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1. Introduction
Consider a binary mixture and denote by c its composition, that is the fraction
of one of its two components. Then the evolution of the composition is described
by the Cahn-Hilliard equation (see, e.g. [1], [10]):
!
∂c
dφ
= M∆
− K∆c ,
(1.1)
∂t
dc
where M and K are some constants and φ is the free energy density. In the stationary case we obtain the equation
∆(∆c + F (c)) = 0,

(1.2)

1 dφ
where F (c) = −
. The existence, stability and some properties of solutions of
K dc
the Cahn-Hilliard equation have been studied extensively in recent years (see e.g.
[3], [6], [10] ). In this work we investigate solvability of a linear fourth order
equation which can be considered as a linearized Cahn-Hilliard equation:
∆(∆u + V (x)u + au) = f (x).
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(1.3)

Here the potential V (x) is a smooth function vanishing at infinity. The precise conditions on it will be specified below. The function f (x) belongs to the appropriate
weighted Hölder space, which will imply its square integrability, and a is a nonnegative constant. We will study this equation in R3 .
Let us recall that Fredholm solvability conditions affirm that an operator equation Lu = f is solvable if and only if the right-hand side is orthogonal to all solutions w of the homogeneous adjoint equation L∗ w = 0. This fundamental result is
true if the operator L satisfies the Fredholm property, that is its kernel has a finite
dimension, its image is closed, the codimension of the image is also finite.
The operator
Lu = ∆(∆u + V (x)u + au)
considered as acting from H 4 (R3 ) into L2 (R3 ) (or in the corresponding Hölder
spaces) does not satisfy the Fredholm property. Indeed, since V (x) vanishes at
infinity, then the essential spectrum of this operator is the set of all complex λ for
which the equation
∆(∆u + au) = λu
has a nonzero bounded solution. Applying the Fourier transform, we obtain
λ = −ξ 2 (a − ξ 2 ),

x ∈ R.

Hence the essential spectrum contains the origin. Consequently, the operator does
not satisfy the Fredholm property, and solvability conditions of equation (1.3) are
not known. We will obtain solvability conditions for this equation using the method
developed in our previous papers [15], [16], [17], [18]. This method is based on
spectral decomposition of self-adjoint operators.
Obviously, the problem above can be conveniently rewritten in the equivalent
form of the system of two second order equations
(
−∆v = f (x),
(1.4)
−∆u − V (x)u − au = v(x)
in which the first one has an explicit solution due to the fast rate of decay of its right
side stated in Assumption 3, namely
Z
1
f (y)
v0 (x) :=
dy
(1.5)
4π R3 |x − y|
with properties established in Lemma A1 of the Appendix. Note that both equations
of the system above involve second order differential operators without Fredholm
property. Their essential spectra are σess (−∆) = [0, ∞) and σess (−∆ − V (x) −
2

a) = [−a, ∞) for V (x) → 0 at infinity (see e.g. [8]), such that neither of the operators has a finite dimensional isolated kernel. Solvability conditions for operators
of that kind have been studied extensively in recent works for a single Schrödinger
type operator (see [15]), sums of second order differential operators (see [16]), the
Laplacian operator with the drift term (see [17]). Non Fredholm operators arise
as well while studying the existence and stability of stationary and travelling wave
solutions of certain reaction-diffusion equations (see e.g. [5], [7], [14] ). For
the second equation in system (1.4) we introduce the corresponding homogeneous
problem
−∆w − V (x)w − aw = 0.
(1.6)
We make the following technical assumptions on the scalar potential and the right
side of equation (1.3). Note that the first one contains conditions on V (x) analogous
to those stated in Assumption 1.1 of [15] (see also [16], [17]) with the slight
difference that the precise rate of decay is assumed not a.e. as before but pointwise
since in the present work the potential function is considered to be smooth.
Assumption 1. The potential function V (x) : R3 → R satisfies the estimate
|V (x)| ≤

C
1 + |x|3.5+δ

with some δ > 0 and x = (x1 , x2 , x3 ) ∈ R3 such that
1
8
1 9
2
4 9 (4π)− 3 kV kL9 ∞ (R3 ) kV k 9 4 3 < 1
L 3 (R )
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and

√

cHLS kV kL 23 (R3 ) < 4π.

Here and further down C stands for a finite positive constant and cHLS given on
p.98 of [11] is the constant in the Hardy-Littlewood-Sobolev inequality
Z Z
3
f1 (x)f1 (y)
dxdy ≤ cHLS kf1 k2 32 3 , f1 ∈ L 2 (R3 ).
2
L (R )
R3 R3 |x − y|
Here and below the norm of a function f1 ∈ Lp (R3 ), 1 ≤ p ≤ ∞ is denoted as
kf1 kLp (R3 ) .
Assumption 2.

∆V ∈ L2 (R3 ) and ∇V ∈ L∞ (R3 ).

We will use the notation
(f1 (x), f2 (x))L2 (R3 ) :=

Z

f1 (x)f¯2 (x)dx,
R3

with a slight abuse of notations when these functions are not square integrable, like
for instance some of those used in the Assumption 3 below. Let us introduce the
auxiliary quantity
1

ρ(x) := (1 + |x|2 ) 2 , x = (x1 , x2 , x3 ) ∈ R3
3

(1.7)

and the space Caµ (R3 ), where a is a real number and 0 < µ < 1 consisting of all
functions u for which
uρa ∈ C µ (R3 ).

Here C µ (R3 ) stands for the Hölder space such that the norm on Caµ (R3 ) is defined
as
kukCaµ(R3 ) := supx∈R3 |ρa (x)u(x)| + supx,y∈R3

|ρa (x)u(x) − ρa (y)u(y)|
.
|x − y|µ

Then the space of all functions for which
µ
∂ α u ∈ Ca+|α|
(R3 ), |α| ≤ l,

where l is a nonnegative integer is being denoted as Caµ+l (R3 ). Let P (s) be the set
of polynomials of three variables of the order less or equal to s for s ≥ 0 and P (s)
is empty when s < 0. We make the following assumption on the right side of the
linearized Cahn-Hilliard problem.
Assumption 3.
relation

µ
(R3 ) for some ε > 0 and the orthogonality
Let f (x) ∈ C6+ε

(f (x), p(x))L2 (R3 ) = 0

(1.8)

holds for any polynomial p(x) ∈ P (3) satisfying the equation ∆p(x) = 0 .
Remark. A good example of such polynomials of the third order is
a 3 b
c
x1 + x1 x22 + x1 x23 ,
2
2
2
where a, b and c are constants, such that 3a + b + c = 0. The set of admissible
p(x) includes also constants, linear functions of three variables and many more
examples.
By means of Lemma 2.3 of [15], under our Assumption 1 above on the potential
function, the operator −∆ − V (x) − a is self-adjoint and unitarily equivalent to
−∆ − a on L2 (R3 ) via the wave operators (see [9], [13])
Ω± := s − limt→∓∞ eit(−∆−V ) eit∆
with the limit understood in the strong L2 sense (see e.g. [12] p.34, [4] p.90).
Therefore, −∆ − V (x) − a on L2 (R3 ) has only the essential spectrum σess (−∆ −
V (x) − a) = [−a, ∞). Via the spectral theorem, its functions of the continuous
spectrum satisfying
[−∆ − V (x)]ϕk (x) = k 2 ϕk (x),
4

k ∈ R3 ,

(1.9)

in the integral formulation the Lippmann-Schwinger equation for the perturbed
plane waves (see e.g. [12] p.98)
Z
ei|k||x−y|
1
eikx
(V ϕk )(y)dy
(1.10)
ϕk (x) =
3 +
4π R3 |x − y|
(2π) 2
and the orthogonality relations
(ϕk (x), ϕq (x))L2 (R3 ) = δ(k − q),

k, q ∈ R3

(1.11)

form the complete system in L2 (R3 ). We introduce the following auxiliary functional space (see also [17], [18])
W̃ 2,∞ (R3 ) := {w(x) : R3 → C | w, ∇w, ∆w ∈ L∞ (R3 )}.

(1.12)

As distinct from the standard Sobolev space we require here not the boundedness
of all second partial derivatives of the function but of its Laplacian. Our main result
is as follows.
Theorem 4. Let Assumptions 1, 2 and 3 hold, a ≥ 0 and v0 (x) is given by (1.5).
Then problem (1.3) admits a unique solution ua ∈ H 4(R3 ) if and only if
(v0 (x), w(x))L2 (R3 ) = 0

(1.13)

for any w(x) ∈ W̃ 2,∞ (R3 ) satisfying equation (1.6).
Remark. Note that ϕk (x) ∈ W̃ 2,∞ (R3 ), k ∈ R3 , which was proven in Lemma
A3 of [17]. By means of (1.9) these perturbed plane waves satisfy the homogeneous
problem (1.6) when the wave vector
k belongs to the sphere in three dimensions
√
centered at the origin of radius a.
2. Proof of the main result
Armed with the technical lemma of the Appendix we proceed to prove the main
result.
Proof of Theorem 4. The linearized Cahn-Hillard equation (1.3) is equivalent to
system (1.4) in which the first equation admits a solution v0 (x) given by (1.5). The
function v0 (x) ∈ L2 (R3 ) ∩ L∞ (R3 ) and |x|v0 (x) ∈ L1 (R3 ) by means of Lemma
A1 and Assumption 3. Then according to Theorem 3 of [18] the second equation
in system (1.4) with v0 (x) in its right side admits a unique solution in H 2 (R3 ) if
and only if the orthogonality relation (1.13) holds. This solution of problem (1.3)
ua (x) ∈ H 2 (R3 ) ⊂ L∞ (R3 ) via the Sobolev embedding theorem, a ≥ 0 satisfies
the equation
−∆ua − V (x)ua − aua = v0 (x).
5

We use the formula
∆(V ua ) = V ∆ua + 2∇V.∇ua + ua ∆V

(2.14)

with the “dot” denoting the standard scalar product of two vectors in three dimensions. The first term in the right side of (2.14) is square integrable since V (x) is
bounded and ∆ua (x) ∈ L2 (R3 ). Similarly ua ∆V ∈ L2 (R3 ) since ua (x) is bounded
and ∆V is square integrable by means of Assumption 2. For the second term in the
right side of (2.14) we have ∇ua (x) ∈ L2 (R3 ) and ∇V is bounded via Assumption 2, which yields ∇V.∇ua ∈ L2 (R3 ) and therefore, ∆(V ua ) ∈ L2 (R3 ). The
right side of problem (1.3) belongs to L2 (R3 ) due to Assumption 3. Indeed, since
supx∈R3 |ρ6+ε f | ≤ C, we arrive at the estimate
|f (x)| ≤

C
, x ∈ R3
(ρ(x))6+ε

(2.15)

with ρ(x) defined explicitly in (1.7). Hence from equation (1.3) we deduce that
∆2 ua ∈ L2 (R3 ). Any partial third derivative of ua is also square integrable due to
the trivial estimate in terms of the L2 (R3 ) norms of ua and ∆2 ua , which are finite.
This implies that ua ∈ H 4 (R3 ).
To investigate the issue of uniqueness we suppose u1 , u2 ∈ H 4 (R3 ) are two
solutions of problem (1.3). Then their difference u(x) = u1 (x) − u2 (x) ∈ H 4 (R3 )
satisfies equation (1.3) with vanishing right side. Clearly u, ∆u ∈ L2 (R3 ) and
V u ∈ L2 (R3 ). Therefore, v(x) = −∆u − V (x)u − au ∈ L2 (R3 ) and solves the
equation ∆v = 0. Since the Laplace operator does not have any nontrivial square
integrable zero modes, v(x) = 0 a.e. in R3 . Hence, we arrive at the homogeneous
problem (−∆ − V (x) − a)u = 0, u(x) ∈ L2 (R3 ). The operator in brackets is
unitarily equivalent to −∆−a on L2 (R3 ) as discussed above and therefore u(x) = 0
a.e. in R3 .
3. Appendix
Lemma A1.
Let Assumption 3 hold. Then v0 (x) ∈ L2 (R3 ) ∩ L∞ (R3 ) and
1
3
xv0 (x) ∈ L (R ).
Proof. According to the result of [2], for the solution of the Poisson equation
µ
(1.5) under the condition f (x) ∈ C6+ε
(R3 ) and orthogonality relation (1.8) given in
µ+2
(R3 ). Hence supx∈R3 |ρ4+ε v0 | ≤ C, such that
Assumption 3 we have v0 (x) ∈ C4+ε
|v0 (x)| ≤

C
, x ∈ R3 .
4+ε
(ρ(x))

The statement of the lemma easily follows from definition (1.7).
Remark. Note that the boundedness of v0 (x) can be easily shown via the argument of Lemma 2.1 of [15], which relies on Young’s inequality. The square
6

integrability of v0 (x) can be proven by applying the Fourier transform to it, using
the facts that f (x) ∈ L2 (R3 ), |x|f (x) ∈ L1 (R3 ) and its Fourier image vanishes at
the origin since it is orthogonal to a constant by means of Assumption 3.
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[6] P. Howard, Spectral analysis of stationary solutions of the Cahn-Hilliard
equation, Adv. Differential Equations, 14 (2009), No. 1-2, 87–120.
[7] A. Ducrot, M. Marion, V. Volpert, Reaction-diffusion problems with non
Fredholm operators, Advances Diff. Equations, 13 (2008), No. 11-12, 1151–
1192.
[8] B.L.G. Jonsson, M. Merkli, I.M. Sigal, F. Ting, Applied Analysis, In preparation.
[9] T. Kato, Wave operators and similarity for some non-selfadjoint operators,
Math. Ann., 162 (1965/1966), 258–279.
[10] M.D. Korzec, P.L. Evans, A. Münch, B. Wagner, Stationary solutions of
driven fourth- and sixth-order Cahn-Hilliard-type equations, SIAM J. Appl.
Math. , 69 (2008), No. 2, 348–374
[11] E. Lieb, M. Loss, Analysis. Graduate Studies in Mathematics, 14, American
Mathematical Society, Providence (1997).

7

[12] M. Reed, B. Simon, Methods of Modern Mathematical Physics, III: Scattering
Theory, Academic Press (1979).
[13] I. Rodnianski, W. Schlag, Time decay for solutions of Schrödinger equations
with rough and time-dependent potentials, Invent. Math., 155 (2004), No. 3,
451–513.
[14] V. Volpert, B. Kazmierczak, M. Massot, Z.Peradzynski, Solvability conditions
for elliptic problems with non-Fredholm operators, Appl.Math., 29 (2002),
No. 2, 219–238.
[15] V. Vougalter, V. Volpert, Solvability conditions for some non Fredholm operators. To appear in: Proc. Edinb. Math. Soc., http://hal.archives-ouvertes.fr/hal00362446/fr/
[16] V. Vougalter, V. Volpert. On the solvability conditions for some non Fredholm
operators, Int. J. Pure Appl. Math., 60 (2010), No. 2, 169–191.
[17] V. Vougalter, V. Volpert. On the solvability conditions for the diffusion equation with convection terms. To appear in: Commun. Pure Appl. Anal.
[18] V. Vougalter, V. Volpert. Solvability relations for some non Fredholm operators. To appear in: Int. Electron. J. Pure Appl.Math.

8

