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Abstract. We consider a curve in the three dimensional Euclidean
space and provide suﬃcient conditions on the curvature and the torsion
for the curve to be unbounded.

1. Introduction
In this short note we concern a smooth curve γ in the standard three
dimensional Euclidean space E. Let this curve be deﬁned (up to translations
and rotations of E) by its curvature κ(s) and its torsion τ (s), the argument
s is the arc-length parameter. The pair (κ(s), τ (s)) is called the intrinsic
equation of the curve.
In the sequel we assume that k, τ ∈ C[0, +∞).
To obtain the radius-vector of the curve γ one must solve the system of
Frenet-Serret equations:
v′ (s) = κ(s)n(s),
n′ (s) = −κ(s)v(s) + τ (s)b(s),

(1.1)

b′ (s) = −τ (s)n(s).
The vectors v(s), n(s), b(s) stand for the Frenet-Serret frame at the point
with parameter
s. Then the radius-vector of the curve is computed as follows
∫s
r(s) = 0 v(ξ)dξ + r(0).
So we obtain very natural and pretty problem: having the curvature κ(s)
and the torsion τ (s) to restore the properties of the curve γ .
For example, which conditions should be imposed on the functions κ, τ
so that the curve γ is closed or helix? There may by another question: on
which conditions does the curve lie on a sphere? Such a type questions have
been discussed in [3], [2], [4].
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The curve γ is a planar curve if and only if τ (s) = 0. In this situation
system (1.1) is integrated explicitly. This case is not very interesting.
In the general case, (1.1) is a linear system of ninth order with matrix
depending on s. To describe the properties of γ one must study this system.
In this note we formulate and prove some suﬃcient conditions for unboundedness of the curve γ.
2. Main Theorem
We shall say that γ is unbounded if sups≥0 |r(s)| = ∞.
Theorem 1. Suppose there exists a function λ(s) such that functions
k(s) = λ(s)κ(s),

t(s) = λ(s)τ (s)

are monotone, but not necessarily
∫ s strictly monotone.
Introduce a function T (s) = 0 t(ξ)dξ.
Suppose also that the following equalities hold
k(s)
t(s)
lim T (s) = ∞, lim
= lim
= 0.
s→∞
s→∞ T (s)
s→∞ T (s)
Then the curve γ is unbounded.

(2.1)

Putting in this Theorem λ = 1/τ , we deduce the following corollary.
Corollary 1. Suppose that a function κ(s)/τ (s) is monotone and
κ(s)
= 0.
s→∞ s · τ (s)
Then the curve γ is unbounded.
lim

√
For example, a curve with κ(s) = s and τ (s) = s is unbounded.
Consider a system which consists of (1.1) and equation r′ (s) = v(s).
From the stability theory viewpoint Theorem 1 states that under certain
conditions this system is unstable.
Since |r(s)| = O(s) as s → ∞, this instability is too mild to study it by
standard methods such as the Lyapunov exponents method.
3. Proof of Theorem 1
Let us write the formula
r(s) = r1 (s)v(s) + r2 (s)n(s) + r3 (s)b(s).

Diﬀerentiating this formula we obtain
v(s) = r1′ (s)v(s) + r2′ (s)n(s) + r3′ (s)b(s)
+ r1 (s)v′ (s) + r2 (s)n′ (s) + r3 (s)b′ (s).
From this formula and by virtue of system (1.1) it follows that


 
 
0
κ(s)
0
1
r1
′





0
τ (s) r(s) + 0 ,
r (s) = −κ(s)
r = r2  .
0
−τ (s)
0
0
r3

(3.1)
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About system (3.1) the author has known from Professor Ya. V. Tatarinov.
Let us multiply both sides of system (3.1) on a vector-row λ(s)(τ (s), 0, κ(s))
from the left :
t(s)r1′ (s) + k(s)r3′ (s) = t(s).
Then we integrate this equality:
∫ s
∫ s
t(a)r1′ (a)da +
k(a)r3′ (a)da = T (s).
(3.2)
0

0

From the Second Mean Value Theorem [1], we know that there is a parameter
ξ ∈ [0, s] such that
∫ s
∫ ξ
∫ s
′
′
t(a)r1 (a)da = t(0)
r1 (a)da + t(s)
r1′ (a)da
0
0
ξ
(
)
(
)
= t(0) r1 (ξ) − r1 (0) + t(s) r1 (s) − r1 (ξ)
By the same argument for some η ∈ [0, s] we have
∫ s
(
)
(
)
k(a)r3′ (a)da = k(0) r3 (η) − r3 (0) + k(s) r3 (s) − r3 (η) .
0

Thus formula (3.2) takes the form
(
)
(
)
t(0) r1 (ξ) − r1 (0) + t(s) r1 (s) − r1 (ξ)
(
)
(
)
+ k(0) r3 (η) − r3 (0) + k(s) r3 (s) − r3 (η) = T (s).

(3.3)

Since the Frenet-Serret frame is orthonormal we have
|r(s)|2 = r12 (s) + r22 (s) + r32 (s).
Suppose that the curve γ is bounded: sups≥0 |r(s)| < ∞. Then due to
conditions (2.1) the left side of formula (3.3) is o(T (s)) as s → ∞. This is
the contradiction.
The Theorem is proved.
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