C'l-rigidity of circle diffeomorphisms with breaks for
almost all rotation numbers

Konstantin Khanin'?* Saga Koci¢"*Tand Elio Mazzeo*
I Dept. of Math., University of Toronto, 40 St. George St., Toronto, ON, Canada M5S 2E4
2 Fields Institute, 222 College Street, Toronto, ON, Canada M5T 3J1

June 28, 2011

Abstract

We prove that for almost all rotation numbers, every two C?*t®smooth circle
diffeomorphisms with a break point, with the same irrational rotation number and
the same size of the break, are C''-smoothly conjugate to each other, provided that
the corresponding renormalizations approach asymptotically each other with an ex-
ponential rate.

1 Introduction

The problem of smoothness of a conjugacy to a linear rotation for smooth diffeomorphisms
of a circle T! is a classical problem in one-dimensional dynamics. It has been proved by
Arnol’d [1] that every analytic circle diffeomorphism with a Diophantine rotation number,
i.e., with a rotation number p for which there exists C' > 0 and 5 > 0 such that |p—p/q| >
C/q**P, for every p € Z and q € N, sufficiently close to the linear rigid rotation R, : z
x+p, is analytically conjugate to R,. Arnol’d also conjectured that the result remains true
if the requirement of closeness to the rigid rotation is removed. The global C'*°-version
of this result has been proved by Herman [4], and is the subject of classical Herman’s
theory [4, 15, 5, 13, 10]. Arnol’d also proved that his local result cannot be extended to
all rotation numbers [1]. He constructed examples of analytic circle diffeomorphisms with
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irrational rotation numbers for which the invariant measure is singular, which implies that
the conjugacy to the rigid rotation is not absolutely continuous.

The crucial step in establishing the smoothness of conjugation is C''-smoothness. We
use the term rigidity for the phenomenon that any two maps, within a given equivalence
class determined by their topological conjugacy, are, in fact, C''-smoothly conjugate to
each other. It follows from the results of Arnol’d and Herman that, in the case of circle
diffeomorphisms, rigidity is guaranteed only when rotation numbers satisfy a certain Dio-
phantine condition. It was discovered recently that in the presence of singular points, this
rigidity may actually be stronger, i.e., valid for a “larger” set of rotation numbers. The
singular points refer either to the points where the derivative vanishes (critical points) or
where it has a jump discontinuity (break points). In the case of critical circle maps, i.e.,
diffeomorphisms of a circle with a single critical point, the rigidity is especially strong. It
has been proved by Khanin and Teplinsky [9] that any two analytic critical circle maps
with the same rotation number and the same odd integer order of the critical point are
C'-smoothly conjugate to each other. This phenomenon, when rigidity holds without any
Diophantine-type conditions, is called robust rigidity. This result relies on the exponential
convergence of renormalizations proved by de Faria and de Melo for C'"*°-smooth critical
circle maps and rotation numbers of bounded type [2, 3|, and extended, in the analytic
setting, to all rotation numbers by Yampolsky [14]. Though robust rigidity is believed to
be present in the general case of non-analytic critical circle maps, there is currently no
proof of the exponential “convergence” of renormalizations in this case.

The above results for critical circle maps suggested that the rigidity may also be
robust in the case of circle diffeomorphisms with a break point. Partial results in this
direction were obtained in [6], where rigidity was established for a countable set of rotation
numbers, and in [11], for a set of rotation numbers of zero Lebesgue measure. However, as
was shown by two of us [7], the above conjecture is false — robust rigidity does not hold
for circle maps with breaks. We proved in 7] that there are irrational rotation numbers,
and pairs of analytic circle diffeomorphisms with breaks, with the same rotation number
and the same size of the break (see below), for which any conjugacy between them is
not even Lipschitz continuous. The question whether rigidity holds for typical rotation
numbers, however, remained open. The following theorem, which is the main result of
this paper, provides an affirmative answer to this question.

To be precise, every circle diffcomorphism with a break 7' : T! — T!, is defined
uniquely by a function 7 : R — R that is continuous and strictly increasing on R, with
T7(0) € [0,1), and satisfies T(z + 1) = T (x) + 1, for every x € R. It is assumed that
there exists a point x, € [0, 1) such that 7(xz) € C", r > 2, on [z, zp, + 1], and T'(x) is
bounded from below by a positive constant for every = € [z, 2y + 1]. The square root



of the ratios of the one sided derivatives at x,.,
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is called the size of the break.

Theorem 1.1 There exists a set of rotation numbers Ay C [0, 1] of full Lebesgue measure
such that any two C*T*-smooth, o € (0,1), circle diffeomorphisms with breaks T and
i with the same irrational rotation number p € Ai, and the same size of the break
c € R™\{1}, are C*-smoothly conjugate to each other. Namely, there exists a C'-smooth
diffeomorphism ¢ : T — T, such that

gpoTogp_l =1T. (1.2)

Remark 1 The proof of this theorem uses exponential “convergence” of renormalizations
for circle diffeomorphisms with breaks: If f,, and f,, are renormalizations (see Section 2) of
two circle diffeomorphisms with breaks T" and T with the same irrational ‘rotation number,
respectively, then there exist A € (0,1), and C' > 0, such that ||f, — fullcz < CA", for
every n € N. It has been shown in [11], that the renormalizations approach exponentially
fast to each other for a set of rotation numbers of zero Lebesgue measure. The full proof
of the exponential approach of the renormalizations, for all irrational rotation numbers,
will be given in [8].

Remark 2 The set A; consists of all irrational rotation numbers p € (0,1) whose subse-
quence of partial quotients k,,; for even n, if 0 < ¢ < 1, or odd n, if ¢ > 1, satisfies the
bound k11 < C1AT", for some Ay € (A, 1), and C; > 0. One can see that A; contains some
strongly Liouville numbers. This is one manifestation of the remnants of robust rigidity
still present in the case of circle diffeomorphisms with breaks. The difference between the
cases of odd and even n is related to a difference in the behavior of the renormalizations
(which is opposite for maps with 0 < ¢ < 1 and ¢ > 1). This will be explained in more
details in the next section.

The paper is organized as follows. In Section 2, we introduce the general renormaliza-
tion setting for circle homeomorphisms and formulate regularity conditions and a rigidity
theorem (Theorem 2.2) which follows from them. In Section 3, we formulate a criterion
of smoothness of the conjugacy in terms of ratios of the lengths of the corresponding
intervals of dynamical partitions. In the same section, we obtain necessary estimates on
these ratios on a fundamental interval and prove Theorem 2.2 by spreading them to the
whole circle and using the criterion of smoothness. Theorem 1.1 is then proved by simply
verifying that the regularity conditions of Theorem 2.2 hold true in the case of circle
diffeomorphisms with breaks.



2 Renormalizations of circle homeomorphisms and a
formulation of a rigidity theorem

2.1 Renormalizations of circle homeomorphisms

It has been known since Poincaré that for every orientation-preserving homeomorphism
T of the circle T' = R\Z there is a unique rotation number p, which is given by the z-
independent limit p = lim,, o 7"(x)/n mod 1, where T is a lift of 7" to R. The rotation
number p € (0, 1] can be expressed in the form of a continued fraction expansion

1
p= (2.1)
kl + k2+k3i-‘.‘

that we write as p = [ky, ks, k3, .. .]. The sequence of integers k,, called partial quotients, is
infinite and defined uniquely if and only if p is irrational. Every infinite sequence of partial
quotients defines uniquely an irrational number p as the limit of the sequence of rational
convergents p,/qn = k1, ko, . .., ky|. Tt is well-known that this sequence forms the sequence
of best rational approximates of p, i.e. there are no rational numbers with denominators
smaller or equal to ¢,, that are closer to p than p,/q,. The rational convergents can also
be defined recursively as p, = kn,pn_1+ pn_2 and q, = k,q,_1 + ¢n_2, starting with py = 0,
o=1p1=14¢1=0.

To define the renormalizations, we start with a marked point o € T!, and consider
the marked trajectory x; = T'xq, with i > 0. The subsequence z,,, n > 0, indexed by the
denominators of the sequence of rational convergents of the rotation number p, will be
called the sequence of dynamical convergents. We define z, , = 2o —1. The combinatorial
equivalence of all circle homeomorphisms with the same irrational rotation number implies
that the order of the dynamical convergents of 7" is the same as the order of the dynamical
convergents for the rigid rotation 7, : x — = + p. The well-known arithmetic properties
of the rational convergents now imply that dynamical convergents alternate their order
in the following way:

Ty | < Ty <Tgg <+ < T < o0 < Ty < T (2.2)

The intervals [z, , o], for n odd, and [z, z,,], for n even, will be denoted by A(()"), and
called the n-th renormalization segments. The n-th renormalization segment associated
to the marked point z; will be denoted by Al™. We will also define AT = AP U Al

and A(()n) = A(()n)\A((]n+2). In addition to the property (2.2), we also have the following
important property: the only points of the trajectory {z; : 0 < ¢ < gn42} that belong to

A(()n) are {Tg, 1igy.y 1 0 <0 < kol
Images of Aénil) and Aé") under 7% and T, respectively, until they return to
A(()nfl), cover the whole circle without overlapping beyond the end points, thus forming



the n-th dynamical partition of T*,
P, = {T'AT™0<i<qlU{T'AY :0<i< g1} (2.3)

The iterates of 7% and 79! restricted to A(()n_l) and A(()") , respectively, are the two

continuous components of the first return map for 7" on the interval A(()n_l). The endpoints
of the segments from P, form the set
S =42 0<i < qu_1+qn} (2.4)

We also define the extended partition P = P, U{T% A" Ta-1 A"} and the extended
set E’;kl = En U {xQn—l‘i’Qn}'

The following simple lemma follows directly from the properties of the continued frac-
tion expansion of the rotation number.

Lemma 2.1 For every m > n, we have the following decomposition

Em N Aén_l) = U U {Z14g,1+ign }- (2.5)

21€ EmnAT \{2g,, } 0SF<Fnt1
—_ n —_ x(n
Furthermore, for every x; € :mﬂA(() )\{an}, we have Tiyq, | +kn1gn=Titqns, € ::nﬂA(() ),

The n-th renormalization of an orientation-preserving homeomorphism 7" of the circle
T!, with rotation number p = [ki, ko, k3, . . .|, with respect to the marked point xo € T?,
is a function f,, : [-1,0] — R obtained from 7%, by rescaling the coordinates. More
precisely, if 7, is the affine change of coordinates that maps z,, , to —1 and z to 0, then

fo=TnoT™"or b, (2.6)

If we identify xy with zero, then 7, is exactly a multiplication by (—1)"/ ]A((]n_l)|. Here
and in what follows, we use | - | to denote the length of an interval. Definition (2.6) is
valid for all n > 0 if and only if p is irrational; otherwise, n must be less than the length
of the continued fraction expansion of p or can be equal to it if z,, , # xo.

2.2 Renormalizations of circle diffeomorphisms with breaks

In the case of a circle diffeomorphism with a break, we will use the break point x;, as the
marked point z.

It is well known [12]| that renormalizations f,, of circle diffeomorphisms with a break
of size ¢ € R \{1} approach exponentially fast in C*-norm to a particular family of linear
functional transformations

a™ + ¢z
1 -0z

F,

a(m) p() c(n) + 2 ) (2.7)



() (2)

Figure 1: The graph of a renormalized map f, for sufficiently large n and large k,+1: a) Case
0 <c¢<1andneven, or ¢c>1and n odd; b) Case 0 < ¢ < 1 and n odd, or ¢ > 1 and n even.

where ¢ = ¢ if n is even, ¢™ = ¢! if n is odd, and

A (n) _ 4 _ pn) AC=D _AM
4 — | ( f_1|) o =€ Z(n) o = |Ag |(n_1|> 1| (2.8)
Ay Ay

The following estimates have also been proved in [12]. For every circle diffeomorphism
with a break 7', there exist constants C > 0 and A € (0, 1), such that, for all n € N:

(A) |In(T™)(x)| < C, for all z € T* (at points where the derivative has a break, both
left and right derivatives are considered),

(B> ||fn - Fa<n>,v<n),c(n>\|cz < CA™.

As already mentioned in Remark 2, for maps with breaks, the graphs of the renormal-
izations f, look different in the cases of odd and even n (see Figure 1).

If ¢ > 1, the map f, is concave for sufficiently large odd n. Moreover, as k,,; — o0,
the graph of f, approaches the diagonal w = z at the end points 2 = —1 and z = 0.
Below, we call the small intervals containing these end points the gates (the intervals
[—1,25"] and [25¥,0] on Figure 1 (a)). On the contrary, if n is even and sufficiently large,
the map f, is convex. It approaches the diagonal as k,.;1 — oo at a single point of
almost-tangency, strictly between —1 and 0. We will later call an interval containing this
point of almost-tangency the tunnel (the interval [z§1), zt@] on Figure 1(b)).

If 0 < ¢ < 1, the behavior is the opposite, i.e., f, is convex for n odd, and concave for
n even. The restriction on k,,; in Remark 2 is related to the concave case.



2.3 Regularity conditions and a rigidity theorem

A sequence of functions g, : [—1,0] — R, with n € Ny = NU{0}, will be called K-regular,
if it satisfies the following conditions for some vector K = (K7, Ky, K3, K4, K5, K;), with
positive components:

(1) llgnllcz < Ky on [=1,0],
(ii) ¢, (z) > Ky for every z € [—1,0],

(iii) for all odd n, the set B,, x, = {z € [-1,0] : gn(2) — 2z < K3} is either empty or
consists of one or the union of two half-open intervals each of which contains an end
point (we refer to these intervals as the gates),

(iv) for all odd n, ¢//(2) < —Kjy, for z € By, k,,

(v) for all even n, the set By, f, is either an open interval or empty (we refer to this
interval as the tunnel; since the points —1 and 0 are outside of the tunnel, this
implies g,(—1) > K5 — 1 and ¢,(0) > Kj3),

(vi) for all even n, g (z) > K, for z € B,, k.

A system of nested partitions P,, i.e., a sequence of partitions such that each element
of a partition P, is contained in an element of a partition P,, is called refining if the
maximal length of elements of partition P,, approaches zero as n — oco. It is called expo-
nentially refining if there exist Cyey > 0 and 0 < A,y < 1, such that |I,,,| < Cpe f)\;”e;”Hn],
for any I, € P, and [,,, € P,,, with I,, C I,,.

Theorem 2.2 Let T and T be two C*_smooth, o > 0, orientation-preserving circle
diffeomorphisms with breaks that satisfy the following conditions:

(a) p(T) = p(T) € As;
(b) there exists a vector K = (K, Ks, Kg,{ﬁ, Ks, Kg) € RS, such that the sequences of

renormalizations g, = fny1 and g, = fai1, n € Ny, if 0 < ¢ < 1, and the sequences
gn = fn and g, = fn, n €N, if c > 1, are K-reqular;

(c) the systems of dynamical partitions P, and 75” are exponentially refining;

(d) || fn = fullcz < CA*, for some X € (0,1) and C > 0.

Then, there exists a C*-smooth orientation-preserving circle diffeomorphism ¢ such that

poTop t=T. (2.9)



Remark 3 Though the theorem has been formulated for circle maps with breaks, the
result is valid for any two circle homeomorphisms which satisfy the assumptions (a), (¢)
and (d) of the theorem and whose renormalizations f, are C*T*-smooth, and such that
either the sequences g, = fn,gn = j:;L or the sequences ¢, = fni1,0n = ﬁlﬂ satisfy the
above regularity conditions.

Remark 4 Condition (c) of the theorem implies that 7" and T are topologically conjugate
to each other. It is easy to see that in the case of circle diffeomorphisms with breaks, the
conjugacy ( can be Cllsmooth only in the case when it maps the break point zy of T" into
the break point zo of T. This condition defines ¢ uniquely, and below we only consider
the case of this particular conjugacy.

A similar theorem has been proved in [9] under different regularity conditions (valid
for renormalizations of critical circle maps) which require a simpler analysis.

3 A criterion of smoothness and the proof of the main
theorem

3.1 A criterion of smoothness

We will use the following criterion of smoothness of ¢. It is inspired by a similar criterion
in [2| called the “coherence property”. The same criterion was also used in [9]. For a
segment I C T!, we define

o(l) ="~ (3.1)
where | - | is the length of an interval.

Proposition 3.1 [9] Suppose that the system of partitions Py, of the circle is refining, and
that there exist constants C'> 0 and A € (0,1) such that for any two segments I,1' € P,
which are either adjacent or I,1' C J for some J € P,_1 the following estimate holds

lIno(I) —Ino(I')] < C\". (3.2)
Then, ¢ € CH(T') and ¢' > 0.

Proof. We present the proof below for completeness of the argument. Let ¢, be a
homeomorphism of T! that equals ¢ on =,, and is linear on each of the segments I C P,,.
Let further (¢,)! be the right derivative of ¢,. It follows from (3.2) that the sequence
of differences In((¢,)".(x)) is a Cauchy sequence, uniformly on T', and thus converges to

some h(z). To see this, notice first that over each I C P, without the right endpoint,



(¢n) () = o(I), and that (3.2), for any two intervals I, I" C J for some J € P,_;, implies
that

IIno(I) —Ino(J)] < CA\". (3.3)

Now, it is easy to show using (3.2) for adjacent intervals I,I’ € P, that the function
h is continuous on T'. Taking the limit n — oo of @,(x) = [ (pn) (2)dz, we get
p(z) = [ €"® dz. Thus, ¢’ = e" is continuous and positive on T*. QED

We will also use the ratios of the corresponding rescaled intervals:

o)
=" o

3.2 Renormalization graphs concave inside the gates

In this section we consider dynamics of a subsequence of renormalizations f,, and ]}; of
maps T and T for even n, if 0 < ¢ < 1, or odd n, if ¢ > 1. The graphs of these
renormalizations are concave inside the gates.

The following proposition gives the control of derivatives of renormalizations inside
the narrow gates.

Proposition 3.2 There exists € > 0 and B > 1, such that for all even n, if 0 < ¢ < 1,
or all odd n, if ¢ > 1, either f,(—1)+ 1> K3/2 or fl(z) > B for z € [-1,—1 4 ¢| and
either f,(0) > K3/2 or f!(z) < B™! for z € [—¢,0].

Proof. It follows directly from the regularity conditions of Section 2.3 that if f,,(—1)+1 <
K3/2, then f/(—1) > 1+ K3/2 and if f,,(0) < K3/2, then f/(0) = 1 — K3/2. Since the
second derivative of f,, is bounded, in these cases, there exists ¢ > 0 and B > 1 such that
fl(z) > Bfor z € [-1,—1+¢] and f/(z) < B~! for z € [—¢,0]. QED

The next proposition will be used repeatedly.

Proposition 3.3 Let b,, n € Ny, be a sequence of positive numbers such that b; > B > 1
fori>1, and
noJ

so=>_ ][0 (3.5)

j=0 i=0
Then, there exists A > 0 such that [[}_,b; > As,, for alln € N.

Proof. We can assume without loss of generality that by = 1. The claim is proved by

simple induction. For n = 1, the claim is obviously true for any A < 1%3. Assume that



the claim is true for some n € N, with A <1 — +. Then,

n+1 n+1
[T > Asubucr = Abpya(sna = [ 1), (3.6)
i=0 i=0
and thus
n+1
n+1
H b > A an+1 Sn+1 > A8n+1. (37)

QED

Below A is the exponent for the exponential approach of renormalizations (see Re-
mark 1), and A[' is the exponent of the maximal growth of a subsequence of partial
quotients (see Remark 2). It is assumed that 0 < A < A\ < 1.

Proposition 3.4 Let A3 € (\/A/A1,1). There exists Cy > 0 such that for all even n, if
0<c<1, orall oddn, if c > 1, we have

5a(A), (52(A7Y )71 < 1+ Co)y. (3:8)

dn—1

Proof. Let Ay be a number in [A/A3, 1), whose choice will be specified later on. Notice first
that if either |?n(N((IZ) D] = Ay or |1, (A Al 1)\ > A2, then the claim follows directly from the
closeness of renormalizations, since HTn( o 1)|—| n(AgZ) I = 1fu(=1) = fu(=1)| < CA".
In the case when |7,(A t(]n Dl < Ay and |7, (A z(zn Dl < A3, we will prove the claim by
contradiction. To prove the first inequality, let us assume that 5n(AEIZ),1) > 1+ A} (the
proof of the second inequality is analogous, by assuming (s5,(AY”,))~! > 14 AZ). Then,

for 1 < j < k, 41 such that Tn(A(n) T G1)gn ), T”(Ag:),1+(]fl)qn) C [-1, =1+ A}], we have

5n(A§Z)71+jqn) = H (1 + f (CZ;A(QJ; (<1)> 5 (AQn) 1)

Lol TG = SalG)] + 14(G) — fa(G)] o (3.9)
=11 <1 76 ) B
> (1— K53 (O + K D)) s,(AM ).

qn—

(n) S~ R
Here (; € Tn(Aqn,1+(i—1)qn)v and (; € Tn(A

€1 > 0 and sufficiently large n, we have

_1+(i—1)g ) Since j < k11 < CiA[ ", for every

En(A(:)

dnr+ign) > L+ (L =€), (3.10)

if A< A < A As.

10



This estimate implies that if j,, is the index j of the last interval ?n(ﬁé:ll +jgn) that
belongs to the interval [—1, —1 + A\}] then we have

Jag—1 Jag—1
T Tanrtingan) = To(Taurtinga) = O A o= 3 [m(AY )]
j=0 j=0
e (3:11)
PR

> Nn A(n) ) > C )\n n,
1+ (1—e)A; ]Z:; 7 q"—1+.7Qn)| 37273

for some C5 > 0, since Z;Ajo_l |7~_"(A«(;:)71 +jg)| 18 of the order of A3 by Proposition 3.3.

Here, we have also used Proposition 3.2 and that A} < e, for sufficiently large n.
We now have

?n(EQn—l‘i’an) - Tn(an—ﬁjqn) = fn<7f:n(:fqn71+(j—1)qn>> - fn(Tn(xanl“!‘(j_l)Qn))

Z f;z( j)(;n(zqn—1+(jfl)qn) - Tn(an_ﬂr(jfl)qn)) - C\" (312)

> (fi(&5) = ) Ta(Tgpr4G-1)0n) = Tn(Tgn_14G-1)an))>

if (T (Tg 1 4(-1)gn) — Tn(Tq,_14+(-1)q,)) = CA™, for some small e, > 0. Here, &; is a
point in the interval (7,,(2q, ,+(-1)g,)s Tn(Tgn_14(i-1)gn))- If A < A2Ag, then this condition
is satisfied for j = j,, and sufficiently large n, by condition (3.11). By iterating the
estimate (3.12), we see that the estimate (3.11) gets only better as j is increased from

Jr as long as f) (&) > 1+ e, for some e; > 0. This is satisfied with e; = B — 1, where
[B is t}ie co]nstant from Proposition 3.2, as long as the intervals 7,,(A, " ;.
—1L,—14€|.

From the first inequality in (3.12), we have

) lie inside

T (g1 1ign) = To(Tg_14ign) = K2(%Jn(EQn—1+(j_l)Q’n) - Tn(an_l-&-(j—l)qn)) —CA\", (3.13)
which can be iterated a constant number of times, if A < Ay\3, to obtain
,7\:77«(§Qn71+jQ71) - Tn(Ianl"Fan) > 04)‘3)‘;}7 (314)

for some constant Cy > 0, and all j such that 7771(&;:)7&]‘%) N(=1+e,—¢) #0.

We will now prepare the setting to estimate the same difference, by starting from the

11



other end of the interval [—1,0]. Notice that

5 (AJY) = 5, (A )2

(
ARG (@)
—5 ( (n) ) 7/1—1<_fn—1(0)C0)
" (= Faa (0)G0) (3.15)
:5@W)@+,“<hlmw <n1m@>
(a0
> s,(A)) (1= KON 4+ K2ON 1+ K36 — &)
where () € Tn(A(()n)) and ( € ?n(ﬁg”). We next estimate ¢y — Co|. Since
" A ) — 1+ fn(_1> 1 CA" 316
S EACE a(AGL)] 310

and, by assumption 5n(Aén) ) > 14+ )}, we have |7'n( ()| < CAZ,if A < AgAs, which we

assume. Furthermore, since the length of rn(AS,’Z)_I) is of the same order as f,(0), we have
£n(0) < CsA7, for some Cs > 0. This implies that ¢y — Co| < f(0) + CA™ < CsAZ 4+ CA™.
Using this estimate and the last inequality in (3.15), we obtain, that for some €3 > 0 and
sufficiently large n,

5o (AM) > 14 (1= )AL (3.17)
Notice, further, that
Sn(Ag:lJ) — 72”(an+1+'171) - %n(i'Qn-kl) . 1 — fn+1(0) - fn+1<_1) (318)

sn(A(()n)) To(Tgusi+an) — Tal@gnsn) sn(A(()n)) fat1(0) = fra1(=1)

and that the right hand side is bounded from below by 1 — CgA", for some Cy > 0.
Together with (3.17), this implies that, for sufficiently large n,

5.(A ) > 14 (1 - 2e3) ;. (3.19)
For sufficiently large n, we also have

CA"

5

(A0 = s 20 1 (1-

Here, we have used that f,,1(0) is bounded from below by K.

) > 14 (1— 2e3)A2. (3.20)

12



We can now perform backward iterations of the intervals Tn(Agﬁl) and ?n(ﬁgnll) The
estimates below are similar to the estimates for forward iterations that were used above.

For 1 < j < ky41 such that Tn(A(n +(G-1)g ),?n(ﬁé:)_ﬁ(j_l)qn) C [=A%, 0], we have
kn+1 / I
8 ) = (1 T (@) (8,)
i=j+1 f/ Cz
_ ”* (1 L Fal6) = Fal6) + Fal6) - f;;<<i>> SO0 )
i= ]+1 f/ (gz) (321)
e <1 [£a(G) = Falo)| + 1fa(G) - (@)\) (A )
i=j+1 172Gl
KON+ Kg) " 5, (A0 ),

As before, (; € Tn(A(”) (1) ), and Cz c Tn(A(n i-1)gn ). Since j < kpp1 < CIAT,
using (3.19), for sufﬁ(nently large n, we obtain
5 (A ) > T (1 3e)As, (3.22)

A< Ag < )\1)\3.
If j_,, is the smallest index j of such that the interval ?n(Aé:)

—Ay, 0], then we have

~ i~ ~ /X (n+1 n+1
To(@an-rtirgan) — 0 @aurrisgan) = [Fa(B5)] = [r( A5
n+1 1 n+1 1
(n)
+ Z ’Tn Qn 1+]qn Z |7—n A(I'n 1+]Qn)|
J=j- Ao J=j- Ao
kn-&-l*l kn+1 1 3 23)
~ (A(n) (n) (3.
> Z ’Tn(Aanl‘f']‘q") - Z |Tn AQn 1+JQn>|
J=J—x9 J=J—xg
knJrl 1
( 363 )\n ~ %
> Cr A5 NS
L+ (1= 3e)A; Z 7o Bg i)l > Cr5NG,

for some C7 > 0, since Z mHolE, (A(n) \+jg.)| 18 of the order of Aj. In the first of these
inequalities, we have also used the estimate (3.20).

We also have
Tn(anﬂ-i-jqn) - 5:n(%lznq-i-jfln) > ( r/z(gj-i-l))_l(Tn(an—1+(j+1)q ) — Tn(an 1+(+1) qn) CA")
>

J
((J?Zl(fjﬂ))_l — €)(Ta(Tgp 1+ (+1)0n) = Tn(Tgn 1 4G+ 1)an )
(3.24)

13



if €4(Tn(Zg, 1 4G+1)gn) — Tn(@gn 14G+1)gn)) = (2 (Ej41)) C A", for some small ¢, > 0. As
before, ;41 is a point in the interval (7,,(%g, 1+jg)s Tn(ZTgn_1+4q.))- IE A < A3, then
this condition is satisfied for j = j_,, and sufficiently large n, by condition (3.23). We
can iterate this estimate, as long as (f/(&+1))"" > 1+ €4, for some ¢, > 0. This is
certainly the case as long as the intervals ?n(ﬁf],f),l +jg,) lie inside [—¢,0] as follows from
Proposition 3.2. Iterating again the first estimate in (3.24) a constant number of times,

we obtain an estimate opposite to (3.14), i.e.
Tn(an71+jqn) - ?:n<'%/Qn71+j(In) Z 08)\3)\?7 (325>

for some Cg > 0, and all j such that ;n(£§:)4+jqn) N(—1+e¢e,—¢) # (. By considering

this estimate for any such j, we get a contradiction with (3.14). QED

The next lemma deals with the iteration of “long” intervals, i.e., intervals whose lengths
are at least of the order of \J.

Let n and 1 be the left or right ends of the intervals I C A(()n_l) and I C Eg"‘”, and

let 1, (1) = 202l et [; = fi(r(I)) and I = fi(Fa(]))-

In what follows, we assume that A5 is chosen such that Ay € (/\—)‘3, A1A3).

Lemma 3.5 Assume that there exist Cq, Cio, C11 > 0 such that I; C A(()n_l), Z C &g"‘”
and |7,(L;)| > CoAy, for all 0 < i < N,, where N, < Cyon. Assume further that
ro(1) < Cy Ny, Then, there exists Cig > 0 such that r,(I;) < Ci19Ay for all 0 < i < N,,.

Proof. We will assume that n and 7 are the left ends. For the right ends, the proof does
not change. The lemma is proved by induction. For i = 0, the claim is true. Assume
that for all 0 < i < j, r,(1;) < C12A% < 1, for some C12 > 0 and n > ny specified below.
Clearly,

JoEar )T (i) — Tn(ns)| + CA™

n(liv1) < fﬁ(§i+1)|7'n([z'_)|
£4(Eivn) —le(wl) VN 3.26
< (1 G I o o
CA"
< (U KB (U () () 1) + g

where &1 € (7o(:), Ta(m;)) and (i1 € 7,(1;). Applying this inequality recursively from

14



t = j down to ¢ = 0, we find
J
(Lis1) < TT (0 2K0K5 r(I)]) (1) + CCF K (A A0)"
=0
=1 i=1

KKy (1) + CO Ky (A A2)" (1 + Crgne®fiKa)
§012>\37

<1+ _ 11 1+2K1K21|rn(fi)\)> (3.27)

where Ciy = C1 e85 L OO G +C Oy Gy Crpe? s max( (ﬁ)") For no € N

neN
such that CioA5° < 1, we thus have r,([j11) < Ci2A%, for all n > ny. QED

In the next proposition, we again use k.1 < C1A]", for those n considered here.

Proposition 3.6 Assume that there exists Cy > 0 such that for all even n, if 0 < ¢ <1,
or all odd n, if ¢ > 1, (3.8) is valid. Then, there exists Ci3 > 0 such that for all such n

and all 1 < 7 < k11, we have
S (A ) (5 (AM )T S T Ci)y (3.28)

Proof. Let Ay again be chosen such that A < A3 < Ao < MA3 < 1. For 1 <j <k,

. (n) ~ /A(n) n
such that both intervals 7,,(A; " i 1), ). Ta(A, 7 L 1),.) C [=1, =14+ A3], we have

( qn— 1+an) H L+ f;L(CZ) s ( anl)
i - - ~
[alG) = FuG) + £u(G) — £(G) (n)
= (A
E i Fu(Gi) )5 (Ba) (3.29)
(1 G = B @I+ 146 = S A
< 1 n(A
=1I{1+ 7] )5 (Ba)
< [1+ Ky HON + KD s,(AD).
As in the proof of Proposition 3.4, (; € T"(Aé:)_w(ifl)qn) and ZZ € %n(ﬁgj)_ﬁ(ifl)%).
Similarly, one can obtain the estimate
(sn(Ag’;>_1+jqn)>_l < [1+ KON + KAD)) (sa(A0 ) (3.30)

15



Since j < kpp1 < CiA]" and A < A9 < A3, by using these inequalities and Proposi-
tion 3.4, there exists a constant C14 > 0, such that

s, (AU ) 1] < CAL. (3.31)

qn—1+Jjqn

Let j\, be the largest index j such that both intervals A( " itjg. and A " itig. BT€
contained inside the interval [—1, —1+ A}], if such an index j ex1sts To be Spec1ﬁc let us
assume that 7,(Zg, 1 4j5,4.) > Tn(mqnfﬁmqn). In the opposite case, the proof is analogous.
For all 5 such that 1 < j < j,,, we obtain

j—1 -1 -
7o (g s jan) = T (T jan)| = (sn (U Af,:)mqn)) Z 7 (A )
1=0

=0

~1
- e
= 0<I£1%X 1 ‘(5H(Aqn 1+'LQn —1 Z [7n Qn 1+ign )|

S 015)\3)\27
(3.32)

for some C15 > 0. In the last inequality, we have used the estimate (3.31). The same

(n)

estimate for j = j,, implies that |7,(A )| is of the order of A} since, by Propo-

n—-1+Jxyqn
sition 3.3, ’Tn(AC(I: 1 Firgdn )| is of that order. If j,, is not defined, then ]?n(Aéle)\ and
7. (A )| are at least of the order of AZ.
We are now preparln% the setting to extend these estimates to 7 such that both intervals

T ( ((;z) G- ),?n(Aqn t(-1a) C [=A2,0]. Using the first three equalities in (3.15),

we obtain
5u(AF”) = 11 < [sa(A)) = 1] |1+ K7 (CX 4+ KION™ + K6 — Go
FEHON 4+ K200 4+ K2|¢ — Gol)

where ¢y € 7,(A") and ¢ € 7,(Af"). Since |G — ol < fa(0) + CA™, if £,(0) < CieA3,
C16 > 0, then, for some Ci7 > 0, we have

|52 (AS) — 1] < Cirs. (3.34)

(3.33)

In that case, since

n o Js1 (0
5y (AUD) — 5 (Al >)~’f1;—1203, (3.35)
we also have
(n+1 _ fn+1 ) ﬁl+1(0)_
(A7) = 1] < ou (A 1‘fn+1 OO (3.36)

< CpAi(1+ K 'OA™) + Ko 1OA™! < Oy,
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for some Cig > 0. If, on the other hand, f,(0) > Cig\}, it is easy to show that the
estimates (3.34) and (3.36) are still valid, since |Tn(A(()n+1)>| is of the same order as f,(0).
Since

frir(=1) 41
A(nJrl) _ A(nJrl) A(n) _ fn—i—l( A(n) )
B = o (A (o) = LU e )

we further have that there exists C9 > 0, such that

n+1

|5, (ALY — 1] < (14 C1rAg) + Cis < Cho)s. (3.38)

5

Using the estimates (3.34), (3.36) and (3.38), and the fact that |Ag:)+1| = |A(()n)| +
AV = | AT we obtain, for some Chy > 0,

|m@wwﬂan%H44N“W
T (DAY + 17 (AT = [ ﬁ%\

Tn
S maX{C'N, Clg, Clg})\g (1 + 2 | A(nJrl) > (339>

‘5n(A¢(121) — 1| < max{Ci7, Cis, Cro} A}

< max{C\7, Cis, Cig} Ay (1 + ?) < Oyl
5

We can now perform backward iterations of the intervals Tn<A((]2_1) and ?n(ﬁé:ll) For

1 < j < kpq1 such that Tn(A( ") . 1)qn) ?n(£§:)71+(j,1)qn) C [=A3,0], we have
5 (A <ff< MIAOR mwwm@wmmggwm)
n—1+Jqn £ (c " s
Gn—1+iq s 171(G) nt (3.40)
< L+ KON+ Kog)] " s, (A ),

Since j <k, < C1AT", for sufficiently large n, we obtain
su(Ag) 1jg.) S 1+ Can ki, (3.41)

for some Cy; > 0. Similarly, one can obtain

<5 NG )>_1 <1+ Ol (3.42)
n ~ 223, .

qn—1+Jqn

with Cye > 0, which together with estimate (3.41) gives us

|sn(A(n)

Gn—1+7qn

) = 1] < Ca)y, (3.43)
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for some Cy3 > 0, and j_), < j < k,4+1. Here, j_,, is the smallest index j such that both

intervals 7',L(A((;Z)f1 +jq,) and 77“<Ar(1:)71 +ja.) are subsets of [=AZ, 0], if such a j exists.
We further have
g1 —1
T (Tars 3 ryn) = T Foans g ngan)] < CoXs (D0 (A, 4,)]
J=i-xg (3.44)

HRAF)]) < CasNgAs,

for some Chyy, Co5 > 0, since Z?Zf{; |?R(A((1:)_1+jqn)| is of the order of A}. In the first of
these inequalities, we have also used the estimate (3.36). As before, we can conclude that
the lengths of both intervals Tn(AEJZ)_ﬁj,qu) and ?n(Ag:)_ﬁj,qun) are of the order of \J.
If j_, is not defined, the lengths of these intervals are either again of this order or larger.

In order to prove the desired estimate for j,, < j < j_», (if 7, is not defined,
we formally set j,, = 0 here; if j_,, is not defined, we formally set j\, = k,11), we
can apply Lemma 3.5, since the lengths of the corresponding intervals Tn(AE]:zl +i 4,) and

?n(AéZL +jg.) are at least of the order of 3. The remaining assumptions of this Lemma

are satisfied by (3.32) and (3.44), and the fact that the number of these indices is at most
of the order of n. The desired estimates then follow from this lemma. QED

3.3 Renormalization graphs which are convex inside the tunnels

In this section, we focus on the dynamics of a subsequence of renormalizations f, and
fn of maps T and T for odd n, if 0 < ¢ < 1, or even n, if ¢ > 1. The graphs of these
renormalizations are convex inside the tunnels.

If By, k, is not empty, let ¢ be a point such that f;(¢}) = 1. Similarly, if Efn Ky /2 1
not empty, let Z;; be a point such that ﬁg(f:;) = 1.

Lemma 3.7 There exists Cog > 0 such that for all j =1,... kyy1, we have
|7’:n(j§QTL—1+an) - Tn(xQn—1+jqn)| S 026)\71/2‘ (345)

Proof. To simplify the notation let z; = 7,(z4, ,+iq,) and Z; = 7,(Z4, ,+4q, ) Notice that
first pair of points satisfies the desired bound since

2 — 21 = | fa(=1) = fo(=1)| < OA"™. (3.46)
The same is true for the last pair since

Zonss — Zhones = | Fns1(0) F(0) = fur1(0) £2(0)] < K1C(1 + A)A™ (3.47)
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Let & be a point between z; and Z; such that |f,(Z;) — fu(2:)| = f.(&)|Z — 2i]. Then,

Ziv1 — zig1| < [(&)]5 — 2 + OA,
21— zical < (fh(&-1)) 71 (12— 2] + CA").

By iterating these two inequalities we obtain

j—14-1
1z — 2] < yzl—zl|Hf (&) + O\ <1+2Hf; gl>, (3.49)

(3.48)

k=2 i=k
k'n+1*1 knJrl*l kn+1*1
|5kn+1—j - an+1—j| < |2kn+1 - an+1| H (f?fL(é.Z))_l + A" Z H (f;@(&))—l
i=kpt1—j k=kni1—j i=k

We can now apply these estimates for all j € N smaller or equal to J = [1/K5] + 1,
obtaining |Z; — z;| < Cy A", and |2, —j — 2Zk,.1—j| < CorA™, for some Cyr > 0. If
Fny1 < 2J, then the claim is proved. Otherw1se all the remaining points 2; and z; belong
to By, s N B, k., ¢, and ¢ are well-defined and |(; — (| < CA™.

The objective now is to apply the inequalities (3.49) to obtain the desired estimate
for all the remaining points. We will first make at most L,, = [A™"/?] + 1 steps from both
ends. More precisely, we will make at most L, steps from the left end, but stop when
max{z;, Z;} > (. From the first of the inequalities (3.49), we obtain |Z; — z;| < Cog A2,
for some Cog > 0, and all J < j < L;, where L; = min{L,,, min{k : max{zy, Zx} > (:}}.
Here, we have used that the products of derivatives in (3.49) are smaller than 1, since all
points & now belong to By, x; N B} r., and satisty §; < (. The same estimate is obtained
for k1 — Ly < j < kypy1 —J, such that L, = min{L,, k,1 —max{k : min{zy, Zx} < }}},
by applying the second inequality in (3.49).

If an early stop did not occur in the previous iteration, i.e., if L; = L, = Ly, then
for the rest of the points we have |z; — (}| < CyL,' < Co9A™?, and 1Z; — ¢ < Cog A2,
for some Cy9 > 0. This follows from the asymptotic estimates for iterates under a non-
degenerate tangency [9]. Together with |(f — (| < CA", this completes the proof, in
this case. If both the forward and the backward iterations were stopped earlier at L; and
L,, respectively, then the interval between the leftmost and the rightmost of the points
2L,y 2L, 2L, 2L, has a length bounded by 2C5sA\™2, and contains all the other points. If
the iteration in one direction was stopped earlier, while the other was not, then the two
arguments above can be easily combined to complete the proof. QED

Lemma 3.8 There exists Csy > 0, such that for all 0 < j < k, 1, we have

5n(A§Z)71+jqn)a <5”(A1(12)71+jqn))71 < 14 Cs)y, (3.50)

) (14+a)a
with Ay = A3@+a)
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Remark 5 This lemma holds without conditions on the growth rate of k,,,. Below we
prove it with the assumption k,,; < A™"/% for every Ay € [A/8,1). We treat this case
differently, since for such k,,; we have a stronger statement given in the corollary that
follows. For k,.1 > A™"/8, one needs to perform a more detailed analysis of the asymptotic
behavior of iterates near a non-degenerate tangency. Such an analysis, in two different
asymptotic regimes, is carried out in [9] (see sections 3.2.2 and 3.2.3 therein), which we
reference for the completion of the proof.

Proof of Lemma 3.8. For intervals corresponding to 0 < j < min{J, k,, 41} and
kny1 — min{J, k,11} < j < k,.1, the estimates (3.50) follow directly from Lemma 3.7,
since the length of each of these intervals is bounded below by a positive constant.

If k41 > 2J, we can continue to propagate this estimate up to j < min{J+A;", k,11},
obtaining

5n(A‘(]:)—1+an) = H <1 + Ji (CZZ/(CJ; (Q)> 5n(A¢(1:)_1+an)

i=J+1

(3.51)
< (1 + CglAn/Q)\an)j—J (1 X 026)\71/2) < (1 + ngAn/2)\g3n).

Here, ¢; € Tn(AE]:)

(1)) and = Tn(A(n (i-1)q, ) and C31,C32 > 0. We have used
the estimate

J2 Taz) dz L RG) _ F2 (Fi(z) = fi(2)) dz

171(G) — f1(G)] =

Zi — Zi-1 Zi — Zi—1 o Zi — Zi-1
S fz)de = [2 fu(z) de S
Zi — Zi—1 Zi — Zi—1
)\n/2 )\n/2
<CON'"+ O3~ < O34,
A2 A2

where C33,C34 > 0. The last inequality follows by using the asymptotic estimates
|Zi — Zio1| > CasA2™, with Cs5 > 0, for iterates under a non-degenerate tangency [9)].
Similarly, we can propagate the desired estimate from j = k,,; — J backwards to all
j > max{0, kny1 — J — A\;"}. Taking s = A\/%, we obtain the estimate

su(A,)

i) ST+ Csa\"/3, (3.53)

which implies (3.50) for the considered indices j. This proves the first part of the claim,
if kpp <A™
The proof of the second estimate can be obtained in the same way. QED
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Corollary 3.9 If k,.1 < A8, it follows from Lemma 3.7 and Lemma 3.8 that, for all
1 <j<kpi1, we have

7 (Fan 1) = Tn(Tguria)| < Cos' N7l A )] (3.54)
Proof. It follows from Lemma 3.7 and Lemma 3.8 using the estimate |Tn(Az(1:)_1+jqn)| >
Ciys N4, QED
3.4 The estimates on the fundamental intervals
Lemma 3.10 There exists Csg > 0 such that for all n € N,
s (A - 1‘ < Oyl (3.55)

Moreover, if C3s > 0 has been chosen sufficiently large, then for all odd n, if 0 < ¢ < 1,
or all even n, if ¢ > 1, we have

s5u (A — 1‘ < O™ (3.56)

Proof. For all even n, if 0 < ¢ < 1, or all odd n, if ¢ > 1, the first estimate follows from
inequality (3.34) in Proposition 3.6, and an analogous inequality for (5n(A(()”)))_1. The
improved estimate for all odd n, if 0 < ¢ < 1, or all even n, if ¢ > 1, follows directly from

£a(0) — £(0)
n(0)

since for such an n, f,(0) > K. QED

< K 'CN, (3.57)

(A - 1‘ -

Lemma 3.11 There exists 0o, > 0 and Cs; > 0 such that for all n € N, we have

A" "

oy, — 0o < Cs7)5. (3.58)

AN

A
Proof. Let o, = }i?"):' It follows from Lemma 3.10, that
0

On
_ 1‘ < Oy, (3.59)

On—1

and thus |Ino, —Ino, 1| = €,-1, where 0 < ¢,_; < U}, for some Csg > 0. Since the
sequence €, decreases exponentially, the sequence Ino,,, n € N, is a Cauchy sequence and
converges to some £, = lim,_,o Ino,. The sequence o,,, thus, converges to o, = e~ > 0.
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Furthermore, since

oo )\TL
lnow —Ino,| < mz:;fm < O _3A3, (3.60)
we have
T 1‘ < O3, (3.61)
o
for some Cs9 > 0. QED

Without loss of generality, we may assume that o, = 1. This follows from the following
simple lemma.

Lemma 3.12 There exists an arbitrary smooth conjugation T of T and Cyo > 0 such
that, for all n € N, we have 0,(T) =1, i.e.,

AV
NGl

1| < CuoAs. (3.62)

Proof. It is enough to rescale the intervals of Eé") by means of a smooth change of
coordinates affine in a neighborhood of the break point of T. Assume that oo < 1.
Let ¢ be a smooth orientation-preserving diffeomorphism of T!, which is affine on a
neighborhood of Ty, with factor o', Let T = o T o)t ThlS change of T will not
affect the renormalizations f,, n > 2, but o, corresponding to T and T will be equal to
1. A similar argument works in the case o, > 1. QED

3.5 Estimates on the intervals of the partition P,,, inside A(()nfl),

with n a constant fraction of m

Assume that k,.1 < C1A]", for all n odd, if 0 < ¢ < 1, or for all n even, if ¢ > 1. Let
)\6 = maX{/\g, /\4}, and let 51 = maX{O13, 030}.

Proposition 3.13 Assume that for all intervals P,, > I C AS,Z) L, with m > n, and the
corresponding intervals P, 5 I € A, we have |5,(1) — 1| < CuAg. Then, there exist

Cy2 > 0 such that for all 0 < i < ko1, 7o(5) = fi(1,(1)) and T,( L) = f7’<7'n( 1)), we have
‘571( z) — 1‘ < 042)‘6'
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Proof. Let y;,y; and z;, z; the left and the right ends of the intervals 7,,(I;) and 7,,([;).

If z; —y; < max{|y; — vi|, |zi — 2|}, then

7 CIE -7
g (li1) — 1] = | 2505 Vil

salliv) =11 =1 % S

— _ ~ ~ Zi — Ui Zi — Ui

< (CN'Ky '+ 3K K max{[: — wil, % — zil}) :z- —y»: IZ' —y‘;

< (20N"Ky '+ 6K Ky max{|gi — uil, % — zil}) + lsa(15) —

if |s,,(1;)| < 2. If z; — y; > max{|y; — vil, |zi — 2|}, then

-1

_1‘

o 1 2 [ ROE | N REIGE =5~ RO
o Jy: Q¢ Falza) (i = wa) = [, F(Q(C = yi)dC

BENEm 1 = b (S THOC = 3 = 7 £ — 9)d)

(zz) Z2i—Yi

1= vt Jo Q€ = ya)dC

and, thus,

Zi — Y; 3 1~

+4K1K2_1|Z—ZZ|+|571<]Z>—1| <1+K1K2_1|Zl—yl‘)

Here, we have used that

MEE-T
fh(zi) 2 — i

if 20 <9
2i—Yi

< 2ACKy' N+ K K3 Y% — z]) + [sa(L) — 1],

/f” (€~ Gi)dC — /f” = yzdcl

{CA”M +K1|yz yszz 1|

Fa(z) (2 — wi)

< -
- KZ(ZZ' — ) 2
—y)?

(zi —ui) 3 - ~

Kz
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(3.66)
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and

1 = " 1 —
m /yl |fn<0|(C - yz)dC < §K1KQ 1|Zi - yz| (3.68)

We have also used that (1—z)~' < 1+2|z|, for # < 1/2, and assumed K; K, |z —y;| < 1.
Therefore, in either case we have

5, (Li21) — 1| < |2CK; A" <1 + Az yi) + 6K, Ky max{[§; — v, |5 — 2}
(3.69)
+|5n(fz) — 1‘ . (1 -+ K1K2_1|Zi — yzl)
Using the estimate
max{[Fi—uil, F—zl} < | CuSiNg+  max  [sa(L) = 1] | [T(A 1)l (3.70)
PmBIiCAéZlIan
where Cy3 > 0, we obtain
’5n(1i+1> — 1‘ < 4CK51An + 6K1K{1 04351)\2 + max ‘571([1) - 1‘
PmdLCAY Lo
(3.71)

Ara(AM L+ max [sa(L) = 1| (14 KKy (AN ).
PrmdLicAM™

qn_l“F’iQn
In the estimate (3.70), we have used the fact that for n odd, if 0 < ¢ < 1, and n
even, if ¢ > 1 (corresponding to renormalization graphs concave inside the gates), the

) and 7,(A™

distance of the corresponding endpoints of the intervals Tn(A(") o tian)

Gn—1+ign
is bounded from above by 04351)\2\7,1(A$)71 +ig,)|- The same estimate is valid for n even,
if 0 < ¢ < 1, and n odd if ¢ > 1 (corresponding to renormalization graphs convex inside
the tunnels), if i < [\™%] or i > k.41 — [\7/®] (assuming k,; > [A\"8]). This follows
from Corollary 3.9. In this case, we will consider first only i < [A™"/%].

Taking the maximum of the left hand side of (3.71) over all I;;;, such that P, >

It C A((]ZL it )gn WE obtain the inequality

M1 < P+ QiM;, (3.72)
where M; = max |5,,(1;) — 1|, and
PmdLCAY L

P = (40K X" + 6K G Coa S AL 1)) (L4 KK ma(AY L)), -
3.73
Q, = (1 + 6, Ky (A )|) (1 + KoKy (A L)),

dn—1 +'“1n
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By iterating this inequality from ¢ = j down to ¢ = 0, we obtain

Mj1 < P, +2Pk H QZ+MOHQ17 (3.74)

k=0 I=k+1

and, thus,

‘5n([j+1) — 1’ < €7K1K;1 4CK£1An(j + 1) + 6K1K5104351Ag + max( ) ‘En(I) — 1‘ .
Pm3ICAgY |

(3.75)

Here, we have used that $°7_ |Tn(Aé: \+ig,)| < 1 and the inequality 14z < e, for z > 0.

To complete the proof in the case of renormalization graphs concave inside the gates,
with our standing assumption k,; < C1A7", or in the case of renormalization graphs
convex inside tunnels if &, ;1 < [)\_”/ 8], we can proceed by induction in j. Let for some j,
|5, (1;) — 1| < Mg, where

M = ™5 (WO KOy + 6K Ky CusSy + Cuy), (3.76)

and n is large enough such that M} < 1. Then, the inequality (3.75) implies the same
bound for j+1. Furthermore, for j = 0 the inequality is true due to our initial assumption.

In the following, we consider the case of such n and assume that k,.; > [\ 8]
Notice first that there exist (; € 7,(I;), G € Tn( l) (2, (3 € Tn(Agn rign ) (o, (s €
?n(&(zz)fﬁiqn)? such that

(n)
111 (’gn(['l‘f‘l) sn(AQHfl“!‘iQn)

) ‘ @)~ fG) — T PG+ n £(G)]
(3.77)

= 00 Y GG — G — I (@G~ )l < 2o = Gl + 22 — Gl
2 2

Summing these inequalities from ¢ = [A™"/%] to j—1, for some [A\"/8] < j < Ky —[A78],
we obtain

(n) i—1
L) sa(A /sty ) K J .
In sn(1;) Gn—1+ 7"/ Flgn g— E 17, (A )|

. n—1+1iqn
5n<IP\—n/8]) 5n(Ar(1n)71+jqn) 2 i=[A—"/8] qn—1+iq

| (3.78)
+ Z |Tn(AQn71+iQn)| < 044?)\
i=[A""/8]



for some Cyy > 0. The last inequality follows from Lemma 5 of [9]. Using Lemma 3.8, we
find that there exists Cy5 > 0, such that

n n K n
< |1n5n(Iwn/8})| + Cus )y,
and thus
5u(13) = 1| < 2(|su(Ip-wsy) = 1] + CisA}). (3.79)

For j = 0,...,[A™/®], the desired bound |5,(1;) — 1] < Cy2Ag, for some Cyy > 0, follows
from (3.75). For [A\""8] < j < k.1 — [\"/®], the estimate (3.79) then proves this bound.
Finally, by iterating the inequality (3.72) from i = j — 1 down to i = k1 — [A\7/%], we
obtain the desired bound for j = k1 —[A"8], ..., kny1, with Cyp = TR (4CK;'C+
6K, Ky 'CuzSy + 2M + 2C,5). QED

Proposition 3.14 For every A7 € (X, 1), there exists v > 0 and Cyg > 0, such that
lo(I) — 1] < CyAT, (3.80)
for all I € P, such that I ¢ A",

Proof. It is easy to derive from Proposition 3.13 by induction, starting with Proposi-
tion 3.6 and Lemma 3.8, that for all I € P,, such that [ C Aé”),

|5,(1) — 1| < Car(CasCa2)™ " AG, (3.81)

with Cy7,C4s > 0. The Cyg comes from the mapping of the intervals from Tn(A(()i)> into

Tn(Aéi_l)), by the map f;_1, for i = m —2,...,n+ 1. The claim follows after we choose
v > 0 such that (CysCy2)? g~ < A7, and rescale the intervals, using (3.58) with 0., = 1.
QED

3.6 Spreading the estimates to the whole circle

Proof of Theorem 2.2. In order to prove the claim, we will use Proposition 3.1. To
verify the assumptions of Proposition 3.1, we need to spread the estimates (3.2) on the
intervals I, I" C P,, which are either adjacent or belong to the same element of partition
Pin—1, from A(()m_[ym}) to the whole circle T!. Proposition 3.14 implies the estimate

IIno(I) —Ino(I')] < 4C4AT, (3.82)
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for sufficiently large m and all pairs of such intervals I, I’ which are both contained in
A=) We will now spread such an estimate from A" to A in m — [vm] steps,
starting with n = m — [vm], and counting down to n = 1. In each step, the new intervals
for which we need to show such an estimate appear in threads I; = T Iy and I! = T"" [},
for 0 < i < kp41. Let us fix the order of the pairs in such a way that I is closer to x
than Ip. This implies that Iy C 791 (A{™) and that either I belongs to T%-1(Al") as
well or is adjacent to it.

We will prove that there is a constant Cyg > 0, such that for all 0 < i < k,, 1, we have

| Ins,, (L) — Ins,(I7)| < [Ins,(I,,,) — Ins, (I, ) + CiAe;" (3.83)
This estimate will follow from the estimates below on
i = [In |7 (Liga)| = In |7 (1) | — In |7 (T )|+ I |7 (1)), (3.84)

and similar estimates on g corresponding to T.
Clearly, there exist (; € 7,(I;), ¢! € T,(I}) and ; € [(;, (/], such that

f”(é})

i =

There are two kinds of threads that we need to consider. First, if Iy and [ belong
to the same element Jy of P,,_1, then there is a thread J; = T""Jy € P,,_1, with
0 < i < kpyq, such that ; U I} C J; C Tq”—lﬂ'q"Aén). Then, & < K K ()| <

Kz_lCTef)\;”e;l_”|Tn(Aé:)_1+iqn)|. Since the sum of |Tn(Aé:)_1+iqn)| is smaller than 1, the

bound (3.83) follows using
| s, (1) — Ins, (1)) — | Ins, (L) — Ins,(IL,)] < 6 + 0. (3.86)

Second, if I, and I} are adjacent and belong to different elements of P,,_1, then we
similarly have §; < 2K, K ICref/\ref |Tn(At(1:)_1+iqn)|7 and the bound (3.83) follows again.

Therefore, using the estimate (3.82) for n = m — [vm|, we obtain

m—[vm]

IIno(I) —Ino(I')| < 4C,AT + Cyo Z AT < Csg (AP + A2, (3.87)

for all pairs of I, I' € P,,, as in Proposition 3.1. Hence, (3.2) holds with A = max{\r, et b
and the claim is proven. QED
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3.7 The proof of Theorem 1.1

To prove Theorem 1.1, we need to verify that the conditions of Theorem 2.2 hold true in
the case of circle diffeomorphisms with a break point.

Condition (a) of Theorem 2.2 is an assumption of Theorem 1.1. To verify the condi-
tion (b), we need to check that the renormalization sequences for circle diffeomorphisms
with breaks are regularized. The first regularity condition is proved in [11]. The other
regularity conditions follow from the estimate (B) in Section 2.2 and the explicit form of
the fractional-linear transformations (2.7). Condition (c) follows from the estimate (A)
in Section 2.2. Condition (d) is proved in [§].

Acknowledgements

The authors would like to thank Artur Avila for discussions of these and related results
during the Thematic Program on Dynamics and Transport in Disordered Systems at the
Field Institute this Winter and Spring. SK would also like to thank the organizers for
their invitation.

References

[1] V. I. Arnol’d, Small denominators I: On the mapping of a circle into itself, Izv. Akad.
Nauk. Math. Serie 25 (1961), 21-86; Transl. A.M.S. Serie 2 46 (1965).

[2] E. de Faria, W. de Melo, Rigidity of critical circle maps I, J. Eur. Math. Soc. 1 4
(1999), 339-392.

[3] E. de Faria, W. de Melo, Rigidity of critical circle maps II, J. Am. Math. Soc. 13 2
(2000), 343-370.

[4] M. R. Herman, Sur la conjugasion differentiable des diffécomorphismes du cercle a de
rotations, Publ. Math. Inst. Hautes Etudes Sci. 49 (1979), 5-234.

[5] Y. Katznelson, D. Orstein, The differentiability of conjugation of certain diffeomor-
phisms of the circle, Ergod. Th. & Dynam. Sys. 9 (1989), 643-680.

[6] K. Khanin, D. Khmelev, Renormalizations and rigidity theory for circle homeomor-
phisms with singularities of break type, Commun. Math. Phys. 235 1 (2003), 69-124.

[7] K. Khanin, S. Koci¢, Examples of non-rigidity for circle diffeomorphisms with breaks,
Ann. Inst. H. Poincaré Anal. Non Linéaire, to appear (2011).

28



8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

K. Khanin, S. Kocié¢, Exponential approach of renormalization for circle diffeomor-
phisms with a break point, in preparation (2011).

K. Khanin, A. Teplinsky, Robust rigidity for circle diffeomorphisms with singularities,
Invent. Math. 169 (2007), 193-218.

K. Khanin, A. Teplinsky, Herman’s theory revisited, Invent. Math. 178 (2009), 333~
344.

K. Khanin, A. Teplinsky, Rigidity theory for circle diffeomorphisms with breaks, in
preparation (2010).

K. M. Khanin, E. B. Vul, Circle Homeomorphisms with Weak Discontinuities, Ad-
vances in Sov. Math. 3 (1991), 57-98.

Ya. G. Sinai, K. M. Khanin, Smoothness of conjugacies of diffeomorphisms of the
circle with rotations, Uspekhi Mat. Nauk 44 1 (1989), 57-82.

M. Yampolsky, Hyperbolicity of renormalization of critical circle maps, Publ. Math.
Inst. Hautes Etudes Sci. 96 (2002), 1-41.

J.-C. Yoccoz, Conjugaison differentiable des difféomorphismes du cercle donc le nom-
bre de rotation vérifie une condition Diophantienne, Ann. Sci. Ec. Norm. Sup. 17
(1984), 333-361.

29



