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ABSTRACT. We do the spectral analysis of the Hamiltonian for the weak lep-
tonic decay of the gauge bosons W=. Using Mourre theory, it is shown that
the spectrum between the unique ground state and the first threshold is purely
absolutely continuous. Neither sharp neutrino high energy cutoff nor infrared
regularization are assumed.

1. INTRODUCTION

We study a mathematical model for the weak decay of the intermediate vector
bosons W# into the full family of leptons. The full family of leptons involves
the electron e~ and the positron e, together with the associated neutrino v, and
antineutrino 7., the muons =~ and p* together with the associated neutrino v,
and antineutrino 7, and the tau leptons 7= and 7 together with the associated
neutrino v, and antineutrino 7, .

The model is patterned according to the Standard Model in Quantum Field
Theory (see [21, 30]).

A representative and well-known example of this general process is the decay
of the gauge boson W™ into an electron and an antineutrino of the electron, that
occurs in (-decay,

(1.1) W~ —e +7,.

In the process (1.1), if we include the corresponding antiparticles, the interaction
described in the Schrodinger representation is formally given by (see [21, (4.139)]
and [30, (21.3.20)])

(1.2)

I= [ @ T (1= 20, @Walo) + [ ST (1 =35V Wale)',
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where 7%, a = 0,1,2,3 and s are the Dirac matrices, ¥ (x) and ¥ () are the
Dirac fields for ey, v, and 7, and W,, are the boson fields (see [29, §5.3]) given by

u(p7 S) :
\I/ 271' /dp e,+ p7 —“ew‘x
Zi (2(|pl2+m2)?)?
U(p, 8) —1p w)
(2(lpl2+m2)?)* ’

—(on)" 3 3) (¢ 5 u(p, s) i 4 o . v(p, s) o—ip
v @) =0m)F Y [ Gl ) e,

+bs_(p,s)

Waiw) =t 3 [t )%)é(eaw,x)w(;ﬂ,meik-z

A=-1,0,1

+ e (k, Na” (k, )\)e_“””) .

Here m, > 0 is the mass of the electron and u(p,s)/(2(|p|> +m2)'/?)*/? and
v(p,s)/(2(]p|>+m?2)1/2)1/2 are the normalized solutions to the Dirac equation (see
[21, Appendix]), my, > 0 is the mass of the bosons W and the vectors e, (k, \)
are the polarizations of the massive spin 1 bosons (see [29, Section 5.2]), and as fol-
lows from the Standard Model, neutrinos and antineutrinos are considered massless
particles.

The operators be 4 (p,s) and b; , (p,s) (respectively ¢, 4 (p,s) and ¢} (p,s)),
are the annihilation and creation operators for the electrons (respectively for the
neutrinos associated with the electrons), satisfying the anticommutation relations.
The index — in be —(p,s), b: _(p,$), cv.,—(p,s) and ¢ _(p,s) are used to denote
the annihilation and creation operators of the corresponding antiparticles.

The operators a (k,\) and a’ (k, \) (respectively a_(k, X) and a* (k, X)) are the
annihilation and creation operators for the bosons W~ (respectively W) satisfying
the canonical commutation relations.

If one considers the full interaction describing the decay of the gauge bosons W=+
into leptons ([21, (4.139)]) and if one formally expands this interaction with respect
to products of creation and annihilation operators, we are left with a finite sum of
terms associated with kernels of the form

§(p1 +p2 — k)g(p1, p2, k)

The J-distributions that occur here shall be approximated by square integrable
functions. Therefore, in this article, the interaction for the weak decay of W¥ into
the full family of leptons will be described in terms of annihilation and creation op-
erators together with kernels which are square integrable with respect to momenta
(see (2.7) and (2.8)-(2.10)).

Under this assumption, the total Hamiltonian, which is the sum of the free
energy of the particles (see (2.6)) and of the interaction, is a well-defined self-adjoint
operator in the Fock space for the leptons and the vector bosons (Theorem 2.2).
This allows us to study its spectral properties.
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Among the four fundamental interactions known up to now, the weak interaction
does not generate bound states, which is not the case for the strong, electromag-
netic and gravitational interactions. Thus we are expecting that the spectrum of
the Hamiltonian associated with every model of weak decays is purely absolutely
continuous above the ground state energy.

With additional assumptions on the kernels that are fulfilled by the model de-
scribed in theoretical physics, we can prove (Theorem 3.2; see also [10, Theo-
rem 3.3]) that the total Hamitonian has a unique ground state in the Fock space
for a sufficiently small coupling constant, corresponding to the dressed vacuum.
The strategy for proving existence of a unique ground state dates back to the early
works of Bach, Frohlich, and Sigal [5] and Griesemer, Lieb and Loss [22], for the
Pauli-Fierz model of non relativistic QED. Our proofs follow these techniques as
they were adapted to a model of quantum electrodynamics [7, 8, 15] and a model
of the Fermi weak interactions [2].

Moreover, under natural regularity assumptions on the kernels, we establish a
Mourre estimate (Theorem 5.1) and a limiting absorption principle (Theorem 7.1)
for any spectral interval above the energy of the ground state and below the mass of
the electron, for small enough coupling constants. As a consequence, the spectrum
between the unique ground state and the first threshold is shown to be purely
absolutely continuous (Theorem 3.3).

To achieve the spectral analysis above the ground state energy, our methods are
taken largely from [4], [16], and [12]. More precisely, we begin with approximating
the total Hamiltonian H by a cutoff Hamiltonian H, which has the property that
the interaction between the massive particles and the neutrinos or antineutrinos
of energies < ¢ has been suppressed. The restriction of H, to the Fock space for
the massive particles together with the neutrinos and antineutrinos of energies > o
is in this paper denoted by H?. Adapting the method of [4], we prove that, for
some suitable sequence o, — 0, the Hamiltonian H°~ has a gap of size O(o,,) in
its spectrum above its ground state energy, for all n € N. In contrast to [10], we do
not require a sharp neutrino high energy cutoff here.

Next, as in [16], [10] and [12], we use the gap property in combination with
the conjugate operator method developed in [3] and [28] in order to establish a
limiting absorption principle near the ground state energy of H. In [10], the chosen
conjugate operator is the generator of dilatations in the Fock space for neutrinos
and antineutrinos. As a consequence, an infrared regularization is assumed in [10]
in order to be able to implement the strategy of [16]. Let us mention that no
infrared regularization is required in [16], because for the model of non-relativistic
QED with a fixed nucleus which is studied in that paper, a unitary Pauli-Fierz
transformation can be applied with the effect of regularizing the infrared behavior
of the interaction.

In the present paper, we choose a conjugate operator which is the generator of
dilatations in the Fock space for neutrinos and antineutrinos with a cutoff in the
momentum variable. Hence our conjugate operator only affects the massless parti-
cles of low energies. A similar choice is made in [12], where the Pauli-Fierz model of
non-relativistic QED for a free electron at a fixed total momentum is studied. Due
to the complicated structure of the interaction operator in this context, the authors
in [12] make use of some Feshbach-Schur map before proving a Mourre estimate for
an effective Hamiltonian. Here we do not need to apply such a map, and we prove a
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Mourre estimate directly for H. Compared with [16], our method involves further
estimates, which allows us to avoid any infrared regularization.

As mentioned before, some of the basic results of this article have been previously
stated and proved, under stronger assumptions, in [9, 10]. The main achievement
of this paper in comparison with [10] is that no sharp neutrino high energy cutoff
and no infrared regularization are assumed here.

The nature of the spectrum above the first threshold and the scattering theory
of this model remain to be studied elsewhere.

The paper is organized as follows. In the next section, we give a precise definition
of the Hamiltonian. Section 3 is devoted to the statements of the main spectral
properties. In sections 4-7, we establish the results necessary to apply Mourre
theory, namely, we derive a gap condition, a Mourre estimate, local C?-regularity of
the Hamiltonian, and a limiting absorption principle. Section 8 details the proof of
Theorem 3.3 on absolutely continuity of the spectrum. Eventually, in Appendix A,
we state and prove several technical lemmata.

For the sake of clarity, all proofs in sections 4 to 8 and in appendix A are given
for the particular process depicted in (1.1). The general situation can be recovered
by a straightforward generalization.

2. DEFINITION OF THE MODEL

The weak decay of the intermediate bosons W+ and W~ involves the full family
of leptons together with the bosons themselves, according to the Standard Model
(see [21, Formula (4.139)] and [30]).

The full family of leptons consists of the electron e™, the muon p~, the tau
lepton 77, their associated neutrinos v, v, v- and all their antiparticles e®, u*,
7%, Ve, 1, and U,. In the Standard Model, neutrinos and antineutrinos are massless
particles, with helicity —1/2 and +1/2 respectively. Here we shall assume that both
neutrinos and antineutrinos have helicity +1/2.

The mathematical model for the weak decay of the vector bosons W¥ is defined
as follows.

The index ¢ € {1,2, 3} denotes each species of leptons: ¢ = 1 denotes the electron
e~, the positron e™ and the associated neutrinos v., .; £ = 2 denotes the muons
p~, pt and the associated neutrinos v, and 7,; and ¢ = 3 denotes the tau-leptons
and the associated neutrinos v, and 7,.

Let & = (p1, s1) be the quantum variables of a massive lepton, where p; € R3
and s; € {—1/2, 1/2} is the spin polarization of particles and antiparticles. Let
& = (p2, s2) be the quantum variables of a massless lepton where p; € R3 and
so € {—=1/2, 1/2} is the helicity of particles and antiparticles and, finally, let
& = (k, M) be the quantum variables of the spin 1 bosons W* and W~ where
k€ R3and X € {—1, 0, 1} accounts for the polarization of the vector bosons (see
[29, section 5.2]).

We set ¥; = R? x {—1/2, 1/2} for the configuration space of the leptons and
Yy = R3 x {—1, 0, 1} for the bosons. Thus L?(%;) is the Hilbert space of each
lepton and L?(X3) is the Hilbert space of each boson. In the sequel, we shall use
the notations [, d¢:= ZS:+%77% JSdpand [; d&:=3"_, , [dk

The Hilbert space for the weak decay of the vector bosons W+ is the Fock
space for leptons and bosons describing the set of states with indefinite number of
particles or antiparticles, which we define below.
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For every /¢, §, is the fermionic Fock space for the corresponding species of
leptons including the massive particle and antiparticle together with the associated
neutrino and antineutrino, i.e.,

4

4
21)  Fe=QR)F (LX) = Q) (852 @1 L*(31)), =1,2,3.

where @7 denotes the antisymmetric n-th tensor product and ®%L?(¥;) := C.
The fermionic Fock space §r, for the leptons is

(2.2) Jr =13 -

The bosonic Fock space s for the vector bosons W+ and W~ is

2

(2.3) Sw = R (L2(52) = R (8520 @7 L2(%))

where ®7 denotes the symmetric n-th tensor product and ®2L?(35) := C.
The Fock space for the weak decay of the vector bosons W+ and W~ is thus

(2.4) §=35L®@Fw .

For each £ = 1,2,3, by ((£1) (resp. by (&1)) is the annihilation (resp. creation)
operator for the corresponding species of massive particle when ¢ = + and for
the corresponding species of massive antiparticle when ¢ = —. Similarly, for each
¢ =1,2,3, cpe(§2) (resp. ¢j (€2)) is the annihilation (resp. creation) operator
for the corresponding species of neutrino when ¢ = + and for the corresponding
species of antineutrino when ¢ = —. Finally, the operator a.(£3) (resp. a(£3)) is the
annihilation (resp. creation) operator for the boson W~ when € = +, and for the
boson W when ¢ = —. The operators by, (&1), 0] (&1), ce.e(&2) and ¢ (§2) fulfil
the usual canonical anticommutation relations (CAR), whereas a.(£3) and a(&3)
fulfil the canonical commutation relation (CCR), see e.g. [29]. Moreover, the a’s
commute with the b’s and the ¢’s.

In addition, following the convention described in [29, section 4.1] and [29, sec-
tion 4.2], we shall assume that fermionic creation and annihilation operators of
different species of leptons will always anticommute (see e.g. [11] for explicit defi-
nitions).

Therefore, the following canonical anticommutation and commutation relations
hold.

{be,e(€1), 00 o (§1)} = Serrdeerd (&1 — &1)
{ce,e(€2),cir o (€3)} = devdeerd (€2 — &)
[ac(&3), % (€3)] = deer0(&3 — £3)
{be,e(61),ber e (€1)} = {er,e(&2), corer(3)} =

[ac(&3), aer (53)} 0,

{be,e(§1), cor e (€2)} = {be,e(&1), o (§2)} =0

[be,e(€1), aer(§3)] = [be,e(€1), ag (€3)] = [ce,e(§2), aer (§3)] = [er,e(€2), ad (€3)] =

Here, {b,b'} = bb' +b'b, [a,d'] = aa’ — d’a.



6 W.H. ASCHBACHER, J.-M. BARBAROUX, J. FAUPIN, AND J.-C. GUILLOT

We recall that the following operators, with ¢ € L?(3),
beo) = [ bec(©R@dE, coelo) = /E 0. (€O |
bie) = [ Bi©eE)de, . (p) = / i (€)pl€)de

3

are bounded operators in § such that

(2.5) 185 (o)l = llch (@)l = eIz

where b¥ (resp. c) is b (resp. c) or b* (resp. c*).
The free Hamiltonian Hj is given by

(2.6)

3
Hy = Z Z/wg (&b (§1)bee(§)dEr + / P (&2)cs o(E2)ca(E2)dE

{=1e==% (=1 e=%

> / w(&)a (€)ac(&:)d8s |
e=+

where the free relativistic energy of the massive leptons, the neutrinos, and the
bosons are respectively

w (&) = (Ip1? +m2)2, wi® (&) = [pa| and w® (&) = (|k|> +m3)? .

Here my is the mass of the lepton ¢ and my, is the mass of the bosons, with
mp < mgo <mg < mwy.

The interaction Hy 1s described in terms of annihilation and creation operators
together with kernels Ge cer(rn) (=1 2)

As emphasized previously each kernel Gz el /(&1,&2,&3), computed in theoretical
physics, contains a d-distribution because of the conservation of the momentum
([21], [29, section 4.4]). Here, we approximate the singular kernels by square inte-
grable functions. Therefore, we assume the following

Hypothesis 2.1. Fora=1,2,{=1,2,3, ¢, =+, we assume

(2.7) ee o (€1,62,€3) € LP(B1 x B x 5) .

Based on [21, p159, (4.139)] and [30, p308, (21.3.20)] we define the interaction
terms as

(2.8) H=H"+H,
with

1) Z Z / GZ €,€’ 517 52’ 53)3’26(51)626' (52)a6(£3)d£1d§2d€3

(29) = 16756

+ZZ / G (€0, € €3)a7 (€5)ct,0 (E2)be. (62)dErdEads |

(=1 e#¢€’
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Y = ZZ / G (61,62, 6067 (61)€] o (E2)al (€3)dEr dEads

{=1 e#¢€’
(2.10) 7

Yy [ 626 e aan(er (€2beler)drdindss
{=1 e#¢€’
The operator H}l) describes the decay of the bosons W™ and W™ into leptons, and

H}z) is responsible for the fact that the bare vacuum will not be an eigenvector of
the total Hamiltonian, as expected from the physics.

For ¢ = 1,2,3, all terms in H}l) and H}Q) are well defined as quadratic forms
on the set of finite particle states consisting of smooth wave functions. According
o [27, Theorem X.24] (see details in [10]) one can construct a closed operator
associated with the quadratic form defined by (2.8)-(2.10).

The total Hamiltonian is thus (g is a coupling constant),

(2.11) H=Hy+gH;, g>0.
Theorem 2.2. Let g1 > 0 be such that

%(7 +1) Z ZZ H gt),e’H%Z(EleleQ) <1.

a=1,2 (=1 e#€’
Then for every g satisfying g < g1, H is a self-adjoint operator in § with domain
D(H) = D(H,).

Under the same assumption as here, this result was proved in [10, Theorem 2.6],
with a prefactor 2 missing.

3. LOCATION OF THE SPECTRUM, EXISTENCE OF A GROUND STATE,
ABSOLUTELY CONTINUOUS SPECTRUM, AND DYNAMICAL PROPERTIES

In the sequel7 we shall make some of the following additional assumptions on the

kernels G(®)

lee’”

Hypothesis 3.1. There ezists K(G) and K(G) such that for o« = 1,2, { =
1,2,3, e, ==+,4,7=1,2,3, and o > 0,

G} eee (61,62,83) 7

B X2 XD [p2|?

(i) d€1dgadés < oo

2

(it) </ |G§,025/ (51,52753)|2d§1d§2d€3> <K(G)o
S x{|p2|<o}xa
(iii-a) (2 Vp,)GY o (y0.) € LA(S) x Ty x 83) and

(02 V)G 61, 60.63)| dErdadsy < K(G)o

2

/21 x{|p2|<o}x T2
(a)

092G
(1,65, 63)

d&1déadés < .
3]92,18102,3‘ S1déades < oo

2 9
(iti-b) P2, P2 j
El XEl XEQ

Our first main result is devoted to the existence of a ground state for H together
with the location of the spectrum of H and of its absolutely continuous spectrum.



8 W.H. ASCHBACHER, J.-M. BARBAROUX, J. FAUPIN, AND J.-C. GUILLOT

Theorem 3.2. Assume that the kernels Ggi)e, satisfy Hypothesis 2.1 and 3.1(1),
then there exists go € (0, g1] such that H has a unique ground state for g < gs.
Moreover, for
E :=inf Spec(H),
the spectrum of H fulfils
Spec(H) = Spec, (H) = [E, o) .
with E < 0.

Proof. The proof of Theorem 3.2 is done in [10]. The main ingredients of this proof
are the cutoff operators and the existence of a gap above the ground state energy
for these operators (see Proposition 4.1 below and [10, Proposition 3.5]).

Note that a more general proof of the existence of a ground state can also be
achieved by mimicking the proof given in [§]. O

Let b be the operator in L?(X;) accounting for the position of the neutrino
b=1iV,, ,
and let
1

(b) = (1+[b*)= .
Its second quantized version dI'((b)) is self-adjoint in F,(L?(X1)). We thus define
the “total position” operator B for all neutrinos and antineutrinos by

Bi=121@dl((0)®@1+1®1®1xdl((h), inF

(3.1) .
B=(B1®1®1+18B,®1+1219B3)®(1®1) ing.

Theorem 3.3. Assume that the kernels Gﬁ)e, satisfy Hypothesis 2.1 and 3.1 (ii)-
(i4i). For any 6 > 0 satisfying 0 < § < :rl"Ll, there exists gs > 0 such that for
0<g<gs:

(i) The spectrum of H in (E, E + my — d] is purely absolutely continuous.

(ii) Fors>1/2, p €F, and ¢ € §F, the limits

lim (e, (B)™*(H = A £ ie)(B)"*¢)

exist uniformly for \ in every compact subset of (E, E 4+ my — ¢).
(i) Forse (1/2,1) and f € C§° ((E, E+ my — ), we have

H(B+1) s 7thf B+1 H — (t*(sfl/2)) .

The assertions (i), (ii) and (iii) of Theorem 3.3 are based on a limiting absorption
principle stated in Section 7, obtained by a positive commutator estimate, called
Mourre estimate (Section 5), and a regularity property of H (Section 6).

The proof of Theorem 3.3 is detailed in Section 8.

Remark 3.1. As a representative example of the general process described above,
one can consider for example the decay (1.1) of the intermediate vector boson W~
into an electron and an electron antineutrino

All Theorems stated in Sections 2 and 8 will obviously remain true for this sim-
plified model, as well as for any other reduced model involving only one species of
leptons, i.e., for a fized value of £ € {1, 2, 3}, and with or without the inclusion of
their corresponding antiparticles (e = + and € = +).
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Moreover, the proofs of these results, based on the theorems stated in Sections 4,
5, 6 and 7, follow exactly the same arguments and estimates in the general case as
i the case we fix £, € and €.

For this reason, and for the sake of clarity, we shall fit £ =1, e =+ and € = —
in the next sections, and we shall adopt the following obvious notations
(3.2)

V(€)= (&), & _(&) = (&), d\(&)=1d"&), and G}, = G,

4. SPECTRAL GAP FOR AUXILIARY OPERATORS

A key ingredient to the proof of Theorem 3.2 and Theorem 3.3 is the study of
auxiliary operators associated with infrared cutoff Hamiltonians with respect to the
momenta of the neutrinos.

The main result of this section is Proposition 4.1 where we prove that auxiliary
operators have gap in their spectrum above the ground state energy. This property
was already derived in [10] in the case of a sharp ultraviolet cutoff. We show here
that this result remains true in the present case where no sharp ultraviolet cutoff
assumption is made.

According to Remark 3.1, for the sake of clarity, we will consider only the case of
one species £ = 1 of leptons, and pick € = +, and ¢ = —. We thus use the notations
(3.2).

Let us first define the auxiliary operators which are the Hamiltonians with in-
frared cutoff with respect to the momenta of the neutrinos.

Let xo(.) € C*(R, [0, 1]), with xo = 1 on (—o0, 1].

For o > 0 we set, for p € R3,

Xo(P) = xo(lpl/0) ,
X7(p) =1—xo(p) -

The operator Hy , is the interaction given by (2.8), (2.9) and (2.10) and associ-
ated with the kernels 7 (p2)G(® (&1, &2, &3). We then set

(4.2) H, :=Ho+gH, .
Let

(4.1)

Y10 =31 N {(p2,52); Ip2|l <o}, 7 =E1N{(p2,52); |p2| > 0}
B2.0 = Fa(L?(Z10)) , B = Ta(L(E)))

The space §,(L?(21)) is the Fock space for the massive leptons and (Fa,, ® Fo7) is
the Fock space for the antineutrinos.
Set

37 =3%(L*(21)®3F7 , and Fro =Foo -
‘We thus have
S>3 %L, -
Set
(43) %g =§‘£®§W ) and So :SL,U'

We have
§~5 ®Fs -
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Set
H(gl) = /w(l)(fl)b*(&)b(&)d& ,
HO(Q) = /w@)(§2)0*(§2)6(§2)d§2 ;
H(()3) = /w(3)(§3)a*(§3)a(§3)d§3 )
and
H(gg)a :/ w® (&) ¢* (&2)c(€2)dEs
(44) ‘P2‘>U

s

HE) = / w®(6) ¢ (E2)elEa)dés -
[p2|<c

We have on §° @ §o
HY =HP 91, +1° 9 HYY) .

o

Here, 19 (resp. 1,) is the identity operator on §7 (resp. Fo).
Define

(4.5) H° = H,|z- and H{ = Holze .
We get
(4.6) H =H"Y + B + H®Y 4+ gH;, on §7,
and
(4.7) H,=H®1,+1°9H) onF’®3F, .
Let 6 € R be such that
(4.8) 0<d<my .
Define the sequence (0y,)n>0 by
op=2mi+ 1,
)
(4.9) L= g
Opt1 =Y0n, n2>1,
where
(4.10) y=1-— 2m167 5
For n > 0, we then define the auxiliary operators on §" := §°~ by
(4.11) H":=H°", H{}:=HJ",
and we denote for n > 0
(4.12) E" = inf Spec(H").

We set
4(2mq + 1)y

(4.13) Ds(G) = max{ SRS

, 2} K(G)(2m1Cs, + Bg,)
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where K (Q) is given by Hypothesis 3.1 (iii-a) and Bg, and C,, are defined for given
n >0 and 0> 0 as in [10, (3.29)] by the following relations

3 1 3 12 3
Cﬁn:< A+ Loy 3 Z(1+6)) :

(414) mw mq mwim;i mq
3 1 1 1 2
Bg, = —1+ — 12 1+ — — .
= (el g5) 1200+ g5+ 1)
A glK(G)an
Cs, =C, 14—~ =
Bn 50( +1*91K(G)C[3n )
5 g1 K(G)Cpy 91K (G)Bg,Cpy
Bg, = (1 B
fn ( 1—g1K(G)an( l—glK(G)Ogn)> p
and

(4.15) K(G) = ( Z HG(Q) 2 )
a=1,2

Let ggl) be such that

2
(4.16) 0<g§1)<min{1, g, 71 }

‘We then have

Proposition 4.1. Suppose that the kernels G\®) satisfy Hypothesis 2.1 and 38.1(ii).
Then there exists §§2) > 0 such that §§2) < ggl) and for g < §§2), E™ is a simple
eigenvalue of H™ for n > 1, and H™ does not have spectrum in (E™, E™ + (1 —
SQﬁa(G))U )

v ni

Proof. The proof of Proposition 4.1 is a slight modification of the proof of [10,
proposition 3.5] which was based on the method develop in [4]. The only difference
here to the proof of [10, proposition 3.5] is that we have to deal with the absence
of the sharp ultraviolet cutoff.

For n > 0 we define

(4.17) St =210 {(p2, 82); ont1 < |p2| < on}
and

(4.18) It =8 (L2(Zpth)

We thus have

(4.19) FHt~FroFitt.

Let Q" (respectively, Q"*1) be the vacuum state in §" (respectively in F7T1).
We set

(4.20) Hyvt = / e w® (&)c* (€2)e(€2)dEs -
On4+1X|P2 On

The operator H&Zl is self-adjoint in Fn+1.
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We denote respectively by H} and H}L‘gl the operator defined as the interaction
Hj given by (2.8)-(2.10) (for £ =1, e = + and € = —), but associated respectively
with the kernels

(4.21) X7 (p2) G (&1, &2, &)
and
(4.22) (X7 (p2) — X7 (p2)) G (&1, &, &)

where 7 and x~+! are defined as in (4.1).
We also consider

H" = H" — E",
4.23 -
(4.23) Hy =H o1 + 1, @ Hi' !,

which are self-adjoint operators in §* and F* 1! respectively.
Combining (A.27) of Lemma A.5 with (4.14) and (4.15), we obtain for n > 0
and ¢ € D(HJ) C §",
(4.24) gIHT Y| < gK(G) (Cpyl How || + Banll¢ll) -
It follows from [25, Section V, Theorem 4.11]
9K(G)Bgy 91 K(G)Bg,

H" > — f ,
T 1=K (G)Csy T 1= g1 K(G)Cpy
(4.25)
T 1-gK(G)Csy
We have
(4.26) (Q", H™Q") = 0.
Therefore
9K (G)Bgy

4.27 E"<0, and |E"| < 92370260
(#27) = 91K (G)Cpy
Let
(4.28) KI'HG) = K(14,,  <|pa|<20,G) -
Combining (A.27) with (4.14) and (4.28), we obtain, for n > 0,
(4.29) glHP S 0l < 9K (G) (CoyllHg Tl + By 101l)
for ¢ € D(HJH) € 1. We also have
(4.30) Hy M = Hi + B — g(H} @ 177 )0,
and by (4.24),
(4.31) gl(H} @ 170 < gK(G)(Cagll Hg ™| + Bayl¢1) -

In view of (4.27) and (4.30), it follows from (4.31) that
(4.32)

gl|(H} @ 157 v
9K (G)Csy 9K(G)Bgy < 9K(G)Bg, )
_IRUEB | + 1+ .
ST k@ M T k@0, ' T k@0, ) 1Y
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Therefore, we obtain
(4.33) gIH ] < IH(G) (Con | HEG] + By 4] -

Due to Hypothesis 3.1(%i), we have
(4.34) K'"YG) <20,K(G).

Recall that for n > 0,
(4.35) Ons1 <M1 .
Therefore, by (4.33) and (4.34) we get

g I ] < g K1 (G) (Conll(T2 + 0nen)bll + (Coyma + Ba) 61

and for ¢ € §,

n o _ ~ mlé —|—B
LHE T + 00) 0] < g K2V (O) <Cﬂn ' 5+B> o1

(4.36)
g ~ ~ ~
<3 K(G)(2m1Cpy + Bgy) |4l -
Thus, by (4.36), the operator H}'5'(H? + 0541)~" is bounded and
by _ Ds(G
Gl P T + ) < 922

where D;(G) is given by (4.13). This yields, for ¢» € D(H?),

. Ds(G) =
gl HPE ) < gi)n(m o)l -

Hence it follows from [25, §V, Theorems 4.11 and 4.12] that
D5(G)
v

(4.37) gl(HP M, )| < g ((HE +0ons1)d, ¥) -

For g((sl) given by (4.16), let g§2) > 0 be such that

Ds(G
g[(sz)és ) <1 and g((52) < ggl) .

By (4.37) we get, for g < g2,

N Ds(G Ds(G)\ ~
(4.38) H™' = {7 4 E" 4 gH} ' > B — gi()anﬂ +(1- w)Hﬁ .

Because (1 — gDs(G)/v)H? > 0, we get from (4.38), for n > 0,

D
(4.39) prt s g 905G
Y
Suppose that ¢ € F" satisfies ||¢"|| = 1 and for € > 0,
(4.40) E" < (Y7, H™W") < E™ +¢ .
Let

(441) ZZnJrl _ ,Ll)n ® QZJFI c SnJrl )

13
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We obtain

(4.42) BT < (@M B < B et g(9nF, Hp R ).
By (4.37), (4.40), (4.41) and (4.42) we get, for every € > 0,

9Ds(G), g Ds(G)

) + On+1
v Y

E"L < E™ 4 ¢(1+

where g < g((;Z). This yields

D
(4.43) Entl < pnog 9Ds5(G) Ontt s
Y

and by (4.39), we obtain

g Ds(G

On+1 -

|En _ En+1| <
Let us first check that, for ¢ given by (4.9), E® := E°° is a simple isolated
eigenvalue of H° with
(4.44) inf Spec(H?°) \ {E°} > m; .
We have
(4.45) IIH1 (Lo <ipy) G)YIl < gK(G)(Cy [ HG || + Byl [])
' < gK(G)(Cpnll(Hg® + 1)l + (Cpy + Bay) 91D -
By (4.45) we get
(4.46) IIH (Lo <1p,| G)0|| < gK(G)(2C3, + Bpy) I(Hg® + )¢ ||
and
(447) 9|, Hi(LogeipmG))| < 9K(G) 20 + Ban) (¥, (HZ + 1))
Set

4.48 = inf (1, H7O9).
(4.48) pa = sup peroo) (Vs HY)
70 (,¢)=0
lvli=1

By (4.47) and (4.48), we have, for Q° being the vacuum state in F° = g7,

(149)  pa= im0, H) > 0n - gK(G)(2Cs, + Bay)(oo +1).

(¥,92°)=0
llell=1

Using the definition
1
2K(G)(2Cﬂn + Bﬂn) 7

(450) gs ‘=

we get, for g < g3,

0'0—1

(451) H2 2 2 E°° + mq

since g = 2my + 1 and E?° < 0. Therefore, by the min-max principle, E?° is a
simple eigenvalue of H?° such that (4.44) holds true.
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We now conclude the proof of Proposition 4.1 by induction in n € N. Suppose
that E™ is a simple isolated eigenvalue of H™ such that, for n > 1,

inf (Spec(H?) \ {0}) > (1 — ?)gl)j(G)>on.

Due to (4.9)-(4.16), we have, for 0 < g < g((;l) and n > 1,

39Ds(G) )Jn .

(4.52) 0< o1 < (1 -

Therefore, for g < g((;?), 0 is also a simple isolated eigenvalue of ﬁfﬁ such that

(4.53) inf (spec(Hz) \ {0}) > ot .
We must now prove that E™t! is a simple isolated eigenvalue of H"*! such that
. n 39Ds(G
inf (Spec(H?™')\ {0}) > (1 - ’y())anﬂ .
Let
A+ = qup inf (&, Hﬁ+1q§) .

eg"+1 (¢,U}):0
ww7£0 ¢€D¢(Hn+1)

By (4.38) and (4.43), we obtain, in §",
9Ds(G)

D i
HPH > Br - prt Tni1 + (1 _ 8T ‘5(G))Hf;
(4.54) Ds(G 2¢Ds(G !
> (1- 957())131 _ 2906
gt gl

By (4.41), ™! is the unique ground state of I:I_’ﬁ and by (4.53) and (4.54), we

have, for g < g§2),

AED > inf (g, HIY )

(99" 1)=0
¢€D(H7L+1)
lloll=1
Ds(G 29Ds(G 39Ds(G
> (1- gsiﬁ)anﬂ _2905(G) (1- 975”)%1 50,
Y Y
This concludes the proof of Proposition 4.1, if one proves that for
(455) g((i2) = min{g¢(§2)a 93} )
the operator H' satisfies the gap condition
39Ds(G

(4.56) inf (Spec(H1)\ {0}) > (1 - gj())al .

By noting that 0 is a simple isolated eigenvalue of f{?r such that inf (Spec(f[ﬂ) \
{0}) > o1, we prove that E! is indeed an isolated simple eigenvalue of H' such
that (4.56) holds, by mimicking the proof given above for H_’Z'H. O
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5. MOURRE INEQUALITY

Set
5
5.1 =1 — .
(5.1) i 2(2my — 9)
We have, according to (4.10)
(5.2) 0O<y<rt<l and T <~

2
Let x(™ € C=(R, [0,1]) be such that

(5.3) X0 = { 0 e Efﬁ)T}

With the definition (4.9) of (0, )n>0 we set for all p; € R® and n > 1,

(5.4) X (p2) =X ('{:2') :
1 .

(5.5) al7) = ng)(m)i (p2 iV py + iV, - p2) X (p2)

and

(5.6) APV =1@dld) o1,

where dI'(.) refers to the usual second quantization of one particle operators. The

operators agf) and A%T) are self-adjoint. We also have

1 . . T
(5.7) ) =3 (xf? (p2)*p2 - iVp, + iV, - P2 X )(Pz)z) :
Let N be the smallest integer such that
(5.8) Ny>1.
Due to (4.9)-(4.16), we have, for 0 < g < g((;l),
39Ds(G
(5.9) 0<7<(1—gj()),

Therefore, according to (5.9) and (5.8), we have

1 39Ds(G 3¢gD
(5.10) 7<7+<1—g6()—7><1—95,
N ¥ Y
and
gl 1 39Ds(G)
11 —<y-—=1-——— — .
(5.11) N =7 N( S v <~v
Let
. 1 3gD5 T—"
(5.12) €y .mm{2N(1 S 'y), 1 }

We choose f € C§°(R) such that 0 < f <1 and
1 if}‘e[(’Y*GV)Qv'YJFGV]a
(5.13) fA) =< 0 ifA>y+2e,
0 if A< (y—2e)?.
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Note that using the definition (5.12) of e, and (5.10), (5.2) and (5.11), we have,

for g < ggl),

39D

(5.14) Y2, <1— 975,

where g((;l) is defined by (4.16). We also have vy + 2¢, < 7, and
v

(5.15) V&>

Let us next define, for n > 1,

A

(5.16) faA)=f1— -
On

and

(5.17) H,=H,,, E,=infSpec(H,) and H) =H) |

where we used the definitions (4.4) and (4.7) for Héizn and H, . Note that E, =

E"™, where E™ is defined by (4.12). Let P™ denote the ground state projection of
H™. Tt follows from Proposition 4.1 that for n > 1 and g < f)((;z),

(5.18) FulHy = En) = P fu(H) .

For FE = inf Spec(H) being the ground state energy of H defined in Theorem 3.2,
and any interval A, let EA(H — E) be the spectral projection for the operator
(H — E) onto A. Consider, for n > 1,

(5.19) Ay = [(v =€) %00, (v +€)an].
We are now ready to state the Mourre inequality.

Theorem 5.1 (Mourre inequality). Suppose that the kernels G satisfy Hypoth-
esis 2.1, 3.1(ii) and 3.1(iii.a).
Then there exists Cs > 0 and gff) > 0 such that g§3) < §§2) and
2

(5.20) Ea, (H — B)[H, iAD|Ea, (H — E) > 05% 0w Ea, (H - E),

forg < g§3) and n > 1.

Proof. Let

(5.21)
D1 :={¢ € Fu(L*(21)) | ™ € C° for all n € N, and ™ =0 for almost all n},
Dy =91,

Dy :={v € Fw | w(") € Cy° for allm € N, and 1/)(”) =0 for almost all n},

and consider the algebraic tensor product

(5.22) D =9,00:0Dy .

According to [13, Lemma 28] and [14, Theorem 13] (see also [1, Proposition 2.11]),
one easily shows that the sesquilinear form defined on ® x © by

(5.23) (0, ¥) — (Hep, iAT ) — (AT, iHY),
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is the one associated with the following symmetric operator denoted by [H, iAng)],
(5.24)  [H A7 = (a0(($D)Pe®) + g Hi(=i(aD6)) )

Let us prove that [H, iA%T)} is continuous for the graph topology of H. Combin-
ing (A.27) of Lemma A.5 with (4.14) and (4.15) we get, for ¢ < g1, n > 1 and for
PeED
(5.25) gl (=i G))ul| < gK (—iafl)G) (Canll Hottll + By |[¥l)

It follows from Hypothesis 3.1 (iii-a) that there exists a constant C(G) such that,
forn>1,
(5.26) K(—i(a

We have, for g < g1,

(5:27) [|Ho|| < [[HY| + g [Hi(G)pll < [[HP] + gK(G) (Conl Howll + Bayl[¥[]) -
By definition of g; we have

(5.28) g K(G)Cgsp < 1.

By (5.27) and (5.28) we get

1
(620)  [Hovl < —

m(unHmK(G)BﬂnII\PII) :

Therefore, for 1) € D,
(5.30)

1
dr (7))2,,)(2) < ||H < —

By (5.25), (5.26) and (5.29) we get, for g < g;,n>1and ¢y € D

gllH 1 (=i(al) G))|

~ Cs 91K(G)Cp
< gC(G)on (19111((77(;)05,,%” + (m + 1)Bﬁn¢||> .

Since D is a core for H and [H, iAng)], then (5.30) and (5.31) are fulfilled for
¥ € D(H). Therefore, (5.24) holds for ¢» € D(H). Moreover, it follows from
[10, Proposition 3.6(iii)] that H is of class Cl(A%T)) (see [3, Theorem 6.3.4] and
condition (M) in [17]) for g < g1 and n > 1.

Recall from (5.16) that f,(\) = f(\/0,), where f is given by (5.13). Let f(.)
be an almost analytic extension of f(.) satisfying

(IH | + 91 K(G) By | 9]) -

(5.31)

(5.32) %(m +iy)| < Cy?.

Note that

(5.33) flx +iy) € CF(R?) .
We have

(5.34) s6)= [ G afy =~ L9 gy

z— 5 T 0z
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It follows from (5.18) that, for g < §§2),
5.35) 10 ()20 @) fo(Hyy — Bl = [P™ @ dD ()20 ®) £ () |
< |HE fu(HED -

Therefore, there exists C’{ > (, depending on f, such that for g < 922),

(5.36) lar ()20 ®) g — Ea)|| < cf 0w

Recall that (see (4.2) and (5.17)) H, = Ho + gHr,, where Hy, = Hp, is
the interaction given by (2.8), (2.9) and (2.10) and associated with the kernels

X7 (p2) G (&1, 65, E5)-
In (4.27), it is stated

g K(G) Bgy
5.37 <
(5:37) | |71—91K(G)Cﬁn
For z € supp(f), we have

(5.38)
(Ho 4+ 1)(H,, — Ep, — 20,) ' =1+ (Ep + 20,)(H,, — E, — 20,,) "

—gH; . (H, — E, —20,)"" + (H, — E, — z0,) " ".
Mimicking the proof of (5.29) and (5.31) and using (5.37), we get for g < g1,

(5.39)
gHHI,n(Hn - En - Zan)_ln

91K(G)Csy < < 91K(G)Bgy 91K(G)Bgy > 1 )
K— e |1+ | ————~— t |zlon +
1 -1 K(G)Cpg,y 1 - g1 K(G)Csy, 12 1 -1 K(G)Cgy ) Imzloy,
91K(G)Bg,
Tmz|o,

It follows from (5.37), (5.38), and (5.39) that there exists Cy(G) > 0 such that,
for g < g3 and n > 1,
1+ |z|on
[Imz|o,

(5.40) I(Ho + 1)(Hy — Ep — 20,) || < Ca(G)

Mimicking the proof of (5.40), we show that there exists C3(G) > 0 such that,
for g < gy and n > 1,
1+ |z|on
[Imz|oy,

(5.41) [(Ho + 1)(H — E — z0,) 7| < C3(G)

We have

QHI(_i(ang)G))fn(Hn —Ey)

(5.42) _ —an/df(Z)HI(,Z'(a;T)G))(HO + 1)*1(H0 +1)(H, — E, — ZUn)*l .

By (5.27), (5.31), (5.40), and (5.42), there exists CJ (@) > 0 depending on f, such
that for g < ¢,

(5.43) g | Hr(=itaDE fuH — E)| < 9C{(G) 0
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Similarly, by (5.41), we easily show that there exists C(,{ (G) > 0, depending on f,
such that for g < g1

(5.44) 9| (=i ENsH - B)| <9 CL(G) o

By (5.18), we have, for g < g(z)
(5.45)

Fa(Hy = B)AD ()20 ) £ (H — En) = P £ (HE) AT (D)0 @) £ (HE)).

Since x\7 (A) = 1if A < (y + 2¢,)0,,, we have

(5.46)  fulHE) AU (OG)20® ) fulHE) = Ju(HE) HE) Ju(HE) -

Now, by (5.13), (5.15), (5.45), and (5.46), we obtain, with g < §\* and n > 1,
foHy = Bp)dD ()20 ® ) fo(Hy = By) > (inf supp(fo)) fu(Hn = En)?

(5.47) A2
> NQUnfn(H -E, )
Note that

By (5.43) and (5.48) we get, for g < ¢1,
(549) fn(Hn - En)gHI(*i( ) )fn( n ) > gcf(G) On .

Thus we get, for g < §§2), using (5.47) and (5.49),
2

(5.50) fu(Hn — En)[H, iAD] fu(Hy — Ep) >~ fu(Ho — E)* — gCL(G)a,.

N2
We have
folH — E)H, iAD f,(H — E)
- - AT B
(5.51) fo(Hn — Ep)[H, iAD) fo(Hy — En)

+ (Fa(H = E) = [n(Hn — En)) [H, iA[] fo(Hy — Ep)
+ fu(H = E)H, iAD] (fo(H = E) = fo(Hn — Ey)) -
Using (5.36) and Lemma A.3, we get, for g < g§2)
(5.52)
(falH = E) = fuHy = Bn) dU (D) 20®) fu(Ho = En) = —9C{C{(G)on
By (5.43) and Lemma A.3, we obtain, for g < go
(5.53)
9 (FolH = B) = fo(Hy = En)) Hi(=i(af)G)) fu(Hy — En) = —992C{(G)C (Gon
Thus it follows from (5.52) and (5.53) that
(falH = E) = fu(Hy = Ep)) [H, iAD] fu(Hy — Ey)

5.54 ~ ~
(5:54) > —gCL(@) (C{ + ngL{(G)) On,

for g < inf(go, gff)).
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Similarly, by Lemma A.4 and (5.47), we obtain, for g < inf(gs, gff))

(5:55) fulH = E)YAL ()20 ) (ful H = E) = fulHo = Bn)) > =gCL (G)on.

Moreover by (5.44) and Lemma A.3 we get, for g < go
(5.56)
9fa(H = EYH;(=i(a7) @) (fu(H = E) = fu(Hy — En)) 2 —99:04(G)C{ ()0

Thus, it follows from (5.55) and (5.56) that
fu(H = E)H, iAD) (fo(H = E) = fo(H, — Ey))

(5.57) > _g ( ~;(G) + glé’g(G)ég(G)) On s

for g < inf(go, §§2)).
By Lemma A.3 and (5.48) we easily get, for g < go
fn(Hn - En>2 :fn(H - E)2 + (fn(Hn - En) - fn(H - E))2
=+ fn(H - E) (fn(Hn - En) - fn(H - E))
+ (fn(Hn - En) - fn(H - E)) fn(H - E)
> fu(H — E)? = gC{(G)(92CL(G) +2).

(5.58)

It then follows from (5.50) and (5.58) that

fn(Hn - En)[Hv iAng)}fn(Hn - En)
(5.59) A2 2

> ool = B = g0, (C() + 126116 (mCl(€) +2) )

for g < inf(ga, gff)).
Combining (5.51) with (5.54), (5.57) and (5.59), we obtain, for g < inf(gs, §§2))

2 ~
(5:60)  JulH ~ E)H, AT fu(H ~ E) 2 {500 fu(H ~ B)? = gouCs
where G5 = CL@)(C] + 0C{(©) + CL@) + 0G5 (@)CL(@) + G(0) +
%Cﬁf(G)(gl T(G) + 2). Multiplying both sides of (5.60) with Ea, (H — E) we
then get

2

(5.61) Ea (H— E)[H, iAD|Ea, (H - E) > < 7

e g(55> onEa,(H—E).

Picking a constant gff’) such that
2
~(3) . 2 7 1
(5.62) g5’ < min {gg, g5 ﬁé—é} ,

Theorem 5.1 is proved, for g < §§3) and n > 1, with C5 = ;\7,—22 (1 — 1;[—226'5§§3)). (]
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6. C2(A))-REGULARITY
Theorem 6.1. Suppose that the kernels G*) satisfy Hypothesis 2.1 and Hypothe-
sis 3.1(i11). Then H is locally of class C’Q(Agf)) in (—oo, my — %) for everyn > 1.

Proof. The proof is achieved by substituting Agf) for A, in the proof of Theorem 3.7
in [10]. O

Remark 6.1. It is likely that the operator H is of class C’Q(Agf)), i.e., not only
locally.

7. LIMITING ABSORPTION PRINCIPLE

For A defined by (5.6), we set
(7.1) (A7) = (1+A?)7
Recall that [0,12, ont1] C Ap = [(7 — €)%0n, (Y +€y)0n], n>1.

Theorem 7.1 (Limiting Absorption Principle). Suppose that the kernels G()
satisfy Hypothesis 2.1, 3.1 (ii), and 3.1 (#i). Then for any 6 > 0 satisfying
0 < & < my, there exists g5 > 0 such that, for 0 < g < gs, for s > 1/2, ¢,
Y €F and for n > 1, the limits

(7.2) lim (p, (A))5(H — A £ ie)(AT)~*¢)

e—0
exist uniformly for A € A,,.
Moreover, for 1/2 < s < 1, the map
(7.3) A= (AU (H — A £i0)" Ay —*

is Holder continuous of degree s —1/2 in A,,.

Proof. Theorem 7.1 follows from the C? (A%T))—regularity in Theorems 6.1 and the

Mourre inequality in Theorem 5.1 with gs = gff’) (defined by (5.62)), according to
Theorems 0.1 and 0.2 in [28] (see also [20], [18] and [16]). O

8. PROOF OF THEOREM 3.3

e We first prove (i) of Theorem 3.3.
According to (4.9) we have

[Ony2, Ong1] C (v — 67)20n7 (v + ev)an] =Ay,
thus (J,, A, is a covering by open sets of any compact subset of (inf Spec(H ), m; —
0). Therefore, [28, Theorem 0.1 and Theorem 0.2] together with the Mourre in-

equality (5.20) in Theorem 5.1 and the local C? (A%T)) regularity in Theorem 6.1
imply that (i) of Theorem 3.3 holds true.

e For the proof of (ii) of Theorem 3.3, let us first note that since (J,, A, is a
covering by intervals of (inf Spec(H), my — §), using subadditivity, it suffices to
prove the result for any n > 1 and f € C§°(A,).
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For ag) = xg)(pQ)% (p2 - i1Vp, + iV, - p2) XS) (p2) , as given by (5.5), and b =
1Vp,, We have

T T 1 . . T
oDl = 157 (p2) 5 (P2 iV, + iV, - p2) X7 (2)

IN

1 T T N 1 N T
g(llxi Y(p2) P2l + P2 (02) DNV o ol] + 11V, paxiD el

for all ¢ € D(b). Therefore, there exists ¢, > 1 such that

(8.2) a7 > < cn(b)? .

Since (b) is a nonnegative operator, [19, Proposition 3.4 ii)] implies
(83) dr(a$))? < e dT((0))?

and thus

(8.4) (Agpf < B2

This implies

(8.5) I(B+ 1)1 A7) <oo and [[{AT7)(B+1)7| < oo.
The map

F(z):= e*zln(Bﬂ)ezm(Ag;))qs

is analytic on the strip S:={z € C |0 < Rez < 1}, for all ¢ € D(B) C D((Ag)»
For Re z = 0, the operator F(z) is bounded by ||¢| and, for Re z = 1, according to

(8.5), F(z) is bounded by [|(B + 1)_1(A£1T))|| l¢|l. Therefore, due to Hadamard’s
three-line theorem, F(z) is a bounded operator on the strip S. In particular, for
all s € (0,1), we obtain

(8.6) I(B+1) (A7) < oo and |(AT))*(B+1)""|| < co.
Using (8.6), we can write
(o, (B+1)"*(H - AL e) " (B+1)"")
(AT (B + 1) 70, (A7) 5(H = A 0) HAD)*(AT)*(B+ 1) 7).

We thus conclude the proof of Theorem 3.3 (ii) by using Theorem 7.1.
e We finally prove (iii) of Theorem 3.3. For that sake, we first need to establish
the following lemma.

Lemma 8.1. Suppose that s € (1/2, 1) and that for some n, f € C§°(A,,). Then

=0 (t—(s—%)) ]

Proof. The proof is the same as the one done in [16, Theorem 25] for the Pauli-Fierz
model of non-relativistic QED. It makes use of the local Holder continuity stated
in Theorem 7.1. g

(8.7) (A 7= em 1 pay(A)

We eventually prove (iii) of Theorem 3.3 by using (8.6), Lemma 8.1, and writing
1B+ 1)=e {(H)(B + 1)~
< (B + 1) (A7) AT ™ FH)AT) (AT (B +1)~°.
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APPENDIX A

In this section, we establish several lemmata that are useful for the proof of the
Mourre estimate in Section 5.

Lemma A.l. Suppose that the kernels G'*) satisfy Hypothesis 2.1 and 3.1(ii).
Then there exists a constant D1(G) such that, for g < ga andn > 1,

(A.8) |E — E,| <gDi1(G)oy, .

Proof. For g < go, where 0 < g9 is given by [10, Theorem 3.3], we consider ¢
(respectively ¢,,), the unique normalized ground state of H (respectively H,) (see
again [10, Theorem 3.3]). We thus have

E - En S (¢nv (H - Hn)¢)n) ’

(A4.9) E, - E < (6,(H, — H)9),
with

(A.10) H — H,, = gH[(Xo, /2(p2)G)
where

(A.11) Xo,/2(P) = Xo <a|f/|2> )

and xo(.) € C(R, [0, 1]) is fixed.
Combining (A.27) of Lemma A.5 with (4.14) and (4.15), we get, together with
(A.10), for g < go,

(A.12) [(H — Hp)onll < 9K (Xo, /2(p2)G) (CayllHopnll + Bgy)
and
(A.13) [(H — Hn)dl < 9K (X0, /2(p2)G) (CayllHod|| + Bgay) -

It follows from Hypothesis 3.1(%), [10, (4.9)], and with (5.37) that there exists a
constant D1(G) > 0 depending on G, such that

(A.14) sup (|[(H = Hy)onll, (H = Hp)¢l) < gD1(G)om

forn>1and g < gs.
By (A.9), this proves Lemma A.1. O

Lemma A.2. We have
A0 ()2 w®) (H,, — B, — 200) 7|

(A.15) < |(Hn — En)(Hy, — Ep — 20,) Y| §1+ﬂ.
Tmz|
Proof. We have
(A.16) 10dl((x)?w®) <19 H) < H, — E, .
Set
My =19 HS), My=(H"—E")®1, and M=M + Mo =H,—E,.
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Let 1 be in the algebraic tensor product ®(M;)®D(Mz). We obtain
I(My @1+ 1© M)y
= (M1 @ 1)¢|* + [|(1 © Ma)y||* + 2Re(v, (My ® 1)(1® Ma)y)
= (M1 @ VY| + [[(1 @ Ma)y|* + 2(Mr? @ 1)y, (1© My) (M2 @ 1)9))
> [|(My @ 1)y
Thus we obtain
(A17) ar (2w ®) ]| < 10 — Byl
The set D(M;)®@D(Ms) is a core for M, thus (A.17) is satisfied for every ¢ €
D(H, — E,) = ©(Hy). Setting
Y = (Hy, — B, — 20,)"'0,
in (A.17), we immediately get (A.15). O
Lemma A.3. Suppose that the kernels G(®) werify Hypothesis 2.1 and 3.1(ii).
Then there exists a constant C’g (G) > 0 such that
(A.18) | fn(Hy = En) = fu(H = E)|| < g C{ (@),
for g <go andn > 1.

Proof. We have
(A.19)

fn(Hn_En)_fn(H_E):Un/H — !

- (H,—-H+E-FE
En—zon( " + ")

H—F 20, )
Combining (A.27) of Lemma A.5, (4.14), (4.15), and Hypothesis 3.1(7i), we obtain,
for every 1 € D(Hy) and for g < ga,

(A20)  gllH1(Xo, 2G)¥| < 9o K(G)(Cpyll(Ho + 19| + (Cpy + Bpn) 1¥])) -
This yields
(A.21) 91 Hi (X0, 2G)(Ho + 1) 71| < gD2(G)on,

for some constant Do(G) and for g < go. Combining Lemma A.1 with (5.41) and
(A.19)-(A.21), we obtain
(A.22)
) 5 (x+iy)’
£(Ho = Bo) = £l = B)| < 9Do(G)Ca(6) [ LZd 1+ slmy oy

Sﬁ‘*ﬂr

for g < go.
Using (5.32) and (5.33), we conclude the proof of Lemma A.3 with

~ _ a—’;(x—ki )
cl(G) = Dz(G)Cz(G)/Bygy’(l + [zlmy)dzdy .

O

Lemma A.4. Suppose that the kernels G®) satisfy Hypothesis 2.1 and 3.1(ii).
Then there exists a constant C’;(G) > 0 such that, for g < gs andn > 1,

(4.23) a0 (0720 ®) (fu(Ho = Ba) = full — B)| < g Lo
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Proof. We have

(A.24)
dr ()20 ® ) (fa(Hy = ) = fulH — E))
=on [ a0 (0600202 G (= B B = B) g af ().

Combining Lemmata A.1 and A.2 with (5.41) and (A.19)-(A.21), we obtain
dr (7)) (fulHa = Ba) = fulH = E)) |

of (1 + |Z> (1 + Z|m1> dady .
0z y y

Using (5.32) and (5.33), we conclude the proof of Lemma A.4 with

9f (1+Z|> (1+|Z|m1)dxdy.
0z y y
O

(A.25)

< gD2(G)C3(G)Un/ (z +1dy)

(A26)  CL(G) = Da(G)C5(G) / (z + i)

The following lemma was proved in [10, (2.53)-(2.54)], and gives explicitly the
relative bound for H; with respect to Hy. Note that this bound holds for any
interaction operator H of the form (2.8)-(2.10), as soon as the kernels G(®) fulfil
Hypothesis 2.1.

Lemma A.5. For anyn >0, >0, and ¢ € D(Hy), we have

|Hry
(@))2 B 20 2
(aamy =02 16 ( ( et )+2 - +m12(1+ﬁ)) | Hoy |
1 2
* (zmw (H w) +2n( ) ) 112
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