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Abstract

We show coincidence of the two definitions of the integrated density of states (IDS) for a class of
relativistic Schrodinger operators with magnetic fields and scalar potentials introduced in [21, 22], the
first one relying on the eigenvalue counting function of operators induced on open bounded sets with
Dirichlet boundary conditions, the other one involving the spectral projections of the operator defined
on the entire space. In this way one generalizes the results of [10, 20] for non-relativistic operators. The
proofs needs the magnetic pseudodifferential calculus developed in [21], as well as a Feynman-Kac-1t6
formula for Lévy processes [19, 22]. In addition, in case when both the magnetic field and the scalar
potential are periodic, one also proves the existence of the IDS.

1 Introduction
We specify first the class of operators we consider. For d > 2 we set
BC>(R?) := {f € C>®°([R?%) | 9°f € L>®(R?), Va € N4},

and

I(RY) == {f € C>(R?) | 9*f is polynomially bounded, Vo € N*}.
The magnetic field B = 1 Z;{k:l Bjrdx; A dxy, satisfies:
Hypothesis (i): dB =0, Bj; = —DBy; € BO®(R?).

Using the transversal gauge one constructs a vector potential A = Z?Zl Ajdxy, with A; € C2%(RY),
such that dA = B. The circulation of A through the segment [z,y], =,y € R can be written as
1
A=—<z—y, TM(x,y) > T,y) ::/ dsA((1 = s)z + sy). (1.1)
[,y] 0

In some papers [27, 25] one proposes the following quantization of a classical observable a : T*R? — R:

@] (@) = [ [ayageseverrion, (9” Ty 5) uly), (1.2)
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where u € S(R?), d¢ := (27)~d¢ and the oscillatory integral makes sense if, for example, a € S™(R?).

A symbolic calculus for the operators defined by (1.2), essential for the present work, has been developed
in [21]. The quantization (1.2) has the important physical property of being gauge covariant: if ¢ € ngl(Rd),
then A and A’ = A + dy define the same magnetic field B and

Op? (a) = e Op? (a)e 9.

There exists another approach for quantization in the presence of a magnetic field [13, 16, 17, 18, 19, 28, 29].
One defines Op 4(a) by the Weyl quantization of the symbol

TR 3 (2,€) — a(z,§ — A(z)) €R,

but in this way gauge covariance is lost, as shown in [21] for a(§) =< € >:= (1 + |£]?)*/2. One notices,
however, that both quantizations lead to the same magnetic non-relativistic Schrédinger operator.
We are concerned in the present paper with the case

a() =<§> -1 (1.3)

for which the two quantizations do not coincide.
As shown in [21, 22], the operator Op?(a) in L?(R?) is essentially self-adjoint on S(R?). One denotes
by H, its closure; then H4 > 0 and its domain is the magnetic Sobolev space of order 1:

HYy = {ue L*(RY) | (D; — Aj)u € L*(R?), 1 <j <d}.

We call Hj the relativistic Schrédinger operator with magnetic field. One should remark that another
candidate exists for this concepts, the operator [(D — A)% + 1]/2 — 1 (cf. [12] for instance), but this one
cannot be deduced from a quantization which systematically applies to a whole class of symbols.

For the scalar potential V', let us first consider the following condition.

Hypothesis (ii): V:R? =R, V=V, —V_, Vi >0, Vi € L _(R%), and the operator of multiplication

loc

by V_ is form-bounded with respect to Hy, with relative bound strictly less than 1.

In other words, there exist a € [0,1) and 3 > 0 such that

/ V_|ul?dz < || Hy*ul)? + Bllu|?,  we D(Hy'?) = HY2(RY), (1.4)
]Rd

where || - || is the norm of L?(R%) and H*(R9) is the usual Sobolev space of order s € R.
We are going to show in Section 4 that under the assumptions (i) and (ii), the form sum

H=HA;V):=Hs+V

is well-defined. The operator H will be self-adjoint and lower semi-bounded in L?(R%). In particular,
Hy = H(A;0).

To use the Feynman-Kac-It6 formula from Section 4 we will need a stronger hypothesis, involving
Kato’s class ICg associated to the operator Hy, defined as follows: The semigroup generated by Hj is given
by convolution with a function p; (defined in Section 3); a function W € L{ (R%), W > 0, belongs to Kg if

loc

lim sup /Ot UR ps(z — y)W(y)dy| ds = 0. (1.5)

INO yeRd

In particular, if W € L°(R4), W > 0, then W € K4. In [36, 6, 9] one shows that W € Ky verifies (1.4) for
any a > 0.
For our main results we shall need a stronger assumption on V.

Hypothesis (ii'): V:R? =R, V=V, - V_, V4 >0, ViecL? (RY) and V_ € Ky.

loc



To define the integrated density of states (IDS) we need a family F of bounded open subsets of R?, satisfying:

Hypothesis (iii): For any m € N*, there exists Q € F such that the ball B(0;m) centered in the origin,
of radius m, is contained in €.

Hypothesis (iv): For any € > 0, there exists mg € N* such that if Q € F and B(0,mg) C 2, we have
{z € RY | dist(x,00) < 1}| < €9,
where we set Q| for the Lebesgue measure of .

Let us mention some basic references concerning IDS [5, 8, 11, 14, 32] and [10] that is closer related to
our work. There are two definitions of IDS. The first one [5, 8] uses the operator Hg induced by H on
Q € F, with Dirichlet boundary conditions (it is defined in Section 6, where we prove that Hn has compact
resolvent on L2(£2)). IDS is the function

) .. Na(¥)
prR—=Ry, p(A):= lim TR
QeF

(1.6)

where Nq(A) is the number of eigenvalues of Hg smaller than A.

The second definition [8, 14] uses the fact (proved in Section 5) that the operator 1o Ey(H)1q belongs

to 7, i.e. is trace-class. Here 1g is the operator of multiplication by the characteristic function of (2,

and E)(H)is the spectral projection of H corresponding to the interval (—oo, A], A € R. Then IDS is also
defined by

o) = Tim EePAU)1o]

Q—Rd |Q|
QeF

(1.7)

The existence of the limits (1.6) and (1.7) and their equality are both non-trivial problems.

In order to solve them one uses the notion of density of states for H, for which we also have two different
definitions. We are going to see in Sections 5 and 6 that for any f € Cy(R) (continuous function with
compact support on R) the operators f(Hq) and 1qf(H)1g belong to Z;. By the Riesz-Markov Theorem
for any € F there exist Borel measures u§ and pg on R, such that

Q) Y ef (He) = / fauB. 1| e (Lo (H)1e) = / fdug.

One notices that the two expressions in (1.6) and (1.7) are exactly the distribution functions of these two
measures:

16 (=00, A) = 2] 7" Na(A),  pa((—o0,A]) = Q|7 tr [1o BEx(H)1q].

If Borel measures ;i on R exists such that

lim pb =pP lim  po=p
Foa R T F30-Rd ’

meaning that for any f € Cp(R) and any € > 0 there exists mg € N* such that if B(0;mg) C £, then

’/Rfd/ﬁg_/Rfd,uD <e, ‘/Rfduﬂ_/Rfd”‘<e’

each of them is called the density of states of H. The main result of this article is the equivalence of these
definitions:

Theorem 1.1. Under assumptions (i), (ii°), (iii) and (iv), the density of states u? exists if and only if the
density of states pu exists. In addition, if one of them exists, then pu” = p.



For the non-relativistic Schrédinger operator, such a result has been obtained in [10] for V_ = 0 and in
[20] for V_ # 0. There are several results concerning the existence and unicity of IDS for non-relativistic
Schrodinger operators without magnetic field (see [10] for references). The case of a constant magnetic field
has been treated in [14] (V € C*°(R?) periodic) or in [15] (V random potential, eventually unbounded from
below). We also mention the results in [2, 3, 4, 7, 14] and references therein.

The existence of IDS has been proved in [20] for periodic magnetic fields and scalar potentials. The
second goal of this paper is to extend this last result to the relativistic case.

We consider a lattice T' in R?, generated by a base e, ..., eq4:
d
FZ{ZO&j@j‘OszZ7 1<y Sd}
j=1

Let us also denote by F' a fundamental domain of R? with respect to I'; for instance

d
F={) tie;|0<t; <1,1<j <d}.

j=1

We make the following hypothesis:
(v) V and Bjg, 1 < j,k < d are I'-periodic functions.

Theorem 1.2. Under the hypothesis (i), (ii’), (iii), (iv) and (v), the integrated density of states of H exists
and for each f € Co(R) we have

dim 190 e (Lo f () Lol = |F| ™ e f (), (L8)

where trr is the I'-trace in the sense of Atiyah [1].

The plan of this paper is as follows:

In Section 2 we review first some properties of the magnetic pseudodifferential calculus, established
in [21, 22]. Some refined result about commutators are obtained and one overlines approximation by
regularisations (using the magnetic convolution) and cut-offs.

In Section 3 we present the Feller semi-group defined by the free Hamiltonian Hy and the associated
Lévy process. The diamagnetic inequality (3.10) will be a consequence of a Feynman-Kac-Itd formula for
the relativistic Hamiltonian H 4.

Section 4 is devoted to the construction of the relativistic Schrodinger operator H = H(A; V). Using the
Feynman-Kac-It6 formula, representing the semi-group generated by H, we prove the important fact that
Cs°(R?) is an essential domain for the form associated to H and we present some consequences regarding
commutators and covariance under gauge transformations.

In Section 5 we estimate the trace norm of some operators of the form 1g f(H)1q, 2 being a bounded
open subset of R and f : R — C a suitable function. The hypothesis V € K  is essential, allowing us to
use some estimations for the integral kernel of the semi-group generated by H(0; —V_) (cf. [36, 9]).

In Section 6 one defines Hg as a pseudo-self-adjoint operator on L?(R%), using a result in [33] on
monotone sequences of quadratic forms. One also estimates the Z;-norm of operators of the form f(Hgq).

Section 7 is dedicated to the proof of Theorem 1.1. The main difficulty is the Z;-norm estimate of
operators of the form 1g(H 4+ A\)"™1q — (Hq + A\)~™. Then, using ideas from [10] finishes the proof.

In Section 8 we prove Theorem 1.2, on the lines of the proof of Theorem 1.6 from [20].

2 The magnetic pseudodifferential calculus

Let us recall first some properties of operators defined by (1.2), proved in [21]. We are going to assume
everywhere that B = dA fulfills hypothesis (i).



Definition 2.1. Let m € R.
(a) A function f € C®(R?%) belongs to the symbol space S™(R?) if for any a, 3 € N? there is a constant
Ca,p > 0 such that

(02006) (X)| < Cap<€>"F, X =(,6) e R

The space S™(R?) is endowed with the usual Fréchet topology.
(b) S7°(R?) := NyperS™(R?) is endowed with the projective limit topology.
(c) A symbol f € S™(R?) is called elliptic if for some positive constants C, R one has

fX)>2C<E>m VX =(2,6) €R™, €| >R,

(d) We call principal symbol of an operator of the form Op™(f), where f € S™(R%), any element
fo € S™(R?) such that f — fo € S™1(RY).

Proposition 2.2. Let f € S™(R?) and g € S™ (R?).
(a) Op™(f) is a continuous linear operator on S(R?) and on S'(RY).

(b) DpA(f) is the formal adjoint of DpA(f), i.e.

(o0 (Fruv) , = (90" (o)

Vu,v € S(RY).
2(Rd)

L2(Rd)’
(¢) There exists a unique element f oF g € ™™ (R?) such that
Op(£)0p(9) = Op™(f o7 ).
Moreover, a principal symbol of DpA(f)DpA(g) is fg.

Proposition 2.3. Let f € SO(RY). Then Op?(f) € B(L2(R?)), and its norm in B(L2(R%)) is dominated
by a semi-norm of f in S°(RY).

Definition 2.4. Let s € Ry, py(€) :=< & >%e S5(R?), P, := Op”(p,).
a) An element u € L*(R?) belongs to the magnetic Sobolev space H* (R?) if Pou € L2(RY). HS(R?) s
a Hilbert space for the norm

1/2
lulls.a = (1Psul2a ey + lulla) s (2.1)

and S(R?) is dense in H5 (RY).
b) H,*(RY) will be the dual of H%(R?) endowed with the natural norm.

Remark 2.5. If s € N, we have
HY(RY) = {u € L*(RY) | (D — A)*u € L*(RY), Va € N, |a| < s},
and a norm equivalent to (2.1) is given by

1/2

lulloa= | D2 1D = A)*ulls gay

ol <s
We used the notation (D — A)* = (Dy — A1)t ... (D, — Ap)*.
Proposition 2.6. For each s,m € R and each f € S™(R?),
00 (1) € B (M (RY), 1™ (B).

Proposition 2.7. Let p € S™(R?) be real and elliptic, m > 0. We assume p(X) >0 for |¢| > R (R >0
large enough). Then the operator DpA(p), defined on S(R?), is essentially self-adjoint in L*(R). Its closure
P will be a lower semi-bounded self-adjoint operator on the domain H’}{(Rd).



Remark 2.8. This proposition applies to the case p(X) =< £ > —1. The corresponding operator, denoted
by Ha, will be a lower semi-bounded self-adjoint operator on L?(R%) with domain

HY(RY) = {u e L2RY) | (D; — Ajjue LARY, 1< j < d}. (2.2
In fact, adapting arguments from [17] (where the quantification Op 4 is used), one can show that H4 > 0.

The next result has been proved in [21] for B admitting a vector potential with bounded derivatives and
for the general case of hypothesis (i) in [23].

Proposition 2.9. Let us consider verified the hypothesis of Proposition 2.7.

a) If X\ € R, X\ < info(P), then (P — \)~! is the closure in L*(R%) of an operator Op (Pery), with
Py €ST(R 4). If in addition \ < infp — 1, then a principal symbol of Op# (pevy) is (p— AL

b) Ifm >0, p>1and P> 1, then for every s € R, P* is the closure in L?>(R%) of a operator
Op# (4(s)): as) € S*™(R?), which admits p* like principal symbol.

In the remaining part of this section we are going to prove two properties of commutators of magnetic
pseudo-differential operators, as well as applications to approximation by regularization or cut-off.

Proposition 2.10. Let m € R orm = —oco and g € Sm'(Rd), m’ € R. Then

a) fof g—gof fesmtm—I(RY), Vfesm(RY).

b) Let m € R and M be a subset of S™(RY) formed by symbols independents of x € RY, such that the
set {0, fy- -, 0c,f | f € M} is bounded in ST (R?). Then the set {f oP g—goP f| f € M} is bounded in
Sm-‘rm/ (Rd) .

Proof. a) It follows from the Proposition 2.2 (c).
To verify b), one uses the composition formula from [21] for f € M, in which the integral is oscillatory:

(f o8 9)(X) = / / Yz e 202 Bz y ) f(€— ) (X — Z), X € R, (2.3)
R2d JR2d

where X = (2,¢), Y = (y,1), Z = (2,¢) are points in R?? dY = 7Y, [V, Z] =<0,z > — < (,y >
(< -,- > is the scalar product in R?) and w?(z,y, 2) = e"4#FB@¥:2) where Fp € C*(R3?), depending only
on the magnetic field B and its first order derivatives, are of the form:

Z [Dj(x7yaz)yj + Ej(xayaz)zj] s Dja Ej € BCOO(RBd) (24)
1<j<d

Using the Leibnitz-Newton formula
f&=mn) Zm/ (D 1)(€ —tn)d
1<5<d

and the fact that 1 o® g = g, one writes (2.3) as

(f oF 9)(X) = F(©)g(X) + ps(X), (2.5)
where
pr(X) = dt dY dZn; e A WP (2, y,2) (05 f) (€ — tn)g(X — Z). (2.6)
! 1<J<d/ /R2d /R“
We use the identity
nye~ 220 = _2%-‘9% <e—2i[Y,Z])

to integrate by parts with respect to z;. We also use (2.4) as well as

yke—m[yz 73 ( —2i[Y,Z]) eV _%6% (e—Qi[Y,Z]>
1



to integrate by parts with respect to (i and 7. This gives

1
pr(X) = Z /0 dt/de /RM Ay dz e~ %17 wB(x,y,z)[ Z Djy(x,y,2)(0e,9)(X — Z)

1<5<d 1<k<d

@iNE=m) +t > Ejnl(z,y,2) 006 f) (€ — tn)g(X — Z)—
1<k<d

—(0;1)(§ = tn)(02,9)(X — Z)],  Djx, Ejx € BO®(R*).

By hypothesis, the sets {9;f | f € M}, 1 < j <d are bounded in S™(R%).
Using the standard integration by parts procedure with respect to y, z,n, (, starting from the equality

N
. 1 .
< >N 22 = (1 - 4Az) e 22 N eN
and its analogs, by eliminating the monomials in y and z, as above, one obtains the estimation

1
s (X)| < p(f) q(g)/o dt/de Y Z < ST (ST SNy 72N

< -ty ST E— ¢ >,

where N,, Ny, N, N; are natural integers which must be chosen in a suitable way in order to have abso-

lute convergence of the integrals, p(f) = Y. p;(9;f), pj is a continuous semi-norm on S™(R?) and ¢ a
1<j<d
continuous semi-norm on S™ (R%). Since

<E—tn>STLC<EST<y ST s < o< e <> CeRy,
one can choose N, = Ne =d, N, =d+ |m/|, N, =d+ |m| and get
lpr(X)] < Cop(f)qlg) < &>, Cy > 0 constant.

Analogously one estimates the derivatives of p and obtains that the set {ps | f € M} is bounded in
Sﬁ+m’ (Rd)
In the same way one can show that g o? f = fg + p’f and {p'f; f € M} is bounded in gmtm’ (RY). O

Definition 2.11. Let u € S'(RY), f € S(R?). One calls magnetic convolution of u with f, the function
ux?d f € C°(R?) defined by

(ux (@) =< uly), ST f @ —y) >, re R (2.7)
where < -,- > is the duality bracket between S(R?) and S'(R?) .

Remark 2.12. Using the equality f(z —y) = fRd ei<x’y’5>f(§)df, one finds out that u+? f = DpA(f)u.

To regularize a distribution by means of the magnetic convolution, one uses a standard d-sequence. Let
us consider a function § € Cg°(R?), § > 0, suppf C B(0;1), [p.0(z)dz = 1. For j > 1 one defines
0,(x) := j40(jz), € R%. Then 0; € Cg°(RY), suppb,; C B(0;1/7), 6; € S(RY), 6;(¢) = 0(j~1¢), ¢ € R
For u € 8'(R?) we set Rju :=u*" ;.

Proposition 2.13. (a) If u € &'(R?), Rju € C(RY) and suppRju C {z € R? | dist(x,suppu) < 1/5}.
(b) If u € L®(R?), Rju € L>®(R?) and ||Rjull o ray < [l oo (a).-
(c) If u € L*(RY), Rju € L*(R?) and lim Rju =u on L*(RY).
j—00

(d) Let P = Dp?(p), p € SY*(R?). Ifu € L*(RY) and Pu € L*(R%), then lim PRju = Pu in L*(R%).

J—00



Proof. Properties (a) and (b) are evident.

(¢) Since be S(R?) ¢ §7°°(R?) ¢ SO(RY) and R; = Op™ ( i), Proposition 2.3 shows that R;ju € L*(R?).
But

(Rj)u(x) = | 0(z)u(w —z/j) e @D<=I @amz/D> g,
Rd'

and u( fRd x) dz. Using twice the Dominated Convergence Theorem and the continuity of w in
mean, one gets

1Ry = ulzzee) < [ 0l = 2/5) = ul)zageor+

—(i/§)<zTA(,-—2/5
() (em @M=D 1) | g ]dz = 0.

J—00

(d) The sequence {;/20;6;},>1 is bounded in S~Y/2(R%) for 1 < k < d. One applies Proposition 2.10
(b) with M = {j1/20;; j > 1}, m = —c0, m = —%, m' = 1, f(€) = j1/20;(¢), g = p and deduces that the
set

{7265 0" p—poP8;) | j =1}
is bounded in S°(R%). By Proposition 2.3, there is a constant C' > 0 such that

|R;P — PR;|| p(r2may < Ci~ Y2, j > 1.

Thus lim (PRju— R;Pu) =0 in L*(R%) and lim R;Pu = Pu in L?(R?) implies the conclusion. O

J— J—

Proposition 2.14. Let P = Op?(p), p € S™(RY), m < 1 and ¢ € BC®(R%). Let us suppose that there
exists N € N, N >m+d — 1 such that |My| < oo, where

My := U suppd©op.
la]=N+1

Then there is a constant C' > 0 independent on o, operators Sy, S!, € B(L?*(R%)), 1 < |a| < N, independent
on ¢ and operators T, Th € Iy (the Hilbert-Schmidt space on L*(R%)) such that

Tl + T8 Iz < C a0l M (2.5)
and
[0, P]:=@P—Pp= Y (0°9)Sa+Tn= Y  S,(0%)+Tx, (2.9)
1<]al<N 1<]al<N

with the convention that the sums in (2.9) do not exist if N = 0.

Proof. Using (1.2) and Taylor’s formula
o@) o) = Y LD 0)w) 4 (e

where

rv(@y)=— ) %/(1—t)N(0"<p)($+t(y—w))dt7

lal=N+1 0

one obtains the first equality from (2.9) with S, = —iDpA(Dg‘p) and

Tru(x ~ > /dt (1—1) /dydzei@*%f”“(w)& (2.10)

\|N+1



z+y
<(Dg) (T52.€) @)+ ey~ 2)uly). w e SR,
Since for |a| > 1 one has Dgp € SO(R%), by Proposition 2.3 one has S, € B(L*(R%)). But, using in (2.10)
the identity < x —y >2% e!<7¥:6> = (1 — Ag)%(e!<*~¥%¢>), for s € N, to integrate by parts, one sees that
for any s € N, Ty can be written as an integral operator with kernel

1 1 N i<o—y 4T (2,y)>
Ky(z,y) = NI Z /0 dt(1 —1t) Rdd{e X

"la|=N+1

x<omy> [ ag°0gr] (5L €) @) + 1ty - )

Denoting by 1, the characteristic function of a set M C R?, one obtains for each s € N

1
|Kn(z,y)| <Cs <z —y >3 m?vx+1||aa§0”L°°(Rd)/ Loy (o +t(y — 2))dt,
0

lee|=
with Cs a constant depending on s but not on . Choosing s > d/4 one gets

TNz, = IEN |22 (i xray <

1/2
< Cs max [|0%¢]|poo(re) sUp [/ <z —y>1 1MN(x+t(y—a:))d1:dy} .
la|=N+1 te[0,1] L/Rr2d

The integral in the previous formula equals

/ <z>" 1y (v +t2)dedz = /
R2d

1MN (y)dy/ <z >—4s dz = ‘MNl/ <z >—4s dz.
R4 Rd Rd

It follows that the norm || T ||z, is bounded with the right member of the inequality (2.8).
In the same way one gets the second equality from (2.9) and the corresponding bound for | Ty |lz,- O

A first application of the Proposition 2.14 concerns cut-off approximations. Let ¢ € C§°(R%), 0 < ¢ < 1,
supp® C B(0;2), ¥ =1 on B(0;1). For j > 1 one sets 1;(z) := ¥(z/j), = € R4

Proposition 2.15. Let u € L2(R%) and P = Op?(p), p € S™(R%), m < 1.
a) Yju € L*(R?) and lim ju = u in L?(RY).
J]—00
b) If Pu € L2(RY), then P(¢ju) € L*(R?) and lim P(¢ju) = Pu in L*(R?).
j—o0

Proof. a) is trivial.
b) follows if for some constant C' > 0 one obtains the inequality

1[5, Pl pregay < Cj~4  j<1. (2.11)

For this one applies Proposition 2.14 with ¢ = v; and N = d+1. Since supp 9*¢; C B(0;2j),Va € N?, there

is a constant Cy > 0 such that \M](\f)|1/2 < C1j%2?,¥j > 1, where MJ(\,j) = " L%v lsuppﬁo‘wj. On the other
a|=N+
hand (9%%;)(z) = j~1*1(0%¢)(2/4), hence there is a constant Cy > 0 such that 10%Y;| Loo (ray < Cyjlol

for any 7 > 1 and for all « € N? with 1 < |a| < N + 1. Then (2.11) follows from (2.8) and (2.9). O



3 The Feller semigroup

—tHp

In this section we are going to recall some well-known properties of the semi-group {e where

}tZO’
Hy is the free relativistic Hamiltonian for A = 0. Hy is self-adjoint on L?(R?), Hy > 0 and its domain
is the standard Sobolev space H'(RY) = H}(RY). Its restriction to S(R?) is the operator Op®(p), with
p(X) =< &€ > —1. By the Lévy-Khincin formula (see for example [31]), there exists a measure n on R? such
that

<E>-1= —/ [e"<¥8> —1 —i <y, &> 1) (y)] dnly), VEeR? (3.1)
Rd
Cf. [17] one has the explicit formula
_dil o de1
dn(y) = 202m)~ 5 [y~ Kosa (1, (32)

where K, is the modified Bessel function of the third kind and order v, for which the next inequalities are
verified for some positive constant C"

0 < K,(r) < Cmax (r_”,r_l/z) e, Vr>0,Vv>0. (3.3)

By [19, 6], for t > 0, the operator e *H¢ is given by the convolution with the function

t
— —d t—<E>4/|22|+12 —
P = s [ eV - (3.4)
=Tt (Jz|* + tg)_djlrl Kan (\/ |z]2 + t2> , reRL
2
One verifies the properties

pi(2) >0, /R pelz)dz = 1 (3.5)

and the fact that e *° can be extended as an well-defined bounded operator on the Banach space

oo (RY) = {f e C®Y) | lim f(x) = o},

|z|— 00

equipped with the norm || - |[«. One also checks easily the Feller semi-group properties for the family of
these extensions.

By [6, 9], this Feller semi-group is generated by a Lévy process. More precisely, on the space Q of
the ”cadlag” functions on [0, 00) (R%-valued, continuous to the right, having left limits), endowed with the
smallest o-algebra F for which all the coordinate functions

Q3w X (w) :=w(t) € R

are measurable, one can define for each z € R? a probabilistic measure P, such that P,{X, = 2} = 1 and
the random variables X;, — X,,..., Xy, — X, _, are independent with distributions p¢, —4,, - - ., Pt, —t,_, for
each 0 =ty < t; < --- < t, < oco. If we denote by E, the expectation with respect to the probability P,
then for any f € Coo(R?) and ¢ > 0 we have

[e" 0 f] (z) = B, (fo X;), z€R% (3.6)
By the Lévy-Ité6 Theorem [24, 19] one has

ty .
Xi=z+ / / y Nx (dsdy), (3.7)
0o Jrd

where B N
Nx (dsdy) := Nx (ds dy) — Nx(ds dy),
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Nx(dsdy) := E, (Nx(ds dy)) = dsdn(y)

and Ny is a ”counting measure” on [0, 00) x R?, defined by
Nx((t,t'] x B) :=#{s € (t,t'] | X5 # Xs—, Xs — Xs_ € B},

where 0 < t < ' and B is a Borel subset of R?. Using the procedure from [19] (where one works with the
quantification Op 4), one gets a Feynman-Kac-It6 formula for the Hamiltonian H,. For u € L%(RY), z € R?
and t > 0 one has

(7 4u) (2) = By ((wo X) 7500, (3.8)
where

S(t, X) = i/0t+ . N (dsdy) </01 AX,_ + ry)dy,y> + (3.9)

vi t [ Fostasay) { [ A, + 1) - AXdry ).

Let us remark that from (3.8) and (3.6) one obtains the diamagnetic inequality for the relativistic hamilto-
nian H4:
lemtHay| < emtolu|, Vue L*(RY), Vt>0. (3.10)

(3.10) implies another proof of the fact that H4 > 0: e *0 is a contraction, thus e~*#4 is a contraction
too, which implies H4 > 0.
Once again from (3.10), it follows that for any A > 0, 7 > 0 and u € L?(R?) one has

|(Ha +A)""u| < (Ho + )" |ul. (3.11)

This inequality is deduced using the fact that for any lower semi-bounded self-adjoint operator H in a
complex Hilbert space H, for any r > 0 and any A € R such that A + inf o(H) > 0, one has

1 o0
H+ )\ = —/ trle Mt gt 3.12
( ) ) J, (3.12)

where I' is the Euler function of the second kind.

4 The Hamiltonian H(A;V)

We denote by h4 the quadratic form associated to Ha:

hoa(u,v) == (H;/Qu, H}/%) u,v € D(hy) = D(HY?). (4.1)

L2(Rd)
To a function W € Llloc(Rd), W > 0, one assigns a quadratic form qyy:

qw (u,v) := g W (z)u(z)v(z)dz, u,v e D(qw):={f € L*(RY) | WY2f e L2(R%)}. (4.2)

These forms are symmetric, closed and positive. We set
ha(u) :=ha(u,u),  qw(u):=qw(u,u).
The next result is known [22], but for convenience we are going to include a proof.
v 1S
well-defined on D(ha) N D(qV+), being symmetric, closed and lower semi-bounded. Thus it defines a lower

semi-bounded self-adjoint operator on L*(R?), denoted by H = H(A; V) := Ha +V (in the sense of forms).

Proposition 4.1. We assume (i) and (ii). Then the sesquilinear form h = h(A;V) := ha +q,, —q

11



Proof. The form h 4 + v, defined on D(h4) N D(qv+ ), is densely defined, symmetric, closed and positive.
The conclusion of the Proposition would follow if we show that the form ¢, is (ha + v, )-bounded, with
relative bound < 1.

We denote by Hy := Hy + V. the unique self-adjoint operator > 0 associated to the form h + v, -
Since C§°(R%) C D(ha) N D(qy, ) we can use the version from [26] of Kato-Trotter formula

etHy — o lim {e—%HAe—%W] . Vt>0. (4.3)

n—oo

Combining with (3.10) and (3.12) we infer that for every » >0, A > 0 and f € L*(R?) one has
[(Hy +N)7"f| < (Ho+ A) "I f]. (4.4)

A > 0 large enough, u := (Hy + \)~'/?g. By using the assumption (ii), there exists

Let g € L2(RY),
, 8>0and o €(0,1) such that

€(0,1)

1/2 1/2 _
¢y (u) < all Hy*ul2a ey + Bllull 2o gy = all Hy ?(Ho + X)72g]|22 a)+ (4.5)

_ p
+9E + 0)glEn e < (@4 ) lalaen < ololscen

For v € D(ha) N D(q,, ) we set f:= (Hy + M2y and g := |f|. Using (4.4) with r = 1/2, (4.5) and the
explicit form of ¢, , we get

¢y (v) =qy [(He + )72 < qp [(He + 2729 < gl gy =

= &/ |[(Hs +2)"?0l|22 gy = @/Tha(v) + ay, (0) + A0]|22 (ga)-

O
The Feynman-Kac-Ité formula (3.8) can be extended to the Hamiltonian H (cf. [19]).
Proposition 4.2. Under assumptions (i) and (ii), for any u € L*(R?) and all t > 0, we have
(e7tu) () = E, {(u o Xt) e_S(t’X)_fg(VOXS)dS] , z€RL (4.6)

By using ideas from [34] and Propositions 2.13, 2.15 and 4.2, we are going to prove
Proposition 4.3. Under assumptions (i), (i), C5°(R?) is an essential domain for the form h.

Proof. Due to Hypothesis (ii) the form h and the operator H are well-defined.
1. Let us first suppose that V_ = 0. We show that D(h) N Lg,,,(R?) is an essential domain for h. It is

known that the range R(e~%7) is an essential domain for h. By Proposition 4.2, for any u € L?(R%)
le Hu| < e HOOy|  ae. on R? (4.7

the function on the right hand side being of class L>(R?).
Let uw € D(h) N L>®(R%), ¢ and 1); as in Proposition 2.15 and u; := t;u, j > 1. Then

uj € Lgﬁmp(Rd) ND(qy, ), jlir{}ouj =uin L*(RY) and jlirgoqw (uj —u) =0.
Let us notice that we have the equality

hoa(v,w) = ((HA F )Y, (Hy + 1)1/2w> — (v, W) g (gt (4.8)

L2(R4)

12



for any v,w € D(hy) = D(H;/Q) = D[(H4 +1)"/?]. The operator H4 + 1 is defined, by Proposition 2.8, by
the magnetic pseudo-differential operator Op” (< & >), so by the point (b) of Proposition 2.9, (H4+1)%/2 is
defined by an operator Op”(q), where ¢ € SV2(R%) and g— < £ >1/2¢ §~1/2(R4). Since u € D[(Ha+1)"/2],
we shall have Op? (q)u € L?(R%); using Proposition 2.15 (b) we infer that Op® (q)u; belongs to L?(R%) and
jli)rgonA(q)uj = Op?(q)u in L2(R?). Since Op?(q) — Op(< € >1/2) € B[L*(RY)], by Proposition 2.3, it

follows that Op”(< & >1/2)y; € L*(RY), so u; € HZ/Z(Rd) = D(Hllq/Q) = D(ha). Also using (4.8), we get

lim ha(u; —u) =0, so limwu; =u in D(h).
J—00

J]—00

2. We prove that C§°(R?) is an essential domain for h(A4;V,). Obviously C§°(R%) C D(h). Let
u € D(h) N L%, (R?) and Rju, j > 1, defined as in Proposition 2.13. Then

comp

Rju € CP(RY), lim Rju=wu in L2(RY), lim Op”(q)Rju = Op?(q)u in L*(R?),

j—o0 Jj—00

where ¢ has been defined above. It follows that lim ha(R;u —u) = 0.
j—oo
On the other hand,

suppR;ju C {x € R? | dist(z,suppu) < 1}, |(Rju)(z) — u(x)| < 2||ul| oo (ray, = € R?

and there is a subsequence (Rj, u)x>1 such that (R, u)(x) e u(r) a.e. x € R% Using the Dominated
Convergence Theorem we see that klir&qV+ (Rj,u—u) =0, thus ler&Rjku =uwu in D(h).

3. In order to end the proof we have to notice that ¢, is relatively bounded with respect to h(A; V)
and consequently any convergent sequence from D(h(A;V,)) is also convergent in D(q, ). O

Corollary 4.4. Under hypothesis (i) and (ii), a vector u € D(h) belongs to D(H) if and only if Op™ (p)u+
Vu e L2(RY), where p(€) :=< & > —1. Moreover Hu = Op” (p)u + Vu for any u € D(H).

Proof. Let u € D(h). Since C§°(RY) is an essential domain for h, u € D(H) if and only if there exists
f € L*(R?) such that
h(u,v) = (va)LQ(]Rd)a Vv e Cgo(Rd)v

if this is the case, then Hu = f. By Proposition 4.1, Viu € L] (R%) and

loc

qy, (u,v) =<Viu, 0>, Vove C5° (R, (4.9)

where we denoted by < -, - > the duality bracket between D(R?) and D’(R?). Let {u;};>1 C C§°(R?) such
that lim u; = v in D(h). Then lim Hi/2uj = H114/2u in L?(R%).
J—00

J—00

Using Proposition 2.2 (a), we get

hA(u,v) = lim (Hil/z’u,j,H}‘/%U)Lz(Rd) = ‘lim (HAUj,U)Lz(]Rd) = (410)
J—©

j—00
= lim < Op?(p)u;,7 >=< Op?(p)u, 7>, Vve CFRY).
j—o0
The Proposition follows immediately from the equality

hu,v) =< Op(p)u,7 >+ < Vu,5 >, ©ve CPRY), (4.11)

which is a consequence of (4.9) and (4.10). O
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Proposition 4.5. We suppose that (i) and (i) are true. Let ¢ € BC™(R?) such that |M| < oo, where

M:= U supp0®p.
AL Sl

(a) If w € D(H), then ou € D(H). Moreover the commutator [, H], which is well-defined on D(H),
can be extended to an element of B[L?(R%)].
(b) There exists a constant C > 0, independent of v, operators

Sas S, € BILP(RY)], 1< |a| <d +1,

independent of ¢ and operators T, T' € Iy, such that

« 1/2
ITllz, + 17"z, < € e [0° ooy M1 (112
and
0. Hl= > (0°9)Sa+T= > S,(0%)+T (4.13)
1<|al<d+1 1<al<d+1
(c) One has

[(H+X "ol =(H+N e, H(H+N"", VAeR, A> —info(H). (4.14)

Proof. (a) Let w € D(H). Then u € D(qy, ) N D(ha). It follows that ou € D(q,, ) and

we D(HY* =D ((HA + 1)1/2) = HY2(RY).
Since ¢ € S°(R%) and Op” () is the operator of multiplication by ¢, by Proposition 2.6,
pue H{*RY = D (HY?);

thus pu € D(h). By Proposition 2.10 (a) if follows that [Op”(p), ¢] € B[L2(R%)], p being given by Corollary
4.4. Therefore, computing in D’'(R%), we get

Op™ (p) () + V(pu) = ¢[Op™ (p)u + V] + [Dp” (p), ¢lu € L*(RY). (4.15)
From Corollary 4.4 we deduce that pu € D(H). In addition, the equality (4.15) shows that

. H] = [, Op" (p)] on D(H), (4.16)

which implies the last statement of point (a).
(b) follows from (4.16) and proposition 2.14 with m =1 and N =d + 1.
(c) is trivial. O

We close this Section with a result on gauge covariance of the operator H.

Proposition 4.6. We assume (i) and (ii). Let A be a vector potential for B with components in Cgf)l(Rd)

and let A = A — dy for some real function ¢ € C’ggl(Rd). We denote by U the unitary operator of
multiplication by e~ on L*(R%). Then

UH(A;V)U ' = H(A; V). (4.17)
Proof. We notice first that from the equality
1
p(a) = o) =<z - v, [ (To)(1 = s)a+ sy)ds >
0

and from Definition 1.2, one gets the relation

e 0p (@) (e w)](2) = [9p (@] (2), Vo€ R (4.18)
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for any a € S™R? and any w € S(R?).
Let w € D[H(A;V)]; cf. Corollary 4.4, u € D[h(A; V)] and

DpA(p)u + Vu € L*(RY),
where p(§) :=< ¢ > —1. From (4.18) we deduce that
Op’ (p)(€'%u) + V(e*?u) = € [Dp (p)u + Vu] € L*(R?). (4.19)

Let us show that e*?u € D[h(A;V)]. Obviously e'u € D(qy, ). We notice now that (2.2) implies that
w € D(Hjy) if and only if e"?w € D(Hy). From (4.18) we get UHoU ™! = Hy, so UH114/2 U-t = H}m
and then U'[D(hz)] = D(ha). It follows that e’?u € D(ha), so €?u € D[h(A;V)]. Using Corollary 4.4

and equality (4.19), we deduce U~'u € D[H(A; V)] as well as (4.17). O

5 Trace estimations

Proposition 5.1. Let us suppose that (i) and (i) are verified. There exists p > 1, only depending on V_,
such that for all
A >N :=max{—info(H)+ 1,u}, r>rog:=d+1,

there exists C > 0 such that for every bounded open subset Q of R? we have 1o(H + \)™" € T, and
[La(H +X) "z, < Q2. (5.1)
We denoted by 1 both the characteristic function of Q and the associated multiplication operator on L?(R?).

Proof. We use (3.12) and Proposition 4.2 to obtain that for any f € L?2(R%), A > \g and r > ro one has

_T 1 & 1 A —tH(0i—
I(H+X\)"f] < F—)/ e MmOV 1y (5.2)
0

(r

Since V_ € K4, by Theorem 1.5 from [36] (or Theorem 2.9 from [9]), for any ¢ > 0 the operator e~ *#(%:=V-)
has an integral kernel satisfying: For any p, p’ > 1, % + % = 1, one can choose positive constants M, b such
that

0 < e tHOV) (3 4) < Meb sup [pt/g(z)]l/”/ [pi(z —y)]*/P, ¥Vt>0, z,y € RY, (5.3)
z€R4

where p; is defined by (3.4). Using (3.4) and (3.3) it follows that there exists an absolute constant C' > 0
such that

pi(z) < Ctet (|22 +2)~ % + (Jz> + t?)*%] e~ (=2 gy 5 0, 2 e RY. (5.4)
We choose p =4 and p/ = % in (5.3). From (5.4) it follows that for some Cy > 0:

sup [py/2(2)]** < Gy (t‘% + t—%) , V> 0. (5.5)
z€R4

Using (5.2), (5.5), (5.3) and (5.4), we get the inequality

[[(H +X)""fl(z)] < /Rd Lz —y)|f()ldy =: (T|f)(z), feL*RY), xR, (5.6)
where -
L(z) = C / Ot (1 ) (5.7)
0

X [(m? ) 7F 4 (Jaf? +t2)—%} e~ P+ gy
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oo
< Oy [m“ﬁi + |z|*%} e*%/ L O Lt (t’% +t*%d) dt,
0

where C5 is a positive constant. Choosing u = b + %, the assumptions insure the convergence of the last
integral. It follows that L € L?(R9), vd > 2.
The integral operator 17T is Hilbert-Schmidt, since

1/2
Rl = | [ [ Ra@it—pPasy] = [Elmlor 65:)
R JR

The conclusion of the Proposition follows from (5.6), (5.8) and Theorem 2.13 from [53].
Corollary 5.2. Under the assumptions of Proposition 5.1, for any m > 2ry there exists C > 0 such that
for any Q C R? open and bounded, we have 1o(H+MN)"™1g €77 and
Ia(H +3)"1g|lz, < CI0). (5.9)
Proof. We choose © > rg, s > rg, r+ s =m. Then
1o(H + )" 1oz, < [1a(H + X" |zll(H + A)~*1allz,,
and we use Proposition 5.1 to conclude. O

Corollary 5.3. Let f € L*(R), suppf C (—o0,a], a € R. Under the assumptions of Proposition 5.1,
3C > 0 such that for any Q@ C R? open and bounded we have 1o f(H)1lq € Z; and

[1of(H)lellz, < ClQ|. (5.10)
Proof. We use the equality
lof(H)lq = 1o(H +X)"(H + N> f(H)(H +X)""1a, 7>
and Proposition 5.1, taking into account the fact that H, being lower semi-bounded, satisfies

(H + X" f(H) € BIL*(R)].

6 The operator H

We assume (i) and (ii) for a while; let H = H(A; V') be the operator constructed in Section 4. Let 2 be an
open subset of R™ and Q¢ its complement. For n € N, n > 1, we set H,, := H +nlqe, which is a self-adjoint
operator on L?(R?) with domain D(H,,) = D(H). The associated quadratic form

hn(u,v) = h(u,v) + n(lgeu, 1gev),  wu,v € D(h,) = D(h) (6.1)

is symmetric, lower semi-bounded and closed. We also have h < h,, < hj,41, Vn > 1.

We are going to identify L?(2) with the closed subspace of L?(R%) whose elements are null on ¢. The
operator 1 will be the orthogonal projection of L?(R%) on L2(12).

To the monotone sequence of forms {hy, },>1 defined by (6.1) one assigns the form hq defined on

D(hq) := {u € Np>1D(hy) | sup hn(u,u) < oo} = D(h) N L*(Q) (6.2)
n>1
by the equality
ho(u,v) = lim hy(u,v) = h(u,v), w,v € D(hg). (6.3)
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The form hg, is not densely defined but, by Theorem 4.1 from [33], it is lower bounded and closed, defining a
unique pseudo-self-adjoint operator Hg on L?(R%); we have D(Hg) C L?(Q), HD(Hg) C L?*(R%) and Hg,
considered as an operator in L?(12), is self-adjoint. In addition, lim,, ., H, = Hgq in strong resolvent sense.
We denote by Cy(R) the set of functions f : [my, 00) — R, where m; < inf o(H) (maybe depending on f),
f continuous and lim¢_,« f(¢) = 0. Since inf 0(H,,) and inf o(Hq) are smaller or equal than inf o(H), one
can define for any f € Cy(R) the operators

f(Hy), f(Ho) € B [L*(RY)].

The second one is defined as follows: f(Hgq)|r2(q) is the operator from B [L?(Q)] associated to Hg (seen
as a self-adjoint operator in L?(12)) by the usual functional calculus, while f(Hg) = 0 on L?(2)1. Then we
have lim, .o f(Hy,) = f(Hgq) for the strong convergence in B [L?(R?)]. We have

f(Ha) =1qf(Hq) = f(Ho)la. (6.4)
In particular, the properties above are checked for the function
fO=@t+N"" N> —info(H),
defined on a neighborhood of o(H). Then
fH) = (H+XN"" f(Ho) = (Ho+ X"

Lemma 6.1. If we assume (i) and (i), for any Q C R? open bounded set, the operator Hq has compact
resolvent.

Proof. Tt will be enough to show that any M C D(Hg), bounded for the graph norm defined by Hg, is
relatively compact in L?(£2). The set M will be bounded in D(hg), thus also bounded in L?(Q) and D(h).
Hence the set My := (H, + 1)Y/2M is bounded in L*(R?) and M = (H + 1)~ Y/2M,.
Let
X €CP(RY, 0<x<1, x=1in aneighborhood of Q.

By (3.11) one has
IX(Ha + 1) 72| < x(Ho+ 1)7V2[f|,  VfeL*RY). (6.5)

Since

R(Hy +1)7"/2 = H'2(RY),

the operator x(Hy + 1)~'/2 is compact on L?(R%). By Pitt’s Theorem [30] and by (6.5), the operator
X(Ha +1)'/2 is also compact on L?(R%). Since xM = M, the set M is relatively compact in L?(Q). O

Proposition 6.2. We assume that (i) and (ii’) are verified. For any X > Ao, 7 > 19 (Ao and 1o as in
Proposition 5.1), there is a constant C > 0 such that for any open subsets U,Q of R? such that U N is
bounded we have 1y (Hq + X\)™" € Iy and the next inequality holds:

1y (Ho + A"z, < ClUNQJY2. (6.6)
Proof. By using the inequality (5.2) for H,, and the fact that
s— lim (H,+ A" =(Ha+MN",

n—oo
one obtains that

. 1 [ i emton
((Ho + ) fléF(r)/ £ro1em Mt HOSV) Flag, vf € L2(RY).
0

The proof is completed in the same way as for Proposition 5.1, since

1p(Ho+ A" =1yla(Ha+ A" =1yna(Ha+ )"
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Corollary 6.3. Under the assumptions of Proposition 6.2, for any m > 2rg, 3C > 0 such that for any
Q C R? bounded and open one has (Ho + A)™™ € T and

| (Ho+A)™" [lz,< ClQ|. (6.7)
Proof. We use the identity
(Ho+A)"™ =1qg(Ha+ \)""(Hao + \) *lq,

where
r>rg, $=7rg9, r+s=m,

as well as Proposition 6.2 with U = Q. O

Corollary 6.4. Let f € Co(R). Under the assumptions of Proposition 6.2, there exists a constant C > 0
such that for any Q C RY open and bounded, we have f(Hgq) € I; and

I f(Ho) l|z,< Cl9. (6.8)

Proof. For any g € Cy(R), since s — lim,, oo g(H,) = g(Hgq), one obtains for each Q@ C R? open set, the
inequality
Il 9(Ha) || 5z ey < sup lgl- (6.9)
We choose
g(t) ;== (t+N)"f(t), where m > 2rg, A > Ao, —\ ¢ suppf.

Then
g€Chy(R), —A¢suppg and f(t)=(t+ N)""g(t), Vt € R.

It follows that
f(Ho) = (Ha +A)""g(Ha),
so (6.8) is a consequence of (6.7) and (6.9). O

7 Proof of Theorem 1.1

Lemma 7.1. We assume (i) and (ii’). Let X > —info(H), Q@ C R? an open bounded set and ¢ €
BC>®(RY), ¢ =1 on Q°. Then one has

(H+XN) "' = (Ho+ N "= [(H+ N "= (Hao+ N [+ [H e|(Ho+ X)) = (7.1)
=lp—(H+XNH] [(H+XN" = (Ho+ N7

Proof. The function ¢ verifies the assumptions of Proposition 4.5, so the operator of multiplication by ¢
leaves D(H) invariant and [H, ¢] € B[L?(R?)]. Using (4.14) for H,, and the equality

[(Hn, ¢l =[H,¢], Vn=1,
where H,, := H 4+ nlgc, we deduce that
(H+N)"'— (H, + NP = (H+ M) ""nlge - o(H, +\) 7' =
= (H + N ""nlqe(Hy, + N to+ (H+N) " nloe(H, + N HH, o) (Hy +A) 7 =
=[H+N""=(H,+ N e+ [Hel (Hy+ X"

The first equality in (7.1) follows from the formula above in the limit n — oo, taking into account the
relation
s— lim (H, +\)' = (Hq+\)!

n—oo

and the fact that the sequence {(H,, +\)~'},>1 is bounded in B[L?(R?)].
The second equality in (7.1) follows in the same way. O
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The next Proposition is basic for proving Theorem 1.1

Proposition 7.2. We assume again (i) and (i’). For any A > Ao and m € N; m > 4rg (Ao and ¢ as in
Proposition 5.1), there exists C > 0 such that for any bounded open subset ) of R¢

Ia(H +X) "o = (Ha + )"z, < C19V2(Q]', (7.2)
where € := {z € R? | dist(z, Q) < 1}.
Proof. We use (6.4) and infer that

1Q(H—|—)\)_m19—(HQ—|—)\)_m = Z 1Q(H+)\)j_m+l [(H + /\)_1 — (HQ + /\)_1] (HQ—F/\)_j]_Q. (73)

0<j<m—1

We denote by E; the general term of the sum. Let  C R? bounded and open. By taking the convolution of
the characteristic function of a neighborhood of Q¢ by a function from C§°(R?) with the support included
in a small neighborhood of the origin, one constructs a real function ¢ € BC*(R?) such that 0 < ¢ < 1,
©=10nQ° ¢=0onQ\Q and such that [0%¢llp2gay < Ca, Va € N, with C, independent of Q.

We estimate first the Z;-norm of E; for 2rg < j < m — 1. We use the first equality form (7.1) and write
Ej = E; + EY, where E} and £ correspond to the two terms of the sum ¢ + [H, ¢]. We have

1B}z, = [[1o(H + XY~ [(H+ X" = (Ho + A7 o(Ho + A) 71g]lz, <

< |la(H + X" [(H + X" = (Ho + X7 sz 1o (H + A 72|z, || (Ha + ) 7?10z,
where U := Q¢ U Q. Using (6.9) and Proposition 6.2 we get
I1Ej ||z, < C1|Q"/2|0f'/? (7.4)
for some positive constant C7, independent of ). To estimate the Z; norm of E;’ , we write it as
B= Y ButE,
1<|e|<d+1

where the terms E7 , and E7, correspond to the decomposition of [H, ¢] in the second of the inequalities

(4.13). Using Propositions 4.5 and 6.2 we obtain inequalities, in which the constants are independent of €2
1B oz, = [le(H +X) ™ L [(H + 07" = (Ho + A) 7] 8,(0%0) (Ho + X) 7 '1q|z, <

< |lo(H + N [(H + N7t = (Ho + M) 7Y S4(0%) | 2 ray -
N1 (Ha +X) 72|z, [|(Ha + X) 7/ Mg|lz, <
<CQMQY2, 1<lal<d+1

and
1B ollz, = Ma(H + X" [(H+ X" = (Ho+ N T'(Ho + A) 77 'q|7, <
< Lo(H + X" [(H+ N = (Hao + N7 sremay 1Tz (Ho + A) 77 gz, <

< C//‘§|1/2|Q|1/2.

Thus we have
E|z, < Co|Q|Y2|0Q12. 7.5
g2 =

Taking (7.4) into account we get

IE; Iz, < CIQMIQM2, 2rg < j <m—1, (7.6)
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for some constant C' > 0 independent of €.
Let us assume now that 0 < j < 2r¢ — 1; then m —j — 1 > 2ry. We use now the second equality in (7.1)
to write £; = E + EY where, as before, E and EY correspond to the two terms in the sum ¢ + [H, ].

The Z;-norm of E;’ is estimated as above, writing

- 'l Inl
Ef= ) Ej,+Ej,
1<|a|<d+1

where the terms E;’ ., and E;’ o correspond to the decomposition of [H, ¢] in the first equality in (4.13). By
(6.9) and Propositions 4.5 and 5.1, we get for (- independent constants

1B} oz, = [T (H + X7~ (0%)Sa [(H +A) 7" = (Ho + A) '] (Ha + A) 7 1allz, <

ji—m J

B[L*(RY)] < [[1a(H +X) =" |z, [(H +X) = 1g]lz, x
x[[(0%0)Sa [(H+A)"" = (Ho + A) '] (Ha + A) /1ol prerey <
<2012, 1< ]al <d+1

and
IEollz, = 1o(H + AT [(H + A\)~" = (Ho + A) '] (Ho + X) 1qlz, <
<|1a(H + A"z 1Tz [(H + A~ = (Ho + M)~ (Ho + A) 1o pree <
S C”‘Q|1/2|§|1/2.
So we have

IE Iz, < ClofM/10' /2, (7.7)
To estimate the Z;-norm of E']’, we introduce another auxiliary real function
Y € CPRY), 0 <4 <1, suppep C QU Q, ¢Yp=1ina neighborhood of Q,
such that for any v € N* one has [[00| o (ra) < Ca, with C independent of . We have
IESllz, = I1a(H + A" @[(H +A) ! = (Ho +A)~'(Ha + A) /1al|z, <

< Cllta(H + X" o(H +X) " llz, + Cll1a(H + X" iz,

where we used the fact that Y1 = 1g and we denoted by C various constants independent of .
Since supp (1)) C Q, using Proposition 5.1 as above, we get

Lo (H + XY~ gz, < ClQM2(Q[2. (7.8)
For the last term that has to be estimated we use Proposition 4.5 and write

PH+NT"=H+N)"o— > (H+N(0%)SalH+N)"" = (H+NT(H+N"".
1<]a|<d+1

One gets immediately the inequalities
Io(H + A" oYz, < CQIM21Q2,

e (H +X)7 ™™ (0%¢)Sa(H + A) " ¢llz, < Ol |0/

and
[Lo(H + A" T(H + \) |z, < C|QY/2|Q['/2,
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which gives ' B
[La(H + A" o(H + X llz, < ClQV?1Q'2. (7.9)

From (7.8) and (7.9) we obtain
1B} llz, < Cl90*210)2 (7.10)

which, together with (7.7), implies the inequality
Eillz, <CIQY2QY2,  0<j<2r0+1. 7.11
J L1
The relation (7.2) follows from (7.3), (7.6) and (7.11). O

Theorem 1.1 is a direct consequence of the next Proposition:

Proposition 7.3. Now we assume that the hypothesis (i), (ii’), (iii) and (iv) are fulfilled. Then for any
f € Co(R) and € > 0, there exists mo € N* such that

tr[lof(H)1la] — trf(He)| < € (7.12)
for any Q € F with B(0,mg) C Q.

Proof. One uses ideas of [10] (see also [20]). Let Ag and 7y the constants from Proposition 5.1. We set
a = X + 1, mg := 4rg. Tt will be enough to prove (7.12) for the real functions f € Cy(R) such that
supp f C [—a + %, 00). The functions

{—a%—;,oo) St (a+t)™f(t) eR

and
[0,2] 57— 7™ f(r7' —a) €R

are continuous. For any € > 0 there is a polynomial P, with real coefficients such that
|7'7m“f(7'71—a)—P5(7')| <e V7T€E,2].

Therefore

1 1
mo - )< > a4+ ~.
(a+t) f(t) PE(a—&—t)‘e’ Vit > a—|—2

Let

Qu(t) == (a+)™P, <al+t) .

Then in form-sense
—ela+H)™™ < f(H) - Qc(H) <ela+ H)™™,

SO
—elg(a+ H)_m01Q < 1Qf(H)1Q — 1QQE(H)1Q < elg(a + H)"™1q, Qe F.

Using Corollaries 5.2 and 5.3 we obtain
‘tr[lgf(H)lg] — tr[lﬂQe(H)lgH < etr[lg(a + H)_molg] <Cie |Q|, (7.13)

where (] is a constant independent on € and 2 € F.
In the same way, using Corollaries 6.3 and 6.4, one shows that for some constant Cs, independent on €
and Q) € F, one has
[trf(Q2) —trQ(Hq)| < etr(a+ Hq)™ "™ < Cae|Q]. (7.14)

Inequality (7.12) follows from (7.13), (7.14), (7.2) and hypothesis (iv).
O
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8 Proof of Theorem 1.2

Let us suppose that (i), (ii’), (iii), (iv) and (v) are verified. Since the proof of Theorem 1.2 is very close to
that of Theorem 1.6 from [20], we shall not indicate all the details.

Let us notice first that the hypothesis (i) and (v), the proofs of Proposition 5.1 and Corollary 5.2 from
[20] show that there exists a constant magnetic field

1
1<5,k<d

and a vector potential
AP = 3 AP,

1<5<d

where the components Agp ) belong to C’gf)l(Rd) and are I-periodic, such that B—B°% = dA®) . Since B® = dA°
with

1
A® = Z A?dxj, A(j)(x) =5 Z B,gj:ck,

1<j<d 1<k<d

we have B = d(A®) + A%), so, by Proposition 4.6, we will assume in the sequel that the vector potential
defining the magnetic field B is A := A®) 4+ A°,
For v € I' we define the function ¢, : R? — R,

1
Py(2) = Z A?(V)%‘ D) Z B}?ijmj
1<j<d 1<j,k<d

(so dp, = A%(v)) and the unitary operators of multiplication with e?** on L?(R?) denoted by U,. Let us
put (Lu) (z) := u(xz — ) and T, := U, L,. The operators T, are the magnetic translations [37].

Lemma 8.1. Let us suppose that (i), (4’) and (v) are verified. Then the operator H = H(A; V') constructed
in Section 4 commutes with T, i.e.
HT, =T,H, Vyel. (8.1)

Proof. By Proposition 4.6, we have H(A;V)U, = U,H(A — dy~; V). So we only need to show that
L,H(A;V)=H(A—-dyy;V)L,, V~vel. (8.2)

Since
Mz — v,y —v) =T4a,y) — A%() =T % (x,y), z,y € R,

it follows that for any a € S™(R?), T'-periodic in z, and for any w € S(R?), we have
LWDpA(a)w = DpAid“’”(a)(va). (8.3)

Let u € D(H(A;V)), so u € D(h(A;V)) and Op? (p)u + Vu € L*(R?) with p(¢) :=< £ > —1. From (8.3)
we have
[DpA_d‘P” (p)} (Lou) + V(Lyu) = L, [opA(p)u + VU] e L2(RY). (8.4)

Let us show that Lyu € D(h(A — dp+;V)). Obviously Lyu € D(q,, ). From (2.2) it follows that
w € D(Hy) if and only if Lyw € D(Hs) = D(Ha—qy.)-

From (8.3) we deduce that LyHaL;' = Ha_ap,, so LyHy "Lyt = H}/%, Tt follows that L, [D(ha)] =
D(ha-ay.,), 80 Lyu € D(ha_qg,. ) and then

Lyu € D[h(A—dpy; V).

From Corollary 4.4 and equality (8.4) we get L u € D [H(A — dp,; V)] as well as (8.2). O
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The family {T’,}cr satisfies
TaTs=e 9T, 5 a, BeT,

so it doesn’t form a group. However, using [1] as a model (cf. also [20]), one can define a T'-trace for a class
of operators on B(L?(R%)) commuting with the magnetic translations T,.

Definition 8.2. An operator S € B(L*(R?)) belongs to IV if T,S = ST,, Vy € T and if for every
@, ¥ € Ly, (RY) one has ¢Sy € I,.

One can show that for all ¢, ¢’ 9,4 € L, (R?) such that

comp

ZLV(W/J) = ZLV(SD/W) =1, VSel,

yer ~yer
we have the equality tr(¢Sy) = tr(¢'Sv’). This justifies
Definition 8.3. Let S € ZI'. We call T-trace of S the expression
trpS = tr(eSvY),

where v, € ngmp(Rd) and Y L,(py) = 1.
yel’

One can prove (see [20])

Lemma 8.4. Let S = S* € I]. Then Kg, the integral kernel of S, is a locally integrable function on
R? x R?, its restriction to the diagonal of R x R? is well-defined and locally integrable and one has

tI‘]"S:/ Kg(z,x)dx, (8.5)
F

where F is a fundamental domain of R® with respect to T.

From Corollary 5.3 and Lemma 8.1 it follows that for any f € Cy(R) one has f(H) € Z1 . From Lemma
8.4 we know that the restriction to the diagonal of integral kernel Kj(z) exists as a locally integrable
function. Then for any €2 € F one has

tI‘(].Qf(H)]_Q):/QKf(H)(IL',l’)dZ. (86)

By the proof of Theorem 1.6 in [20] we get

1 1
li — | K dr=— | K dx. 8.7
o T /Q s (@, x)d 7 /F f (@, x)d (8.7)
Then (1.9) follows from (8.6), (8.7) and (8.5).
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