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Abstract

We introduce a new method to study bifurcations of KAM tori with fixed
Diophantine frequency. This is based on Singularity Theory of critical points of a
real-valued function that we call potential. The potential is constructed in such a
way that nondegenerate critical points of the potential correspond to twist invariant
tori (i.e. with nondegenerate torsion) and degenerate critical points of the potential
correspond to non-twist invariant tori. Hence bifurcating points correspond to non-
twist tori. Invariant tori are classified using the classification of critical points of
the potential as provided by Singularity Theory. We show that, under general
conditions, this classification is robust. Our construction is developed for general
Hamiltonian systems and general exact symplectic forms. It is applicable to both
the close-to-integrable case and the ‘far from integrable’ case where a bifurcation
of invariant tori has been detected (e.g. numerically). In the close-to-integrable
case, our method applies to any finitely determinate singularity of the frequency
map for the integrable system.
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CHAPTER 1

Introduction

1.1. Main contribution

The celebrated Kolmogorov-Arnold-Moser (KAM) Theory [47] estab-
lishes the persistence under perturbation of quasi-periodic solutions, with suffi-
ciently irrational frequency, of Hamiltonian systems. Geometrically, quasi-periodic
motions for Hamiltonian systems are invariant tori. Maximal dimensional invariant
tori bearing quasi-periodic motion are known as KAM tori. We refer the reader
to for a tutorial on KAM Theory and to [17] for a very clear exposition of Kol-
mogorov’s Theorem [37]. KAM results require a nondegeneracy condition. In its
simplest form the nondegeneracy condition is known as twist condition. In action-
angle variables, this requires the frequency map (as function of the action) to be
a local diffeomorphism. Persistence of a Cantor set of KAM tori has been proved
under the very weak Rissmann nondegenerate condition [16), 56, 58,60, 72].

Recently, there has been considerable interest in studying the persistence of tori
with fixed frequency, where twist condition is violated but nevertheless, the system
depends on sufficient parameters that control the frequencies. The parameters of
the Hamiltonian correspond to characteristics of the system that can be tuned by
the designer to obtain the desired effect of the system. For example 2,23, /24], in
the design of plasma confinement devices, it has been heuristically argued that non-
twist invariant tori are very efficient barriers for the undesired effect of transport.
Similar considerations have appeared in mixing of fluids (21, 59]. An important
assumption is that the persistent tori must have a prescribed, fized frequency. KAM
results under the Riissmann condition do not give information of the persistence of
a torus with prescribed frequency. Indeed, it is known [63] that under the Riissmann
condition, the set of the persistent frequencies is, in general, different from the set of
the unperturbed frequencies. This happens, for example, when the given frequency
lies in the boundary of the image of the frequency map or when the perturbed tori
become nondegenerate.

In this monograph we give a new methodology for the study of bifurcations of
KAM tori with fixed Diophantine frequency vector. It turns out that bifurcating
tori are non-twist. Our method is developed for general Hamiltonian systems, hence
the notion of non-twist has an extended meaning. Our formulation generalizes the
usual one which is given for integrable systems or by means of the Birkhoff Normal
Form (BNF). In both the integrable and the BNF cases a torus is twist if and only
if its torsion is non-degenerate. In the integrable case, the torsion is the derivative
of the frequency map at the corresponding action. In the BNF case, the torsion is
provided by the first order terms of the BNF. We formulate a concept of torsion
of a torus which is intrinsic, in the sense that it only depends on the geometric
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properties of the torus and of the system. Then, by a twist torus we mean a torus
with nondegenerate torsion.

The method presented here is based on the construction of a real-valued func-
tion, that we call the potential, in such a way that critical points of the potential
correspond to invariant tori with fixed frequency. This leads to a natural classifica-
tion of invariant tori based the application of Singularity Theory to the potential.
An important feature of this classification is that, under rather general conditions,
a torus is degenerate if and only if it is non-twist. Hence, a torus that is degenerate
in our terminology has a degenerate BNF. Moreover, the classification obtained
with our method is persistent under small perturbations of the system.

We also prove that, given a parametric family of Hamiltonian systems, there
is a (local) bijection between the bifurcation diagram of the critical points of the
parametric potential and the bifurcation diagram of invariant tori for the parametric
family.

Our methodology does not requires either the computation of the BNF or the
existence of an invariant torus. This is useful on predicting the breakdown of tori
in a fold bifurcation.

Our methodology is stated in an a-posteriori context: the close-to-integrability
assumption has been replaced by the assumption of the existence of an approxi-
mate solution of the invariance equation, with sufficient accuracy, satisfying some
transversality conditions. Hence, our methodology is suitable for validating nu-
merical computations in cases in which bifurcations of invariant tori are observed
numerically, but the system is far from integrable. Moreover, our methodology
leads to efficient numerical algorithms to compute both the potential and invariant
tori. It is applicable to models where the symplectic structure is not the standard
one. It is also suitable to compute tori that are not necessarily graphs of the angle
variable e.g. meandering tori [64]. We plan to discuss the implementation of these
algorithms in a future work.

In the close-to-integrable case, our method enables us to obtain persistence of
an invariant torus, with fixed frequency, in both twist and non-twist cases (includ-
ing small-twist and Riissmann). Moreover, if the frequency map of the integrable
system has a finitely determined singularity, then the perturbed torus is of the same
class as the unperturbed one (under the classification obtained by applying Singu-
larity Theory to the potential). Finite-determined singularities for the frequency
include the classical twist case and the seven elementary catastrophes (see Table[L
in Appendix[B).

The simplest situation in which one has a non-twist torus is the integrable area
preserving map with frequency map &(y) = w + y*:

o = (#450).
Y
The first simple observation is that the fp-invariant non-twist torus

o0

satisfies the Riissmann condition (see [58,[60]). Indeed, 828‘:;(22’) generates R. In this
case, w is in the boundary of the image of the frequency map @(y), and the non-
twist torus with frequency w can be destroyed easily. Indeed, there is a smooth
function d(e), with 6(0) = 0, such that &(y) 4+ d(¢) does not lie in the image of
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the frequency map for any y in the domain of @ and € # 0. Then, for any ¢ # 0,
the integrable map with frequency map @(y) + d(e) does not have an invariant
torus with frequency w. Hence, to study the bifurcations of Z; we need unfolding
parameters.

The second observation is that Zy corresponds to the degenerate critical point

p = 0 of the scalar function A(p) = % and that the unfolding of this singularity is

the one-dimensional parameter family of functions: A(u,p) = up + %

Then, a natural way to do the bifurcation analysis of Zj is to embed fy in
the parametric family f, of integrable symplectomorphisms, with frequency map
O(p,y) = w+ VyA(u,y). It is clear that there are either two, one or zero f,-
invariant tori with frequency w, depending on whether p < 0, © = 0 or u > 0.
Hence, the non-twist torus Zj is a fold torus.

The method introduced here generalizes the above bifurcation analysis for KAM
invariant tori and enables us to show that under small perturbations degenerate
tori persist and the persistent torus has the same degeneracy type. In the present
example, this means that, for sufficiently small perturbations of f,,, the perturbed
system will have a bifurcation diagram similar to that in Figure /1.

FIGURE 1. The graph shows V,A(u,p) = u + p*>. The values
of (u,p) at which V,A(u,p) = 0 correspond to invariant tori for
the integrable symplectomorphism with frequency map &(u,y) =
w+y:+ p.

Our results for the close-to-integrable case generalize the results in 23].
In [22] an approach similar to that taken here is used to study the fold singularity
in the standard non-twist family. In [23], using different techniques, the fold and
the cusp were studied for the case of two degrees of freedom.

1.2. Methodology

Our strategy follows three main stages. The first one consists on a KAM
result based on the automatic reducibility of KAM invariant tori. We add external
parameters in such a way that the infinite-dimensional problem of finding invariant
tori, with fixed Diophantine frequency, is reduced to the finite dimensional problem
of finding zeros of a smooth function (similar ideas can be found in [48,/51,/62,(73]).
In the second stage, the latter problem is transformed to a problem of finding critical
points of a smooth real-valued function that we call potential. This is achieved by
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using the geometrical properties of symplectomorphisms and Lagrangian tori. The
third stage consists on applying Singularity Theory to the potential.

Our methodology is developed by using classical and new techniques in Sym-
plectic Geometry and parametric KAM theory. An important ingredient in our
geometric constructions is the primitive function of a given Hamiltonian system
[29]. The primitive function is a geometric object that depends only on the system
and on the symplectic structure. It should be noticed that the primitive functions
and the generating functions are different objects. One difference is that the domain
of the primitive function is the domain of the given system (not mized variables).
Hence, the use of the primitive function does not requires the application of the
Implicit Function Theorem. This, among other things, makes the primitive func-
tion suitable for the study of non-twist tori where generating functions may fail to
exist. More properties of the primitive function will be discussed throughout the
paper. Another important geometrical ingredient is a generalization of symplectic
deformations and moment maps, also developed here. Roughly, a symplectic de-
formation is a parametric family of Hamiltonian systems and its moment map is a
vector of ‘Hamiltonians’ corresponding to the vector field given by the variation of
the family with respect to the parameter.

For the KAM part, we prove a parametric KAM Theorem that may be of
independent interest. It is known that KAM procedures involve several non-geo-
metrical steps (e.g. solving small divisor equations, Fourier series). It has been
found convenient [51, 57,[54] to add extra parameters so that the KAM step can
proceed always by adjusting the parameters. Then, at the end, one just solves the
finite dimensional problem of setting the artificial parameters to zero. As noted
in [62, 63| [73] this has the advantage that it separates the analytic steps from
the nondegeneracy condition. The final nondegeneracy condition amounts to the
nondegeneracy conditions of a finite dimensional version of the Implicit Function
Theorem. This is especially useful in degenerate problems. The procedure of adding
parameters at the iterative step is stable from the analytic point of view and leads
to very efficient proofs of KAM results under the Riissmann non-degeneracy con-
ditions [61]. These considerations on the parameter are important when we want
to validate numerical computations and when the considered families are far-from-
integrable. In our applications of our parametric KAM Theorem, we use different
types of parameters playing different roles with the geometry and with the analysis
of the problem:

e For technical reasons, we find it convenient to introduce some parameters
which change the exactness properties of the symplectomorphisms. We
call these parameters dummy because at the end of the KAM procedure
— but not in the intermediate steps — they will vanish. The reason for
this is that if a symplectomorphism has an invariant torus, then it has
to be exact. The use of dummy parameters yields a generalization of the
Translated Curve Theorem in [54].

e To obtain a nondegeneracy condition that is weaker than the twist con-
dition, we introduce some parameters that we call modifying parameters
because they generalize the Moser’s modifying terms in [51]. The modi-
fying parameters are introduced in such a way that invariant tori are ob-
tained by setting the modifying parameters equal to zero. We show that
the modifying parameter, as a function of the momentum of the torus, is
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the gradient of a real-valued function, which we call the potential. Hence,
invariant tori correspond to critical points of the potential.

e In addition to the above parameters, there are other parameters on which
the systems may depend, and we call them the intrinsic parameters. In-
trinsic parameters include unfolding and perturbation parameters. We
show that the potential depends smoothly on the intrinsic parameters.
We introduce unfolding parameters in such a way that properties, similar
to those for degenerate critical points of functions [25], are satisfied.
Namely, degenerate (non-twist) tori, with fixed frequency, are persistent
and the persistent torus has the same type of degeneracy as the unper-
turbed one.

We consider both the maps and the vector field cases. The tori considered
here are of maximal dimension. The KAM results in this paper are formulated
and proved for functions depending analytically on the phase space variable and
smoothly on the parameter. These KAM results also hold for functions with smooth
dependence on both the phase space variable and the parameter (with some loss of
derivatives). However, because this involves many technical details, this case is not
included here.

1.3. Outline of the monograph

For ease of reading, here we briefly describe the content of this monograph.
Figure[2 contains a map of the main sections.

Chapter [2] contains the setting of the monograph. Most of the notation used
throughout the monograph is established in Section[2.1} Basic concepts on Symplec-
tic Geometry are reviewed in Section[2.2. In Section [2.3, the concept of symplectic
deformation and moment map are introduced. These will play a key role in the
definition of the potential and are not standard in the literature. Section [2.4 re-
views some basic definitions of spaces of analytic functions and the solvability of
the ‘one-bite’ small divisors equations.

This monograph contains three main parts. Part [1] contains the geometrical
properties of KAM invariant tori. Part [2] contains parametric KAM results based
on reducibility of Lagrangian invariant tori. The KAM results given here are stated
and proved in the analytic category. In Part[3]our geometric and KAM results are
combined with Singularity Theory to develop a new method to study bifurcations
of KAM invariant tori.

Part[1. Chapter[3 contains geometrical properties of a KAM torus. In Section
[3.1] it is proved that any torus which is invariant for a symplectomorphism, with
dynamics an ergodic rotation, is Lagrangian and moreover the linear dynamics
around the torus has a block-triangular form, with the identity on the diagonal.
This property is known as automatic reducibility. These results are available in
the literature, in a less general setting [34]. In Section we give a geometric
definition of the torsion of a torus with respect to a symplectomorphism and a
given frequency vector. This leads to an intrinsic definition of twist tori.

Chapter [4 contains our main geometrical construction. First, we introduce
the definition of an invariant fibered Lagrangian deformation (FLD) with frequency
w. Roughly, given a smooth family of symplectomorphism g, with s-dimensional
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parameter A, a g-invariant FLD with frequency w is a smooth family {K(p) =
(A(p), K}) }pep of parameters A(p) and tori K, that satisfy the invariance equation:

Irp) © Kp = KpoRa,

where w is fixed and R, : T" — T" is the rigid rotation: R, (0) = 6 + w. Then,
using the primitive function and the moment map, we define the potential and the
momentum of K with respect to g and w. We show that both the momentum and
the potential are invariant under canonical changes of coordinates. In Theorem
under certain general conditions, it is shown that A(p) is the gradient of the
potential. Theorem [4.8 gives a relation between the Hessian of the potential of K
and the torsion of K.

Part [2. In Chapter [5] we discuss the nondegeneracy conditions involved in
KAM procedures based on the automatic reducibility and with fix frequency. First,
in Section it is proved that, in the analytic category, approximately invariant
tori, with Diophantine frequency, are approximately Lagrangian and approximately
reducible. Quantitative estimates are provided. Then, in Section 5.2 we describe
and motivate the use of external parameters (dummy and modifying) on performing
a step of the iterative procedure. It is shown that it is always possible to introduce
a modifying parameter in such a way that an iterative KAM procedure can be
performed (even in the non-twist case).

Chapter [6] contains our most general parametric KAM result, Theorem 6.2]
Given a A-parametric family of real-analytic Hamiltonian systems, we provide suf-
ficient conditions for the ezistence and local uniqueness of Lagrangian tori K (()
and parameters A(¢), depending smoothly on an external parameter ¢, in such a
way that for each value of the parameter ¢, K(¢) is invariant for the system in
the family corresponding to A(£), the frequency is fixed and Diophantine. This
result and the method used to prove it are different from the parametric KAM re-
sults in [11, 10|, where a Whitney smooth Diophantine family of persistent tori is
proved for systems that are close-to-integrable. The close-to-integrable hypothesis
has been replaced by the assumption of the existence of a torus that solves ap-
proximately the invariance equation with sufficiently small error as satisfying some
transversality conditions. Our KAM procedure computes the Fourier coefficients
of tori that better approximate solutions of the invariance equation. Hence, the
original coordinate system is not changed in the procedure.

Chapter [7] contains a Transformed Torus Theorem, Theorem This is a
result on the existence and local uniqueness of invariant FLD with fixed Diophantine
frequency. Briefly, given a smooth family of symplectomorphism f,, depending on
an intrinsic parameter u, dummy and modifying parameters are introduced by
embedding the family f,, into a smooth family f(, ;) in such a way that f(, ;) is
exact if and only if o = 0 and f(, 90y = f,. The dummy parameter is o € ¥ C R"
and the modifying parameter is A € A C R*, with 0 < s < n. Theorem [7.4
gives sufficient conditions for the existence and the local uniqueness of a f-invariant
parametric FLD with fixed Diophantine frequency w. Theorem [7.4]is stated in a-
posteriori context: the main hypothesis is the existence of parameters g, Ao and a
torus Ko such that Ky is approximately f(,,, 0,x,)-invariant, with frequency w, and
satisfies a nondegeneracy condition. This nondegeneracy condition depends on the
way the modifying parameters are introduced. For close-to-integrable systems, it
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is always possible to introduce modifying parameters in such a way that any torus,
invariant for the integrable system, satisfies the our non-degeneracy condition. We
show that Theorem [7.4 yields a generalization of the Translated Curve Theorem
in [57,[54]. Under suitable choice of the parameters, Theorem 7.4 is a consequence
of Theorem [6.2.

Part [3. In Chapter [8 we develop the Singularity Theory for KAM tori. Sec-
tion [8.1 contains a method to characterize invariant tori as critical points of the
potential. Briefly, given f,,, a smooth family of symplectomorphism, and K, an
fu.-invariant torus with Diophantine frequency w, we show that it is always pos-
sible to introduce modifying parameters, A, in such a way that the nondegeneracy
condition in the Transformed Tori Theorem (Theorem [7.4) holds. The dimension
of the modifying parameter is determined by the dimension of the kernel of the
torsion of K,. Then, the Transformed Tori Theorem guarantees the existence and
local uniqueness of an f-invariant FLD with frequency w, K. We combine the re-
sults in Section [4.1 with Singularity Theory to classify invariant tori in terms of
the classification of critical points of the potential of K, as provided by Singularity
Theory. We prove the robustness of this classification. We also show that there
is a local one-to-one correspondence between the bifurcation diagram obtained us-
ing the critical points of the potential and the bifurcation diagram obtained using
invariant tori.

In Chapter[9 we apply the results of Chapter [8]to close-to-integrable systems.
For completeness in Section 9.1 we consider the integrable case. In Section [9.2 we
obtain persistence of an invariant torus with fixed frequency in both the twist and
the non-twist cases, including small twist. The bifurcation theory of non-twist tori
is described in Section [9.3. In Section [9.4] we show that it is always possible to
introduce modifying parameters in such a way that the potential of the BNF and
the potential are close.

Appendices. Our results and methods are developed in full detail for sym-
plectic maps. The corresponding results for Hamiltonian vector fields are discussed
briefly in Appendix [A. A brief summary on Singularity Theory is included in
Appendix B.
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CHAPTER 2

Preliminaries

Here we review some standard definitions and results in Symplectic Geometry
and KAM theory. The concepts of symplectic deformation and moment map are
introduced. These will be important in our geometric constructions.

2.1. Elementary notations

This section contains some notation and definitions that are standard in the
literature. As usual, N, Z, R and C denote the sets of non-negative integer, integer,
real and complex numbers, respectively. R and C"™? denote the spaces of mxd
matrices with components in R and C, respectively. Let T" = R™/Z" denote the
n-dimensional torus with covering space R™. The n-dimensional complex torus is
defined by Tg = C"/Z", with covering space C". The standard annulus T” xR" is
denoted by A".

An annulus is a subset A C A" that is diffeomorphic to T" x U, with U C R"
a connected open set. The covering of an annulus A is denoted by A C R x R"
and the coordinates on A (and A) are denoted by z = (21,..., 22n) = (x,%), with
z=(x1,...,2n) and y = (Y1, ..., Yn)-

We will use the notations m;(z) = z;, m,(2) = 2* = z and 7, (2) = z¥ = y for the
projections. For a matrix P € C?™?  we use the notation P* = 7, P = (I, O,)P
and PY = myP = (O, I,)P, where I,, and O,, are the n xn identity and zero
matrices, respectively. The n xd zero matrix is represented by O,«q-

By a diffeomorphism between two manifolds we mean a diffeomorphic immer-
sion. By embedding we mean a smooth injective immersion. Following standard
practice, smooth means C*, with ¢ sufficiently large. The precise value of £ can be
ascertained by looking at the arguments in detail.

A function u : R" — R is l-periodic if u(f + e) = u(f) for all § € R™ and
e € Z™. A function u : T" — R is a 1-periodic function v : R™ — R. Similarly, a
function ¢ : A — R is 1-periodic in z if glx +e,y) = g(x,y) for all x € R™ and
e € Z". A function g : A — R is viewed as a function g : A — R that is 1-periodic
in z.

The average of a continuous function u : T" — R is (u) = [, u(#)df. The
notation (-) extends component-wise to vector and matrix valued continuous func-
tions.

A rigid rotation on T™ with rotation vector w € R™ is the function R, : T" —
T" given by R, (f) = 6+w. The rotation Ry, is ergodic if w is rationally independent,
ie. kTw ¢ Z for all k € Z™ \ {0}.

We use the following notation for derivation. A sub-index in the derivatives is
included indicating the variables with respect to which one is taking derivatives.

9
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For example, if f is defined on (¢,z) € RYx A

Dif(ts) — (g;ja,z) %’;(t,z)),

D.f(t,z) = (é)f(t,z) Lo (t,z)).

82:1 82’2n

2.2. Geometric preliminaries

Here we review basic concepts in Symplectic Geometry [8, (15, (35, 46} (69].
From now on, A C A" is assumed to be an annulus.

2.2.1. Symplectic structures.

DEFINITION 2.1. A symplectic form on A is a closed, nondegenerate differential
2-form w on A. If w is exact, i.e. w = da, the 1-form « is called an action form
of w.

DEFINITION 2.2. Let A be endowed with the symplectic form w. An almost
complex structure on A, compatible with w, is a linear symplectomorphism J :
TA — TA which is anti-involutive (i.e. J? = —I), and such that the 2-form
g(u,v) = —w(u,Jv) induces a Riemannian metric on A. (w,J,g) is called a
compatible triple on A.

Using local coordinates, if a(z) = Zf:l a;(z) dz; denotes the 1-form a,, where

a: A — R? is l-periodic in . Then, the matrix representation of the 2-form
w, =da, is

(2.1) Q(z) =D.a(z)" —D.a(z).

The nondegeneracy of w, is equivalent to det§2(z) # 0. If J(z) is the matrix
representation of J, and G(z) is the positive-definite symmetric matrix giving g,
on T, A~ R?" then w, J and g are related as follows:

QT = —97 J2 = _I2n7 GT = Ga

N=J'QI=GI=-J'G, G=J"GJ=-QJ=J"Q.

With the above notation we say that (2 = Da' — Da,J,G) is the coordinate
representation of the compatible triple (w = de, J, g).

The prototype example of a compatible tripe is the following. Let wg be the
standard symplectic structure on the standard annulus A™: wy = Z?:l dy; N dx;.
An action form for wq is ag = Z?Zl y; dx;. The Euclidean metric g, induces a
compatible almost complex structure Jy. The matrix representations of ag, wy,
Jo and g, are, respectively,

(22) ao(Z) = (0) , Q() = J() = <In On> , Go = <On In .

REMARK 2.3. Throughout this paper we assume that A is an annulus endowed
with a compatible triple (w = «, J,g). This can always be obtained so that this
is not loss of generality. However, it simplifies the exposition of the results in this

paper.
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2.2.2. Symplectomorphisms and local primitive functions. From now
on, A, A" C A™ are assumed to be annuli endowed with the compatible triples (w =
da, J,g) and (' = da/,J’, g'), respectively. Let (Q,a,J,G) and (', d’,J",G’) be
the corresponding coordinate representation.

DEFINITION 2.4. A diffeomorphism f : Ay — A’ is a symplectomorphism if

f*w’ = w. Let Symp(Ag, A’) denote the set of symplectomorphisms f : .4y — A’
that are homotopic to the identity, i.e. f(x,y) — (x,0) is 1-periodic in x.

DEFINITION 2.5. A symplectomorphism f: Aq— A’ is ezact if there is a smooth
function S7: Ag— R, called primitive function of f, such that f*a’ —a = dS’. Let
Symp, (Ag, A’) denote the set of exact symplectomorphisms that are homotopic to
the identity.

In coordinates, the symplectic and the exact symplectic properties of a diffeo-
morphism f are equivalent to, respectively:

(2.3) D.f(2)" (f(2)) Dof(2) = Q2), V2 € A,
(2.4) D.S/(2) =d' (f(2)"D.f(2) —a(2)", Vze A

REMARK 2.6. The primitive function S’ of an exact symplectomorphism f is
unique up to addition of constants. Moreover, S/ is the primitive function of g o f,
for any diffeomorphism, g : A" — A’, preserving the action form o/, i.e. g*a/ = o'.
See for more properties of primitive functions.

REMARK 2.7. Primitive functions play a key role in our geometric constructions
and they should be not confused with generating functions. One important differ-
ence is that primitive functions are intrinsic geometric objects, whereas generating
functions are defined through local coordinates. Moreover, primitive functions are
not defined in mized variables. These, among other reasons, make the primitive
functions suitable to study non-twist tori. Consider for example, the integrable
symplectomorphism on A"

2

Y

Then, S’(z,y) = 2y® and a Lagrangian generating function in the variables (z, )
is given by 2(z — z)3/2, which is defined for z > z.

The objects introduced above lift to corresponding objects on the covering
manifolds A and A’. If it does not lead to confusion, we will abuse notation and
use the same letters to denote the objects in the covering manifold. From Poincaré
Lemma, the lift of any symplectomorphism f : Ay — A’ is exact (in the covering
spaces A and A’ ). We will refer to the primitive function 57+ Ag — R of the lift
of f as the local primitive function of f. Since S* satisfies

(2.5) D.S7(2) =d' (f(2)"D.f(2) —a(2)T, VzeA

and f(x,y) — (2,0) is 1-periodic in z, then all the partial derivatives of St are 1-
periodic in z. Then, S* can be written as follows:

(2.6) Si(z) =2 "Cl + S§7(2),

where S* : Ay — R is 1-periodic in z and Cf € R" is a constant vector. Cf € R™
is known as the Calabi invariant of f |6, 14] (see also §3 in [40]). It is clear that
f is exact symplectic if and only if C/ = 0.
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REMARK 2.8. The local primitive function and the Calabi invariant satisfy
(2.7) Sfes = S§Tog+ S°,
(2.8) Crer = Cr4Co.

2.2.3. Embedding of tori. We consider n-dimensional tori embedded in

Ao € A. We do not assume that the tori are graphs of functions over the an-
gle.

DEFINITION 2.9. Let Emb(T®, Ap) denote the set of embeddings K : T" — Ay
that are homotopic to the zero section, i.e. the components of K () — (6,0) are 1-
periodic.

DEFINITION 2.10. The averaged action of K € Emb(T", Ap) is given by
(2.9) O = (a(K(0))TDeK(0)) € R™.
REMARK 2.11. Given f € Symp(Ay,.A), C/°* —C* is the net flux of f through
K € Emb(T", Ap). It is easy to verify that
Crox —C" = (7.
For this reason, the Calabi invariant of f is often referred to as the net fluz [6,19].
Given K € Emb(T", Ag), the geometric structures w and g on A pull-back

to the corresponding structures on I = K(T"), via K*w and K*g, whose matrix
representations at a point K () € IC are, respectively,

(2.10) Q(6) = DoK(6)" Q(K(6)) DeK(6),

(2.11) G.(0) = DeK(0)" G(K(0)) DgK(0).

K*g is a Riemannian structure on C, and hence G () is symmetric and positive-
definite.

DEFINITION 2.12. K € Emb(T", Ap) is Lagrangian if K*w = 0. Let Lag(T", Ag) C
Emb(T", Ag) denote the set of Lagrangian tori.

From Poincaré Lemma, the lift of K € Lag(T", Ag) pull-backs the one form a
into an exact form (in R™):

(2.12) K*a=d5*.

The function S* : R" — R will be called local primitive function of the Lagrangian
torus K. Using that K is homotopic to the zero section, one shows that S* can be
written as follows:

(2.13) S%(0) =0TC* 4 5%(0),

where S* : T™ — R is 1-periodic and C'* is the averaged action of K, given by
(2.9). The local primitive function of a Lagrangian torus is unique up to addition
of constants.

REMARK 2.13. Let K € Lag(T™, Ap) and let ¢ : T® — T™ be a homotopic to
the identity diffeomorphism, then
crev = CX.
In particular, the averaged action C'* is independent of the parameterization of

the Lagrangian torus K = K(T"). Moreover, C* depends only on K and the
cohomology class of the action form a.
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2.2.4. Hamiltonian vector fields. The notion of vector field preserving the
symplectic form is reviewed here.

DEFINITION 2.14. A local Hamiltonian function on A is a function h : A — R
of the form

h(z) = —2" C" + h(z),
where h : A — R is l-periodic in x and C" € R" is a constant, which we call
infinitestimal Calabi invariant of h.

A local Hamiltonian function induces a local Hamiltonian vector field (or local
symplectic vector field) X; on A such that

i_)(;”w = — dil,
where 1 denotes the contraction of a form with a vector. In coordinates:
X;(2) = Q(2) "'V, h(z) .

Notice that X;(2) is 1-periodic in z. If C* = 0, we say that h = h is a (global)
Hamiltonian function, and that X3 (2) is a (global) Hamiltonian vector field.

The infinitesimal primitive function, corresponding to a local Hamiltonian func-
tion & is defined as follows:

S™(z) = a(2) " X;(2) — h(z).

Definition[2.14 extends in a natural way to the non-autonomous case (time-de-
pendent). The evolution operator ®; 4, (z) of a time-dependent (local) Hamiltonian
function hy(z), that satisfies

8<I>t7t0
ot

and ®y, +,(z) = z is symplectic. The local primitive function of ®; 4, is

(2) = Xj, 0 Py, (2)

S't,to (z) = / ((Xj.) — ﬁé) o®y 4, (2) ds .

to

The Hamiltonian is global if and only if ®, (%) is exact symplectic, for all ¢.

2.3. Symplectic deformations and moment maps

Here we establish the definition and main properties of the generator and the
moment map of a smooth family of symplectomorphisms. These form the basis for
our geometric constructions. Roughly, the generator gives the variation of the fam-
ily as the parameter moves and the moment map is the ‘Hamiltonian’ corresponding
to this variation.

Let us start by making precise the meaning of symplectic deformation.

DEFINITION 2.15. Let = C R™ be open. A symplectic deformation with base
= is a smooth function g : =x Ay — A’ inducing a family of symplectomorphisms:
g: E — Symp(Ao,A')

t — Gt-
where g¢(z) = g(t, 2).
A Hamiltonian deformation is a symplectic deformation g such that g is exact,
for all t € =.
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In what follows we define some geometric objects, naturally related to symplec-
tic deformations.

DEFINITION 2.16. Given a symplectic deformation g : Ex Ay — A’, the local
primitive function of ¢ is a smooth function S¢ : Ex Ay, — R such that, for each
t € E, the function S¢(z) = 59(t, 2), is the local primitive function of g¢: S¢ = S,

The Calabi invariant of g is a smooth function C? : Z — R such that C?(t) is
the Calabi invariant of gy: C?(t) = Cos.

For each t € Z, write S¢ as follows:

(2.14) S¢(z) = Co(t) T + S¢(2),
where S¢ : Ex Ay — R is 1-periodic in z. If ¢ is a Hamiltonian deformation S is
called primitive function of g.

Let us now define the generator and the moment map of a symplectic deforma-
tion.

DEFINITION 2.17. Let g : ExAg — A’ be a symplectic deformation with base =
and let S? : ExAy — R the local primitive function of g. Assume that A, C g¢(Ao),
for all t € E.

i) The generator of g is the function G3 : Ex.,% — R2™™ defined by

G5(t, ) = Deg(t, g¢ ' (2)).
ii) The local moment map of g is the function M? : Zx A} — R™ defined by
M (t,2)" = a'(2) " GE(t,2) — DeS?(t, g7 (2).
For each t € 2, G : A} — R>™™ and M7 : Ay — R™ are defined by M7 (2) =
Mo(t, 2) and GE(2) = G&(t, 2), respectively.
If g¢ is exact for all t € Z, then M is denoted by M? and called the moment
map of g.

REMARK 2.18. Let g, S¢ and M? be as in Definition [2.17 and write S? as in
. Then,
M(t, 2) = M(t, 2) — DeC?(t) "z,
where M7 (t,2) T = a’(2) " G8(t, 2) — DS?(t, g; *(2)) is 1-periodic in .
In the symplectic geometry literature [15), 128, (27| the definition of moment
map is slightly different from that given in Definition [2.17. If A = A, w = o'
and the symplectic deformation is also a Hamiltonian deformation such that its

generator is independent of t (autonomous case), then our definition coincides with
that given in [15]. Our definition is motivated by the following result.

LEMMA 2.19. Let g and M? be as in Definition|2.17. Then the following equality
holds: 3
GE(t,2) = Q' (2) " 'D.Mm?(t,2)".

PRrROOF. From Definition[2.16 we have, for all t € = and all z € Ao,
(9:@) () = a(2) +d 5¢(2).
This implies, for i =1,...,m,
De, D.S°(t, 2) = (D.a/(96(2))De,g(t,2) " Dagl(t.2)
+a/(g¢(2)) " D, D.g(t, 2).
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This and the definition of M¢ (see Definition 2.17) imply for i = 1,...,m and
j=1,...2n
D., 3 (8, 2) = Deyg(t, g ()T (= Daya/(2)T + Dy (2)
Performing straightforward computations and using equality (2.1]) one obtains:
Deg(t, 2) " Q' (ge(2)) = —D. 9" (t, ge(2)).
O
REMARK 2.20. If w’ = w, the functions G& and #¢ in Definition [2.17] have
a natural geometrical meaning. For ¢ = 1,...,m, let (G¢); and (M); be the i-th

column of Gf and the i-th coordinate of .’7\7[5, respectively. Lemma[2.19 says that
(7); is a local Hamiltonian of the vector field (G&);:

i(gey,w = —d(M);.

LEMMA 2.21. Let g : Ex Ay — A and f : Ex Ay — A be two smooth symplectic
deformations, with base = C R™, such that g¢(Aj) = Ao, for allt € Z. Then the
following holds:

a) If h: Ex A — A is defined by hy = ft o gt then
5t = )+ 0 S
b) If h:ExAy — A’ is defined by hy = g; * then

M = —M 0 gy
c) If h:Ex Ay — A is defined by hy = g; * o fi 0 g¢ then
M = M o ft o gy + M 0 gy — M 0 gy

ProOOF. From Definition [2.17, Part a) is a re-phrasing of (2.7) and the other
ones follow from a). O

2.4. Analytic preliminaries

To deal with small divisors equations, we work with Banach spaces of real-
analytic functions with control on derivatives in complex neighborhoods of the real
domains. Here we introduce these spaces.

2.4.1. Spaces of real-analytic functions. A complex strip of T" of width
p > 0 is defined by:

Ty ={0€T¢ : |Im 6;| <p,i=1,...,n}.

A function defined on T" is real-analytic if that can be holomorphically extended
to a complex strip T}.

DEFINITION 2.22. Given r € N and p > 0, let A(T},C") denote the set of
holomorphic functions u : T} — C such that u(T") C R and such that all its

partial derivatives up to order r can be continuously extended on the boundary of
T}. Endow A(T},C") with the norm

[ull,. o = sup sup [DFu(6)|,
k<r 0€Tn

where ’Dku(ﬁ)‘ denotes the supremum norm of the components of D*u(6). We also
use the notation [lul[, co = [|ul| -
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A complex strip of an annulus A is a complex connected open neighborhood
B C T¢gxC™ of A such that A =BNA™ A function defined on an annulus is real-
analytic if it can be holomorphically extended to a complex strip of the annulus.

DEFINITION 2.23. Given r € N and B, a complex strip of A, let A(B,C")
denote the set of bounded holomorphic functions u : B — C such that u(A) C R

and such that all the partial derivatives up to order r can be continuously extended
to B. Endow A(B,C") with the norm

HUHB,C7‘ = sup sup |Dku(2)| ,
k<r zeB

where |D*u(z)| denotes the supremum norm of the components of D*u(z). We also
use the notation ||ul/z = ||ulz co-

The sets A(T};,C"), A(B,C"), endowed with the corresponding norms, are Ba-
nach spaces. Definitions[2.22]and [2.23 extend component-wise to vector or matrix-
valued functions, or in general for tensor functions, the norm is defined by taking
the maximum of the norms of the components.

2.4.2. Real-analytic symplectomorphisms and real-analytic param-
eterizations of tori. Assume that the exact symplectic form w = da has an
holomorphic extension to the complex strip B of A.

DEFINITION 2.24. Given r» € N, p > 0 and By C B, a complex strip of an
annulus Ag C A, let Emb(T}, By, C") denote the set of holomorphic embeddings
K:T) — By such that:

a) closure(K (T})) C Bo;
b) The components of K(¢) — (0,0) are in A(T},C");
¢) If r > 1, the components of the inverse of G, (given in (2.11))) are in
A(Tp,C™).
Emb(T}, By, C") is endowed with the distance [|[K7 — Ka||, o -
DEFINITION 2.25. Given r € N and By C B, a complex strip of Ag C A, let
Symp(By, B,C") denote the set of holomorphic maps f : By — B such that

a) The components of f(z,y) — (z,0) are in A(By, C");
b) ffw=w.

Symp(Bo, B, C") is endowed with the distance [|f1 — f2[[5, o

2.5. One-bite small divisors equations

Here we review the standard results for the ‘one-bite’ small divisors equations.
Given w € R"™, define the linear operator L, as follows:

(2.15) Lou=u—uoR, .
The analytic core of KAM techniques is the following small divisors equation:
(2.16) Lou=1v— (v),

where v is smooth and known and u has to be determined. Note that, given v, if
u(0) is fixed then determines the dense set {u(tw) : t € Z}.
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REMARK 2.26. Let v : T™ — R be a continuous function and assume that R,
is an ergodic rotation. Then, if there exists a continuous zero-average solution of
equation (2.16), this is unique and will be denoted by R,v. All the solutions of
(2.16) differ by a constant.

It is well-known that a sufficient condition for the solvability of the small divi-
sors equation (2.16) is that w satisfies a Diophantine property defined below.

DEFINITION 2.27. Given v > 0 and 7 > n, w € R” is a Diophantine frequency
vector of type (v, 7) if and only if

kTw—m|>~|kly", VkeZ"\{0}, m€eZ,

where k|1 = Y., |ki|. The set of n-dimensional Diophantine frequencies of type
(7,7) is denoted by D, (v, T)-

Equation (2.16) can be solved in the smooth category, as stated in the following
result. For a proof see e.g [19, 55].

LEMMA 2.28. Let w € Dy (7, 7), for some v >0 and 7 > n. Let £ € R be not
an integer be such that { — 7 > 0 is not an integer. Then, for any C*-function
v:T" — R, there exists a unique C*~T-function, u : T" — R with zero-average

satisfying .

If £ and £—7 are integers, then Lemma 2.28 holds in the so-called A, spaces [65),
[74]. In the analytic category, we have the following well-known result, for a proof
see [19, 55].

LEMMA 2.29 (Riissmann estimates). Let w € Dy (v, 7), for some v > 0 and
T > n. There exists a positive constant cr, depending only on n and T, such that
for any v € A(T}, C), with p > 0, there exists a unique zero-average solution u of
(2.16), denoted by u = R, v. Moreover, u € A(']T;L_é, C) for any 0 < & < p, and

(2.17) lull,—s < cxy™ 077 |0l -

From Lemma 2.29] it is clear that R, : A(T},C°) — A(T} s, C") is a contin-
uous linear operator. Moreover, the following equalities hold:

(2.18) RoLlou = u—(u),

(2.19) LoRov = v—{(v).

Furthermore, performing some computations and using (2.15) one shows
(2.20) Lo(uv)(@) =ud+w)Lyv(d)+ Lou(d)v(D).

Equations (2.19) and imply

Ly(RouRLv)(0) = Rou(d + w)(v(f) — (v)) + (u(0) — (u)) R0,
from which we have
(2.21) (Rou(@ +w)v(d) +u(@) Ryv(d)) = 0.

The above definitions for £, and R, extend component-wise to vector and matrix-
valued functions. These extensions also satisfy Lemma[2.28] Lemmal2.29 and equal-
ities (2.18), (2.19) and (2.21). We will refer to L, as the one-bite cohomology
operator and to as the one-bite solver operator
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CHAPTER 3

Geometric properties of an invariant torus

Let Ayp C A be annuli in A", let (w = de,J,g) be a compatible triple on A,
with coordinate representation (2, o, J, G).

3.1. Automatic reducibility

Let f € Symp(Ag,A) be given. It is well-known that the existence of an f-
invariant torus, K € Emb(T", Ap), such that the internal dynamics of K(T") is an
ergodic rotation, has important geometrical and dynamical consequences. These
are stated in Lemma/3.1. In particular, f is exact symplectic and K Lagrangian [34]
(see also §8 in [40]). Moreover, the linearized dynamics around the torus is upper-
triangular. This is sometimes referred to as ‘automatic reducibility’. These geomet-
rical arguments are depicted in Figure[l (from [18]) for the two dimensional case.

A\
\L@\Q\
%

u(0 + )

Ficure 1. If K is f-invariant, then «(d) = DK(0) spans the
tangent space of K(T™) at K(6), and the symplectic conjugate
v(#) spans a complementary space.

LEMMA 3.1. Let f € Symp(Ap, A). Assume that K € Emb(T", Ay) is f-
invariant and that the dynamics in K = K(T™) is the ergodic rotation Ry, (0) = 0+w:

(3.1) foK—-—KoR,=0.
Then the following hold.

a) [ is exact symplectic.
b) K is Lagrangian.

21
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c) Define L, ,N, : T" — R?™" py

(3:2) L,(0) = DyK(9),

(3.3) N (0) = J(K(0) DeK(0) G, (6)7",
where G, is given in (2.11). Let M, : T" — R?™2" pe obtained by
Juataposing the 2nxn matrices in (3.2) and (3.3):

(3.4) M, (0) = (L (0) N.(0)).

Then, the vector bundle morphism induced by M, :
M, : T'xR>™ — TrA
0.8)  — (K(0), M (0)¢)
s an isomorphism such that M;w = wq. In particular,
(3.5) M (0)7 = —Qo M, (0)" QK (0)).

d) Transformation by M, reduces the linearized dynamics D,f o K to a
block-triangular matrix:

K -

(36) M, 0+ DM 0) = (5 T @)
where T, ., is the symmetric nxn matriz defined by
(3.7) Ty 10 (0) = N (0 +w) " QE(0+w)) D.f(K(6)) Ny (6).

PRrROOF. Taking derivatives of both sides of the invariance equation (3.1) we
have:

(3.8) D.f(K()) DK () = Do K (6 + w) .

Let Sf(z) = 2T Cf + S’(z) be the local primitive function of f. To prove Part
a) it is sufficient to prove that the Calabi invariant of f, C/, is zero. Using that
K*(0) — 6 is 1-periodic, and equalities (2.5), (2.6),(3.1) and (3.8) we have

(€T = (De((C) K" + 57 0 K)(0))

= (D(5 o K)(6))
= ((a(f(K(0))) "D, f(K(0)) — a(K(0))") DeK(0))
= (a(K(0+w)) 'DyK (0 +w) — a(K(0)) " DK (0)),

=0.

Let ©, (0) be given by (2.10). Using (2.3), (3.1) and (3.8), it is easy to show
that Q. (04+w) = Q,(0), for all § € T™. The ergodicity of R,, implies that Q. (0) =
(Q,) is constant. Moreover, since K*w = d(K*a), we have that (,) = 0. In
more algebraic terms, the components of Q, (0) are sums of derivatives of periodic
functions:

2n

(e (0))ig = Y (9o, (an (K (0))) Do, Ko (0) = o, (am (K (0))) Do, Kin(0)) -
m=1
From which one obtains 0 = (Q,.) = Q,.. This proves Part b).
Let NV be the bundle generated by the column vectors of N,.. Then, the La-
grangianity of X = K (T") implies that the sub-bundles T and A are g-orthogonal:
L,.(0)TG(K(#))N,(0) = 0. Moreover, it is clear that the column vectors of L,
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span the tangent bundle TK. Hence, N is a normal bundle complementary to T
and M is a bundle isomorphism such that M*w = wq. This proves c).
From the f,-invariance of the tangent bundle T/ (see ) we obtain that

(3.9) M, (0 +w) Do f(K(0)) M, (0)

is a block-triangular matrix with the identity I,, in the top-left corner. Since
M’ w = wy, the cocycle (3.9) is wo-symplectic, obtaining the special form (3.6)

and the symmetry of T/, . (). Formula (3.7) follows easily. O

Several observations are in order concerning Lemma (3.1l

REMARK 3.2. If in Lemma [3.1] the ergodicity condition does not hold, the f-
invariant torus K may be not Lagrangian. For an example see [34].

REMARK 3.3. Part ¢) in Lemma(3.1]is an infinitesimal version of the celebrated
Weinstein Lagrangian Neighborhood Theorem [69] (see also Chapter 8 in [15]).

REMARK 3.4. Given K € Lag(T™, Ay), there are several ways one can construct
a normal bundle N, complementary to the tangent TK(T") one. In this paper, we
choose the normal bundle spanned by the column vector of N, , given in (3.3).
When f depends on parameters, this choice of N yields to smooth dependence of
N with respect to parameters.

REMARK 3.5. A statement similar to Lemma [3.1, concerning the automatic
reducibility, can be found in with a different M, . The main difference is that
the transformation M, defined here is symplectic, and consequently the matrix
T, x, is symmetric. This is not necessarily the case with the transformation M,
taken in [18]. The formulation adopted here simplifies some computations and

provides insight on the geometric properties of invariant tori.

REMARK 3.6. In Lemma[5.2 it is shown that, if f is real-analytic, w is Dio-
phantine and K is a real-analytic approximately f-invariant torus, with error
e = foK — K oR,, then equalities (3.5) and hold up to some terms that can
be bounded by the norm of the error e.

3.2. Geometric definition of non-twist tori

Here we define non-twist tori using the geometric properties of embedding
of tori. The definition given here coincides with the usual one in the close-to-
integrable case or that using the BNF. To motivate our definition, we notice that
the components of matrix T}, . (¢), given in (3.7), are the symplectic areas between
the column vectors of N, (0 + w) and the column vectors of D, f(K(0))N, (6). If
N is the normal bundle generated by the column vectors of N, , then, N, (6 + w)
spans N (g4.) and D, f(K(0))N, (0) is the push-forward of the vectors spanning
the normal bundle N K(0)- Hence, the matrix <T( ; K)> measures how much the
normal bundle N is twisted in average when applying the push-forward f,.

DEFINITION 3.7. Let f € Symp(Ap, A), w € R” and K : T" — Ag. The torsion

of K with respect to f and w is the nxn-matrix given by

Tow= <T(f,K>>v
where T/, ., is as in (3.7).
IftT is invertible, we say that K is twist with respect to f and w. Otherwise

(fK)
we say that K is non-twist with respect to f and w.
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ExAMPLE 3.8. Assume that A" is endowed with the standard symplectic form
wp. Let U C R™ be open and simply connected. Let fo : T" xU — A"™ be the
integrable symplectomorphism with frequency map @(y) = w + V,A(y):

Jo(z,y) = <x +;3(y)> :

Then, a direct computation shows that, for any p € U, the torsion of the torus
Zy(8) = 10; , with respect to fy and w, is T(f‘m (p) = Dy&(y) Hence, Definition
[3.7lextends the usual definition of torsion for integrable systems.

Definition [3.7]will be used for both invariant and approximately invariant tori.

3.3. Intrinsic character of the reducibility and of the torsion

Let f € Symp(Ap, A), w € R*® and K € Emb(T", Ap). Assume that K is f-
invariant with frequency w and that R, is an ergodic rotation. The automatic
reducibility of £ = K(T™) is provided by the following two intrinsic geometric
properties:

R1) The tangent bundle of K, TK, is f.-invariant and there exists a smooth

function L'_: T™ — R*™" such that:
a) the column vectors of L’ () span T g)K;
b) DF(K(6)) L/, (6) = L, (6 +w).
R2) There exist a Lagrangian bundle N, complementary to TK, and a smooth
function N’ : T" — R*™" such that:
a) the columns vectors of N’ (6) span N g);
b) the transformation M’ : T" xR*" — Tx.A induced by the matrix

ML(0) = (L, (6) N.(0))
takes the symplectic form w into the standard form wy.

Indeed, Property R1 guarantees the block-triangular form, with the identity I, in
the top-left corner, of

M!(0+w)~ D £ (K (0)) M. (0)
and Property R2 gives:

CEU I A OAOR G T

where
T  (0)=N_(0+w)" QUK(O+w)) D.f(K(O) N.(0).

(f,K)

Part c) in Lemma [3.1 shows that R1 and R2 hold if one chooses L' = L
and N/ = N, given in (3.2) and (3.3)), respectively. Even if other choices Would
also work, th1s simplifies some computations and some quantitative estimates in
our constructions.

The following result gives a characterization of all possible matrices L’ and
N satisfying R1 and R2 in terms of the matrices L, and N, in (3.2) and (3.3).

PROPOSITION 3.9. Let f € Symp(Ap,.A) be given. Assume that K € Emb(T", Ap)
is f-invariant with internal dynamics the ergodic rotation R,,. The smooth func-

tions L' : T" — R*™™ and N! : T" — R?*™" satisfy R1 and R2 if and only if
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there is an invertible matriz A € R™™ and a function U : T™ — R™™ such that,
for all @ € T™, U(0) is symmetric and

L .(0) = L,(0)A,

N (0) = L.(OU@OA T +N,(0)A ",
Moreover, if

! n A n
(3.11) o =0 (5 U0 (8 )
then )
M. (0 + w) " D f(K (0)) M. (6) = <éﬂ T(f,}o (9)> ,
where
(3.12) T/, 0= A" (U@O) —U@O+w) + T, ., 0) A"
PROOF. Straightforward. O

A consequence of Proposition[3.9 is that, under certain regularity conditions,
the dynamics around an invariant torus can be reduced to an block-triangular
matrix with constant coefficients.

PROPOSITION 3.10. Let f € Symp(Ag,.A) be given. Assume that K € Emb(T", Ag)
is f-invariant with internal dynamics the rotation R,. Also assume that w is Dio-
phantine and T, . s sufficiently smooth in such a way that R,T,, ., is smooth,
being R, the one-bite solver operator (see Section|2.5). Let M!_ be given by (3.11),
with U(0) = —=R,T,, ., (0). Then,

(f, K)

M (0 +w) ™' D.f(K(0)) M, (8) = ( 3; A <T(?:)>AT) |

In particular, since T, ., is symmetric, there is A € R™" js such that:

At <T<f)K)> A~ = diag(ty,...,t).
Then, the dynamics of D, f o K is reducible to

I, diag(ty,...,t,)
Oy, I '

PROOF. Straightforward. O

The torsion of an invariant torus with rationally independent frequency (see
Definition [3.7)) is intrinsic in the following sense.

PROPOSITION 3.11. Let f € Symp(Ap, A), K € Emb(T", Ay) and w € R™ be as
in Proposition|3.10. If L' and N|_satisfy R1 and R2, then the symmetric matrices
T and T’ defined in and (3.3), respectively, satisfy

(f, K) (f, K)
/ _ -1 -T
<T(f,1<)> =A <T(f,K)>A ’

where A € R™™ 4s invertible. Hence, the torsion of K with respect to f and w is
defined up to congruence of matrices.

Proor. This follows from equality (3.12]). (]
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REMARK 3.12. Given f, K and w as in Proposition Sylvester’s law of
inertia and Proposition[3.11 imply that the number of positive/negative/zero eigen-

values of TU «, are invariants of K, f and w.



CHAPTER 4

Geometric properties of fibered Lagrangian
deformations

In this chapter we introduce the potential for families of parameters and tori
that satisfy certain conditions (specified in Definition[4.1). We show the properties
of the potential that will enables us to connect Singularity and KAM theories.

4.1. The potential of a fibered Lagrangian deformation
Let us first introduce the objects for which we will associate a potential.

DEFINITION 4.1. Let D, A C R® be open.

i) A Lagrangian deformation with base D is a smooth function K : DXT" —
Ajg such that, for each p € D, K,, = K(p,-) € Lag(T", Ap).

ii) A fibered Lagrangian deformation (FLD) with base sets D and A is a
smooth bundle map

K: DxT" — AxAp
(0) — (Ap), K;(0)),

such that, for each p € D, K, € Lag(T", Ag) and A : D — A is the base
parameter map.

ili) Let w € R™ and let g : A x Ay — A be a Hamiltonian deformation with
base A. AFLD K = (A, K) : DXT™ — AxAy is g-invariant with frequency
w if for any p € D, K}, is gy(p)-invariant with frequency w:

Irp) © Kp = KpoRy, = 0.

We remark that in the Definition 4.1 the dimensions of D and A are the same.

REMARK 4.2. A FLD, K = (\,K) : DxT" — Ax Ay, induces a family of
parameter-torus couples as follows:
D — AxLag(T™, Ap)
p — (A(p), Kp).
Since there will not be risk of confusion, the function in (4.1) will also be denoted
by K.

DEFINITION 4.3. Let D, A C R® open. Let g : Ax. Ay — A be a Hamiltonian
deformation, and let M? and S? be, respectively, the moment map and the primitive
function of g. Let K : DxT™ — AxAg be a FLD. The momentum and the potential
of K with respect to g are the functions M¢¥ : D — R® and V¢¥ : D — R defined
respectively by:

M(p) = (M AP)K(p.6))),
V) = =3 () TAP) = (57 (AP). g (K(:0)) )

27

(4.1)
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We say that K is parameterized by the momentum parameter if, for any p € D, the
following holds:

M (p) = p.
If g, K are fixed, we will not include them in the notation.

REMARK 4.4. If the momentum of K with respect to g is a diffeomorphism, then
K can be re-parameterized by the momentum parameter. Indeed if p’ = M9¥(p)
and K'(p/,0) = K (M=)~} (p'),6), then

MR (p) =p.

REMARK 4.5. I K = (K,\) : DxT" — Ax Ay is a g-invariant FLD, with
frequency w, then the potential of K satisfies

VoE(p) = =% (p) "A(p) — (S° (M(p), K (p,0))) .

The momentum and the potential of invariant FLD do not change under canon-
ical changes of the phase space variable. This is the content of the following result.

PRrROPOSITION 4.6. Let D,A C R® be open and let w € R™ be fized. Let g :
AxAy — A and K = (M K) : DxT" — Ax Ay be, respectively, a Hamiltonian
deformation and a g-invariant FLD, with frequency w. Let ¢ : Ax A" — A be
a Hamiltonian deformation such that ¢x(A{) = Ao, for all X € A. Define ¢’ :
AxAL — A and K' : DXxT" — Ax A} by

J02) = o3 (9aa(2)  and  K'(p,0) = (A(D), oy (K(0))):

Then,
MK =M%, and  VOE =VOK

ProOOF. Consider the Lagrangian deformation K’ : D xT™ — Aj,, given by
K'(p,0)) = <p;(1p)(K (p,0)). Performing direct computations and using equality
(2.7) and Lemma [2.21 one verifies that the following equalities hold for any p € D:

(M7 (A\(p), K'(p.0)))) = (M*(A(p), K (p,0))) .

(87 (A(p) K'(p,9)))) = (S*(A(p), K (p,6))) -
Proposition[4.6 follows from Definition [4.3] and Remark [4.5] O

The following result motivates the name potential for Vo¥. It will enable
us to reduce the infinite-dimensional problem of finding invariant tori for a sym-
plectomorphism in the finite-dimensional problem of finding critical points of the
potential.

THEOREM 4.7. Let D, A C R?® be open. Let g : Ax Ay — A be a Hamiltonian
deformation and w € R". Let K = (A, K) : DXT™ — AxAg be a FLD. Assume that
K is g-invariant with frequency w and that it is parameterized by the momentum
parameter p. Then, the following equality holds:

(4.2) A(p) = =V, V¥(p) .

Hence, for any A\ € A fized and any p. € D, the torus Kp. is gx,-invariant with
frequency w if and only if p. is a critical point of the real-valued function given by
Ve (p) +p" .
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PRrROOF. Taking derivatives with respect to p of both sides of the invariance
equation:

(4.3) 9(A(p), K(p,0)) = K(p,0 +w),
we have:
(4.4) D.g(A(p), K(p,0))DypK (p,0) + Dag(A(p), K(p,0))DpA(p) = D, K (p, 0 4 w).

Performing direct computations and using equalities (4.3) and (4.4) and gia =
a + dSY one obtains:

D, (S?(A(p), K(p,0))) =

= (D.S(A(p), K(p,0)) DpK(p,0) + DrS?(A(p), K (p,0))) DpA(p))

= (DAS?(A(p), K(p,0)) — alg(A(p), K(p,6))) ' Dag(Ap), K (p,6))) DpA(p)
= — (M (A(p), K(p,6))) " DyA(p),

where M is the moment map of g. Then, using Definition[4.3]and Remark[4.5, we
obtain

VoV (p) = =Dpt*(p) " A(p) = —Ap),

where we have used that p is the momentum parameter. O

The following result relates the torsion of K, with the Hessian of the potential
of K. From now on we use the following convention: if R is defined on DxT", with
D C R?, then R, denotes the function defined on T™ by R, (0) = R(p,0).

THEOREM 4.8. Let DA C R®*, w e R", g : Ax Ay - A and K = (\,K) :
DxT" — Ax Ay be as in Theorem[4.7. Let C*, L, , N,., M, and T be given

(f, K)

by (2.9), (3.2), (3.3), (3.4) and (3.7), respectively. For (p,0) € DxT", take C'(p) =
C*r, L(p,0) = LKP (0), N(p,0) = NKp (0), M(p,0) = MKP (0), T(p,0) =T,

_ (9x(p)-Kp)
and T (p) = (T'(p,0)).

Let M be the moment map of g. Define B9 : DxT™ — R2™ by
(4.5) B9 (p.0) = (D290 (A(p), K (p, 0 +w)) M(p.0 + w)Jo)

Assume that w € Dy, (v, T), for some v > 0 and 7 > n and that, for any p € D,
T,(0) = T(p,0) and BJ(0) = BI(p,0) are sufficiently smooth so that R,T, and
R.Bj are smooth, being R., the one-bite solver operator (see Section [2.5). Define

W (p) = (D3 (A(p), K(p,0)) (N(p,0) = L(p,6) R,T(p,6))) " -
Then, the following equality holds:
(4.6) T(p)D,C(p) = W(p)Hess, V**(p).

In particular, for any A\« € A fizved, if K, is a gx,-invariant torus with frequency
w, with p, € D, and the matrices D,C*(p.) and W (p.) are invertible, then the co-
rank of T (p.) equals the co-rank of p. as a critical point of V¥ (p) +p' A\.. That
18,

dimker T (p,) = dim ker Hess, V" (p,).

PRrROOF. Lemma [3.1]implies

(4.7) M(p,0 +w)~'D.g(A(p), K(p,0)) M (p,0) = <£ZL T(Za)> '
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From Lemma and equalities (3.5) and we obtain
(4.8) M(p,0 +w) ™" Dag(\(p), K(p.0)) = B?(p,0),
Define £ : DxT" — R by

&(p,0) = M(p,0)"'D,K (p,0)

and let £, and R, be as in Section [2.5] Then, using equalities (4.4), (4.7) and
we have that the following equality holds:

(4.9) (Lo + Tp)&p + BIDA(p) = Oons,

where T(g)_(On Tp(0)>
P \O, O, )

Applying R, on both sides of and use to get

(4.10) &= (I2n — Rpr) <£p> — R BS - Tp Rng )Dp)‘(p)~
Equality (4.9) also implies
(4.11) (T & + BIDOA®D) ) = Oz

Combining (4.10) and (4.11) one obtains

(T,) (&) = = ( By = T, RuBg ) DA®),
which is equivalent to
(4.12) T@) () = (BY* — T, RuBI ) Hess, V" (p),
(4.13) Opxs = <Bf’y> Hess, V¥ (p),

where we have used (4.2) and P* = m,P = (In On)P and PY = m,P =
(On In) P, for P € R>™™_ Note that equation (4.13) can also be obtained using
that M? is 1-periodic in x:

(4.14) (B#Y) = = (Dy (3 (AD), K(9,6))) = O

Moreover, since K, is gy(p)-invariant with frequency w, we have that the torsion
matrix T (p) is symmetric. Then, using (2.21)), (4.5) and (4.12) we have

T(p) (¢¥) = <B§”” + (RuT, oR,) B > Hess, V7™ (p)
= ((D.M? 0o K)(N, — L,R,T})) " Hess, V"X (p).
Finally, using (2.1), and (2.13) one obtains
D,C(p) = Dy (Daa(K(p,0)) DeK(9))"
= — (DoK (p,0) 'K (p.0))Dp K (p.9))
= (&)
This finishes the proof of Theorem |4.8] O

REMARK 4.9. The matrices T, and Hess,V**(p) in (4.6) are symmetric. More-
over, the terms involved in the equality (4.6) have the following meaning.

i) Hess,V**(p) is the variation of A(p) as p moves.
ii) D, C(p) is the variation of the averaged action of K, as p moves.
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iii) Let N the normal bundle spanned by the column vectors of N}, = N, —
L,R,T,. Then, T (p) measures how much N’ is twisted in average when
applying the push-forward (g )«-

iv) W(p) is the averaged action of D.G o K on N}.

The invertibility of D,C(p) means that the averaged action of K, changes
when p changes. This depends only on the Lagrangian deformation K : DxT" —
Ap and on the symplectic form w (it is independent of the action form «). The
invertibility of W (p) is a transversality condition of the family K, with respect to
the deformation g. Indeed, from Lemma[2.19] we have

Wp) = (D-COM).K@0)N0)"
= (Np(0+w) QK (p. 0 +w))Drg(A\(p). K (p,6)))
Then, W (p) is invertible if N} is ‘transversal’ to g.

4.1.1. Intrinsic character the relation between the torsion and the
potential. Let A,D C R® be open, let g : AxAy — A be a Hamiltonian deformation
and let K = (\, K) : DxT"™ — AxAg be a g-invariant FLD with frequency w € R™.
Assume that the rotation R, is ergodic and that K is parameterized by the moment
parameter. Then, the relation between the torsion of K, with respect to g,y and
w, and the Hessian of the potential, given in equality (4.6), is an intrinsic property
of g and K, in the following sense.

PROPOSITION 4.10. Assume the hypotheses of Theorem|4.8 hold. Then, equality
(4.6) does not depend on the choice of the symplectic vector bundle map that reduces
the linearized dynamics D, gy )oKy into an block-triangular form, with the identity
on the diagonal.

PROOF. From Proposition[3.9 we have that any symplectic vector bundle map
that reduces D.gy () o K, has the following form:

M/(6) = M. (6) (g; Ul}ie)) (éz Ai”r) ,

where A, is an nxn invertible matrix which is independent of ¢, and U, : T" — R™"
is smooth and such that U, () is symmetric, for all § € T™. Define

BIO) = (D.M"(Ap), K (p,0 +w)) ML(O+w)o)
T)0) = ANLLU,+T,) A",

o = (o 8.

&(0) = M)(O)"'DK(p.0),

where L, is given in (2.15). Following the same steps we did in the proof of Theorem
[4.8]one shows that the following equality holds:

(4.15) () (&) == ( By = Ty R BY) DA(p).
Now, performing some computations and using (2.21) and (4.14) one shows that

the following equality holds:

(B~ TR, B ) = <‘g Z{;) (By-T,R.BY)
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Then, equality (4.15) is equivalent to:

. I, -U .
) (& )oY (m-nmm) o
which is equivalent to (4.6). O

4.2. A parametric version of the potential

For future reference, we establish here Theorem [4.11, a parametric version of
theorems and This will enable us to apply Singularity Theory to study
non-twist tori. Theorem [4.11 can be proved in a similar way theorems|[4.7 and [4.8
were proved.

Let U x A C R¥ xR* be open and let g : Y x Ax Ay — A be a Hamiltonian
deformation, with base U x A. We say that g, (), z) = g(i, A, 2) is a p-parametric
family of Hamiltonian deformations with base A. Let M be the moment map of
g, then for each u € U, the moment map of g, is given by

M (1, X, 2) = (Opae Ls) M2 (11, A, 2)
= CL(Z)TD)\g(,LL7 >‘a g(_‘ul’)\) (Z)) - D)\Sg(:u‘v >‘a g(_li)\) (Z))

We call mAM9(p, -, -) the p-parametric family of moment maps of the p-parametric
family of Hamiltonian deformations g,,.

Let Uy Cc U, D C R® be open. A parametric FLD with base sets D and A and
parameter p € Uy is a smooth function

K: UxDxT" — AxA
(,U/7pa9) — ()‘(/’Lap)7K(/’('7p79)>7

such that for any p € Up fixed, K, (p,8) = K(u,p,0) is a FLD with base sets D
and A.

THEOREM 4.11. Let D,A C R® and U C R* be open and let w € R™ Let
g:UxAXxAy — A be a Hamiltonian deformation, with base U x A and moment
map M?. Assume that K = (A, K) : Uy xDxT"™ — AxAg is a parametric family of
FLD, with base sets D and A and parameter u € Uy C U, such that:

(4.16) I ) © Kpp) = Kupy oRo = 0,
(4.17) M (w,p) = p,

where M9¥> 1 Uy xD — R® is the p-parametric family of momenta with respect to
A
(4.18) M, p) = ma (M (1, A, p), K (1, p, 0)) -
Then the following hold.
a) The parametric potential V¥ : Uy xD — R, defined by

(4.19) VoS (u,p) = —p A p) — (S° (11, A p), K (11, p,9)) )
satisfies

Ap,p) = =V, Vo= (u, p).

b) For any A\« € A, p. € Uy and p« € D, the torus K, .y 18 g(u, 1) -invari-
ant with frequency w if and only if p, is a critical point of V¥ (., p) +
T
P Ak
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c) Let C¥, L, Ny, M. and T, ., be given by (2.9), (3.2), (3.3), (3.4) and
(3.7), respectively. For (u,p,0) € Uy x D xT", take C(u,p) = CFwr),
L(p,p,0) = Ly, (0), N(u,p,0) = Ny (0), M(p,p,0) = My
T(p,p,0) = T(g(l—bvk(uyp))’K(p‘,p))7 T(p,p) = (T(p,p,0)). Let M2 be the mo-

ment map of g. Define

Bg7>\(,u7p7 9) = (DZ’]T)\MQ(/JH )\(,U/7p)7 K(Mapa 0 + w)) M(,U/7p7 0 + W)JO)T )

Assume that w € Dy (v,T), for some v > 0 and 7 > n and let R, be the
one-bite solver operator (see Section[2.5). Assume that for any p € D,

Tiup)(0) = T(p,p,0) and BE’,’fp) (0) = B9 (i, p,0) are sufficiently smooth
so that RuTiup) and ’RMB(gl’LAp) are smooth, being R, the one-bite solver
operator (see Section[2.5). Define

W, p)= (D.maM(p, A, p), K (1, p,0)) N(p,p,0)) "

— (Do (1 Mp, ), K (11,0, 0)) L1, p, 0) RT (1, 0,0))
Then, the following equality holds:

(4.20)

T (1, p) DpC (1, p) = W(p, p) Hess, V7™ (u,p) .

d) For any s € A, pe € Uy and p. € D, if K, p.) 15 @ g(u, x,)-invariant
torus with frequency w and D,C* (ty,pi) and W (p.,ps) are invertible,
then the co-rank ofT(u*,p*) equals the co-rank of p. as a critical point
of the function VX (i, p) +p' A, i.e.

dim ker T (g, ps) = dim ker Hess, V' (s, p ).

With the obvious modifications, a parametric version of Proposition|4.10/holds.
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CHAPTER 5

Nondegeneracy on a KAM procedure with fixed
frequency

Here we formulate a nondegeneracy condition that guarantees the construction
of an iterative procedure to find invariant tori with fixed Diophantine frequency.
This nondegeneracy condition is more general than the usual twist condition. In the
standard KAM results, the nondegeneracy condition is chosen in such a way that,
in an iterative procedure, the small divisors equations can be solved by adjusting
the average of the tori. In parametric KAM results, the averages can be adjusted
either by adjusting the parameters or by adjusting the average of the tori. If one
requires to keep fix the average of the tori, the nondegeneracy condition relies on
adjusting the parameters. Similar, but somewhat different ideas appear in [62, 73].

Throughout this chapter, Ag C A are assumed to be annuli endowed with
the compatible triple (w = da,J,g) with coordinate representation (Q = Da' —
Da,a, J,G). w = da.

5.1. Approximate reducibility of approximately invariant tori

Here we show that the properties of invariant tori for symplectomorphisms
stated in Lemma are slightly modified when the torus is only approximately
invariant. We also provide explicit estimates.

The following well-known Cauchy estimate (see e.g. [74]) will be used.

LEMMA 5.1 (Cauchy estimate). There exists a positive constant ¢, depending
only on n, such that for all p > 0 and 0 < 6 < p, if n € C*(T}) then Dgn €
C“(T}_s), and

1Donl,_s <5 ", -

Let A C A be an annulus endowed with the compatible triple (w = da, J, g),
which is assumed to be real-analytic, i.e. holomorphic in a complex strip B of
A. Assume that the C'-norms on B of the components of a, 2, Q7', J, G, G~!

are bounded by a positive constant denoted by csymp. Ao C A is an annulus and
By C B is a complex strip of Ag. The following is the main result of this section.

LEMMA 5.2. Let f € Symp(By, B,C?) and K € Emb(TZ,BO,Cl), for some p >
0 such that vp™ < 1. Assume that K is approximately f-invariant with frequency
w and error given by:

(5.1) e=foK—-KoR,.

Then, there is a constant k, depending onn, T, csymp and polynomially on ||D, f(K(0))|
IDoK |, and |(G,)7"|
erties hold.

p}

, such that for any 0 < § < p/2 fized, the following prop-
P

37
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a) The Calabi invariant of f, C*, satisfies
ICT < wp~tlell, -

b) K(T™) is approzimately Lagrangian in the sense that the matriz
D

oK (0)TQ(K(0))DoK(0) satisfies
192, llp—25 < K710~ e, -

K =
Q, =

c) The matriz M, , defined by (3.4), is approzimately symplectic in the sense
that the matriz defined by

R; (0) = M, (0) QK (0)) M, (6) —
satisfies
IR a5 < 5y ™H 07 el -

d) The linearized dynamics D, f o K is approzimately reducible, in the sense
that the matriz

Ry, . (0) == Q0 M, (0 +w) QK (0 +w)) D: f(K(6)) M, (0)

(10
(I T )
Oy I, ’

with T, defined in , satisfies

(£, K)

r —1¢—(74+1)
[, o

e) If the error e is sufficiently small such that
Ry 6T e <1,
then for any 0 € T} _,5, M(0) is invertible and
R, (8) = M, (6)™" + QoM. (6) QK (0))
with _
[ P e [
PRrROOF. Taking derivatives in (5.1) we have:
(5.2) Dpe(f) = D, f(K(0))DgK(0) — DgK (0 +w) .
Let S/(z) = 2T C/ + S (x) be the local primitive function of f. Part a) follows by
using Cauchy estimates (Lemmal5.1) and the following equality:
(C)7 = ((alF(K(0))) — a(K (0 +w))) Dok (0+w)))+

+(a(f(K(9))) "Doe(0))

which is obtained using (5.2).
To prove Part b), first notice that (Qx) = 0 (see the proof of Lemma [3.1).
Next, let £, be as in Lemma[2.29, then we have

L, (0) = DgK(0+w) AQ0)DeK (0 +w)
+ Dy (0 +w) " Q(f(K(6))) Doe(6)
+Doe(0) "Q(f (K (0))D- f (K (0))Do K (6) ,

where

AQ(0) = QF(K(0))) — QK0 +w)).
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Moreover, using the Mean Value Theorem we have
(5.3) 1AQG)]], < clD=Qlg llell, ,
where ¢ depends only on n. Par b) of Lemma 5.2 follows from the above observa-

tions, Lemma [2.29] and Cauchy estimates (Lemmal5.1).
Performing straightforward computations one shows that

- [ 20) On
RKU’)—( O, GKw)lﬂK(e)GK(@)l)’

from which Part ¢) follows.
Part d) is proved by computing the four (nxn)-block components of

—JoM, (6 + w) TQK (0 + w))D. f(K ()M, (6),
which are:
Ny (04 w) TQK (0 + w)D. f(K(0)) L (0) = I+
+ Ny (0 + w) TQK (6 + w))Dge(0),
N (8 +w)TQ(K (6 +w)D: f (K (O))N,.(6) = T,.(6).

—L,.(0+w) QKO+ w)D.f(K(@)L, () = O+
— Q. (0+w) — L (6+w) QK (0 + w))Dge(6),
—L (0 +w) QKO +w)D,f(K(0)N,(0) = I+
+ L. (0 +w) TAQO)D, f(K(0)N,. (6)+
—Doe () "Qf(K(6))) D. f(K(0)) N, (6),

where AQ satisfies (5.3) and L,. and N,. are defined by and (3.3), respectively.
Now, if |le[| , is sufficiently small such that (90 R Hp_% < 1/(2n), then for any

0 €T o5, Qo+ R5(0) =M, (0)TQK (0)) M, (0) is invertible and moreover
162 + B ™|, o5 < 2-

Hence, M, (0) is also invertible. Moreover, simple computations involving the Neu-
mann series show that

R, (6) = QR; (6)(Q + R;, (6)) "M, (6) T QK(9)) -

5.2. Dummy and modifying parameters

Let f € Symp(Ag, A) and w € D,(v,7) be fixed. A torus K € Emb(T", A)
is f-invariant with frequency w if and only if the following functional equation is
satisfied:

(5.4) foK=KoR,.

Under the hypotheses of Lemma [5.2, an iterative procedure to find solutions (5.4
can be constructed if the linear equation

(5:5) (Lo+ T 0)E =1

(f, K)
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can be solved, where L,u = u —u o R,, and

. O, T,,
7= (5 T4

with T}, ., defined in (3.7).

For shake of clearness and to reduce the amount of technical details, all the
functions considered here are assumed to be sufficiently smooth so that R, the
one-bite solver operator (see Section[2.5), applies as many times as needed. Under
this assumption, the equation has a solution if and only if there is a £ € R™

such that the following hold:

(56) T(f,K) gg = <77m + (Rw T(f,K) © ROJ) 77y > 9
(5.7) 0 = (n),

where we have used (2.21) and (5.5) to obtain (5.6). Moreover, if  and & satisfy
(5.6) and (5.7), then for any && € R™, the function ¢ : T® — R?" defined by

(5‘8) £= (-[271 - RwT(f,K))€0 + Rw(ﬁ - T(f,z() R 77) ’

with & = (gg) € R?", satisfies equality (5.5). Conversely, any solution of (5.5)
0
can be written as in (5.8), for some & € R*" and & a solution of (5.6).
The uniqueness of the solutions of depends on the kernel of £, + 7}, ..

It is clear that a smooth function ¢ : T® — R?” is in the kernel of £, + T if

- (f,K)
and only if there are & € R™ and &) € ker T ; «, such that

§= (IQn - RUJT(f,K))g()'

Hence, the dimension of the kernel of £w+T( 10y 18 n+dimker T
<T(f,K)> is the torsion of K with respect to f and w.

where T(f,K) =

£K)

The n-dimensional part of the kernel of £, +T (.50, 18 due to the non-uniqueness
of the parameterizations of invariant tori (if K is a solution of (5.4), then for any
0y € R™, K o Ry, is also a solution of (5.4)). The n-dimensional part of the kernel
of L, + T can be determined by fixing the initial phase of the torus. That is,

(5
look for solutions of (5.4) satisfying the following n-dimensional constraint:

(5.9) (K*(0) — 0) = 0.

Under the hypotheses of Lemma [5.2, an iterative procedure to solve equations
and (5.9) depends on the solvability properties of (5.5) with the following n-
dimensional constraint

(5.10) ™ (M (0)£(0)) = 0,

where M, is defined in (3.4) and 7, P = (I, O,) P, for P € R¥™™,

Hence if n : T" — R2" is sufficiently smooth, the linear equations (5.5) and
(5.10) have a solution if and only if the following 3nx2n-dimensional linear system
has a solution & € R?™:

On T(f-,K)
(5.11) O o & —b,
L, 7y <NK - L, R,T >

(f, K)
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where
<77I + (Rw T(f’K) o RUJ) T]y >

(5.12) b = (n")
— Ty <MKRM (77 - T(f‘K)an)>

and L, and N, are given in (3.2) and (3.3), respectively. Moreover, the solutions
are of the form (5.8).

Summarizing, the existence of solutions of (5.5) and (5.10) is guaranteed by
the smoothness of  and T}, ., and the existence of a solution of (5.11). Moreover,
the uniqueness of the solutions of (5.5) and (5.10) depends only on the uniqueness
of the solutions of (5.11), i.e. on the kernel of the torsion T, .

In an iterative procedure to solve the non-linear equations (5.4) and (5.9), the
right hand part of (5.5) takes the following form:

(5.13) n(0) = JoM,. (0 +w) QK (0 + w))e(d),

where e(0) = f(K(0)) — K(0 +w). A sufficient condition to perform a step of the
iterative procedure is:

(5.14) Ty {JoM,c (0 +w) " QUK (0 + w))e(d) ) = 0.

In [18] it was proved that if f is exact symplectic, then the left hand side of
has norm of quadratic order with respect to the error e(d). Then, using the twist
condition, an iterative procedure to solve (5.4) was constructed solving at each step
a modified linear equation of the following form:

(Lot Ty )6 =n— <<?;)y>> ‘

Here we adopt a different technique. First, we embed the non-linear equation
into a family of equations by introducing a parameter o € R"™ (dummy parameter)
such that, at the iterative procedure, o adjusts the average of the term n* and at
the end (but not at the intermediate steps) it is equal to zero. To obtain the later
property, we use the fact that the existence of an f-invariant torus, with dynamics
an ergodic rotation, implies the exactness of f (Lemma[3.1). Hence, the parameter
o is introduced in such a way that the Calabi invariant of f is changed. Second,
rather than assuming that the torsion T( .5y 18 invertible (twist condition), we fix
s € N with 0 < s <n and introduce a parameter A € R® (modifying parameter) in
such a way that, at the iterative procedure, A controls the possible degeneracies of
T and at the end f-invariant tori with frequency w are obtained making A = 0.

(fK)
Let us make precise these definitions.

DEFINITION 5.3. Let A; € A be an annulus and let A C R® be an open
neighborhood of 0, with 0 < s < n. A modifying deformation with base A is a
symplectic deformation h : Ax . A; — A, such that:

i) C"(A\) =0, for all A € A;
ii) ho =id and S = 0;
ili) hy o K = K for some K € Emb(T", Ap) if and only if A\ = 0.

DEFINITION 5.4. Let Ay C Ap be an annulus and let ¥ C R™ be an open

neighborhood of 0. A dummy deformation with base ¥ is a symplectic deformation
d: Y x Ay — A, such that:
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i) C¥(o) =0, for all 0 € &;
ii) dp =1id and S§ = 0.

EXAMPLE 5.5. An example of a modifying deformation, hy, is the time-1 flow
of the Hamiltonian vector field Q(z)7'V_ (A"y). It is not difficult to check that
the moment map of h satisfies M" (0, z) = y.

If the symplectic structure is the standard one, the symplectomorphisms h) are
translations in the x-direction. In this case, the moment map is autonomous (i.e.
independent of \) and M"(\, z) = y.

EXAMPLE 5.6. An example of a dummy deformation, d,, is the time-1 flow
of the symplectic vector field Q(z)~'V. (=o' z). Notice that dz, ..., dz, are the
generators of the first cohomology group of the annulus, whose elements are of the
form o1dxy +- - -+ opda, (see Proposition 2.5a in [40]). If the symplectic structure
is the standard one, the symplectomorphisms d,, are translations in the y-direction.
Then, the parameter o can be viewed as a generalization of the translation in the
translated curve technique [9, 57, [73].

REMARK 5.7. A dummy parameter changes the Calabi invariant of (hy o f).
For C* (o) = o, C"(A) = 0 imply
C(dUOhAOf) =0+ Cf_
If f is assumed to be exact, then d, o hy o f is exact if and only if ¢ = 0. In such a
case, from Lemmal[3.T] we have that the only elements of the family d, o hy o f that

might have invariant tori are those for which o = 0. This is the reason for which o
is called ‘dummy parameter’.

REMARK 5.8. The torus K € Emb(T", Ay) is (hy, o f)-invariant with frequency
w, if and only if
(5.15) foK =h'oKoR,.
Hence, K can be viewed as an h;l-tmnsformed torus for f. Moreover, K is f-

invariant with frequency w if and *only if A\, = 0. This property is achieved by
condition (iii) in Definition[5.3.

LEMMA 5.9. Let U C R* and A C R® be open, with 0 € A and 0 < s < n.
Let f: Ux Ay — A be a Hamiltonian deformation such that f,(Ay) C Ay for all
weEU and let h : Ax Ay — A be a modifying family. Then, the moment map of

9(ux) = ha o fo, satisfies
o _ (M (1 hy ()
(5.16) M (A, 2) = ( A (h 2) ,
where M’ is the moment map of f and M" is the moment map of h.

Proor. This follows from Definition|2.17 and Lemma[2.21] O

Let h: AxA — Aand d: ¥xA — A be, respectively, a modifying deformation
and dummy deformation. To find solutions of and (5.9), we find sufficient
conditions guaranteeing the existence of solutions of the following modified non-
linear equations:

(5.17) dyohyofoK—-KoR, = 0,
(5.18) (K*(0)—0) = 0,
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where the unknown are the parameters o and A and the embedding K : T™ — Aj.
To simplify notation let

f(o,\,2) = (dy 0 hx o f)(2),

Let M, M", M* be the (local) moment maps of, respectively, f, h and d. It is easy
to verify that the following equality holds:

-, B 9\7[;
(5.19) M (o, N\, 2) = <M/{L0d01 )

We now find sufficient conditions that guarantee an iterative procedure to solve
(5.17)-(5.18) can be constructed. We study the solvability of the linearized equa-
tions around an approximate solution. Let K : T" — Ag be smooth and let 0 € X
and A € A be such that (o, A, K) is an approximate solution of (5.17)-(5.18).

Let T, ., :T" =R T« T0 - R B o Tn — R2X(H9) he
given by, respectively:

T 0)=N,(0+w)" UK(O+w)) D.f(o,\, K(0)) N, (0),

(o, N\, K)
[ On T 0
T(G',/\,K)(e) = (On (0,6:)( )) 7
(200 Bl (0) = (D5 (5: X KO+ )M (0 +) o)

Under the hypotheses of Lemma [5.2] we have that the change of variables A, =
M, £ transforms, up to quadratic errors, D, f(o, A\, K(#)) into an block-triangular
system. That is the norm of

M, (0 +w) ' D.£(o, A, K(0)) M, (0) — (I, + T, (9))

is quadratic with respect to the norm of the error

(5.21) €y (0) =1(o, N\, K(0)) — K(0 +w).

Moreover, using Lemma[5.2 and Lemma [2.19 one obtains that the norm of
M, (04 w) "D, (o, N, K) — B (0)

(0,3, K)
is also quadratic with respect to the norm of the error e, , x, in (5.21). Explicit
estimates can be easily derived from the estimates given in Lemmal5.2. Hence, an
iterative procedure to solve (5.17)-(5.18) depends on the solvability properties of
the following linear equations:

~ f
(5.22) (Lo + T, 0)S+B, 0 =
(5.23) ™ (M &) =0,

where § = (67,6") € R™.
Applying R, in (5.22) and using equality (2.18) we have:

€ =& —Ru(T€) — Ru,B 6 + Rum
=& — Ru(T (&0 — Ru(T€) — RLB + Run)) — RuB* 6+ Run
= (I —R.T)& — Ru(BF —TRLB") 6+ Ru(n— TRun),

where &y = (£). For typographic simplicity we do not include in the notation the
dependence on (o, A, K). Hence, any solution of (5.22) is of the following form:

(5.24) €= (I —-R,T)éo — Ru(Bf = TRLBY) 6+ Ru(n — TRLY).
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Moreover, a direct computation shows that (£,0) in (5.24) is a solution of
- if and only if the following linear system has a solution (compare with
5.11)):

O, T Qi3 Qu ¢
(525) On On Q23 Q24 ( 0> = ba
I, @3 Q33 Q34

where b is given in (5.12),

(5.26) T = (T),

(5.27) Qs2 = m(N—-LRJT),

(5.28) (Qizs Q1) = (B -TR,B™),

(5.29) (Q2s Qu) = <Bf’y> ,

(5.30) (@33 Q34) = —my <J\4KRW(Bf - TRwa)> .

Let us now show that indeed equation determines the increment of the
parameter, § = (07,6") € R"*, in such a way that 67 controls (n¥) and §* deals
with the possible degeneracies of T (o, A, K). Write the local primitive function of
f(o,») as follows (see Remark [2.18)):

M (o, N, 2) = M (0, N\, 2) — D2 C' (0, N,
with #¢* (o, A, z) 1-periodic in . Then using (5.20) and obtains
(Q23(0, A K) Q240 A\, K)) = — (D" (0, X, K(0)) L, (6))
= — (Do" (0, A, K(6)) )
= = (DeM* (0, A, K(0)) ) + Do) C (0, )

- (In OnXs) .
Hence, the linear system (5.25) is equivalent to
On T Qi3 Qu &
(5.31) O, On, I, Opxs (6) =b,

I, @32 Q33 Q3

which determines 67 = (%) € R™. Moreover, thanks to §*, the solvability of
does not relies only on the invertibility of the torsion T(m oy (twist condition).

To overcome the under-determination of we impose to the solutions
(o, \, K) of (5.17)-(5.18) an s-dimensional constraint. The constraint that is useful
for our proposals is the following

(5.32) (M" (N K)) =p,

where p € R® is given and M" is the moment map of h. The constraint
enables us to obtain parametric families of FLD, parameterized by the momentum
(see Section [4.1). Equation (5.32) adds the following s-dimensional equation to

(0.22)-(5.23)

(5.33) (D.M"(N\, K)M, &€ + DaM" (N, K)6*) =p — (M"(\K)).
Define
(5.34) Uiy = DM\ )M Ru(BY | = Torx)RuBE | ).
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Using (5.24), (5.31) and (5.34) one verifies that the linear equations (5.22),
and (5.33) has a solution if and only if the following linear system has a solution

O, T Qi3 Qu &
On On I, Onxs 58

(5.35) I, Q3 @33 Qs | =€
Qu Qa2 Quz Qu 5
where
(5.36) Qu = (D.M"(\K(6))L,.(0)),
(5.37) Qiz = (DM"(N\,K(0))(N(0) = L ()R.T(01.5)(0)))
(538) Quzs = —(U,, ) O{zn ,

539 Qu = (DO - (U0 0) (%),

b
‘= (p_ <Mh()‘,K)> - <DZMh(/\7K)MK(T7 - T(U,A,K)an)>> ’

with b given by (5.12).
Notice that, since M" (], z) is 1-periodic in « we have:

(5.40) Qa1 = (Do(93 0 K)) = Ot -

Hence, the existence and uniqueness of solutions of the linear equation (5.35) is
guaranteed by the invertibility of the following (n 4+ s)x(n + s)-dimensional matrix.

T K Qua(o, A\, K)
(5.41) (Q42((07)\,)K) Q44(U,A,K)> )

with T, Q14, Q2 and Q44 given in (5.26), (5.28), (5.37) and (5.39)), respectively.

To find a solution of (5.4) we find p-parametric family (A(p), K,) of solutions
of (5.17), (5.18) and (5.32). Then, solve the finite dimensional equation A(p) = 0.
In several cases (e.g. the close-to-integrable case), it is possible to start with a
torus K that is approximately invariant for hy o f, for some A € A. In this case,
an iterative procedure can be performed if the the matrix in (5.41) is invertible at
(0, A, K). We now analyze the form of the matrix in (5.41) in the case that o = 0.
First, from and (5.20) we have:

f Onxs _
(D.M" (N, d; Y (K (0 +w)Dd; Y (KO +w) M, (0 +w)Jy) ",

Define
(5.43) B"  (0) = (D.M"(\, K (0 +w))M, (0 +w)Jp)".

(X K)

Then, since dj is the identity we have:

£ On><s . h
(5.44) B(O,A,K)('g) ( Is > - B(A,K)(g)'
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From (5.34), (5.39), (5.43) and (5.44) we have
Qua(0, ), K) = (Daot* (A, K () — ((BIy7, oR_)TRBLY, )

A\ K)

h, T h,x h,
+ <(BM,9K) © R—W) R“(B(A,K) o T<0A,K> R B(A,ym )> ’

Moreover, using (2.21)), (5.28), (5.43) and (5.44) one obtains

h, h,
Q14(0,\, K) = <B(fK) = Tonso RoBL >
. h,x Ryt
(5.45) = <B(A‘K) oR_, + (RWT((J,A,K)) B()\,yK) °R— >

= <D2Mhy()‘7 K(a))( NK (9) - LK (Q)RWT(O‘A‘K) (9)T )>T '

REMARK 5.10. In particular, if (0,\, K) is a solution of (5.17), (5.18) and
(5.32), then T}, , ., is symmetric and hence

Q14(0,\, K) = Qu2(0,\, K) .

From the above discussion, we have that the invertibility of the matrix in
(5.41) at (0, A, K') depends on the torsion of K and on the choice of the modifying
family h. Concretely, it depends on the properties of T DaM™ (N, K(0)),
D.M"(\, K(0))N, (0) and D, m"(\, K(0))L, (0).

(0,2, K)?

REMARK 5.11. If the modifying deformation A is such that its moment map
M" is autonomous (i.e. independent of \), and

B"Y () =D.M" (K(0)) L, (0) = Ogxp, -

(0 K)
Then the matrix in (5.41) takes the following form at (0, A, K):
( o010 (0) (D" (K(9)) N, <9>>T) ’
(D91 (K(0)) N, (6)) Osxs

Hence, if s = n and (D, M"(K(0)) N, (0)) is invertible, then matrix in (5.41) is
also invertible.

Given an approximate solution of (5.4), it is natural to ask whether it is pos-
sible to find a modifying deformation h in such a way that the matrix in (5.41
is invertible at (0,0, K). Another question is about the minimum dimension of
the modifying parameter \. In the following result we show that given a solution
of (5.4), K, it is possible to find a modifying deformation h in such a way that the
matrix in (5.41) is invertible at (0,0, K'). Moreover, minimum dimension of A is the
dimension of the kernel of the torsion of K, with respect to f and w.

PROPOSITION 5.12. Let f € Symp(Ag, A), w € D, (v, 7) and K € Emb(T", Ay).
Let vaK be torsion of K with respect to f and w. Fiz s € N with dim ker T”‘K) <
s < n. Assume that K is f-invariant with frequency w. Then, there is an open set
A C R?® with 0 € A and a modifying deformation h with base A C R®, such that the
matriz in (5.41) is invertible at (0,0, K).

PROOF. Since K is f-invariant with frequency w, from Lemma [3.1] we have

that K(T"™) is Lagrangian and T is symmetric . Then, there is an invertible
matrix A € R™", such that

T :Adiag(t1 tn)A—r

(0,0,K)

(0,0,K)
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where t541,...,t, are different from zero.

Since the column vectors of N, (0) generates a Lagrangian bundle, comple-
mentary to the tangent bundle TK (T™), Weinstein’s Theorem 169] guarantees
the existence of a tubular neighborhood A of K(T™) and a symplectomorphism
@ A — A" satisfying the following properties:

i) p*wo = w;

) plK(0) = K°0) = (7))
) Do KO) L,0) = 2°0) = (1)

) D.plK(6) Nu(0) = v°(0) = (7).
Define the modifying deformation h? : R® x A” — A™ as follows:
(5.46) WO, )T = <f” * AyI”XS A) ,
where I, is the (nxs) matrix such that (Lyxs)ij = 01if i # j and (Lxs)is = 1. It
is easy to check that the moment map of h° is M"’(z) = Iy, AT y and that the
following equalities hold:
(5.47) D.M" (Ko(6)) N°(0) Tom AT
(5.48) D, M" (Ko(6)) L°(0) Osxn -
Define a modifying deformation on the (possibly shrunken) tubular neighborhood
Ag C Ap with base a (small) neighborhood of 0 € R*, A, h : Ax Ax — A, as
follows:
(5.49) hy=¢ tohogp.
Then from Part ¢) of Lemmal[2.21, the moment map of h is M" = M" o . In par-
ticular, " is independent of A and moreover from , (5.48) and the properties
of ¢ one obtains:
D.M"(K(0)) Ny (8) = D" (o(K(6))) Dap(K ()N, (6) = Lon AT,
DM (K(0)) Ly (8) =D (0(K(6)) Dop(K(0)) Ly (6) = O
Then, it is easy to verify that the matrices in (5.45)), (5.36) and (5.39) take the
following equalities hold:

Q14(07 07 K) = AI’I’LXS B}
Qu(0,0,K) = ITumAT
Q44(07 Oa K) = Osxs .

Hence, the matrix in (5.41) at (0,0, K) takes the following form:

A Opxs diag(t1,...tn) Lnxs AT Opxs
Onxs 1 Lo Osxs ) \Onxs 1s )~

This finishes the proof of Proposition [5.12l (I






CHAPTER 6

A parametric KAM theorem

The main contribution of this chapter is Theorem 6.2 This is a KAM result
stated and proved in a general setting. It will be used in Chapter[7 to prove existence
of FLD, where the parameters A and ¢ used here will have different components
playing different roles.

Throughout this chapter, we assume that A C A is an annulus endowed with
the compatible triple (w = da,J,g), which is assumed to be real-analytic, i.e.
holomorphic in a complex strip B of 4. More concretely, we assume that the C'-
norms on B of the components of a, Q, Q7!, J, G, G~! are bounded by a positive
constant denoted by ceymp. Ao C A is an annulus and By C B is a complex strip of
Ap.

Let £ C R™ be open, with m > n. Let C"(Z, Symp(By, B,C?)) denote the set
of symplectic deformations with base Z, f : Ex A9 — A, such that, f is C" with
respect to t € = and, f; € Symp(By, B, C?).

Given f € C” (E,Symp(BO,B,C’z)) and w € D, (v,7), we aim to find for ¢ €
D C R™ a parameter t(¢) € R™ and an embedding K¢ € Emb(T?, By, C*) such that
K¢ is fy(¢)-invariant with dynamics the rigid rotation R,,. Since we are interested
in obtaining solutions (t(¢), ) that are smooth in ¢, we impose extra-conditions
(as many as the dimension of t) to obtain local uniqueness.

6.1. Functional equations and nondegeneracy condition

Let Z € C"(ExEmb(T}, By, C°),R™) be a C" functional. Define the error
function operator
F : R™xExEmb(T}, By, C%) — (A(T},C%))*" xR™

as follows

. [ et;K) \ _ (fioK—-KoR,
(6-1) Fee = (i) = (")
Theorem [6.2 can be viewed as Generalized Implicit Function Theorem for the fol-
lowing non-linear functional equation:

(6.2) F(t,K) =0,

where ¢ € D is given and the unknown is (t, K'). The main assumption is the ex-
istence of an approximate solution ((p;to, Ko), with sufficiently small error, which
satisfies a nondegeneracy condition. To rigorously state our parametric KAM the-
orem, we first make explicit such a nondegeneracy condition.

Let (t, K) € ZxEmb(T},By,C") be given and let L, and N, be defined by
and (3.3), respectively. Let
(6.3) Tioiey(0) = Ny (0 +w) " QE(0 +w)) D.f(t, K(6)) N, (6),

(t,K)

49
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(6.4) T\ ) (0) = (g: T(t,é(;(9)> 7

and
(6.5) B, o, (0) = (D90 (£, K(0 +w)M, (0 +w).Jo) ",

(6,5)
where M/ is the local moment map of f. Motivated by Section 5.2 we introduce
the following general nondegeneracy condition.

DEFINITION 6.1. Let R, be the one-bite solver operator (see Section [2.5). A
pair (t,K) € ExEmb(Tg,Bo,Cl) is nondegenerate with respect to F, given in
6.1), if the following (2n + m) x (2n + m) matrix is invertible:

<T> <B—TRWB>

(6.6) Q(t,x) = DxZ [MK(I—'RWT)} DiZ—DyxZ [MKRM(B—T'RMB)]

)

where for typographical simplicity we have not written the dependence on (t, K)
of and DgZ and D¢Z are evaluated at (t, K).

6.2. Statement of the parametric KAM theorem

Many of our estimates will involve some quantities that depend in a polynomial
way on specific positive numbers, associated to a given (t, K') € ExEmb(T}, By, C h.
To reduce the length our statements we will collect them in a vector as follows:

-1 -1
(6'7) np(t’K) = (”DGKHP’ GK ||p7 Q(t,K) ’ HD(t»K)F(t’K)HRMX(A(TLL,CO))?") ’
where G, F and Q,, ., are defined in (2.11), (6.1) and (6.6), respectively.

THEOREM 6.2. Let w € D,(v,7), for some v > 0 and 7 > n. Let m >
n > 0, r > 2 be fixed integer numbers. Let Z C R™ be open and let f €
C"(Z,Symp(Bo, B,C?)). Let py > 0 be fized and such that vpl < 1. Let F be
defined by (6.1), with Z € C’T(ExEmb(TzO/z,BO,CO),R’”). Assume that there
exists positive constants By < 1 < --- < B, such that for ( € = fized and any

p € [po/2,po] and for k=0,...,r

6.8 sup Dk F(Ct K < B -
(6.8) (t,K) EEXEmb(T?,Bo,C°) (&.K) ( )R”X(A(T:,CO))Q"

Let (Co; to, Ko) € R™ xExEmb(TY , By, C') be given and such that the matriz
Q(tO,KO), defined in (6.6), is invertible. Then, the following statements hold.

a) Existence of a solution: There exists a positive constant k, depending

0NN, T, M, Csymp, B2, and polynomially on the components of n,, (to, Ko)

(see (6.7)), such that if

4 e—dr — —27\2
Ky 00 (1 +77%007 %) 17 (Cos to, Ko)ll,, < cos

PO
where

co = min [dist (to,02), dist (Ko (TZO) ,8[30) , 1] ,
and 0 < 8 < po/12 is fived, then there exists (t¢,, K¢,) € EXEmb(T? 45 By, C*)
such that Q(%&O) 1s invertible,
[te, — to] < Ky 2 po 2T || F (Co; to, Ko) |
K¢y — Kol

po

<Ry 205 (1+ 772p0727) |7 (Cos to, Ko)|

po—6d9 — Po
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and
f(CO;tCO’KCo) =0,

that is K¢, is an f¢,-invariant torus with frequency w.
b) Local uniqueness: Let (t1, K1) € ExEmb(T} , By, C"). Assume that

F(Co;ti, K;) =0, for i=0,1.

Then there exists a constant k, depending on m, T, m, Csymp, B2 and
polynomially on the components of n,, (to, Ko) (see (6.7)), such that if

Ry 2657 (L4920 7) |I(to, Ko) — (b1, K1)l <1,

Po
with 0 < dg < po/8 fized, then (t1, K1) = (tg, Ko).
¢) Smooth dependency on ( of the solutions: Assume that

F(Costo, Ko) =0.

Then, there exist D C R™ a small open neighborhood of (y, and a locally
unique C" -function

®: D — EXEmb(TZO_Q%O,BO,Cl)
¢ — Q) = (t(¢), K¢),

with 0 < 6o < po/44, such that ®(¢o) = (to, Ko) and, for all ¢ € D,

Q) = Q(uo.KC) is invertible and

F(G:t(€), K¢) = 0.

6.3. Proof of the parametric KAM Theorem

Theorem/[6.2 is proved following a standard KAM scheme. The main ingredient
is the fact that real-analytic tori, that are approximately invariant for a real-an-
alytic symplectomorphism and Diophantine frequency, are also approximately La-
grangian. Therefore, the linear dynamics around them is approximately reducible.
A proof of this property and explicit estimates are given in Lemma [5.2.

It is known [50} (57, [T4] that to construct a rapidly convergent method to find
solutions of a non-linear problem, it is sufficient to guarantee the approximate solv-
ability of the corresponding linearized equations, with tame bounds. In Section
[6.3.1 we show that approximate solvability of the linearized equations, correspond-
ing to , is guaranteed by the approximate reducibility and the change of the
parameters. In Section[6.3.2 we show that the sufficient conditions needed to find an
approximate solution of the linearized equations are open on =x Emb(T}, By, C b,
for all pg/2 < p < po. Parts a), b) and ¢) of Theorem [6.2 are proved in sections
16.3.3,16.3.4] and 6.3.5, respectively.

Our estimates depend on certain quantities that will be specified in the state-
ment of the results. To reduce the amount of notation we will use the same letter
K to denote a generic constant, whose definition will vary from statement to state-
ment.




52 6. A PARAMETRIC KAM THEOREM

6.3.1. Linearized equations. Throughout this section ( € R™ and p €
(po/2, po) are assumed to be fixed. The pair (t, K) € ExEmb(T7, By, C!) is assumed
to be a fixed approximate solution of (6.2). The linear operator corresponding to
,at (t,K), is

Ay D.fio K)Ax — A oRy, Difi o K)A,
(6.9) D, x)F(¢it, K) (AK) = <( fe DK)Z(t,K)AK—th;(t(,I;'{tAt ) ) )

LEMMA 6.3 (Approximate solution). Let w € D, (v, ), for some v > 0 and

T >mn. Let G, My, T, ., T,, ., and B, ., be defined in (2.11), (3.4), (6.3),
6.4), (6.5)), respectively. Let e x, be given by

€(t,K) =ftoK—-KoR,.
Let v € R™ and ¢ € (A(T},C°))*" be given, define
(6.10) G(0) = —Jo M, (0 +w) " QK (0 +w)) p(0) .
Assume that Q, ., defined in (6.6), is invertible, and let (§o, A¢) € R27 x R™

be the unique solution of the following linear equation:

(6.11) Q(t o (§O> — <¢_T(t,K)Rw ¢>A
o \A V= DK Z(t,K) [MRu($ T, R )]
Define A = M, &, where
(6.12)
€ = (I — RJT\ )60 = Ru(By o = Ty RoBry i) At = Ru(@ — Ty 1 R @)

Then, there exists a constant, depending on n, T, m, Csymp, B2 and polynomially
on the components of n,(t, K) (see (6.7)) such that the following hold.

a) Ay € (A( 2_25,00))2", for any 0 < § < p/2. Moreover,
(6.13) A i ([ (R 9]
(6.14) 1Ak, g5 < KY2077 (14+772077) (@), -

b) If llewll, is sufficiently small, such that matriz M, s invertible on
T} 55, then the following estimate holds:
<

A
K p—25

< kY3 ETOT (1447207 e, 10, VI, -

PROOF. First notice that if ¢ € (A(T}, C?))*", then from (6.10), we have that
¢ € (A(Ty,C%))*". Then Lemma[2.29 and equality (6.12) imply & € (A(T})_,;, C?))*".
From Lemma(2.29/and equality we have that there is a constant «, depending
on n, T, Csymp and polynomially on ||D9K||p, ||szt(K(9))||p and H(GK)_al, such
that for any 0 < § < p the following estimates hold:

IRw@ll,ms < kY1077l ,
(6.15)

L S R e,
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Equality (6.11) and estimates in (6.15) imply the existence of a constant x, depend-
ing on n, m, T, Csymp and polynomially on the components of n,(t, K) (see )
such that the following estimate holds:

(6.16) (€0, A < k(L +772072T) [, 1), -

From which follows. Moreover, using again Lemmal2.29] we have the follow-
ing estimates

(6.17) ngn ~RJT, HH < k16T
and
(6.18) |Ru(B i — T“,K)RWB“M)HP% < k25T

Equality and estimates (6.16), (6.17) and (6.18) yield:
(6.19) I€ll, 05 < KY2072T (147720727 (0], -

This proves estimate (6.14). This finishes the proof of Part a). We now prove Part
b). Performing some computations, applying £, to (6.11) and using (2.19) and
6.12) one verifies that the following equalities hold:

(Ion+ T, )6 —€0Ru+ B, Av+$ = 0,
DrZ(t, K) [M & +DeZ(t, K) Ay +v = 0,

where T(LK) and B, ., are given in (6.3) and (6.5), respectively. Next, from parts
d) and e) of Lemma[5.2 we have

M (0+w) "D f (8, K(0)) M (0) = (Ton + T, ., (6))
+ R, (0)
+ R (0 +w)D. f(t, K(0))M,(6).
From Lemma[2.19and Part e) of Lemma[5.2 we have
M, (0+w) 'Def(t,K(0)) = B, ,,(0) + R (0 +w) De f(t, K(0))
4 JoM, (0 +w)T (DL (6, K(0 + w)) — Dot (t, £ (K(0)))
— JoM, (6 +w) T (UK (0 +w)) — Qfe(K(6))) De f(t, K(6)).

Hence,
Ay i
D(t,K)e(t>K) A +90:MK(6+“})RK(9+W)‘P

+ My (0 +) [Mo(0+ )7 Do (6, K(0) My (6) = (o + T, )] €
+ M, (04 w) [My (0 +w) 'Def(t, K(0)) — B, ., (0)] Ay
The proof is finished using the estimates in Lemma [5.2. O

REMARK 6.4. If, in Lemma[6.3, e x, = 0, then, from the uniqueness of the
solutions of , we have that the linear equation

(6.20) D) F (¢ 8, K) (AAt> + <‘5> =0,

has a unique solution (A, = M, &, A;) where £ is given in (6.12).
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REMARK 6.5. In the terminology of [68, [74], Part b) of Lemma means
that D, x)F(C;t, K) has an approzimate right inverse and Remark [6.4 says that
D,x)F (¢ t, K) has an approvimate left inverse.

6.3.2. Sufficient conditions for iteration of the iterative step. Given
(t, K) € EXEmb(T}, By, C'), an approximate solution of (6.2)), with po/2 < p < po,
Lemma [6.3 provides a method to find a new one (t + Ay, K + Ay). To to iterate
this procedure, we use the following result.

LEMMA 6.6. Assume that (t,K) € ZxEmb(T},By,C"), for some po/2 <
p < po. Let (A, Ax) € R™x (A(T),CY))*", for some po/2 < p1 < p, with
[Axll,,.cr < 1. Let Q ., be defined in (6.6) and assume that it is invertible.

Then, there exists a constant k, depending on n, m, T, Csymp, B2 and polynomially
on the components of n,(t, K) (see (6.7)), such that if

(6.21) K~y 20 (AL A, o < min(dist(t, 9Z), dist (K (T}), 9Bo), 1) -

Then t1 =t +A; € 2, K1 = K+ Ag € Emb(TZl,BO,Cl) and Q. ,, is also
invertible. Moreover, the following estimates hold:

(6.22) 1G™ = @), <5 1A, o

623) @) = )| < 87200 IA A, 00

ProoF. To prove that K; = K + A, € Emb(']I‘Zl,Bo,Cl) it is sufficient to
verify that G, = DyK1(0)TG(K1(0))DgK1(0) is invertible. It is easy to prove
that AxG = G, — G, satisfies

(6.24) 1AGl,, < &llAkll,, o

where £ is a constant depending on n, T, Csymp and polynomially on |DgK|| .
and [[DpKil|, . Notice that, since the dependence of £ in (6.24) on |[Dek ][, is
polynomial and [[A|[, o1 is bounded by 1, k£ can be considered as a constant
depending on n, T, ¢symp and polynomially on ||D9KHP.

Hence, if G, is invertible and [[A«|| ,, - is sufficiently small, then (using Neu-
mann series) G, is invertible and the estimate holds.

Notice that the operator R, in Section [2.5 is linear and bounded. Moreover,
from (6.8) we obtain the following inequalities:

Dk Z(t, K) = DreZ(t1, Ka)|| < B2 [[(Ar, Ax)
DeZ(t, K) — DeZ(t1, K1)l < B2 [[(Ar, Ax)

py s
||p1 °

Next, using the definition of (¢, k) in (6.6) and performing some computations one
shows that there is a constant », depending on n, 7, csymp, B2 and polynomially on
the components of n,(t, K) (see (6.7)), and [|Axl|, o such that

(6.25) AkQ1 < kY207 P (AL A, 00
where
AxQ = QM() - Q(tl,fm :

Using the fact that [[Ax||,, o1 is bounded by 1, we can make the constant x in
(6.25) independent of [|Axl|, o-
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Using Neumann series we have that if Q, ., is invertible and the norm [|(A¢, Ak )|, o1
is sufficiently small, then @, . =@ AxQ is invertible and moreover

(Q(cl,xl) )71 :(Q(c,x) )71"'

_ -1 _ _
+ (12n+m - (Q(t,K)) 1AKCQ) (Q(t,K)) IAKQ(Q(LK)) ! )
this and estimate (6.25]) imply (6.23). O

(t,K)

6.3.3. Proof of the existence of a solution of (6.2). In this section we
prove of Part a) of Theorem [6.2. Using Lemma [6.3, Lemma we show that a
Newton-like step produces an error which is quadratic with respect to the previous
one. The proof of the convergence of the Newton-like method is standard in the
literature (see e.g. |18, [74]). Throughout this section (; € R™ is assumed to be
fixed.

The initial approximate solution ((o;to, Ko) provides the zero-step of the it-
erative procedure. Moreover, we recall that the matrix @, . , is assumed to be
invertible.

Assume that for ¢ > 0, ((o;t;, K;) is an approximate solution of (6.2), with
(t;, K;) € Ex Emb(Tﬁi,Bo,Cl) satisfying the hypothesis of Lemma [6.3. Then,
Lemma[6.3 implies the existence of an approximate solution (A¢;, Ay;) of the lin-
earized equations:

A,
(6.26) D, 1) F (Cos b4, Ki) (A:-) = —F(Cos ts, K;),
satisfying the following estimates:
(6.27) |Asi| <72k 07727 |F (Gos iy K, »
(6.28) [Akill,),—as, < YR 072 (L 20727) |1 F (o i, 1),
(6.29) DA, 55, <7208, T (1 4+972p727) | F (Cos i Ko,

where 0 < 0; < p;/3 and k; is a positive constant depending on n, 7, m, Csymp and
polynomially on the components of n,, (K;,t;) (see (6.7)).

If || F(Cos ti, Ki)|| ,, is sufficiently small, such that (A, Ay;) satisfies the quanti-
tative estimates of Lemma 6.6/ (|| (Co; to, Ko)|[ ,, does), then for any 0 < &; < p;/3,
tipi =t + Ati €z, Ki-',—l = K; + AKi S Emb(TZiigai,Bo,Cl) and Q(ti+vi1+1) is
invertible.

REMARK 6.7. The dependence on the iterative step of the constant x; in equa-
tions (6.27), (6.28), (6.29) relies on the polynomial dependence on the components
of n,, (t;, K;) (see (6.7)). We control the increments (t;, A,;) in such a way that

H(tl — to, Kz — KO)”pi,Cl < min(dist(tg, 85)7 dlSt(KO(TZO)7 880), 1) .

Hence, r; is bounded by a uniform constant x that depends on n, 7, m, csymp and
polynomially on the components of n,, (to, Ko).

To iterate this procedure it is sufficient to show that the error decreases and that
the quantitative assumptions in Lemma [6.3 are satisfied by the new approximate
solution (t;4+1, K;+1). Moreover, we need to specify a choice of the loss of domain
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at each step (i.e. ;). We follow the choices of [50, [74]. Fix 0 < d < po/12 and for
i > 0 define

§;=027", piv1 = pi — 30; .
In the following lemma we estimate the error after a step of the modified Newton

method described above.

LEMMA 6.8. Let w € Dy (v,7), for some v > 0 and 7 > n. There exists a
constant k, depending on m, T, M, Csymp, B2 and polynomially on components of

n,,(to, Ko) (see (6.7)) such that

—4 ¢—4r —2 —27)2 2
1 (Cos tirns Kiva)ll ,,—as, <5710 (147720, 27) " 1 F (Cos i, K) |, -

ProoOF. This is a consequence of Taylor’s Theorem, Lemma[6.3 and Remark
O

The proof of Part a) of Theorem is finished following standard steps in
KAM theory (c.f. [74)).

6.3.4. Proof of local uniqueness. The local uniqueness of solutions of (6.2),
with (p fixed, is a consequence of Remark[6.4.
Let (¢p;t1, K1) and ({p;to, Kp) be as in Part b) of Theorem [6.2. Define A; =
t1 —tg and A, = K7 — K then using Taylor’s Theorem we have:
F(Gos t1, K1) =F(Co; to, Ko)+
+ Ds, 1) F (o3 to, Ko)(Ar, Axe) + R(to, Ko)(Ar, Ar)®?,

where

po °

(6.30) R (60, Ko)(As, A)®2|| < B2 [1(Ar, Ak
Using that F((p; t;, K;) = 0 for i = 1,2, one obtains

D¢, ) F (Co; b0, Ko) (Ar, Ax) = =R (to, Ko)(Ar, Ak )®?.
Lemma[6.3] Remark [6.4] and estimate (6.30) imply that, for any 0 < § < pg/2:

(6.31) (A Ar)l 25 < K267 (L7 720577) [[(Ar, Al

po ?

where & is a constant depending on n, 7, M, Csymp, B2 and polynomially on com-
ponents of n, (tg, Ko).

Fix 0 < § < po/8. For i € N, define §; = 627 and p;11 = p; — 20;. Applying
(6.31)) repeatedly for j =0, ..., we have

i < (227)21—(1-"—1) (Ii’}/izéi%— (1 +772p0—2‘r))2 -1 ||(At,AK)Hl2); 7

(A, A

p

for some constant k. From which we have that if

22Ty 20T (L4200 ") 1(Ar, A,y < 1,

PO

then (t1, K1) = (to, Ko) on T}, _,5. The analyticity assumption implies (t1, K1) =
(to, Ko) on T, This finishes the proof of the local uniqueness of solutions of (6.2).
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6.3.5. Proof of the smooth dependence on ( of the solutions. Through-
out this section we assume that the hypotheses of Theorem hold and that
(Co; to, Ko) is as in Part c¢) of Theorem[6.2. In particular, we assume that F((o; to, Ko) =
0. Here we show the existence of implicit solutions (¢;t(¢), K¢) of (6.2) for ¢ near
Co- We also show that these solutions depend smoothly on (. The existence of
(t(€), K¢) for ¢ sufficiently near to ¢y, proved in Lemma[6.9} is a consequence of
Part a) of Theorem The smooth dependence on ( is obtained by finding ex-
plicitly local Taylor expansions (Lemma [6.11) and applying the Converse Taylor
Theorem (see e.g. page 88 in [1]).

LEMMA 6.9. For any 0 < 6 < po/12 there exists a neighborhood of (y, Dy, and

a function
d: Dy — ExEmb('JI‘ZO_GJ,BO,Cl)
¢ — () =(t(¢), K¢),

such that ®(¢o) = (to, Ko), F(¢;®(¢)) =0 and Q. = Q(t(c),K<> is invertible for any
¢ € Dy. Moreover, the following estimates hold:
(6.32) [6(¢) —tol < w2 pp%T (¢~ ol s
(633) K- FKoll,, o < 572077 (147 205) ¢ = Gl
where K is a constant, depending on n, T, m, Csymp, B2 and polynomially on the
components of n,, (to, Ko) (see (6.7)).

PRrROOF. This is a consequence of parts a) and b) of Theorem [6.2. Indeed, for
¢ sufficiently close to (p we have

"T(CathKO) = (COO_<> )

Then, Part a) of Theorem [6.2 yields a positive constant x, depending on n, 7, m,
Csymp, 2 and polynomially on the components of n, (to, Ko) (see (6.7)), such that
if
4 e ar o 92
Ky 10T T (14972007 27)" ¢ — ol < co,

where

co = min [dist (to, 0 ), dist (Ko (TZO) ,0By), 1],
then there exists (t(¢), K¢,) € ExEmb(T? 45, By, C') such that:

F(Gt(¢), K¢) =0,

and such that estimates (6.32) and (6.33) hold. Next, let ( € Dy and assume that
(E(g), f(g) € ExEmb(T? g5, Bo, C*) is such that

F(¢;#(¢), K¢) = 0.
and such that estimates (6.32) and hold. From the local uniqueness of the

solutions of (6.2) (see Part b) in Theorem and estimates and (6.33)) it
is clear that (£(¢), K¢) = (+(¢), K¢). O

REMARK 6.10. Let Dy and (t(¢), K¢) be as Lemma [6.9. It is clear that if
0 < d < po/12 is fixed, then Dy can be chosen in such a way that, for any ¢ € Dy,

19(E) = @(Co)ll,—g5,01 < min [dist (to, 0 Z) , dist (Ko (T}, ) ,0Bo) , 1] -
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Hence if a constant  depends in a polynomial way on the components of n,, _¢s (K¢, t)
(see ), it can be assumed that x depends in a polynomial way on the compo-
nents of n,, (Ko, to).

We now prove that the function ® in Lemma[6.9 is smooth. For j > 1, we
denote by Lsym((Cm C?) the set of symmetric continuous j-linear transformations
from (C™)” to C%. For p > 0, fixed, denote by Li . (C™, (A(Tg,C’l))Q”) the set
of continuous j-linear transformations from (C™)” to (A(T}, C"))*", which can be
identified with C}(T", Lgym (C™,C*)). Let K7 € CI(T” Ll (C™,C*")) and

¢t ¢ e ©™) with ¢F = (¢E,...,¢) for i = 1,...,5. We use the following

notation

‘sym

Kj(g) [C174277§]]: Z K,i(@)(,ll C}J€37
k=(k1,...k )

where K7 € (A(T7,C"))*™. By DgK’ we mean
DK (0)[¢1¢%, .. = > DeKL(O)CG ¢l

1<k;<m

In the following lemma we use Lindstedt expansions and parts a) and b) of The-
orem|[6.2 to prove that the function ® in Lemmal6.9 have a local Taylor expansion.
The standard notation (®7 = [(,...,¢] € (R™)” is used.

LEMMA 6.11. Fiz 0 < § < po/44 and define py = po — 85 and §9 = 6. For
j=1,...,r, define §; = 5277 and p; = pj—1 —49;-1 and p,. = p, — 64.

Let Dy and ® be as in Lemmal6.9. Then, there exists an open neighborhood
D C Dy of {y, such that ® : D — ExEmb(']I‘gO, By, CY) is continuous and for each

j=1,...,7 there is a continuous function

D = Ly, (€7, C™)x Ly, (€7, (AT, €)Y |
satisfying
(6.34) Hq)j(g) < 9(2r+1)b; (577257(2T+1)(1+7 2/)—27))@. |

Pjs

J
where a; = j! 3 4 and b; = j! — 1.

i=1

Moreover, if ( € D and ‘C—f‘ is sufficiently small, then ®="((;¢) € Ex
Emb(T?% , By, ), with

(6.35) =((50) = @(0) + Z — )%,
and
(6.36)
H‘P(C)*‘I’ST(&C) ) <Ry 26T (L4727 HRT 7
where
(6.37) anR;(ﬂ )| =o.
¢—¢ pr
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The constants k and k, in (6.34) and (6.36) depend on n, T, M, Csymp, Br, T,
and polynomially on the components of n,,(to, Ko) (see (6.7)).

PROOF. First we prove the continuity of ®. Let (1,(> € Dy, then applying
Taylor Theorem to F((2; ®((1)) around (¢1; (¢1)) we obtain the following equality:

D, 1) F(C13 2(61)) (R(C2) — (&) = ¥0(&, o),
where
91, &) <k G -Gl

where £ is a constant depending on (5 (we assume that the diameter of Dy is finite).
Then Lemmal6.3 and Remark[6.4 imply

(6.38) 19(¢1) = P(Ca)ll s, < K7 20027 (L+70077) 1 — ol

where  is a constant depending on n, 7, m, ¢gymp and polynomially on the com-
ponents of n, (to, Ko) (see (6.7) and Remark[6.10). This proves the continuity of
.

po—600

The transformations ®J (C~ Yforj=1,...,r &md(~ € Dy are computed recursively
in such a way that
(6.39) Die i) F (G (0) #7(0) = =F/(()
where
. (7 — Dj .(I)S(j—l) ~. )
(6.40) F(Q) = DL (FIGe=U(G0))
with
j—1
. - - 1. -~ o
P=UTV(G O = 0(0) + ) 5 2HOC -
i=1
This formally implies
J L PST(F _ -
(6.41) D! (F(¢:@ <c,<)))‘ =0 G=0r
Equation (6.39]) for j =1 is
(6.42) Do F(G o) 0 (@) = ().

Existence and uniqueness of ®!({) is guaranteed by Lemma [6.3 and Remark [6.4]
Moreover, the following estimates hold:

(6.43) |2

< K,Y—Qéo—QT (1 _'_,y—QpaQT) ,
po—280
dl(C <c,
H (C) po—380,C1 !

with
er = kY28, T (14472977 |
where £ is a constant, depending on n, 7, m, Csymp, and polynomially on the
components of n,, (Ko, to) (see Remark .
We now show that ®' : Dy — Ll (C™, (A(T% ,C"))*") x L, (C™,C™) is

continuous. Let (1,2 € Dy then from (6.42) we have
(644) D(t,K)Jf(Cl%‘I’(Cl)) ((I)l(Cl) - ‘I’l(CQ)) = \IJI(CDCQ)a
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where

U1, G) = (D) F(C23 @(C2)) — Do, o) F(Crs R(Gr))) @1(Ea) -
Notice that from (6.43) and the smoothness of F we have

(6.45) ||‘I’1(C17<2)H,30,250 <Ky 255 (L4+972007) |G — G

where x is a constant depending on n, 7, m, csymp, Br and polynomially on the
components of n,, (Ko, to) (see Remark[6.10).

Hence, from Lemma [6.3] (see also Remark 6.4), equality (6.44) and estimate
(6.45) we have that the following estimate holds for any (1, (s € Doy:

@' (¢1) — ‘I’l(Cz)Hﬁo_Mo <di [ — G
where
dy = /17_4 564T (1 + ,y—zpazr)?
This proves that ®! is continuous on Dy.

From Lemma 6.6 we have that if |¢ — (| is sufficiently small, then ®=<!((;() €
Emb(T}, , Bo, C1)xZ (hence, the function F(¢; ®<'((;¢)) is well-defined) and more-

over

Dt (FG@=! (&) =0, i=0.1.

Let 2 < j < r, and assume that we have computed ®',..., ®7~! with the
following properties :
(i) there are constants 1 < ¢; < --- < ¢jqand 1 < dy < --- < d;_q such
that for any (1,2 € Dy

(i) ®<U=(¢;¢) € Bmb(T},_,, By, C") xE,
(i) D (FGO=UD(EQ)) =0, i=0.j-1.

We perform the step j, i.e. find ®’ and show that it satisfies (i), (i) and (iif)
for j. Let ¢ € Do be fixed. Using the chain rule (see e.g. page 87 in [1]), FI(C)

is a polynomial expression, of degree j, of @1(6), ..., ®I71((), whose coefficients
are linear combinations of the components of the derivatives th K0 (G 2(C)) for

1 <14 < j. Then, using (6.46) we have:
(6.48) |17(0)

Cyiy iZl,...,j—l,

<k (g,
Pi-1

where x depends on r and (3,.

Now, from Lemma [6.9] we know that Qf is invertible. Then, using Lemma
6.3l and Remark [6.4 we have that there exists a unique ®7(¢) = (K7(¢),t/(¢)) in
Li ((Cm, (A(TZ | s Cl))%)ngym (C™, C™) such that equality (6.39) holds.

Moreover, using Lemma [6.3, Cauchy estimates and estimate (6.48) we have

H‘I’j(f) <Ky (L4+972077) (cj—1)’,

pj—1—205_1

HDe K7(() <y 26 0T (1205 7) (1)

Pj—1—38;-1
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where we have used that p;_1 > po/2 and & is a constant, depending on n, 7, Csymp,
B2, B, and polynomially on the components of n, (Ko,to) (see Remark . To
obtain estimate (6.46) for j, we define

cj = H7_25]_(?T+1) (1+7720577) (cj—1) .

This proves estimate (6.34). We now prove the continuity of ®/. From (6.39) we
have

(6.49) Die, i) F (G5 2(C1)) (¥7(G1) — 97 (G)) = ¥ (C1,Ga) s
where
U ((1,Go) = F(G) — F/(G) +
(De, ) F (C25 2(¢2)) — D1y F(C13 2(€1))) 7 (o) -

Notice that F7 : Dy — LI, (Cm, (A(ngil,Cl))2"> x L{ ., (C™,C™) is con-

tinuous. Indeed, F7((;) is a polynomial expression of ®1(¢), ®2(¢)...,®I71((), of
degree j, whose coeflicients are linear combinations of the components of the deriva-
tives DEt,K;g)}—(g?@(é)) for 1 < i < j. Moreover, ®',..., ®/~1 are continuous on
Dy. Hence, the following estimate holds:

|77 (¢1) — }-j(@)Hpj_l <d; |G — Gl ,

where a?j depends on n, m, 3, and polynomially on d, ..., dj_1, c1, ..., ¢j_1.
Then,

||‘I’j((1aC2)||/3j71_25j71 Sjj €1 — Gl ,

where dAj depends on n, m, 3, and polynomially on di, ..., dj_1, c1, ... ,¢j.

Hence, using equality (6.49), Lemma [6.3] and Remark [6.4 we have, for any
C1,C2 € Dy, ‘ 4

197G = 2 (@, s, < i 15— Gal
with X
dj = dj ry 2620 (L+7 205 %7),

where  is a constant, depending on n, m, T, csymp, B2, G- and polynomially on the
components of n,, (Ko, to) (see Remark[6.10). This proves that ®’ is continuous
on Dy.

As a consequence of Lemma 6.6 we have that if ’C ,5

then ®<7(;¢) € Emb(T} , Bo, C1)xE and moreover the following holds:

D (FGEG)) =0, i=0,j.

is sufficiently small,

This finishes the step j. . .
Iterating the above procedure, we obtain ®!((),..., ®"({) satisfying
and such that if @Sr(é;() is defined by (6.35) then for | —

D="((;¢) € Emb(T? , By, C*)x = and (6.41) holds.
We now prove (6.36). Let 5 € Dy be fixed. Assume that ‘C - 5‘ is sufficiently
small such that <I>§T(C~; ¢) € Emb(T} , Bo, C1)xZ. Then, by construction, <I>ST(§; )

¢ ‘ sufficiently small,
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is an approximate solution of with error F(¢; ®=<"((; ¢)). From Taylor Theo-
rem (see e.g. page 88 in [1]) and the construction of ®<7(¢, () we have

(6.50) F(GO(GO) = RGO (-,
where R’ (C; €) satisfies (6.37).

Moreover, since ®(¢) = (t(C), K) is non-degenerate with respect to (6.2) (see

¢
Definition [6.1), Lemma 6.6 implies that, if |¢ — (| is sufficiently small, ®="(; () is
is sufficiently small, Part a) of Theorem 6.2

also nondegenerate. Hence, if ‘C —C
yields a solution of (6.2),

B(¢) = (£¢), Ke) € ExBmb(TY, g5, By, C),
which is nondegenerate. Moreover from (6.50) and (6.37) we have
o= (G0 —0(0)|| <

pr—68

(6.51) .

<k 26T (L4297 HR;(E;C)HﬁT ’C —¢

where «, depends on n, 7, m, 1, Csymp, B2, Br and polynomially on the components
of n,, (to, Ko) (see Remark[6.10).
Definition (6.35) and estimates (6.38)), (6.46) and (6.51) imply

e -2, _, = [e0-20], _,
+e@ - e=r(G 0
+ chfr(f;() ~ (¢ 5r—66

< Ry 267 (1 + ,Y—Qpazr) ¢ — 5‘

57‘ —66

pr—66

T

+ch‘C—5‘j
=1

FrAy2ERT (1 i 772;)627') ’C 75

r

3

where we have also used (6.37).

Then, from Part b) of Theorem [6.2) we have: ®(¢) = (K(¢),t(¢)) = ®(¢), for
|¢ — o| sufficiently small. Estimate (6.36) follows from (6.51). This finishes the
proof of Lemma6.11. O

The differentiability of the function given in Lemma is a consequence of
Lemma [6.11] and the Converse Taylor Theorem (see e.g. [38] or page 88 in [1]).
This finishes the proof of Part ¢) of Theorem[6.2!



CHAPTER 7

A Transformed Tori Theorem

The main result of this chapter is Theorem [7.4. This is a KAM result on the
existence of parametric FLD. More concretely, given a Hamiltonian deformation
f:UxAg — A and s € N such that 0 < s < n, we introduce an s-dimensional
(modifying) parameter by embedding f into a family of Hamiltonian deformations
g :UxAxAy — Ain such a way that g(, ) = f, if and only if X\ = 0. Theorem 7.4
gives sufficient conditions for the existence of a parametric FLD K : Uy xD xT" —
A x Ay, with base sets D and A and parameter yu € Uy, in such a way that the
hypotheses of Theorem hold.

The parameter A is introduced to weaken the twist condition and it can be
viewed as a generalization of the Moser’s modifying term [51]. To deal with the non-
uniqueness of the parameterization of invariant tori and for technical convenience,
we also introduce an n-dimensional parameter o, that we call dummy. As we show
below, the dummy parameter is not relevant when working with invariant tori. For
a motivation and a detailed explanation of the role of the modifying and dummy
parameters, see Section |5.2]

Theorem [7.4 is formulated and proved in the analytic category. That is, the
symplectic deformations and the parameterizations of tori are assumed to be real-
analytic with respect to, respectively, the phase space variable and the angle vari-
able. The dependence on the parameters is assumed to be smooth. A smooth
version of Theorem [7.4]can be obtained from Theorem [7.4]and the Moser’s smooth-
ing technique [26, /49, 50,(74] but this is not done here because it involves several
technicalities.

Throughout this chapeter By and B are complex strips of Ay and A, respec-
tively, with By C B and the components of Q, Q= !, a, J, J=! and G are in A(B, C?),
with C'-norms on B bounded by a positive constant denoted by csymp.

7.1. Nondegeneracy condition

Since Theorem 7.4] involves a KAM procedure, a nondegeneracy condition is
need. The nondegeneracy condition imposed here is motivated in Section[5.2. Let
U CRF, A CR*and ¥ C R” be open, with 0 < s < n. Assume that f : UxAy — A
is a Hamiltonian deformation, h : AxA; — A is a modifying family and d : ¥x Ay —
A is a dummy family, such that f,(Ao) C A; and hy (A1) C A for all p € U and
all A € A. Definem =n+s+k, 2 =UxEXA CR™, t = (u,0,\) and f : ExA4y — A
be defined by

f(t,z) =(dyohyo fﬂ)(z) :

63
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Let K € Emb(T", Ap) and let L, and N, be given by and (3.3), respectively.
Let M" be the moment map of h, we use the following notation:

T, o) = N(@+w)T QK@ +w)) DAt K(®6)) N, (6),
B (0) = (DN K (0 +w) M (0+w)Jo)

Let R, be the one-bite solver operator (see Section[2.5). assume that R,T and

(w5 &
R.,B" are smooth. Define

(N K)
T(t,K) - <T(t K) >
.
PP = (DM (N K(0) (Nie(0) = L () RuT, 1) (0)7))
(2t,1K) = < ZM 9))(N ( (9 (t K) 9 )>a
P2~ (D" (), (9))>+<(R Bgﬂ;) B(’gvk) ©)
h, T h,x
~((RuBL, O) 7B ©))
h, T h
+((RUBLY O0) T,y () RUBL (0))
and
71 p T(Uﬁ P<1':,2K)
(71) &5 21 p22
(t,K) (t,K)

DEFINITION 7.1. The pair (A, K,) is h-nondegenerate with respect to f,, and
w, if the (n + s) x (n + s) matrix P, «,, is invertible, with t. = (44,0, Ay, ) and
defined in (7.1).

REMARK 7.2. In Definition[7.1]the dummy parameters are not involved because
dp is the identity. Moreover, it is always possible to introduce a modifying parameter
in such a way that any integrable system is nondegenerate in the sense of Definition

7.1l

REMARK 7.3. If s = 0, the only modifying deformation is the family with the
identity as its unique element. In such a case, a torus K, is nondegenerate with
respect to f,,, and w, in the sense of Definition if and only if K, is twist with
respect to f,, and w (see Definition[3.7). Moreover, if s > 0 the nondegeneracy con-
dition in Definition [7.1 is weaker than the standard twist condition (see Appendix

5.2).

Pexy

7.2. Statement of the Transformed Tori Theorem

The following result is the KAM part of our method to study bifurcations of
invariant tori.

THEOREM 7.4. Let w € D, (v,7), for some v > 0 and 7 > n. Let k,s € N
and r € R be such that 0 < s < n and r > 2. LetUCRk,ACRS and X C R"
be open, with 0 € A and 0 € . Assume that f : Ux Ay — A is a Hamiltonian
deformation, h : Ax Ay — A is a modifying family and d : ¥x Ay — A is a dummy
family, such that f,(Ao) C A1 and hy(A1) C Ag for all p € U and all X € A. Take
m=n+s+k, E=UxEXA CR™ and t = (u,0,\). Let f : ExAy — A be defined
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by £(t,2) = (dy o hy o fu)(2). Assume that, for any t € E, £y € Symp(Bo, B, C?)
and moreover fori=0,...,r

, Sup

Dé/\J)SM"(/\,z)’) < 00.
(X,z) € AxB

0B; = max sup ’Dét Z)f(t, 2)
(t,2) € ExBo ’
Let po > 0 be fized and such that ypg < 1. Assume that (Ao, Ko) € AEmb(Ty , By, C*)
is h-nondegenerate with respect to f,, and w, with 1o € U fized (see Definition|7.1).
Define
po = (M" (Xo, Ko(0))) ) -
Then there exists a positive constant k, depending on v, T, Csymp, P2 and polyno-
‘(GKO)_lH , and ‘(P )_1‘ such that if
PO

((10,0,X0),Kq)

mially on ||D9Ko||p0,

4 o4 —o  _om2
Ky (1772007 ) " (I © fug © Ko — Koo Ry, < co,

where

co = min (dist (Ko (']I‘ZO) ,880) , dist ((0,0, po), 0Z) , 1) ,
and 0 < 8y < po/44 is fized, then there exist Uy xD C UXR® an open neighborhood
of (10, po) and a C"-smooth function

K: UyxDxT* — AxA
(/u'apa 9) - (A(Mvp)7K(ﬂapa9))>

such that the following hold:

a) For any p € Uy, K, (p,0) = K(u,p,0) is a parametric FLD with base sets
D and A such that:

Px(up) © fuo Kup) = KqupyoRo = 0,
(K*(p,p,0) —0) = 0,
(M (M, p), K (1, p,0))) = p.

b) For any (u,p) € UyxD, K, py € Emb(T} 495, , Bo, C1) and

Ak p) = Mpo, po)| < K772 pg " | (1, 9) = (o, o)
[ K = Kol 225, < 8777057 (1+97%05"7) | (1) = (ko po)l
c) If (Mo, Ko) is (ha, © fu,)-invariant with frequency w, then
K(MOJDO) = (AOaKO)'

Moreover, K is locally unique in the sense that if there is
K': UxD'xT" — AxAy
(,U,p, 9) — ()‘l(u7p)aK/(,U/7pa 9))7

satisfying the same properties as K, then K'(u, p,0) = K(u,p,0) for all @ € T"™ and
(1, p) in a neighborhood of (po,po), contained in (U)xD") N (Uy x D).

Notice that, in Theorem [7.4, K depends on the modifying deformation h. For
notational simplicity this dependence is not included in the notation.

REMARK 7.5. If s = 0, Theorem|[7.4]is a KAM result under twist condition (see
Remark [7.3). In this case, the use of a dummy deformation gives a generalization
of the Translated Curve Theorem of [9} 19, 57] as follows.

Let g € Symp(By,B,C?), not necessarily exact. Assume that the following
hold.
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i) g(By) C B} C B, with By a complex strip of an annulus A} C A.
ii) There exists ¢ € Sympee2 (B)), B) such that C* = —C? (i.e. o g is exact
symplectic);
iii) Ko € Emb(T}, ,By,C") is an approximately (¢ o g)-invariant twist torus
with frequency w € D, (v, 7);
iv) disadummy deformation with base ¥ such that (d,opog) € Symp(By, B, C?)

for all o € ¥;
v) (de opog), Ko, po, 6o and w satisfy the hypotheses of Theorem|[7.4 (with
s=0).

Then, Theorem [7.4] guarantees the existence of K, € Emb('ﬂ"p’o_6 500 Bo, C 1) satisfy-
ing the following equations:

P(g(K.(0))) = K. (0 + w),

(KZ(0) —0)=0.
That is, g maps K.(T") into ¢~ !(K.(T")). In particular, if A = T" x U, with
U C R™ open and simply connected, is endowed with the standard symplectic form

wo and ¢ is a translation in the y-direction on the standard annulus, then K, (T™)
is a translated torus for g.

7.3. Proof of the Transformed Tori Theorem

Here we show that the Transformed Tori Theorem (Theorem [7.4) is a conse-
quence of general parametric result, Theorem [6.2. We apply Theorem 6.2 to the
following equation

(7.2) F(Gt,K)=0,
where ¢ = (u,q,p) E UXR"XR®, t = (u, 0, A) and

(73) Fices) = (M0 8.
with
1
(7.4) Z(t,K)= | (K*(0)-0)
(o0 (A K))

Without loss of generality, we assume that (K§(0) —0) = 0. Then, if t; =
(10,0, X0), and (o = (o,0,p0), (Co;to, Ko) is an approximate solution of (7.2).
Let us verify that ({o; to, Ko) satisfies the nondegeneracy condition in Theorem 6.2l

LEMMA 7.6. Let w € D, (v, 7), for some~y >0 and o > n. The pair (Ao, Ko) €
AxEmb(T7, By, C') is h-nondegenerate with respect to f,, and w (see Definition
[7.1) if and only if ((p0,0, Xo), Ko) is nondegenerate with respect to the functional
(7.3) (see Definitionl6.1).

PRrOOF. This follows substituting our case in Definition We just need to
observe that if Z is given by (7.4), then

Ik kan kas
DtZ(ta K)5 = Onxk Onxn Onxs 57
Osxk Os><n <D/\Mhy()‘7 K(Q)) >
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and
Ok><1

DiZ(t, K)[Ax] = (Ax®)
(Dear"(A, K(0)Ax )
In particular, using that M™" is 1-periodic in z we have:

kan kan
DrZ(t,K)[L,] = I, =\ I,
(Do (M/\;LOK» Osxn

Next, let M* be the local moment map of f and take
B (0) = (DAt (t, K (0 + w)) M, (0 +w)Jo) .

(6,5)
Write M* as follows (see Remark :
Mo (t,2) = M*(t,2) — DeCF(t) "
with M (t, z) 1-periodic on z. Then, since C*(t) = o, we have

<vay (9)T>:Dth(t)=(Onxk I, Onxs)

(. 5)
Hence, in our case, the matrix of Definition[6.1 takes the following form
On (T,.) @5 @iz Qu
On On Onxk -[n On><s
(7.5) Ok Okxn Iy Okxn Oixs
I, Q32 Q35 Q33 Qs
Osxn Qa2 Qus Quz Qua

Using equality (5.16) is easy to prove that if t = (uo,0, Ag), then
Qs =P Q=P , Qu=P? .

(t,K) 7

where the P(itj 1, are as in Definition[7.1. This finishes the proof of Lemmal7.6] [

It is clear that, under the assumptions of Theorem [7.4, the the hypotheses of
Theorem[6.2/hold. From Theorem[6.2] there exist a neighborhood of ¢y = (10,0, po),
Uy xDyxD C UxR™xR™, and a smooth function

C €UyxDy xD — (t(¢), K¢) € ExEmb(T),

0—

1
225073070 )7

such that K¢ is fy(¢)-invariant with frequency w. Moreover, from Lemma [3.1, the
function t(¢) is of the following form

6(¢) = (1,0, A, ¢, p))-
Finally, the local uniqueness part of Theorem yields, for ¢ sufficiently small,
Ka.p) = Kuo.p) © Res A, g, p) = A, 0, p).
Then, by fixing ¢, e.g. ¢ = 0, we obtain that the function
K(1,0,p,0) = (A1, 0, p), K (0 (0))

satisfies the properties in Theorem [7.4. The local uniqueness of K follows from
Part b) of Theorem [6.2!
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Singularity theory for KAM tori






CHAPTER 8

Bifurcation theory for KAM tori

Bifurcation theory for quasi-periodic motions is a complicated mathematical
problem that naturally arises in mathematical models depending on external pa-
rameters. An important step forward in this field has been developed in the —by
now classical— Parametric KAM Theory [10, 11,[51], which has been developed in
several contexts: dissipative, reversible, volume-preserving and Hamiltonian. This
theory provides results on quasi-periodic stability: persistence of Cantor sets of
quasi-periodic motions with Whitney regularity. Geometrically quasi-periodic mo-
tions are tori with internal dynamics an ergodic rotation. The most studied case
is the reducible one. Roughly, reducibility means that the normal dynamics —to
the invariant torus— is constant. Some contributions to the non-reducible case
are [12,13,/30, 31, (66].

To unfold quasi-periodic motions, one of the main strategies in classical Para-
metric KAM Theory is to apply the unfolding theory for linear applications [4] to
the linearized normal dynamics. However, in the Hamiltonian context this tech-
nique can bot be used to study bifurcations of maximal dimensional invariant tori
with fixed frequency. The reason is that, in this case, the normal frequencies are
equal to zero [48]. In this chapter we develop a method to study bifurcation of
invariant tori, with fixed frequency, using Singularity Theory. Our methodology
is based on the theory developed in parts I and [2 of this monograph and gives
a robust way to construct bifurcation diagrams of KAM tori. It generalizes the
BNF procedure used in [23] and the available persistence results obtained using
the classical Parametric KAM Theory.

8.1. Classification of KAM invariant tori

We classify invariant tori in terms of the potential as provided by Singularity
Theory. The main results of this section are Theorem[8.5 and Theorem [8.6. Theo-
rem [8.5]is a result of robustness of the proposed classification. Theorem 8.6 relates
the bifurcation set of the potential with the bifurcation set of invariant tori.

Throughout Section[8.1 we make the following assumptions.

i) w e R" is fixed and Ry, is ergodic;
ii) U4 C R¥ is open, f : Ux Ay — A is a Hamiltonian deformation, with
fu(Ag) C Ay for all peld;
ili) K, € Emb(T", Ag) is f,.-invariant with frequency w;
iv) s € N is fixed and such that dim ker TWWK*) < s < n, with Tw* =

)
<Tw* o >, the torsion of K, with respect to f,, and w;

v) A C R¥isopen, with 0 € A, and h : AxA; — A is a modifying deformation
with moment map M" and let p. = (M"(0, K..)).

We classify invariant tori that satisfy the properties in the following definition.
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DEFINITION 8.1. We say that K, is h-deformable, with respect to f and w, if
there exist an open neighborhood of (fus, p«), Uy xD C UXR?, and a locally unique
parametric FLD

K: UyxDxT" — AxAg
(,L"vpa 9) - (/\(H,p),K(M,Pﬁ)) )
with base sets D and A and parameter u € Uy, such that K(pu., p«) = (0, K,) and

Pxup) © fu© Kup) = Kup) oRo = 0,
(K*(p,p,0)) = 0,
(M" (A, p), K (1, p,0))) = p.
K is called p-parametric FLD of K, with respect to h, f and w.

REMARK 8.2. In Proposition[5.12 it is shown that it is always possible to define
the modifying deformation h in such a way that (0, K) is h-nondegenerate with
respect to f,,, and w. Hence, under the regularity conditions of Theorem 7.4, it is
always possible to define h in such a way that K, is h-deformable with respect to
f and w.

Using Lemma [5.9] it is easy to verify that if K, is h-deformable with respect
to f and w, then the p-parametric FLD of K, with respect to h, f and w, satisfies
the hypotheses of Theorem [4.11. To emphasize the dependence on h and since K
is locally unique, the parametric potential of K, given in , will be denoted by
VmiE« - Let S" and S’ be the primitive functions of h and f, respectively. It is
clear that

(81) VM (,p) = =p A1) = (S © S © Kuw ) = (S0 Ki) -

The functions V"7 %+ and V5%« (u,, -) will be called, respectively, the u-parametric
potential K. with respect to h, f and w and the potential of K, with respect to h,
fu. and w.

DEFINITION 8.3. We say that K, is of class T, with respect to h, f,, and w, if
the germ of V5= (p, +) at p, is of class T, under R*-equivalence (see Definition

B.5).

The classification of K, given in Definition [8.3 is invariant under canonical
change of variables in the following sense.

PROPOSITION 8.4. Canonical changes of wvariables on both f and h do not
change the parametric potential (8.1). That is, if o : A" — A is an exact symplec-
tomorphism; and h', f' and K' are given by

M(z) = ¢ Tohyoop(z),
fi(z) = ¢ o fuop(z),
K.(0) = ¢ '(K.(0)).

Then, the following equality holds:
Vh',f’,Ki = VS E

ProOF. This follows from Proposition [4.6. O

Summarizing, to classify of K, we perform the following steps:
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Step 1. Fix s € N such that dim ker T(f“* 1,y <8 < n. Choose a modifying family
h:AxA; — Ain such a way that K, is h-deformable with respect to f
and w;

Step 2 Apply Theorem to find the FLD of K, with respect to h, f and w;

Step 3 Use Singularity Theory and Theorem [4.11]to classify the critical point p,
of Vl#x,

In the following result we give sufficient conditions that guarantee the persis-
tence of an f,, -invariant torus, with fixed frequency w, in such a way that the
persistent torus is of the same class of the unperturbed one.

THEOREM 8.5. Let r > 2, w € D, (v,7) and let E C R? be a neighborhood of
zero and U C RF be open. Let f :Ux Ay — A g: ExUxAy — A Hamiltonian
deformations, such that g, = fu. Let h : Ax Ay — A and d : ¥ x Ay — A be,
a modifying and a dummy deformation, respectively, with A C R® and ¥ C R™.
Assume that for all (g, p,0,\) € EXUXL XA

dy o hyo Jep) € Symp(BO, B, CT)

Let po > 0 be fized and such that vp < 1 and p. € U. Assume that:

i) K. € Emb(T}, Bo, C1) is an f,, -invariant torus with frequency w;

ii) (0, K.) is h-nondegenerate with respect to f,, and w;

ii) K. is of class T with respect to h, f,, and w;
iii) the p-parametric potential of K, with respect to h, f and w, V"% (u,p),

is a versal unfolding of V™"« (pu,,-) at the singularity p, = (M"(0, K.(0))) .

Then, for any fized ¢ € E, with |e| sufficiently small, there exist (uz,p.), close to
(144, D5 ), and K, € Emb(TZ/Q,BO,C’l) such that:

a) K. is a g(.,,.)-invariant torus, with frequency w, of class T with respect
toh, geuy and w;

b) let g- : Ux Ay — A be the Hamiltonian deformation given by g-(u,z) =
g(e, p, z), then the potential V9<%« (u, p) is a versal unfolding of V" 9=-%<(u., p)
at the singularity pe.

Proor. This is a consequence of Theorem and Mather’s Theorem on the
stability of versal unfoldings (see Theorem B.20). O

8.2. Local equivalence of Bifurcations diagrams

Assume that K, € Emb(T", Ap) is h-deformable, with respect to f and w, and
let K= (\K): UyxDxT" — Ax Ag be its p-parametric FLD, with respect to h,
f and w. Because of Theorem[4.11, the bifurcation of the critical points of the u-
parametric potential V7%« (1, -) (given in (8.1)) determine the bifurcations of f,-
invariant tori, with frequency w, in the set

{K(up) : (1,p) € UpxD}.

Moreover, under the hypotheses of Part d) of Theorem [4.11, degenerate critical
points of the potential correspond to tori with degenerate torsion in the family
{K(up) : (1,p) € Uy xD}. Hence, under the hypotheses of Part d) of Theorem
[4.11} the bifurcation set obtained by using the potential is ‘locally equivalent’ to
that using the torsion. In particular, the bifurcation set is locally independent of
h, although potential in depends on h.
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Since tori with nondegenerate torsion (twist tori) persist under small pertur-
bations, bifurcations of invariant tori, with fixed frequency, can occur only when

the torsion is degenerate. Let us introduce some definitions. Let T( ) De asin
Definition

i) The bifurcation diagram of f and w is
Diag (w) = {(1, K) € UxLag(T", Aq) : f, 0 K = K o R, (K*(8) — 0) = 0};
ii) The catastrophe set of f and w is
Catf(w) = {(M,K) € Diag;(w) : det T(MK) = O} ,
which is stratified into the sets
Catéc(w) = {(,u,K) € Diagg(w) : dimkerT(fu)K) = z} )
with 1 <17 <mn;
iii) The bifurcation set of f and w is
Bif f(w) = {u € U : 3K such that (u, K) € Catys(w)} .
which is stratified into the sets
Bifjc(w) = {p €U : 3K such that (u, K) € Cat(w)},
with 1 <17 < n.

An immediate consequence of Theorem [4.11 is the following result on th local
equivalence of Bifurcation diagrams.

THEOREM 8.6. Let U C R* be open and let f : U x Ay — A be a Hamiltonian
deformation, such that f,,(Ao) C Ax, for all p € U. Let K, € Emb(T", Ay) be f,,-
invariant with frequency w € Dy (v, 7). Fix s € N such that dim ker TW* Ky =85S
n. Let A C R® be open and let h : Ax A, — A be a modifying deformation with
moment map M". Assume that K, is h-deformable with respect to f and w. Let
K :UyxDxT" — Ax Ay be the p-parametric FLD of K., with respect to h, f and
w, and let V7%= (u, p) be given by (8.1). Define

i) the bifurcation diagram of V"% (u, p) by
Diagyn.r.x. (w) = {(1,p) € UpxD : V"7 (u, p) = 0} ;
ii) the catastrophe set of V™= (u, p) by
Catyn.sx. (w) = {(p,p) € Diagyn s.x. (w) : det Hess, V™ (pu, p) = 0} ,
which is stratified into the sets
Catin i, (W) = {(1t,p) € Catyn s i, (w) : dimker Hess, V"7 (u, p) =i} ;
iii) the bifurcation set of V"%« (u,p) by
Bifynsx. (W) = {u € Uy : Ip € D such that (1, p) € Catyn, s, (w)} .
which is stratified into the sets
Bif%/h,f,K* (w) = {,u € Uy : Ip € D such that (u,p) € Cat’i/h,f,K* (W)} .

Then for (u,p) sufficiently close to (fis, ps«), we have that (u,p) € Diagyn .k, (w), if
and only if (p, K, p)) € Diag;(w). Moreover, if (u, p) € Diagyn.s.x. (w) is such that
the matrices W (p,p) (given in (4.20)) and D,C(u,p) (with C(u,p) the averaged
action of K, ) are invertible, then the following holds:
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a) (u,p) € Catln s x. (w) if and only if (p, K(,.p)) € Catﬁc(w).

b) 1€ Bl ;. (w) if and only if p € By (w).
In particular, Diagyn.s.x. (W), Catyn, .k, (W), Bifynrx. (W), Catirn . (W) and Bifyh, sk, (W)
is locally independent of h.






CHAPTER 9

The close-to-integrable case

Here we apply the results in Chapter [8 to symplectomorphisms that are writ-
ten as a perturbation of an integrable one and in angle-action coordinates. The
construction of the potential in the integrable case is presented in Section [9.1. Al-
though this is straightforward, it provides insight on the role of the parameters.
In Section [9.2] we discuss the persistence of invariant tori under classical nonde-
generacy conditions, including the Kolmogorov condition and applications to small
twist theorems. Section[9.3 contains the study of the non-twist case. Finally, in
Section[9.4 we discuss the singularities of the Birkhoff Normal Form (BNF) around
an invariant torus. We show that it is possible to define a modifying family in
such a way that the singularities of the potential of the torus with respect to such
modifying family is close to the BNF.

Throughout this section A™ is assumed to be endowed with the standard sym-
plectic structure wy = dy A dz and U C R" is assumed to be open and simply
connected.

9.1. The integrable case
Let w € R™ be fixed, and let fy : T"xU — A™ be the integrable symplectomor-
phism:

(0.1) fole,y) = (

The function @ : U — R", given by
(9.2) W(y) = w+ VyAo(y),

is known as the frequency map of fy. Define the Hamiltonian deformation h :
R™ x A™ — A"

9.3) h(\ 2, y) = (x + A) .

Y

r4+w+ Von(y))
; .

It is easy to verify that h is a modifying deformation with base R™ and with moment
map M"(x,y) = y. Define

(9.4) g = hxofo,
(9.5) M) = —V,yAu(p),
(9.6) Z(p.0) — (ﬁ) .

It is clear that the function Kg : UXT" — R" x (T™ xU), defined by
KO(pa 0) = ()\O(p)’ Z(pa 0))7

T
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is a g-invariant FLD with base sets U and R™ and frequency w (see Definition [4.1).
A direct computation shows that the potential of Ky with respect to g and w is
given by:

(9.7) Voo (p) = Ao(p) -

Clearly, A\o(p) = —V,V %0 (p). Hence, Z,, is fo-invariant with frequency w if and
only if p, is a critical point of V9¥o = A.

REMARK 9.1. T(0,p) = D, &(p) is the torsion of Z,, and satisfies

T (0,p) = Hess, Vo5 (p).

Hence, Z,, is a non-twist fo-invariant tori with frequency w if and only if p, is a
degenerate critical point of V%o = Ay,

REMARK 9.2. Let h be the modifying deformation given in (9.3) and let Z,
given in (9.6). Then, the moment map of h satisfies:

DZM}L(Z(pa 9)) sz(e) = In>
DZMh(Z(p7 0)) sz(e) = On )

where L, (0) = (é") and N, (0) = (?n>

9.2. Persistence of invariant tori

Let E C R* be an open neighborhood of 0. Let f : E xT?"x U — A™ be a
Hamiltonian deformation with base E. For ¢ € E, let f. : T" xU — A" be given
by f-(z) = f(e,z). Assume that for ¢ = 0 the function f. is given by (9.1) and
that w = &(po) € Dy (7, 7), for some py € U. Without loss of generality, we assume
that pg = 0 € U. In what follows, we show that Theorem [8.5/ reduces the existence
of f.-invariant tori, with frequency w, to the problem of finding critical points of a
scalar function.

LEMMA 9.3. Let h be given by (9.3). Then, for any € € E and any p € U, the
pair (Mo (p), Zyp), giwven in (9.5)-(9.6), is h-nondegenerate with respect to f. and w

(see Definition[7.1).

PROOF. Let € € E be fixed, from Remark[9.2 one obtains that, in the present
case, the matrix in (7.1) takes the following form (see Remark [7.2):

T (0, I,
08) ( (] p) 0) |

where T (g,p) = (D, f*(e, Z(p,0))) is the torsion of Z, with respect to f. and w.
This particular form is due to the way the modifying deformation h was defined
and to the fact that the symplectic form is the standard one. O

REMARK 9.4. Lemma[9.3/holds in the case that Z,, is non-twist and in the case
that € is not ‘sufficiently small’.

The following result reduces the problem of the persistence of Z; to the problem
of finding critical points of the e-parametric potential of Z.
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THEOREM 9.5. Let r > 2 and let E C R*' be an open neighborhood of 0. Let
[ EX(T™XU) — A™ be a Hamiltonian deformation. Fore € E, let f. : T"xU — A"
be given by f-(z) = f(g,2). Assume that there are complex strips of T™ xU and
A™, By and B such that f. € Symp(By, B,C"), for alle € E. Also assume that for
e = 0 the function f. is given by (9.1) and that w = ©(0) € Dy (v, 7).

Then the torus Zy is h-deformable with respect to f and w. That is, there exist
an open neighborhood of (0,0), EgxD C ExU, and a locally unique parametric
FLD with base sets D and A and parameter € € Ey:

K: EyxDxT" — R"x(T"xU)
(57]77 9) — K(€7p7 9) = ()\(€,p),K(E,p, 9)))

such that:
haepy o feo Kiep) = KepyoRu = 0,
(K*(e,p,0) —0) = 0,
(KY(e,p,0)) = p
Take
L(e,p,0) = DyK(e,p,0),
N(ep,0) = JoDoK(e,p,0)(L(e,p,0)" L(e,p,0)) ",
T(e,p,0) = N(g,p,0+w) QD (hyep) o fo)(K(e,p,0))N(e,p.0),
T(e,p) = (T(e,p,9)),
Clp’ = : KY(e,p,0) ' DgK* (e, p,0)do),

Wi(e,p) = (my (N(e,p,0)— L(e,p,0)R,T (e, p, 9)))T .
Then:
a) K(O7pv 0) = (/\O(p)vz(p7 0))7 fOT a”p S D; with ()\0(}7),2(])7 0)) in @_
(9.6), respectively.

b) Let S’ be the primitive function of f, then the e-parametric potential of
Zy, with respect to h, f and w, V™57 . EyxD — R, is given by

(9.9) V% (e, p) = —p e, p) — (SL(K (e, p.6))) -
c) The following equalities hold:
Aep) = =V,V"'7% (e, p),
T(e,p)DpCle,p) = Wi(e,p) Hess, V"% (e,p).
Moreover,
VR = Alp),
D,C(0,p) = I,
wW(0,p) = I,.

Proor. This is a consequence of Theorem [4.11, Theorem [7.4] Lemma [9.3 and
the fact that the symplectic form is the standard one.
Indeed, let h be given by (9.3) and let d : R" xA™ — A" be given by

(9.10) d(o,z,y) = <y j”_ 0) .
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It is easy to verify that d is a dummy deformation with base R", whose local moment
map is M4(z,y) = x. Let = C ExXR™xR"™ be open. Let f: Ex(T"xU) — A" be
defined by

(9.11) f(t,2) = (dy 0 hy o fo)(2).
Apply Theorem [7.4 to f, with u = ¢ and initial data pg = 0, Ag(0) = 0 and Zp, to
obtain K. Then apply Theorem [4.11] O

REMARK 9.6. As a consequence of Theorem we have that f.-invariant tori
with frequency w correspond to critical points of the function V"+#-%0 (e, p):

(9.12) VpVhiZo(e,p) =0.

REMARK 9.7. Because of Lemma [9.3] for any p € U, (A(p), Z,) is h-nonde-
generate with respect to f and w. Then, under the regularity assumptions on f
in Theorem [9.5, it is possible to show that, for each p, € U, the torus Z,, is h-
deformable with respect to f and w (see Definition [8.1). More concretely, for each
P« € U, there exist an e-parametric FLD of K,,, with respect to h, f and w, defined
in an an open neighborhood of (0, p,), EP*xDP+ C ExU. Hence, for D’ C U open,
there is a open set £’ C E and a locally unique smooth function

K': E'xD'xT" — R"x(T"xU)
(5,]770) — K;<pa9) = ()‘/(Eap)aK/(Eap79))a
for any € € F’ fixed, K.(p) = K'(e,p) is a FLD with base sets D’ and R” satisfying:

h)\/(a,p) o fa o Ké&,p) — KEif,p) o RUJ = 0,
<7T$K/(€ap79) - 0> = Oa
(myK'(e,p,0)) = p.

9.2.1. Persistence under nondegeneracy conditions. The function A :
EyxD — R™ in Theorem [9.5 can be thought of in two ways: 4) in a parametric
version, i.e. the function A; : D — R™, given by A\.(2) = A(e, 2), is considered as a
family of functions, indexed by the parameter ¢ € E and i) in a perturbative way,
i.e. the function A. is viewed as a perturbation of \y(p) = w — @(p).

In the perturbative setting, if equation (9.12) has a solution for ¢ = 0, then, the
existence of solutions for € # 0 is guaranteed by sufficient conditions which allow to
apply a finite dimensional version of the Implicit Function Theorem. For example, if
D, A0(0) has full rank, the standard Implicit Function Theorem implies the existence
of a solution p(e), which depends differentiability on £ and p(0) = 0. This sufficient
condition is equivalent to require py = 0 to be a nondegenerate critical point of the
potential V"/#0(0, p) = Ag(p). This is the classical Kolmogorov’s condition for the
KAM Theorem [37].

There are more cases when it is possible to find solutions of (9.12). For example,
it is sufficient that the image of a small neighborhood of 0 under the function Ao(p)
contains an open set around zero. This is true, in particular if T(f)\o(p), the Taylor
expansion of A\o(p) around py = 0, is such that T¢(B,(0)) contains a ball around 0
of radius Cp*, with B,(0) the open ball with center 0 and radius p. This algebraic
condition on the jets of Ay is very close to necessary [56, [61]. In terms of the
potential V¥ (g, p), to have solutions of (9.12) it is sufficient, for example, that
0 is an isolated maximum (or minimum) of V"#%0(0,p). In this case, V"7 %0 (g, p)
will have also critical points (although not necessarily unique). This condition can
also be checked from the jet TEV™ 7?0 (g, p).
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9.2.2. Perturbation theory and small twist theorems. To determine so-
lutions of (9.12), in the perturbative setting, we have used only the information on
the unperturbed problem, i.e. on the frequency map w(y) = w + V,Ao(y). How-
ever, in several applications it is indispensable to use also the information on the
low-order perturbative terms to conclude that (9.12) can be solved. Two impor-
tant examples of degenerate frequency maps are the Kepler problem in Celestial
Mechanics and the harmonic oscillators in [52].

These are examples of the so called ‘small twist theorems’ in which the twist
condition vanishes in the unperturbed system but is generated by the perturbation.
Motivated by celestial mechanic, small twist theorems were already considered in [3),
147].

To obtain solutions of (9.12) we consider T(%fO)A(E, p), the Taylor expansion of
A(e,p) in (e, p) around (0, 0) to order s in € and to order £ in p. A sufficient condition
that guarantees the existence of solutions of (9.12), for ¢ sufficiently small, is that

the image of a small ball around py = 0 under T(S'O’fo))\(a, p) contains a ball of radius
Cn®p® around 0. The jets in (e, p) of A(e, p) are just the coefficients of the Lindstedt
expansions in (g,p), of A.

As an application, let us consider the perturbation of an isochronous integrable
system, which has a constant Diophantine frequency vector @w(p) = w. This is a
highly degenerate case, indeed &(p) = w does not satisfy the Riissmann nondegen-
eracy condition. The following result provides sufficient conditions for persistence
of invariant tori with frequency w.

THEOREM 9.8. Let w € Dy(v,7). Let r > 2 and let E C R* be an open
neighborhood of 0. Let f : ExXT"xU — A™ be a Hamiltonian deformation of the
form

(9.13) fea) = (71°) +ertwa)

The primitive function of f can be written as SI = eSI''. Assume that there are
complex strips of T"xU and A™, By and B, such that f. € Symp(Bg, B,C"), for all
e € E, with v > 2. Define

(9.14) Vi (p) = —p" (mafo(0,p)) — (557 (0,p)) -

Then, if po is a nondegenerate critical point of V*5(p) and ¢ is sufficiently small,
then there is an f--invariant torus with frequency w.

PROOF. Let (e, p), K(c ) and V7?0 be as in Theorem[9.5. Notice that, since
A0,p) = 0, we can write A(e,p) = e\l(p). A direct computation yields the first
order coefficient of the Lindstedt series in € of A(e, p):

(9.15) No(p) = (mafs (6,p)) -
From (9.9), (9.14) and (9.15), it is clear that V%0 (e, p) can be written as follows
ViiZo(g p) = VI %o (g p).

Moreover V"/120(0,p) = V"™7*(p). Hence, for sufficiently small ¢ > 0, K. ;) is
fe-invariant if and only if Al(p) = —V,V" 1% (g,p) = 0. The existence of such
solutions is guaranteed by applying a perturbative argument to V"/*(p). (I
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REMARK 9.9. For f. given by , the tori K(. ;) in the proof of Theorem
can be written as follows:

Ko p)(0) = Z,(0) + eK(ls,p) OF

Moreover, the first order coefficient of the Lindstedt series in € of K. ;) is

K(lo,p)(e) = _wa01(97p)a
where R, is as in Lemma,

9.3. Unfolding non-twist tori

Let fo : T"xU — A™ be the integrable system in . Let (Ao(p), Z(p,0))
be given by (9.5)-(9.6). A natural classification of fy-invariant tori, with frequency
w, is the classification of the corresponding critical points of Ag(p) as provided by
Singularity Theory (see Remark[9.1). In particular, twist (non-twist) fo-invariant
tori correspond to non-degenerate (degenerate) critical points of Ag(p). As a con-
sequence of Theorem [8.5, this classification persists under perturbations.

Assume that w = @(0) € D, (v, 7) and that Zj is non-twist fo-invariant, with
frequency w. Also assume that Ag(p) has a finitely determined singularity of class
T at po = 0 of co-dimension less than or equal to k. Let A(u,p) be a versal
unfolding of the singularity of Ay at pg = 0, with unfolding parameter p in an
open set u € U C RF. We consider a perturbation of the integrable system with
p-parametric frequency map @(u,y) = w + V,A(u,y) as follows. Let E C R¥! be
an open neighborhood of 0 and let g : ExU x (T"xU) — A™ be a Hamiltonian
deformation with base E' xU such that for all 4 € U and z € T" xU the following

holds:
x4+ w+ V,Au,
(0., 2) = (FF T TrAw)
From the discussion in Section[9.1, it is clear that if

Ao(p,p) = =V A, p),
then, for any u € U, the function K ,) : UXT" — R" x(T" xU) given by

K(O,,u) (p7 9) = ()‘O(H’vp)? Z(p7 9))7
is a FLD such that

Pxo(up) © 9o.m) © Zp = Zp © Re.
Moreover, the corresponding potential is given by A, (p) = A(u, p).

Apply Theorem [8.5 to the Hamiltonian deformation g with h and d given
in and (9.10), respectively. Then, for any |eg| sufficiently small and fixed,
there exists (fic,, pe,), close to (0,po) = (0,0), and Kj,_ , a 9(c0,pe,)"InVariant torus
with frequency w, which is of class Y. Moreover, the potential V)!(e, i, p) satisfies
V2 (0, pu, p) = A(p, p) and V) (eo, p1, p) is a versal unfolding of V}/ (o, fiey, ) at pe,-

9.4. The Birkhoff potential and the potential of an invariant torus

In some papers [20}, 22, (23], the twist condition has been related to the singu-
larities of the BNF around the invariant torus.

The goal of this section is to show that, if the modifying family A is chosen in
a suitable way, then the potential of the BNF around an invariant torus and the
potential of the torus, with respect to a suitable modifying deformation, are close.
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From the theoretical point of view, given a Hamiltonian system with an invari-
ant torus, the BNF procedure provides local coordinates on which the system is
locally close-to-integrable in a neighborhood of the torus, see §9 in [40]. Hence the
results for integrable systems apply to the integrable part of the BNF. The transfor-
mations into BNF require solving repeatedly cohomological equations which leads
to the loss of the analyticity domain in the analytic case and to the loss of regularity
in the smooth case. We quote without proof an analytic version of the BNF result.

THEOREM 9.10. Let A be an annulus, endowed with the symplectic form w =
da. Let Ay C A be an annulus, and let By C B be complex strips of Ay and A,
respectively. Let f € Symp(Bo, B,C°) and w € D, (v, 7), for some~y > 0 and 7 > n.
Let po > 0 be fized and such that vpy < 1. Assume that K. € Emb(Tp , By, C') is
an f-invariant torus, with frequency w. Then, for any m € N, there exists a tubular
neighborhood A, C K.(T"), and ¢"™ € Symp(B,,, T¢ x C"), with B,, a complex
strip of Ay, satisfying the following properties:

a) (¢™)'wo = w;
0
b) on(i.0) = ()
c) There is v > 0 and real-analytic functions ©@™ : U, — C" and R,, :
T7, joxUr = TgxC", with Uy ={I € C" : |I| <r}, such that

. . 0+ om(I
emototemie.n = ("T ) 1 rao.n)
with
sup DRy (0,1)| < Kmi |7t i=0,...,m
0eTn o IEU,

Furthermore, the following hold:

d) o™(0) =w.
e) There is a unique real-analytic function A™ : U, — C, such that A™(0) =
0 and

O"™(I) =w+ VIA™(I).
f) @™ depends only on D;'f‘K*(Tn), ji<m.

REMARK 9.11. The function A™ in Part b) of Theorem [9.10] is called the
Birkhoff potential of order m for K, with respect to f and w. Notice that ©@™(0) = w
implies |A™(I)| = O(/I]).

LEMMA 9.12. Ay C A, By C B, w € Dy(y,7) and pg > 0 be as in Theorem
19.10. Assume that f € Symp(By,B,C°) and that K, € Emb(TZO,BO,C’l) s f-
invariant with frequency w. Let 1 < m € N be fixed and let A,, C A and o™ €
Symp (A, Tg xC") be as in Theorem[9.10. Let L, , N, and T, be given by

(f, Kx)

(3:2), (3-3) and (3.7), respectively. Then, detm, (D.¢™(K.(0))N, ) #0.

PROOF. The first BNF step is just the computation of Weinstein coordinates
(see §9 in [40]). Then, @' satisfies

D (K. )N 0) = (7).

Further steps of BNF will produce ¢™ close to ¢!. (]
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The following result shows that there is a modifying deformation A such that
the potential of the torus K, with respect to h, f and w is close to the potential of
the BNF around K,.

THEOREM 9.13. Let A be an annulus, endowed with the compatible triple (w =
da, J,g). Let Ag C A be an annulus, and let By C B be complex strips of Ao and
A, respectively. Let f € Symp(Boy,B,C"), with r > 2. Let w € Dy, (v,7) and pg > 0
be as in Theorem[9.10. Assume that K, € Emb(TZO,BO,C’l) is f-invariant with
frequency w. Let 1 < m € N be fizred and let A,,, ¢ € Symp(A,, T¢ xC") and
A™ be as in Theorem[9.10. Then, there are D, A C R™ open neighborhoods of zero,
an annulus A1 C A and h : Ax A1 — A, a modifying deformation with base A,
such that K, is h-deformable with respect f and w. Moreover, the potential of K,
with respect to h, f and w, V"5« : D — R, satisfies the following estimate:

(9-16) Vr5e (p) = A™(p))] < i [p| ™
for some constant k > 0.

PROOF. Let h: R"xA"™ — A" be given by
h(,0,1) = (9}”) .

The moment map of h is M"(0,I) = I. Let 0 € A € R™ be open, let K,(T") C
A; C A, be an annulus such that the composition
h(A,2) = (™) (AN 9™ (2))
is defined for (A, z) € Ax.A;. Let 0 € ¥ C R™ be open and let K, (T™) C A{, and
Az C A be annuli such that f(Aj) C A; and hy(A;) C Ap for all A € A. Let
d: Y xAs — A be a dummy deformation. Define f : ¥ x Ax A — A by
f(o, A, 2) = ds(ha(f(2)))-

Let M" be the moment map of h. Assume that B, and B; are sufficiently small
complex strips of A and Aj, respectively, in such a way that the following holds,
fori =0,...,7:

max sup
(t,z) € ExB),

Next, from Lemma the moment map of h is given by M" = M" o ™. This
implies

D, . f(t, 2)

, Sup |D;Mh(z)’> < 00.
z €8,

(M"(K.(9))) = O,
(DM"(K.(0))DoK(0)) = On,
(D" (KL (0)Ne, (0)) = my (D™ (K.(0)) Ny, (0)) -
where N, is given by (3.3). Then, the matrix in (7.1) takes the following form:
(s, (6)) m, (D2 (K. ()N, (0))"

Ty <D2¢m(K*(9))NK* (6)> On><n

From which and Lemma[9.12] we have that (0, K) is h-nondegenerate with respect
to f and w (see Definition [7.1). Hence, Theorem [7.4, applied to f, w, K, and h,
implies the existence of an open neighborhood of zero, D C R", and a FLD with
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base sets D and A (possibly smaller), K = (A\,K) : DxT" — A x Ap, such that
K(0,0) = (0, K.(9)) and

hapyofoKy, = KpoRw,
<K$(9) -60) = 0,
(M" (K (p,0))) p.

A direct computation shows that, in the present case, the potential of K, with
respect to h, f and w is

VIR (p) = —pTA(p) — (ST 0 K, ) — (5" 0 (™) 1o Ky )

(9.17) o .

(S o (") o by 0 Ky )
Define

g = ¢mofol(p™

[%p = ¢"oK,.
Then, the following holds:
(9.18) fAL/\(p) ogof(p = Kpon,
(9.19) (o' (R,(0))) = ».

From Proposition we have that the potential of Ko(#) = Zo(0) = <g) with

respect to iL, g and w satisfies
(920) Vi’ﬂgvko (p) — Vh,,f,K* (p)7
Next, define

Ful6,1) = (9+W+y1Am(1)> .

Then, Z,(0) = <z> and A (p) = =V, A™(p) satisfy:

(9.21) hamp) © fmoZy, = ZyoRu,
(9.22) (Z30)-0) = o0,
(9.23) (M"(Z,(9))) = »p.

Then, from equalities and (9.21), Theorem and Theorem we have,
for |p| sufficiently small:

= O(p™),

‘f(p - Zp

po/2

[Alp) = A™(p)| O(lp|™™).

This implies
(9:2) (Vi ko (p) =A™ ()] < s Jpl ™
Estimate follows from equality and estimate (9.24). 0






APPENDIX A

Hamiltonian vector fields

The results in this paper so far deal with the case of symplectomorphisms. A
similar theory can be developed for Hamiltonian vector fields. In this appendix, we
state and prove the main geometric and analytic properties that are required for
this development.

Throughout this appendix, we use the definitions introduced in Section [2.2.4]
We also assume that Ay C A and A C A’ are annuli in A", endowed with the
compatible triples (w = da,J,g) and (' = da/,J’,g’), respectively. Let (2 =
Da'" —Da, J,G) and (' = Da'T —Dd’,J’,G’) be the corresponding representation,
corresponding to the triples.

A.1. One-bite small divisor equations

Let w € R™, define the linear differential operator

- 0
(A1) L;:_Zwii.
i=1 90;

The analytic core of KAM theory for Hamiltonian vector fields is the following
linear equation:

(A.2) LLiu=v —(v),

where v is given and the unknown is u. A sufficient condition on w that guarantees
the solvability of is the following Diophantine condition:

(A.3) |k w| >~ k[T, V ke N\ {0},
where v > 0 and 7 > n — 1, are constants. Denote by D’,,(v,7) the set of w that
satisfy (A.3) for some v > 0 and 7 > n — 1.

LEMMA A.l. Let w € D', (v, 7), for some~y >0 and 7 >n—1. Let £ € R be
not an integer be such that ¢ — 1 > 0 is not an integer. Then, for any C*-function
v: T — R, there exists a unique C*~7-function, u : T" — R with zero-average
satisfying equation (A.2). We denote such a solution by u =R, v.

LEMMA A.2 (Riissmann estimates). There exists a positive constant cr, de-
pending only on n and T, such that for any v € A(TZ,C’O), with p > 0, there
exists a unique zero-average solution u, denoted by u = R v, of equation (A.2).
Moreover, u € A(T;Lé, C) for any 0 < § < p, and

lull,—s < cr v 107 Jvll,,-

From LemmalA.1, it is clear that:

(A.4) RLOLLuw = u—{(u),
(A.5) LLR,v = v—(v).

87
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Moreover, the following equality holds:
(A.6) (RLu)v +u (R v)) =0.

The above definitions for £/, and R/, extend component-wise to vector and matrix-
valued functions. These extensions also satisfy Lemma [A.2| and equalities (A.4),

(A.5) and (A.6).

A.2. Automatic reducibility of invariant tori
The following result is the vector field version of Lemma/3.1.

LEMMA A.3. Letw € R™ be rationally independent. Let X7(z) = Q)" 'V f(2)

be a local Hamiltonian vector field with local Hamiltonian function f : Ay — R.
Assume that K € Emb(T", Ag) is invariant for the Hamiltonian flow with internal
dynamics given by the vector field 0 = w:

(A.7) xfoK+£in:0,

Then:
a) f is a (global) Hamiltonian: f = f is 1-periodic in x.
b) K(T™) is Lagrangian.
c) Let L,.,N, : T" — R*™" be given by

L, (0) = DgK(0),
N, (0) = J(E(0)) DeK(0) G, (0)~",
where G, is given in (2.11), and let M, : T™ — R?™?" be given by
(A.8) M, (0) = (L () N, (0)).
Then, the vector bundle morphism induced by M, :
M, : T'"xR?>™ — TxA
0.6) — (K(0), M, (0)¢)
is an isomorphism such that M’ w = wq. In particular,
(A.9) M, (0)' = —Q¢ M, (0)" QK(0)).

d) Transformation by M ,. reduces the linearized dynamics to a block-trian-
gular matriz:

(A20) M (0) (Daxp(K(0)M,.(0) + LL,M(0)) = (gz T(fg;(9)>
where
(A1) T, (0) = Ne(@) UK D) (DXHK @), (0) + LLN,.(0))

with N,. defined in (3.3)).

PROOF. Denote by €2;;(z) the (ij)-component of (z). Given a vector v € R?,
v; represent the i-component of v. First, we establish some equalities used in the
proof. Equality (A.7) is equivalent to

(A.12) — QUK (0)) £LK(0) = V. F(K(0)).
Using the fact that w is a closed form, one easily shows

897‘5 8Qst 8Qt7’ o
(A-13) 0z + 0z + 0z =0
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Using equation (A.12) one shows:

(%0) g (v7ucon) =

(A1) =20 D0 G0 ) G 0) LK)

r=1t,s=1

- Y o) e (55 ®)

t,s=1

Moreover, it is clear that
oK \' 0 . oK N\ 9 ~
w15 (5®) 5 (FE) = (55.0) 5 (TFn)
Next, from Q(2)X;(2) = V.
an ) _ 2n [mjs - . 8st
s=1

8zi8,zj i

f(z) we obtain:

(A.16)

First we prove Part rm b). Using equalities (A.13) ,(A.14), (A.I5) and anti-
symmetry of 2, one shows that the components of the matrix Qg () = Do K (6) T Q(K (6))Dy K (6)
satisfy

(~£L, Q% (6), = L. <(Z§ ®) o) (%(9)))

"3 (09 0K, 0K, 0K,
- > [ Grtwen i o e et

6)

m=1r,s,t=1

6Qst 8Kr aKt 8KS

8Qst aKr aKs 8Kt

=0.

This implies £, Qg () = 0. Moreover, since the linear flow of § = w is ergodic, we
have Qx (0) = (Qx(0)). In the proof of Lemma [3.1] we showed (Qx(0)) = 0. This
proves Partb).

We now prove Part a). Let Cf € R" be the infinitesimal Calabi invariant of f
and let f: Ag — R be l-periodic in = and such that (see Definition 2.14

fz2) = —aTC + f(2).
From Part b) of Lemma|A.3[and (A.12) we have:

(A.17) Dy(foK)=0.

Notice that from (A.17) we have that the torus K(T™) lies in an energy level. Part
a) Lemma A.3 follows from (A.17) and the following equality:

o =— <D9(foK)>T .
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Part ¢) is a consequence of Part b) (see Lemma [3.1).
We now prove Part d). From (3.2) and (3.3) L, (¢) = DgK(#) and N, (0) =
J(K(0))L, (0)G . (0)~!. Taking derivatives with respect to 6 in we have

(A.18) DX (K (6)) L, (6) = L L, (0).
Then, performing some computations and using (A.9) and (A.18) we obtain
0, T. (0)
-1 . / — (F.K)
M(9)~" (DX (8)M(0) + £,M(0)) = (On P 9)) ,

where
P (6) = Lo )T QK (6)) (DX (K (0) N, (6) + LLN,.(6)) -
To prove that P, = 0 we use the following equalities:

(A.19) Ly (0) "QK (0)) J(K(0)) L, (0) = —G . (0),

(A.20) G (0) L, (G (0)71) = — (L, G (9) G ()7,
where G, is defined in (2.11). Using equalities (A.19) and (A.20) one shows
—L,e () TQUE () LLN, ()G (8) = (L1, L (0)) "QUK(6)) T (K (8)) L (6)
+ L, (0) T (LLQE(6))) T (K (0)) L, (6)
from which we obtain:
P(0) == L (6) [ QAK(0)D-x;(K ()
+D. X (K(0)) T Q(K(0))
— L, (QoK)(0)] N (0).

Performing some computations and using equalities (A.13) and (A.16) one shows
that the following equality holds for any 4,7 € {1,...,2n}:

(UK @)D= (K (6)) + Do (K (6) TUK (0)) ~ LL(20 K)(6) )

_; [— 9z, (K(0)) + 0 (K(0)) + s, (K(g))} xfs(K(9))
=0.
This proves Part d) of Lemma A.3] 0

DEFINITION A.4. Let w € R™ and let Let X7(z) = Q(2)"'V.f(2) be a local

Hamiltonian vector field with local Hamiltonian function f : Ay — R. The torsion
of K € Emb(T", Ap), with respect to Xj and w, is defined by:

T = <T<f‘,K)>’
1 «, 18 given by . We say that K is twist with respect to f and w
if T is nondegenerate, otherwise we say that K is non-twist with respect to f

(F.K)
and w.

where T .
.
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Following the proof of Lemma A.3] it can be proved that the geometrical prop-
erties of Xf——invariant tori, stated in Lemma A.3, are slightly modified when the
torus is only approximately X F-invariant. The errors are controlled by the norm of
the error Xzo K + L, K = 0.

A.3. Families of Hamiltonians and moment map

Let Ham(Ag) denote the set of smooth local Hamiltonian functions on Ay. The
vector filed version of symplectic deformations is the following.

DEFINITION A.5. Let £ C R™ be open. A family of local Hamiltonians with
base = is a smooth function g : Zx .49 — R inducing a family of local Hamiltonian
functions:

(21 i
The infinitesimal Calabi invariant of g is a smooth function C? : £ — R” satisfying
(A.22) Glt,z) = —2 T Ci(t) + g(t, 2),
where ¢ is 1-periodic in z. If C? = 0, then § = g is called family of (global)
Hamiltonians.

We now introduce the local moment map of a family of local Hamiltonians.

DEFINITION A.6. Given a family of local Hamiltonians § : Ex Ay — R, the
corresponding family of symplectic vector fields is the function Xz : = x Ay —
Ap xR2" such that, for any t € Z, the function Xz, : Ay — Ay x R?", defined by
X, (2) = X5(t, 2), is the vector field corresponding to the local Hamiltonian gg:

(A23) i)(gtw = dgta
where i denotes the interior product. Notice that for any t € Z, X3, is 1-periodic
in z.
The infinitesimal primitive function, corresponding to g is the function 57 :
=Zx A — R defined by
Sé(tv Z) = a(z)T‘Xg(ta Z) - g(tv Z)
If g = g is a family of Hamiltonians, Xz = X, is called a family of Hamiltonian

vector fields.

Given a family of local Hamiltonians with base =, g : =X Ao — R, the corre-
sponding family of symplectic vector fields induces the following function

E — X(Ao)
t

(A.24) —_— th(z) = Xg(tv Z) ’

where X(Ag) denotes the set of symplectic vector fields on Ag. Since there will be
not risk of confusion, the function in will also be denoted by Xj.

DEFINITION A.7. Let § : x4y — R be a smooth family of local Hamiltonians
with base = and let X; be its corresponding family of symplectic vector fields.
i) The generator of § is the function G& : Ex Ay — R2Z™m given by

gg(t7 Z) = Dtxg(tv Z)
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it) The local moment map of § is the function M7 : ZEx Ay — R™ defined by
MI(t,2) = Deglt, 2) " .
If § = g is a family Hamiltonians, then M is called the moment map and it will
be denoted by M.
The following is the vector field version of Lemma 2.19.

LEMMA A8. Let Z C R™ be open. Let g: Ex Ay — R be a smooth family
of local Hamiltonians with local moment map M and family of symplectic vector
fields Xz. Then, the following equality holds:

(A.25) DeX;(t, 2) = Q(2) "D M9 (¢, 2) " .

REMARK A.9. The functions g8 and #° in Definition have a natural
geometrical meaning. For i = 1,...,m, let (3); and (GZ); be the i-the coordinate
of M7 and the i-the column of G£, respectively. From equality (A.25) one has that
(M); is a local Hamiltonian of the vector field (G£);:

i(ge),w = — ()

We adopt a notational convention similar to that used for symplectic deforma-
tions. Namely, families of (local) Hamiltonians are denoted with (dashed) small
letters, the (local) moment maps with capital (dashed) letters the (local) generator
will be denoted by using (dashed) script capital letters.

For canonical changes of variables the following holds.

LEMMA A.10. Let = C R™ be open. Let g : ZEx Ay — R be a smooth family
of local Hamiltonians with local moment map M and family of symplectic vector
fields Xz. Let f: Ex Al — A be a symplectic deformation, with local moment map
M! and such that fi(A}) = Ao, for allt € Z. Define §' : Ex A — R by

gy =ge o fe.
Then, the local moment map of §' is:
M (b, 2) = MO (t, fo(2))) — DM (¢, fo(2))) Xf(t, fe()).
PROOF. This is a consequence of Lemma and Definition [A.7. O

A.4. Potential and moment of an invariant FLD

In this section we state the Hamiltonian vector fields version of Theorem [4.7
and Theorem

DEFINITION A.11. Let D, A C R® be open and let g : AxAp — R be a smooth
family of Hamiltonians and let X, : Ax.Ag — AyxR?" be the corresponding family
of Hamiltonian vector fields. A FLD base sets D and A, is a smooth bundle map

K: DxT" — AxAg
such that, for each p € D, K, € Lag(T", Ao). K is X -invariant with frequency w if
for any p € D, K, is X, )\(p)—invariant with frequency w:

X35 oK,+ L ,K,=0.
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Let K: DxT"™ — Ax A be a smooth FLD with base sets D and A. As in the
maps case, we have that the momentum and potential of K with respect to X, are
defined, respectively, by:

(A.26) M (p) = (M (A(p), K(p,0))) ,

(A.27) VoK (p) = = (p) " A(p) — (S (\(p), K(p,0))) -
where M7 is the moment map of g. Moreover, K is parameterized by the momentum
parameter if the following equality holds for all p € D:

M (p) =p,

where M7 is the moment map of g.

An important property of the momentum and of the potential of a X, -invariant
FLD is that they are invariant under canonical changes of the phase space variable.
This is the content of the following result.

ProroSITION A.12. Let D, A C R® be open and let g : AxAg — R be a smooth
Jfamily of Hamiltonians, with base A. Assume that K = (A, K) : DxT"™ — Ax Ay
is a smooth Xg-invariant FLD with frequency w and base sets D and A. Let ¢ :
Ax A — xAgy be a smooth Hamiltonian deformation such that, for any A € A,
ox(AL) = Ag. Define g’ : Ax Ay — R and K by

dh=gopr and  K'(p,0) = (A(p), ¢33, (K(p.9))).
Then
MK =M%, and  VOE =VOK

PROOF. Performing straightforward computations one shows that the following
equalities hold:

(M (to, K((0)))) = (M (to, Ko(0))) ,
(87 (t0, K((0)))) = (S (to, Ko(0)))
from which Proposition |A.12 follows. O

The following is the vector field version of Theorem

THEOREM A.13. Letw € R", D,A C R®. Let

K: DxT" — Ax .A()
,0) — (Ap), K(p,0))
be a smooth FLD with base sets D and A. Let g : Ax Ay — R be a smooth family
of Hamiltonians, with base A. Assume that K is Xg-invariant with frequency w and
that it is parameterized by the momentum parameter p. Then the following equality
holds:
Alp) = =VpVo(p) .

The following is the vector field version of Theorem [4.8]

THEOREM A.14. LetD,A C R*, w € R", K : DXT"™" — AxAp and g : AxAy — R
be as in Theorem|A.13. Let C*, L, N, and M, be given by (2.9), (3.2),
and (3.4), respectively. For (p,0) € DxT", take C(p) = C*» L(p,0) = L, 09),
N(p,0) = Ny, (@), M(p,0) = M, (0) and

T(p,0) = N(p.0) QK (p.0)) (D2, (K (p.0))N (p.0) + LLN(p.0)) -



94 A. HAMILTONIAN VECTOR FIELDS

Let M7 be the moment map of g. Define
B (p,0) = (D=9 (A(p), K (p,0 + w)) M(p,0 +w).Jo) "
Assume that w € Dy (vy,7), for some v > 0 and T > n and that, for any p € D,
T,(0) = T(p,0) and BJ(0) = BI(p,0) are sufficiently smooth so that R, T, and
’R:JBg are smooth, with R, as in LemmalA.1l. Then, T : D — R™", given by
T (p) = (T'(p,0)), satisfies the following equality:
T(p) D,C(p) = W(p)Hess, V**(p),

where
W(p) = (D29 (\(p,0)) (N(p,6) ~ Lp,O) RLT(3,0)7) )" .
COROLLARY A.15. Assume that the hypotheses of Theorem[A.13 hold. Then,
for any A\, € A fized, the following holds:
a) for anyp. € D, K, is an Xg 5 -tnvariant tori with frequency w if and only
if p« s a critical point of VoX(p) +p ' \y;
b) if Kp. is X, x, “tnvariant, with frequency w, and the matrices in Theorem
[A.13, Wi(p«) and Wa(p.), are invertible, then the co-rank of (T},.) equals
the co-rank of p. as a critical point of Vo¥(p) +p' \.. That is,

dim ker (T}, ) = dim ker Hess, V"% (p).

A.5. Transformed Tori Theorem

Here we discuss the main ingredients to formulate the vector field version of
the results in Chapter [7]
This is the vector field version of the geometrical functions introduced in defi-

nition and [5.4.

DEFINITION A.16. Let A C R® be an open neighborhood of 0, with 0 < s < n.
A modifying deformation of vector fields is a family of Hamiltonian vector fields
Xy Ax A — AxR?", with Hamiltonians h : Ax A — A, such that:

1) Xno = O;
ii) C*"(\) =0, for all A € A;
ili) Xpy 0 K = K for some K € Emb(T", A) if and only if A = 0.

DEFINITION A.17. Let ¥ C R™ be an open neighborhood of 0. A dummy
deformation of vector fields is a family of symplectic vector fields X7 : ¥ x A —
AxR?", with Hamiltonians d : ©x A — A, such that:

i) X3, =05
ii) C(o) =0, for all 0 € .

ExaMPLE A.18. The family of vector fields corresponding to the family of
Hamiltonians h(\,z,y) = ATy is an example of modifying deformation of vector
fields. The moment map of h is H(z,y) = y. If the symplectic structure is the
A
NE

EXAMPLE A.19. The family of vector fields corresponding to the family of
Hamiltonians d(o,z,y) = —0'x is an example of dummy deformation of vector
fields. The local moment map of d is d(z) = —x. If the symplectic structure is the

standard one, then X;(o, z) = (2)

standard one, then X (A, 2) = <
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Given an open set i/ C R¥ and a smooth family of Hamiltonians, f : U x Ay —
A, we embed the corresponding family of vector fields Xy in a smooth family of
symplectic vector fields by introducing modifying and dummy parameters as follows.
Let A C R?, with 0 < s < n, and ¥ C R™ be open neighborhoods of the origin. Let
Xy : AXA — AXR?™ and X; : ExA — AxR?" be a family of, respectively, modifying
and dummy vector fields with smooth families (local) Hamiltonians h : Ax A — A
and d : ©x A — A, respectively. Define 2 = UxIxA, t = (i, 0, A) and the family
of local Hamiltonians with base =, f:2xA4 — A,

fo=dy +hx+ fo.
The family of vector fields X; : Ex Ay — AxR?" satisfies

‘X?(M,O,O) = XfM’ Yuel.
REMARK A.20. Since C¥(g) = o, C"(\) = 0 and C’(u) = 0 we have
Cf(p,0,\) =o.

Then f; is (global) Hamiltonian function if and only if o = 0. Hence, from Lemma
A.3 we have that the only elements of the family {X;, }te= that might have invariant
tori are those for which ¢ = 0.

The nondegeneracy condition for the vector field version of Theorem [7.4] goes
as follows. Let K € Emb(T", A) and let L, and N, be given by and (3.3),

respectively. Let H : Ay x ¥ — R* be the moment map of h. We use the following
notation:

T (0) = N (0)TQK(0)(D:Xp (K (0))N, (0) + LLN, (),
B" (0) = (D-H(\ K(0)M,(0)Jo)"
Let R., be as in LemmaA.1| define
T(t,K) = <T(t,K)(9)>
12 h,x h,
P2(0) = (BL% (0) =T, (O)RLBYY (0)),
21 h,x T h, T
P<t-,K) (9) = <B(/\,K)(9) +B()\,yK) (9) RZUT((:,K) (9)>
P2 _(0) = (DAH(\K(©) - (BLe (0)RLBLY (0))
h, T h,z h,1
+ (Bl (0)TRL (BLE, (0) = T, (ORLBLY (0))).
Define
T(twK) P(lt,zx)
(A.28) P, . =
’ 21 P22
(t,K) (t,K)

DEFINITION A.21. We say that (A, K) is Xj-nondegenerate with respect to
Xf,, and w, if the ((n+s)x(n+ s))-dimensional matrix P, , has maximal range,
with tg = (uo,0, A\g) and P, defined in (A.28).

(6.5
REMARK A.22. If s = 0 then the only modifying deformation of vector fields is
Xn, = 0, and K is nondegenerate with respect to f,,, and w, in the sense of Definition

if and only if K is twist with respect to Xy, and w, i.e. the torsion <T >

(to, K)
is invertible.
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A vector field version of Theorem can be obtained from the vector field
version of Theorem[6.2, discussed in Section

A.6. A parametric KAM Theorem

Here we sketch the procedure to obtain the vector field version of the para-
metric KAM result, Theorem [6.2] It is also possible to obtain a rigorous proof by
considering the time-1 map and applying the corresponding result for symplecto-
morphisms.

Let m > n and let 2 C R™ be open. Let f : x4y — R be a smooth family of
local Hamiltonians and let X : Zx Ay — AxXR?" be the corresponding family of local
Hamiltonian vector fields. Let By C B be complex strips of Ay and A, respectively.
Assume that for any t € =, X7, is real-analytic on a complex neighborhood of Ay.

Let Z : R™ xExEmb(T}, By, C?) — R™ be a C"-functional. Define
_ [ e(t,K) Xj o K+ LK

with £/, given in (A.1).
As in the symplectomorphisms case, a KAM procedure to solve the following
non-linear equation

(A.30) F(Gt,K)=0

depends on the solvability properties of the corresponding linearized equation:
(A.31) (D:Xf, 0 K) A+ L, A+ (DeXp, 0 K) Ay = o,

(A.32) DZ(t, K)Ax + Dy Z(t, K) Ay = .

Using lemmas[A.3] and [A.8 one obtains.

LEMMA A.23. Let w € R™ be rationally independent. Let K € Emb(T, Ay) and
let M, be defined by (A.8)). Let M7 is the moment map of f and define

Tis(0) = N (0)TQE(O)) DXy, (K(O))N (0) + LLN, (6))
Bl (0) = (DFe(K(0) M (0)Jo)

Assume that K is Xy -invariant with frequency w and let Ay = M, §. Then, the
system (A.31), (A.32) is equivalent to

(A33) (T(t,K) + [’c/u) f + B({’K)At = 1
(A.34) DrZ(t,K) [M ]+ D Z(t,K) Ay = v,
where

(A.35) T, 1 (0) = (8: T(tg;(0)> ’

and

(A.36) n(0) = —Jo M, (0) QK (0)) p(6).

For an approximate solution (¢;t, K) of (A.30), the change of variables A, =

M, £ reduces the system (A.31), (A.32) to the linear system (A.33), (A.34) except
for some terms that can be estimated by the norm of the error e = Xz o K + LK.

The proof of this is not included here because it is very similar to the proof of the
corresponding result for symplectomorphisms (see Lemma [5.2).
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REMARK A.24. Notice the similitude between the linear systems (A.33) and
5.22]).

The linear system (A.33), (A.34) has a solution provided a nondegeneracy con-
dition is satisfied. In what follows we describe this. Using (A.4)) and (A.33) one
shows that any solution of (A.33) has the following form:

(A.37) € = (Izn = RLD)o = RL(B = TRLB)A + R, (n = TR 1),
where for typographical simplicity we have not written the dependence on (t, K). A

direct computation shows that (£, A) in (A.37) is a solution of (A.33) and (A.34
if and only if the constant (£y,4A;) € R?" x R™ satisfies the following (2n + m)-
dimensional linear system:

@ <§0> B <n—TR; n>

Ac) \v=DrZ(t K) [M Ru(n— TRL)]

<T> <B—TR;B>

Dy Z [MK (IQn—R;T)} D¢Z-DxZ {MKR;(B—TR;B)}

with

Qe =

where for typographical simplicity we have not written the dependence on (t, K)
of T and B and DgZ and Dy Z are evaluated at (t, K).

The statement and the proof of the vector field version of Theorem[6.2]can be
obtained from the above discussion.






APPENDIX B

Elements of singularity theory

Singularity Theory, started by Poincaré and continued by Whitney, Thom,
Mather, Arnold, etc, is nowadays a flourishing area of Mathematics. Here we
briefly review the definitions and results on Singularity theory used in this paper.
We are interested in the Singularity Theory for critical points of parametric families
of functions. For more complete expositions of the subject see [5) 25, 36|, (53] and
(42, 43, 44, 45, 67, 70, 71].

The study of local properties of critical points of parametric families of functions
and the stability of these properties is performed in the space of C'°°-functions.
Similar theory can be developed for finitely differentiable functions.

Let us start with some definitions.

DEeFINITION B.1. Given two mappings f1 : Uy — R™ and fo : Us — R™, write
f1 ~az, fo if there exists a neighborhood of xy such that U C U; and U C U, and
f1’U = fg’U. The equivalence class of f at xq is denoted by [f]., and called map-
germ at zo and its members are called representatives of the map-germ. The point
xo is called the source of the map-germ, and yo = f(xg) is called the target of the
map-germ.

Notice that the target of a map-germ does not depend on the representative.
If it does not lead to confusion, we refer to f as a map-germ at xzg.

Denote by Fy,(n,m) the set of C'*° map-germs from R™ to R™ at zp € R".
The notations [f] = [f]o and F(n,m) = Fy(n,m) are also used. The composition
of two map-germs, [f] and [g], is defined by the composition of two representatives

[f]o[g] =[fog]

DEFINITION B.2. A map-germ [G,, € F(n,n) is invertible if detD,G(zo) # 0,
for any representative G.

We are interested in the case m = 1. Write e,,(n) = Fy,(n,1) and e(n) =
F(n,1).

REMARK B.3. ¢,,(n) is a commutative and associative real algebra with unit
element (the germ of the constant function 1). Moreover, e, (n) is a local algebra:
it has a unique maximal ideal,

ey (1) = {[f]zo € exy(n) | f(z0) = 0}
LEMMA B.4. Let k be a positive integer, then
Mo (1) = {[flag € ex(n) : DI f(ag) =0, j=0,...k—1}.

From Hadamard’s Lemma, m(n) = mg(n) is generated by the germs of the
coordinate functions z1,xs, ... x,.
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There are several equivalence relations under which one can classify germs of
smooth mappings. We consider here the so-called RT-equivalence relation of germs
of smooth real-valued functions.

DEFINITION B.5. Two germs [fi],, € ey, (n) and [fa]sz, € ez, (n) are RT-equiv-
alent (or right equivalent or just equivalent) if and only if there exist an invertible
germ [G]y, € Fy, (n,n) with G(z1) = x2 such that

(Bl) f1:f20G+C,
where ¢ = f1(x1) — f2(x2) (in suitable neighborhoods of the source points).

DEFINITION B.6. A germ [f]., € ey, (n) is stable at xo (or locally stable) if
there is a neighborhood of the representative f : U C R” — R in C*°(U,R) such
that any germ [g]., € ey, (n) with representative g in this neighborhood, is R*-
equivalent to [f]z,-

By a change of variables, the classification of germs of smooth real-valued func-
tions, under R*-equivalence, can be reduced to the study the behavior of jets. To
formalize these ideas we need the following definitions.

DEFINITION B.7. Let k € N. Two germs [f]s,, [g]z, € s,(n) are k-equivalent
(at x) if they have a contact of order k at xg:

f(@) = g(w) = ofjw — ao|").
The k-equivalence class in e, (n) of a germ [f],, is called the k-jet of f at the
point g, and it is denoted by jg’jo f.

The k-jet can be identified with the Taylor polynomial of f at the point x( of
degree k.

DEFINITION B.8. A germ [f]s, € ey, (1) is k-determined (or it is determined
by its k-jet) if and only if any k-equivalent germ is also RT-equivalent. We also say
that the k-jet of [f]a,, j& f is sufficient.

A germ [f]., is finitely determined if and only if is k-determined for some &k € N.

A first classification of critical points is the following.

DEFINITION B.9. The germ [f]y, € ey, (1) is regular if the source point xg is a
regular point, i.e. Df(xg) # 0. Otherwise the germ is called singular.

REMARK B.10. The class of regular germs is formed by submersive germs.
Moreover, any regular germ is RT-equivalent to the germ at zero of the projection
map: (z1,...,2,) — x1. In particular, any regular germ at z( is 1-determined.

In what follows, we consider the problem of classifying singular germs in m,, (n)?.

DEFINITION B.11. A singular germ [f],, € m.,(n)? is nondegenerate if and
only if the source point is a nondegenerate critical point of f: det D?f(xq) # 0.
Otherwise [f]., is a degenerate singular germ. The dimension of the kernel of
D2 f(z0) is the co-rank of the critical point.

The following Morse Lemma classify all the nondegenerate singular germs.

THEOREM B.12 (Morse lemma). A nondegenerate singular germ [f]z, € my,(n)?
is R -equivalent to a nondegenerate quadratic germ at 0

2 2 2 2
(iﬂl,...,mn)—>1’1+"'+£L’S*$S+1*"'7"E”,
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where s is the signature (i.e. the number of positive eigenvalues) of D? f(xq). More-
over, the singularity is stable.

Nondegenerate singular germs, also known as Morse germs, are classified by
the signature. In particular, given a germ at a nondegenerate critical point xg, all
the germs with the same 2-jet at zero, are R"-equivalent.

A simple indicator of the degree of degeneracy of degenerate singular germs is
the co-rank of the critical point.

THEOREM B.13 (Parametric Morse Lemma). A singular germ [f]z, € my,(n)?
of co-rank k (i.e. k = dim ker D?f(z¢)) is equivalent to a germ at O of the form

(1, xn) = falxr, o xk) + fon(@pst, o @),
where fq is a degenerate singular germ such that all the second derivatives vanish
at 0 (i.e. fq € m(k)®), and fm, is a Morse germ at 0 (i.e. f,, € m(n — k)? with
det D% f,,,(0) #0).

The Parametric Morse Lemma is also known as Morse-Bott Lemma, a proof
can be found in [7].

Now, we introduce another important indicator of the degeneracy of a singular
germ.

DEFINITION B.14. Given a singular germ [f]., € my,(n)?, its gradient ideal,
at the point xg, is the ideal generated by the (germs of the) partial derivatives of

f at xq:
o _[[of of
Vf,f]:o - axl o ge ey axn .

The local algebra of the singular germ is Q¢ 5, = my, (n)/Iv 2., and its dimension
is referred to as the co-dimension of the singular germ: cod,,(f) = dim Qs 4, .

In some references, the definition of the local algebra is Qs o, = exo () /Iv 20
and its dimension is the multiplicity, mul,, (f). It is clear that cody, (f) = mulg, (f)—
1.

The co-dimension of a Morse germ is 0. In a certain sense, tractable singularities
are those that have finite co-dimension. In such a case, by abuse of language, a
basis of the local algebra Qs ., is a finite set {¢;}¢_; of germs in m,,(n)? whose
projections with respect to the gradient ideal Iy 4, in Q 4, form a basis.

For singularities with finite co-dimension, a ‘basis’ of the local algebra Q .,
is a finite set {p;}$_; of germs in m,,(n)? whose projections with respect to the
gradient ideal Iv#,, in Q¢ 5, form a basis.

The following theorem summarizes some results on the classification of finitely
determined singularities, due to Mather and Tougeron. Roughly speaking, it states
that the classification of critical points can be reduced to a finite dimensional prob-
lem, in the case that the germ is k-determined (see Definition[B.8), for a sufficiently
large k.

THEOREM B.15. a) At a singular germ [ € my,(n)?, either cody,(f) is
finite and f is finitely determined or cod,,(f) is infinite and f is not
finitely determined.

b) A singular germ f € my,(n)? is finitely determined if and only if

My ()" C Iy ay
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for some k € N.
¢) A sufficient condition for f € my,(n)? to be k-determined is that

M (n>k+1 C iy, (n)QIVf,IO

Morse Lemma ensures that generic real-valued functions have only nondegen-
erate critical points. Degenerate critical points of a germ can be decomposed into
a nondegenerate one under a suitable perturbation. However, when considering
parametric families of functions, critical points may persist under perturbation. A
simple but illuminating example is the family 2 + pz, depending on the parameter
. For 1 = 0, the point 2o = 0 is a degenerate critical point of 22. For u < 0, there
are two nondegenerate critical points, and for p > 0 there are no critical points. It
is a result in Singularity Theory that any family of functions sufficiently close to
2% + pax, will have a degenerate critical point for some value of the parameter close
to zero (with the same class of equivalence as the original one).

DEFINITION B.16. An unfolding of co-dimension r of a germ [f],, € ey, (n) is
a germ [F|(z0.0) € y,0)(n + 1) such that F'(x,0) = f(x) (locally).

An unfolding F), can be thought of as p-parametric deformation of f with
Fy = f. The dimension of u (the number of parameters) is the co-dimension of the
unfolding.

DEFINITION B.17. Some point sets associated to an unfolding are:

e The Bifurcation diagram:
Mp = {(z,p) | Do F (2, 1) = 0}.
e The catastrophe set:
Catp = {(2, ) € Mp | det D2F(x, i) = 0}.
e The bifurcation set:
Bifp ={p | 3z : (x,u) € Cp}.

To study the stability of unfoldings we introduce the following topological clas-
sification of unfoldings.

DEFINITION B.18. Let [F] € e,,0y(n +7) and [F'] € egy,0)(n +7') be two
unfoldings of the germ [f] € e;,(n), with parameters p and ', respectively.
A morphism from [F'] to [F] is a triple ([G](4,,0), 0], [c]) such that:
(1) [Gl(20,0) € Fao,0)(n +7",n) is an unfolding of the identity map in R",
(i) [0] € Fo(r’,r) is a map-germ of the parameters with 6(0) = 0 and
(iil) [c] € eo(r’) is a translation with ¢(0) = 0, such that F' = Fo(G,fom, )+
com,, equivalently:

Fl(z, ') = F(G(x,p),0(1)) +c(i'),
G(z,0) = =z, 6(0)=0, ¢(0)=0.

If 7 = r" and the fibered germ [G, 0] is invertible on F (., o)(n+7,n+7), we say that
F’" and F are equivalent (or isomorphic). It is also said that F” is induced from F.

Informally, Definition B.18 states that two unfoldings are isomorphic if one can
be transformed to the other using changes of variables in both the states and in the
parameters.
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We recall that, given a topological space S with an equivalence relation ~,
an element x € S is stable (with respect to ~) if its equivalence class contains a
neighborhood of x.

We are interested in studying the stability of unfoldings under the topological
equivalence relation given in Definition[B.18] A more algebraic classification is the
given in the following definition.

DEFINITION B.19. An unfolding F of f is versal if any other unfolding F’ of
f is induced from F. A wersal unfolding of minimal co-dimension is said to be
universal.

The fundamental result, due to Mather, states that versality gives rise to topo-
logical stability. Mather also established that finitely determined germs have versal
unfoldings.

THEOREM B.20. a) A singular germ f € my,(n)? has a versal unfolding
if and only if it is finitely determined, which is equivalent to have finite
co-dimension.

b) Versal unfoldings of a germ are stable (even though the germ is not).
¢) If Fis a universal unfolding of f, of co-dimension ¢, then ¢ = cody, f.
All universal unfoldings are isomorphic.

An algorithm to construct universal unfolding of singular germs with finite co-
dimension c is the following:
e Construct a basis ¢1,..., 9. € my,(n) of the local algebra Q 4,;
e A universal deformation is

F(z,p) = f(z) + > pps() .
j=1

The proofs of Theorem use the geometric notion of transversality of un-
foldings, which is equivalent to versality. (Thom Theorem on transversality, finite
determinacy, etc. ) As an application of this theory, the following results classifies
all singular germs of co-dimension < 4.

THEOREM B.21. Let f € m(n)? be a singular germ at 0, with co-dimension
1 <c¢<4. Then, f is 6-determined.

Moreover, up to changes of sign and the addition of a nondegenerate quadratic
form, f is right equivalent to one of the seven germs at 0 described in Table|1.

The seven singularities described in Theorem |B.21 are known as elementary
catastrophes. They appear generically in families of 4 parameters.
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TABLE 1. Elementary Catastrophes

germ codim universal unfolding popular name

a3 1 %+ ux fold

x4 2 2t + ux? + vz cusp

x° 3 2° +ux® + vr? + wa swallow-tail
2+ 3 2%+ % + wry — ur — uy hyperbolic umbilic
2 —zy? 3 2% — 2y® + w(z? + y?) —ux — vy elliptic umbilic

20 4 20 4+t + ua® + va®? + wa butterfly

22y +yt 4 22y + y* + wx? +ty? —ux —vy  parabolic umbilic
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