MULTIPLICITY OF SOLUTIONS FOR NON-LOCAL ELLIPTIC
EQUATIONS DRIVEN BY FRACTIONAL LAPLACIAN
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ABsTRACT. We consider the semi-linear elliptic PDEs driven by the fractional
Laplacian:

u=0, in R"\Q.

By the Mountain Pass Theorem and some other nonlinear analysis meth-
ods, the existence and multiplicity of non-trivial solutions for the above equation
are established. The validity of the Palais-Smale condition without Ambrosetti-
Rabinowitz condition for non-local elliptic equations is proved. Two non-trivial
solutions are given under some weak hypotheses. Non-local elliptic equations
with concave-convex nonlinearities are also studied, and existence of at least six
solutions are obtained.

Moreover, a global result of Ambrosetti-Brezis-Cerami type is given, which
shows that the effect of the parameter A in the nonlinear term changes consider-
ably the nonexistence, existence and multiplicity of solutions.

{ (=AVu = f(x,u), inQ,
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1. INTRODUCTION

The fractional Laplacian —(—A)° is a classical linear integro-differential operator
of order 2s which gives the standard Laplacian when s = 1.

A range of powers of particular interest is s € (0, 1) and we can write the opera-
tor (up to normalization factors) as

! 1
(D) A ut) = 5 f n

where S(R") is the Schwartz space of rapidly decaying C* functions in R”.

The fractional Laplacian and non-local operators of elliptic type arises in both
pure mathematical research and concrete applications, such as the thin obstacle
problem [24, 8], minimal surfaces [6, 7], phase transitions [25], crystal dislocation
[13], Markov processes [15] and fractional quantum mechanics [17]. See [11]
and references therein for an elementary introduction to the literature. In [14],
it is pointed out that, being the generator of the symmetric a-stable (0 < @ < 1)
processes (Lévy flights in some of the physical literature), fractional Laplacians are
widely used to model systems of stochastic dynamics with applications in operation
research, queuing theory, mathematical finance and risk estimation. In contrast
to the Brownian motion (¢ = 1), which can be taken as the limiting model of
the random walk in which the test particles are assumed to jump to one of the
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u(x +y)+ulx —y) — 2u(x)
|y|n+2s

dy, x e R", ue S(R",
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nearest neighbor sites, we can take the stable process as the limiting model of
such a random walk in which the test particles are assumed to jump to any other
sites with power law decay in probability (see also [30]). Elliptic equations with
fractional Laplacian also studied by many other authors, see [4, 5, 28, 29, 19, 12, 9]
and references therein.

The purpose of this paper is to study the superlinear elliptic boundary problems
driven by the non-local operator:
{ Lxu+ f(x,u)=0, inQ,

(P) u=0, in R"M\Q,

where
Lru(x) = % f (u(x +y)+u(x—y) - 2u(x))K(y)dy, x e R".

Note that if K(x) = |x|~""*29), L is the fractional Laplacian —(—A)* in (1.1).
In this paper, K : R" \ {0} — (0, +o0) is a function satisfying the following
properties [23]:
e y K € L'(R) with y(x) = min{|x|>, 1};
e there exists A > 0 such that K(x) > Alx[~"*29 for any x € R" \ {0};
e K(x) = K(—x) for any x € R" \ {0}.

It is quite standard to transform the problem to find the solutions of (P) into the
problem of finding the critical points of an associated energy functional on some
appropriate space (see Section 2). In [23], the authors establish the existence of
non-trivial solution for (P) by the Mountain Pass Theorem due to Ambrosetti and
Rabinowitz [3].

In this paper, we will improve some of the existence results for (P) and establish
some results about multiplicity of solutions. To be precise, we first derive the exis-
tence theorem for (P) without Ambrosetti-Rabinowitz condition of [23]. We obtain
the boundedness of Palais-Smale sequence under some weak assumptions, then the
existence of solution follows. We refer [16, 20, 18] for such generalizations in the
standard Laplacian case.

Following the ideas of [1] which deals with the standard Laplacian case, we
consider the fractional Laplacian concave-convex nonlinear problem

P) Lgu+ Ah(x)ulP~>u + g(x,u) =0, inQ,
A u=0, in R"\Q,

where 1 < p < 2, 4 > Ois areal parameter. For 4 > 0 small enough, we obtain four
non-trivial solutions by Mountain Pass Theorem and Ekeland’s variational princi-
ple. Furthermore, the existence of multiple solutions (six solutions) is established
under some assumptions. Our methods to obtain the fifth solution follows the ideas
developed in [2] for Laplacian operator. In [2], assuming that g(x, ) = g(u) is of
class C! and G(u) = fou g(s)ds has the following form

1
G(s) = —Is|* +o(s]*), 2<a<?2", at s=0,5=o00,
a
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six solutions are obtained for elliptic equations with the Laplacian operator. We
prove a fractional Laplacian version under some weak assumptions, especially no
C! constraint imposed on g. In this case, Nehari manifold is not a C' manifold
anymore and the arguments for the existence of the sixth solution in [2] can not
be used to deal with this problem. To overcome this difficult, we introduce some
new method of Nehari manifold originally from [27]. Finally, a global results of
Ambrosetti-Brezis-Cerami type is also considered, which is motivated by [1] for
the elliptic problem with the standard Laplacian. Our result is concerned with the
existence, nonexistence and multiplicity of solutions depending on the parameter
A. We show that the combined effects of a sublinear and a superlinear term change
considerably the structure of the solution set.

For completeness, we will also consider the particular case at the end of this
paper when the functional ., in (4.1) is even in u. Thus, we can make use of the
Lusternik-Schnirelman theory to find infinitely many pairs of critical points.

This paper is organized as follows. In Section 2, we introduce some preliminary
facts and assumptions. In Section 3, we give the proof of validity of the Palais-
Smale condition and the existence of nontrivial solutions for problem (P). Sections
4-6 are devoted to the multiplicity of solutions of problem (P),. Five solutions are
obtained in Section 4 under some weak hypotheses, and then, under some slightly
strong conditions, the existence of six solutions is established in Section 5, by
virtue of the methods of Nehari manifold. Finally, we also consider a result of
Ambrosetti-Brezis-Cerami type in the last section, in which we give a global result
about existence, nonexistence and multiplicity of solutions and more information
about the solutions depending on the parameter A.

2. SOME PRELIMINARY FACTS

Let Q be an open set in R". The usual norm in LP(€) will be denoted by | - |,.
For s € (0, 1), we denote the classical factional Sobolev space

|ua(x) — u(y)l

2.1) H%Q)E{ueL%Qy
b=y

eﬁ@xm}

with the Gagliardo norm

N 3
(2.2) el s () = lul> + (L dedy) .

xq |x—y[reas

Due to non-localness of the fractional Laplacian, we will consider the space
(Xo, 1l - llx,) defined as follows, rather than the classical fractional Sobolev space.
Note that the norm || - ||x, involves the interaction between Q and R" \ Q which is
introduced in [23]. Denote

Q0 =R\ (R"\ Q) x ®R"\ Q).
Note that O 2 Q x Q. We define

X= {u : R" — R is Lebesgue measurable : ulg € L*(Q); (u(x) — u(y)) VK(x —y) € LZ(Q)}
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with the norm
1
2

(2.3) llullx = llullz2) + (fQ Jux) = ()P K (x - y)dxdy) :

We consider the space
Xo={ueX: u=0ae inR"\ Q}

with the norm

(2.4) llullx, = (L u(x) — u(y)*K(x — y)dxdy)2

and therefore (X, || - ||lx,) is a Hilbert space. (See [23] for the proof.) We denote
(, )x, the inner product on X, induced by the norm || - [|x,.
We say that u € Xj is a weak solution of problem (P), if u satisfies

25 [ 0= - 90K yidsdy = [ feuconsox,

for all ¢ € Xj.
The fact that u is a weak solution is equivalent to being a critical point of the
functional

(2.6) F(u) = % fQ lu(x) — u(y)IZK(x — y)dxdy - fg F(x,u(x))dx,

where F(x,u) = fou f(x, s)ds.
By the property of F, it is easy to check that .# € C'(X,,R) and

(W)= [ 0= w000~ $0DK =iy~ [ s uo)oods

for any ¢ € Xj. In this paper, we are interested in establishing the existence of the
non-trivial critical points of .%.

In particular, when K(x) = |x|~"*?9, L is fractional Laplacian —(—A)*, (2.5) is
the weak formulation (see [11] for more details) of fractional elliptic equation
{ (=A)'u = f(x,u), inQ,

27 u=0, in R"\Q

and the corresponding functional is given by

L[ —u)?

F(u) = — —dxdy - f F(x, u(x))dx, u € Xp.
2Jo Ix—yl Q

In order to carry out the nonlinear analysis, we investigate some key facts of Xj.
Note that CS(Q) C Xo, X € H(Q) and Xy € H*(R") (see [21]). In fact, we have
the following embedding theorem.

2n

n-2s"

Lemma 2.1. The embedding Xy — L% (Q) is continuous where 2* =

To apply the Mountain Pass Theorem, we need to assume that the nonlinearity
f, a Carathéodory function, satisfies the following conditions:
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(H1) There exist aj,a, > 0 and g € (2,2%) such that
If(x, D < a1 + alt)?™! ae.xeQ, reR;

f(-xv t)

(H2) lina — = 0 uniformly for a.e. x € Q.
11—

F s
(H3) lim o0

ll—oo 12

= +oo uniformly for a.e. x € Q.

X, 1)

(H4) there exists Ty > 0 such that i
x €.

We point out that the condition (H4) can also be replaced by the following
weaker assumption

(H4)* Denote H(x, s) = sf(x,s) — 2F(x, s). There exists C, > 0 such that

is increasing in ¢ when |f| > T, for all

H(x,t) < H(x,s) + C,
forallO<t<sors<t<0,VYxeQ.

Remark 2.2. Note that these conditions on f can be seen as a generalization of
the ones in [23]. For instance, if we take

F(x,1) = £ log(1 + |1)),

it is easy to check that f satisfies our assumptions here but cannot be dealt with by
assumptions in [23].

Remark 2.3. It is not difficult to check that the condition (H4) is equivalent to the
following condition (see [18]):

(H4). H(x,s) is increasing in s > so and decreasing in s < —sq for all x € Q.
Hence, (H4) implies (H4)*.

3. PALAIS-SMALE CONDITION AND EXISTENCE OF SOLUTIONS

Theorem 3.1. Assume that (HI)-(H4) hold. Then, problem (P) has at least one
non-trivial solution.

Theorem 3.2. Assume that (HI)-(H3), (H4)* hold. Then, problem (P) has at least
one non-trivial solution.

Now we prove that the functionals .% has the mountain pass geometry.
Lemma 3.3. Under the assumption (H3), F are unbounded from below.
Proof. (H3) implies that, for all M > 0 there exists Cj; > 0 such that
(3.1) F(x,s) > Ms* —Cy, VYxeQVs>O0.

As in [23], we fix ¢ € Xo with ¢ > 0 a.e. in R". This choice can be obtained
by taking the positive part of any ¢ € Xy, which belongs to Xy, thanks to [21].
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From (3.1) we obtain

%fww—mm%wﬂwm~memmw
0 Q

t2
5%&-]ﬁﬁ#m+fcmu
Q Q

1
=t%ﬂmg—Mjﬁ%ﬁ+qmn
Q

F (1¢)

N

[

————— + 1. Then
2 [, #%dx

where || denotes the Lebesgue measure of Q. Let M =

(3.2) lim F (1) = —co.
O

Lemma 3.4. Assume that (HI) and (H2) hold. Then there exist p, R > 0 such that
Fw) > R, if lully, = p.

Proof. (H1) and (H2) imply that for any given € > 0, there exists ¢ > 0 such that
(3.3) F(x,s) < es*+ces?, ae. xeQ, ¥s>O0.

Combining (3.3) and Holder inequality, we have
1
Fw > Sl —e\fwuﬁdx—m%tf}uﬂdx
27 ) Q

1 2 2
> 5 llully, — elul - celulg

1 2 2%=2)/2*,.12 2%—q)/2*
> Sy, — e ul. - e us,

1 o ) . e
> (5~ ecl® D)l — cf e fully

where c¢p is a positive constant, thanks to the Lemma 2.1 and the fact that Q is
bounded. Taking ecolQ|F -2/ < % and choosing |lullx, = p > 0 small enough, we
can find R > 0 such that .% (1) > R when ||ullx, = p. O

Now, we prove that every Palais-Smale sequence of .# is relatively compact.
We recall that a sequence {u;} C Xj is said to be a Palais-Smale sequence of
functional .7 provided that .% (u;) is bounded and .7’ (u;) — 0 in X;.

Lemma 3.5. Suppose that (H1), (H3) and (H4) hold. Then every Palais-Smale
sequence of % has a converge subsequence in X.

Proof. We show that every Palais-Smale sequence of .% is bounded in X, and
Lemma 3.5 follows easily from a standard argument (for instance, Proposition 12
of [23]). Assume that {u;} C Xy is a Palais-Smale sequence of .7, i.e.,

(3.4) Fuj) = ¢, (F'(uj), ey — 0, VoeX.
We suppose, by contradiction, that up to a subsequence, still denoted by u;,

llujllx, = +oo asj — +oo.
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”
Setw; := —  Then
[lee 11,

(3.5) llwillx, = 1.
Passing to a subsequence, we may assume that there exists w € X such that
w; — w, weaklyin Xy, j— +oo,
wj — w, stronglyin Lz(Q), Jj — 400,
wi(x) — w(x), ae.inQ, j— +oo.

We claim that w(x) = 0 a.e. in R". It suffices to show w(x) = 0 a.e. in Q. In fact,
we denote Q := {x € Q, w(x) # 0}. If Q" # @, then for x € Q7, |u;(x)| = +oco as
Jj — +oo. By (H3) we have

(3.6) fim 02 4)

. (@(x))* = +oo,
@y

The Fatou’s Lemma and (3.4) imply

. ' o2
f lim —F(x, (%)) wj(x))zdx:f lim Fx uj(0) () dx
o) Q

S (u(x)° = w0yt gl

1
< liminf 3 f F(x,uj(x))dx
(3.7) =t flujlly, Ja
1 (l 2
= lim ——— | Slluyjlly, - F u '))
j—o0 ||u]||§(0 2 JXo J
1
T2

Hence Q" has zero measure. Consequently, w(x) = 0 a.e. in Q.
As in [16], we take ¢; € [0, 1] such that

F(tiu;) = max F(tu;),
(tju;) max, (tu;)

which implies that
d T — 2 —
(3.8) EJ(Z‘MJ') T tjllujllxo - f(x, tjuj) . ujdx =0.
=l Q
Since
<f’(l‘jbtj), l‘jbtj) = l?”uj”ifo - Lf(x, tjuj) . tjujdx,

together with (3.8), it follows that

, d
(T jup.tjujy =t —F (tuj)L_ﬁ =0.
-J
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Hence, by (H4)*, we obtain
2§(tuj) < 29(tjuj) - (ff’(tjuj), lej)

= L (l‘jbtj - fx, tjuj) —2F(x, tjuj))dx

(3-9) < f (uj- f(x,uj) = 2F(x,uj) + Cy)dx
Q

=27 (uj) = (F (u)),u;) + C.|Q|
- 2c + C,|Q)|.
On the other hand, for all £ > 0,

2F (kwj) = k* =2 f F(x,kw))dx = k* + o(1),
Q

which contradicts (3.9) for k and j large enough. This completes the proof. O

Proof of Theorem 3.2. Since the functional .% has the mountain pass geometry and
satisfies the Palais-Smale condition, the Mountain Pass Theorem (see [3]) gives
that there exists a critical point u € Xy. Moreover, % (u) > R > 0 = .7 (0),souis a
non-trivial solution. O

Similar to [23], one can determine the sign of the Mountain Pass type solutions.
Indeed, we have the following corollary which is useful to construct the multiple
solutions of Problem (P) with the concave-convex nonlinearity.

Corollary 3.6. Let all the assumptions of Theorem 3.1 (Theorem 3.2) be satisfied.
Then, Problem (P) admits a non-negative solution u, € Xo and a non-positive
solution u_ € Xy that are of Mountain-Pass type and that are non-trivial.

Proof. Consider the following problem

Lxu+ ff(x,u) =0, inQ,
(310) { U= 0’ in Rn\Q,
where
+ | fy, 120,
f(x’t)‘{o, 1<0.

Define the corresponding functional .#™ : Xy — R as follow:
1
Ftu) = 5”””%(0 - f F*(x,u)dx, u € Xo,
Q

where F*(x,u) = fou f*(x, s)ds. Obviously, Z* € C'(Xo,R) and f* satisfy all
the conditions of Theorem 3.1 (Theorem 3.2). Let u; be a non-trivial critical point
of Z*, which implies that u, is a weak solution of (3.10). It is known by [23]
that u, > 0 a.e. in R"”. Thus u, is also a non-trivial solution of problem (P) and
F(uy) = F(uy).

Similarly, we can define

(3.11) f—(x,,):{ (J)“(x,z), ;ig,
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and

_ 1 _
Fw) = Sl - f F(owdx, ue Xo,
Q

where F~(x,u) = fou f(x,s)ds. We also get a non-trivial solution u#_ < 0 in R”
which is a critical point of .% 7, so it is a non-trivial solution of problem (P) with
Fu) =7 (u). O

Corollary 3.7. Let all the assumptions of Theorem 3.1 (Theorem 3.2) be satisfied.
Then, the fractional elliptic equation (2.7) admits a non-negative solution u, € Xo
and a non-positive solution u_ € Xy that are of Mountain-Pass type and that are
non-trivial.

4. CONCAVE-CONVEX NONLINEARITY
In this section, we discuss the multiplicity of solutions of the problem

P) Lru+ Ax)uPu+ gx,u) =0, inQ,
A u=0, in R"\Q,

where 1 < p < 2, 4 > 01is a parameter, h € L*(Q), h(x) > 0, h(x) £ 0, and g(x, 5)
is a continuous function on Q X R.

In this case, u being a weak solution of problem (P), is equivalent to u being a
critical point of the Euler-Lagrange functional

4.1 %(u)=%||u||§o—§ fg h()lul’dx — fQ G(x, udx,

where G(x,u) = [/ g(x, s)ds.

Theorem 4.1. Assume g satisfies (H1)-(H4) (or (HI1)-(H3), (H4)*). Then there
exists A* > 0 such that for A € (0, 1%), problem (P), has at least four non-trivial
solutions: u., u_, vy, and v_, satisfying uy > 0, u—- < 0, vy > 0, v < 0, and
F(ur) > 0> Fa(vz).

Let u™ = max{u,0}, u~ = min{u, 0}. We now define functional .75 : Xo — R as
follows:

1 A
FRUOE 3 L lu(x) — u(y)* K (x — y)dxdy — ” fg; h(x)|u*|Pdx — fg; G*(x,u)dx,

where G*(x, u) = fou g*(x, s)ds. We give the following lemmas which will be used
to prove Theorem 4.1.

Lemma 4.2. .7 and .7 are unbounded from below.
Proof. The proof is similar to the proof of Lemma 3.3. O

Lemma 4.3. For A > 0 small enough, there exist p,R > 0 such that 75 (u) > R, if
llullx, = p-



10 X.SU AND Y. WEI

Proof. (H1), (H2) imply that for all given € > 0, there exists ce > 0, such that (3.3)
holds. Combining (3.3), Holder inequality and Lemma 2.1, we have

LT 2
+ + + +9
Fiw) > 5 el = ;|h|oo|u+|5 — €lu™ly — celuly

1 Ao RN oo
> ;m@b—gmwszzmumﬂ;—dﬂﬂ G — QO g,

1 2% -2)/2* 2

> (5 = ecol@® TN, - AK Il = gl
+(12 +p—2 +119—2

= [lu*IR, (A = AK 1" = eqliu®lIg ),

where K, ¢, co are positive constants and A = % — eco|QF-2/2, Taking € small
enough we get that the constant A > 0. Let

O(t) = AKtP™2 + ¢ 1172,

We claim that there exists fy such that

O(tp) < A.
Indeed,
Q'(1) = AK(p = 2" + ¢ (g — 2)1173,
Setting
0n=0
we know
AKQ®2 — 1
Z‘O - (M)qlp
Cq(q - 2)
Obviously, QO(f) has a minimum at ¢t = 7y. Let
_K2-p) _ p-=-2 _ q-2
ﬁ - B p - ’ q - .
cq(q—2) q-p q-p

Substituting #p in Q(¢) we have
Oy <A, 0<A<A,

A _
where A" = m)l/ . Taking p = to we complete the proof. O
Lemma 4.4. Suppose that g satisfies (H1), (H3) and (H4). Then .7 satisfies the
Palais-Smale condition.

Proof. Since f(x,u) = Ah(O)|ulP~2u + g(x,u), g satisfies (H1), (H3), we know f
satisfies (H1),(H3). Moreover, 1 < p < 2 and g satisfies (H4), which imply f
satisfies (H4) for large enough |u| by Lemma 3.5. we know that {«,} is bounded in
Xo. Then, a standard argument shows that {u,} converges strongly and .%# | satisfies
the Palais-Smale condition. Verifying the Palais-Smale condition for .#7 is similar

A

to the verification for .%# It O
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Proof of Theorem 4.1. For .7}, we first show the existence of local minimum v,
with ff(vi) < 0. For p given in Lemma 4.3, we set

B(p) = {u € Xo.llullx, <p}.  9B(p) = {u € Xo. lullx, = p}.
Then B(p) is a complete metric space with the distance
dist(u, v) = llu = vllx,, ¥ u,v € B(p).
By Lemma 4.3, we know for 0 < A4 < A%,
Fiw)las, > R > 0.

Moreover, it is easy to see that ﬁf e C 1(§(p), R), hence ﬁ/’f is lower semi-
continuous and bounded from below on B(p). Let

¢t = inf{.F;(u),u € B(p)}.

Taking v, € C°(Q), with v, > 0 (v= < 0). From (H2) we know that for any € > O,
there exists 7 > 0 such that for 0 < # < T, |G*(x, tv.)| < er*. Then,

T (45 t2 = 12 AP = + =
Fr(ve) = Slvelly, — — | A0@) dx— | GZ(x, t9.)dx
2 P Ja Q
4.2 2 AP
“42) < —||\74_r||§(0 - — f h(x)\_}f_idx + EIQIZ‘2
2 P Ja
<0,

for both ¢ > 0, € small enough, since 1 < p < 2. Hence, ¢ < 0.
By Ekeland’s variational principle [31], for any k£ > 1, there exists u; such that

1
4.3) T < Fiw) <]+ o
1 _
4.4) Frw) > Fi(w) - %Iluk - wllx,» Y w e B@).

Then |luxllx, < p for k large enough. Otherwise, if ||ux|lx, = p for infinitely many
k, without loss of generality, we may assume that for all k > 1, |luxllx, = p. Then

1
from Lemma 4.3 it follows 0 < R < .F7(w) < ¢] + 7 < 0, for k large enough,

which is a contradiction.

Now we prove that foj—'(uk) — 0in X;j. In fact, for any u € Xo with |lullx, = 1,
let wi = uy + tu. Then for a fixed k > 1, we know |lwillx, < llukllx, +¢ < p, fort >0
small enough. So, (4.4) implies

t t
T+ tw) > Fi () — llx, = Fi(u) — T
Thus,

T (ug + tu) — F 7 (wp) 1
z .
t k

Setting ¢t — 0", we derive that

1
(V75 o, w] < £
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for any u € Xo, with |lullx, = 1. So, V.7 (ux) — 0 and (4.3) gives .7 (ux) — cj.
Hence, it follows from Lemma 4.4 that there exists v, € X such that Vﬁf (v+) =0.
v+ is a weak solution of problem (P); and .# 1(vx) < 0. A standard argument
shows v, > 0 and v < 0 a.e. in R” (see the proof of Corollary 3.6). Using a
similar argument to the proof of Theorem 3.2, we know there exist two non-trivial
solutions u; > 0 and u— < 0 of Mountain Pass type, satisfying . (u+) > R >
0. o

Now we give more information about the multiplicity of the solutions of problem
(P),. More precisely, we give the following multiplicity result about five solutions,
which improves Theorem 4.1.

Theorem 4.5. Assume g satisfies (HI1)-(H4) (or (H1)-(H3), (H4)*). h € L*(Q)
with h > hg, where hg is a positive constant. Then there exists A* > 0 such that
for A € (0,4%), problem (P), has at least five nontrivial solutions: u, u_, vy, v_,
and v, satisfying uy > 0, u— < 0, vy >0, v <0, F(u) > 0 > F,(v+) and
Z, 1(n3) < 0.

Remark 4.6. In [2], the existence of a critical point with negative energy is given,
which is different from v, v_. The nonlinearity g in [2] is assumed to be convex
and

1
G(s) = —|s|* + o(|s]*), at s=0,s=oc0.
o

Following the idea of [2], we here give a similar version of the results of [2] with
the fractional Laplacian, under some weak assumptions.

Proof. First of all, by an analogous argument as in the proof of Theorem 4.1, the
existence of u;, u_, v, and v_ follows. We need only to show the existence of v3
with .%#,(v3) < 0. We assume that there exists no solution such that .%,(v3) < 0
except v.. Note that, according to the proof of Theorem 4.1, v, and v_ are local
minima of .%;. We can assume that v, and v_ are isolated local minima. Let us
denote by b, the Mountain Pass critical level of .%, with base points v, v_:

b, = inf max %,y (1)),
A7 w01 AW0)

where
¥ ={y € C(0,1], X0) : ¥(0) = vy, y(l) =v_}.
We will prove that b, < 0 if A is small enough. To this end, we consider
2

a ! 2 AP +
FAtve) = Slvelly, — — | AOWbLPdx— | G (x,tvi)dx.
2 P Ja Q

We claim that there exists 6 > 0 such that

4.5) F(tvy) <0,V € (0,1),Y0 <A <6.

If not, we have 7y € (0, 1), such that .% J(tov+) > 0 for A small enough. Since (H1)
holds, by a similar way as (4.2) we know .%# J(tvy) < 0 for ¢ > 0 small enough.
Let po = follv:llx, and ¢; = inf{.#}(u),u € B(po)}. Using a standard argument

as in the proof of Theorem 4.1, we obtain a solution v; such that .#,;(v}) < 0, a
contradiction. Hence, (4.5) holds.
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Now let us consider the 2-dimensional plane I, containing the straight lines #v_
and tv; (if v_ and v, are proportional, take any 2-dimensional plane containing
them), and take v € I, with [|v||x, = &. Note that for such v one has |v|, = ¢,¢, and
[vl2+ = c.& for some constants ¢, ¢, > 0. Then we get

g 2 . o
Fa(v) < =— = Zclhge? — 2 &7,
2 p? *

where ¢ is a constant. For small &,

(4.6) Fv) <.

Consider the path ¥ obtained gluing together the segments {¢v_ : sllv_ll;((l) <r<1},
{tv, : s||v+||§; < t < 1} and the arc {v € IL, : ||v|lx, = &}. From (4.5) and (4.6) it

follows that
by <max.Z,(v) <0,
vey

which verifies the claim. Since the Palais-Smale condition holds because of Lemma
4.4, the level {.% 1(v) = by} carries a critical point v3 of Z,, and v is different from
Vi. O

5. THE SIXTH SOLUTION COME FROM NNEHARI MANIFOLD

In this section, to use the Nehari manifold, we replace the assumption (H4) by a
slightly strong condition:

(H4)** i (|)[C|J) is strictly increasing in ¢ on (—oo, 0) and (0, +00).

The main result about multiplicity of solutions reads as follows.

Theorem 5.1. Assume g satisfies (HI)-(H3), (H4)**, and all the other assumptions
of Theorem 4.5 hold. Then, for A > 0 small enough, there exists a solution u3,
which is different from the above five solutions given in Theorem 4.5. Moreover, we
have .F,(u3) > 0.

Remark 5.2. In [2], the authors consider g € C'(R, R) with the following assump-
tions:

(G1) g(s)s 2 aG(s) 20, Vs e R, with2 < a < 2%;

(G2) g'(s5)s> = ag(s)s, Vs € R;

(G3) g'(s)s*> < cyls]% Vs € R (c1 > 0).
By using the methods of Nehari manifold, the sixth solution is obtained. It is known
that under above condition g € C'(R,R), Nehari manifold is a C'-submanifold of
Xo. However, under (H4)™, the Nehari manifold is not a Cl-submanifold. More-
over, note that (H4)** does not need the differentiability of g(x, u) with respect to u.
That is, f(x,u) may be not a C' function with respect to u. The methods in [2] can
not be applied to deal with this problem. To overcome this difficulty, we use some
recent arguments developed by Szulkin and Weth [27, 26].

Let S := 51(0) = {u € Xo,|lullx, = 1}. Since Xy is a Hilbert space, § is a C!
submanifold of Xy and the tangent space of S at w is

TS ={z € Xo : (w,2)x, = 0}.



14 X.SU AND Y. WEI

Foru € §, we set
i) = (VF (), u)y = ||u||§(0 - /ljg;h(x)luilpdx - Lg(x, uSu*dx.

Letu > 0, t > 0. We consider the equation
[}(tu) = 0.
Thus,

(5.1 2 - f h(x)ulPdx — f g(x, tu)tudx = 0.
Q Q

Since for any € > 0, there exists ce > 0 such that
g(x, tu)tu < e?u? + cetul,

we get

t2—/ltpfh(x)lul”dx—fg(x,tu)tudx
Q Q

>t — elul} — cet?lul — AP |hlcolul}
(5.2) 1,
>t - cqt? = Acpt?

1
:tZ(E — gt = Aept’™?),

1
for € small enough and both ¢, ¢, are constants. Set y() := 3 cqtq‘2 - /lcptp‘Z.

Let y/(f) = 0 we obtain #; = (A(f]”_(—i);?)l/ @=P) " One can verify that y(t;) > 0 for
A small enough. Then, there exists g > 0 such that the equation y(f) = 0 has
precisely two solutions o, T4, such that 0 < o) < #; < 7y, for all 4 € (0, Ayp).
Hence, a comparison argument shows that (5.1) has two solutions, 73, 7,,, such that
O0<ny <op<ty <ty <iforalld e (0,4)andu €S, u > 0. A similar
argument can be carried out for I'}.

For A € (0, Ap), we define the Nehari manifold
(5.3) A= {ueXo : T5w) =0, lully, > 1}

Lemma 5.3. For each u € S, denote a;;(s) := .7 (su). Then under assumptions
of Theorem 5.1 and A small enough, there exists s;; such that () (s) > 0 for
t < s<s;and(a;) (s) <O0fors>s;.

Proof. From the above, we know that for all 4 € (0, Ag), (5.1) has two solutions,
£, ta,, such that ty, < #; < t;. Then aj;(s) is increasing in (t,,, £;), and decreasing
in (0,2y,) U (), +00). (H3) implies that a;;(s) — —oo, as s — +co. Hence, the

conclusion follows by the definition of .#}*. O

Remark 5.4. Note that (a;;) (s;) = (F ) (sywu = 0. Hence on the ray s + su,
s > 0, s;;u is the unique point which intersects N *.

Lemma 5.5. Under assumptions of Theorem 5.1, for each compact subset # C S
there exists a constant Cy such that st < Cy for allu* € W'
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Proof. From the definition of Nehari manifold we know s} > ) forall u € S, A
small enough. Let # C S be a compact set and sequence {u,} C #. We know
passing to a subsequence, u, — ug # 0. Let

Ij(u)=éfh(x)luilpdx+fGi(x,u)dx.
P Ja Q

Then we have .75 (u) = %Ilullfﬁ) — I3 (u). We claim that if s;; — +00 as n — +oo,
then Ij(s,?jun)/(s,f)2 — +oo. Since |syu,(x)] — +oo if u(x) # 0, Fatou’s lemma
yields

n — +oo.

’

IE(stu,) G*E(x, s*u

A _:l n >f (+7 n I’l)u%_>+oo
(si)? o (syun)?

If passing to a subsequence, s;, — +00, we know

1 I,li(silun)) _

2 i)

a contradiction. Hence, there exists a constant Cy such that slfn < Cy. O

+, + 1 + +, + +
ﬁ/l—(s;nun) = E(s;n)2 = I3(s;, up) = (s;n)Z(

Define the mapping iy : Xo \ {0} —» A4 and m} : S — A" by
(5.4) my(w) :=syw and my :=mls.
Lemma 5.6. The mapping m7 is continuous, the mapping my is a homeomorphism
between S and N, and the inverse of my is given by (mj)_l () = u/lullx,.

Proof. Suppose w, — w # 0. Since my(tw) = m7y(w) for each ¢ > 0, we may
assume w, € S. mj(w,) = s;w,. From Lemma 5.5 and the definition of Nehari
manifold we know {s;} is bounded and bounded away from 0, so s; — 5 > 0.
Since 47" is closed and m7(w,) — 5w, §w € 4. Hence 5w = spw = my(w).

So mj is continuous. Then, it follows m7 is a homeomorphism between S and

YR O
We consider the functionals @f’l : X0\ {0} » Rand ¥} : S — R defined by
YE(w) = FE(mi(w)) and WE = P,

Although we do not claim that .#}* is a C ! manifold, we shall show that @j is of
class C! and there is a one-to-one correspondence between critical points of Py
and non-trivial critical points of ﬁf with [lullx, > #;, for A small enough.

Lemma 5.7. ¥* € C'(Xo \ {0}, R) and

[l (w)llx,

@i ’ -
Fo ==

(Z) (my(w)z  forall w,ze Xo,w#0.

Proof. Letw € X \ {0}, z € Xp. By the mean value theorem, we obtain

@f(w +17) — @j(w)

F L (S W + 12)) = T (53w)
FE(SpareW + 12)) = FE(5541W)

(T (81w + Ti12)) S35 4 1212,

N
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where |f| is small enough and 7, € (0, 1). Similarly,
@}—'(W +1z) — @j(w) > Fi(s,(w+12) - Fr(spw)
= (FD) (spw+naz)syrz,  form €(0,1).
Since the mapping w +— s is continuous according to Lemma 5.6, we know

@i w+1z) — @i w T (w
tim A DI gy sty = a o
Il

=0 t (Z3) (my(w))z.

Hence, the Gateaux derivative of ‘Pj is bounded linear in z and continuous in w.
Therefore, W7 is of class C L O

Lemma 5.8. The following holds:
(a). Y% € C'(S,R) and

(P W)z = lmyw)llx,(F1) (mi(w)z, forall zeT,S.

(b). If {wy,} is a Palais-Smale sequence for V=, then {mj (wp)} is a Palais-Smale
sequence for 3. If {u,} C AN\* is a bounded Palais-Smale sequence for
V3, then {m*(u,)} is a bounded Palais-Smale sequence for ..

(o). If w is a critical point of Y3, then m3(w) is a non-trivial critical point of
F3. If my(w) is a critical point of F} with lmy(W)llx, > t1, then w is a
non-trivial critical point of ¥3. Moreover, the corresponding values of W3
and F3 coincide and inf ¥ = inf F7.

S NE

(d). If F is even, then so is V7.

Proof. (a) follows from Lemma 5.7.

(b). We note that Xy = T',§ ®Rw for every w € S, and the projection Xy — TS,
Z + tw — z has uniformly bounded norm with respect to w € S. Denote J(w)z =
(w,2)x,. J is bounded on bounded sets and J(w)(z+tw) = t. Then, [t| < C|lz+twl|x,.
Therefore, ||zllx, < [t| + llz + twllx, < (C + D)|lz + twllx,, forall w € S,z € T,,S and
t € R. Moreover, by (a) we have
(5.5 WD WIx, = sup (D' wz=lutllx, sup (F) W)z,

z€TS |lzllx, =1 z€TS |lzllx, =1

with u* = m3y(w). Since (F7) (u*)w = (F7) wHu*/||lu*|lx, = 0, we conclude
using (a) again that

NP Wllx, < Nullx, ICFD) @)llx,
. (F7) W)z +tw)
= lu"llx, sup
2€T0(S )2+ w0 llz + twllx,
(F7) W )(2)
< (C+Dllully, sup —L—""
€T (SH\{0} IIzllx,

(C + DICEY Wllx,-

Since u* € .#* is bounded away from 0, together with the fact that .7 (u*) =
¥ (w), we obtain (b).
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(c). From (5.5), (¥)"(w) = 0 if and only if (%) (m7(w)) = 0, the conclusion
(c) follows.

(d). If F is even, then s}, = s* . Hence m(—w) = —m7(w) and the conclusion
follows from the definition of ‘I’j’ O

Remark 5.9. We note that the following minimax characterization holds:

+ . ot . ort : ort
c; = inf F7(w)= inf max.Z#;(sw) = inf max .Z; (sw).
U ey 1= dnf max Fi(sw) = inf max Fy (sw)

Lemma 5.10. The following holds:

(@). If {un} C AN* is a sequence such that sulg F ¥ (un) < +oo, then passing to
ne
a subsequence, we have u, — u # 0 as n — +oo, and there is s; > 0 such

that s;;u € N* and F3 (s u,) < liminf 75 (uy).
n—+0o
(b). ﬁflt/yﬂi is coercive, i.e., F 7 (uy) — +00 as u, € N, ||uyllx, — +oo.
¢). F* satisfies the Palais-Smale condition on N =.
p !

Proof. Let {u,} C #;* be a sequence such that .7 ' (u,) < d < oo for all n. We first
claim that {u,} is bounded. Otherwise ||u,|lx, — +o0 and v, = u,/|lu,llx, = v in
Xo. We know v # 0. Then from (H3) we get

B T3 (uy) 1 f G(x,uy) U2
Q

< =< - -
laally, 2 @l

’

as n — +oo, a contradiction. Hence, {u,} is bounded and u,, — u. The definition of
Nehari manifold shows that # # 0. Then,

F1(siu) < liminf Z 7 (s;u,) < liminf 77 (uy),
n—+oo n—+00

since u, € 4}*. Hence (a) is proved and (b) follows. Let {u,} C .#;* be a Palais-
Smale sequence. By (a), {u,} is bounded and u,, — u. Then a standard argument
shows that .7 " satisfies the Palais-Smale condition. O

Remark 5.11. We can also set

I (w) :=(VF,(w),u)y = ||u||§0 - /lj;h(x)lulpdx - Lg(x,u)udx.
Then, for A € (0, Adg), we can also define the Nehari manifold
(5.6) Ny={ueXo: Ty =0, llullx, > 1}

By a similar argument as above, we could establish the corresponding results for
JG. We point out that Lemma 5.3, Lemma 5.5-5.8, and Lemma 5.10 also hold for
N replaced by N, and .F§ replaced by .7 .

Proof of Theorem 5.1. Let {w;;} be a minimizing sequence of V3. By Ekeland’s
variational principle we may assume (W)’ (w;) — 0. By Lemma 5.6, we know
u, = my(wy) € A, and {u;} is a Palais-Smale sequence for .7 according to
Lemma 5.8. Then, Lemma 5.10 implies, passing to a subsequence, u; — u* and
wi — (mj')‘l(u) = w*. Hence, w* is a minimizer for ¥ and ™ is a critical point
of 9’; since Lemma 5.8 holds. Moreover, from Lemma 4.3 and the definition
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of Nehari manifold, we know that for A small enough, .7y (u*) > R > 0, which
implies that u* is non-trivial. From above we assume that u™, u~ such that

Fiw)= inf Fiw), Fyw)= inf F)w.
ua/ﬁ{{*’ ueN |~
Obviously, |u* — u"|lx, > 0, so they are different. We assume, without loss of
generality,
Fwh) = Fu).
We claim that " and u~ are local minima of .# L on ,/13 Otherwise, we take

F = inf %, (u).
,1(140) ue, ,1(”)

Then

F(up) < F (u) < Fuh).
If ug # u*,u”, we know that ug is a solution, which finishes the proof of the
theorem. If uy = u®, by .7 (up) = #,(u”) = F ,(u") we prove the claim. If
up =u-,

9,1(’/”—) > ﬁ,}(u_),

by taking B, := B, (u”) = {u € Xo,|lu — u"|lx, < &4}, we know that for every
u* € N, N Bg, \ {u"}, & small enough,

F ) < F (u") < Fuh).
If u* and u~ are not proportional, let II(u*, u~) be the 2-dimensional plane con-
taining the straight lines tu™ and tu~. Take ¢, € Il(u*,u™) N A, N By, \ {u"},
&n =@ + ¢, =6uu” + (1 — ;) u", where 6, &, small enough are related to &,. We
know that

y/l(ui) < gﬂ(@z) < 9,1(’4+)-
From (4.2), we know that for 6, small enough, .# (6,u™) < 0. Note that .7 (¢,,) =

F(o3) + F,(¢,), and from the definition of Nehari manifold, u* is the unique
point in the ray u® — tu*, t > 0. Hence,

Tapn) = F6u") + F (1 = 6)u”)

< F (A -6pu)

< F,u)

< <g.,1(¢rl)’
a contradiction. If u* and u~ are proportional, the definition of Nehari manifold
implies that u* = —su~, s > 0. From (4.2), we know that for §,, small enough,

Fu) = F(6u")+ . F (1 + s6,)u”)
T (1 + s6,)u7)
g,l(u_L

A A

also a contradiction, which implies the claim. Define

T ={y e C(0, 1], 4)) : ¥(0) = uy,y(1) = u_},
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and

¢’ = inf max .Z#,(y(?)).
AT T 1e01] )

The definition of .4}, together with Lemma 4.3, shows that ¢y > 0. Since u,
and u_ are local minima of ., on .4}, % satisfies the Mountain Pass geometry.
Then Lemma 5.10 implies ¢ is a critical value for ., on .4} and there is a critical
point v3 on </V/l, which is different from u,, u_. By Lemma 5.8, we know that v3 is
actually a solution of (P), with .# 1(v3) > 0. O

6. GLOBAL RESULTS OF AMBROSETTI-BREZIS-CERAMI TYPE

Theorem 4.1 and Theorem 4.5 are all local, since A has to be small enough.
A global result of Ambrosetti-Brezis-Cerami type is also given in the following
theorem, in which we show that the combined effects of sublinear and superlinear
terms change considerably the structure of the solution set.

For convenience we only consider positive solutions.

Theorem 6.1. Assume g satisfies (H1)-(H4) (or (H1)-(H3), (H4)*). h € L™(Q)
with i > hg, where hy is a positive constant. Then there exists A > 0 such that
1. for A € (0,A), problem (P), has at least two positive solutions: u#, and
v, uy vy satisfying vy < uy, F,(v)) < 0 < %)(uy). Moreover, v, is a
minimal solution and is non-decreasing with respect to A;
2. for A = A problem (P), has at least one positive solution;
3. for all A > A problem (P), has no positive solution.

Let us define A = sup{1 > 0 : (P), has a solution}.
Lemma 6.2. 0 < A < o0,

Proof. From Theorem 4.1 it follows that (P), has at least two positive solutions
whenever A € (0, 4*) and thus A > A* > 0. We first consider the non-local operator
eigenvalue problem

6.1 { —Lxu=Au, inQ,

u=0, in RM\Q.

The first eigenvalue of problem (6.1) is defined by
- Joon@(x) = u())*K(x = y)dxdy
in

ueXo\{0} fQ uldx

and the corresponding eigenfunctions of the eigenvalue A; is denoted by ¢; (see
[22]). It is known that 4; > 0 is simple and ¢; is non-negative.
Let A be such that

/11 =

()P + g(x, 1) > Ay, Vi > 0.

If A is such that (P), has a non-negative solution u, multiplying (P), by ¢; and
integrating over R" we find

/11fu<p1dx:/lfh(x)u”_lcpldx+fg(x,u)goldx.
Q Q Q
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This implies 1 < A. O

Denote f(x,t) = Ah(OulP~2u + g(x,u). Now, we give the definition of the
super(sub)-solutions which we will use to prove Theorem 6.4. Let f(x,s) be a
Carathéodory function on Q X R with the property that for any s¢ > 0, there exists
a constant A such that |f(x, s)| < A for a.e. x € Qand all s € [—sg, s9]. A function
u € Xo () L*(Q) is called a (weak) sub-solution of the problem (P), if

62 [ w0 -uoee) - s09K = ndsdy < [ s oo,

for all ¢ € CF(Q), ¢ > 0. A super-solution is defined by reversing the inequality
sign.

Lemma 6.3. Assume that u and u are respectively sub-solutions and super-solutions
for (P),. Consider the associated functional

1
F(u) = §||u||§0 - j;z F(x, u)dx.

Let M :={u € Xp : u <u<uae. inR"}. Then the infimum of .%# on M is achieved
at some 1 and u is a solution of (P),.

Proof. The proof is adapted from [10] which deals with the p-Laplacian elliptic
equation. By coercivity and weak lower semicontinuity, the infimum of .# on M
is achieved at some u. Let ¢ € C7(€2), € > 0, and define

Vg 1= min {ﬁ, max{u, u + sgo}} =u+ep—¢°+ @,

where ¢® := max{0, u + ep — u} and ¢, := —min{0, u + ep — u}. Since u minimizes
% on M, it follows (VD (u), v, — u) > 0, which gives
(6.3) (VZ W), ) > (VF(u), ¢°) —(VF (u), pe))/ €.

Since u is a super-solution, one also has
VFw),¢") > (VFu) - VF W), ¢°)
fR (@@ - 7@) - @) = 70))(¢°(x) — ¢°(0))K(x - y)dxdy

- fg (FCeu) — f(x. D) dx

\%

e [ (=00 - = m0)e0 - )

. fg o) — fCxDlgldx,

where Q. := {x € Q : u(x) + ep(x) = u(x) > u(x)}. Since |Q;] —» 0ase — 0, it
implies (VO(u), ¢®) > o(e) as € — 0. Similarly (V®(u), ¢.) < o(¢€), and by (6.3),
(VO(u), ) > 0. Replacing ¢ by —¢, we conclude that u solves (P),. O
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Proof of Theorem 6.4. 1. We first show that for all A € (0, A), (P), has a positive
solution v, with I;(v)) < 0. Let 0 < A < A and take A with 1 < A < A such that
(P); has a positive solution 7. Then,

fRzn (700 = 50))(p () = ¢0))K (x = y)dxdy
= ;lf h(o)|PP2vpdx + f g(x, V)pdx
Q Q

> /lfh(x)lf)lp_zfzgodx+fg(x,f/)godx
Q Q

for all ¢ € CF(Q), ¢ > 0. This implies that ¥ is a super solution for (P),. Let
Ve = 4, & > 0, where ¢, is choosing by the following way: If ¥ > 0 a.e. in €2, take
@« = ¢1(€) > 0 is the first eigenvalue function of the operator — Lk in domain Q
as in (6.1), otherwise, assume Qg := {x € Q, v(x) = 0}, we set g, = @1 (Q\ Qp) >0
which is the first eigenvalue function of the operator — Lk in domain Q \ Q. From
(H2), there exists € small enough such that

e, < )P G+ g(x, 80.).

Taking ¢ € C7(€2), ¢ > 0, we can easily obtain

>
fRzn (ve0) = ve)(¢(x) = ¢(0)K (x = y)dxdy

< f A vepdx
Q

< A4 f R(X)WVelP 2 vepdx + f g(x, ve)edx,
Q Q

which shows that v, is a sub-solution of (P),. Taking £ small enough such that
g, < V. From Lemma 6.3 we know (P), has a non-negative solution v,. Moreover
the minimization property provided by Lemma 6.3 leads to .Z#,(v)) < Fa(epy).
By (H2), %#,(gp.) < 0 for & small enough. Assume that v, is an isolated local
minimum. From Lemma 4.4 we can get another solution u#, by the Mountain Pass
Theorem. It remains to prove that v, < v,, whenever A < A,. Indeed, if 4 < A, then
v, is a super-solution of (P),. For £ > 0 small, €y, is a sub-solution of (P), and
gp. < v,,, then (P), has a positive solution v with v < v,,. As v, is the minimal
solution of (P),, we have vy, < v < v,,.

2. Let {u,} be an increasing sequence such that y, — A. and v, be a positive
solution of (P),, with .%#,, (v,) < 0. Then, for any ¢ € Xj,

() = va)(Px) — pOK(x ~ y)dxdy
(6.4) =
=Hn f ROV ()P v (X)p(x)dx + f 8(x, va(x))p(x)dx.
Q Q
We first show that sequence {v,} is bounded in Xy. We suppose, by contradiction,
that up to a subsequence, still denoted by v,

[Vallx, = +00 asn — +oo.
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Set wy, := vu/lvullx,- Then [lw,llx, = 1. Passing to a subsequence, we may assume
that there exists w € X such that

wp, — w, weaklyin Xy, n — +oo,
wy, — w, stronglyin LZ(Q), n— +oo,

wy(x) - w(x), ae inQ, n-—o +oo,

We claim that w(x) = 0 a.e. in R". It suffices to show w(x) = 0 a.e. in Q. (6.4)
implies

. @9 = 0,600 = 600K x =y

_ fmmwmw%mwmw+fgﬂﬁ@meMx
Q Q

S
ally,” vn(X)

Hence,
f 80V 2 ydx = 1+ o(1),
o Vvau(®
We denote Q* := {x € Q, w(x) # 0}. Then for x € QF, |u,(x)] > +oco0 as n — +oo.
By (H3) we have

lim Mwn(x)z = +o0.
n—+oo vn(_x)

The Fatou’s Lemma implies

f fim S50 2 < tim f 8C-Vnl) 20 0v < 1 4 o(1).
Q Q*

sn—o+0  y,(Xx) n—+00 Va(x)

Hence Q* has zero measure. Consequently, w(x) = 0 a.e. in Q. On the one hand,
since ||v,llx, — +oo, for some k > 0, by a standard argument similar to (4.2) we
know

6.5) T (k—2—) < .7, (0) < 0,
Vallx,

as n — +oo. On the other hand, for all k£ > 0,
2
2.7, (kwy) = K2 — T2kp f h(xX)lwnlPdx 2 f G(x, kawy)dx = K + o(1),
p Q Q

which contradicts (6.5) for k and n large enough. Therefore, {v,} is bounded in
Xo. Up to a subsequence, we get v, — v*. v* is a solution of (P)s and Fx(v*) <
0. Since {v,} is a non-negative sequence, and non-decreasing, v* is a non-trivial
solution.

3. This follows from the definition of A. O

Before finishing this section, we will prove the strongest result for the case in
which there are symmetrical conditions imposed on the nonlinearity. lLe. if we
assume that g(x,u) = g(x, —u), using the Lusternik-Schnirelman theory one can
also obtain the existence of infinitely many pairs of solutions.
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Theorem 6.4. Assume g satisfies (H1)-(H4) (or (H1)-(H3), (H4)*). h € L™(Q)
with i > hg, where hg is a positive constant. Then there exists 4* > 0 such that for
all 2 € (0, 2*) problem (P), has infinitely many pairs of solutions {u,}, {v,} such
that ., (u,) < 0 < . Z(vp).

Proof. We give a brief sketch here because the arguments are similar to those of
[1]. Set
Y:={AeXo,0¢A,ifuecAthen —u e A}.

For A € X the genus y(A) is defined as the least integer n for which there exists
¢ € C(Xp,R™) such that ¢ is odd and ¢(x) # O for all x € A. We define y(A) = +oo
if there are no integers with the above property and y(0) = 0.

From Lemma 4.3 we know that for 4 > 0 small enough, there exist p,R > 0
such that .7 (u) > R, if ||ullx, = p.

We set also

G i=1{A € X : A compact,A C E(p),y(A) > n}.
Obviously, #,, # 0 foralln = 1,2,---, since
Sn,p =0X, N E(P)) € '/Q{n,p,
where X, denotes an n—dimensional subspace of Xp.

Let

Cnp = Inf max.Z,(u).
" Acdly, ueA

Each ¢, is finite since the functional is bounded on B(p). We claim
Crp <0, nelN.

Indeed, let w € X,, be such that ||w||x, = p. From (4.2), we know for p > 0 small
enough, .%,(w) < 0. We note that for all u € B(p) N {.%, < 0} the steepest descent
flow 1, is well-defined for ¢ € [0, c0) and

n(u) € Blp) N {F, <0}, foranyt>0,

since ﬂf(u) > 0, if ||ullx, = p. Moreover, we know ¢, , < 0 from above and Palais-
Smale condition holds from Lemma 4.4. Then, we can make use of Lusternik-
Schnirelman theory to find infinitely many critical points of .%, in B(p), denotes by
{u,}, such that .%,(u,) < 0. Since Palais-Smale condition is satisfied, and Lemma
5.8 holds, from [27] we also obtain infinitely many critical points {v,}, satisfying
Z, ,1(\/,,) > 0. O
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