the Cauchy formula in several variables, one
can write

(70) 00O M e 1(ag—S+k+1) 0, Aj (0, V1, (Un)ner(as—s+k+1))

no!'mi M her(ay—s+k41)ln!

1

= ()a2_s+k+4/ / Hhel(a2—5+k+1)/ Aj(x0, X15 (§n)he(as—5+k+1))
C(vo, C(v1,0) C(up,9)

um
dxodx1her(as—s+k+1)d8n

X
(x0 —vo)"™F(x1 — v1)™" T e r(ag—S4h11) (En — up)tn

for all |ug] < R, |v1| < R, |up| < p, h € I(ag — S+ k+1) and j € I(aa — S + k) where R is
introduced in Section 2.2. The integration is made along positively oriented circles with radius
0 > 0, C(vg,9),C(v1,9) and C(up,d) for h € I(ag — S + k + 1). We choose the real number
§ > 0 in such a way that R+8 < R’ where R’ is defined in Section 2.1 and ¢ at the beginning of
Section 3.1. Now, since the functions a(xo, x1) and a,(xo, x1) are holomorphic on D(0, R')?, the
number v > 0 (see (6)) can be chosen large enough such that there exist real numbers a, a, > 0,
for 0 < p < d, with

! !
(71) sup 0} a(xo, Xl)‘ . sup ‘8X01ap(X07 X1)

a
l 1 |_ D
xol<R+dal<res Dl ol<R+dxi|<r+s Lot

for all Iy, 1 > 0. We recall also that for any integers k,n > 1, the number of tuples (b1, ...,bx) €
N¥ such that by + -+ -+ by = nis (n+k —1)!/((k — 1)!n!). From these latter statements and the
definition of A; given by (16), we deduce that

(72) |45 (x0, X1, €n)ner(as—s+r+1))| < av(j+1)*(p+6) + (d + 1) o@ﬁfdap(p +6)“Pa(y)

(since p > 1), where

(73) Pa(j) = =——— =1L, (j +1)

is a polynomial of degree d in j with positive coefficients, for all |yo| < R+, |x1] < R+ 9,
&l <p+d0,hel(as—S+k+1)and j€ I(az — S+ k). Gathering (70) and (72) yields (68).
Again, from the Cauchy formula in several variables, one can write

8”08”13“) b1 k0 (V0, V1, Up)
(74) e = / / / b1,k,00 (X05 X1, €0)
no!ni!ly! 2z7r C(v0,8) J C(v1,8) J C(ug,8

dxodx1d&o
(Xo — vg)"oH (x1 — v1)MH (& — up)lott

for all |vg| < R, |v1]| < R, |ug| < p. Again, one chooses the real number § > ¢ in such a way that
R+ 60 < R'. By construction of b1 k.o, in Section 2.2, we know that there exist two constants
D1y, D1 > 0 such that

(75) 161,101 (X05 X1, 60)| < D1 x(p + 5)d1”“041!f7fi}€

for all a; > 0, all |xo| < R+, |x1| < R+, |&] < p+ d. Gathering (74) and (75) yields (69).
(]
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From (69), we deduce that

[Biar (o, V1,00) __ Dulp+ 0D}

ol S - -He-g)

(76)
On the other hand, from the Proposition 5, we deduce that

(77) 1A az—5+5+1(Vo, Vi, (Un)her(az—s+k+1))
X (00, Way—54£) (Vo Vi, (Un)ner(aa—s+1) | p.as, Vo, (0 ne 1oy
<A ar—5+k+11(Vos Vi, (Un) her(an—S+k+1)

X H(aU] \IJOQ—S‘FIC)(‘/Ov ‘/17 (Uh)hEI(a2—5+k))|’p,az,‘_/o,‘_/ly([jh)hel(o@) ‘

From (68), we deduce that

(78)  |Ajao—s+k+1l(Vo, Vi, (Un)ner(as—s+k+1))
_av(ap—S+k+ D2(p+0) + (d + 1) maxo<p<a ap(p + ) Palas — S + k)
a (1— )1 = W) Mher(an—siprn (1 — )

for all j € I(ag — S + k). Now, from the definition of U = §/(h® 4+ 1), where b > 1, we know
that there exists x > 0 such that

U,
(79) Wher) (1 — Th) >k

for all @ > 0. From Proposition 6, we have that

—k
eXP(—UP(OiT)b)

U o — 14 1)

X | |\I}02—S+k(‘/07 ‘/].) (Uh)hEI(a2—S+k)) | |p,a2—s+k,‘70,‘71,(Uh)h€[<a2,s+k) .

(80) | | (aUJ ‘Ija2—s+k) (‘/0’ ‘/1’ (Uh)hGI(OQ—S-‘rk)) ’ |P70‘27‘707‘71a((7h)h€[(a2) S

Collecting the estimates (78), (79) and (80), we get from (77) that
B I Y. Ajassr1(Vo, Vi, (Un)ner(as—s+hs1)
jel(oa—S+k)
X (90 War—54£) (Vo Vi, (Un)her(aa—5+k)) | p.aa, %o.73 (0 ne 1oy
S AP,OQ | ‘\IlOQ—S"Fk(‘/O’ ‘/]-’ (Uh)hGI(az—S+k)) | |p,a2—S+k,V0,‘71,(U}L)hGI(OQ,SJrk)
where
av(ag — S+ k+1)%(p+6) + (d + 1) maxo<p<g ap(p + 0) Pa(az — S + k)
(=)0 - T
exp(—opShs) |
T F (-4 1)0
=1 2 +1)

AP)QQ -

(ag =S +Ek+1)((ag — S +E)"+1).

Now, we recall the following classical estimates. Let J, my, mg > 0 positive real numbers, then
mi
(82) sup(z +6)™" exp(—moz) < (—)

™ exp(—mq) exp(dmz)
>0 ma
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holds. Hence,

(83)

av(as — 8§+ k+ 1) (g + 1)P 0+ (SLEPLEL ik o (50(S — k)

(p+08)"* Apay < _ i
2 (1= )=

o D masgspganPales = S+ K)(a + 1) (LREEE L exp(5a (S - K)

« (a2—S—|—k+1)((a2—S+k)b+1)
ST P (g — 14 1) '

Under the assumptions (62), one gets a constant Cg1 > 0 (depending on a, maxo<p<d ap, 5, 8, b, d,
dy i, 0,v, 8, k, k, V, V1) such that

(84) (P + 5)dl’k¢4p,a2 < é8.1
for all p > 0, all ap > S — k. Finally, gathering (67), (76), (81), (84), one gets that
(85)  [1B1x(Vo, Vi, Un, W)y *DaW (Vo, Vi, (Un)n20s W)l (70,74 (00,7

D ~
<00 X oo Dk

a>0 ajtas=a,a2>S—k (1 - ?)(1 S )(1 - T)

B = — Stk S—k
x Cs.al|Way—sk(Vo, Vi (Un)neran—s+8))lp.as—51k.%0.01, (00 nerag s )W 020 W

_ ] 768.1D1,17€
(1= )= )0 = )1~ Dryv)
X W@ (Vo, Vi, (Un)n0s Wl (570,74 (0o W)

provided that V5 < 3, V; <6, Uy < d and W < l/ﬁl,k, which yields (63).
2) Now, we turn towards the estimates (65) which will follow from the same arguments as
in 1). Using Lemma 3, we get that

(86) ||BQ,]€(‘/O7 V17 U07 W)aa/s+kDB\I,(‘/07 ‘/].) (Uh)hzﬂv W)‘ |(p,V0,‘71,(Uh)hZQ7W)

| Ba e, | (Vo, Vi, U)
<> > : o~ I > Bjas—sakt1(Vo, Vi, (Un)ner(as—s+k+1))

a>0 ajtoar=a,02>5—k jel(aa—S+k)

X (an \IIOéQ*SJrk)(VEb ‘/17 (Uh)hEI(OcQ*SJrk)) ’ |p7a2,‘70,{_/1,((7h)h61(a2> we

In the next lemma, we give estimates for the coefficients of the series B;, and | By o/

Lemma 6 1) The coefficients of the Taylor series of Bj ay—s4k+1(Vo, Vi, (Un)her(ao—S+k+1))

Bj as—5+k+1(V0, Vi, (Un)her(ao—S+k+1)) =

no y/n1 ln
E ]7062_5+k+1,n07n17(lh)h61(a275’+k+1) nO! nl! el(az—S+k+1) lh'

no,n1,lh20,hel(a273+k+l)
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satisfy the next estimates. There exist a constant § > 0, with 6 > § such that

Bj,a2—5+k'+1,no,m,(lh)hez(arsmﬂ) < viag =S +k+1)(p+9)

(87) <
1o M er(ao—5+k+1)ln! ST+ her(ag—s+h+1) I

forallag >8S —k, allj € I(ag — S+ k), all ng,n1,lp, >0, he I(ag— S+ k+1).
2) The coefficients of the Taylor series of |Ba k.o, |(Vo, V1, Uo)

T rno 171 77lo
‘/0 Vl UO
no! nq! !

| Bakon (Vo Vi, U0) = D bakarnoimi o

ng,n1,lo>0

satisfy the following inequalities. There exist constants § > 6, Dy, DQ,k > 0 with

d & | 1!
(88) b2,k,01,m0,m1,l0 D27k(p+5) i al'DZJf
no'nylly! gno+ni+lo

for all oy > 0, all ng,nq,ly > 0.
Proof 1) From the Cauchy formula in several variables, one can check that

I
00 Oy M pe 1(qg—5+k+1) 0k Bj(v0, v1, (Un) her(an—S+k+1))

o' Mher(a—s+kt1)ln!

)z S / / Wher(ag—s+k+1) / Bj(x0, X1 (€n)her(an—5+k+1))
C(vg,0) JC(v1,0) C(up,d

dxodx1Iper(ay—s+k+1)dER
(X0 — o)™ (x1 — v1)" M e r(an—54kt1) (En — up)nt!

(89)

1

2im

= (

X

for all [vg| < R, [v1] < R, |up| < p, h € I(ag — S+ k+1) and j € I(ag — S + k). We choose the
real number § > § in such a way that R+ < R’. From the definition given in (17), we get that

(90) |Bj(x05 X1, (€n)her(as—s+k+1))| S v(i +1)(p+9)

for all |xo| < R+6, |xi| < R+, [&| <p+0,hel(aa—S+k+1)and j € I(aa — S5 +k).
Gathering (89) and (90) yields (87).
2) The proof is exactly the same as 2) in Lemma 5. O

From (88), we deduce that

’Bg7k7a1‘(%, Vl, U@) < D2,k(p + 5)d2’k[);}c
al T a-Pe-Ha-P

Using Propositions 5,6, we deduce that

(91)

92) I Y. Bjas-s5+6r1(Vo, Vi, (Un)her(an—s+h+1)
jeI(ap—S+k)

X (an \Ilazferk)(VO? Vi, (Uh)hel(aQ*SJrk))|‘p,a2,\70,\71,(0h)h€1(a2>

< Bp,a2|‘qj0¢2—5+k(vo> Vi, (Uh)heI(QQ_S"Fk))"p,O{Q*SJrk,VO,Vla(Uh)heI(a2_S+k)
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where
5 _vlar=S+k+)(p+e)  oP(org T Lo — S+ k+1)((az— S+ k) +1)
ST T P S ETE A 2

and where & is introduced in (79). Using the estimates (82), we get

(93)
(p+0)24B, 0, < VWQ—S+k+U@m+D“”@P@@%%%ﬁﬁhH@kmm&ﬂs_k»
(1= =)
y (g —S+Ek+1)((ag—S+k)P+1)
ST P (g — 14+ 1) '

Under the assumptions (64), one gets a constant Cgo > 0 (depending on 6,9, b, do 0,0, 8, k, K,
Vo, V1) such that

(94) (p+8)%2%B, 4, < Cs2

for all p > 0, all ag > S — k. Finally, gathering (86), (91), (92) and (94), we get (65). O

Proposition 9 1) Let S,k > 0 be integers such that
(95) S >k+ 1+ bmax(dy i, dag).
Then, for m € {0,1}, there exists a constant Cy > 0 (which is independent of p > 1) such that
(96)  ||Bimt1.6(Vos Vi, Uo, W)y 0y, ¥ (Vo, Vi, (U)o, Wl (0.7, %20 0,77
< CoWS™M[W (Vo, Vi, (Un) 120, W)l (5,16, s ¥)

fOT all \IJ(VO, Vi, (Uh)hzo, W) € G(P,Voyly(Uh)hgo,W)'
2) Let S,k > 0 be integers such that

(97) S >k + bdy .
Then, there ezists a constant Coq > 0 (which is independent of p > 1) such that
(98)  [|Bsx(Vo, Vi, Uo, W) U (Vo, Vi, (Un) >0, W)l (50540 Yns0,W¥)

< Coa WO || W (Vo, Vi, (U

h)h0; )H(PVO,Vl,(Uh)hsz)

for all U (Vo, Vi, (Up) >0, W) € G(p7‘707‘717(0h)h20,w).

Proof 1) We expand

WOC
B k(Vo, V1, U, W) = 3 Bt a(Vo, Vi, Uo) =
a>0



By definition, we have

(99) ||Bm+17k(‘/07 ‘/17 UO? W)8‘7VS+k8Vm\I,(‘/07 ‘/17 (Uh)hzo’ W)||(p,V0,‘71,(Uh)h20,W)
Bt k00 (Vo, V1, U
:ZH Z o) Bk, , (Vo, Vi, Up)

’ 061!

a>0 ajtas=a,a2>S—k

O Var-5+k(Vo, Vi, Un)neras—s+k),, we
% Hp,a,Vo,Vh(Uh)hEI(a)

ao!
Now, using Lemma 3, we deduce that
(100) HBerl,k(be V1, Uy, W)al}/'s—i_kavmlp(%? Wi, (Uh)h207 W)|’(P,\70,V11(Uh)h20,W)
< Z( Z | Bt 1,k,04 | (Vo, Vi, Uo)

041!

a>0 ajtas=a,a2>S—k

X H(an\IICQ—S‘Fk)(‘/O? ‘/17 (Uh)h61(02*5+k))|’p,ag,VO,Vl7(Uh)h€[(a2))Wa

From Proposition 6, we know that

exp(—op i Tiy)
VI (g — 14 1)

X | |\I;O£2—S+k(‘/07 ‘/1) (Uh)hGI(QQ*E/H’k)) | |p7a2_s+k7V07V17(Uh)hel(a27s+k) .

(101) H(avm\PCQ—S"Fk)(‘/D’ ‘/1’ (Uh)hel(a2—5+k))||p,a2,\70,‘71,((7h)h61(a2) S

From (76), (91), (100) and (101), we get that

(102) HBm‘f‘l,k(‘/O? ‘/17 UO’ W)aﬁ/s—i_kavm\l](‘/o? ‘/17 (Uh)h207 W)”(P,VO,Vh(Uh)hZO,W)

o
< Z( Z Dm+17k
a>0 ajt+as=a,a2>S—k

X Cp0n|[War 545 (Y0, Vi (Un)her(aa—5+4))l s — 541, %0.7 (O rtag —sai )V

where ok
__ Dingaile +ﬁ5>dm“”i % eXp(=0P 1)
-0 - - %) VeIl (e -1+ 1)

Using the estimates (82), we deduce that

e < i1 h(BEEER P exp(3o (S — K) (o 1)
S (1)1 -y - Do) VoIl (an — 1+ 1)

29

Under the assumption (95), we get a constant Coy>0 (depending on Dy, 41 i, At 1k, S5 k, 0, 0, Vo,

V1, Up, b) such that

(103) Cpan < Oy
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for all p > 1, all ag > S — k. Finally, collecting (102) and (103), we get

(104) HBm-i-l,k(‘/Ov ‘/la UOa W)a[;/SJrkan\IJ(‘/Ov ‘/la (Uh)hZ()v W)H(p,\_/b,‘_/l,(ﬁh)hzo,v_[/)

< Z( Z ﬁ?nl+1,k

a>0 ajtas=a,a2>S—k

~ T —S+kyrrS—k
X CQH\IJQQ—S—i—k(‘/Oa Vb (Uh)hEI(ozg—S+k))||p,a27S+k,Vo7V1:(Uh)heI(QQ_s_;,_k))Wa1+a2 N W

Co  mson
mw 1® Vo, Vi, (Un)n=0, W)ll (0,7, 74,0 ns0.)

which yields (96).
2) We expand

«
B (Vo, V1,Uo, W) = Y _ B3 sa(Vo, V1, o)

ol
a>0

By definition, we have
(105) |‘B3,k(‘/bu ‘/17 UO7 W)aa/s+k\1/(%a ‘/17 (Uh)hZ(]v W)H(pﬂ_/o,\_/l,(ﬁh)hzo,ﬁ/)
B3 1.0, (Vo, V1, Up)
Y Y albee

Oé1!
a>0 ajtas=a,a9>S—k

% ‘Ilaz—s-i-k‘(vba V1> (Uh)hEI(aQ—S-‘rk)
042!

o T«
Hp,a,Vo,Vh(Uh)hEI(a)W

Now, using Lemma 3, we deduce that
(106) || Bs.x(Vo, Vi, Uo, W)™ 5 (Vo, Vi, (Un) 205 W)l (570,740 ns,7)
| B3 .01 | (Vo, Vi, Up)
=> . > 1

O[l!
a>0 ajt+as=a,a2>S—k

X H\Ijazferk(VUv Vi, (Uh)h€1(02*5+k))|’p,ag,?o,vl,((jh)hel(a2)Wa
From Proposition 6, we know that
exp(_o—p(ai_,__’;)b)
7 F(ap —14+1)

X Way 541 (Vo V1, (Un)her(as—5+0) | p.as—545,Vo, (00 ne (o -0

(107) H\I/a275+k:(‘/07 ‘/17 (Uh)hGI(OQfS#»k) | ’P,a2,‘707‘711(0h)h61(a2) S

On the other hand, the coefficients of the Taylor series of |Bs k a, |(Vo, V1, Up)

T no Y1 77lo
‘/0 Vl UO
’I’L()! 7”L1! lo'

‘BS,k,al | (‘707 Vla UO) - Z b3,k,a1,no,n1,lo

no,n1,lo>0

satisfy the following inequalities. There exist constants § > 4, Ds g, ﬁg,k > 0 with

d3 ko | HOL
(108) b3,k:a1,n07n1,lo D37k(p+ 5) ° al'D3J€
nolnilly!  — gnot+nitlo
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for all @1 > 0, all ng,n1,lp > 0. The proof copies 2) from Lemma 5. From (108), we deduce that

’B37k7a1‘(‘707 ‘717 UO) < D3vk(’0 + 6)d3’k[)§i}c

! B SR Sl o)

(109)

From (109), (106) and (107), we get that

(110) HB3J€(VI)7 ‘/1) UO) W)aa/s+k\1,(vbu ‘/1) (Uh)hZOa W)H(p,vo,‘_/l,([jh)hzo,ﬁ/)

~on
<> > Dy
a>0 ajtas=a,a2>S—k

X DP7042 | |\IJ02—S+I€(‘/07 ‘/]-’ (Uh)hEI(a2—5+k)) | ’p7a2_S+k7VO7V17(Uh)hel(a27s+k)) “

where

S—k
_ Dyi(p+ )b P0G,y
p,a2 T (/ X/ [ 7 — °
=B -5 T a1+ 1)

Using the estimates (82), we deduce that

d xp(—1
D D37k‘(%§5€)))d3'k eXp(éO‘(S — k)) " (OéQ + 1)bd3’k
S O T T CP R Y

Under the assumption (97), we get a constant Co1 >0 (depending on D3y, d3 , S, k, 6,0, Vo,
V1, Uy, b) such that

(111) Dpas < Co1

for all p > 1, all ag > S — k. Finally, collecting (110) and (111), we get

(112)  {|Bsx(Vo, Vi, Uo, W)™ 5 (Vo, Vi, (Un) 205 W)l (5,70, 74,0 nso,7)

Ao
<> > Dy
a>0 ajtas=a,a2>S—k

~ = Sk S—k
X C’9.1H‘I’ars+k(%,V1,(Uh)hef(aQ—SJrk))"p,ag—s+k,\70,Vl,(Uh)heI(a2_5+k)WO‘“”” TR

Co1 =gk
N mw Vo, V1, (Un)nzo, W) |(p7V01V1’(Uh)h207W)

which yields (98).
(]

3.2 A functional partial differential equation in the Banach spaces of in-
finitely many variables G, v, v, ()07

In the next proposition, we solve a functional fixed point equation within the Banach spaces of
formal series introduced in the previous subsection.

Proposition 10 We make the following assumptions

(113) S>k+1+max(b(dip+2)+3,d+1+bd+dip+1) , S>k+3+0b2+dap),
S>k+1+ bmaX(dl,k,ngc) , S>k+ bd37k
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for all k € S. Then, for given Vo, Vi,0 > 0, there exists W > 0 (independent of p > 1) such
that, for all I(Vo, Vi, (Up)p>0, W) € G (5,0, V1 (O )nso. V) the functional equation

(114) T(Vo, Vi, (Un)nz0, W) = Y _ B1 (Vo Vi, Uo, W)y 0, © (Vo, Vi, (Un)nz0, W)
keS

+ B (Vo, Vi, Up, W05 T¥ DA W (Vo, Vi, (Un)n0, W)

+ D Bog(Vo, Vi, Uo, W) 0, 0 (Vo, Vi, (Un)nz0, W)
keS

+ Ba i (Vo, Vi, Ug, W) 0, D ¥ (Vo, Vi, (Un)ns0, W)

+ Y Bsx(Vo, Vi, U, W) 0 (Vo, Vi, (Un)nz0, W)
keS

+ 1(Vo, Vi, (Un)nz0, W)

has a unique solution ¥ (Vy, Vi, (Up)n>0, W) € G(p,Vo,Vl,(Uh)hzo,W)' Moreover, we have that

(115) ||¥(Vo, Vi, (Un)ns0, W)

(0, Vo, V1,(On) p>0,W) < 2HI~(VO’ Vi, (Uh)hzo’ W)‘|(07V07‘717(Uh)h207w)'

Proof We consider the map 9t from the space G[[Vp, V1, (Up)n>0, W] of formal series (introduced
in Definition 1) into itself defined as follows:

(116)  M(AVo, Vi, (Un)az0, W) = > By x(Vo, Vi, U, W) 057 0y, A(Vo, Vi, (U0, W)
keS

+ By x(Vo, Vi, Up, W) 3y T DA A (Vo, Vi, (Un) 0, W)

+ 3 By i (Vo, Vi, Up, W0y T F0v, A(Vo, Vi, (Un)nz0, W)
kes

+ Ba i (Vo, Vi, Ug, W) 03" T DB A (Vo, Vi, (Un )0, W)

+ ) Bsi(Vo, Vi, Uo, W0y TFA(Vo, Vi, (U0, W)
keS

fOI' all A(va V17 (Uh)hZUv W) S G[[%7 ‘/17 (Uh)h207 WH
In order to prove the proposition, we need the following lemma.

Lemma 7 Let id the identity map x — x from G[[Vy, Vi, (Un)n>0, W]] into itself. Then, for a
well chosen W > 0, the map id — 9 defines an invertible map such that (id — )~ is defined
Jrom G, 5, v (0)n=0, ) int0 itself. Moreover, we have that

(117) |I(id = 20 (E(Vo, Vis (Un)n20, WD (5,7,72,(Tn o)
< 2[E(Vo, Vi, (Un)nz0, W)l (p,0,71 (0 s, W)

for all 2(Vo, Vi, (Up) >0, W) € G(P7‘707V1,(Uh)h207W)'
Proof Taking care of the constraints (113), we get from Propositions 8 and 9 a constant Cig > 0

(depending on the constants introduced above and also on the aforementioned propositions:
@, MaX)<p<d ap,0, 0, b, d,maxpes di ,
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maxyes D1k, maxges dok, maxpes Do g, maxyes ds g, maxkes D3, 0,v,5,8,k, Vo, V1 but inde-
pendent of p > 1) such that

Hm(A(‘/O7 V17 (Uh>h207 W)) ‘ ‘(p,VO,VL(Uh)hzo,W)

< Cro(Y WAV, Vi, (Un)h20, W)l (.7, 72O s )
keS

for all A(‘/Q, Vi, (Uh)hZ(]a W) S G(07V07‘717(Uh)}L207W) with 0 < W < minm€{07172}7k€3 1/(2Dm+1,k)-
Since S > k for all k € S, we can choose W > 0 such that

Cho Z stk <
keS

N

together with W < miny,e (01,2} kes 1/(21A)m+17k). We deduce that

190U (A Vo, Vi, (Un)nz0, WD, 9,7, (G150,
1
< 1AMV, Vi, (Un)nz0, W)l (5,7%,74,(0n)n0.)

for all A(Vo, Vi, (Un)r>0, W) € G, v, 11 () y- This yields the estimates (117). O

r>0,W

Finally, let f(Vo,Vl, (Un)n>0, W) € G (5. V0,71 (T nso, W) TOT W > 0 chosen as in Lemma 7. We
define - )
U (Vo, Vi, (Un)pz0, W) = (id = ) (I (Vo, Vi, (Un) a0, W)).

By construction, ¥ (Vp, Vi, (Ux)n>0, W) belongs to G (5, Vo, V1,(T)noo, i) a0d solves the equation
(114) with the estimates (115). B O

4 Analytic solutions with growth estimates of linear partial dif-
ferential equations in C3.

We are now in position to state the main result of our work.

Theorem 1 Let by, 1, (t, 2, up, w) be the functions defined in (11) form =1,2,3 and k € S. Let
us assume that there exists b > 1 such that

(118) S>k+1+max(b(dip+2)+3,d+1+bd+dip+1) , S>k+3+0b2+dag),
S>k+1+ bmax(dl’k,dgk) , S>k+ bdgyk

forallk € S. For all 0 < j < S —1, we consider functions w;(t, z) which are assumed to be
holomorphic and bounded on the product D(0, R')?.
Then, there exist constants o, W, C1a > 0 such that the problem

(119) 05 (t,z,w) =Y (bi(t, 2, X (t, 2), w)AOEY (¢, z,w)
keS
+ bo i (t, 2, X (t, 2), w)@Z@lZY(t, z,w) + b3 i (t, z, X (t, 2), w)@ij(t, z,w))
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with initial data
(120) (DLY)(t,2,0) =wj(t,z) , 0<j<S—1,

has a solution Y (t,z,w) which is holomorphic on Int(K) x D(0,W/2) and which fulfills the
following estimates

(W/2)!

(121) sup Y (t,z,w)| < Craexp(a(b)p) + Z sup  |wj(t, 2)] i

(t,2)€lnt(K),weD(0,W /2) j= o (t,2)€Int(K)

where ((b) = 3,50 1/(n + 1)°, for any compact set K C D(0,R)?\ © with non-empty interior
Inth) for some R < R’ and any p > 1 which satisfies (6). We stress that the constants
o, W,C12 > 0 do not depend neither on K nor on p > 1.

Proof By convention, we will put w;(¢,z) = 0 for all j > S. On the other hand, we specialize
the functions @, which were introduced in (8) in order that

(122)  @a(vo, v1, (un)her(a)) = @alvo, v1,uo)

B Z Z bl a1 (V05 V1, U0) OygWan 4k (V0, V1) n b2 k,; (V0, V1, U0) Oy Way+k(V0, V1)
1' 042! 051! 052!

keSS a1 taz=a

+

b3,k‘,o¢1 (’007 U1, 'LL()) Wao+k (/Uﬂv /Ul) )
oq! Q! '

By construction and using the definition (15), we can write with the help of the Kronecker
symbol,

(123) (“Daanoﬂla(lh)hel(a) = Wayngnilo X Hner(a)\ {0390,
where

~ !

Wa,ng,ni,lo = sup 1042 0yt 0,2 wa(vo, v1, uo)|.

[vo| <R, |v1|<R,|uo|<p

Lemma 8 There exist Vo, Vi, W > 0 such that the formal series

(124)  Q(Vo, Vi, (U)o, W)
3 D SR Y e 2 |
= a7n07n17(lh)h61(a) | | he[(a)il 7’
a>0 \ng,n1,lp>0,hel(a) no- M1 lh' @

belongs to G(p,Vo,Vl,(Uh)hzo,W)' Moreover, there exists a constant C11 > 0 (independent of p)
such that

(125) 1Q(Vo, VA, (Un)nz0: Wl (50,77 (O ynsoiiy < C11-

Proof Let k € S. Due to the estimates (10) for the functions by, 1 o (¢, 2, uo), we get couples of
constants Dy g, Dy > 0, Do, Doy > 0 and D3, D3, > 0 such that

(126)  [b1ay (X05 X1, €0)| < Dyg(p + 8)Bkay|(Dy 1),
169,101 (X0 X1, €0)| < Da g (p+6) %21 (Do), [b3 ka0 (X0s X15€0)| < Da g (p+6) %5 aq!(Ds )™
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for all aq > 0, all [xo| < R+0 < R, |[x1] < R+d < R, |§] < p+ d. Moreover, we also get
couples of constants Fy i, Fy . > 0, Fa i, Foj > 0 and Esy, F3 ) > 0 such that

(127)  |0yoWan+k (X0, X1)| < E1ga2!(B1 1),
|01 W1k (X0, X1)| € Eo g (Bar)®? ) |Wagtk(X0, X1)| < F3 pas!(Fs k)2

for all g >0, all [xo| < R+ < R, |x1| < R+ < R'. From (126) and (127) we deduce

(128)  |@alx0sx1,%0)|

<Y D Al(DigBri(p+6)"* (D1 )™ (Br k) + DogBak(p + 6)™* (D)™ (B )™
keSS a1taz=«

+ D3 B3 i (p + 0) ™ (D3 )™ (B3 1))

for all @« >0, all [xo] <R+ < R, [x1] < R+ 0 < R/, |&]| < p+ d. From the Cauchy formula
in several variables, one can write

070071 90 Qo (w0, 01, Ug) 1 .
vo U1 “0' a'l ‘ — (2)3/ / / wa(XOaXl7§0>
no!nyllp! i C(vo,0) J C(v1,6) v C(uo,9)
X

dxodx1d&p
(x0 — vo)mo+ L (x1 — v1)M+1 (& — ug)lot!

for all |vg| < R, |vi| < R, |up| < p. We deduce that

(129) djO‘v”Oanlle < 1
nolnillp! — drotnitio

x> Y al(D1pBrg(p+ 6)MH (D)™ (Erg)® + Do Eag(p + 6) 24 (Do) (Eo )™
keS a1taz=a

+ D3 B3 k(p + 0)™ (D3 )™ (B3 1))

for all a > 0, all ng,nq,lp > 0. Using (123), we get that
(180) (1200, Vi, (Un)nz0 Wl 70,01, @ s09)

[N Yoy grlo _
=X Y i et ra)

6 noriTso exp(ory(a)p) (no +n1 + lop + a)!

From (129), (82) and with the help of the classical estimates
(TLO +n1+ 1+ Oé)' > nglnyllplal,

for all ng,n1,lo, @ > 0, we get a constant C11,1 > 0 (depending on D y,d1 i, Er 1, D2 k,d2 1, E2 i
D3 1. ds ., Es ), for all k € S,0,0) such that

(131)  112(Vo, Vi, (Un)nz0s W)l 5% 72, (0 s

< _ 0117} _ Z 1
T =0 - -5 { (- DL (1 - Bh)

1 1
+ = = ——=— + = = .
(1 —=DopW)(1 — Eg W) (1 —D3;W)(1— E3,W)
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We choose

(132) 0<W < 2(161?(1/(21517@, 1/(2Da),1/(2D3 1), 1/(2E1 1), 1/ (2E21),1/(2E3.1)),
0<Vp<d/2,0<V1 <6/2,0<Uy<6/2.

From (131) we deduce the inequality (125). O

Under tlle assumption (11§), we get from Proposition 10 four constants 0 < Vp < Vp, 0 < V; <
V1,0 < Up and 0 < W < W (independent of p) such that the functional equation

(133) \Ij(%a ‘/17 (Uh)hZ()v W) = Z(Bl,k(‘/ba ‘/17 U07 W)8;VS+]€8V0\I’(%3 ‘/17 (Uh)hZOa W)
keS
+ By i (Vo, Vi, Ug, W) 337 DA W (Vo, Vi, (Un )0, W))
+ ) (Ba(Vo, Vi, Un, W) 0y, 0 (Vo, Vi, (U0, W)
kes
+ Boix(Vo, Vi, Up, W) 852 ¥ D W (Vo, Vi, (Un) a0, W)
+ Y Bsi(Vo, Vi, U, W) 0 (Vo, Vi, (Un)nz0, W)
keS

+Q(Vo, Vi, (Un)nzo, W)

has a unique solution W (Vp, V1, (Un)n>0, W) belonging to G, v, v, (0,
over the estimates

nso, W) Which satisfies more-

(134) |19 (Vo, Vi, (Un)n20s W)l o, 70,78. @ nso ) < 212V0, Vi (Un) 1205 W)l (.7, (0 ) ns0,7)
< 2C;.

Now, from Proposition 4, we know that the sequence g 1.1, (15)
the inequality

hel(e) introduced in (14) satisfies

(135)

Pa,nony, () her(a) =< d)a,no,m,(lh)hezm)

for all a > 0, all ng,n1,1, > 0, for h € I(a). Gathering (134) and (135), and from the definition
of the Banach spaces in Section 3.1, we get, in particular, for ng =n; =1, =0, for all h € I(«),
all a > 0, that

(136) sup |@a(vo, v1, (Un)ner(a))] < Va,0,0,0)ne (o)
|'U0|<R,|’U1 ‘<R7|uh‘<p7hel(a)

<2Cn exp(arb(a)p)(%)aa! < 2C11 exp(a((b)p)(=)%al

for all @ > 0 and where ((b) = >, 551/(n + 1)®. From (136), we get that the formal series
U(t, z,w) introduced in (7) actually defines a holomorphic function (denoted again by U (¢, z, w))
on Int(K) x D(0,W /2) for which the estimates

(137) sup U(t, z,w)| < 4C11 exp(a((b)p)
(t,2)€Int(K),weD(0,W/2)

hold and which satisfies the equation (13) on Int(K) x D(0, W /2).
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Finally, we define the function

S—1
Y(t, z,w) = 8,°U(t, z,w) + Z w;(t, z)
j=0

w
ki

By construction, Y'(¢, z,w) defines a holomorphic function on Int(K) x D(0, W /2) with bounds
estimates

w
(138) sup !Y(t,z,w)l54(7)Scnexp(a<(b>p)
(t,2)€Int(K),weD(0,W/2)

5-1 v
W /2)7
£ s o) 22
=0 (t,z)€Int(K) J:
and solves the problem (119), (120). This yields the result. O
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