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Abstract

Suppose that a uniqueness theorem is valid for an ill-posed problem. It is shown
then that the distance between the exact solution and terms of a minimizing sequence
of the Tikhonov functional is less than the distance between the exact solution and the
first guess. Unlike the classical case when the regularization parameter tends to zero,
only a single value of this parameter is used. Indeed, the latter is always the case in
computations. Next, this result is applied to a specific Coefficient Inverse Problem. A
uniqueness theorem for this problem is based on the method of Carleman estimates. In
particular, the importance of obtaining an accurate first approximation for the correct
solution follows from one of theorems. The latter points towards the importance of
the development of globally convergent numerical methods as opposed to conventional
locally convergent ones. A numerical example is presented

1 Introduction

The classical regularization theory for nonlinear ill-posed problems guarantees convergence
of regularized solutions to the exact one only when both the level of the error ¢ and the
regularization parameter « (J) tend to zero, see, e.g. [10,18]. However, in the computational
practice one always works with a single value of 4 and a single value of « (d) . Let z* be the
ideal exact solution of an ill-posed problem for the case of ideal noiseless data. The existence



of such a solution should be assumed by one of Tikhonov principles [18]. Suppose that z*
is unique. The Tikhonov regularization term usually has the form o (0) ||z — 2o|*, where
Ty is counted as the first guess for z* and ||-|| is the norm in a certain space. Let {x,}
be a minimizing sequence for the Tikhonov functional. In the case when the existence of a
minimizer of this functional is guaranteed (e.g. the finite dimensional case), we replace this
sequence with a minimizer z,,, which is traditionally called a regularized solution (one might
have several such solutions).

The goal of this paper is to address the following questions: Why it is usually observed
computationally that for a proper single value of « () one has ||z, — z*|| < ||[xo — x*|| for
sufficiently large n? In particular, if ©, ewists, then why the computational observation is
that ||xq —x*|| < ||xo — 2*||7 In other words, why the regularized solution is usually more
accurate than the first guess even for a single value of o (6)?

Indeed, the regularization theory guarantees that this is true only in the limiting sense
when both § and « (0) tend to zero. These questions were not addressed in the regularization
theory. We first prove a general Theorem 2, which addresses the above questions in an
“abstract” form of Functional Analysis. In accordance to this theorem the short answer on
these questions is this: If a uniqueness theorem holds for an ill-posed problem, then the above
accuracy improvement takes place. Usually it is not easy to “project” an abstract theory on
a specific problem. Thus, the major effort of this paper is focused on the demonstration on
how our Theorem 2 works for a specific Coefficient Inverse Problem for a hyperbolic PDE.
Also, we present a numerical result for this problem.

We show that two factors are important for the above observation: (1) the uniqueness
theorem for the original problem, and (2) the availability of a good first guess. The latter
means that z should be chosen in such a way that the distance ||zo — 2*|| would be suffi-
ciently small. In other words, one needs to obtain a good first approximation for the exact
solution, from which subsequent iterations would start from. These iterations would refine
xo. However, in the majority of applications it is unrealistic to assume that such an approx-
imation is available. Hence, one needs to develop a globally convergent numerical method
for the corresponding ill-posed problem. This means that one needs to work out such a
numerical method which would provide a guaranteed good approximation for z* without a
priori knowledge of a small neighborhood of z*.

To apply our Theorem 2 to a Coefficient Inverse Problem (CIP) for a hyperbolic PDE,
we use a uniqueness theorem for this CIP, which was proved via the method of Carleman
estimates [7,11-15]. Note that the technique of [7,11-15] enables one to prove uniqueness
theorems for a wide variety of CIPs. A similar conclusion about the importance of the
uniqueness theorem and, therefore, of the modulus of the continuity of the inverse operator
on a certain compact set, was drawn in [9]. However, norms ||z, — 2*| and ||zo — z*|| were
not compared in this work, since 2o = 0 in [9]. Only the case when both ¢ and « (§) tend to
zero was considered in [9], whereas these parameters are fixed in our case.

We now explain our motivation for this paper. The crucial question about a method
of choice of a good first approximation for the exact solution is left outside of the classical
regularization theory. This is because such a choice depends on a specific problem at hands.



On the other hand, since the Tikhonov regularization functional usually has many local
minima and ravines, a successful first guess is the true key for obtaining an accurate solu-
tion. Recently the first and third authors have developed a globally convergent numerical
method for a Coefficient Inverse Problem (CIP) for a hyperbolic PDE [2-6]. Furthermore,
this method was confirmed in [16] via a surprisingly very accurate imaging results using blind
experimental data.

It is well known that CIPs are very challenging ones due to their nonlinearity and ill-
posedness combined. So, it is inevitable that an approximation was made in [2] via the
truncation of high values of the positive parameter s of the Laplace transform. In fact,
this approximation is similar with the truncation of high frequencies, which is routinely
done in engineering. It was discovered later in [3-6] that although the globally convergent
method of [2,3] provides a guaranteed good approximation for the exact solution, it needs
to be refined due to that approximation. On the other hand, since the main input for any
locally convergent method is a good first approximation for the exact solution, then a locally
convergent technique was chosen for the refinement stage. The resulting two-stage numerical
procedure has consistently demonstrated a very good performance [2-6], including the case of
experimental data [5]. So, since only a single value of the regularization parameter was used
in these publications, then this naturally has motivated us to address the above questions.

We also wish to point out that the assumption about a priori known upper estimate of
the level of the error ¢ is not necessary true in applications. Indeed, a huge discrepancy
between experimental and computationally simulated data was observed in [5] and [16], see
Figure 2 in [5] and Figures 3,4 in [16]. This discrepancy was successfully addressed via new
data pre-processing procedures described in [5,16]. Therefore, it is unclear what kind of § the
experimental data of [5,16] actually have. Nevertheless the notion of a priori knowledge of
0 is quite useful for qualitative explanations of computational results for ill-posed problems.

In section 2 we present the general scheme. In section 3 we apply it to a CIP. In section
4 we present a numerical example of the above mentioned two-stage numerical procedure
solely for the illustration purpose.

2 The General Scheme

For simplicity we consider only real valued Hilbert spaces, although our results can be
extended to Banah spaces. Let H, H; and H, be real valued Hilbert spaces with norms
-], [|-]]; and []-]|, respectively. We assume that Hy C H, ||z| < ||z||,, V2 € H;,the set H; is
dense in H and any bounded set in H; is a compact set in H. Let W C H be an open set
and G = W be its closure. Let F : G — H, be a continuous operator, not necessarily linear.

Consider the equation
F(x)=y,z €. (1)

The right hand side of (1) might be given with an error. The existence of a solution of
this equation is not guaranteed. However, in accordance with one of Tikhonov principles
for ill-posed problems, we assume that there exists an ideal exact solution z* of (1) with an



ideal errorless data y* and this solution is unique,

F(a") =y (2)
We assume that

ly —y7lly <9, (3)
where the sufficiently small number ¢ > 0 characterizes the error in the data. Since it is
unlikely that one can get a better accuracy of the solution than O (J) in the asymptotic
sense as 0 — 0, then it is usually acceptable that all other parameters involved in the

regularization process are much larger than 6. For example, let the number v € (0,1) . Since
lims 0 (67/0) = oo, then there exists a sufficiently small number d, () € (0,1) such that

57> 6,55 € (0,80 (7)) - (4)

Hence, it would be acceptable if one would choose « (§) = §7, see (9) below.
To solve the problem (1), consider the Tikhonov regularization functional with the reg-
ularization parameter «,

Ja(2) = | F (2) = ylls + allz — xllf 2 € G N Hi. (5)

It is natural to treat xgy here as the starting point for iterations, i.e. the first guess for the
solution. We are interested in the question of the minimization of this functional for a fixed
value of a. It is not straightforward to prove the existence of the minimizer, unless some
additional conditions would be imposed on the operator F', see subsection 3.3 for a possible
one. Hence, all what we can consider is a minimizing sequence. Let m = infgng, Jo (7).
Then

m < J, (z"). (6)

Usually m < J, (z*). However we do not use the latter assumption here.

2.1 The case dim H = >

Let dim H = oo. In this case we cannot prove existence of a minimizer of the functional J,,
i.e. we cannot prove the existence of a regularized solution. Hence, we work now with the
minimizing sequence. It follows from (5), (6) that there exists a sequence {z,} ~, C GNH,
such that

m < Jo (2,) <P 4 alz* — x|} and lim J, (z,,) = m. (7)
By (3)-(7) »
52 . ) /

loally < { = +ll2" = =olly )+ llzoll; - (8)

It is more convenient to work with a lesser number of parameters. So, we assume that
a = a(9). To specify this dependence, we note that we want the right hand side of (8) to
be bounded as § — 0. So, using (4), we assume that

a(6) =%, forapc (0,1). 9)
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Hence, it follows from (8) and (9) that {x,} -, C K (9, ), where K (8, x¢) is a precompact
set in H defined as

K .a0) = {r € Hu s ol < /200 1 =l + ol (10)

Note that the sequence {z,} -, depends on . The set K (0, zo) is not closed in H. Let
K = K (6,z¢) be its closure. Hence, K is a closed compact set in H.

Remark 1. We have introduced the specific dependence a := a (§) = §* in (9) for the
sake of definiteness only. In fact, in the theory below one can consider many other dependen-
cies ==« (9), as long as «a (§) >> ¢ for sufficiently small values of ¢ and lims_,o v (§) = 0.

Let B; and By be two Banah spaces, P C B; be a closed compact and A : P — By be
a continuous operator. We remind that there exists the modulus of the continuity of this
operator on P. In other words, there exists a function w (z) of the real variable z > 0 such
that

w(z) > 0,w(z) <wl(z),if 21 < 2, lim w(z) =0, (11)

z—0*t

|A ()~ A(@2)lls, < @(ller— ol ) Ver,2s € P (12)

We also remind a theorem of A.N. Tikhonov, which is one of back bones of the theory of
ill-posed problems:

Theorem 1 (A.N. Tikhonov, [18]). Let By and By be two Banah spaces, P C By be a
closed compact set and A : P — By be a continuous one-to-one operator. Let QQ = A (P).
Then the operator A=': @Q — P is continuous.

We now prove

Theorem 2. Let the above operator F': G — Hy be continuous and one-to-one. Suppose
that (9) holds. Let {x,}>", C K (0,z9) C K be a minimizing sequence of the functional (5)
satisfying (7). Let & € (0,1) be an arbitrary number. Then there exists a sufficiently small
number 0o = 0o (§) € (0,1) such that for all § € (0,00) the following inequality holds

lzn — [} < &€ llwo — 27|, V., (13)

In particular, if a reqularized solution xs) exists for a certain § € (0,0¢) , i.e. Jos) (xa((;)) =
m (9), then
|Za@) — 2*]| < &llwo — 27|, - (14)
Proof. By (5), (7) and (9)

IF (5) = ylly < 02+ o — =[P = /6% + 6% [lag —a]? .
Hence,

1 (n) = F (@), = N(F (za) —y) + (y = F (27))l,
= [F @) —y) + =), (15)

< P @) = ylly+ ly =y lly < /02 + 0% o — 212+,
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where we have used (3). By Theorem 1 there exists the modulus of the continuity wr (z) of
the operator F=': F' (K) — K. It follows from (15) that

|z, — 2*]| < wp <\/52+52“ o — 2|2 +5). (16)

Consider an arbitrary £ € (0, 1) . It follows from (11) that one can choose a number §y = dy (£)
so small that

W (\/52 + 82 ||z — o +5) < €llmo — 2|, , ¥ € (0,55) . (17)

The estimate (13) follows from (16) and (17). It is obvious that in the case of the existence
of the regularized solution, one can replace in (16) x,, with zq). O

2.2 Discussion of Theorem 2

One can see from (16) and (17) that two main factors defining the accuracy of the recon-
struction of points x,, as well as of the regularized solution x,;) (in the case when it exists)
are: (a) the level of the error §, and (b) the accuracy of the first approximation x, for the
exact solution, i.e. the norm ||2* — x|, . However, since in applications one always works
with a fixed level of error d, then the second factor is more important than the first.

In addition, regardless on the existence of the infimum value m (0) of the functional J,s),
it is usually impossible in practical computations to construct the above minimizing sequence
{xn}zozl . This is because the functional .J,(5) usually features the problem of multiple local
minima and ravines. The only case when an effective construction of that sequence might
be possible is when one can figure out such a first guess x( for the exact solution z*, which
would be located sufficiently close to z*, i.e. the norm ||zg — z*||; should be sufficiently small.
Indeed, it was proven in [6] that, under some additional conditions, the functional Jus) is
strongly convex in a small neighborhood of z,s) (it was assumed in [6] that the regularized
solution exists). Furthermore, in the framework of [6] z* belongs to this neighborhood,
provided that z( is sufficiently close to x*, see subsection 3.3 for some details. Hence, local
minima and ravines do not occur in that neighborhood. In particular, the latter means
that the two stage procedure of [2-6] converges globally to the exact solution. Indeed, not
only the first stage provides a guaranteed good approximation for that solution, but also, by
Theorems 7 and 8 (subsection 3.3), the second stage provides a guaranteed refinement and
the gradient method, which starts from that first approximation, converges to the refined
solution.

In summary, the discussion of the above paragraph points towards the fundamental im-
portance of a proper choice of a good first guess for the exact solution, i.e. towards the
importance of developments of globally convergent numerical methods, as opposed to con-
ventional locally convergent ones.

Another inconvenience of Theorem 2 is that it is difficult to work with a stronger norm
|-||, in practical computations. Indeed, this norm is used only to ensure that K (J,zo) is
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a compact set in H. However, the most convenient norm in practical computations is the
Ly—norm. Hence, when using the norm ||-||;, one should set |||, := ||‘[|z».p > 1. At
the same time, convergence of the sequence {z,} ~, will occur in the Ly—norm. This is
clearly inconvenient in practical computations. Hence, finite dimensional spaces of standard
piecewise linear finite elements were used in computations of [2-6] for both forward and
inverse problems. Note that all norms in such spaces are equivalent. Still, the number of
these finite elements should not be exceedingly large. Indeed, if it would, then that finite
dimensional space would effectively become an infinitely dimensional one, and the L,—norm
would not be factually equivalent to a stronger norm. This is why local mesh refinements
were used in [2-6], which is an opposite to a uniformly fine mesh. In other words, the so-called
Adaptive Finite Element method (adaptivity below for brevity) was used on the second stage
of the two-stage numerical procedure of [2-6]. While the adaptivity is well known for classical
forward problems for PDEs; the first publication for the case of a CIP was in [1].

3 Example: a Coefficient Inverse Problem for a Hy-
perbolic PDE

We now consider a CIP for which a globally convergent two-stage numerical procedure was
developed in [2-6]. Recall that on the first stage the globally convergent numerical method
of [2,3] provides a guaranteed good first approximation for the exact solution. This ap-
proximation is the key input for any subsequent locally convergent method. Next, a locally
convergent adaptivity technique refines the approximation obtained on the first stage. So,
based on Theorem 2, we provide in this section an explanation on why this refinement became
possible.

3.1 A Coefficient Inverse Problem and its uniqueness

Let Q C R* k = 2,3 be a bounded domain with its boundary 02 € C*. Consider the function
¢ (x) satisfying the following conditions

c(z) € [1,d] inQ,d=const. >1,c(z) =1 for z € R"\Q, (18)
c(z) € C*(RF). (19)

Let the point zy ¢ Q. Consider the solution of the following Cauchy problem
c(z)uy = Auin RF x (0,00), (20)
u(x,0) = 0,u(x,0) =06 (z— ). (21)

Equation (20) governs propagation of both acoustic and electromagnetic waves. In the
acoustical case 1/1/c(z) is the sound speed. In the 2-D case of EM waves propagation, the
dimensionless coefficient ¢(x) = ¢,(x), where ¢,(z) is the relative dielectric function of the
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medium, see [8], where this equation was derived from the Maxwell equations in the 2-D
case. It should be also pointed out that although equation (18) cannot be derived from the
Maxwell’s system in the 3-d case for e,.(x) # const., still it was successfully applied to the
imaging from experimental data, and a very good accuracy of reconstruction was consistently
observed [5,16], including even the case of blind study in [16]. We consider the following

Inverse Problem 1. Suppose that the coefficient c(x) satisfies (18) and (19), where
the number d > 1 is given. Assume that the function c(x) is unknown in the domain €.
Determine the function c(x) for x € Q, assuming that the following function g (x,t) is
known for a single source position o ¢ Q

u(z,t) =g(z,t),¥(x,t) € 02 x (0,00). (22)

Since the function ¢ (x) = 1 outside of the domain €2, then we can consider (20)-(22) as
the initial boundary value problem in the domain (Rk\Q) x (0,00) . Hence, the function
u (z,t) can be uniquely determined in this domain. Hence, the following function p (x,t) is
known

Opu (z,t) = p(z,t),¥ (x,t) € 92 x (0,00), (23)

where 7 is the unit outward normal vector at 0S2.

This is an inverse problem with the single measurement data, since the initial condition
is not varied here. This is because only a single source location is involved. The case of
single measurement is the most economical one, as opposed to the case of infinitely many
measurements. It is yet unknown how to prove uniqueness theorem for this inverse problem.
There exists a general method of proofs of such theorems for a broad class of CIPs with single
measurement data for many PDEs. This method is based on Carleman estimates, it was first
introduced in [7,11] (also, see [12-15]) and became quite popular since then, see, e.g. the
recent survey [19] with many references. In fact, currently this is the single method enabling
proofs of uniqueness theorems for CIPs with the single measurement data. However, this
technique cannot handle the case of, e.g. the d— function in the initial condition, as it is in
(21). Instead, it can handle only the case when at least one initial condition is not zero in
the entire domain of interest. We use one of results of [13,14] in this section.

Fix a bounded domain Q; C R* with 90, € C? such that Q CcC ©; and zo € Q\ .
Consider a small neighborhood N (99;) of the boundary 99, such that zo ¢ N (9€;). Let
the function x (z) € C* (Q) be such that

Xz o) = { 1o S B0 (01)

The existence of such functions is known from the Real Analysis course. Let ¢ > 0 be a
sufficiently small number. Consider the following approximation of the function 0 (z — xg)
in the distributions sense

c2

fe(x —x9) = C (g, x,) exp <—M> X (x), (25)
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where the constant C (g, x, §2;) > 0 is chosen such that

/f6 (x —xg) do = 1. (26)

We approximate the function u via replacing initial conditions in (21) with
ue (x,0) = 0, Qe (x,0) = fe (x — xp) . (27)

Let U, (z,t) be the solution of the Cauchy problem (20), (27) such that
U, (z,t) € H? (P x (0,T)) for any bounded domain ® C R¥. It follows from the discussion
in §2 of Chapter 4 of [17] that such a solution exists, is unique and coincides with the “target”
solution u. (z,t) of the Cauchy problem (20), (27), u. (z,t) = u. (z,t). Consider a number
T > 0, which we will define later. Then due to a finite speed of wave propagation (Theorem
2.2 in §2 of Chapter 4 of [17]) there exists a domain €y = Q (T') with 9, € C? such that
QCcc )y CccC
Uz [90,x(0,1)= 0 (28)

and
ue (z,t) =0 in (R"™\Q2) x (0,7). (29)

Therefore, we can consider the function u. (z,t) as the solution of the initial boundary
value problem (20), (27), (28) in the domain Q7 = €5 x (0,7T) . Hence, repeating arguments
given after the proof of Theorem 4.1 in §4 of Chapter 4 of [17], we obtain the following

Lemma 1. Let the function c(x) satisfies conditions (18), (19) and, in addition, let
c e’ (Rk) Let domains €, satisfy above conditions. Let the function f.(x — xo)
satisfies (25), (26), where the function x (x) satisfies (24). Let the number T > 0. Let the
domain Qg = Qo (T') with Qy € C? be such that (29) is true for the solution u. (z,t) €
H?(® x (0,T)) (for any bounded domain ® C R¥) of the Cauchy problem (20), (27). Then
in fact the function u. € H%(Qr). Hence, since k = 2,3, then by the embedding theorem
ue. € C3(Qy) -

We need the smoothness condition u. € C? (@T) of this lemma because the uniqueness
Theorem 3 requires it.

Theorem 3 [13,14]. Assume that the function f. (v — xq) satisfies (25), (26) and the
function ¢ (x) satisfies conditions (18), (19). In addition, assume that

1 _

5t (x,Ve(x)) > ¢ = const. >0 in Q. (30)
Suppose that boundary functions hg (x,t), hy (z,t) are given for (x,t) € 9Q x (0,T1), where
the number T is defined in the next sentence. Then one can choose such a sufficiently large
number Ty =Ty (2,¢,d) > 0 that for any T > T} there exists at most one pair of functions

(¢c,v) such that v e C*(Q x [0,T]) and

c(x)vy =Avin Q x (0,7),

9



U(SL’,O):O,Ut((L’,O) :fs(x_xo)u

v |aax o= ho (2,t), 0,0 |aax o= h1 (z,t).

To apply this theorem to our specific case, we assume that the following functions g., p.
are given instead of functions g and p in (22), (23)

Ue oax (0,1 = g (7,1), Optie |aax 0, = Pe (7,1). (31)

Hence, using Theorem 3 and Lemma 1, we obtain the following uniqueness result

Theorem 4. Suppose that the function c(z) satisfies conditions (18), (19), c € C° (RF)
and also let the condition (30) be true. Assume that all other conditions of Lemma 1 are
satisfied, except that now we assume that T is an arbitrary number such that T > T} =
T, (2,¢,d) where Ty was defined Theorem 3. Then there ezists at most one pair of functions
(c,u.) satisfying (20), (27), (31).

Since in Theorem 4 we have actually replaced 0 (z — zp) in (21) with the function
fe (x — x0) , then we cannot apply Theorem 2 directly to the above inverse problem. In-
stead, we formulate

Inverse Problem 2. Suppose that the coefficient ¢ (x) satisfies (18), (19), (30), where
the numbers d,¢ > 1 are given. In addition, let the function ¢ € C° (Rk) Let the function
fe (x — x) satisfies conditions of Lemma 1. Let Ty = T (2,¢,d) > 0 be the number chosen
in Theorems 3, and T > Ty be an arbitrary number. Consider the solution u. (z,t) €
H?(® x (0,T)) (for any bounded domain ® C R¥) of the following Cauchy problem

c(x)0*u. = Au.inR* x (0,7), (32)
us (2,0) = 0,0u. (2,0) = fo (x — xq) . (33)

Assume that the coefficient c(z) is unknown in the domain Q. Determine ¢ (x) for x € Q,
assuming that the function u. (x,t) is given for (x,t) € 92 x (0,T).

For the sake of completeness we formulate now

Theorem 5. Assume that conditions of Inverse Problem 2 are satisfied. Then there
exists at most one solution (c,u.) of this problem.

Proof. By Lemma 1 the solution of the problem (32), (33) u. € C* (2 x [0,7]) . Since
the function ¢ (z) = 1 in R¥\ (2, then, as it was shown above, one can uniquely determine
the function p. (z,t) = Oyue |sax(o,r) - Hence, Theorem 4 leads to the desired result. [J

3.2 Using Theorems 2-5

Following (5), we now construct the regularization functional .J, (¢) . Choose a number 7' >
Ty (Q2,¢,d) > 0, where T} was chosen in Theorems 3,4. Let Q5 = Q5 (T) be the domain chosen
in Lemma 1. Because of (29), it is sufficient to work with domains 2, {2, rather than with
Q and R*. In doing so, we must make sure that all functions {c,} 7, which will replace
the sequence {x,},—; in (7), are such that ¢, € C° (), satisfy condition (30) and also
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cn € [1,d],cn (z) = 1 in QN Q. To make sure that ¢, € C° (ﬁg) , we use the embedding
theorem for k = 2, 3. Hence, in our case the Hilbert space HV) = HT (€) C C® (). The
Hilbert space Hl(l) should be such that its norm would be stronger than the norm in H®.
Hence, we set H\" := H®(Q,). Obviously Fi” = H® and any bounded set in H" is a
precompact set in HM. We define the set GV ¢ HWY ag

sz{cemwmeu@Lq@:1mapﬁmv¢dmgAmmmmmm§, (34)

where A > 0 is a constant such that

c+0.5
maxg |x|

A>

Hence, the inequality [|[V¢|| o(@) < A does not contradict (30). Clearly, G is a closed set

which can be obtained as a closure of an open set.

To correctly introduce the operator F, we should carefully work with appropriate Hilbert
spaces. This is because we should keep in mind the classical theory of hyperbolic initial
boundary value problems, which guarantees smoothness of solutions of these problems [17].

Consider first the operator F': GO — H2 (Qr) defined as

F(c) =u.(z,t,0),(z,t) € Qr,

where u. (x,t, ¢) is the solution of the problem (32), (33) with this specific coefficient c.
Lemma 2. Let T' > T)(Q,¢,d) > 0, where Ty was chosen in Theorems 3 and 4. Let
Qy = O (T) be the domain chosen in Lemma 1 and Qr = Qs x (0,T). Then the operator F
is Lipschitz continuous on G,
Proof. Consider two functions c;,c, € G, Denote ¢ = ¢; — ¢, U (7,t) = u. (2,t,¢1) —
ue (x,t,¢c2) . Then (28), (32) and (33) imply

cily — AU = —c0u. (x,t,¢5) in Qr,
u(r,0) = 1 (z,0)=0, (35)
u | an.x0mr) = 0.

Let f(x,t) = —¢Ou. (x,t,cy) be the right hand side of equation (35). Since in fact u. €
H%(Q7) (Lemma 1), then
O f€Ly(Qr),k=0,...4. (36)

Hence, using Theorem 4.1 of Chapter 4 of [17], we obtain

||a||H2(QT) < Bl ||E||c(§) (Hafuﬁ (ZL’,t,Cz)HLZ(QT) + Ha?uﬁ (I’t>c2)HL2(QT)> ) (37)

where the constant B = B (A, d) > 0 depends only on numbers A, d. Since By the embedding
theorem H7 () C C°(Q) and ||||05(§) < Ol g7(qy With a constant C' > 0 depending

11



only on . Since ¢ € H"(Q2) and the norm HEHC(ﬁ) is weaker than the norm HEHCs(ﬁ),
then it is sufficient now to estimate norms ||07uc (2, ¢, ¢2)ll 1, op » 107 ue (2,8, ¢2)|l 1, (g, from
the above uniformly for all functions ¢; € G, i.e. by a constant, ||0fue (v,t,¢2)ll1, 0, +
|03, (@, 1, c2)| 1,0y < B2,where By = By (GW) > 0 is a constant depending only on the
set G, And the latter estimate follows from Theorem 4.1 of Chapter 4 of [17] and the
discussion after it. [

Remark 2. Using (37) as well as the discussion presented after Theorem 4.1 of Chap-
ter 4 of [17], one might try to estimate u in a stronger norm. However, since the function
O (1,0, c0) = ¢Af. (¥ — x0) # 0 in , then this attempt would require a higher smooth-
ness of functions ¢y, ¢. In any case, the estimate (37) is sufficient for our goal.

We define the operator F'M : GU) — L, (992 x (0,T)) as

F(l) (C) ([L’, t) =g = Ug |aQX(07T)€ Lo (8(2 X (0, T)) . (38)

Lemma 3. The operator F'V) is Lipschitz continuous and one-to-one on the set G,

Proof. The Lipschitz continuity follows immediately from the trace theorem and Lemma
2. We prove now that F) is one-to-one. Suppose that F(U) (¢;) = F® (c;). Hence,
ue (,t,¢1) |oaxomr)y= U (2,t,¢2) loaxomr - Let w(w,t) = u.(x,t,¢1) — ue (v,t,¢c) . Since
c1 = ¢y = 1 in RPN\ Q, then we have

Uy —Au = 0in (R™\Q) x (0,7),
u(x,0) = 7 (z,0) =0,in RF\Q,

u | saxor) =0.
Hence, u (x,t) = 0 in (RR\Q) x (0,7T). Hence, we obtain
U |gax(0,1)= Onl |aax(0,r)= 0. (39)

Since by Lemma 1 both functions u. (z,t,¢1), u. (z,t,¢) € C* (2 % [0,77]), then (39) and
Theorem 4 imply that ¢; () = ¢o (z). O
Suppose that there exists the exact solution ¢* € Hl(l) N GW of the equation

FO () = g" (2,t) == u. (x,t,¢) |aax o) - (40)

Then for a given function g* (z,t) this solution is unique by Lemma 3. Let the function
g (z,t) € Ly (02 x (0,7)) be such that

g(l’, t) = Ug (I, t, C*) ‘aQX(QT) +g5 (SL’, t) s (SL’, t) € 0f) x (O, T) s (41)
where the function gs (z,t) represents the error in the data,

Hg5HL2(8Q><(0,T)) <. (42)

12



Let the function ¢y € H 1(1) NG be a first guess for ¢*. We now introduce the regularization
functional J" as

T
JW (¢) = // (uc (z,t,¢) — G (x,1))* dS,dt + a||c — co||i18(m e, co € G (43)
0 90

where the dependence o = o (§) = 6*, ;1 € (0,1) is the same as in (9), also see Remark 1.
Let m = m () = inf o), J (¢) and {c,} 2, C Hl(l) N GM be the corresponding
1
minimizing sequence, lim, o Jo (¢,) = m(0). Similarly with (10) we introduce the set

KW (§,20) C Hl(l), which is a precompact set in H(),

- =

KO (3, c0) = { €G- el < /50 4 e — o2+ ||Co||1} - (44)

Let £V = K" (6,c0) € HY be the closure of the set K (4, ¢y) in the norm of the space
H® . Hence, K (6, ¢o) is a closed compact in the space HW.

Theorem 6. Let Hilbert spaces HV, H" be ones defined above and the set GO be the
one defined in (34). Let the number Ty = T, (Q,¢,d) > 0 be the one chosen in Theorems 3,/
and T > T,. Assume that there exists the exact solution c* € Hl(l) N GWY of equation (40)
and let ¢y € Hl(l) NGWY be a first approzimation for this solution. Suppose that (41) and (42)
hold. Let m = m (0) = ian{”mG<1> J () and {en}l, C HY NG be the corresponding
minimizing sequence, lim,,_, J(il(;) (cn) = m(0), where the functional JS(ZS) is defined in (43)
and the dependence o = «(0) is given in (9) (also, see Remark 1). Then for any number

€ € (0,1) there exists a sufficiently small number 69 = 0o () € (0,1) such that for all
d € (0,60) the following inequality holds

len — gy < € llco — C*||H§1> :

In addition, if a reqularized solution x5 exists for a certain 0 € (0,60), i.e. Jo(s) (ca(5)) =
m (9), then

[ea) = ¢y < €lle” — CoHHin :

Proof. Let K be the above closed compact. It follows from Theorem 1 and Lemma
3 that the operator (F(l))_1 PO (F(l)> — K" exists and is continuous. Let wpa be its
modulus of the continuity. Then similarly with the proof of Theorem 2 we obtain

lew = ¢ ller < wre (/8 + 5% e ol +9).

The rest of the proof repeats the corresponding part of the proof of Theorem 2. [
Remarks 3:
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1. When applying the technique of [7,11-15] for proofs of uniqueness theorems for CIPs,
like, e.g. Theorem 3, it is often possible to obtain Holder or even Lipschitz estimates for
the modulus of the continuity of the corresponding operator. The Holder estimate means
wr(z) < Cz”,v € (0,1) and the Lipschitz estimate means wp (z) < Cz with a constant
C > 0. This is because Carleman estimates imply at least Holder estimates, see Chapter 2 in
[14]. This thought was used in [9] for a purpose, which is different from the one of this paper
(see some comments in Introduction). In particular, the Lipschitz stability for a similar
inverse problem for the equation u; = div (a(x)Vu) was obtained in [15]. So, in the case of,
e.g. the Lipschitz stability and under a reasonable assumption that 6 < §* ||¢* — co||§{<1) (see
(4)) the last estimate of the proof of Theorem 6 would become 1

2

len = ¢l < CF e = coll20

Since it is usually assumed that §" << 1, then this is an additional indication of the fact that
the accuracy of a regularized solution is significantly better than the accuracy of the first
guess ¢ even for a single value of the regularization parameter, as opposed to the limiting
case of §,a(0) — 0 of the classical regularization theory. The only reason why we do not
provide such detailed estimates here is that it would be quite space consuming to do so.

2. A conclusion, which is very similar to the above first remark, can be drawn for the
less restrictive finite dimensional case considered in subsection 3.3. Since all norms in a
finite dimensional space are equivalent, then in this case norms ||, — ¢*|| ya) , [|¢" — col| Ho

can be replaced with |lc, — ¢*[| 1,y l¢" = coll,(q) » Which is more convenient, see Theorem
7 in subsection 3.3.

3. The smoothness requirement ¢, € H® () is an inconvenient one. However, given
the absence of proper uniqueness results for the original Inverse Problem 1, there is nothing
what can be done at this point. Also, this smoothness requirement is imposed only to make
sure that Lemma 1 is valid and we need the smoothness of Lemma 1 for Theorem 3. In
the next subsection we present a scenario, which is more realistic from the computational
standpoint. However, instead of relying on the rigorously established (in [13,14]) uniqueness
Theorem 3, we only assume in subsection 3.3 that the uniqueness holds.

3.3 The finite dimensional case

Because of a number of inconveniences of the infinitely dimensional case mentioned in sub-
section 2.2 and in Remark 3, we now consider the finite dimensional case, which is more
realistic for computations. Fix a certain sufficiently large number 7" > 0 and let Qy = 5 (T')
be the domain chosen in Lemma 1. Since in the works [2-6,16] and in the numerical section
4 only standard triangular or tetrahedral finite elements are applied and these elements form
a finite dimensional subspace of piecewise linear functions in the space Lo (£2), we assume
in this subsection that

¢ € C()NH"(Q) and derivatives c,, are bounded in Qp,i =1,....k, (45)
c(z) € [1,d] in Q,c(z) =11in O\ . (46)
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Let H® C L, (€;) be a finite dimensional subspace of the space Ly (£2) in which all functions
satisfy conditions (45). Define the set G as

G® = {c e H® satisfying (46)} . (47)

Since norms ||||C(§) and [[-[|, ) are equivalent in the finite dimensional space H 2 and G

is a closed bounded set in C' (ﬁ) , then G is also a closed set in H®.
Let 0 € (0,1) be a sufficiently small number. We follow [4,6] by replacing the function
0 (z — xo) in (21) with the function dy (x — x¢) ,

dg (x — x0) = Cgexp(m>’ |z — | <0,
07 ‘x_xo‘ze,

where the constant Cj is such that

/59(55—:B0)d:£:1.

Rk

We assume that 6 is so small that
S (x — mg) = 0 for x € QU (R"™\ ) . (48)

Let T > 0 be a certain number. For any function ¢ € G® consider the solution wug (z,t) of
the following Cauchy problem

c(x)0ug = Augin R" x (0,7, (49)
ug (,0) = 0,0ug (z,0) = 09 (x — x0) . (50)

Similarly with the Cauchy problem (20), (27) we conclude that because of (48), there exists
unique solution of the problem (49), (50) such that uy € H?(® x (0,T)) for any bounded
domain ® C R*. In addition, ug (z,t) = 0 in (RF\ Q) x (0,7).

Similarly with (38) we introduce the operator F'?) : G — L, (99 x (0,T)) as

F(2) (C) (ZL’,t) = 0o = Up |8QX(07T3)€ Loy (89 X (0, T)) . (51)

Analogously to Lemma 3 one can prove

Lemma 4 (see Lemma 7.1 of [6] for an analogous result). The operator F®) is Lipschitz
continuous.

Unlike the previous two subsections, there is no uniqueness result for the operator F.
The main reason of this is that dy (x — x9) = 0 in €, unlike the function f. (z — zo), see
Introduction for the discussion of uniqueness results. In addition the function ¢ (z) is not
sufficiently smooth now. Hence, we simply impose the following

Assumption. The operator F® : G®) — L, (99 x (0,T)) is one-to-one.
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Similarly with (40)-(42) we assume that there exists the exact solution ¢* € G of the
equation

F® (c") = g" (z,t) :=ug (x,t,¢") |oax 1) - (52)

It follows from assumption that, for a given function g* (x,t), this solution is unique. Let
the function g (x,t) € Ly (02 x (0,7")). We assume that

y (Ia t) = Up (ZIZ’, ta C*) |aQ><(0,T) +g(5 (Ia t) ) (ZIZ’, t) € 00 x (Oa T) ) (53)
where the function gs (x,t) represents the error in the data,

||96||L2(BQ><(O,T)) < 0. (54)
Let a = a (6) = 6%, 1 € (0,1) be the same as in (9), also see Remark 1. We now introduce
the regularization functional J as

T
J& (c) = //(ue (w.t,0) = g (2,1)) dSodt + allc = coll},0): €0 €GP (55)
0 99

Obviously this functional is more convenient to work with than the functional J (¢) in
(43). This is because the H®(2) norm of (43) is replaced with the Ly (Q) norm in (55).
However, unlike the previous subsection where the one-to-one property of the operator F(!
was rigorously guaranteed, here we only assume this property for the operator F'?).
Theorem 7. Let H? C Ly () be the above finite dimensional subspace of the space
Ly (), in which all functions satisfy conditions (45). Let the set G C H? be the one
defined in (47). Let the function ug be the solution of the Cauchy problem (49), (50) such
that ug € H* (® x (0,T)) for any bounded domain ® C R*. Let F® be the operator defined
in (51) and let Assumption be true. Assume that there exists the evact solution ¢* € G® of
equation (52) and let co € G®) be a first guess for this solution. Suppose that (53) and (54)

hold. Let m =m (0) = min () JZ (c). Then a regularized solution c,) € G egists, i.e.

m=m(0) = IIl(lI)l JP (c) = JP (cas)) - (56)
G(2

Also, for any number & € (0,1) there exists a sufficiently small number 69 = do () € (0,1)
such that for all 6 € (0,dq) the following inequality holds

*

Hca(é) —C Lo() < 5 ||C>|< - COHL2(Q) :

Proof. Since G®® c H® is a closed bounded set then the existence of a minimizer
Ca(sy of the functional J& (c) is obvious even for any value of a > 0. The set G® ¢ H®
is a closed compact. Hence, it follows from Theorem 1 and Assumption that the operator
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(F(z))_1 . F® (G(2)) — G exists and is continuous. Let wpe be its modulus of the
continuity. Then similarly with the proof of Theorem 2 we obtain

* . D)
lcacs — HLZ(Q) S wre) <\/52 + 0% et = collpy) + 5) :

The rest of the proof is the same as the corresponding part of the proof of Theorem 2. [
Although the existence of a regularized solution is established in Theorem 7, it is still
unclear how many such solutions exist and how to obtain them in practical computations.
We show now that if the function ¢q is sufficiently close to the exact solution ¢*, then the
regularized solution is unique and can be found by a version of the gradient method without
a risk of coming up with a local minima or a ravine. In doing so we use results of [6].
Let py € (0,1) be such a number that

2:“ S (O>min (,ulaQ(l _:ul))) ) (57)
where the number p was defined in (9). Assume that
lco — C*||L2(Q) <ot (58)

Let the number 8 € (0,1) be independent on §. Denote

Vipge (@) = {c€G@:lle=cll e < (1+v2) 9],
Vi (ca) = {e€ G [lo = catoll ey < 65}

Note that it follows from (57) that 36 >> §" for sufficiently small §, since

limg_,q (562” / 5“1) = 00. The following theorem can be derived from a simple reformula-
tion of Theorem 7.2 of [6] for our case.

Theorem 8. Assume that conditions of Theorem 7 hold. Also, let (57) and (58) be
true. Let cq(5) be a reqularized solution defined in (56). Then there exists a sufficiently small
number §; € (0,1) and a number € (0,1) independent on & such that for any 6 € (0,0,]

the set V(1+\/§)5m (c*) C Visou (ca((;)) , the functional J(%) (c) is strongly convex on the set
Viasou (ca(g)) and has the unique minimizer Ty on the set V(1+\/§)5M1 (c*). Furthermore,

Ca(s) = Ca(s)- Hence, since by (58) ¢y € V(1+\/§)5H1 (c*), then any gradient-like method of the

minimization of the functional JS(B;) (¢), which starts from the first guess co, converges to
the regqularized solution cqs).

Remarks 4:

1. Thus, Theorems 7 and 8 emphasize once again the importance of obtaining a good first
approximation for the exact solution, i.e. the importance of globally convergent numerical
methods. Indeed, if such a good approximation is available, Theorem 8 guarantees conver-
gence of any gradient-like method to the regularized solution and Theorem 7 guarantees that
this solution is more accurate than the first approximation.
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2. As it was mentioned in Introduction, global convergence theorems of [2,3] in com-
bination with Theorems 7 and 8 guarantee that the two-stage numerical procedure of [2-6]
converges globally. Another confirmation of this can be found in first and second Remarks
3.

4 Numerical Example

We now briefly describe a numerical example for Inverse Problem 1. The sole purpose of
this section is to illustrate how Theorems 7 and 8 work. Figures 1-a), 1-b) and 1-c) of
this example are published in [4], and we refer to this reference for details. So, first we
apply the globally convergent numerical method of [2,3]. As a result, we obtain a good first
approximation for the solution of Inverse Problem 1. Next, we apply the locally convergent
adaptivity technique for refinement. In doing so, we use the solution obtained on the first
stage as the starting point. In this example we use the incident plane wave rather than the
point source. This is because the case of the plane wave works better numerically than the
point source. In fact, we have used the point source in our theory both here and in [2-6] only
to obtain a certain asymptotic behavior of the Laplace transform of the function u (z,t), see
Lemma 2.1 in [2]. We need this behavior for some theoretical results. However, in the case
of the plane wave we verify this asymptotic behavior computationally, see subsection 7.2 in
2]. As it was stated above, numerical studies were conducted using the standard triangular
finite elements when solving Inverse Problem 1.
The big square on Figure 1-a) depicts the domain . Two small squares display two
inclusions to be imaged. In this case we have
4 in small squares,
c(z) = { 1 outside of small squares. (59)

The plane wave falls from the top. The scattered wave g (x,t) = u |aax(0,r) in (22) is known
at the boundary of the big square. The multiplicative random noise of the 5% level was
introduced in the function ¢ (x,t). Hence, in our case § ~ 0.05. We have used o = 0.01 in
(55). This value of the regularization parameter was chosen by trial and error. Our algorithm
does not use a knowledge of background values of the function ¢ (z), i.e. it does not use a
knowledge of ¢ (x) outside of small squares.

Figure 1-b) displays the result of the performance of the first stage of our two-stage
numerical procedure. The computed function ¢y () 1= ¢o (z) has the following values: the
maximal value of ¢ (x) within each of two imaged inclusions is 3.8. Hence, we have only 5%
error (4/3.8) in the imaged inclusion/background contrast, see (59). Also, ¢y () = 1 outside
of these imaged inclusions. Figure 1-c) displays the final image. It is obvious that the image
of Figure 1-b) is refined, just as it was predicted by Theorem 7. Indeed, locations of both
imaged inclusions are accurate. Let ¢, () be the computed coefficient. Its maximal value is
max ¢, (z) = 4 and it is achieved within both imaged inclusions. Also, ¢, (z) = 1 outside of
imaged inclusions.
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Figure 1: See details in the text of section 4. a) The big square depicts the domain Q. Two small squares
display two inclusions to be imaged, see (59) for values of the function ¢ (x) . The plane falls from the top. The
scattered wave is known at the boundary of the big square. b) The result obtained by the globally convergent
first stage of the two-stage numerical procedure of []. ¢) The result obtained after applying the second stage.
A wvery good refinement is achieved, just as predicted by Theorem 7. Both locations of two inclusions and

values of the function c(x) inside and outside of them are imaged with a very good accuracy.
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