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Abstract: Solvability conditions for nonhomogeneous elliptic partial differential
equations involving Schrödinger type operators without Fredholm property were
derived in our preceding works [10], [11], [12]. We reformulate these relations
in terms of solutions of corresponding homogeneous problems belonging to the
appropriate functional spaces.
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1. Introduction
The first problem considered in the note is
−∆u + V (x)u − au = f (x), x ∈ R3 ,

(1.1)

a ≥ 0 is a constant and the corresponding homogeneous problem will be
−∆w + V (x)w − aw = 0,

(1.2)

where V (x) is shallow and short-range and satisfies the conditions analogous to
those used in works [10], [11], [12].
Assumption 1. The potential function V (x) : R3 → R satisfies the estimate
|V (x)| ≤

C
1 + |x|3.5+ε

with some ε > 0 and x = (x1 , x2 , x3 ) ∈ R3 a.e. such that
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and
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cHLS kV kL 23 (R3 ) < 4π.

Here C denotes a finite positive constant and cHLS given on p.98 of [6] is the
constant in the Hardy-Littlewood-Sobolev inequality
Z Z
3
f1 (x)f1 (y)
dxdy ≤ cHLS kf1 k2 32 3 , f1 ∈ L 2 (R3 ).
2
L (R )
R3 R3 |x − y|
Here and further down the norm of a function f1 ∈ Lp (Rd ), 1 ≤Rp ≤ ∞, d ∈ N is
denoted as kf1 kLp (Rd ) . We will be using (f1 (x), f2 (x))L2 (Rd ) := Rd f1 (x)f¯2 (x)dx,
with a slight abuse of notations when the functions involved in the inner product are
not square integrable, like for instance w(x) involved in relation (1.5). The sphere
of radius r in the space of d dimensions centered at the origin will be denoted by
Srd . Due to the decay of the potential function at infinity the essential spectrum of
the Schrödinger operator −∆ + V (x) − a on L2 (R3 ) involved in the left side of
equation (1.1) fills the semi-axis [−a, ∞) (see e.g. [4]) such that there is no finite
dimensional isolated kernel and the Fredholm alternative theorem fails to work for
problem (1.1). Under our Assumption 1 the Schrödinger operator is self-adjoint and
unitarily equivalent to −∆ − a on L2 (R3 ) via the wave operators (see [1], [5], [8],
[10]) and its functions of the continuous spectrum satisfying
(−∆ + V (x))ϕk (x) = k 2 ϕk (x), k ∈ R3 ,

(1.3)

the Lippmann-Schwinger equation for the perturbed plane waves (see e.g. [7] p.98)
Z
eikx
ei|k||x−y|
1
ϕk (x) =
(V ϕk )(y)dy
3 −
4π R3 |x − y|
(2π) 2
and the orthogonality relations
(ϕk (x), ϕq (x))L2 (R3 ) = δ(k − q), k, q ∈ R3
form the complete system in L2 (R3 ). Similarly to [10] for the right side of (1.1)
we have the following.
Assumption 2. The function f (x) ∈ L2 (R3 ) and |x|f (x) ∈ L1 (R3 ).
Let us introduce the functional space
W̃ 2, ∞ (R3 ) := {w(x) : R3 → C | w, ∇w, ∆w ∈ L∞ (R3 )}

(1.4)

used in establishing solvability conditions for the Laplacian problem with convection terms in [12]. Our first proposition will be as follows.

Theorem 3. Let Assumptions 1 and 2 hold. Then problem (1.1) admits a unique
solution u(x) ∈ H 2 (R3 ) if and only if
(f (x), w(x))L2(R3 ) = 0

(1.5)

for any w(x) ∈ W̃ 2, ∞ (R3 ) satisfying the homogeneous equation (1.2), where the
space W̃ 2, ∞ (R3 ) is defined in (1.4).
The second equation studied in the work is given by
−∆x u + V (x)u − ∆y u + U(y)u − au = F (x, y), x, y ∈ R3 ,

(1.6)

where a is a positive constant and the corresponding homogeneous problem is
−∆x θ + V (x)θ − ∆y θ + U(y)θ − aθ = 0.

(1.7)

Note that we do not consider the case of a = 0 here since the orthogonality conditions are not required when a vanishes for problem (1.6) according to Theorem 3 of
[11]. The Laplace operators ∆x and ∆y are in x = (x1 , x2 , x3 ) and y = (y1 , y2, y3 )
respectively, the resulting operator ∆ = ∆x + ∆y and potentials V (x) and U(y)
are shallow and decaying at infinity with the same rate as before. Thus, problem
(1.6) involves the operator without Fredholm property in its left side. Analogously
to [11] for the right side of (1.6) we assume the following.
Assumption 4. The function F (x, y) ∈ L2 (R6 ) and |x|F (x, y), |y|F (x, y) ∈
L (R6 ).
1

For the studies of the problem above we will be using the functional space
W̃ 2, ∞ (R6 ) := {θ(x, y) : R6 → C | θ, ∇θ, ∆x θ, ∆y θ ∈ L∞ (R6 )},

(1.8)

where ∇ = ∇x + ∇y and the gradients ∇x and ∇y are acting in x and y in R3
variables respectively. Our second statement is as follows.
Theorem 5. Let the potential functions V (x) and U(y) satisfy Assumption 1 and
Assumption 4 holds. Then problem (1.6) has a unique solution u(x, y) ∈ H 2 (R6 ) if
and only if
(F (x, y), θ(x, y))L2(R6 ) = 0
(1.9)
for any θ(x, y) ∈ W̃ 2, ∞ (R6 ) solving the homogeneous problem (1.7) with the space
W̃ 2, ∞ (R6 ) defined in (1.8).
Finally, we aim to establish solvability conditions for the equation
−∆x u − ∆y u + U(y)u − au = φ(x, y), x ∈ Rn , y ∈ R3

(1.10)

with a ≥ 0 and the related homogeneous problem is given by
−∆x Q − ∆y Q + U(y)Q − aQ = 0.

(1.11)

When a > 0 the dimension n ∈ N is assumed to be arbitrary but when a vanishes
we consider only n = 1 since according to Theorem 6 of [11] in higher dimensions
in this case the orthogonality conditions are not necessary. The Laplace operators
∆x and ∆y are in x = (x1 , x2 , ..., xn ) and y = (y1 , y2 , y3) variables respectively,
such that ∆ = ∆x + ∆y and the spatial behavior of the potential function U(y) is
analogous to the one considered in the two previous models. Hence the essential
spectrum of the operator −∆x − ∆y + U(y) − a on L2 (Rn+3 ) consists of the unbounded interval [−a, ∞) and the Fredholm alternative theorem fails to work for
problem (1.10). We formulate the conditions on the right side of equation (1.10)
analogically to the ones stated in [11].
Assumption 6. We have φ(x, y) ∈ L2 (Rn+3 ) and |x|φ(x, y), |y|φ(x, y) ∈
L1 (Rn+3 ).
Let us introduce the functional space which we will use for deriving the solvability relations for our problem.
W̃ 2, ∞ (Rn+3 ) := {Q(x, y) : Rn+3 → C | Q, ∇Q, ∆x Q, ∆y Q ∈ L∞ (Rn+3 )}
(1.12)
n
with ∇ = ∇x +∇y and the operators ∇x and ∇y act in variables x ∈ R and y ∈ R3
respectively. Our final proposition is as follows.
Theorem 7. Let the potential functions U(y) satisfy Assumption 1 and Assumption 6 holds. Then problem (1.10) possesses a unique solution u(x, y) ∈ H 2 (Rn+3 )
if and only if
(φ(x, y), Q(x, y))L2(Rn+3 ) = 0
(1.13)
for an arbitrary Q(x, y) ∈ W̃ 2, ∞ (Rn+3 ) solving the homogeneous problem (1.11),
where the space W̃ 2, ∞ (Rn+3 ) is defined in (1.12).
Note that the solvability conditions for problem (1.1) were obtained in [10] and
for equations (1.6) and (1.10) in [11], such that in both works they were stated as orthogonality conditions to the appropriate functions of the continuous spectra of the
self-adjoint operators. In the present article the solvability relations for these equations are derived as orthogonality conditions to the solutions of the corresponding
homogeneous problems belonging to the appropriate functional spaces. The similarity with the usual Fredholm solvability conditions here is only formal since the
operators involved here do not satisfy the Fredholm property and their ranges are
not closed.

The studies of operators without Fredholm property are crucial, for instance for
proving the existence in the appropriate functional spaces of stationary and travelling wave solutions of reaction-diffusion equations (see e.g. [2], [3], [9], [12]).
2. Proof of the solvability conditions
Let us introduce the sequence of infinitely smooth cut-off functions in the space
of an arbitrary dimension d ∈ N, {ξn }∞
n=1 , which are dependent only upon the radial
variable such that ξn ≡ 1 inside the ball |x| ≤ rn , it vanishes identically when
|x| ≥ Rn and is monotonically decreasing inside the spherical layer rn ≤ |x| ≤ Rn .
The sequences of radii rn , Rn tend to infinity as n → ∞ and are chosen such that Rn
increases at a higher rate. This enables us to have k∇ξn kL2 (Rd ) , k∆ξn kL2 (Rd ) → 0
as n → ∞. The cut-off functions will be needed to perform the limiting arguments
below since the solutions of the homogeneous Schrödinger equations discussed are
bounded but may not be decaying at infinity, like for instance the perturbed plane
waves ϕk (x). The quadratic forms studied below will be finite due to the fact that
w(x) ∈ W̃ 2, ∞ and the integration takes place over the compact support of ξn . Let
us procede with proving the solvability relations for the three dimensional problem.
Proof of Theorem 3. First we assume that equation (1.1) admits a unique solution
u(x) ∈ H 2 (R3 ). Let w(x) ∈ W̃ 2, ∞ (R3 ) be a solution of the homogeneous problem
(1.2) with the space W̃ 2, ∞ (R3 ) defined in (1.4). Then we easily obtain
(−∆u + V (x)u − au, wξn )L2 (R3 ) = (f, wξn )L2 (R3 ) .

(2.14)

It can be trivially proven that the right side of (2.14) converges to (f, w)L2(R3 ) , which
is finite (see the Proof of Theorem 3 in [12]). Integration by parts using that w(x)
solves the corresponding homogeneous problem yields that the left side of (2.14)
equals to
−(u, w∆ξn )L2 (R3 ) − 2(u, ∇w.∇ξn)L2 (R3 ) .

Here and further down the dot stands for the scalar product of two vectors in finite
dimensions. We easily estimate by means of the Schwarz inequality
|(u, w∆ξn)L2 (R3 ) | ≤ kwkL∞ (R3 ) kukL2(R3 ) k∆ξn kL2 (R3 ) → 0,
|(u, ∇w.∇ξn)L2 (R3 ) | ≤ k∇wkL∞ (R3 ) kukL2(R3 ) k∇ξn kL2 (R3 ) → 0

as n → ∞, which yields relation (1.5).
On the other hand, let orthogonality condition (1.5) of the theorem hold and
a > 0 since when a vanishes the argument will be analogous. Let us consider
3
the functions of the continuous spectrum ϕk (x), k ∈ S√
a a.e. By means of (1.3)
these functions satisfy the homogeneous Schrödinger equation (1.2) and they belong
to the (1.4) space, which was proven in Lemma A3 of [12]. Thus we have the
orthogonality condition
3
(f (x), ϕk (x))L2 (R3 ) = 0, k ∈ S√
a a.e.,

which implies that equation (1.1) admits a unique solution u(x) ∈ H 2 (R3 ) by
means of Lemma 4 of [12] (see also Theorem 1 of [10]).
Then we turn our attention to the non Fredholm situation in six dimensions.
Proof of Theorem 5. Let us first suppose that equation (1.6) possesses a unique
solution u(x, y) ∈ H 2(R6 ) and θ(x, y) ∈ W̃ 2, ∞ (R6 ) solves the homogeneous problem (1.7), where the space W̃ 2, ∞ (R6 ) is defined in (1.8). Clearly we have
(−∆x u + V (x)u − ∆y u + U(y)u − au, θξn )L2 (R6 ) = (F (x, y), θξn)L2 (R6 ) . (2.15)
Let us integrate by parts in the left side of (2.15) using that θ(x, y) satisfies the
corresponding homogeneous equation. This yields
−(u, θ∆ξn )L2 (R6 ) − 2(u, ∇θ.∇ξn )L2 (R6 ) .
Both of these terms tend to zero as n → ∞, which can be easily shown analogously
to the argument in three dimensions performed in the proof of the previous theorem.
By means of Assumption 4 and Fact 2 of [11] we have F (x, y) ∈ L1 (R6 ). Then
for the right side of (2.15) we estimate
Z
|F (x, y)|dxdy → 0
|(F (x, y), θξn)L2 (R6 ) − (F (x, y), θ)L2(R6 ) | ≤ kθkL∞ (R6 )
|x|≥rn

as n → ∞, which yields orthogonality relation (1.9).
On the other hand, assume that orthogonality condition (1.9) holds, where θ is
an arbitrary solution of equation (1.7), θ ∈ W̃ 2, ∞ (R6 ). As discussed in the Proof of
Theorem 3 of [11], under the given conditions the Schrödinger operator involved in
the left side of (1.6) is unitarily equivalent to −∆x − ∆y − a on L2 (R6 ) via the wave
operators. The functions of the continuous spectrum ϕk (x)ηq (y), k, q ∈ R3 form
the complete system in L2 (R6 ), where ηq (y) are the functions of the continuous
spectrum of the operator −∆y + U(y), such that
(−∆y + U(y))ηq (y) = q 2 ηq (y), q ∈ R3 .

(2.16)

They satisfy the orthogonality relations and the Lippmann-Schwinger equation similarly to ϕk (x). It was shown in Lemma A3 of [12] that ϕk (x), ηq (y) ∈ W̃ 2, ∞ (R3 ).
Then functions given by
6
ϕk (x)ηq (y), (k, q) ∈ S√
a a.e.

will belong to L∞ (R6 ). When differentiating we easily arrive at
∇ϕk (x)ηq (y) = ηq (y)∇x ϕk (x) + ϕk (x)∇y ηq (y) ∈ L∞ (R6 ),
ηq (y)∆x ϕk (x) ∈ L∞ (R6 ), ϕk (x)∆y ηq (y) ∈ L∞ (R6 ),

(2.17)

such that functions (2.17) belong to W̃ 2, ∞ (R6 ). By means of (1.3) and (2.16) they
satisfy equation (1.7). Therefore, we have the orthogonality relation
6
(F (x, y), ϕk (x)ηq (y))L2(R6 ) = 0, (k, q) ∈ S√
a a.e.

and via Theorem 3 of [11] equation (1.6) admits a unique solution u(x, y) ∈
L2 (R6 ). From problem (1.6) under our assumptions on the scalar potentials involved in it and its right side we deduce that ∆u(x, y) ∈ L2 (R6 ) such that u(x, y) ∈
H 2 (R6 ) for this unique solution.
We finish the article with the proof of the result when the free Laplacian is added
to the Schrödinger operator with a shallow, short-range potential.
Proof of Theorem 7. Let us first assume that problem (1.10) possesses a unique
solution u(x, y) ∈ H 2 (Rn+3 ) and Q(x, y) ∈ W̃ 2, ∞ (Rn+3 ) satisfies the homogeneous equation (1.11) with W̃ 2, ∞ (Rn+3 ) defined in (1.12). Hence
(−∆x u − ∆y u + U(y)u − au, Qξn )L2 (Rn+3 ) = (φ, Qξn )L2 (Rn+3 ) .
We integrate by parts in the inner product on the left side of the identity above and
perform the limiting argument with ideas similar to those used in the proofs of the
previous two theorems to obtain the orthogonality relation (1.13).
In the second part of the proof we assume that condition (1.13) holds. According to the Proof of Theorem 6 of [11], under the conditions stated above
the Schrödinger type operator in the left side of (1.10) is unitarily equivalent to
−∆x − ∆y − a on L2 (Rn+3 ) by means of the wave operators. First we consider the
case of a > 0. Since ηq (y) ∈ W̃ 2, ∞ (R3 ) as discussed above, the functions of the
continuous spectrum of the original Schrödinger operator on L2 (Rn+3 )
eikx
n+3
a.e.
n ηq (y), (k, q) ∈ S√
a
(2π) 2

(2.18)

belong to L∞ (Rn+3 ). Obviously,
∇
∆x

eikx
eikx
eikx
∞
n+3
),
n ηq (y) = ik
n ηq (y) +
n ∇y ηq (y) ∈ L (R
(2π) 2
(2π) 2
(2π) 2

ikx
eikx
eikx
2 e
∞
n+3
∞
n+3
),
),
n ηq (y) = −k
n ηq (y) ∈ L (R
n ∆y ηq (y) ∈ L (R
(2π) 2
(2π) 2
(2π) 2

such that the functions given by (2.18) belong to W̃ 2, ∞ (Rn+3 ). A trivial calculation
using (2.16) yields that they satisfy (1.11). Thus we arrive at
(φ(x, y),

eikx
n ηq (y))L2 (Rn+3 ) = 0
(2π) 2

n+3
with (k, q) ∈ S√
a.e. Due to Theorem 6 of [11] problem (1.10) has a unique
a
solution u(x, y) ∈ L2 (Rn+3 ). From equation (1.10) under our assumptions on its
right side and the potential function U(y) it can be easily observed that ∆u(x, y) ∈
L2 (Rn+3 ). Hence for this unique solution u(x, y) ∈ H 2 (Rn+3 ).
We finish the proof of the theorem with the studies of the case when the constant
a = 0 and the dimension n = 1. For the function of the continuous spectrum with
the vanishing wave vector η0 (y) ∈ L∞ (R4 ) we have ∇η0 (y) = ∇y η0 (y) ∈ L∞ (R4 ).
Since ∆y η0 (y) ∈ L∞ (R4 ) and ∆x η0 (y) vanishes, we arrive at η0 (y) ∈ W̃ 2, ∞ (R4 ).
By means of (2.16) it solves equation (1.11). Hence

(φ(x, y), η0(y))L2 (R4 ) = 0
and via Theorem 6 of [11] equation (1.10) with a = 0 and n = 1 admits a unique
solution u(x, y) ∈ L2 (R4 ). Analogously to the case of a > 0 discussed above this
unique solution will belong to u(x, y) ∈ H 2 (R4 ).
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