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Abstract

We prove the renormalization conjecture for circle diffeomorphisms with breaks,
i.e. that the renormalizations of any two C?T®smooth circle diffeomorphisms with
a break point, with the same irrational rotation number and the same size of the
break, approach each other exponentially fast in the C?-topology. As a corollary,
we obtain the following rigidity result: for almost all irrational rotation numbers,
any two circle diffeomorphisms with a break, with the same rotation number and
the same size of the break, are C'-smoothly conjugate to each other.

1 Introduction and statement of the results

This paper presents the renormalization and rigidity theory for circle diffeomorphisms
with a single singular point where the derivative has a jump discontinuity. We call such
maps circle diffeomorphisms with breaks and these points the break points. Our first result
is the theorem on the exponential convergence of renormalizations for circle maps with
breaks provided that they have the same irrational rotation number and the same size
of the break, i.e. the square root of the ratio of the derivatives at the break point. More
precisely, for any given a € (0,1) and ¢ € R™\{1}, we prove the following.
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2 Renormalization and rigidity theory

Theorem 1.1 There exists u € (0,1), such that for every two C***-smooth circle diffeo-
morphisms with a break T and T, with the same irrational rotation number p € (0,1),

and the same size of the break c, there exists C' > 0, such that the renormalizations f,
and f, of T and T, respectively, satisfy | fr — anCz < Cu", for alln € N.

We emphasize that the convergence result holds for all irrational rotation numbers and
that the exponential rate of convergence is universal, i.e. independent of the maps and,
in particular, their rotation numbers, as long as the size of their breaks is the same. This
theorem is the final result in the renormalization program for circle diffeomorphisms with
a break. As we have previously shown in [15], it implies a strong rigidity statement for
such maps. Therefore, as a corollary of Theorem 1.1, we obtain

Theorem 1.2 For almost_all irrational rotation numbers p, any two C?**te_smooth circle
maps with a break T and T, with the same rotation number p, and the same size of the
break c, are C*-smoothly conjugate to each other.

Our main results solve the 20 year-old problem of rigidity for circle diffeomorphisms with
breaks. They can be also considered a natural extension of Herman’s theory [11], i.e.
rigidity theory for circle diffeomorphisms.

To explain how maps with breaks appear naturally in the context of one-dimensional
dynamics, we start with a rigid rotation by an angle p on a unit circle T!, i.e. a linear map
R:x— x4+ p. It is well known that such a map can be regarded as an interval exchange
transformation (IET) of two intervals. While in the case of an IET the intervals are
transformed by isometries, it is quite natural to consider nonlinear IETs, where the maps
acting on the intervals are assumed to be smooth and strictly monotone. In the case of
two intervals there are just two branches hy : [0,£] — [h1(0), 1] and hy : [€,1] — [0, ho(1)],
¢ € (0,1), with the requirement h;(0) = hs(1) € (0,1). By matching the derivatives
(h1)'L(0) = (ha)"_(1), (h1)_(&) = (he)".(§), we obtain a circle diffeomorphism 7" with a
lift whose restrictions to [0,£] and [, 1] are given by hy and hy + 1, respectively. This
condition is, however, rather artificial in the setting of nonlinear IETs. Without the
derivative-matching condition one obtains a circle diffeomorphism 7" with two break points

at :L‘l()i) = 0 and xbz) = . Since the two break points belong to the same orbit of T,

ie. TI( ) = :z:,() ), one can piecewise-smoothly conjugate 1" to a circle map with a single

break pomt. A natural question to ask is when are two maps of this type smoothly, or
piecewise-smoothly, conjugate to each other. This question has been settled by the theory
presented in this paper. In a sense this theory is a one-parameter extension of Herman’s
theory where the break size ¢ plays the role of the parameter. While in the case of circle
diffeomorphisms, corresponding to ¢ = 1, renormalizations converge to a one-dimensional
space of linear maps with derivative 1, in the case ¢ # 1, the renormalizations converge to a
two-dimensional space of fractional linear transformations with very non-trivial dynamics
on the limiting attractor. Our main results (Theorem 1.1 and Theorem 1.2) correspond to
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the non-linearizable case of nonlinear IETSs of two intervals. The linearizable case of more
general IETs has recently been considered by Marmi, Moussa and Yoccoz in [26]. The
special case of cyclic permutations, which corresponds to circle maps with more than one
point of break and with the product of the sizes of breaks being equal to 1, was considered
by Chunha and Smania [4]. In their case, the renormalizations converge to piecewise-affine
(linear) maps, rather than fractional linear ones. Our result above (Theorem 1.2) is so
far the only result in the general non-affine case.

In the above construction of a nonlinear IET, we respected the special role of the
interval [0, 1], which is not very natural on the circle. In general, the restriction of the
lift H of such a circle homeomorphism to [0,1] is given by H; : [0,&] — [H1(0), H1(§)],
Hoy 2 [€,1] = [H1(€), H1(0)+1] and the corresponding circle map will have two break points
:vbi) =0 and ml(f,) = ¢ which do not necessarily belong to the same orbit. Renormalization
and rigidity theory for such maps is currently an open problem.

In the remaining part of this introduction, we provide more details about our results
in the historical context of renormalization and rigidity theory in circle dynamics and
explain the main difficulty of the problem that we solved. The development of renor-
malization methods in dynamics started with the work of Feigenbaum |7, 8] and Coullet
and Tresser [6], on metric universality in period-doubling bifurcations in one-parameter
families of one-dimensional maps. It has soon become clear that the universal properties
of the dynamics of one-dimensional systems can be understood by studying an associated
infinite-dimensional dynamical system: a renormalization operator R acting on a func-
tional space of the original systems. Typically, the action of the renormalization operator
separates the systems into different universality classes, according to their approach to
different attractors. As shown by continuous efforts of Sullivan [30], McMullen [27] and
Lyubich [24], this Feigenbaum-Coullet-Tresser universality follows from the existence of
a hyperbolic fixed point on a space of such maps, with one unstable direction. The
theory was extended to infinitely renormalizable unimodal maps of other combinatorial
types. The idea of renormalization originally came from statistical mechanics, where it
provided an explanation for critical phenomena, by classifying systems into different uni-
versality classes, according to their scaling limits and corresponding critical exponents.
In dynamics, apart from providing an explanation for the universality of infinitely renor-
malizable unimodal maps, renormalization methods have also led to advances in rigidity
theory [4,5,13-19, 29|, complex dynamics [27,30], KAM (Kolmogorov-Arnol’d-Moser)
theory [20-22|, break-up of invariant tori [1, 25|, and the reducibility of cocycles and
skew-product flows |3,23].

In circle dynamics, the behavior of renormalizations plays a crucial role in proving
global rigidity results. Rigidity is the phenomenon of smooth conjugacy between any
two maps within a topological equivalence class. The first rigidity result concerned cir-
cle diffeomorphisms. For sufficiently-smooth diffeomorphisms, the topological equivalence
classes are defined uniquely by a rotation number (Denjoy’s lemma). Arnol’d proved the
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first local rigidity result 2], i.e. that every analytic circle diffeomorphism with a Diophan-
tine rotation number, sufficiently close to the rigid rotation, is C'-smoothly conjugate to
it. He also conjectured that the claim holds true if the assumption of closeness to a rotation
is removed. This global rigidity result was proved by Herman [11] (see also [12,17,29,32]).
One can show that the renormalizations of any two C**“-smooth circle diffeomorphisms
with the same irrational rotation number approach each other exponentially fast. This
result implies rigidity, i.e. C'-smooth conjugacy between them, only under an additional
assumption that the rotation number is Diophantine. The action of the renormalization
operator can also be considered on a larger space, involving not only circle diffeomor-
phisms but also circle diffeomorphisms with a singular point where the derivative vanishes
(eritical circle maps) or has jump discontinuity (circle maps with a break). It has been
conjectured that the renormalizations of any two C?T®-smooth circle maps in that space,
with the same irrational rotation number and the same type of singularity, approach each
other exponentially fast. Despite serious efforts, in the case of critical circle maps this
conjecture is still open. In the analytic category, an analogous claim is indeed true, as
was proved by de Faria and de Melo [9,10], for bounded-type irrational rotation numbers,
and extended to all irrational rotation numbers by Yampolsky [31]. The type of singu-
larity in the case of critical circle maps is characterized by the order of the critical point.
For analytic critical circle maps the result holds for all odd-integer orders of the critical
point. It is expected, however, that the renormalization conjecture holds for all orders of
the critical point (not necessarily integers). For C?T®-smooth critical circle maps, it was
shown by Khanin and Teplinsky [16] that a proof of the renormalization conjecture would
imply robust rigidity, i.e. rigidity for all irrational rotation numbers.

In this paper, we prove the renormalization conjecture for circle maps with a break. It
has been known for more than two decades, that the renormalizations of circle maps with
a break approach a family of fractional linear transformations [19]. Though significant
progress has been made in understanding the dynamics of the renormalization operator
on the space of fractional linear transformations 18], any analysis beyond this subset [13,
18| has so far been restricted to those rotation numbers for which one has a bounded
geometry, i.e. the case where nearby elements of the dynamical partitions of the circle are
of comparable length. Consequently, in this case, the longest elements of the dynamical
partitions cannot decrease faster than exponentially (with the renormalization step). This
bounded geometry is also characteristic of the case of critical circle maps. The main
difficulty of the problem at hand is that one really needs to deal with unbounded geometry.
For circle maps with a break, the longest intervals of the dynamical partitions of the circle
can decrease at an arbitrary rate. Nevertheless, as we prove in this paper, all such maps
with the same irrational rotation number and the same size of the break belong to the
same universality class.

In spite of full universality, the problem of unbounded geometry prevents one from
obtaining robust rigidity, in the case of circle maps with a break. Indeed, as we proved
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in [14], if the largest elements of dynamical partitions decrease sufficiently rapidly, one
can find examples of circle maps with a break of the same size, in the same topological
conjugacy class, for which no conjugacy is even Lipschitz continuous. Nevertheless, The-
orem 1.1 indeed implies rigidity for almost all irrational rotation numbers (Theorem 1.2).
For those rotation numbers, the geometry is super-exponentially bounded, i.e. the log-
arithms of the ratios of the nearby elements of dynamical partition are bounded by an
exponential function.

The paper is organized as follows. In Section 2, we define the renormalizations of
circle maps and provide basic definitions and earlier results that we use. In Section 3, we
prove general estimates of the renormalization parameters, including the parameter a,
(the ratio of the lengths of successive renormalization segments). In Section 4, we define
the strings of renormalizations with large a,, tails, and obtain a result on the closeness of
renormalizations in the tail to fractional linear maps with the same (associated) rotation
number. In Section 5, we show that renormalizations with small parameters a,, are also
close to fractional linear maps with the same rotation number. In Section 6, we prove
an almost commuting property of the renormalization operator and a projection opera-
tor onto the space of fractional linear transformations. Finally, in Section 7, we prove
Theorem 1.1.

2 Preliminaries

2.1 Renormalization of commuting pairs

For every orientation-preserving homeomorphism 7' of the circle T = R\Z there is a
unique rotation number p = lim, o 7"(z)/n mod 1, where T is a lift of 7" to R. If
p € (0,1) is irrational, it can be expressed uniquely as an infinite continued fraction
expansion

B 1
_k1+;1

k2+k3+.4.

pP= [k17k27k37"'] 5 (21)

where k,, € N. Conversely, every infinite sequence of partial quotients k,, defines uniquely
an irrational number p as the limit of the sequence of rational convergents p,/q, =
[k1, ks, ..., k,]. The denominators satisfy the recursion relation ¢,11 = kni1Gn + ¢n_1,
with ¢go = 1 and ¢_; = 0.

To define the renormalizations, we start with a marked point o € T!, and consider
the marked trajectory x; = T'xq, with i > 0. The subsequence z,,, n > 0, indexed by the
denominators of the sequence of rational convergents of the rotation number p, will be
called the sequence of dynamical convergents. We define x, , = 29— 1. The combinatorial
equivalence of all circle homeomorphisms with the same irrational rotation number implies
that the order of the dynamical convergents of 7" is the same as the order of the dynamical
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convergents for the rigid rotation R,. The well-known arithmetic properties of the rational
convergents now imply that dynamical convergents alternate their order in the following
way:

Ty, < Ty <Tgy <+ <Tp <+ < Ty < Ty (2.2)

The intervals [z,,, o], for n odd, and [z, z,,], for n even, will be denoted by Aé"), and
called the n-th renormalization segments. The n-th renormalization segment associated
to the marked point z; will be denoted by AZ(-”). The intervals Agn_l) = Ti(A(()n_l)), for
i=0,...,qgo—1and A™ = T{(A) fori =0,...,¢,_1—1, cover the whole circle without
overlapping except at end points and, thus, form the n-th dynamical partition P,, of the
circle. The first return map on the interval ALY U Al is given by T restricted to
Aénil) and 79— restricted to Aé”). The n-th renormalization of an orientation-preserving
homeomorphism T of the circle T!, with a rotation number p = [k, ko, k3, ...], with
respect to the marked point xy € T, is given by a pair of functions (f,, g,), obtained by
rescaling the first return map, i.e.

fnzrnoT‘]"oTn_l, gn:Tnqu"*oTn_l. (2.3)
Here, 7,, is the affine change of coordinates that maps z,, , to —1 and x, to 0. Thus,
fn:[-1,0) = R, and ¢, : [0, a,] — R, where a,, = 7,,(x,,). The sequence of renormaliza-
tions (f,, gn) can also be generated by the action of a renormalization operator on a space
of commuting pairs. Renormalization of commuting pairs was first introduced in [28]|. A
commuting pairis a pair (f, g) of two real-valued, continuous and strictly-increasing func-
tions f and g, with f(0) > 0 and ¢(0) < 0, defined on [g(0), 0] and [0, f(0)], respectively,
satisfying f(g(0)) = ¢(f(0)). If g(0) = —1, the commuting pair is called normalized.
If (f,g) is a commuting pair with g(0) < 0, then (f,g) = (ro for ', 70ogor )
with 7(2) = —z/¢g(0) is a normalized commuting pair. A commuting pair is non-
degenerate if f(0) > 0. For a normalized, non-degenerate pair (f, g), we define the height
k € Ny = NU {0} by the condition f*(—1) < 0 < f*¥1(=1). On a set of renormaliz-
able commuting pairs, i.e. commuting pairs with finite and nonzero height, we define a

renormalization operator as R(f,g) = (f¥ o g, f). Pairs which are not renormalizable are
called non-renormalizable.

A pair (f,g) is called infinitely-renormalizable if R™(f,g) is renormalizable for all
n € Np. Clearly, if the rotation number of T is irrational, then R(f,, 9n) = (fni1, Gni1),
for all n € Ny. Here, (fo,90) = (T |j-1,0,,Z), where T|_1,9 is the restriction of a lift T of
T satisfying 7(0) € (0,1] to [—1,0] and Z is the identity defined at 0 only.

For normalized pairs (f, g) such that f(—1) < 0, we define a rotation number p(f, g) €
[0, 1], by substituting its consecutive heights for partial quotients in the continued fraction
expansion p(f,g) = [ki, ks, ...]|, where k, is the height of R"7!(f, g) (the symbol "oo"
is the terminator of the sequence). On the set of rotation numbers, the renormalization
operator acts as Gauss map: Glky, ko, ...] = [ka,...], L.e. p(R(f,9)) = Gp(f,9).
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2.2 Definitions and earlier results for circle diffeomorphisms with
breaks

In this paper, we consider renormalizations of C?T%smooth circle diffeomorphisms with
breaks, for a € (0,1), i.e. homeomorphisms 7" : T! — T! for which there exists a point
zp € Tt such that: (i) 7 is C?T smooth on T'\{xy, }; (il) infyze,, T(x) > 0; and (iii)
there exist one-sided derivatives 1" (xy,) # T (xp,). We refer to ap, as the break point and

TL (Q?br)
T (2r)

as the size of the break. In the case of circle diffeomorphisms with a break, we will use
the break point x3, as the marked point xy. One can verify that renormalizations of circle

diffeomorphisms with a break of size ¢ satisfy the condition ¢? = W, where ¢, = ¢

¢= 41, (2.4)

if n is even, ¢, = ¢ ! if n is odd.

We refer to commuting pairs (f, g) satisfying ¢ = % € Ry \{1} as the com-
muting pairs with break of size c¢. For the renormalization operator acting on commuting
pairs (f,g) with breaks of the size ¢, we sometimes write R, instead of R. Notice that
the renormalization operator maps renormalizable commuting pairs with break of size ¢

to commuting pairs with break of size ¢ !.

It is well known that renormalization maps f,, and g, for circle diffeomorphisms with a
break of size ¢ € R, \{1} approach, exponentially fast, two particular families of fractional
linear transformations

Ay + Cp2 —Cp + 2

Fa Un,,C - 9 Ga VU, C: = - 1. 25
n,Un, n(z) 1 _ UnZ n,Un, n(z) Cn o Cn—al—vnz ( )
with (n) (n-1) (n)
A = an — by A = AL
an =~y Un = o, b, = D) ) (2.6)
|Ao | bn ‘Ao ’
We will often abbreviate the notation by writing £, = F,, 4., and G, = G, 4, .c,- The

derivatives of these maps are given by

c + av ! C(l - H}Tiv) (2 7)

/ J— I
a,v,c(z) (1 . UZ)Q’ a,v,c(z) - (C . cftll Z)Q

It is easy to see that V = Varp:i InT’" < oco. It follows that the map T satisfies the
Denjoy’s lemma [19], which implies that |In(7T%) (z)| < V, for all x € T'. In particular,
we have

(A) |Infl(x)] < V, for all x € [—1,0] (at the end points, both the left and right
derivatives are considered).
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The following estimates have been proved in [19]. For every C**®-smooth, a > 0, circle
diffeomorphism 7" with a break of size ¢, there exist constants C > 0 and A € (0, 1), such
that, for all n € N, we have

(B> ||fn - Fan7vn7cn||02 S C>\n7 ||gn - Gan,’Ur“CnHCl S C)\n7
(C) |an + b, M, — c,| <CI\", and
(D) |Mps1 — cpy1 (1 + apsran(M, — 1))] < CA", where

Moo | ot [ B | e | Y [ e

Al
(2.8)

Property (B) is a statement about the approach of renormalization maps to fractional
linear transformations. Property (C) is a consequence of the commutation relation of the
maps f, and g,. Property (D) provides a relation between nonlinearities of the maps f,
and f11.

We also define

N, =exp | (-1)" 3 / T(z) dz | . (2.9)

Clearly, M, N,, = exp ((_1)71 fsl %((ZZ)) dZ> = D" = Cp,-

For a normalized commuting pair (f,g) with positive height, we define, as in [18], the
canonical lift Hy ,(w) : R — R, satisfying Hy,(w + 1) = Hfg4(w) + 1, and

_[Hpw),  wel-Lo(0),
sl = {1 FHD W), welp(0)),0), 210
where
H)w)=¢ofos™,  HI(w)=pogofos™, (2.11)
and ¢ : [—1, f(0)] — R is the fractional linear transformation that maps (—1,0, f(0)) into
(—1,0,1), i.e.

_ (O +1)z
M50+ 10 -1 1)
The derivative of the latter coordinate transformation is given by
s - 2 OUO -+ o1y

(2£(0) + (f(0) = 1)2)*
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Notice that the canonical lift Hf, of a commuting pair with a break of size ¢ has, in
general, two break points. Nevertheless, they belong to the same orbit and the product
of the sizes of their breaks is equal to c.

We will identify each point (a,v) € R? with the corresponding pair of fractional linear
maps (F, ¢, Gaw,e), whenever the latter is well-defined. The following sets play an impor-
tant role in the renormalization of commuting pairs of fractional linear transformations.
We define

(c—v—1)

D, ={(a,v):1/2 < Ll <1,° <a<c}, (2.14)
C_

()

and D, = D.N {(a,v) : a > (c — 1)?/4v}, if ¢ > 1, and D, = D. N {(a,v) : v >
a(c —1)*/4c + ¢ — 1}, if ¢ < 1. Some of the estimates for the renormalizations of pairs
of fractional linear transformations by Khanin and Teplinsky [18] are important for us.
It was shown therein that the renormalization operator maps all infinitely renormalizable
pairs in D, into D, Je- Moreover, these sets are absorbing areas for the dynamics of the
renormalization operator on a space of commuting pairs of fractional linear maps, i.e.
each infinitely renormalizable commuting pair of fractional linear maps eventually falls
inside these sets, under the action of the renormalization operator R. The set of points
in {(a,v):0<a<ca+v—c+1>0} DD, with the same irrational rotation number
p € (0,1) is a continuous curve a = 7,.(v), v > —1, such that the slope of any secant
line, in the (v, a) coordinate system, belongs to the interval (—1,0). We will refer to this
slope as the slope of the curve v, .. Furthermore, for ¢ > 1 and all irrational p € (0,1),
(c=1)*

all curves v, . lie above the hyperbola a = ~——-.

We end this section with some comments about the notation. We write A,, = O(B,),
if there exits a constant K; > 0, such that Klen < A, < KB, for all n. We write
A, = O(B,), if there exists a constant Ky € R, such that —KyB, < A, < K)B,, for
all n.

3 A priori estimates of the renormalization parameters
Proposition 3.1 M, = v, + 1+ O(\") and In M,, = O(1), for all n € N.

It follows from (A) that f(z) = (T)'(7,7!(z)) is bounded both from above and below
by positive constants. The same is true for F)(z) = f!(z) + O(A\"), for sufficiently large
n. In particular, this implies v,, > —1, for sufficiently large n, as the opposite inequality
. ! F/ O >\TL
would lead to F(0) = ¢, +a,v, < ¢, —a, = (v,+1)b, < 0. Since fZ’E(_Oi) = F,’er(—oi;-o((/\’%) =
(14 v,)% + O(\"), 1 + v, is also bounded from above and below by positive constants.
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The first claim follows from the identity

M, = exp % / (In(T™Y(2)) d= :\/ (gq)>(<_()i) :\/ fﬁz(_(?) (3.1)

Lqy_q

The second claim follows from (2.8), the fact that 7" is bounded from below by a positive
constant and the fact that 7" is bounded.

Proposition 3.2 There exists € > 0 such that, for n sufficiently large, if ¢, > 1, then
a, € (€6,¢n — O(any1)); if cn < 1, then a, € (0,¢, —€);

Proof. It follows from Proposition 3.1 that ¢, — a, = (v, + 1)b, = ©(b,) and, in
particular, a, is bounded. In the case ¢, > 1, assume that a, is very small. Due to
(B), for sufficiently large n, f;(0) is close to F},(0) = ¢, + a,v,, which is close to ¢, > 1.
Also, f"(z) is close to F(z) = 2v, ffffn";)’g, which is bounded due to Proposition 3.1. This
implies that f,(z) = z at some point z € [—1,0], close to 0, which contradicts the fact
that the rotation number of 7" is irrational.

In the case ¢, < 1, assume that ¢, — a,, is very small. Then, b, must be very small.
Furthermore, since from the definitions a,,1a, < b,, and since a, 1 > €, for sufficiently
large n, we obtain that a, must be very small, which contradicts ¢, — a,, being small. QED

Corollary 3.3 There exists 6 > 0, such that, for sufficiently large n, a,i1a, <1 —94.

Proof. It follows directly from Proposition 3.2, and the fact that c¢,c,.1 = 1. QED

Proposition 3.4 v, =c¢, — 1+ O(a,), for all n € Ny.

Proof. Since b, = 1 — a,f_,((), for some ( € (—a,a,-1,0), using property (B), the
explicit form of the derivative (2.7), and the fact that F) is bounded, we obtain

by, =1—an(cn_1 + apn_1vp—1 + O(N") + O(ana,-1)). (3.2)
For small a,,, directly from the definition (2.6) of v, we further have
Up = (cn —a,)(1+O(a,)) — 1 =c, — 14+ O(ay). (3.3)

Since a,, is bounded, this proves the claim. QED

Proposition 3.5 Let ¢ € R, \{1}. There exist a universal constant A € (0, 1), such that
the estimates (B), (C) and (D) hold true for every C***-smooth circle map T with a break
of size ¢, and every n € N.
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Proof. There exist a universal constant V' > 0, such that for every C?*®-smooth circle
map 71" with a break of size ¢ the following holds. There exists Ny € N, such that for
all n > Ny, we have |f’| < V. This follows from Proposition 3.1 and Proposition 3.2,
using property (B). It follows from [29] (see Lemma 2 therein) that there is a universal

_ (n+2)

constant A = (1 +e~"V)71/2 such that % < A2, for n > Ny. This implies that the
0

estimates (B), (C) and (D) are valid with the same A for every such map 7', with some

C > 0 (depending on T'), for every n € N. QED

4 Strings of renormalizations with large a, tails

We define a string of renormalizations (or simply a string) to be a (finite or infinite)
sequence f, with n € [ny,ny — 1], ny € NU {0} and ny € NU {oo}. We call ny — ny,
the length of the string. It can be finite or infinite. We choose some positive ¢ < € from
Proposition 3.2, and assume that the strings have tails with (relatively) large a,, i.e. for
all n € [ny + 1,n9 — 1], we have a, > oA7_, for some A\~ € (A, 1). Each finite string ends
with ¢,, < 1 and a,, < oA}2, for some A+ € [A;-,1). We consider two types of strings:
(i) an initial string, starting at some n; = ng € Ny, and (ii) an ordinary string, starting
at some n; € N with a,, < oA, If \j+ > A, there is certain freedom in the choice
of strings within the renormalization sequence f,,. We will use this freedom later on. We
assume that the initial string is sufficiently long so that the estimates of the previous
section are already valid. Notice that the initial string can be made arbitrary long by
taking o sufficiently small and that for an ordinary string we have a,, < ¢ < € and thus
Cny < 1

The objective of this section is to show that, with an exponentially small (in n) change
of the parameter a,, of the fractional linear map F,, ,, .., one can obtain a fractional linear
map with the same rotation number as (f,,, g,), for sufficiently large n, in the initial string
and for all integer n € [n; + 1,n5 — 1], in an ordinary string.

Proposition 4.1 There exists €1 > 0, such that ;5 € (e1,1 = O(A)), for sufficiently

large n, in the initial string, and for all n € [ny + 2,n9 — 1] in an ordinary string.

In an ordinary string, we also have —= € (1 — O(A),1 + O(A[1)) and —= €
ny

1 Cn1+1—1
(1-O(A,),1+6(m)).

Proof. It follows from (D) and Proposition 3.1 that
U1 = Cnr1(1 + vpanan1) — 14+ O(N"). (4.1)
Applying this estimate recursively, first for v,,- and then for v, 1, we obtain

Un Un, n
2 + (1 — apsoant1) + O(N"), (4.2)

= Gp420n4+10n410n
e, — 1

Cnt2 — 1



12 Renormalization and rigidity theory

Un

since ¢p12 = ¢, It is now easy to see from Corollary 3.3 that if =5
steps it will increases by a positive constant; once it becomes positive, it will stay larger
than a positive constant that can be chosen arbitrarily close to . This proves the desired
lower bound for sufficiently large n in the initial string, if the string is long enough. For an
ordinary string, it follows directly from Proposition 3.4 that C::—il =1+ O(A]1). Identity

(4.1) implies Cv”i—jil = 1—0(ay,) + O(A\™). The recursion relation (4.2) leads to the
ni

desired lower bound for the remaining n in the string.

is negative, in two

By rewriting the equality (4.2) as

Un+2 Un

1 —

Cp —

1) +(1- anﬂan)] +O0(\"), (43

———— = Gpy20n 11 |:an+1an (1 —
Cny2 — 1

we see that, for sufficiently large n in the initial string, we have 1 — o> O(A\L). If
for some n € Ny, 1 — C:ﬁl < —0, it will increase in two steps by an amount larger than
a positive constant and, thus, in a finite number of steps, it will become positive. Once
it is positive, it will remain positive for all larger n belonging to the same even or odd
subsequence. This proves the desired upper bound for sufficiently large n in the initial
Un

string. For an ordinary string, the above estimates on o=y forn =ny and n =ny + 1,
and the recursive relation (4.3) imply the desired upper bounds. QED

Proposition 4.2 For sufficiently large n in the initial string and for all n € [nq,ny — 1]
wm an ordinary string, we have

n n — Un —1

g > ottt =Vt = 1)y, (4.4)
Un+1

Proof. It follows directly from (4.1) that

Uny1+1—Cnpa

OO, (4.5)

= Cp1UpQp +
Ap41 Ap41

and, thus,

Cntl — Ungy1 — 1 Unpg

O(\Y).  (4.6)

=Cn — 1— Unan(anJrl + CnJrl) +
Ap+1 Cn+1 A1

We further have

Cp — Qp, a,
n—| . 4.7
1+ v, v Cn (4.7)

Qp,
vnbn + Un—
Cn

[V |an (Cng1 + any1) < = |v,

For 25 € (0,1], the right-hand side of (4.7) is smaller or equal to [, — 1, since it is the
absolute value of an increasing function of v,,, which takes the value ¢, — 1 at v,, = ¢, — 1.
Thus, if ¢, > 1, we have

n - Un -1 n 1
Cnt1 — Unitl _ U1 o OO, (4.8)
Qi1 Cn+1 An41
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and, since v,y; is bounded from above by a negative constant, by Proposition 4.1, we
have (4.4). If ¢, < 1, then one gets the same inequality (4.4) for sufficiently large n in
the initial string and for n > ny in an ordinary string. For n = n; in an ordinary string,
we obtain (4.4) (without the error term) directly from (4.6), using the fact that v, and
a, are bounded, as follows from Proposition 3.1 and Proposition 3.2. QED

Proposition 4.3 The point (a,,v,) belongs to the O(A\*)-neighborhood of D, , for suffi-
ciently large n in the initial string and for all n € [ny + 1,n9 — 1] in an ordinary string.
If ¢, > 1, then =5 € (5 —O(\"),1+0(\")). Ifc, <1, then on € (5 +e€,1—0(\L)),
for some €5 > 0.

Proof. It follows from Proposition 3.2, Proposition 4.1 and Proposition 4.2 that, if ¢, > 1,
then we have %25 € (3 —O(\"), 14+ 0(A\")). If ¢, < 1, then 222 € (3 + €, 1 — O(A\)).

1 cn—1
Together with Proposition 3.2 and Proposition 4.2, these estimates show that (a,,v,)
belongs to O(\")-neighborhood of D, (defined by (2.14)), for sufficiently large n in the

initial string and all n € [n; + 1,n2 — 1] in an ordinary string.

Let ¢, > 1. Since the rotation number is irrational, using (B), for all z € [—1,0], we
have

2 < fu(2) < Fu(2) + O(A"). (4.9)
In particular, for some zy = —651;1 + O(A\") € (—1,0), we obtain
2 (¢, —1)?
FL(20) — 20 = Xm0 ") > O\, 41
(20) — 20 P <a o, > +O(\") > 0(\") (4.10)
and, thus,
(cn — 1)
- > ™). 4.11
on =222l > 0w (@)
This inequality, together with (4.1), implies
Vg1 +1—cpy1 _ (cp —1)2 1 (Cpy1 — 1)? 1
> + O\") = O(\™). 4.12
Cn+10n41 - 4 An+1 ( ) 4(Cn+1)2 An+1 ( ) ( )

The estimates (4.11) and (4.12) show that, for sufficiently large n in the initial string
and for all n € [ny +1,n2 — 1] in an ordinary string, (a,,v,), in fact, belongs to O(A")-
neighborhood of D, . QED

Proposition 4.4 For sufficiently large n in the initial string and for alln € [n1+1,ny—1],
we have v, + a, + 1 — ¢, > O(ay).
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Proof. If ¢, > 1, then it follows from Proposition 3.2, Proposition 4.2 and Proposition 4.3
that

ap +0, +1—0c,>a, — an—n —O(\") > O(ay,). (4.13)

If ¢, < 1, then it follows from Proposition 4.1 that
ap 4+ Uy + 1 —cp > a, + O(N2) > ay,. (4.14)

QED

Proposition 4.5 There exists a constant Cy > 1, such that for sufficiently large n, and
every z in the domain of the corresponding function, we have

Cit < Fl(2),G(2) < Cy, Crla, < ¢l(2) < ﬁ (4.15)

Qn

Proof. The bounds on F, and G, follow from properties (A) and (B), as shown at the
beginning of the proof of Proposition 3.1. The bound on ¢/, is obvious. QED

Proposition 4.6 There exists Cy > 0, such that |Hy, 4 (w) — Hp, ¢, (w)] < S—j/\", for
sufficiently large n and all w € R.

Proof. Since f, and F,, are monotonically increasing, f,'(0) and F,'(0) are defined
uniquely. Furthermore, it follows from the fact that the rotation number of (f,,g,) is
irrational, Proposition 3.1 and Proposition 3.2 that f,, '(0), F,;*(0) € (—1,0). Notice that,

since f,,(0) = F,(0), ¢ is the same for (f,,, g,,) and (F,, Gy,). On [—1, min{o(F,1(0)),d(f,1(0))}),
using property (B), we have

|Hpy g () — Hiy g5, (w)] = |60 fu 067 (w) — do Fyo ¢ (w)]
= $ () f 0§ (w) — Fyo o' (w)] < Chean,

where ( is a point between f, 00! (w) and F,0¢!(w). On [max{¢(F,;(0)), #(f,(0))},0),
we have
| Hy, 9, (0) = Hp, 6, (w)| = [¢0 g0 fo0 ¢~ (w) —dpoGyoFyo¢ (w)
= ¢,<Cl)|gn © fn © ¢_1(’LU) - Gn ° Fn © ¢_1(’LU)’

(4.16)

< ¢'(¢1) (G;(Cz)’fn o ¢ Hw) — F,o0¢ H(w)] (4.17)
+ |(gn — Gn) 0 fao o™ (w)]) < %(01 +1)CA".

Here, ¢; is a point between g, o f,,0¢~ 1 (w) and G,,0 F,,0¢~*(w), and (, is a point between
fno o (w) and F, 0 ¢~ H(w).
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c—1 v

-

c—1 c—1 c—
2

m|

Figure 1: Regions D, (shaded) and ®¢ (trapezoid) for 0 < ¢ < 1 (left) and ¢ > 1 (right).

Since the functions Hy, ;. and Hp, ¢, are continuous and monotonically increasing,
and since Hy, ;. (¢(f,1(0))) = 0 and Hp, ¢, (¢(F,,*(0))) = 0, we obtain a similar estimate

C
|Hy, . (w) — Hi, ¢, ()] < =2(Cy + 2)C\", (4.18)

n

in the interval [min{¢(F, *(0)), ¢(f,'(0))}, max{¢(F, 1(0)), #(f,'(0))}]. Thus, on the
whole interval [—1, 0], we have the desired estimate, and the claim follows. QED

Let € > 0 and ¢ > 0 be given. If ¢ > 1, we define

1
@i:{(a,v):e<a<c,§—g)\”< ! 1 <1—|—§/\”,v—|—a+1—c>5}. (4.19)
C—
If ¢ < 1, we define
1 v
@iz{(a,v):s)ﬁf<a<c—a,§—|—8<—1<1—5)\"}. (4.20)
C_

Proposition 3.2, Proposition 4.3, and Proposition 4.4 show that there exist ¢ > 0 and
¢ > 0 such that, for sufficiently large n in the initial string and for all n € [ny + 1,1y — 1]
in an ordinary string (a,,v,) belongs to ® . In the following, we assume that ¢ and ¢
have been chosen such that this is the case. We abbreviate the notation H, = Hp, g, -
The value that H, takes at point w will be denoted by H,(w;a,,v,), when necessary to
specify the parameters of F,, and G,,.
Proposition 4.7 There ezists pi.,. > 0 such that, for any (a,,v,) € 5, we have

. Cn?
BH'SLZ) ('lU;anﬂ]n)

dan,

> e, cal, fori=1,2.
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Proof. To abbreviate the notation, let us write a, v, ¢ instead of a,,, v,, ¢,, respectively.

A direct calculation gives us that agﬁl) = —dwP(w)/Q}(w), for w € [-1, —z21],
where Pj(w) = —(2vc + 2ac + v + va® — 2¢®)w + 2ac + a*v — v + 2¢ and Q(w) =

—(a+ 1) + w(—1 + 4va + a® — 2ac + 2¢). Clearly, the denominator Q%(w) is bounded
and, thus, —4w/Q?(w) is bounded from below be a positive constant. Since Pj(—1) =
2a(c+av) +2c(v+a—c+1) > O(a), P(—52=) =2(c+1)(a+1)(c+av)/(2c+ 1 —a)
is bounded from below by a positive constant, and P is linear in w, we can conclude that

on the whole interval P;(w) > ©(a) and, thus, the claim is proved for ¢ = 1.

Similarly, we can find 81;22) = 2P (w)/Q3(w), for w € [—5%-,0], where Py(w) =
4a’c(c+1)v2w? + (2c%a® +2c* 4 2atc — 4c3a® + a® + a* + ¢ — 23 + Ta’c — 2ca)vw? + c(4a®c +
c—6a*c® —2¢* — 3ca® + 1 —3a* + 2a® + 6ac)w* —2(c+1)(a* — 1) (a* + ¢)vw — 2¢(c+ 1) (a* —
1)(2a—c+Dw+ (a+1)%(a®+c)v+cla+1)*(2a—c+1), and Q2 (w) = —(a+1)(a? —ac+
a+c)+ (3a*c—a+a®+4c*a—c)w —2a(a+1)v+2a(1+c)(a—1)vw. As the denominator
Q3(w) is bounded, the term 2/Q%(w) is bounded from below be a positive constant. We
also have Pp(—5%) = 4ca(1+c)(1+a)?(v+a+1—c)(c+av)/(2c+1—a)? > O(a?) and

2c+1—a
Py(0) = (a+1)*(a(ctav)+c(v+a+1—c)) > O(a). Furthermore, since the derivative _BPagqiw)

is bounded, there exists €3 > 0 such that, for every w € [—e3a®?,0], we have Py(w) >
©(a). In order to provide a lower bound on Ps(w) in the interval [—ZC‘j:l_a, —e3a%/?),
notice first that P»(w)/w? is a quadratic polynomial in 1/w, which has minimum at point

1/w=(14c¢)(a—1)/(a+ 1), outside our interval of interest (—oo, —%] Therefore,

within this interval, it reaches the global minimum at point 1/w,;, = —20;21_ 2. Finally, for
w € [~ —e3a%/2), we have Py(w) > €2’ Pa(Wpnin) /w25, > ©(a), since Pa(wpin) >
O(a?). QED

The rotation number p(a,,, v,) of the fractional linear pair (a,,v,) does not necessarily
equal p, = p(fn, gn). For that reason, we define the projection operator P from the space
of all commuting pairs (f,, g,) with well-defined rotation number to D, a8 P(fu, gn) =
(an,vy), where (an,vn) = (Vppea(Vn)s Un) I (Vo0 (Vn)svn) € De,, or let (ay,vy,) be the
closest to (an,v,) intersection point of the curve a = v,, . (v) with the boundary of D, .
Since this projection is determined uniquely by f,,, and the rotation number p,, and since
we will always have in mind the n-th renormalizations of a particular circle map T, we
will write Pf,, = (a}, v}).

Proposition 4.8 Let A\;- > V. Then, |7y, e (vn) — an| < O((N/X6)™), for sufficiently
large n in the initial string and for all n € [ny + 1,ny — 1] in an ordinary string.

Proof. We assume that a, > 7,, .. (v,). In the opposite case, the proof is similar and
even simpler. It follows from Proposition 4.6 that, for all w € [—1,0], we have

an:gn(w> Z Hn<w;anavn) - @)\n (421)

Qn
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Since (an,v,) € ®¢ , for large enough n in the initial string and for n; < n < ny in an

ordinary string, at least half of the segment [7,, . (vn), an] X {v,,} lies inside @5/, More-
over, that is the segment [ay,, a,] x {v,}, for some a, € [v,, ., (vn), a,]. To see this, notice
that (v,,.c,(vn), vn) belongs to @2 and that the distance between the bottom boundaries
of the regions ®¢ and ®? > ®¢ | in the direction of coordinate a, is proportional to e.

Using Proposition 4.7, we find
ag — dg CQ

— Z2)m, 4.22
5 o (4.22)

Hy, 4. (w) > Hy(w; Yoncn (Vn), Un) + Ky e/2

If fic,, oo™ —a,g —&2)n > 0, then Hy, 4, (w) > Hp(w; Y, e, (vn), v,) for all w € [—1,0]. This
gives that the rotation number P(frs 9n) > P(Ypp.cn (Un), vp), while, in fact, they are equal.
Thus,

6CH\™ 6CH\™
hmagg O GO (129
An e, e/2 0—)\17 mln{,uc,s/% ,Ucfl,a/2}
The claim follows since a, — Yy, e, (Vn) < 2(a, — G,) < 2(a8 — a8)/ad. QED

Lemma 4.9 If \,- > V/\, then af, — a, = O((A\/A9)") and v — v, = O((A\/AS)), for
sufficiently large n in the initial string and for all n € [ny 4+ 1,ny — 1] in an ordinary
string.

Proof. The claim follows from the definition of the projection operator P, Proposi-

tion 4.3 and Proposition 4.8. Just notice that the slope of the curves a = C”(c"—;”*l) and

a = W inside of D,, are bounded away from the interval (—1,0) and thus their

intersection with v, ., is transversal. QED

On the set of commuting pairs (F, G) in ®; , we consider two sets of coordinates (a, v)
and (z,y), where

(2,y) = Ula,v) = (av, Ll_c) | (4.24)

ca

The coordinates x and y can be viewed as independent indicators of nonlinearity of F
and G. To see this, notice that if we perform a linear scaling z = at, the map F,, .(2)

is transformed into F.(t) = 1<%, Similarly, by simple inversion z = —t, G,,.(2) is

1—at”
11+t/ =. The following corollary follows directly from Lemma 4.9.

transformed into G.(t) =

Corollary 4.10 If A\;- > VA, then y: —y, = O((\/AS)"), for sufficiently large n in the
initial string and for all n € [ny + 1,ny — 1] in an ordinary string.

Proposition 4.11 ([18]) For any (z,y) € D., Re(z,y) = (2',y') with y' = x.
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5 Renormalizations with small a,

In this section we consider the case when ¢, < 1, since in the opposite case a,, is bounded
from below by a positive constant due to Proposition 3.2.

Lemma 5.1 Let \y € (A\i+,1). For sufficiently small o > 0 and sufficiently large n € N,
if an < oA}y, then a;, —a, = O(A3) and v, — v, = O(\;). Also, Pf, = (ay,v;,) and
Re, 1P fn-1 = (an,n) are O(Ny)-close, as points in D.,.

Proof. It follows from [14] (see Proposition 3.2 and Proposition 3.4 therein) that for every
2 > ( there exists a constant C'3 > 0 such that for sufficiently large n € N and sufficiently

large k.41 (0 > 0 sufficiently small), we have 7, Otk < Cog, < C30\],, where
n nln A~} —In(Cs0) .
Y= (fa) (1) 2 = (f)2(0), x = 1n721++271—1 and, thus, k,41 > W Since the

map f, is exponentially close to a fractional linear F, , .., in the C*-topology, due to
(B), and v,, = ¢, —1+0O(a,) is, due to our assumption on a,,, exponentially close to ¢, — 1,
it follows that 7, and ~, are exponentially close to ¢! and ¢,, respectively. Consider now

an arbitrary fractional linear map Fy ./ .., with the same height k,,; as f,, and with
In~)

Invy5+In(y])~1"

Using once more Proposition 3.2 and Proposition 3.4 of [14], we find that for every »' > 0

and o > 0 sufficiently small

corresponding derivatives 7} and ~4, at —1 and 0, respectively. Let x' =

It _ nyt L
a{n S 04(71)—(X/_%/)k"+1 S C4(7£)_ﬁxx+% (nln)\li—ln(cz),cr)) _ C4€in31 XX+% ln(Cga)\’l"”+)’ (51)

for some Cy > 0. By choosing ¢ > 0 small enough, we can make ] and ~4 arbitrarily
close to ¢! and c¢,, respectively, and thus }E:ﬁ X;Z/ can be made arbitrarily close to 1.

Therefore, for every A\ > A+, there exists C5 > 0, such that

/
In~yf o/ 5/

a! < Oy (Cyo N, ) 577 < CsAL. (5.2)

v, l.e. the first component of Pf,, and the first
component of R.,_,Pf,—1. The estimates on the second components follow from the fact
that these two points belong to D.,, . QED

In particular, this is true for a/, = a!

6 Renormalization and projection operators

On the set of commuting pairs in ¢ U D,, we consider two metrics: the standard metric

d((a,v), @7)) = |a —a| + v — 7. (6.1)
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and the metric

de((2,y),(7,9)) =[x = 7] + [y — 4. (6.2)
Here, the parameters (a,v) and (z,y) correspond to a pair (F,G), and (a,v) and (Z,7)
correspond to (F,G).

Proposition 6.1 Let \;- > VA and Ay > \/)3_. For sufficiently large n in the ini-
tial string, and for all n in an ordinary string, such that ny < n < ny — 1, we have

dcn+1 (an-‘rl) chpfn) = O()\S) .

Proof. Let R., (a},v:) = (Gnt1,Uni1). It follows directly from (4.1) that y,1 = z, +
O((A/A1-)"), for sufficiently large n in the initial string and for n; < n < ny — 1 in
an ordinary string. It follows from Proposition 4.11 and Lemma 4.9 that y,.1 = 2z} =
Tn, + O((N/AS-)™), for sufficiently large n in the initial string and for ny <n <ny —1in
an ordinary string. Lemma 5.1 gives us gn, 41 = z,, = 75, +O(A3"). Therefore, we obtain
Uns1 — Ynr1 = O(NY), for sufficiently large n in the initial string and for all n such that
ny < n < ng—1in an ordinary string. Using Corollary 4.10, we find g1 — v, = O(A}),
also for sufficiently large n in the initial string and for all n such that ny <n <ns —11in
an ordinary string.

Recall that the slope of the curve v, ., ..., lies in the interval (—1,0). On the other
hand, the slopes of the curves y = 9,41 and y = v, in the (v,a) plane, lie outside of
this interval. In what follows, we will show this claim for the first of these curves only, as
the same argument applies to the second curve. Notice first that these curves are straight

lines a = —1;::;:;1 and a = —”c::;::ll with slopes 2% = (¢pq10n41) " and 2 = (co1yp )
respectively. Since (@y41,Un41) € De,,,, it follows directly from the definition of D, ,,
that p - .
a an CTL

i I 1 > | > _ (6.3)

dv Upy1+ 1 —cpan Uni1 e, — 1
If ¢, > 1, then Z—Z > (0 and, thus, the slope of the line y = ¥,.1 lies in the interval
[cn%l,oo) (in fact, it is in [cn+l’ (Cffclp)) If ¢, <1, then % < 0 and, thus, the slope of

this line belongs to the interval (—oo, Cn%l] In both cases, the slope of the line y = 4,41
is bounded away from the interval (—1,0). The same can be said about the line y = v, ;.
Hence, the intersections of these lines with the curve v, . .., are uniformly transversal,
i.e. the (positive) angles between these lines and the curve, are greater than some positive
constant. Therefore, the distance of the intersection points of these lines with the curve
Yonitsenitr 1:€. A((@nt1,Uns1), (ar, 1, v5. 1)), is bounded from above by the (positive) angle
between these lines, and, thus, d((@n1, Unt1), (@1, V541)) < O(|Unt1 — Yy |)- The latter
estimate follows from the formula tan f — tan §* = %ﬁ%, where @ and 6* are the angles
between the v axis the lines perpendicular to y = ¥,11 and y = y; |, respectively. Finally,
for sufficiently large n in the initial string and for all n such that n; <n <mny —1in an

ordinary string, we obtain Z,+1 — )., = O(A3). QED
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7 Convergence of renormalizations

On the set of renormalizable commuting pairs in D,, with the same irrational rotation
number, the renormalization operator is Lipschitz and the two-step renormalization op-
erator is a contraction, in the metric d..

Proposition 7.1 ([18]) For every positive ¢ # 1, there exist constants B and 5 € (0,1)
such that for any two points (a,v) and (a,v) in D\{(0,c — 1)}, with the same irrational
rotation number, and corresponding coordinates (x,y) and (Z,y), respectively, we have

d1(Re(2,9), Re(,y)) < Bde((7,9), (,y)) (7.1)

and

dc(R% o Rc<57 mv R% o Rc(*rv y)) < Bdc((§7 @7 (l’, y)) (72>

On the other hand, the C%-norm of the distance of fractional linear maps is easily
controlled by their distance in the d metric.

Proposition 7.2 There exists Cg > 0 such that, if min{v,v} > —1+ ¢4 for some €4 > 0,

we have

[Fage = Fapeller < Co(la — af +[v — o). (7.3)
Proof. Since _ _
a—a (a+cz)(v—0v)z
1-vz (1—wv2)(1—-"0z2)
(1 —vz) and (1 — vz) are bounded away from zero on [—1, 0], and all other variables are
bounded, the claim follows. QED

Fﬁ,ﬁ,c - Fa,v,c = (74)

The following proposition provides a relation between the metrics.

Proposition 7.3 There exists K > 1, such that for any two commuting pairs (a,v) and
(a,v) in DN\{(0,c—1)}, on the same curve v,., and with corresponding coordinates (x,y)
and (Z,y), we have

Kd(@9), (0,0) < dl(7,9), (,0)) < (@7, (0,0). (7.5

Proof. The first inequality follows from the second of the inverse relations

c—1 4dexy c—1 4dexy
= -1 1 = 1 1 . 7.6
¢ 2cy ( * +(c—1)2> ’ ! 2 ( * +(c—1)2> (7.6)

The only situation when we use the fact that both (a,v) and (@, v) belong to the same

curve 7, is when (ff'gg is close to —1. In D,, this is only the case when a is close to ¢,
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v is close to % and, thus, y is close to % The level sets of y in the (v,a) plane are

straight lines with slope é, which is close to 12ch These slopes are bounded away from the
interval (—1,0) and, thus, the intersection with ~,.(v) is transversal. Therefore, |a — a|
and |v — | (and, thus, |x — Z|) are of the same order as |y — y|. The second inequality
follows from direct relations (4.24). QED

Remark 1 Without the assumption that the pairs belong to the same curve v, . in Propo-
sition 7.3, one would have a weaker inequality d*((a,v), (a,v)) < Kd.((Z,79), (z,y)).

Proposition 7.4 Let F)\Vlf < A < XH. Consider the sequences of renormalizations
(fnsgn) and (fn,gn), n € No, of any two circle maps T and T with a break of size c
and the same irrational rotation number p, with corresponding parameters (a,,v,) and
(Gn,vy), respectively. There exist C7,Cs > 0 such that for sufficiently large n € N, if
a, < oA}, for some o > 0 sufficiently small then a, < C70X?+. If a, > oA}, then

a, > 080-)\711— .

Proof. The proof of the first claim is similar to the proof of Lemma 5.1. The proof of
the second claim is by contrapositive. QED

Remark 2 Proposition 7.4 allows us to partition the two sequences of renormalizations
for two maps T" and T, with the same irrational rotation number, into finite or infinite
sequence strings S; = { fn, (), - - fra(i)—1} a0d S; = {fa,(i)s - - -5 fao(i)—1}, With 1 <@ < N,
N € NU {oo} and ns(i) = ny(i + 1), in such a way that, for each i, the lengths of the
i-th strings are the same. More precisely, starting with some ny € N, we can partition
the sequence of renormalizations for 7" indexed by n > ng into strings S; of lengths
n2(i) — nq(7) uniquely, by choosing ¢ > 0 and A\~ = A+ = A\ € (A, 1). The sequence
of renormalizations for T can then be partitioned into strings S; of the same lengths
ny(i) — ny (i), with some & = O(c), \i— € (VA A1) and A+ € (A, Ao).

Lemma 7.5 There exists Cy > 0 such that, for Ay € (max{SY2 \o},1) and for suffi-
ciently large n in the initial string and for every n € [ny+1,n9 — 1] in an ordinary string,
we have

de,, (P o, P fa) < Co)j. (7.7)
Proof. Using the triangle inequality, we find

e (P fos Pf) < dep(Pfos Ren s PFa1) + dey (P fuys Ren P 1)

v (7.8)
+dcn (ch_lpfnfb ch_lpfnfl) .

It follows from Proposition 6.1 that, for sufficiently large n in the initial string and
for every ny < n < ny in an ordinary string, we have d., (P fn, Re, P fa-1) < CioAl
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and de, (Pfn, Re, P fu1) < CioA, for some Cjy > 0, assuming that we have chosen

ﬁ)\vlf > v/ and X1+ < Ay. Applying (7.8) recursively, in a string of more than two renor-
malizations, and using Proposition 7.1, we obtain

den (P f, Pfa) < 2C10Ns + de, (R, © Rey yPfr2, Reyy © Rey y P fuz)
+d,, (chqtpﬁzfla Re,_. © chfzpﬁﬂ) +d,, (chflpfn*17 Re,_, © chlepfnfﬂ

~ (7.9)
< 2(1+ B)‘gl)clﬂ)‘g +de, (Rey_y © Rep s Pfr2,Reny ©Re, o, Pfn2)
< 2(1+ BA;YC1oNs + Bie, (P frz, Pfus).
By iterating the resulting inequality, we obtain
Ao, (Pfo. Pfn) <201+ BA;")C10 Y NS B + B¥de, (P fuon, P o) 710
i=0 :

< CuN? + 5, (P freoks P frst),

for some Ay > max{B/2,\;} and Cy;; > 0. If dc,L(Pﬁl_gk,an_gk) < Cg)\;j‘?’“, n <
n—2k<n< N, for some /\3 > )\, and Cg > 0, then dcn (Pﬁl,an) < )\g(cll()\4/>\3)n +
Co(v/B/A3)%%) < CoAy, if Cy is large enough.

To complete the proof by induction, we need to verify that the estimates are also true
for n = n; + 1 and n = n; + 2, in an ordinary string. In the initial string, the initial
estimates are certainly satisfied, for some large n} and n} + 1, if Cy is chosen sufficiently
large. For an ordinary string and n = ny + 1 (if smaller than n,), we have from (7.8) and
Proposition 6.1 that de, (P fn, Pf) < 2C10A} +de, (Re, P fu1, Re,_,Pfo_1). Using sim-
ilar reasoning as in the proof of Proposition 6.1, we find d.,, (Rc,HPﬁ%l, Re,  Pfn1) <
Cia|Un —Tn| = Cra|T2_| — 2% || < C13\}, for some C1y, C13 > 0. The equality follows from
Proposition 4.11. In the last inequality, we have used Lemma 5.1 and Proposition 7.4.
For n = ny + 2 (if smaller than n,), the claim follows from (7.8), using the estimate on
dcnlﬂ(??ﬁlﬂ, P fn,+1), Proposition 6.1 and Proposition 7.1. QED

Proof of Theorem 1.1. Using the triangle inequality and Proposition 7.2, we find
[fn = fallez < [fo = Plalle + 1o = Plallce + Ced(P fr, P fr). (7.11)
For n sufficiently large belonging to the initial string and n; < n < ns belonging to an

ordinary string, we have || f,, — Pfullcz < Cra(A/A8)", for some Cy4 > 0, as follows from
property (B) and Lemma 4.9. Therefore, for some Cj5 > 0, we have

1 fn = Falloz < Cis(A/A)" + Cis (A XS )™ + KCqde, (P fu, P f). (7.12)
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Using Lemma 7.5, we obtain, from this estimate, for some C'g > 0,

Ifo = fullez < Cio)y. (7.13)

It remains to prove the same estimate for n = n; in every ordinary sting. For such n, this
estimate follows directly from

1fn = fallez < WLfw = Fulloz + 1fn = Falloz + Cod((@n, ), (an, va)), (7.14)

using property (B), Proposition 7.4 and Proposition 3.4.

It follows from Proposition 3.5 and the estimates above that the constant © = A3 can
be chosen uniformly. It depends only on the size of the break, ¢, and does not depend on
the rotation number of the maps. QED
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