ON THE MULTISUMMABILITY OF DIVERGENT SOLUTIONS
OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH
CONSTANT COEFFICIENTS

SLAWOMIR MICHALIK

ABSTRACT. We consider the Cauchy problem for the general linear partial dif-
ferential equations in two complex variables with constant coefficients. We
obtain the necessary and sufficient conditions for the multisummability of for-
mal solution in terms of analytic continuation with an appropriate growth
condition of the Cauchy data.

1. INTRODUCTION AND NOTATION

The application of the theory of multisummability to the formal power series
solutions of ordinary differential equations has given very fruitful results. In partic-
ular, it was proved that every formal solution of meromorphic ordinary differential
equation is multisummable (see B.L.J. Braaksma [7] and [8]).

For partial differential equation, we usually can also obtain the formal solutions,
which are power series in one variable, whose coefficients are functions of additional
variables. But in this case the characterisation of multisummability of formal solu-
tions is much more complicated and depends not only on the equation but also on
the Cauchy data.

In the first such result Lutz, Miyake and Schéfke [10] showed that the formal
solution of the heat equation is 1-summable in a direction d if and only if the Cauchy
data can be analytically continued to infinity in directions d/2 and d/2 + 7 with an
exponential growth of order 2.

This result was extended to more general equations by authors such as W. Balser
[1], [3]-[4], Balser and Malek [5], Balser and Miyake [6], K. Ichinobe [9], S. Malek
[11], S. Michalik [12]-][13] and M. Miyake [14].

The most general result was given by W. Balser [3], who considered the Cauchy
problem for general linear partial differential equations in two variables with con-
stant coefficients

(1) P(0,0,)u(t,z) =0, 9fu(0,2) =¢n(z) € O(D) n=0,..,m—1,

where D is some complex neighbourhood of origin and a polynomial P(}, £) satisfies

(2)  P(X&) =A"P(§) - Z XTTIP;(€) = PE)(A = A(€)™.(A = (&)™
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W. Balser has constructed the normalized formal solution of (1) and he has found
the sufficient condition for multisummability of that solution in terms of analytic
continuation with appropriate growth conditions of the Cauchy data.

In the paper we will show that this sufficient condition is also necessary. We will
also give another construction of normalized formal solution and another proof of
Balser’s result in a more general framework of fractional equations.

Namely, we will consider the general 1/p-partial differential equation in two
variables with constant coefficients

(3) P3P, 0YPyu(t,2) =0, (8Y/P)"u(0,2) = pp(z) n=0,..,m—1,

where p € N and the Cauchy data are 1/p-analytic (i.e. the functions z — ¢, (z?)
are analytic) in some complex neighbourhood of origin.

We will show that the normalized formal solution @(¢, z) = @y (¢, 2) + ... + (¢, 2)
of (3) satisfies

O}" — X (8Pt z) =0 for j=1,..,1,
where /\j(a;/ ) is a kind of pseudodifferential operator introduced in our previous

paper [13] and A;(€) is a function defined by (2) with ¢; € Q and A\; € C\ {0}
satisfying

lim 28 _ ;.

£—o0 qu
We will show that the behaviour of formal solution @;(t, z) depends on ¢; and A;
as follows

e For ¢; < 1 the function ¢ — 4,(¢,2) is 1/p-entire function with an expo-
nential growth of order 1/(1 — ¢;) (see Theorem 1).

e For g; = 1 the function ¢ — 4,(¢, z) is 1/p-analytic in some complex neigh-
bourhood of origin. Moreover this function is 1/p-analytically continued to
infinity in a direction d with an exponential growth of order s > 1 if and
only if the Cauchy data ¢, (z) are 1/p-analytically continued in a direction
d + parg A; with the same growth at infinity (see Theorem 2).

e For g; > 1 the series 4,(t, 2) is (g; — 1)-Gevrey formal power series in t1/p,
Moreover ;(t,z) is (g; — 1)~ !-summable in a direction d with respect to
t1/7 if and only if the Cauchy data ¢, (z) are 1/p-analytically continued in
directions (d + p(arg A\; + 27k))/q; with the growth of order ¢;/(g; — 1) at
infinity (see Theorem 3).

As a consequence, we will obtain the sufficient and necessary condition for multi-
summability of normalized formal solution of (3) in terms of analytic continuation
with an appropriate growth condition of the Cauchy data. The precise formulation
of this main result of our paper is given in Theorem 4.

This result one can treat as a generalisation of our previous paper [13], where k-
summability of some restricted linear partial differential equations has been studied.

In the paper we use the following notation. The complex disc in C™ with a centre
at origin and a radius r > 0 is denoted by D} := {z € C" : |z| < r}. To simplify
notation, we write D, for n = 1. A sector in a direction d with an opening ¢ in the
universal covering space C of C \ {0} is denoted by

S(d,e,R):={2€C: z=re", d—c/2<0<d+¢c/2, 0<r <R}
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forde R, e >0and 0 < R < +00. In the case of R = +00, we denote it briefly by
S(d, ). Moreover, if the value of opening angle ¢ is not essential, then we write Sy
for short. A sector S’ is called a proper subsector of S(d,e, R) if its closure in Cis
contained in S(d, ¢, R).

By O(D) we denote the space of analytic functions on a domain D C C". The
Banach space of analytic functions on D,., continuous on its closure and equipped

with the norm ||¢l|, := |mlix |o(2)| is denoted by E(r).

The space of formal power series
a(t,z) =Y u(2)t  with w;(z) € E(r)
§=0

is denoted by E(r)[[t]]. Moreover, we set E[[t]] := TL>JOIE(7‘)[[t]].

2. GEVREY FORMAL POWER SERIES AND BOREL SUMMABILITY

In this section we recall some definitions and fundamental facts about the Gevrey
formal power series, Borel summability and multisummability. For more details we
refer the reader to [2].

Definition 1. A function u(t,z) € O(S(d,e) x D,) is of exponential growth of
order at most s > 0 as t — oo in S(d,¢) if and only if for any r € (0,7) and any
g1 € (0,¢) there exist A, B < oo satisfying
max |u(t, z)| < AeBIt
[z]<ry
The space of such functions will be denoted by O*(S(d, ) x D,) (or O*(Sq x D,)
for short)
Analogously, a function ¢(z) € O(S(d,¢€)) is of exponential growth of order at
most s > 0 as z — oo in S(d,e) if and only if for any €; € (0,¢) there exist
A, B < oo such that

p(2)] < Ae
The space of such functions will be denoted by O*(S(d,¢)) (or O%(Sy) for short).

for every t € S(d,e1).

BII" for every z e S(d,e1).

Definition 2. Let k£ > 0. A formal power series
(4) a(t, z) := Zuj(z)tj with  w;(z) € E(r)
3=0

is 1/k-Gevrey formal power series in t if its coefficients satisfy

m‘zix\uj(zﬂ < ABIT(1+4j/k) for j=0,1,...

|z
with some positive constants A and B.
The set of 1/k-Gevrey formal power series in ¢ over E() is denoted by E(r)[[t]]1 /-

We also set E[[t]],/ := TLJOE(r)[[t]]l/k.

Definition 3. Let £ > 0 and d € R. A formal series u(t, z) € E[[t]], /), defined by
(4) is called k-summable in a direction d if and only if its k-Borel transform

_ - t
B(t, 2) = ;uj(z)m € O%(S; x D).
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The k-sum of u(t, z) in the direction d is represented by the Laplace transform of

o(t, 2)
1 [oo0)
ul(t,z) = tk/ e_(s/t)kf/(s,z) ds”,
where the integration is taken over any ray e?R, := {re’ : r > 0} with 6 €
(d—e/2,d+2/2).

For every k > 0 and d € R, according to the general theory of moment summa-
bility (see Section 6.5 in [2]), a formal series (4) is k-summable in the direction d if
and only if the same holds for the series

ST
;O“j(z)m TR

Consequently, we obtain a characterisation of k-summability (analogous to Defini-
tion 3), if we replace the k-Borel transform by the modified k-Borel transform

it
oft, 2) = = ZUJ T(L+ (1 +1/k)

and the Laplace transform by the Ecalle acceleration operator

oo (6)
wit) = e / v(s, Z)Cl+1/k((5/t)k/(1+k)) ds*/ (R
0

with 6 € (d —¢,d+ ). Here integration is taken over the ray e’’R and C141/(¢)
is defined by

1 _ vk D)
Criayk(Q) = 5= [ w™H/tFDen¢ du

27
.
with a path of integration 7 as in the Hankel integral for the inverse Gamma
function (from oo along argu = —7 to some ug < 0, then on the circle |u| = |ug| to

argu = 7, and back to co along this ray).
Hence the k-summability can be characterised as follows

Proposition 1. Let k > 0 and d € R. A formal series i(t,z) given by (4) is
k-summable in a direction d if and only if its modified k-Borel transform

Jits
Z“J T(1+j(1+1/k))
satisfies conditions:
a) B*u(t,z) € O(D?) (for some r >0), i.e. a(t,z) € E(r)[[t]]1/x-

b) B¥u(t, z) is analytically continued to Sq x D, (for some r > 0).
c) B¥a(t, z) is of exponential growth of order at most k ast — oo in Sy.

We are now ready to define multisummability in some multidirection.

Definition 4. Let k; > ... > k,, > 0. We say that a real vector (di,...,d,) is an
admissible multidirection if and only if
|dj*dj_1|Sﬂ‘(l/kj*l/kj_l)/Q for j:2,...,n
Let k = (k1,...,k,) € R} and let d = (dy, ..., d,) € R™ be an admissible multidi-
rection. We say that a formal power series 4u(t, z) given by (4) is k-multisummable
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in a multidirection d if and only if 4(t, z) = G1(¢, 2) + ... + Un(t, 2), where 4;(t, 2)
is kj-summable in a direction d; for j =1,...,n.

3. a-DERIVATIVES, a-ANALYTIC FUNCTIONS AND OPERATORS B

In this section, in a similar way to [13], we introduce some tools to study divergent
solutions of linear partial differential equations. First, we define some kind of
fractional derivatives 9% of the formal power series in C[[2*]]. These operators are
the natural generalisation of the derivative 0, defined into the space C[[z]]. Namely,
we have

Definition 5. Let a € Q.. The linear operator on the space of formal power series
07 : C[[z"]] — C[[="]]

given by the formula
> u > u

® (5 ) = 3
— I(l+an) — I(1+an)

is called an «-derivative.

Definition 6. We say that a function u(z) is a-analytic on D C C (or, generally,
on D C C") if and only if the function z — u(z'/®) is analytic for every z'/* € D.
The space of a-analytic functions will be denoted by O (D).

Moreover, analogously to Definition 1, we will denote by O%,(S4 x D,.) (resp.
0% (S4)) the space of a-analytic functions on Sqx D, (resp. S¢) with an exponential
growth of order s.

If the formal power series @(z) € C[[z?]] is convergent in some complex neigh-
bourhood of origin, then its sum u(z) is the a-analytic function near the origin.
For such functions we have well defined a-derivative given by (5), which coincides
with the Caputo fractional derivative.

We may also define the a-Taylor series of u(z) € O, (D) by the formula

_ N (02)"u(0) g,
u(z) = nz::() i+ an)z )
In the case of a-analytic functions, the role of the exponential function e® is

played by

ea(z) := Eq(2%) = L,
(%) 7;)1“(1+0m)

where E,(z) denotes the Mittag-Leffler function. By the definition of e,(z) and by
the results on the Mittag-Leffler function (see [15]), we have

Proposition 2. The function e, (2) satisfies the following properties:

a) €q(2) € Ou(C) and there exists C < oo such that |eq(2)| < Cel?l for every
z € C,

b) for every a € C we have 0%e,(az) = a%eq(az),

c) ifa<?2andargz € (n/2,2n/a — w/2) then eq(z) — 0 as z — 0.

Since every ¢/p-analytic function is also 1/p-analytic, without loss of generality
we may take o = 1/p, where p € N. Observe that 1/p-analytic function is in fact
an analytic function defined on the Riemann surface of ¢/z. Hence we have the
following integral representation



6 SLAWOMIR MICHALIK

Proposition 3 (see Lemma 1 in [13]). Let ¢(z) € Oy/,(D;). Then for every
|z| < e <r and k € N we have

UPyko(2 ! ' w = FlPey n(2¢)e "¢ w
6 (@Y7)e() jlf o >/O Flrey p(2C)e " dC d

- 2p7T’L w|=¢

for 0 € (argw — /2, argw + 7/2), where flfv\:f denotes that we integrate p times
around the positively oriented circle of radius €.
Moreover, there exist o > 0 and A, B < oo satisfying

sup |[(0X/P)rp(2)] < ABMPT(1+k/p) for k=0,1,...

lzI<e
The formula (6) motivates the introduction of some kind of pseudodifferential
operators on the space of 1/p-analytic functions. To this end, let ¢(€) be an analytic
function for [¢] > |¢; /p | with polynomial growth at infinity. Following [13] we define

9(02/P)erp(2¢) = a(¢P)en s (20).
Hence for every o(2) € Oy,,(D,) we have

0 GqOP)p(z) = f{

- 2p7TZ w|=¢

P

oo (6)
o(w) / 2 /P)e (20 dC duw

with 6 € (argw — /2, argw + 7/2). Since ¢,(§) is a holomorphic function with
polynomial growth at infinity, the left-hand side of (7) is a well-defined 1/p-analytic
function in some complex neighbourhood of origin.

Now we introduce the operators B®?, which are related to the modified k-
Borel operators B*. Using the operators B“# we can reduce the question about
summability to the study of the solution of the appropriate Kowalevskaya type
equation.

Definition 7. Let a,8 € Q4. We define a linear operator on the space of formal
power series

B*7: E[[t°]] — E[[t”]
by the formula

BB (4t :Baﬁ( Mt“") =52 en
(a(t, 2)) ;F(l—&—an) ;F(l—kﬁn)
Observe that for any formal series 4(t, z) € E[[t]] and p,v € N, p > v, we get
B*u(t, z) = (BYM a) /", 2)  with p/v =1+ 1/k.
Hence for k € Q4 we can reformulate Proposition 1 as follows
Proposition 4. Let u,v € N, u > v, k = (u/v —1)~1. Then the formal series
(t,z) € E[[t]] is k-summable in a direction d if and only if the function v(t,z) :=
BY“1/Vi(t, z) satisfies the following properties:
a) z +— v(t, z) is analytic in some complex neighbourhood of origin,
b) t — v(t,2) is p/v-analytic in some complex neighbourhood of origin,
c) t — w(t, 2) is pu/v-analytically continued to infinity in directions (d+2jm)v/u
(7=0,...,u— 1) with an exponential growth of order k + 1.

We recall the important properties of the operators B®#, which play crucial role
in our study of summability. Namely, immediately from definition we have
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Proposition 5 (see also Proposition 4 in [13]). Let o, 8 € Q4 and 4(t, z) € E[[t*]].
Then operators B®P and derivatives satisfy the following commutation formulas:
a) B*Poxa(t, z) = 8 B*Pa(t, z);
b) BB u(t, z) = 0,B*Pu(t, z);
¢) BYPP(92,0,)a(t,z) = P(87,8.)B*Pi(t,z) for any polynomial P(r,()
with constant coefficients.

At the end of this section we extend the notion of Gevrey orders and Borel
summability to formal power series in t'/?.

Definition 8. Let v € Q4. The Banach space of y-analytic functions on D,
continuous on its closure and equipped with the norm |||, := Im‘ax |o(2)] is denoted
z|<r

by E(r).
Definition 9. Let £ > 0 and v € Q4. A formal power series

= Zu )P with  uj(z) € B, (r)

is 1/k-Gevrey formal power series in t'/P if its coefficients satisfy

max|uj( )|§ABj/pF(1+j/kp) for j=0,1,...

|zI<

with some positive constants A and B.
The set of 1/k-Gevrey formal power series in ¢!/ over E.(r) is denoted by
E (r)[[t*/?]]1 /1. We also set E.[[t}/P]]; 5 := UOIE,Y(r)[[tl/pﬂl/k.
>

Definition 10. Let k > 0 and d € R. A formal series i(t,z) € E,[[tV/?]];/, is
called k-summable in a direction d if and only if the series

w(t, z) = a(t?, z)
is kp-summable in a direction d/p.

Let us suppose that

/p

;F 1+j/p

Then

ZI‘ 1—|—]/p

Using kp-Borel transform of w(¢, z) we obtain the series

= u;(2) j

T+ /(1 1 j/kp)

By the general theory of moment summability, we may replace this one by the
following 1/p-modified kp-Borel transform of w(t, z), which is defined by

j=

kD o (t 5) o= S u;(2) j
Bup? ) = 2 o+ )

j=0
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Observe that this modified transform is connected with the operator BY/?-(1+1/k)/p
by the formula
B’ff’ W(t, z) = (BYPOH/R) /g kel (k41 oy
P HEa
Hence, similarly to Proposition 5, we have the following characterisation of k-
summability by the operators B®A.

Proposition 6. Let u,v € N, > v, k = (u/v — 1)~ and d € R. The formal
series A(t, z) € By ,[[t'/?]] is k-summable in a direction d if and only if the function
v(t, z) == BYPH/VPG(t, 2) satisfies the following conditions:
a) z — v(t, z) is 1/p-analytic in some complex neighbourhood of origin in C,
b) t+— v(t,z) is u/vp-analytic in some complex neighbourhood of origin in C,
c) t — v(t,z) is p/vp-analytically continued to infinity in directions (d +
2jmv/p (5 =0,...,pu— 1) with an exponential growth of order k + 1.

4. NORMALIZED FORMAL SOLUTIONS

In this section we construct some special solution of (3), which is called the
normalized formal solutions. Another construction of such solutions (in case p = 1)
was given earlier by W. Balser [3]-[4].

Fix p € N. We consider the general fractional linear partial differential equation
in two variables with constant coefficients

(8) P(9;'?, 07 )u(t, 2) = 0.

It means that
m

P(9,/7,017) == (87" P(9Y/?) — Z (OYP) 7 Py(8.)
=1
with some m € N and polynomials P(§), P;(§). Wlthout loss of generality we may
assume that P(€) and P,,(§) are not identically zero. Let g := deg P(£). Observe
that the formal power series solution of (8) with the Cauchy data on ¢ =0

(9) (0,/7)"u(0,2) = pn(2) € Oyp(D,) for n=0,...;m—1

is uniquely determined if and only if g = 0 (see Proposition 1 in [4] for more details).
For g > 1, in a similar way to W. Balser [4], we will construct the normalized formal
solution of (8) satisfying the initial data (9).

First, we consider the difference equation

(10) ZP E)n—(

with the initial conditions

q@(§) =1 and ¢-1(§) = ... = ¢-m41(§) = 0.

Observe that the solution g, (§) is a rational function, so we may assume that it is

a holomorphic function for sufficiently large |¢| (say, |£| > |C0/p|)

Fix p(2) € Oy,,(D,). Applying (7) we define the coefficients u,(2) (n =0,1,...)
by
1

p oo(0)
(1) 10(2) = u@)e) = s o) [ a6yl
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with 0 € (—argw — 7/2, —argw + 7/2).
Observe that the coefficients u, (z) satisfy the recursion formula

(81/p Yun(z ZP un_j(z) for n>m.

It means that

s
ZI‘l-l—n/p ’

is a normalized formal solution of (8) with the initial data
pn(2) = @u(@Y7)p(z) for n=0,1,.m 1.

Moreover, by the principle of superpositions of solutions of linear equations, we
may construct the normalized formal solution for any initial condition (9).
To show more exactly the shape of normalized formal solution, we will consider
the characteristic equation of (10)
m
(12) POA™ = P(E)A™ .

Jj=1

We may assume that for sufficiently large |¢], say |¢| > |§0/ b | the characteristic
equation has exactly [ distinct holomorphic solutions A1 (&), ..., \;(§) of multiplicity
mi,...,my (my +...4+m; = m). According to the theory of difference equations, we

have
1 m;—1

=2 > enl(OntN (),
j=1 k=0
where the coefficients ¢ (§) are holomorphic with polynomial growth for sufficiently

large [€] (1€] > |67, say).
It means that

l I my
(13) alt,z) =Y iy(t,z) = ZZ (t,0P)iu(t, 2),
j=1 j=1k=1

where
r(t,0,7) == p((8,/")Pt — 1)
and
Z tn/p
u]k t z
— 1+ n/p
1 P 00(9) 1 1
(14) i o) [ e e () dC .
PTL Jjw|=e Co

By the direct computation we obtain

Lemma 1 (see Lemma 4 in [13]). The formal power series ;(t, z) defined by (13)
and (14) satisfies the pseudodifferential equation

(07 = 2y (@) (1, 2) = 0.

Hence we may define the normalized formal solution as follows
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Definition 11. The solution 4(t, z) of (8) with the initial data (9) is called a
normalized formal series solution if and only if 4(t, z) satisfies the pseudodifferential
equation

(07 = M (@)™ (B = MDY Ml 2) = 0.

5. GEVREY ESTIMATES

In this section we study the Gevrey order of normalized formal solution. First,
we define a pole order g; € Q and a leading term A; € C\ {0} of the characteristic
root A;(§) as the numbers satisfying formula

lim Ai(§)

£—o0 §Qj

=X for j=1,..,1

We are now ready to show

Theorem 1. Let 4(t,2z) = 25‘:1 U;(t, z) be a normalized formal solution of (8)

with 4;(t, ) satisfying the pseudodifferential equation
(007 = A (@)™ s (1, ) = 0.

and let g; € Q be a pole order of characteristic Toot \;(€). Then the formal power
series U;(t,z) for j =1,...,1 is characterised as follows:

e For q; < 1 the series U;(t,z) is convergent to the 1/p-entire function of
order 1/(1 — g;).

o Forq; =1 the series 4 (t, z) is convergent in some neighbourhood of origin.

e For q; > 1 the series 1;(t,2) is a Gevrey series of order ¢; — 1.

Proof. Without loss of generality we may assume that 4;(¢,2) is defined by (13)
and (14). So, it is sufficient to estimate the coeflicients of the formal series

§ uﬂ’m /P
ikt 2) «T'(1 +n/p
given by

» [e%e}
Ujpn(2) 1= 2plm. f{ ~ o(w) /C e (CPINT(CHP)er s (2C) e dC dw.

Since cjk(Cl/p) is of polynomial growth at infinity, we may assume that for || > |(o]
there exists @ € N such that |c;,(¢/?)| < |¢|%. In a similar way we may assume
that |\, (¢1/7)] < 2|)\-||C|qf/p for |¢| > |{o|- Hence, by Proposition 2, we have

‘/ 1/p A”(Cl/”)el/p(zg)e‘“’C ¢
Co
< / a2n|)\?|anj/pel/p(|z|s)ef\w|sdS
[Col
< ABn/ gogn0s pgel—tuhs g < 4 pn LA+ a+nd;/p)
0

(lw] = |2[)*+nas /P

< Apn I'(1 + ng;/p) .
B (Jw| = |z])atnai/p
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It means that for z € D/, we have

1 p =~ T'(1+ng;/p)
Wikn (2 < — z)|AB™ J dlw
‘ Jk) ( )‘ 2p7T |w|:€|30( )| (|U)| _ ‘Z|)a+nqj/p | ‘
< flénir(l +ng;/p) < C’D"/"T(l + ng;/p).

(e/2)tmalv =

In a consequence we see that the formal series

u]kn /p
Uk (¢, 2) Z T 1—|—n/p

is a Gevrey series of order ¢; — 1. It means that this one is divergent for ¢; > 1,
convergent in some neighbourhood of origin for ¢; = 1 and 1/p-entire function for
g; < 1. In the last case, by Proposition 2, we have

oo oo
CD"™PT(1 + ng;/p) cD"
(T < t n/p < t n/p
e I 2T 1+<1—qj>n/p>' |
1/(1 q
< Cegyp(DIt/0-1)) < Gl i

Finally, observe that the similar properties satisfies also the formal series 4, (¢, z).

6. ANALYTIC SOLUTION

In this section we study the properties of terms @, (¢, z) of the normalized formal
solution 4(t, z), which are determined by the characteristic roots A;(§) with the pole
order g; = 1. In this case, by Theorem 1, @;(t, z) satisfies the Cauchy-Kowalevskaya
type theorem. Moreover, we show that t — @;(¢, z) is analytically continued in some
direction with an exponential growth of order s > 1 if and only if the Cauchy data
satisfy the similar properties. To this end, we shall use two auxiliary lemmas,
following [13].

Lemma 2 (see Lemma 3 in [13]). Let us assume that \(§) is analytic for || > |(o|
and 5lim A(&)/§ = A € C\{0}. Moreover, let p(z) € OF ), (Dr U Sayparga). Then

the function

P oo(0)
vtz g ) [ e e (00 dC

is 1/p-analytic in some complex neighbourhood of origin and is 1/p-analytically
continued to the set Sq X D, with an exponential growth of order s.

Lemma 3 (see Lemma 6 in [13]). Let u(t,z) € Oy/,(D2) with some r > 0. Then
for every n € N, u(t, z) satisfies the pseudodifferential equation

(88 = 3y(04m) "u(t.2) = 0
if and only if u(t, z) is a solution of
(017 =271 @1)) "utt, 2) = 0.

Now, we are ready to prove
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Theorem 2. Let s > 1, d € R and let 4(t,z) = 41(t,2) + ... + w(t,2) be a
normalized formal solution of (8) with the initial data (9), where G;(t, z) satisfies
the pseudodifferential equation

(07 = A\ (X/P)) ™yt 2) = 0

and A1(§),...,\ (&) are the characteristic roots of (12). We also assume that there

exists 1 € {1,...,1} such that

Elim>”é§)AjeC\{O} for j=1,..,1

(15)
Then the formal series @;(t, z) is convergent to u;(t,z) € O1,,(D?) for j =1,..., l.
Moreover, ¢,(z) € Of/p(5d+parg>\j) m=0,..m—1,7=1,..1)if and only if
u(t,z) == ur(t,z) + ... +uy(t, z) € OF,,(Sa x Dy).

Proof. The first part of the proof is given by (15) and Theorem 1.
(=) Without loss of generality we may assume that the Cauchy data satisfy

(pn(Z) - qﬂ(a;/p)cp(z) for SD(Z) € Oiq/p(sd-FParg)\j)v n=0,..m-1, j=1, "'3[7

where ¢, (a;/ P) is a pseudodifferential operator defined by (11).
Repeating the construction of normalized formal solution we see that 4(t,z) =

G1(t, 2) + ... + W (t, z), where

it 2) =Y r(t, 0" )Fa(t, 2)
k=1

and
> 0)
it = S o) [ G N e () d du
TEAD n:On!me' |w|=¢ . J J P

By Theorem 1, the formal power series 4;(t, z) is convergent in D? to the function

1 p
uj(t,z) = 7{ p(w) x

2p7TZ w|=¢

mjfl

oo(6;)
<3 / () (1,01 )er (N (VP er p(2C) e dC duo
k=0 0

for j=1,..,1.
Furthermore, by Lemma 2, if ¢(z) € Of/p(Sderarg x;) then u;(t, 2) € (’)f/p(Sd X
Dy). Hence also u(t, z) = u1(t, 2) + ... + u;(t, 2) € 07, (Sa x Dy).
(=) Fix j € {1, ...,1}. Since u;(t,2) € O1/,(D?) satisfies the equation
1 m;
(0177 = X (@2 )) ™ (1, 2) = 0,

by Lemma 3 the function u,(t, z) satisfies also

(/7 = A1 (@}7)) ™y (t,2) = 0,
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Hence the function 4(t,z) = ui(t,2) + ... + uj(t, 2) is a solution of the Cauchy
problem in z-direction

PO, 0/7)i(t, 2) = 0,
(0/P)™i(t,0) = 1, (t) with some () € 07/,(Sa) (n=0,..,m—1),

where

(82/7)™=3 By (9,'7)

M

PP 017y = (amy™

_ .
I
—

(017 = ATH@, )™ (017 = A (@)

and m :=my + ... + mj.

Without loss of generality we may assume that g (t) = ¥(t) € (’)f/p(Sd) and
P (t) = 2?21 P; (atl/”)zpn,j (t) for n =1,...,m — 1. Hence repeating the construc-
tion of normalized formal solution with replaced variables we conclude that

w(t,z) = w1 (t, z) + ... + g(t, 2),

where
mjfl 1 D
Bt = Y @O )
k—0 PTl Jis|=¢

oo(8;)
X / Ein(TP)er s (2X; P (71P)) ey (t7)e ™7 dr ds.

0
Since 51520 )\;1(5)/5 = )\;1, we have @;(t,2) € (’)f/p(DT X Sdiparg ;) by Lemma 2.

Moreover, by Lemmas 1 and 3, @;(t, z) satisfies the formula
017 = \;(OMP)iaij(t,2) =0 for j=1,...,1
In a similar way to [9] we define for j = 1, 1

l
P07, 017y == (9" = x0T @77 = a(@MP))m
k=1, k#j

and
w(t,2) = P07, 0L/P)i(t, 2) = P97, 01/7)i (1 2) € OF 1 (Dr X Srpasr,)-
Without loss of generality we may assume that
0/ P)a(0,2) =0 forn < —1,  (9}/P)™ 140, 2) = p(z).

Hence also ;(0,z) = ¢(z) and we conclude that ¢(z) € O (Sitpargs;), which
proves the theorem. (I
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7. MULTISUMMABILITY OF NORMALIZED FORMAL SOLUTIONS

In the last section we consider the terms @;(¢,z) of the normalized formal so-
lution, which are determined by the characteristic roots A;(§) with the pole order
g; > 1. In this case, by Theorem 1, u,(t, z) is a (¢; — 1)-Gevrey formal power series
in t'/P. In this section, we shall be concerned with summability properties of the
formal series @;(t, z).

To this end, we apply the operators B*# to the formal solution a(t,z). By
Proposition 5 with 0, replaced by 8;/ “P we have

Proposition 7. Let p,v € N, u > v. A series u(t,z) is a normalized formal
solution of (8) with the initial data (9) if and only if the formal series 0(t,z) =
BY/Prlveq(t, ) satisfies the following fractional equation

(16) PO 0 )u(t,2) =0,
((’91/Vp)j (0,2) = on(2) € O1,(Dy) for j =np, n=0,...m—1,
(61/Vp) v(0,2) =0 for j #£nu, j<mp, n=0,....m-—1,
where
P(a,"?, 017y = P37y, (9M7)")
= (31/”P)ump al/vp i 1/”19 (m*j)pj((azl/l/p)l/).
j=1

Now we are ready to prove

Proposition 8. Let p,v € N, p > v, s > 1, d € R and let u(t,z) = 41(t,2) +
.+ G (t, 2) be a normalized formal solution of (8) with the initial data (9), where
U;(t, z) satisfies the pseudodifferential equation

(077 = A (0XP)) ™t 2) = 0
and Ai(§),...,\i(§) are the characteristic roots of (12). We also assume that there
exists | € {1,...,1} such that

A
ghigogu/ =), €C\{0} for j=1,..,1
Then the formal series 0j(t,z) = Bl/p’“/”pﬁj(t,z) is convergent to a function

v;(t, 2), where t — v;(t,2) € Opp(Dy) and z — v;(t, z) € Oy/p(D;). Moreover,
(pn( ) € Ol/p(S d+parg)\j+2k7r)u/u) (n =0,...m—1,5=1,....,1, k=0, ey = 1) if
and only if t — (¢, 2) € OZ/yp(S(d-ir%Tr)V/u) (k=0,..,0—1) and z — (L, z) €
O1/p(Dy), where 0(t, z) := v1(t, 2) + ... + v;(t, 2).

Proof. By Proposition 7, the series i(t, z) := BYP#/vP4(t, 2) is a normalized for-
mal solution of (16). Moreover, 9(t,2) = 01(t,2) + ... + 0;(t, ), where 9;(t,2) =
BY/P#/vpi(t, 2) satisfies the equation

((8)/7P) — A (82/P)) vy (t, 2) = 0
On the other hand
@ =N OY7) = (9" = oo (B ) ) (0 = g\ (9P))
(07 = X1 (8Y)). (0,177 = X (017)),
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where o0y, ...,0,_1 are the complex roots of z# = 1 and S\jk(f) = Jk)\}/“(f”) for
j=1,.,land k=0,...,u— 1.

It means that
I p—1
0(t, z) = Z
j=1

’ﬁjk (t, Z),
k=0
where 0,1, (t, z) satisfies

(07 = N (@YP)) v, (t, 2) = 0.

Moreover, we have for j = 1,...,1, k = 0, et —1

. (V)N 1

Jim 2 = i o (M) = 0 =
and
arg \jx = (arg \j + 2km)/pu.

Applying Theorem 2 to 9(t, z), we conclude that ©;(¢, z) is convergent to v;(¢,z) €
O1/up(Dy). On the other hand ¢ — ©;(t, z) is a formal power series in tH/vP and
z > ;(t,z) is a formal power series in z'/P. Hence t — v;(t,z) € O, ,p(Dr)
and z +— v;(t,z) € Oy/p(D;). Moreover, also by Theorem 2, we have ¢, (z) €
Of/yp(S(derargA_,»+2k7r),,/u) (n=0,...m—1,j=1,.., Lk=0,.. u— 1) if and only

if u(t, 2) € (’)f/yp(S(de,r)l,/M x D) (k=0,....,;p—1). Since t — 0(¢, z) is a formal
power series in t*/¥? and z +— 0(t, z) is a formal power series in z'/P, we obtain the

desired conclusion. O
Combining Propositions 6 and 8 we have

Theorem 3. Let u,v € N, u > v, k = (p/v —1)71, d € R and let d(t,z) =
1(t,2) + ... + W(t, z) be a normalized formal solution of (8) with the initial data
(9), where 0;(t, z) satisfies the pseudodifferential equation

(077 = 23 (@/7)™ a1, 2) = 0
and A1(€),...,\ (&) are the characteristic roots of (12). We also assume that there

exists 1 € {1,...,1} such that

>‘J(£) _ )\] c (C\{O} fO’f’ j= 1,...7Z.

glggo Enlv

Then o (z) € O’f;;l(S(d+pargA_7,+2k,r),,/#) mn=0,..m—1,j=1,.,1,k=0,..,p—
1) if and only if u(t, z) == u1(t, 2) + ... + U;(t, 2) is k-summable in a direction d.
Hence, finally we obtain the main theorem

Theorem 4. Let us assume that
{)\ﬂ(g) : ] = 1, ...,7~L 1= 1, ...,lj}
is the set of characteristic roots of P(\, &) = 0 satisfying
\is
lim M=>\]7,€(C\{0} fO?” i=1,..n, i:1,...,lj.
£—o0 qu

We also assume that there exist exactly n pole orders of characteristic roots, which
are greater than 1, say 1 < 1 < ... < ¢ < 00. Moreover, let pu;,v; € N and
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kj > 0 be such that p;/v; = q; and k; = (¢; —1)~" for j =1,...,n. Then the nor-
malized formal solution u(t, z) of (8) is (k1, ..., kn)-multisummable in an admissible
multidirection (dy, ...,dy,) if and only if the initial values oy (z) satisfy

on(z) € of;jl(S(j)) for j=1,.n, k=0,..,m—1,

where

10.

11.

12.

13.

14.

lj pi—1
S(]) =D, U U U S(dj+parg)\ji+2a7r)/qj~

1=1 a=0
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