SYNTHESIS OF GLOBAL CONVERGENCE AND ADAPTIVITY FOR A
HYPERBOLIC COEFFICIENT INVERSE PROBLEM IN 3D *
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Abstract. A globally convergent numerical method for a multidimensional Coefficient Inverse Problem for a
hyperbolic equation is presented. Since this method does not use least squares objective functionals, the phenomenon
of local minima is avoided. The global convergence is analytically established. It is shown that this technique provides
a good first guess for the adaptivity method, which entails to a synthesis of both approaches. Numerical results for
the 3-D case are presented.
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1. Introduction. A conventional way to numerically solve a Coefficient Inverse Problem
(CIP) for a PDE is via the minimization of a least squares objective functional. This functional char-
acterizes the misfit between the data and the solution of that PDE with a “guess” for the unknown
coefficient. However, it is well known that the phenomenon of multiple local minima and ravines
of these functionals represents the major obstacle in this approach. Because of this phenomenon,
any gradient-like method of the minimization of such a functional would likely converge to a local
minimum, which is located far from the correct solution. Furthermore, due to the ill-posed nature
of CIPs, a global minimum, even a well pronounced one, is not necessarily close to the correct
solution. Hence, there is no guarantee that the calculated coefficient is indeed close to the correct
one, unless a good first guess about this coefficient is known. At the same time, in many important
applications a good approximation for the unknown coefficient is unavailable.

We call a numerical method for a CIP globally convergent if: (1) a theorem is proven, which
ensures that this method leads to a good approximation of the correct solution of that CIP, regard-
less on the availability of a priori given good approximation for that solution, and (2) this theorem
is confirmed by numerical experiments. On the other hand, convergence of a locally convergent
numerical method to the correct solution can be guaranteed only if the starting point is located in
a small neighborhood of this solution.

This paper is a continuation of our previous publication [5], where a new globally convergent
numerical method for the same CIP was presented. In this method local minima are avoided because
a least squares objective functional is not constructed. A fine structure of the PDE operator is
used instead. There are five main new ingredients here compared with [5]: (1) We complement
our globally convergent method by a locally convergent finite element adaptive technique (below
“adaptivity” for brevity), see [7, 8, 9, 10] for this technique. We choose the starting point for the
adaptivity the solution obtained by our globally convergent method. (2) The globally convergent
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algorithm of this publication is different from one in [5] in the sense that, unlike [5], when solving
certain nonlinear elliptic equations, we now use “inner” iterations with respect to k for functions
qﬁ,l until they converge. Consequently, the formulation of the global convergence Theorem 6.1
is different from one of [5]. In particular, the convergence estimate for the unknown coefficient
here is obtained under less stringent conditions than one in [5]. Specifically, conditions (6.19)
and (6.20) are less restrictive ones than corresponding conditions in [5]. Most importantly, while
the convergence estimate in [5] is independent on the iteration number, it is shown here how this
estimate actually depends on this number. An advantage of this dependence is that it provides a
qualitative explanation of one of observations of numerical studies. All these require a major change
in the proof of Theorem 6.1 compared with [5]. (4) The stopping rule differs from one of [5] in the
sense that we now evaluate certain L, norms at the boundary rather than inside of the domain of
interest. (5) Numerical experiments are conducted in the 3-D rather than in the 2-D case of [5].

One of the main ideas of this paper is to synthesize our globally convergent method with a
locally convergent adaptivity method. In this synthesis the solution obtained by the former serves
as a good first guess for the latter. Indeed, the convergence estimate for the “global part” (Theorem
6.1) depends on a small positive parameter 7. This parameter incorporates both the error in the
boundary data and the error generated by some approximations of our method. While the error in
the boundary data models the error in measurements and is, therefore inevitable, approximation
errors of our concrete numerical method are not parts of previously developed locally convergent
algorithms. On the other hand, the key to this synthesis is that since 7 is small, then Theorem
6.1 guarantees that the globally convergent part provides a good approximation for the correct
solution. Therefore, it is reasonable to enhance the computed solution via a subsequent application
of a locally convergent numerical method, which is the adaptivity in our case.

As a result, a natural two-stage numerical procedure is developed here. On the first stage, the
globally convergent method of [5] provides a good approximation for the correct solution. And on
the second stage, this approximation is taken as the starting point for the adaptivity technique,
which provides an enhancement, i.e., a better approximation for the correct solution.

In fact, a combination of the globally convergent method of [5] with the adaptivity was recently
proposed in the work [6] of the authors. There are two main differences between the current
publication and [6]. First, the convergence theorem now is stronger and requires a different proof,
since the corresponding theorem of [6] is an extension of the result of [5] on the case of above
mentioned inner iterations for functions qu’l. Second, numerical experiments here are in 3-D,
unlike the 2-D case of [6].

The adaptivity technique minimizes least squares objective functionals on a sequence of locally
adaptively refined meshes in a series of steps until images are stabilized (usually 3-4 refined meshes
are used). The minimization is performed via the quasi-Newton method. Various convergence
results for Newton-like methods for general ill-posed problems can be found in the book [3]. The
main idea of the adaptivity is that on each step a posteriori analysis shows subdomains where the
biggest error in the solution is. These are those subdomains where the gradient of the Lagrangian
attains its maximal values (within a certain range). An important point here is that those subdo-
mains are found without a priori knowledge of the solution. It was also shown in [6] that, under
certain conditions, the gradient of the Lagrangian can provide an estimate for the accuracy of the
reconstruction for the unknown coefficient. Thus, additional finite elements are used in such subdo-
mains. It was shown in previous publications that the adaptivity is capable to significantly improve
reconstruction results. At the same time, it was shown numerically in the recent publication [11]
that the adaptivity cannot provide good quality images unless a good first guess about the solution
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is a priori known. This is because the quasi-Newton method is a locally convergent one. Hence, a
synthesis of the adaptivity with the globally convergent method of [5] can be used.

In our numerical experiments we image a medium with small inclusions in it, although we do
not assume a priori knowledge of such a structure. We refer to [1] and references cited there for
another approach to imaging of small inclusions. There are also some other numerical methods for
multidimensional CIPs, which do not use a good first guess for the solution [13, 14, 15, 24, 25, 26].
Unlike the current paper, they work for some CIPs with the data resulting from multiple measure-
ments, i.e., either with many positions of the point source or many directions of the initializing
plane wave. These works are discussed in [5].

An outline of this work is the following: in section 2 we formulate both forward and inverse
problems. In section 3 we transform the inverse problem to the Dirichlet boundary value problem
for a nonlinear integral differential equation in which the unknown coefficient is not present. The
idea of this transformation has roots in the method of Carleman estimates for proofs of uniqueness
and stability results for CIPs [20, 21]. Since this transformation was described in several previous
publications [20, 21], we outline it only briefly here for the sake of completeness. It is the numerical
solution of this equation, which represents the major difficulty. The method of this solution was
the main new point of [5] and it represents the major departure from the previously developed the
so-called “convexification” technique [20]. In section 4 we formulate the layer stripping procedure
with respect to s. In section 5 we describe the algorithm. In section 6 a global convergence theorem
is proven. In section 7 we describe the computations of the forward problem. In section 8 we
briefly outline the adaptivity technique referring to more details to [8, 9, 10]. In section 9 numerical
experiments are presented. We summarize our results in section 10.

2. Statements of Forward and Inverse Problems. As the forward problem, we consider
the Cauchy problem for a hyperbolic PDE. The case of a boundary value problem in a finite domain
is not considered here only because an analogue of the asymptotic behaviour (2.9) is not proved in
this case, since (2.9) is actually derived from Theorem 4.1 of [29]. That theorem establishes a certain
asymptotic behaviour of the fundamental solution of a hyperbolic equation near the characteristic
cone.

Consider the Cauchy problem for the hyperbolic equation

c(x)ug = Auin R® x (0, 00), (2.1)

u (x,0) = 0,us (x,0) =6 (z — xo) (2.2)

Equation (2.1) governs a wide range of applications, including e.g., propagation of acoustic and
electromagnetic waves. In the acoustical case 1/4/c(z) is the sound speed. In the 2-D case of EM
waves propagation in a non-magnetic medium, the dimensionless coefficient is ¢(z) = €,(z), where
er(x) is the spatially distributed dielectric constant of the medium, see [16], where this equation
was derived from Maxwell’s equations in the 2-D case. Let d; and ds be two positive constants and
Q C R? be a convex bounded domain with the boundary 8Q € C3. We assume that the coefficient
¢ (x) of equation (2.1) is such that

c(z) € [d1,2d2],dy < da,c(z) = 2d; for z € RE\Q, (2.3)

c(z) € C* (R?), (2.4)
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We consider the following

Inverse Problem. Suppose that the coefficient ¢ () satisfies (2.3) and (2.4), where the pos-
itive numbers d; and dy are given. Assume that the function ¢ (z) is unknown in the domain Q.
Determine the function ¢ (z) for = € Q, assuming that the following function g (z,t) is known for a

single source position zg ¢ €2
u(z,t) =g (z,t),V(z,t) € 00 x (0,00). (2.5)

The reason why we assume here that the source zo ¢ Q is that we do not want to deal with
singularities near the source location. A priori knowledge of constants dy,ds corresponds well with
the Tikhonov concept for ill-posed problems [30]. In applications the assumption ¢ (z) = 2d; for
x € R3\ 2 means that the target coefficient c (z) has a known constant value outside of the medium
of interest 2. Another argument here is that one should bound the coefficient ¢ (z) from the below
by a positive number to ensure that the operator in (2.1) is a hyperbolic one on all iterations of our
method. Since we do not impose any “smallness” conditions on numbers d; and dz, our numerical
method is not a locally convergent one. The function g (x,t) models time dependent measurements
of the wave field at the boundary of the domain of interest. Practical measurements are calculated
at a number of detectors, of course. In this case the function g (x,t) can be obtained via one of
standard interpolation procedures, a discussion of which is outside the scope of this publication. In
the case of a finite time interval, on which measurements are performed, one should assume that
this interval is large enough and thus, the t-integral of the Laplace transform over this interval is
approximately the same as one over (0, 00) .

Uniqueness theorem for this inverse problem is a long standing and well known open question.
This question is addressed positively via Carleman estimates only in the case when the §— function
in (2.2) is replaced with a function which is non vanishing in the entire domain Q [20, 21]. It is an
opinion of the authors that because of applications, it is worthy to study numerical methods for
this CIP assuming that uniqueness holds.

Consider the Laplace transform of the functions u,

oo
w(z,s) = /u(a:,t)e’“dt, for s > s = const. > 0, (2.6)
0

where s is a certain number. It is sufficient to choose s such that the integral (2.6) would converge
together with corresponding (z,t)-derivatives. We call the parameter s pseudo frequency. The
equation for the function w is

Aw — s%c(z)w = —c(20)8 (x — 20) c(x0),V5 > s = const. > 0 (2.7)
with the following condition at the infinity

| l‘im w(z,s) =0,Vs > s = const. > 0. (2.8)
&I |—00
Under some natural conditions linked with the regularity of geodesic lines generated by the eikonal

equation corresponding to the function c¢(z) the following asymptotic behaviour takes place (see
Lemma 2.1 in [5])

DPDw(z,s) = DZDY {W [1 +0 (%)] } |5 = 00, (2.9)
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where |] < 2,7=0,1,z # =g, f (%, %) is a certain function, f(x,z¢) # 0 for z # z¢ and I (z, zg)
is the length of the geodesic line connecting points x and zg.

We briefly mention now that the idea of [5] can also be extended to similar CIPs for the parabolic
PDE

c(z)Uy = AU —a () U, (2.10)

U(z,0) =6(z —x0).

To do this, one needs to apply the following analogue of the above Laplace transform
W (z,s) = /U(:U,t) exp (—s’t) dt.
0

Hence, AW — (s?c(z) + a(z)) W = =6 (z — o) and also W satisfies (2.8). In the electromagnetic
case equation (2.10) governs propagation of a component of the electric field in a conductive medium
with the conductivity function o (z) := c(z). In the case of diffuse optical tomography one can
usually assume that the diffusion coefficient D := 1/¢ = const. > 0 and the target of the CIP is the
spatially changing absorption coefficient u, (z) := a (), see, e.g., [2].

3. Nonlinear Integral Differential Equation Without the Unknown Coefficient. It
follows from (2.6), (2.7) and the maximum principle that w(z, s) > 0,Vs > s. Consider the function
v =Inw. Since z¢ ¢ Q, then (2.6) and (2.8) lead to

Av +|Vo|*> = s%¢(z) in Q, (3.1)

v(z,s) =Iny(z,s), V(z,s) € 00 x [s,3], (3.2)

where ¢ (x, s) is the Laplace transform (2.6) of the function g (z,t). We eliminate the coefficient
¢ (z) from equation (3.1) via the differentiation with respect to s, since 9sc (z) = 0. To “isolate” the
unknown coefficient in (3.1), introduce a new function

v
H(z,s) = 2 (3.3)
It follows from (3.3) and (2.9) that
1 1
D2(H) =0 (E) ,D2D,(H) = O (s—Q) .8 = 00. (3.4)
By (3.1)
AH +s* (VH) = c(z). (3.5)
Denote

q(z,s) =0sH (,3) . (3.6)
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By (3.4) and (3.6)

H(z,s) = —/q(a:,T)dT.

We truncate this integral as

H(z,s) ~ —/q(m,T) dr +V (z,9), (3.7)

where 5 > sg is a large number and

V(2,5) ~ H (z,5) = m“’g# (3.8)
The number 5 should be chosen in numerical experiments. We call V' (z,3) the “tail”, this function
is unknown, and this is why we use ” & ” here. By (3.4) the tail is small for large values of 5.
In principle, therefore, one can set V (z,3) := 0. However, our numerical experience shows that
it would be better to update somehow the tail function in an iterative procedure. We call the
updating procedure “iterations with respect to tails”.
Thus, we obtain from (3.5)- (3.7) the following (approximate) integral nonlinear differential
equation

2

Aq —2s*Vq- /Vq (z,7)dr + 2s /Vq (z,7)dr (3.9)

+25°VqVV — 2sVV - /Vq (z,7)dr +25(VV)> =0

In addition, (3.2), (3.3) and (3.6) imply that the following Dirichlet boundary condition is given for
the function ¢

q(z,s) =v(z,s), V(z,5) €00 x [s,3], (3.10)
where
s 2lngp
¢(x53):¢52 - 3

Suppose for a moment that the function ¢ is approximated together with its derivatives D2gq, |a| <
2. Then the corresponding approximation for the target coefficient can be found via (3.5) as

c(z) = AH + s> (VH)?, (3.11)

where the function H is approximated via (3.7). Although any value of the pseudo frequency
s € [s,3] can be used in (3.11), but we found in our numerical experiments that the best value
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is s := s. If integrals would be absent and the tail function would be known, then this would be
the classic Dirichlet boundary value problem for the Laplace equation. However, the presence of
integrals implies the nonlinearity and represents the main difficulty here. Another obvious difficulty
is that equation (3.9) has two unknown functions ¢ and V. The reason why we can handle this
difficulty is that we treat functions q and V differently: while we iteratively find approximations
for g being sort of “restricted” only to equation (3.9), we find updates for V using solutions of
forward problems (2.1), (2.2) and the formula (3.8). In those forward problems corresponding
approximations for the unknown coefficient ¢, obtained from (3.11), are used. We refer to subsection
5.4 of [19] for the first procedure of working with tails, which was applied to a linearized CIP.

4. A Sequence of Elliptic Dirichlet Boundary Value Problems. We approximate the
function ¢ (z, s) as a piecewise constant function with respect to the pseudo frequency s. That is,
we assume that there exists a partition s = sy < sy_1 < ... < 81 < 89 = 5,8;_1 — 8; = h of the
interval [s,3] with a sufficiently small grid step size h such that ¢ (z,s) = g, (z) for s € (sn,sn_1]-
Hence,

n—1

/ Vq(z,7)dr = (sp—1 — 5)Van(x) + hz Vg;j(x),s € (SnsSn—1)- (4.1)

j=1

We approximate the boundary condition (3.10) as a piecewise constant function,

an (z) =, (z) 2 € 09, (4.2)

where
b@ =7 [ v (4.3)

On each subinterval (sp,sp—1],n > 1 we assume that functions g¢; (z), j = 1,...,n — 1 are known.
We obtain an approximate equation for the function g, (z) . Then we multiply this equation by the
Carleman Weight Function (CWF) of the form

Cna(s) = eremsn-1) g€ (Sns Sn—1], (4.4)

and integrate with respect to s over (s,,8,-1). In (4.4)A >> 1 is a parameter, which should be
chosen in numerical experiments. Theorem 6.1 provides a recipe for this choice. We obtain (see
details in [5])

n—1

L, (gn) == Aqp, — A1, (h Z ti> Vg, + A1,.Vq,VV —eq,

i=1

= II (V‘In - A2 n (Z qu ) (45)

n—1

+24;,VV (h Z Vl]i) — A5, (VV) ,n=1,..,N,

i=1
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where Iy = Iy (A h),A1n == A1 n (N D), Az, 1= Ay (A h) are certain integrals involving the
CWF. Thus, we have obtained the Dirichlet boundary value problem (4.2), ( 4.5) for a nonlinear
elliptic PDE with the unknown function ¢, (x). In (4.5) the tail function V is also unknown. An
important observation is that

(4.6)

Therefore, by taking A >> 1, we mitigate the influence of the nonlinear term with (Vg,)” in (4.5).
This enables us to solve each elliptic Dirichlet boundary value problem (4.2), (4.5) iteratively at each
n via solving a linear problem on each step. Theorem 6.1 assures convergence of this procedure. We
have added the term —egq, to the left hand side of equation (4.5), where € > 0 is a small parameter.
We are doing this because, by the maximum principle, if a function p(z) is the classical solution of
the Dirichlet boundary value problem

L, (p) —ep= f(z) in Q,p |s0= ps(z),

then [22] (Chapter 3, §1)
max |p| < max |max |py| e~ max|f|| .
Q oQ Q

On the other hand, if € = 0, then the analogous estimate would be worse because of the involvement
of some constants depending on maxg |Vg;|. Therefore, it is anticipated that the introduction of
the term —eq,, should provide a better stability of our process, and we have indeed observed this
in our computations.

5. The Algorithm. The above considerations lead to the algorithm described in this sec-
tion. Below C*** (Q) are Holder spaces, where k > 0 is an integer and a € (0,1) [22]. De-
note |f|, o = IIf ||ck+a(§) ,V f € Ck (Q). Our algorithm reconstructs iterative approximations

cn,i (z) € C*(Q) of the function c¢(z) only inside the domain Q. On the other hand, to iterate

with respect to tails, we need to solve the forward problem (2.1), (2.2). To do this, we need to

extend each function ¢, (x) outside of the domain Q in such a way that the resulting function

Cnp € C° (IR3) s Cnyk > di in Q and €, 1 = 2d; outside of Q. The corresponding procedure is rather

standard and is described in section 5 of [5]. In this section we mention convergences of certain

“sub-procedures”. Specifications of corresponding convergence criteria are given in subsection 9.1.
In accordance with (3.7), (3.11) and (4.1) denote

n—1

Hyi(2) =hgni+h Y q; (z) + Vo (), €Q, (5.1)
j=1

Cn,i (.’L’) = AHn’i + Si (VHn,i)z , (5.2)

where functions g, gn i, Vn,; are defined in this section below. Here m,, is the number of iterations
with respect to tails for the given n where i = 1,...,m,. We set

g0 = 0,471 = 0,Vi,1 (z) = V{; (2), (5.3)
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q?l’l = qn—1, Vn1 (&) := Vomi,m,,_, () ,for n > 2, (5.4)

where V1(31 (z) is a certain starting value for the tail function, which is specified in subsection 9.1.
Step n1,n > 1. Suppose that functions gi,...,¢n-1,4%1 = ¢n—1 € C*7*(Q),cn1 € C*(Q)

and the tail function V,,1(z,3) € C?t%(Q) are constructed, see (5.3), (5.4) . We now construct the

function gy,1. To do this, we solve iteratively the following Dirichlet boundary value problems

n—1
qu,l — A | h Z Vg, 'VQ5,1 - 5%’2,1 + Aan‘Iﬁ,l V1 =
j=1
. 2
I, 1.2 n-
2%0 (Vahi')" = Asnh® | Y Vgj () (5.5)
i=1

n—1
+2A2nvvn,1 -{h Z qu (.’L') - A2n (vvn,1)2 Jqu,l € 02+a (ﬁ) ,k,‘ = 1: 2; {3y
j=1

We call these “iterations with respect to the nonlinear term”. We iterate here until the process
converges. Then we set

Gn,1 = lim qﬁ 1 in the ot (ﬁ) norm.
k— o0 ’

Next, we reconstruct an approximation ¢, 1 (z) ,z € Q for the unknown function ¢ () using the
resulting function g1 (z) and formulas (5.1), (5.2) at 4 = 1. Hence, ¢,,1 € C* (Q). Assume that
Cn1 (2) > dy in Q. Construct the function ¢, 1 (z) € C* (R?) . Next, solve the forward problem (2.1),
(2.2) with ¢ (2) :=¢,,1 (z) . We obtain the function u,, 1 (z,t) . Calculate the Laplace transform (2.6)
of this function and obtain the function wy, 1(z,3) this way. Next, following (3.8), we set for z € Q

1 _
Voo (2,3) = = Inwy1(z,3) € C*1 (Q). (5.7)

Step n;, i > 2,n > 1. Suppose that functions g, i1, Va,i(z,5) € C*T@ (ﬁ) are constructed.
We now iterate with respect to the tail only. That is, we solve the boundary value problem

n—1
Agn;— Ain | B Z Vi | - Vani —€gni + AinVn,i - VVn;
=1

1 2
n—
Iln

=27 (Van,i-1)” = Aanh® [ >~ Vg; (2) (5.8)

Jj=1

n—1
+ 245, VVoi+ [ B Vg (2) | = Agn (VVii)?,
j=1
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gn,i (x) = ¥, (2),z € 00. (5.9)

Having the function gy, ;, we reconstruct the next approximation ¢, ; € C (Q) for the target coeffi-
cient using (5.1), (5.2), and, assuming that ¢, ;(z) > d; in §, construct the function ¢,,; € C*(R?).
Next, we solve the forward problem (2.1), (2.2) with ¢(z) := ¢, (2), calculate the Laplace trans-
form (2.6) and update the tail as in (5.7), where (wp,1,Vn,2) is replaced with (wp s, Viit1). We
iterate with respect to i until convergence occurs at the step i := m,,. Then we set

n = Qn,m, € 02+a (ﬁ) »Cn = Cp,m, € c* (ﬁ) ’

1 _
Vi1, (7,3) = = InWn,m, (z,3) € C* (Q) . (5.10)

If functions c,(z) did not yet converge, then we proceed with Step (n + 1), , provided that
n < N, where N is a prescribed iteration number, N < N, see Theorem 6.1. However, if either
functions ¢, (z) converged, or n = N, then we stop. It follows from (5.7) that in principle, to
update the tail, one can solve the problem (2.7), (2.8) for s = 3 instead of the problem (2.1), (2.2).
However, our computational experience shows that it is better to proceed via solving the problem

(2.1), (2.2) and calculating the Laplace transform then. We do not yet have an explanation for this.

6. Global Convergence. By the concept of Tikhonov for ill-posed problems [30], which we
follow, one should assume first that there exists an “ideal” exact solution of an ill-posed problem
with the exact data. Next, one should assume the presence of an error of the level ¢ in the data,
where ¢ > 0 is a small parameter. Suppose that an approximate solution is constructed for each
sufficiently small . This solution is called a “regularized solution”, if it tends to the exact solution
as ( — 0.

6.1. Exact solution. First, we introduce the definition of the exact solution. We assume
that there exists a coefficient ¢* (z) € [2d;, 2d,] satisfying condition (2.4), and this function is an
exact solution of our Inverse Problem with the “ideal” exact data in g*(z,t) in (2.5). The Laplace
transform (2.6) of the function g* (z,t) leads to the exact function ¢* (z,s) = w* (z,s),V (z,s) €
0 x [s,5]. Here the function w* (z,s) € C*+ (R¥\ {|z — 20| < 7}),Vy > 0,Vs > s is the solution
of the forward problem (2.7), (2.8) with ¢ (z) := ¢* (z). Also, let

In[w* (z, s)]

OH* (z,s)

H* (z,8) = s

q* (z,8) = , V*(,3) = H* (¢,3) .

S

The function ¢* satisfies an obvious analogue of equation (3.9) with the following boundary condition
(see (3.10)

q* (z,s) =¢* (z,s),(z,5) € 00 x [s,9], (6.1)
where
1 9¢p* 2lny*

P*(z,8) =

p*s?2  0Os s3

Definition. We call the function ¢* (z, s) the exact solution of the problem (3.9), (3.10) with
the ezact boundary condition ¢* (, s).
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Hence,
q* (z,8) € C*T* (Q) x C*[s,3]. (6.2)

We now follow (4.1)-(4.5). First, we approximate functions ¢* (z, s) and ¥* (z, s) in (6.1) and (6.2)
via piecewise constant functions with respect to s € [s,3] . Let

an ( h/ (z,8)ds, ¥, ( h/¢ z,s) (6.3)

Then

¢* (,5) = @ (@) + Qn (2, 5) , 4" (,5) = Py, (z) + U (3,9) , 5 €[5, 501],
where by (6.1) functions @, ¥, are such that

|Qn (7, 8)|5pq < Chy |¥y (2, 8)]5 0 < C*hyn=1,...,N, for s € [sy,8,-1], (6.4)
where the constant C* = C* (||q*||02+a(§)xcl[§’§]) > 0 depends only on the C?* (Q) x C1[s, 3]
norm of the function ¢* (z, s). Hence, we can assume that

<Cr. .
linax |qn|2+a — c (6 5)

Without a loss of generality, we assume that
Cc* > 1. (6.6)

By the Tikhonov concept, the constant C* should be known a priori. By (2.9), it is reasonable to
assume that C* is independent on §, although we do not use this assumption. By (6.3)

a, () =¥, (2) ¢ € 0Q. (6.7)

Hence we obtain the following analogue of equation (4.5)

n—1
Agi — A, (h > Vg (a:)) Vg + A Vg Vv*
i=1

:2%(v — Ay, h? (qu, ) (6.8)

n—1

+24,5 ,VV* (h > v (x)) — Ao |VV* P + Fp (2, hy M),

i=1
where the function F, (z,h,\) € C* (Q) and

max |Fn (@, b, A)], < C*h. (6.9)
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We also assume that the function g(z,t) in (2.8) is given with an error. This naturally produces
an error in the function ¢ (z, s) in (3.10). An additional error is introduced due to the averaging
in (4.3). Hence, it is reasonable to assume that

|

where ¢ > 0 is a small parameter characterizing the level of the error in the data % (z,s). The
parameter h can also be considered as a part of the error in the data, since we have replaced a
smooth s-dependent function with a piecewise constant one.

¥, () — v, (z) <C*(e+h), (6.10)

C2+e(Q)

— — |

6.2. Global convergence theorem. First, we reformulate the Schauder theorem in a sim-
plified form, which is convenient for our case, see Chapter 3, §1 in [22] for this theorem. Assuming
that

§>1, Mb>1, (6.11)

it was shown in [5] that

12%XN{|A1,H| + [Ag n|} < 85°. (6.12)

Introduce the positive constant M* = M* (||q*||02+a(§) E) = M* (C*,3) by

xC1[s,3]°
M* = 2C* max (852,1énna<XN{|A1,n| + |A2,n|}> . (6.13)
Hence, (6.12) and (6.13) imply that

M* =16C*3°. (6.14)

Consider the Dirichlet boundary value problem

3
Au + Z bj(x)ug; —d(x)u = f(x), z € Q,
j=1

u |pa= g (z) € C*T*(6Q).
Assume that the following conditions are satisfied
bj,d, f € C* (Q),d(z) > 0; max (||, ,|d|,) <1.
By the Schauder theorem, there exists unique solution u € C?*+2 (ﬁ) of this boundary value prob-

lem, and with a constant K = K () > 1, depending only on the domain Q, the following estimate
holds

ulypq < K [||9||o2+a(ag) + |f|a] : (6.15)
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In the formulation of Theorem 6.1 we provide estimates (6.19)-(6.24) via M* and also use (6.14)
to obtain estimates via 5. Note that the definition of the norm in the space C*(2) implies that

[fifelo < filg|foly > Vi, f2 € C% (D). (6.16)

Theorem 6.1. Let Q C R® be a convex bounded domain with the boundary 0 € C3.
Suppose that inequalities (6.6) and (6.11) hold. Let the exact coefficient c* (z) € C?(R®),c* €
[2d1,2ds] and c* (z) = 2d; for x € B3\, where numbers di,dy > 0 are given. For any
function c(z) € C*(R®) such that c(z) > di in Q and c(z) = 2d; in R3\Q consider the
solution w, (z,5) € C® (R3\ {|z — zo| <~}),Vy > 0 of the problem (2.6), (2.7). Let V. (z) =
5 ?lnw, (z,5) € C**° (ﬁ) be the corresponding tail function. Suppose that the cut-off pseudo fre-
quency 3 is so large that for any such function c (z) the following estimates hold

|V*|2+a S 57 |VC|2+a S €7 (617)

where £ € (0,1) is a sufficiently small number. Let V1,1 (z,3) € C*** (Q) be the initial tail function
and let

Viilype <& (6.18)

Denote n := 2(h+ 0 +&+¢€). Let K be the constant of the Schauder theorem and N < N be
the total number of functions q, calculated by the algorithm of section 5. Suppose that the number
N = N (h) is connected with the step size h via N (h)h = B, where the constant B > 0 is
independent on h. Let § be so small that

gL 1
= 384Ks 24K M*

(6.19)

In addition, let the number n and the parameter A of the CWF satisfy the following estimates

1 3 1 3
< * s) = 1 _ = = i = .
n_nO(KaC 7d138) mln(lﬁKM*’S(h) min (256K0*§278d1) s (6 20)
2
* 1
A > X (C*,K,3,nm) = max <(C4) , 48K C*5?, ?> . (6.21)

Then for each appropriate n the sequence {sz;}:o:l converges in C*T* () and the following
estimates hold

. 1
lan — @lysq <2KM (ﬁ + 377) ,n € [1,N], (6.22)
|gnlyyq < 2C*, ne [1,N], (6.23)
* Ui 23
len — ¢, < ergn, ne2,N]. (6.24)
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In addition, functions cp i (2),Cnk () > di in Q and Ty () = 2dy outside of Q.

Remarks:

1. It often happens in the computational practice of ill-posed problems that theoretical esti-
mates of convergence theorems are more pessimistic than ones obtained in numerical studies, and
also some discrepancies between analytical results and their numerical implementations often occur.
For example, we do not use the C2+%(Q) norm to verify convergence, because it is rather compli-
cated in the computational practice to consider this norm, and also because all norms in finite
dimensional spaces are equivalent, and we work in a finite dimensional space of finite elements in
our computations. In addition, we have used the §— function in (2.1) and the whole space R® only
for the sake of a convenient formulation of the asymptotic behaviour (2.9). In our computations
we use the plane wave and a bounded domain G for the solution of the forward problem. Other
main discrepancies between our theory and the computational implementation are listed in subsec-
tion 7.2 of [5]. In particular, it is stated there that we verify the asymptotic behavior at s — oo
computationally.

2. In the spirit of the previous remark, in actual computations the estimate (6.24) is a qualitative
one in the sense that it is more likely that in the reality

C
|Cn _C*|a < FU+BW7 n e [2am

with some positive numbers B, C' and with a number A > 1. Even though it is shown in the course
of the proof of this theorem that |c, — ¢*|, < 8/3 -7, which is stronger, the estimate (6.24) is still
quite helpful for an explanation of numerical results, see subsection 9.3. Indeed, (6.24) shows that
on first iterations the error in our solution decreases rapidly (the first term in the right hand side of
(6.24). On the other hand, this error cannot be made less than a constant (23/8 in our case) times
the small parameter . This parameter incorporates both the error in our model and the error in
the boundary data.

3. Truncating integrals at a high pseudo frequency 5 is a natural thing to do, because one
routinely truncates high frequencies in physics and engineering. By truncating integrals, we actually
come up with a different, although a quite reasonable mathematical model.

4. One of the back bones of the theory of ill-posed problems is that the number of iterations
can be chosen as a regularization parameter, see, e.g., page 157 of [17]. Therefore, we have a vector
(3,N,\,ep,) of regularization parameters. Setting N (h)h = 8 = const. > 0 is in an agreement
with, e.g., Lemma 6.2 on page 156 of [17], since this lemma shows a connection between the error
in the data and the number of iterations (that lemma is proven for a different algorithm). The
number 3 is small because our algorithm is originated by equation (3.9), which contains nonlinear
terms with s-integrals of the Volterra type. It well known that in general solutions of nonlinear
integral equations of the Volterra type can be estimated only on sufficiently small intervals.

We assume below in this section that conditions of Theorem 6.1 hold. We obtain from (6.6),
(6.20) and (6.21) that

1

a9’ /< S , (625)
3

Denote

~k _ k * o~ _
qn,l - qn,l —p; qn,z’ - Qn,z’ — qp;

~ - ~ — —x
Vn,k = Vn,k - V*ycn,k = Cn,k — C*7¢n = 1pn - ¢n
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Hyi (z) = Hoyi (z) = H (2, 50) , Hy (€) = Hy (2) = H* (2, 50),

where H* (z,s) is the function H, (z) in (5.1) in the case when functions ¢; and V,, are replaced
with ¢ and V* respectively.

6.3. Proof of Theorem 6.1. This proof basically consists in estimating norms |§,’§71 |2+a,|§n,z~|2+a

from the above. First, we estimate norms ‘(Y} ’“‘2 . By (6.17) and (6.18)
b +a

|‘71,1‘ <2 <. (6.26)
24«

Substituting n = 1 in (6.8), subtracting it from (5.5) and subtracting (6.7) from (5.6), we obtain

6L,

Aq{c,l - Ea{c,l + Al,lv%,lva{c,l = —21—0

Vgt (Ve + V) (6.27)
—A1,1V‘71,1qu - A2,1V‘71,1 (VVi1 +VV™) +eqf — Fi,

Gi (z) = 1 (), € 0. (6.28)
By (6.20) € <n/2 < 1. Also, since K,C* > 1, then by (6.12), (6.18) and (6.20)

1
<45 < —— < 1. .
|A11 V11| <457 < 61K < 1 (6.29)
Hence, combining the Schauder theorem (6.15) with (4.6), (6.9), (6.11)-(6.14), (6.17), (6.20) and
(6.26)-(6.29), we obtain

KM*

1] y0 < oy @1y |03 +ai,, +3KM™ . (6.30)

1+« 1+a

First, let k = 1. Since by (5.3) ¢¥; = 0, then g ; = —g}. By (6.5) |Vg}|> < (C*)*. Hence, (6.30)
implies that
~ « | C*
|q}71 |2+a S KM [_

2 +3n] .

Hence, using the first inequality (6.25), we obtain
@], < KM (i + 3n) <2KM* (L + 3n) :
bilora < /o) s Y
Hence, the second inequality (6.25) and (6.5) imply that

|@11] 50 < 1]op0 + 107|240 < 2C7 (6.31)



16 L.BEILINA AND M.V.KLIBANOV

Assume now that

1
~k—1 *
a1y, S2KM (ﬁ + 3n) k> 2. (6.32)
Then similarly with (6.31)
|‘1{C31|2+a <207 (6.33)

We obtain from (6.27), (6.28), (6.32) and (6.33)

3(KM*)? [ 1 i
@ alyy0 <= (— +3n) +3KM™ .

v2)

Hence, the third inequality (6.25) leads to

L1
@]y, < 2KM (ﬁ + 3n) k> 1. (6.34)

Hence, we obtain similarly with (6.31) that
4F 1]y, S 207 k> 1. (6.35)

Estimates (6.34) and (6.35) enable us to prove convergence of functions ¢f ; for k — oco. Let
m,r > 2 be two positive integers. Denote am,» = ¢y — ¢{ ;- Then am, = ¢ —¢j ;- Set in (6.27)
k := m and then k := r. Next, subtract two resulting equations, and use the following

V@t (Vi +Var) = VTt (Vi + Vi)
=V (Ve + Var) = VE T (Ve + Vi)
+Va 7t (Ve +Var) = Va7t (Ve + Vi)
=Vam—1,—1 (Va7 ' +Vai) + V@ 1 - Vam_1,1

= Vam 1,1 (Vg ' + V' + Vi) .
We obtain
Aa’rn,’r' —EQm,r + Al,lv‘/l,lvamfr =

I _ _
—2I—Ovam_1,r_1 . (Vq{?l ! + V&I’ll + qu) y

Am,r |BQ: 0.
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Hence, by the Schauder theorem (6.15), second and third inequalities (6.25), (6.34), (6.35) and (4.6)

KM*

1
< D lam—1,r-1ls4q < 3 lam—1,r—1ly4q - (6.36)

|am:7'|2+a
It follows from (6.36) that the sequence {qf }:o: | satisfies the Cauchy convergence criterion. Con-

vergence of other sequences {qﬁ,l}:}:l can be proven similarly. Thus, these proofs are omitted
below.

Since functions ¢i,1 and ¢1,1 are estimated via (6.34) and (6.35), we now can estimate the norm
|¢1,1],, - To do this, we note that it follows from (5.1) and (5.2) that

~ T -2 *
e1,1], < ‘H1,1‘2+a [1 +5 <|Hl,1|2+a + |H{ |2+a)] :
By (5.1), (6.17)-(6.19) and the fourth inequality (6.25)

- . 1 4

‘Hl,l‘ <8KM ﬂn+n§§n+n=§n-

2+

Next, (5.1), (6.18), (6.19), (6.20) and (6.35) lead to

M* 1
— * =2 1% =2
145 (|Hilyy + Hilyya) S 1435°C8 +5% <14+ B+ 5
1 1
<l4+—+4+—=<2.
=i 120 + 256 <
Thus, the last two inequalities and (6.20) imply that

~ 8
le1al, < on<di. (6.37)

3

Since ¢* > 2dy, then (6.37) implies that ¢1 1 (z) > d; in Q. Hence, the function ¢ ; € C* (R®), 11 (z) >
di in  and €1 () = 2d; in R\ (see beginning of section 5). This, along with one of condi-
tions of Theorem 6.1, ensures that |V1,2|2+a < &. Hence, one can prove similarly with the above
that estimates (6.34), (6.35) and (6.37) are valid for functions ¢i,2,¢1,2 and ¢; 2 respectively. To
do this, one should use (5.8) and (5.9) at n = 1,i = 2. Repeating this process m; times, we
obtain the same estimates for functions g, ¢1,¢;. In addition, we also obtain that ¢y (z) > dy in Q,

¢ eC*(R),¢ () > di in Q and & (2) = 2d; in R¥\Q. Hence, |Va,1],,, <&

Assume now that

~ 1 .
jlyyq <2KM* (ﬁ+3n> ,j=1,..,n—1, (6.38)
|qj|2+a S 2C*a.7 = ]-a ey — ]-a (639)

¢j(®)>diinQ, ¢ () >diinR, j=1,..,n—1. (6.40)
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We now obtain these estimates at j = n. It follows from (6.40) and (6.17) that
Vn,l

Vailore SES T, |Vaa| <26 <. (6.41)

For brevity consider only functions g¢,; with ¢ > 2, since the case of ‘12,1 can be considered very

similarly, given convergence of the sequence {¢% ,}. Thus, we assume that estimates (6.38) and
(6.39) hold for the function gy 1.
Subtracting (6.8) from (5.8) and (6.7) from (5.9), we obtain for ¢ > 2

n—1
Aan,z' - Al,n (h Z VQj ($)> van,z + Al,nvvn,i ° Van,z - Ean,z'
j=1

) FA— .
= 272 Vi1 (Vanio1 + Va3
n—1 n—1
+ [ ALnVa, — A2 nh Y (Vg +V]) + 242, VVoi | | D VG (6.42)
j=1 j=1
n—1 "
+|2400h Y VG — A1n VG, — Ao (VWi + VV?) | YV + eq), — Fo,
7j=1

90= Un(2). (6.43)

qn,i

We begin estimate the sum of 274, 3*4, 4%t and 5% terms in the right hand side of (6.42). As
to the second term, using (6.5), (6.12)-(6.14), (6.20), (6.39) and (6.41), we obtain

n—1
M* 3M*B M* 3
A,V AZ,,nh;:1 (Vg; +Vag;) + 242, VVa| < 5t t M (1+2ﬂ)

[e3

On the other hand, by (6.38)

n—1
1
RS VG| <2KM*B(—+3n]). 6.44
Z;l gjl, < ﬂ(ﬁ n) (6.44)
Hence, (6.16) implies that
n—1 n—1
A1nVa, — Ao nh Y (Vg + V) + 242,V | - (B DV (2) (6.45)
Jj=1 Jj=1

a a
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< 2K (M*)* 8 (1 + gﬁ) (% + 3n) )

Estimate now the sum of 3", 4*® and 5'" terms in the right hand side of (6.42). We obtain similarly
with the above

n—1
(2A2,nh Z Vq; — A1,,Va, — Azn (VVin + VV*)) VWi +eq — Fy| <2M* (1 + g) 7.

j=1 N
(6.46)
Combining this with (6.44), (6.45) and (6.16), we obtain the following estimate
n—1 n—1
A n VG, — Asnh Y (Vg +Va5) + 24, VVs | | R VG
7j=1 j=1 o
n—1 _
+ [ 24200 Y VG — A1n VG, — Ao (VViy + VV?) | Vi +eq), — Fy (6.47)
j=1 N
3 1 B
< *)? 2 — * =
< 2K (M*) ﬂ(1+26) (\/X+3"> +2M <1+ 2>n
Since K, M* > 1, then (6.19) and the 4" inequality (6.25) imply that
2K (M*)? B 1+§,B 1 < 8K (M*)*p 1+§ﬂ <Ly
2 ) s gB ) n< M.
By (6.19)
2M* (1 + g) n < gM*n. (6.48)
Hence, we obtain from (6.47) and (6.48) that
n—1 n—1
Ao VG, = Asnh Y (Vg +Vq5) + 242,V Vs | [ RV
=1 i=1 o
n—1 —
+{ | 24200 Y VG = ALn Vg — Ao (VVar + VV*) | Vg +eq, — By (6.49)
j=1 o

5
< M*n+§M*n=3M*n.

DN | =
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It follows from (6.12), (6.14), (6.19), (6.20) and (6.39) that C* (Q) norms of coefficients at Vi, Gn,i
in equation (6.42) do not exceed 1. Hence, applying the estimate (6.15) to the Dirichlet boundary
value problem (6.42), (6.43) and using (4.6), we obtain

*

~ KM* . x *
|qn,z’|2+a S 26’—*/\ |vqn,i—1|a |VQn,i—1 + vqnla +3KM -

Consider first the case i = 2. Since estimates (6.38) and (6.39) hold true for g, 1, gn,1,then (6.5),
(6.38), (6.39) and the third inequality (6.25) imply that

N 3SKM* (1 . e
|q"72|2+aSTKM (\/—X+3n)+3KM7]S2KM (ﬁ+37’}>,

which establishes (6.38) for the function g, ». Hence, similarly with (6.31) we obtain |gy 2|, 4o S
2C™*, which proves (6.39) for g 2. Using (6.38) and (6.39), we obtain similarly with (6.37) that
[Cn,il, < 8/3-n < di. Hence, functions €, (7),cn2 (x) > di in Q and €,2 (x) = 2d in R\,
which establishes (6.40) for functions cp,2,¢p 2 () . The latter, (5.10) and one of conditions of this
theorem guarantee that |Vi3[,,, < §. Recalling that g, = ¢n,m, and applying the mathematical
induction principle, we obtain that estimates (6.38)-(6.40) are valid for j = n.

Having estimates (6.38)-(6.40) for j = 1, ...,n, we now obtain the estimate (6.24). Denote

n
Pn = Z |‘7j|2+a »9n = hpn,n € [27N:| -
j=1

It follows from the above proof that

n—1 n—1
. \ _ . 3
Al,ann — Az,nh E . (qu + V(]j) + 2A2,nVVn,1 h E 1 qu <M (1 + §ﬂ> hpn_l
J= 1=

S 2M*hpn—1-

Hence, it follows from (6.46) and (6.48) that the sum of all terms in equation (6.42), excluding
the first one can be estimated from the above via 2M*hp,_1 + 5/2 - M*n. First, consider the
case when in (6.42) ¢, ; is replaced with (}fb,l and respectively ¢, ;_1 is replaced with (Yf;ll. Since
the sequence {qﬁ,l}z.; converges, we can replace in (6.42) the vector (?jﬁik,aﬁ’l,qﬁ’jl) with the

vector (gn,1,Gn,1,4n,1) - Hence, applying to the boundary value problem (6.42), (6.43) the Schauder
theorem (6.15), (6.20), (6.21) and the 4" inequality (6.25), we obtain

|an,1 |2+a

_ . 5
lgn.1l51q < + 2K M*hpp—1 + 3K M*n.

N 8 . 10
|Qn,1|2+a S gKM hpn—l + ?KM n.

Similarly we obtain the same estimate for |gpnq|, +o - Hence, recalling that @n = Gn,m,,, We obtain

. 8 .. 10,
(@l 340 < FEM hpp—y + - KM"n. (6.50)
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Substituting in (6.50) ¢,,—x for ¢, we obtain the following sequence of estimates

- 8 10
@n-rlayo < SEM*hpoy1+ 5 KM*n, 0k <n—2. (6.51)

Summing up all estimates (6.51) for functions G,— with 0 < k < n — 2, we obtain

n—1

_ 8 . 0, .
Pn—|CI1|2+aS§KM h;pz+§KM nn.

Since |pilyyq < |Pitilyy, and AN = j, then

8 0 —
|pn|2+a < EKM Bpn-1 + ?KM Nn+ |q1|2+a :

Hence, multiplying by h and using (6.38) and the 4" inequality (6.25), we obtain

8 . 10 . .
gns EKM ,Bgn—l‘i'?KM ,877+4KM 772.

Hence, (6.19) and (6.20) imply that

gn < égn—l + 1—7877,n € [2,N].
Iterating this inequality and using the formula for the sum of the geometrical progression, we obtain
1 7
gn < gt + g € [2,N].
Since g1 = h|Gily, o < 1G1ly4q 1/2, then (6.20), (6.38) and the 4*" inequality (6.25) imply that

n
4.9n—1

gn < +nme 27, (6.52)

We now derive the estimate (6.24). Repeating the above arguments, which were given for [¢1 1], ,
we obtain

Caly < |

(145 (Halyyo + [ Hilaya)] <2 |y

(6.53)

24-a 24a

Also, by (5.1) and (6.17) ‘fIn , < gn + 1. Hence, it follows from (6.53) that |¢n|, < 2(gn + 7).
ra
Combining this with (6.52), we obtain

1

- 23
enly < m’?*’ 3 € [2,N].
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(a) GrpMm (b) G =GremMUGrpMm  (¢) GrEm =0

Fic. 7.1. The hybrid mesh (b) is a combinations of a structured mesh (a), where FDM is applied, and a mesh
(c), where we use FEM, with a thin overlapping of structured elements. The solution of the inverse problem is
computed in the hezahedron Q and c(x) =1 for x € G\ Q.

7. Computations of the Forward Problem. In this paper we work with the compu-
tationally simulated data. That is, the data are generated by computing the forward problem
(7.2) with the given function ¢(z). To solve the forward problem, we use the hybrid FEM/FDM
method described in [12]. The computational domain in all our tests G = Grey U Grpar is set
as G = [-4.0,4.0] x [-5.0,5.0] x [—2.5,2.0]. This domain is split into a finite element domain
Grem = Q =[-3.0,3.0] x [-3.0,3.0] x [-2.0,1.5] and a surrounding domain G gpar with a struc-
tured mesh, see Figure 7.1. The space mesh in {2 consists of tetrahedrons and in Ggpys - of cubes,
with the mesh size h = 0.25 in the overlapping regions. At the top and bottom boundaries of G
we use first-order absorbing boundary conditions [18] which are exact in this particular case since
the plane wave is initialized in normal direction into G in all our tests. At the lateral boundaries,
mirror boundary conditions allow us to assume an infinite space domain in the lateral direction.

The forward problem is computed in the domain G C R® (Figure 7.1). The coefficient c(z) is
unknown only in domain Q C G and

c(z) =1in G\ Q. (7.1)

The trace of the solution of the forward problem is recorded at the boundary 0. Next, the
coefficient ¢(z) is “forgotten”, and our goal is to reconstruct this coefficient for z € Q from the
data ¢ (z,s). The boundary of the domain G is 0G = 8G1 U 0G> U 8G3. Here, 8G; and 0G»
are respectively top and bottom sides of the largest domain of Figure 7.1 and 0G5 is the union of
left,right, front and back sides of this domain. In our tests the forward problem is

2
c(a:)% —Au=0, inGx(0,T),
u(-,0) =0, %(50) =0, inG,
Butt] 5, = £ (£), on 9Gy x (0,1, (72)

6"“|6G1 = Owu, on 0G1 % (t1,T),
6"u|8G2 = Owu, on 0Gs x (0,T),
6"u|8G3 =0, on 0G5 x (0,T),



A Globally Convergent Method and Adaptivity 23

where T is the final time and f(¢) is the plane wave defined as

in (st—7/2) + 1 2
(sin (3¢ 176/ )*D Gct<ty = 27— 599,
S

ft) =

Thus, the plane wave is initialized at the top boundary 8G; and propagates into G for ¢t € (0, 1]
First order absorbing boundary conditions [18] are used on 0G; X (t1,T] and 9G> x (0,T], and
the Neumann boundary condition is used on the bottom boundary G3. In our computations the
upper limit of the integral in the Laplace transform (2.6) is 7.

8. The Adaptivity Technique. In this section we briefly describe the adaptivity technique
referring for details to [8, 9, 10]. To use the adaptivity technique, we formulate the inverse problem
for the boundary value problem (7.2) as an optimization problem, where we seek the unknown
coeflicient ¢(z), which gives the solution of the boundary value problem (7.2) for the function
u(z,t) with the best least squares fit to the time domain observations g (z,t), see (2.5). Denote
Qr=0x(0,T),Sr =002 x (0,T). Our goal now is to find the function ¢(x) which minimizes the
Tikhonov functional

B(u,c) = % /(u lss — g(z,1))2dodt + %’y/(c— co)? da, (8.1)

St Q

where v is the regularization parameter and ¢y is an initial guess for the unknown coefficient c.
On the first step of the adaptivity we take the same mesh as one we have used for the globally
convergent method. The first guess cg = ¢o (z) is also taken the one, which was obtained on the
globally convergent stage. On each follow up step of the adaptivity when mesh refinements are
used, the function ¢g () is again taken from the globally convergent stage. In doing so, values
of that function are linearly interpolated from the coarser grid on the finer grid. Note that since
¢(z) =1 in the domain G\ 2, then given the function g(z,t) = u |sq, one can uniquely determine
the function u(z,t) for (z,t) € (G\R) x (0,T) as the solution of the boundary value problem for
equation (7.2) with boundary conditions on both boundaries G and 992. Hence, one can uniquely
determine the function p (z,t),

ou
on
Since we deal with computationally simulated data, in our computations, both functions p (x, )

and g (z,t) are calculated from the solution of the forward problem (7.2) with the correct value of
the coefficient c¢(x).

lsp=p(2,1). (8.2)

Denote
H:(Qr) ={f € H*(Qr1) : f(2,0) = f;(z,0) = 0},
Hy(Qr) ={f € H'(Qr) : f(z,0) =0},
H2(Qr) ={f € H*(Qr) : f(,T) = fi(2,T) = 0},
HL(Qr) ={f € H'(Qr) : f(=,T) =0}, (8.3)

U = Hy(Qr) x Hy(Qr) x C*(9),
U = Hy(Qr) x Hy(Qr) x L2(),
U' =Lz (Qr) x L2 (Qr) x L2 (),
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where all functions are real valued. Hence, U C U C U" as sets, U is dense in U and U is dense in
U'.
To solve the problem of the minimization of the functional (8.1), we introduce the Lagrangian

L(v) = E(u,c) + / @ - (cuy — Au) dxdt, Vo € H; Qr), (8.4)
Qr

where ¢ € Hf, (Qr) is the Lagrange multiplier and v = (u,p,c) € U. Since the function u solves
equation (7.2), then L(v) = E(u,c). This is because the second term in L(v) is zero. Integration
by parts and (8.4) leads to

L(v) = E(u,c) — / c(x)upprdadt + / VuVedzdt — /pgodadt. (8.5)

QT QT St

We search for a stationary point of the functional L(v),v € U satisfying
L'(v)(v) =0, Vo= (u,p,¢) €U (8.6)

where L'(v)(-) is the Frechet derivative of L at the point v. We obtain that (8.6) is equivalent with
(see details in [6])

cuy — Au =0, (z,t) € Qr, (8.7)

u(z,0) = ug(z,0) =0, (8.8)

Ont |sp=p(2,t); (8.9)

CPet — A(p =0, (Z‘, t) € QT7 (810)

99 |gp=(u—9) (@,1), (z.t) € Sr; (8.12)
an |ST_ u g)\x, T, S T, .

T
¥(c —¢o) — / ugpy dt =0,z € Q. (8.13)
0

The boundary value problem (8.10)-(8.12) is the adjoint problem to (8.7)-(8.9) and should be solved
backwards in time. Uniqueness and existence theorems for initial boundary value problems (8.7)-
(8.9) and (8.10)-(8.12), including the case of weak H,, (Qr) and H}, (Qr) solutions, can be found in
Chapter 4 of [23]. We minimize L(v) in an iterative process via solving on each step boundary value
problems (8.7)-(8.9) and (8.10)-(8.12). We find weak solutions of these problems via the FEM.

To formulate the FEM for boundary value problems (8.7)-(8.9) and (8.10)-(8.12), we introduce
finite element spaces W C H, (Qr) and Wy C H. (Qr) for functions u and ¢ respectively.
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These spaces consist of continuous piecewise linear functions in space and time satisfying initial
conditions u (z,0) = 0 for v € W} and ¢ (2,T) = 0 for ¢ € W;. We also introduce the finite
element space Vi, C Lo (Q2) of piecewise constant functions for the target coefficient ¢(x) and denote
Up =W/ x W7 x V) C U. The space Uy, as a discrete analogue of the space U. In order to use
below one of results of [6], which provides an error bound for the unknown coefficient, we set the
norm in U}, to be same as the norm in U'. However, if restricting attention to a more conventional
case of estimating the error in the Lagrangian only, one can set the norm in U} to be the same as
the norm in U. The functional L (v;) is defined in terms of (8.5) and L' (v) (7) is defined in terms
of (8.6). The FEM for (8.6) now reads: Find v, € Uy, such that

L' (vp) (@) =0, Vo€ Up. (8.14)

We solve this discrete problem using the quasi-Newton method with the limited storage [27], see
details for our specific implementation in [6].

8.1. A posteriori error estimate for the Lagrangian. When performing computational
experiments, we are concerned with the accuracy of obtained results. We now address the issue of a
posteriori error bound that estimates the error of the finite element approximation of the function
¢ in terms of the residual error obtained in the reconstruction process. The latter error bound can
be evaluated once the FEM solution has been computed, since this solution is used then for the
derivation of that error bound. The resulting a posteriori error estimate enables us to estimate and
adaptively control the finite element error to a desired tolerance level via refining the mesh locally.

Let v € U be a minimizer of the Lagrangian L on the space U, and vj, be a minimizer of this
functional on Up. That is, v is a solution of the problem (8.6) and vy is a solution of the problem
(8.14). Since the second stage of our two-stage procedure, the adaptivity, is a locally convergent
numerical method and the first good approximation for the second stage is obtained on the first
stage, we can assume that we work in a small neighbourhood of the exact solution v* € U of our
original CIP. Thus, we assume that

llv—v*llg <6 and [lv —wnllg <4, (8.15)

where ¢ is a sufficiently small positive number. We now obtain a posteriori error estimate for the
error in the Lagrangian,

L(v) — L(vp) / —L(ev + (1 — €)vp)de
(8.16)

- /0 L'(ev + (1 — €)up) (v — vp) de = L'(vg) (v — vn) + R,

where R is the second order, with respect to v — vp, remainder term, |R| < C|lv — ’uh||?7 with a
certain positive constant C. We ignore R because of (8.15).

Let P, : U' — Uy, be the operator of the orthogonal projection of the space U' on the subspace
Up.Sincev € U and U C U' as a set, we can apply the operator P}, to the element v. In other words,
Py, (v) := v} is the interpolant of v via finite elements of Uj. Using the Galerkin orthogonality (8.14)
with the splitting v — v, = (v —v]) + (v] — vp), we obtain the following error representation:

L(v) - L(on) ~ L' (3) (v — v}, (8.17)
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involving the residual L'(vp)(-) with v — v! appearing as the interpolation error. This splitting is
one of the main tricks of the adaptivity idea, because it allows one to use the Galerkin orthogonality
(8.14) and then to use the standard estimates of interpolation errors. We estimate v — v}, in terms
of derivatives of v and the mesh parameters h in space and 7 in time. Finally we approximate
the derivatives of v by corresponding derivatives of vy, see details in [8]-[10]. It turns out that
the dominating contribution of the error in the Lagrangian (8.4) is presented in residuals of the
reconstruction and it is estimated from the above by

T
ymax|cp, — co| + mgx/ |uptpne| dt.
Q a Jo

This observation indicates that the error in the Lagrangian can be decreased by refining the grid
locally in those regions, in which the absolute value of the gradient with respect to the unknown
coefficient ¢(z), i.e. the left hand side of (8.13), attains its maximum. The latter forms the basis
for the adaptivity technique.

8.2. The adaptive algorithm. In this section we present our adaptive algorithm based on
computations of the residuals for the computed coefficient ¢(x). See more details for a posteriori
error estimate for the unknown coefficient in [10, 6].

Let M be the dimension of the finite dimensional space U} and {¢k}kM:1 be an orthonormal
basis in Up. Assuming that a solution of a certain dual problem for the Hessian of the Lagrangian
exists, it was shown in [6] that the following approximate aposteriori error estimate for the computed
coefficient is valid

T
Hc,Iz - ch||L2(Q) < MCA(Q) max |[Eh]|/ (mﬁach1 (z,t) + mﬁauch2 (m,t)) dt, (8.18)
0

where [¢3,] on a space element K denotes the maximum of the modulus of the jump of the ¢, across a

face of K, the maximum is taken over all space elements, R, (x,t) = ‘85’% . ag% , Rey = 7|(ch—co)l,

A () is the area of the domain Q (volume in the 3-d case) and C> is an interpolation constant.
See more details for arguments in [6]. If, however, solution of the the dual problem for the Hessian
of Lagrangian does not exist for some (or all) functions 1)y, then it follows from (8.17) that the
integral term in (8.18) estimates from the above the error in the Lagrangian,

T
IL(©) = L(on)| ~ L' (vn) (v = vf) | < C24(0) max|[es] / <m£x Re, (2,) +max Re, (a:,t)) dt.
0

(8.19)

Thus, we can hope to decrease the error via locally refining mesh in those regions, where values of

residuals R., (z,t), Re, (z,t) are close to the maximal ones. Estimates (8.18) and (8.19) allow us

to control the error either in the computed reconstructed coefficient cp or in the Lagrangian. In

our computations we use the following version of the adaptive algorithm.
Adaptive algorithm

0. Choose an initial mesh K} and an initial time partition Jy of the time interval (0, 7. Start

with the initial guess co = cg05, Which was computed in the above globally convergent
algorithm, and compute the sequence of ¢™ in the following steps:
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1. Compute the solution 4™ of the forward problem (8.7)-(8.9) on K}, and J, with ¢(z) = ¢™.

2. Compute the solution ¢™ of the adjoint problem (8.10)-(8.12) backwards in time on Kj
and Jk.

3. Update the coefficient ¢ := ¢, on K} and Ji using the quasi-Newton method, see details
in [6, 28]

™t =™ — aH™g™.

4. Stop computing c if either the norm of the gradient g™ of the Lagrangian with respect
to the coefficient in (8.13) is |[g™|L,(q) < @ or norms ||g"||,(q) are stabilized or start to
grow. Otherwise set m = m + 1 and go to step 1. Here, 6 is the tolerance in quasi-Newton
updates. In our computations we took 6 = 1073.

5. Compute residuals, R.,, R., and refine the mesh at all points where

/ (max R, (z,t) + max R, (x,t)) dt > tol. (8.20)
Q Q

Here tol is a tolerance chosen by the user.

6. Construct a new mesh Kj and a new time partition Ji. On J the new time step 7 should
be chosen with respect to the CFL condition. Interpolate an initial guess co = cgi0p to the
new mesh. Return to the step 1 and perform all the steps of the optimization algorithm
on the new mesh.

9. Numerical Testing.

9.1. Results of reconstruction using the globally convergent algorithm. We have
performed numerical experiments to reconstruct the medium, which is homogeneous with ¢ (z) =1
except of two small cubes, where ¢ (z) = 4, see Figure 7.1-c). However, we have not assumed a
priori knowledge of neither the structure of this medium nor of the background constant ¢ (z) =1
for z € Q\ those two cubes, although, following the Tikhonov concept (as mentioned in section
2), we have assumed the knowledge of the constant d; = 1/2, see (2.3) and (7.1). Because of this,
the starting value for the tail V3 1 (2,5) was computed via solving the forward problem (7.2) for
¢ = 1. Let we=1 (z,5) be the corresponding function w (z, s) at s = 5. Then, using (3.8), we took
Vi1 (z,3) =35 2lnw=1 (z,3).

We have found that the pseudo frequency interval s € [3.3,4.3] was the optimal one for the
above domains G, (section 7). The step size in the s-direction was chosen as h = 0.05. Hence,
N = 20 in our case. We have chosen the same sequence ¢, of regularization parameters as in
[5]. However, unlike [5], where the sequence )\, was chosen also, we choose here the parameter A
independent on 7, see below.

Once the function g, is calculated, we update the function ¢ := ¢, as in (5.1), (5.2), see sub-
section 7.3 of [5] for some numerical details. The resulting computed function is ¢ (z) := cx(2).
Comparing with [5], in the current work we choose a completely different stopping rule. In calcu-
lating iterations with respect to the nonlinear term (section 5), we consider norms F¥

k k -
Fn = ||qn,1|39 - d)nHIa(aQ)‘
We stop our iterations with respect to nonlinear terms when

either Ffb > Fffl or Fﬁ <eg,
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it. n i=1 i=2 i=3 it. n i=1 i=2 i=3
A=50 A =200
1 0.0522995 | 0.0522995 1 0.052307 0.052307
2 0.0523043 | 0.0521799 2 0.0523043 | 0.0521758
3 0.0535235 | 0.053353 3 0.0535235 | 0.053353
4 0.0516891 | 0.0556757 4 0.0516891 | 0.0556757
5 0.0467661 | 0.091598 5 0.0467661 | 0.091598
6 0.0466467 | 0.0440336 | 0.0464053 6 0.0466467 | 0.0440336 | 0.0464053
7 0.048653 0.0658041 7 0.048651 0.0658031
8 0.0631709 | 0.0893371 8 0.0631753 | 0.0893179
9 0.0851995 | 0.112022 9 0.085511 0.112321
10 0.0914011 | 0.106414 10 0.0915352 | 0.10644
11 0.0900873 | 0.104467 11 0.0905234 | 0.104808
12 0.111039 0.133793 12 0.111136 0.134055
13 0.141459 0.167344 13 0.141494 0.166125
14 0.176421 0.219103 14 0.174968 0.222117
15 0.238352 0.296523 15 0.240944 0.29716
16 0.327406 0.463613 16 0.328997 0.464465
17 0.528386 0.606531 17 0.53069 0.606824
18 0.630857 0.680105 18 0.630438 0.681458
19 0.704224 0.747767 19 0.705058 0.748638
TaBLE 9.1

Test 1. Computed La-norms of the Fy, ; =||qn iloq — En||L2(ag). with A = 50 and A = 200.

Test 1. Computed Ly norms of the Fp ; =||gn,ilo0 —EnHLQ(ag) with A = 100.

it. n | i=1 i=2 i=3
1 0.0522995 | 0.0522995
2 0.0523043 | 0.0521772
3 0.0535235 | 0.053353
4 0.0516891 | 0.0556757
5 0.0467661 | 0.091598
6 0.0466467 | 0.0440336 | 0.0464053
7 0.0486575 | 0.0657632
8 0.0631762 | 0.0892608
9 0.0852419 | 0.111969
10 0.0914603 | 0.106285
11 0.090428 0.104433
12 0.11104 0.133783
13 0.141538 0.166841
14 0.175796 0.221395
15 0.239744 0.299591
16 0.329464 0.465232
17 0.530307 0.606822
18 0.63031 0.681715
19 0.704982 0.747981
TABLE 9.2
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4.5 T T T T T T T T 4.5
al estimate A=50 1 4k estimate A=50
— — — estimate A=100 — — — estimate A=100
a5 estimate A=200 i 35F estimate A=200
A=50 = exact A\=50
3 = = =A=100 4 3 | = = = exactA=100
Lo A=200 1 exact A=200
_o 25 o 25
= =
=, P e T 2
15F - - 1 15
[ P , 1
0 L L L - - 0
3 35 4 4.5 5 5.5 6 6.5 7 75 3 3.5 4 45 5 55 6 6.5 7 75
s s

Fic. 9.1. Test 1. On (a) we show computed and on (b) ezact values of |I1 n|/Io compared with the estimation
|I1,n|/To < 482 /X (see (4.6)) for different values of \. Computations performed on pseudo-frequency interval [3.4,7.4]
with h = 0.05. Here, z-azis presents pseudo-frequency interval. One can see that (4.6) significantly overestimates
the value of |1 n|/To.

where € = 0.001 is a small tolerance number of our choice. In other words, we stop iterations, when
either F¥ start to grow or are too small. Next, we iterate with respect to the tails and use the same
stopping criterion. Namely, we stop our iterations with respect to tails when either

Frni>Fni (9.1)
or
Fn,'i S g€, (92)

where Fy i =||gn,iloa — ¥p||12(50)- So, in accordance with section 5 the number i, on which these
iterations are stopped, is denoted as i := m,,. Once the criterion (9.1)-(9.2) is satisfied, we take the
last computed tail Vj, ;.. , set Vipy1,1 := Vpm, and run computations again. This procedure allows
us to get a more flexible stopping rule in the globally convergent algorithm than one in [5]. Hence,
the number m,, of iterations with respect to tails is chosen automatically “inside” of each iteration
for g,. Thus, numbers m,, vary with n. This is different from [5], where numbers m,, where not
chosen automatically.

In all our tests we have introduced the multiplicative random noise in the boundary data, g,,
by adding relative error to computed data g using the following expression

aj (gmaz - gmzn)a
100

Jo (:vi,tj) :g(:t:",tj) 1+

Here, g (z7,t7) = u (2%,47) , 2" € O is a mesh point at the boundary 99, ¢ € (0,T) is a mesh point
in time, «; is a random number in the interval [—1;1], gmas and gms, are maximal and minimal
values of the computed data g, respectively, and o = 5% is the noise level.

Computations were performed on 16 parallel processors in NOTUR 2 production system at
NTNU, Trondheim, Norway (67 IBM p575+ 16-way nodes, 1.9GHz dual-core CPU, 2464 GB mem-

ory).
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9.2. Test 1. We test the globally convergent method on the reconstruction of the structure
given on Figure 7.1-¢). The plane wave f is initialized at the top boundary G, of the computational
domain G, propagates during the time period (0,#] into G, is absorbed at the bottom boundary
0@, for all times ¢t € (0,T) and it is also absorbed at the top boundary G for times t € (t1,T).

One of the main steps in the numerical analysis of the problems (4.2)-(4.5) is computations of
integrals Iy, I1 n, A1,n, A2, in (4.5). These integrals can be approximated by either approximate or
exact formula. We observe that to compute these integrals, we need to calculate

/ " skCn,,\(s)ds7

where k is the degree of s. We have derived the following recurrent formula for numerical calculation
of these integrals

k k ,—Ah

/s Sk a(s)ds = LT T g i

Sn—

sF=1C, A (s)ds.
Let us define

Sn—1
My, = / skCn,,\(s)ds.

n

Then integrals It 5, A1,n, A2,n can be computed as

Il,n =351 M> — 372171M1 — 2Ms3,

2

Ay = —(B8My —2s,,_1M),
Iy
2

A2,n = EMI

In Tables 9.1, 9.2 we analyze computed Ly norms of the F';, ; for different values of A in CWF.
We observe that significant changes in A cause only insignificant changes in Ly norms of the F'y, ;.
The results in Tables 9.1, 9.2 are in an agreement with results in Figure 9.1, where in Figure 9.1a
we present approximated and on Figure 9.1b exact values of the ratio |I1 »|/lo compared with
the estimate (4.5). Figure 9.1 shows that a significant grow of the value of A has a very small
influence to the value of |I; ,,|/Iy on the pseudo-frequency interval [3.3,4.3] which we take in actual
computations. This fact indicates that Ly norms of the F', ; will be almost unchanged for steeply
growing A. Therefore we can work only with one value of A for all n.

Figures 9.2a,b display the reconstructed coefficient for the “ideal” case when the tail is known
exactly. Figures 9.2c-h present isosurfaces of the exact tail for different values of s.

Figures 9.3-9.4 display isosurfaces of resulting images of functions ¢, x,n = 1,...,15 with nu-
merically approximated integrals Ig, Iin, A1,n, A2, by midpoint rule, which corresponds to the
computed integrals of the Figure 9.1a with A = 200. Figures 9.5-9.6 display isosurfaces of resulting
images of functions ¢, k,n = 1,...,15 with exact computed integrals Iy, I1 5, A1,n, A2 n, which cor-
responds to the exact integrals of the Figure 9.1b with A = 200 . Comparison of images of functions
¢n, i, for different values n and k shows that the inclusion/background contrasts grow with the grow
of n and k.

One can see from Tables 9.1, 9.2 that the number m,, of iterations with respect to tails indeed
varies with n, since m,, is chosen automatically now, using the criterion (9.1)-(9.2). We observe
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K-DISPLAC

= 3296
2874

— 2452

a) c(x) with exact tail b) ¢(x) with exact tail
e ——
|
-

I
-Displace -Displace
!—0055 !—0055
-0.08¢ -0.08¢
-0.07 -0.07
-0.08t -0.08t
-0.08t -0.08t
-0.10¢ -0.10¢
0120 —— 0120

-013 -013
-014 -014
-0.15¢ -0.15¢

d) exact tail s=7.4

X-Displace X-Displace
-0.05! -0.05!
-0.06t -0.06t
-007; -007;
0.06¢ 0.06¢

009t 009t
010 0.10¢
012t

f) exact tail s=7.6

X-Displace X-Displace
-0.058 -0.058
-0.08¢ -0.08¢
-0.07 -0.07
-0.08t -0.08t
-0.08t -0.08t
-0.10¢ -0.10¢
=020 ezl =020
-013 -013
-014 -014
-0.15¢ -0.15¢

g) exact tail s=7.8 h) exact tail s=8.0

F1G. 9.2. Test 1: on (a)-(b) we show reconstructed coefficient with ezact tail; on (c)-(h) we present isosurfaces
of the exact tail for different values of s.
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that the computed F, ; decrease until computing the function ¢7. Next, F7 2 > Fg o and norms F, ;
start to grow with the increase of n. They are stabilized for n = 10,11 and then grow steeply for
n = 12,...,19. Thus, we conclude, that N = 7 and we take c7; as our final reconstruction result of
the first stage of our two-stage procedure.

9.3. Correspondence between Tables 9.1, 9.2 and the theory. The behavior of norms
F,; in Tables 9.1 and 9.2 can be qualitatively explained by the estimate (6.24) of Theorem 6.1.
Indeed, the variable term in the right hand side of (6.24) says that one should expect that these
norms would decrease first with the grow of n for rather small values of n. In particular, we note
that these norms do not change when n changes from 1 to 2, which is in a good agreement with
(6.24), since n > 2 in this estimate. Next, after a certain value of n one essentially enters the “level
of error” of n - 23/8, also see the second remark after Theorem 6.1. It is natural therefore that
as soon as this level is achieved, one cannot guarantee that further iterations would still lead to
a better approximation of the correct solution. This is why norms Fj,; start to grow with n for
n > 8. Hence, in our case the level of error is reached at n = 7.

The rapid growth of norms F;, ; with the increase of n for n > 12 can also be explained by the fact
that the critical level 8 = Nh in (6.19) of the length of the s-interval is achieved at n = 12. Indeed,
Theorem 6.1 does not guarantee anything for n > N. Thus, in our case N = 12,8 = 12-0.05 = 0.6.
Finally, we again refer to Lemma 6.2 on page 156 of [17]. Indeed, it can be derived from this lemma
that in the case of ill-posed problems one cannot have too many iterations. The above in turn
paves the way for a subsequent application of the adaptivity technique, which is free from such
components of 7 as €,& and h, although is not free from o.

9.4. The synthesis of the globally convergent algorithm with the adaptivity. The
goal of three tests of this subsection is to demonstrate the performance of the synthesis of our
globally convergence algorithm with the adaptivity technique. The difference between these three
tests is in the noise level which we introduce in the boundary data g = u |sq for the adaptivity.
These are 0%,3% and 5% levels of noise. Note that on the globally convergent stage we have
introduced only 5% noise in the data. Nevertheless, we use the solution obtained on that stage as
the starting point ¢g for the adaptivity for all three levels of noise. In addition, we take the same
starting point, although properly interpolated, for all refined meshes. It seems to be at the first
glance that it would be better to take on each follow up step the function ¢y (z) obtained on the
previous step. However, our computational experience has shown that images are worse in this
case. In our opinion this points towards the robustness of the globally convergent method. In all
tests let T’ be the bottom side of the cube 2, which is opposite to the side from which the plane
wave is launched, and T7 =T x (0,7) . In some sense the side I'r is the most sensitive one to the
resulting data. We take the regularization parameter v = 0.01 in all our tests.

The adaptive algorithm means that we find the solution of our problem in an iterative process,
where we start with a coarse mesh and find an approximate solution by the quasi-Newton method
on this mesh, see subsection 8.2. Next, we evaluate residuals as in (8.20). Then we refine the mesh
locally at those regions where residuals have largest values, construct a new mesh and a new time
partition, and repeat computations again on this new mesh. We stop the iterative process when
Lo-norms of the computed gradient for the coefficient either are stabilized or start to grow for all
further refinements of the mesh. Let |R.(x)| = |Re, ()| + |Re, ()], see (8.19). We refine the mesh
in all regions where

|Re(2)| 2 (max |R.(z)], (9-3)
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d) €31~ 1.0424

J) Cg1 N 1.4 k) Cgo N 1.5 l) Cr1 ~ 1.6

Fic. 9.3. Test 1: the spatial distribution of cy after computing g, x;n = 1,...,7 where n is the number of
the computed function q. The staring point in adaptive algorithm is c71. Results are presented with numerically
approzimated integrals Io, It n, A1,n, A2,n, with the noise level ¢ = 5%, and with A = 200.
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g) Ci11,1 ~ 3.28 h) C12,2 ~ 3.66 1) C13,2 ~ 4.09

Fic. 9.4. Test 1: the spatial distribution of cp after computing g, x;n = 7,...,13 where n is the number of
the computed function q. Results are presented with numerically approzimated integrals Io, I1,n, A1,n, A2,n and with

o = 5%, A = 200.

where { = const € (0,1) is the tolerance number of our choice. The choice of the parameter
depends on the behaviour of the computed value of max |R.(z)| in the right hand side of (9.3), see
discussion in [6]. Thus, the choice of ¢ depends on concrete values of the |R.(z)| and this should
be done in numerical experiments. In (9.3) we take { = 0.2 on the all computational meshes.

On all refined meshes we have used a cut-off parameter C.,; for the reconstructed coefficient
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]

a) c1,1 ~ 0.86 b) ¢3,1 = 1.0014 c) cu1 =~ 1.042

H = IBi

d) Ca2 R 1.094 e) Cs1 R 1.136

g) ce,1 ~ 1.235

J) Cro N 1.5 k) Ccg1 ~ 1.55 l) Cg2 N 1.68

Fic. 9.5. Test 1: the spatial distribution of cy, after computing g, k;n = 1,...,8 where n is the number of the
computed function q. Results are presented with exactly approzimated integrals Io,I1 5, A1,n, A2,n, with the noise
level 0 = 5%, and with X\ = 200.
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d) C10,2 A 2.58 e) C11,1 ~ 2.63 f) C11,2 ~ 2.92

/|
VA V4

1) C13,1 ~ 3.23

g) c12,1 ~ 2.96

o

J) C13,1 =~ 3.66 k)614’2 ~ 4.09 1) C15,1 ~~ 4.56

FiG. 9.6. Test 1: the spatial distribution of cp after computing g, ;1 = 9, ...,15 where n is the number of the
computed function q. Results are presented with exactly approzimated integrals Ig, Iy n, A1 n, A2 n, with the noise
level o = 5%, and with A = 200.
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¢y, such that

ch = Ch, if |Ch - Cglob| 2 Ccut
Cglob, €lsewhere.

We choose C.yt = 0.05 for m < 3, Ceyy = 0.2 for m > 3 in all tests. Here m is the number of
iterations in quasi-Newton method. The application of the adaptivity technique allows us to get
more correct locations of both small cubes depicted in Figure 7.1c.

In the adaptive algorithm we can use box constrains for the reconstructed coefficient. We obtain
these constraints using the solution obtained in the globally convergent part. Namely, in Test 2
minimal and maximal values of the target coefficient in box constraints are taken using results of
Test 1. To choose box constraints, we note first that we have already used the knowledge of the
lower boundary d; = 1 for the function ¢ (z) . To choose the upper bound, we observe that it follows
from Figures 9.3-9.6 that before the above mentioned steep growth with n of norms F, ; for n > 12
the maximal value of the imaged coefficient did not exceed 4. Hence, we choose in (2.3) dp = 2.1.
Thus, in Test 2 we enforce that the coefficient ¢(x) belongs to the set of admissible parameters,
c(z) € Cyy ={c € C(Q)|1 < ¢(z) < 4.2}.

Testing was performed on 3-4 times adaptively refined meshes on 16 parallel processors. Results
of computations are presented in Table 9.3. The relative time T}.; in these tables (CPU time/node)
is computed as

T
TTel = Ea (94)

where T is the total CPU time, n is number of the nodes in computational mesh. We note that T
is approximately the same for all refined meshes which show efficiency of using hybrid FEM /FDM
method for solution of the inverse problem. The knowledge of T}..; can help to estimate in advance
the timing T for the solution of this CIP for any number of mesh points using (9.4).

9.5. Test 2. This test actually consists of three tests with 0%, 3% and 5% noise, see beginning
of subsection 9.4. In all three tests the function ¢71, which corresponds to Figure 9.3-1, was taken
as the starting point on the coarse mesh. In this test it was sufficient to use four adaptively refined
meshes shown in Table 9.3.

First, on the coarse mesh we get the same reconstruction as in globally convergent method,
which is similar with the 2-D case of [6]. We refine mesh locally by computing residuals as in step
5 of the adaptive algorithm described in subsection 8.2. We repeat the optimization procedure on
every new mesh. Already on the two times adaptively refined mesh we have reconstructed shifted
location of cubes, see Figures 9.10. Table 9.3 shows computed Lz-norms of ||u |r; —g||,(r,) as also
residuals R., and R.,. We observe that residuals are decreasing as meshes are refined. Residuals
are slightly increased for all refinements n > 3 of the initial mesh. All refinements n > 3 of the
initial mesh does not improve results of the reconstruction. We conclude that on the three times
adaptively refined mesh we get solution to our CIP, where we obtain the reconstructed coefficient
cr, = 4.0. Thus, our final images for all three levels of noise are presented on Figures 9.7p, 9.8p and
9.9p.

10. Summary. We have presented a further development of the new globally convergent
numerical method of [5]. This method does not use a least squares residual functional. Instead,
it relies on the structure of the underlying PDE operator. It was numerically demonstrated that
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a) zy-projection b) zz-projection ) zy-projection d) cp, = 1.84

e) zy-projection f) zz-projection g) zy-projection h) ¢, & 2.75

i) zy-projection j) zx-projection k) zy-projection 1) cp, = 4.0

T N

m) zy-projection n) za-projection 0) zy-projection p) ¢ ~ 4.1

Fig. 9.7. Test 2: Adaptively refined computational meshes in different projections and reconstruction coeffi-
cient, correspondingly. Noise level is 0 = 0%. See Table 9.8 for the number of mesh points.
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/]

a) zy-projection b) zz-projection ) zy-projection d) cp ~2.04

e) zy-projection f) zz-projection g) zy-projection h) ¢, ~ 3.68

/]

i) zy-projection j) zz-projection k) zy-projection

m) zy-projection n) zz-projection 0) zy-projection p) cp & 4.1

Fig. 9.8. Test 2: Adaptively refined computational meshes in different projections and reconstruction coeffi-
cient, correspondingly. Noise level is 0 = 3%. See Table 9.8 for the number of mesh points.
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a) zy-projection b) zz-projection ) zy-projection d) ¢, ~ 2.52

e) zy-projection f) zz-projection g) zy-projection h) ¢, ~ 4.0
i) zy-projection j) zx-projection k) zy-projection D) cp =41

m) zy-projection n) za-projection 0) zy-projection p) ¢ ~ 4.1

Fig. 9.9. Test 2: Adaptively refined computational meshes in different projections and reconstruction coeffi-
cient, correspondingly. Noise level is 0 = 5%. See Table 9.8 for the number of mesh points.
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Mesh | ||v |ry —9|Ls(r) R., R., q.N.it. | CPU time (s) | Tre
oc=0% T
9375 0.0285508 0.502511 | 0.0159757 5 23.87 0.0025
9583 0.0259143 0.358853 | 0.0440558 5 24.26 0.0025
10885 0.0301035 0.115057 | 0.105189 6 27.44 0.0025
11500 0.028857 0.119722 | 0.0952689 6 29 0.0025
12031 0.0342642 0.318698 | 0.049062 7 30.55 0.0025
Mesh | ||u [ry —9|lLs(rg) R., R., q.N.it. | CPU time (s) Trel
oc=3% T
9375 0.0293468 0.501782 | 0.0160071 5 23.88 0.0026
9569 0.0374917 0.21101 | 0.0427937 4 24.25 0.0025
11308 0.0299246 0.121369 | 0.0718892 6 28.36 0.0025
13153 0.0346342 0.118028 | 0.0784194 5 33.02 0.0025
14068 0.0365603 0.151333 | 0.0772201 4 35.09 0.0025
Mesh | ||u [ry —9|lLsrr) R., R., q.N.it. | CPU time (s) Trel
oc=5% T
9375 0.031286 0.501337 | 0.0160262 4 23.77 0.0025
9555 0.0417805 0.18959 | 0.0497364 6 24.16 0.0025
11248 0.0293965 0.114448 | 0.0733725 6 28.18 0.0025
13042 0.0296054 0.126106 | 0.0723502 6 32.64 0.0025
20229 0.0398704 0.210689 | 0.105882 4 50.74 0.0025
TaBLE 9.3

Test 2: ||u |ry —9llLo(ryp)s Rey and Rey, on adaptively refined meshes. Here, g.N.it. denotes the number of
iterations in the quasi-Newton method. In this table coarse mesh consists of 9375 nodes. CPU time T is given for
one q.N.it.

a) o =0% b) o = 3% c) o =5%

Fia. 9.10. Test 2: the spatial distribution of ¢, on the coarse mesh with 9375 nodes and with different noise
level 0.

results obtained by the globally convergent part are in a good agreement with the convergence
Theorem 6.1 as well as with the theory of ill-posed problems (subsection 9.3).

The convergence analysis implies that this method provides a good first guess for the Finite
Element Adaptive method. This leads to a synthesis of both approaches. The main achievement of
the adaptivity is that it provides the error analysis without a priori knowledge of the solution. When
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the adaptivity is applied to an optimal control problem, it is a locally convergent numerical method.
Hence, we have obtained a natural synthesis of both approaches. In this synthesis, the solution
obtained by the globally convergent numerical method is used as a good first approximation for a
further enhancement. Similarly with [6] we have observed that the application of the quasi-Newton
method on the same mesh which was used by the globally convergent method, does not lead to
an improvement of the solution. Hence, it is necessary to apply the adaptivity in order to refine
mesh locally. Numerical results in the 3-D case demonstrate that the adaptivity enhances images
obtained by the globally convergent method.
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