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Abstract

In the thin domain O. = T? x (0,¢), where T? is a two-dimensional
torus, we consider the 3D Navier-Stokes equations, perturbed by a white
in time random force, and the Leray a-approximation for this system. We
study ergodic properties of these models and their connection with the
corresponding 2D models in the limit € — 0. In particular, under natural
conditions concerning the noise we show that in some rigorous sense the 2D
stationary measure p comprises asymptotical in time statistical properties
of solutions for the 3D Navier-Stokes equations in O, when ¢ < 1.
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1 Introduction

In this paper we study the stochastic Navier-Stokes equations (NSE) in a thin
three-dimensional domain O, = T? x (0, ), where T? is the torus R?/(11Z x 7).
That is, in O, we consider the 3D NSE, perturbed by a random force, which is
smooth as a function of the space-variable x, while as a function of time ¢ it is
a white noise. Using the Leray projection II. we write the equation as

u' + vAcu+ Bo(u,u) = fo 4+ We. (1.1)

Here A, is the Stokes operator —II.A, B, (u, u) = H ((u-V)u), f-(z) is a deter-
ministic part of the force and W.(t, z) is the time-derivative of a Wiener process
We(t, z) in an appropriate function space. The equations are supplemented with
the free boundary conditions in the thin direction (see (2.4) below).
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This boundary value problem for the 3D NSE describes a special case of
anisotropic 3D turbulence, important for the meteorology (see, e.g., [7]). The
natural related question is to find out up to what extend this anisotropic 3D tur-
bulence can be approximated by 2D turbulence. In our work we continue the
rigorous study of this problem, initiated in [4].

The study of global existence of strong solutions for the deterministic Navier-
Stokes equations in thin three-dimensional domains began with the papers of
Raugel and Sell [21, 22], who proved global existence of strong solutions for
large initial data and forcing terms in the case of periodic or mixed boundary
conditions. After these initial results, a series of papers by different authors
followed, in which the results of Raugel and Sell were sharpened and generalised
in various ways, see [19, 11, 20, 1, 24, 12, 5]. In the quoted works it was also
shown that for ¢ < 1 solutions of the 3D NSE in an e-thin domain becomes
close to solutions of the corresponding 2D NSE.

From other hand, the stochastic 2D NSE and similar to them 2D NSE,
perturbed by random kick-forces, were intensively studied in recent years by
many authors, see [10, 16, 2, 9, 15] and references therein. Under some mild
restriction on the random force it was proved that the equation has a unique
stationary measure, which governs stochastic properties of its solutions as time
goes to infinity; we refer to the survey [15] for details.

In [4] the authors of this work considered the 3D NSE in O, perturbed by
a random kick-force. That is, we considered the equation (1.1), when the r.h.s.
f. + W. is replaced by a random kick-force. Assuming that the force is not
too big and is genuinely random we proved that the equation, regarded as a
random dynamical system in the H'-space of a divergence-force vector fields,
has a unique stationary measure; that all solutions converge to this measure
in distribution, and that the two-dimensional part of the stationary measure
(defined below) converges, when € goes to zero, to a stationary measure for the
2D NSE on the torus T2. Tt is shown in [4] that the results obtained apply to
study asymptotical properties of various physically relevant characteristics of
the flow, described by the Navier-Stokes equations in the domain O..

Our goal in this work is to extend the results of [4] to the stochastic NSE
(1.1). This tasks complicates by the well known difficulty: no matter how
small € is, almost every solution for the stochastic NSE (1.1) exists only finite
time.! So we cannot study its asymptotical in time properties directly. To
resolve this difficulty we apply a trick, often used in physics: we regularise the
equation, study its limiting properties and next remove the regularisation. For
the regularised equation we take the a-model, introduced by J. Leray in [18] for
an analytical study of the NSE. Namely, we replace the nonlinearity (u-V)u by
(Gou - V) u, where G, = (1 + aA:)™1, and write thus regularised equation as

u' + vAu+ Bo(Gau, u) = fo + W, (1.2)

IMore specifically, when time grows, the (strong) solution inevitably becomes very large,
so due to the well known lack of a corresponding result on the 3D NSE we cannot guarantee
that it keeps existing.



see Section 2.5. Analytical properties of eq. (1.2) are as good as those of the
2D NSE (in fact, they are even better). In particular, for any initial data the
equation has a unique solution, existing for all ¢, and the techniques, developed
for the stochastic 2D NSE allow to show that the equation has a stationary
measure &, which is unique if the force W, is nondegenerate. In the latter case
every solution u(t, ) of (1.2) converges to this measure in distribution:
Du(t) = pg as t— o0,

see Theorem 2.7. Our goal is to study behaviour of the measure & when ¢ — 0
and a — 0.

To describe the results, we consider the operator M. of averaging in the thin
direction 3, which maps 3D velocity fields on O, to 2D fields on T? by the
formula

1 [° 1 [°
(Mou)(z') = (/ uy (2, 23) dxs, g/ ug(z', w3) dacg) , o' = (21, 20) € T2
0 0

€
(1.3)
As in the previous works on the NSE in thin 3D domains, we compare M u(t),
where u(t) satisfies (1.2), with solutions for the 2D equation

v + Agv + Bo(v, v) = f(z') + rV'[v/(t, ), o eT?, (1.4)

where Ay and By are the corresponding 2D Stokes operator and the bilinear
operator, and f and W are limits of M, f. and M W, as € — 0 (below we assume
that these limits exist). Under a mild nondegeneracy assumption on the noise

/V[v/, the equation has a unique stationary measure g (which is a Borel measure
in the Lp-space of divergence-free vector fields on T?), see Theorem 2.4. We also
consider the a-approximation for equation (1.4) by putting Bo((1+aAg) " tv,v)
in (1.4) instead of By(v,v). Under the same nondegeneracy assumptions it also
has a unique stationary measure p®.

Our main results are presented in Theorem 3.1 and Theorem 3.2. In addition
to some nondegeneracy conditions on the random forces they require that (i) the
correlation operator of the Wiener process W.(t) in the Ls-space of vector-
functions on O, with respect to the normalised measure e ! dz; dzs dzs has a
finite trace, bounded uniformly in ¢; (ii) the Lo-norms of functions f.(z) are
bounded uniformly in e, and (iii) the correlation operator K, of 2D Wiener

process W(t, x’) satisfies the condition tr Ag Ky < oo.

The first main result (see Theorem 3.1) states that the projection M u of a
stationary measure u for (1.2) weakly converges as € — 0 to a unique stationary
measure p® of the 2D Leray approximation which, in its turn, converges as
a — 0 to the unique stationary measure p of 2D NSE (1.4). Moreover, if
a = afe) is a function of € which converges to zero as ¢ — 0 sufficiently slow in
comparison with e, then again ME,u?(E) converges to u as € — 0. In particular,
if the 3D noise W. is nondegenerate, then the stationary measure p& is unique,



and for any solution u2(t) of (1.2) we have

M.Dul(t) 2% Mop® =%y 270
where the arrows indicates the weak convergence of measures.

Our next main result deals with the limit ‘first ¢ — 0, next @« — 0’. It is
easy to establish that the set of measures {12,0 < a < 1} is tight in the space
of Borel measures in the corresponding Lo-space (see, e.g., Theorem 2.9 below).
Let us denote by Lim 4_.opug the set of all its limiting points as « — 0. We
prove in Theorem 3.2 that the set Lim ,_,ou2 is formed by (weakly) stationary
measures for the 3D NSE (1.1), and M, (Lim ,—opu) weakly converges to 2D
stationary measure p as € — 0. This means that choosing for each € > 0 any
te €ELIM o opud we have p. — pas e — 0.

Jointly the two theorems show that

lim lim M.p2 = lim Lim M ug = p. (1.5)

a—0 e—0 e—0 a—0
That is, in some rigorous sense the anisotropic 3D turbulence, described by
eq. (1.1) with a force, having bounded normalised intensity, may be approxi-
mated by the 2D turbulence, described by eq. (1.4). In particular, the energy
of the 3D flow is close to that of a corresponding 2D flow (as well as averaging
of any functional of the flow, which is continuous in the Ly-norm). In the same
time, we cannot prove that averaged enstrophy or enstrophy production of the
3D flow converges to that of the 2D flow, see a discussion in Section 3.

The paper is organised as follows. In Section 2 we describe the models under
the consideration, quote several known results concerning statistical solutions
and stationary measures and give some preliminary results on dependence of
statistical characteristics on € as € — 0. This section also contains Theorem 2.7
and Theorem 2.9 on the existence and limiting properties of stationary measures
g and corresponding statistical solutions for fixed €, which, as we believe, are of
independent interest. In Section 3 we formulate our main results (Theorem 3.1
and Theorem 3.2). The proofs are rather technical and defer to Section 4. In
this section we also prove Proposition 2.8 which makes an auxiliary step in the
proof of the uniqueness of the stationary measure p¢ for (1.2) in Theorem 2.7.

Notations. We denote by D(:) the distribution of a random variable, denote
by the symbol — the weak convergence of measures and denote by |- |z the
operator-norm for operators in a Hilbert space H.
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2 Models

2.1 3D Navier-Stokes equations in a thin domain

Let O. = T? x (0,¢), where T? is the torus T? = R? /(I;Z x I37Z), l1,l3 > 0, and
e € (0,1]. Let x = (z',x3) = (z1,72,73) € O, and let

u(z) = (ur(x),us(z),usz(z)), € O,

stands for a vector function on O.. On the domain O, we consider the Navier-
Stokes equations (NSE) perturbed by the white noise

3
Oru — vAu + Zujaju +Vp=fo+W. in O.x(0,+00), (2.1)
j=1

divu=0 in O x (0,+00), (2.2)
u(z,0) =up(z) in O.. (2.3)

We supplement the equations with the free boundary conditions in the thin
direction. Thus we impose the following boundary conditions:

2’ €T? (ie., uis (I1,lz)-periodic with respect to (z1,22)),
and

" (2.4)

j=12,
ji=12.

zz=¢ = O, 83Uj|

xr3=¢€ = O’
U3|m3:0 = O7 83uj| = 0,

$3=0
Here above f. = f.(x) is a deterministic time-independent force, and W.(t) is
generalised derivative of a Wiener process with values in appropriate function
space (see Section 2.2 below).

Let W, be the space, formed by divergence-free vector fields v = (u;);=1,2,3
on O, such that

u € [HQ((’)E)]?), / ujde =0, j=1,2,
O.

and condition (2.4) is satisfied. Let V. (respectively, H.) be the closure of W, in
[Hl(OE)]3 (respectively, in [L2(OE)]3). We denote by | -|. and (-,-). the norm
and the inner product in H. and by

lull = [Vule = [ac (u, u)]"

the norm in V.. Here and below

3
as(u,v) = Z/ Vu; - Vu; de.
j=170

We will also use the normalised versions of the introduced norms:

2 0. = 2| .. (2.5)

‘ : |O,E =& £ ||U|



We denote by A. the Stokes operator defined as an isomorphism from V.
onto the dual V! by

(Acu,v)vyr = ae(u,v), u,veV;.

The operator is extended to H. as a linear unbounded operator with a domain
D(A.) = W.. Let IL. be the Leray projector on H. in (L*(O.))3. Then

(A.u)(z) = (-II.Au)(z), for almost all z € O,

for every u € D(A.).
Now we consider the trilinear form

3
be(u, v,w) = Z /o uj Ojuwyde,  u,v € D(AL), w e (L*(0.))3.

Jil=1
It defines a bilinear operator B, by the formula
(B:(u,v),w)v, ,v: = be(u,v,w), u,v,wel,

and the system (2.1)—(2.4) can be written in the Leray form (1.1).

It is proved in the works on deterministic equations, mentioned in Introduc-
tion (see, e.g., [12, 24]), that if the random component W. of the force vanishes,
while f. € H. and ug € V. are bounded in certain sense, then for ¢ < 1 the
problem (1.1) has a unique strong solution. In [4] a similar result has been
obtained for the 3D NSE, perturbed by a random kick-force. In this work we
are concerned with forces, having non-trivial white component W.. We begin
their study with discussion of basic properties of the white forces and statistical
(weak) solutions.

2.2 Noise

We assume that the Wiener process W, has the form

We(t, ) = > b5;(t)ex, () + Z b5 B;(Deas (). (2.6)

J

Here 05, i)j are real numbers such that

B5 =) () <o, Bj=)» (b5)° <o, (2.7)
J J

and G;(t), Bj(t) are standard independent Wiener process, defined on a proba-
bility space (€2, 7,P). So W.(0) = 0. The system of vectors {ex,,eas;j = 1}
is the orthogonal basis of H., formed by eigenfunctions of the Stokes operator,
corresponding to eigenvalues {\;, A5}. They are normalised as follows:

lex; lo,e = |€A;|0,e =1



(see Appendix). So these vectors form an orthonormal basis of the space
(He,| - lo,e), while the vectors {5_1/26)\j,5_1/261\§} form an orthonormal ba-
sis of (H,|-|c). We also note that the eigenfunctions ey, have the structure
ex;, = (€,;0), where €y, are the eigenfunctions of the 2D Stokes operator on
T? which correspond the to same eigenvalues.

For any vectors f = > . fijex; +2_; fjeA§ and h =3 hjex;, +3; ﬁjeA§
from H., we have E(W_(t), f). = 0 and

E(We(t)a f)a(Wa(S)7 h))s = (t A S) (KEfa h)sa

where the correlation operator K. is diagonal in the basis {eA_j,eAj, j>1}
K.en, =e[ti)en,,  Keeas = elbfPens, j=1,2,... (2.8)

The relations above imply that

EW. ()2 =t-c- | Y 5]+ ) _[B5]°| =t-tr K. < oc.
J J
Note that the correlation operator for the process W, with respect to the scalar
product (+,-)o.c =&~ (,+): generated by |- |o is e 7' K..
It is well known that for a.e. w the corresponding realisation of the process
W, defines a continuous curve W,(t) € H,, see [8].

2.3 3D statistical solutions

We recall now some results from [25] (see also [26]) concerning statistical solu-
tions of problem (2.1)-(2.4).

Let us denote by W7 ° the completion of the space H, with respect to the
norm |A_° - |, with some s > 5/4, and for any T > 0 let Z% be the space of
functions u(z,t) in C(0,T; W, *®) such that

B T 5 \1/2
|ulze= sup [AZ%(u(t))|- + (/ |u(T)\6d7) < 0.
0<t<T o

We also set
25 ={u e C(0,00;W.°) : ur :=u o€ Zr for any T > 0}. (2.9)
This is a complete metric space with respect to the distance

|(u — v)n|zg

T o (2.10)

dist z< (u,v) = Z 27"
n=1

Tt is proved in [25] that if f. € H, and ug(z) is a random variable, independent

from the force W, and satisfying E|ug|?>™" < oo for some 7 > 0, then the problem



(2.1)-(2.4) has a statistical solution which is a Borel probability measure P. in
Z¢ supported by the set of functions u(x,t) in C(R; W *) such that

“(u(t) —u(s T
|u|r= sup A (ult) — uls))le + (/0 ||u(7')||§d7)1/2< 00 (2.11)

0<s,t<T |t — s]°

for some 0 < § < 1/2 and for all T. It means that there exists a new probability
space and on this space there exist processes u(t) € H., t > 0, and W(t) €
H., t >0, such that D(4(-)) = P. and

o~

o W, is a Wiener process, distributed as the process W;

e Di(0) = Dup and the random variable 4(0) is independent from the pro-

A

cess W;

e the process 4(t), t > 0, satisfies eq. (1.1) with W, replaced by WE. That

—

a(t) — a(0) + /Ot (vAci+ Bo(,0) — fo)ds = We(t) YE>0, (2.12)

almost surely (the equality (2.12) is understood in the usual sense: it
holds true after we multiply it in H. by any function ¢ € V. N C>®(0,)
and replace (B (4, @), ) by —(B:(4, ¢),a)).

We note that in [25, 26] the statistical solutions are defined in terms of Kol-
mogorov’s equation. That definition is equivalent to the one above.

It is also proved in [25, 26] that eq. (1.1) has a stationary statistical solution
which is a statistical solution, defined by a stationary Borel measure P.. That
is, the measure P. is invariant under the translations

25— 25 wu()—ulr+-), 7>0.

The trace-measure of the measure P, i.e., its image under the mapping u(-) —
u(0), is a measure on Vg, called a weakly stationary measure for eq. (1.1).

Statistical solutions for the 2D NSE and the a-approximation for the 3D NSE
which we consider later in this work are defined similarly. In Theorem 2.9 below
we construct stationary statistical solutions P. for (1.1) as limits (when a — 0)
of the statistical solutions to the corresponding a-approximations (1.2). Due to
lack of the uniqueness statement these 3D solutions P. may be different from
the solutions constructed in [25] by the Galerkin method.

2.4 Corresponding 2D Navier-Stokes equations

Our goal is to study solutions for (2.1)—(2.4) when ¢ — 0. Under this limit
problem (2.1)—(2.4) is closely related to the 2D NSE on T? (see Introduction).
To describe this relation we first define the space

V= {ueHl(Tz;Rz) : diviu =0, / udﬂc':O}7
T2



where the prime in div’u indicates that we consider the differential operation
with respect to the variable 2’ = (x1,22) (in contrast with & = (21, x2,23) =
(2/,x3)). Next we define the space H as a closure of V in [L2(T?)] ?. We denote
by |- |tz and (-, )tz the Lo-norm and Ls-inner product in PNI, and denote by
|- llr2 = |V - |72 the norm in the space V. The subscripts in |- |2, (-,-)r2 and
Il - Itz will be often omitted when apparent from the context.

One can see that the averaging operator M. given by (1.3) maps the spaces

H, and V; in Hand V respectively. The operator
(Mv) (z) = u(z) with wu;(z) =v;(z’) for j =1,2 and uzg =0

defines isometric embeddings M : V — (V,, || - llo,e) and M7 : H — (H.,|- lo,c)-
This operator is a right inverse to M., i.e. M, o M} =id, and is adjoint to the
operator M. : (H.,|-|o.) — H. We also define the operator M, in H. (resp. in
V.) by the formula

M.u = (Mou;0) = M*M.u, wu€ H, (resp. u € V.). (2.13)
The operator M, defines an orthogonal projector in H, and in V.. So
V.= M.V.®N.V., where N. =1 — M.. (2.14)

By an analogy with the deterministic NSE (see, e.g., [24]) and the equation,
perturbed by a kick-force [4], we can conjecture that if the limits

f=lmM.feH and b’ =1limbs, j>1,
e—0 J e—0 7

exist, then the M_-projections of solutions to (2.1)—(2.4) should be close (when
€ < 1) to solutions of the following 2D NSE on T?

2 .
O — D+ v+ Vp=F+W in T2 x (0,400), (2.15)
j=1
/ v(t,2')dr' =0; div'e=0 in T2 x (0,+00), (2.16)
T2
v(2’,0) = Tp(x') in T2 (2.17)

Here W(t, ') = W(t) is the Wiener process in H of the form

W(t) =Y 18;(1)ex,, Bo=Y (b9)? < oo,

J J

where €y, = M_.e,, are eigenfunctions of the 2D Stokes operator (see Appendix).

So a.a. realisation of W defines a continuous trajectory in H, and the correlation
operator K of the process is the diagonal operator

Koey, = [b9)%es,, j=1,2,...,



cf. Section 2.2.
In the abstract form problem (2.15)—(2.17) can be written as

u + vAgu + Bo(u,u) = f+ W,  u(0) = ug, (2.18)

where Ay and B are the corresponding two dimensional Stokes operator and
bilinear operator.

A random field u(t,x) is called a (strong) solution of the problem (2.15)-
(2.17) (written in the form (2.18)) on a segment [0, 7] if for a.a. w it defines a
curve in C([0,T), H) N Ly([0,T], V), satisfying

w(t) — o + /O (vAqu(r) + Bo(u(r), u(r)) — F) dr = W (1),

for all 0 <¢ <T. A random field u(t,z) which defines a random process with
trajectories in the space

Z = C(0,00; H) N Ly 156(0,00; V) , (2.19)

is a solution of (2.18) for ¢t € [0, c0) if it is a solution on any finite segment [0, T7].

We also consider the process W (t) = M.W.(t). It has the form above with
the correlation operator e ~* M. K. M7, which is the diagonal operator in H with
the eigenvalues (b5)%. Below we will study the 2D NSE (2.18) with W =Wwe

and f = f. = M. f:
W+ vAgu+ Bo(u,u) = fo + W, u(0) =us. (2.20)

The stochastic evolution equation (2.18) was studied by many authors (see,
e.g., [8, 25, 26, 14, 15] and the references therein). Here we will recall basic
result on the existence and uniqueness of its solutions from [14].

Theorem 2.1 If [ € H and up = uf s a random variable in H indepen-

dent from the process W (t) and such that E|ug|> < oo, then eq. (2.18) has a
unique (up to equivalence) solution u(t), t > 0. If, in addition, tr(AoKy) =
DA (bY)? < oo and

Egy(uo) = Eexp(Bo || uo [I*) < o0 (2.21)

for some By € <O,V\K0|Z(1ﬁ)>, then for every (1 < % - Bo (1/ - ﬁ0|K0|£(}~I)) we

have
t
Eexp <ﬁo|IU(t)2 01 [ | Aqu() dT> <ot By (222)
0

for allt >0, where v = g—g (| f|2 +v tr(AoKo)). Furthermore for any positive
A there exists a constant Dg, » > 0 such that

Eexp(ﬁo||u(t)||2) < Dg,x+ e Mt=s) Eexp(ﬁoHu(s)HQ), t>s>0. (2.23)

10



Proof. The proof of the first part can be found in [14]. For the proof of
relations (2.22) and (2.23) we refer to [3]. O

The solution u, constructed in this theorem, will be denoted wu(t;ug) =

u(t,z;up). It defines a Markov process in the space H with the transition
function Pi(v,-) = Du(t;v); see [14, 25, 8, 15].

Corollary 2.2 Let the hypotheses of Theorem 2.1 be in force. Then for any
co > 0 there exists t, > 0 such that

Bewp (e [ Iu(r)Par ) <€ By (o (221

for all 0 <t < t,, where Eg,(ug) is defined in (2.21) and v > 0 is the same as
Bo
in (2.22).

Proof. By the Jensen inequality

t 1t
Eexp (Co/ ||U(T)||2d7') < z/ Eexp (cot||u(7')\|2) dr.
0 0

Therefore by (2.22) under the condition ¢ot < 5y we have

t 1 t
Bexp (o [ JutrlPar) <1 [ eirBexs (Glu)?).
0 0
This implies (2.24). O

Clearly Theorem 2.1 and Corollary 2.2 remain true for problem (2.20) with

the noise WE = M_W,. and the force fe depending on €. The corresponding
constants 3y, (1, v and t, in Theorem 2.1 and Corollary 2.2 can be chosen
independent of ¢ provided that

|]A‘;\Tz <e¢; and e r (AOMEKME*) = Z)\j [b§]2 < e,
J

where the constants ¢; and ¢ do not depend on e.

Below we need the following assertion on the difference of solutions for prob-
lems (2.18) and (2.20).

Proposition 2.3 Let u and u. be solutions of (2.18) and (2.20). Assume that
tr(AogKo) < oo and the initial data ug satisfies (2.21) with some By > 0. Then
there exists a constant t, > 0, independent from ug, such that

E%la)]i\u(t) —u(t)]? (2.25)
L

< C{ [Blu(0) = u(0)]*]"/* + 3005 — ¥9)2 + |7 - -2},

J

where C' depends on t, and Eg,(ug).

11



Proof. Consider the difference 2 = u—wu,.. The process u satisfies the equation
@ + vAoii + Bo(ii,u) + Bo(ue, @) = f — fo + W,
where W is a Wiener process of the form
We(t) = (b5 =) B;() &,
J

with the diagonal correlation operator K., FEE,\J. = [bg-) — b;]2 ey, for each j.
Applying Ito’s formula to the functional %"L_LF we obtain that

1 t t
§|11(t)|2+1// |\a||2dr+/ bo (@, u, @)dr
0 0
1 P o 1 —
= E|a(0)|2+/ (f—fs7ﬂ)dT+M5(t)+§t~trK5, (2.26)
0

where M. (t) = [}

o ((7),dW(7)). By the Doob inequality (see, e.g.,[13, 8])

[E max Ma(s)lzr/2 < 2[/OtE(K€u,u)d7r/2

s€[0,t]

< ¢ t-tr Ko +n-E max |a(s)]®?  (2.27)
n s€0,t]

for any n > 0.
Since |bo (i, u, w)| < C|lull||a|l|d| < v|al? + Cy||ul?|ua)?, from (2.26) we get
that

a2 < m(t) + C, / lu(r)|Pla(r) Pdr,

where m(t) = c [|ﬁ(0)\2 | f = L2+ M)+t trfs}. Thus by Gron-
wall’s lemma we have that

max |a(s)|> < max m(s)exp {C/Ot ||u(7)2d7} .

s€[0,t] s€[0,t]
This implies that

B e )] < [B max (o] e Besp foo [ ||u<¢>||2dTH”2

s€[0,t] s€[0,t]

Consequently by Corollary 2.2 there exists ¢, > 0 such that
, 1/2
E u(s))?| < |E 2 E 2
| a9 < B ()] [B g ()]

for all t € [0,¢.]. Now using (2.27) with an appropriate 7 > 0 we obtain the
estimate desired in (2.25). O
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A Borel measure p on H is said to be a stationary measure for eq. (2.18) if
it is a stationary measure for the Markov process which the equation defines in
the space H. This means that

/~Ef(u(t;uo))u(du0) = /ﬁf(uo)ﬂ(duo) for any f € Cb(ﬁ[)~

H

Let us write the force f(z) as f = > fjg,\j.

Theorem 2.4 Assume that tr(AgKo) < oo, that b} # 0 iffi #£03G=1,2,...),
and that b? #0,5=1,...,N for N large enough. Then there exists a unique
stationary measure p for (2.18), and every solution of (2.18) given by Theo-
rem 2.1 converges to u in distribution when t — oco. This measure satisfies

/~ exp {Bo || v |*} p(du) < 0o for any By < v|Ko Z(lﬁ) (2.28)
H

Proof. The existence of the stationary measure is well-known via the standard
Krylov-Bogolyubov procedure (see, e.g., [14, 25]). Concerning the uniqueness of
the measure under the imposed assumptions see [23, 15]. The claimed estimate
(2.28) follows from (2.23) and the Fatout lemma in the standard way (see [25, 26]
for similar arguments). (]

The uniqueness of the measure p implies the same property for statistical solu-
tions. More precisely, we have thee following assertion.

Corollary 2.5 Let the hypotheses of Theorem 2.4 be in force. Then problem
(2.18) has a unique stationary statistical solution (in the sense of definitions in
Section 2.3) as a Borel probability measure on the space Z given by (2.19).

Proof. Let u(t),t > 0, be a solution of (2.18), such that Du(0) = p. Its
distribution is a Borel measure P in the space Z. This is stationary statistical
solution of the equation (cf. Section 2.3). Let P’ be another stationary sta-

tistical solution. Then P’ = Du(-), where v(t) is a solution of (2.18) with W
replaced by another process, distributed as W. Sod = Dv(0) is a stationary
measure for the Markov process, defined by the equation, and ¢ = p by the
theorem above. Accordingly, P’ is the distribution of trajectories of the Markov
process with the initial measure u. So P/ = P; that is, the stationary statistical
solution P for the 2D NSE is unique. O

2.5 Leray a-approximation of stochastic 3D Navier-Stokes
equations

It is unknown if the 3D NSE (2.1)-(2.4) has a unique solution. So to make a
progress in its study we replace the equation by its Leray a-approzimation [18],
in order later to send « to zero. That is, we consider the equations

3
Oru — vAu + Zv]@ju +Vp=fot+W. in O.x(0,+0), (2.29)

Jj=1
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divu=0 in O x (0,400),
u(z,0) =up(z) in O,
where the forces f. and W. are the same as in (2.1). The equations are sup-

plemented with boundary conditions (2.4), and the vector field v = (v1, va, v3)
solves the elliptic problem

v—alv=u, dive=0 in O, x (0,+00), (2.30)

and satisfies the same boundary conditions.
In the Leray representation the problem above takes the form

u' + vAu+ Bo(Gou,u) = fo+We,  u(0) = ug, (2.31)

where G, = (I + aA.)~! is the Green operator for problem (2.30) with bound-
ary conditions (2.4). The nonlinear term B.(Gqu,u) in (2.31) possesses the
properties:

(Be(Gav,u),u) =0

and
|Be(Gaur, ur) = Be(Gaug,uz)le < Cae ([Junlle + [luzlle) lur —ualle. (2.32)
This allows to obtain for the a-model results, similar to those in the 2D case.

Theorem 2.6 Assume that W(t) is the Wiener process in H. of the form
(2.6) and relations (2.7) holds. Let f € H.. Then there exists a unique (strong)
solution u(t) to (2.31) for any initial data uy which is independent from the
noise and satisfies Elug|? < 0o. Moreover, for any n > 1 we have

t
Blu(t)f. + 5 | Blulgl ™ Jull} dr < Elu(O) +b,t <oo.  (233)
0

where b, = C,v*~"0™ with o, =&~} (tr K.+ A—l}\fgﬁ) Here above we use the
notations (2.5) and (2.8).

Proof. Due to the regularity in (2.32) the existence and uniqueness of strong
solutions can be obtained by the same argument as for 2D NSE (see, e.g., [14]
or [8]).

Now we prove (2.33). Here our arguments are formal. To make them rigorous
one should consider the Galerkin approximations for the problem.

Let us consider the functional F(u(t)) = |u(t)|?". Using the Ito formula we
have

dF = 2n|u|*™ Y (u, du). +n {|u|§(”_1)tr K. +2(n—1)u*" 2 (K. u, u)g} dt.

14



Since (u,du). = —v/||u||?dt+ (u, f-dt+dW,.), then integrating the equality above
we obtain

t
Elu(t)" + 2vn / Ejul2=||u|2dr
0
t
— Eu(0) §"+2n/ E (|u2" D, f.). ) dr
0
t
—|—n/ E (|u|§(”_1)tr K. 42(n—1)u*"2(K.u, u)5> dr.
0
Therefore
t
Elu()[2" + vn / EJuf20 Ju|2dr
2n A 2 ! 2(n—1)
< E[u0)"+C, | tr K.+ 7|fe|g + [Kel . E[ul dr.
0

Since |K.|z(m.) < tr K., then the second term in the r.h.s. is bounded by
t t (n=1)/n

C’;aag/ Eu|?"Vdr < ! co. </ E|u§"d7'> i/

0 0

¢
< %)\’f/ Elu*"dr + tC! (co)"v' ™.
0

Since A1 |u|? < |lu||?, by relations (2.5) this implies the required estimate. O

Under the condition o, < C for all 0 < ¢ < ¢ the constant b, in (2.33) is
independent from o and e. Therefore if E|u(0)[3" < C for all 0 < € < e, then
we have a priori uniform (with respect to a and €) estimates for solution w(t)
in the theorem above. This observation is important in the limit transitions
below.

Let us decompose the force f. = f.(z) in (2.29) in the basis of H,:
fe(@) =7 fiea, (@) + ) fieas (@)
Theorem 2.7 1) Eq. (2.31) has a stationary measure pu& in H., satisfying

[ B @ < o m=r2, (230
H.

where the constants C,, are increasing functions of o, = e~ ! [tr K.+ ’\—Vl\fgm,
independent from .
2) There are constants n(e,«) and n(e, o) such that if b5 # 0 for j <n and

3§#Of0rj§ﬁ,andif
VA0 if f;#0 and b5 #£0 if f; #£0, V], (2.35)
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then a stationary measure is unique, and every solution of (2.31) converges to
it in distribution as time goes to infinity. In particular, this conclusion holds
true when b # 0 and I;j #£0 for all j.

3) Assume that e trK. < co and e7|f-|c < ¢1 for all e. Then n(e, )
may be chosen independent from €, and the assumption Bj £ 0 for j < n may
be dropped if € < e, where g9 = go(a) > 0.

Proof. The first assertion follows from the Bogolyubov-Krylov arguments and
the Fatout lemma in the standard way, cf. [15], Section 4.4.

The second assertion follows from the techniques, developed in recent works
on the randomly forced 2D NSE, discussed in Introduction. More specifically,
in [17, 23] the 2D NSE is written in the abstract form as

u + Lu+ B(u,u) = f + W (2.36)

(in [17] f = 0, but it is shown in [23] that the arguments of that work apply
to equations with non-zero f). The proof in [17, 23] uses only basic properties
of the linear operator L and the quadratic operator B. It is straightforward
that the operators vA. and B in (2.31) satisfy these properties, if we choose
for the basic function space the space (He,| - |0,c). So the main theorems in the
references above apply and imply the uniqueness of a stationary measure and
the assertion about the convergence.

The proof in [17, 23] uses in a critical way the ‘squeezing property’, stating
that asymptotical in time behaviour of a solution for (2.36) with a deterministic
r.h.s. is determined by its finite-dimensional part, formed by first few Fourier
harmonics of the solution. The validity of this property for the a-model can
be checked by literal repeating of the classical arguments due to Foias-Prodi,
exploited in [17, 23] (see Proposition A.1 in [17]). The finite-dimensional part
corresponds to the subspace of H., spanned by the vectors ey,,j < n(e,a),
and e Az, J < n(e, ), where the corresponding eigenvalues \; and A? contain all
eigenvalues of the Stokes operator A, smaller than a suitable threshold N.

To prove the last assertion of the theorem we have to estimate how the
numbers n and 72 grow when ¢ — 0. Let us write the spectrum of the Stokes
operator A., formed by the two branches {\;} and {A5} (see Appendix) as
p1 < po < ..., and denote by {b,,} the corresponding coefficients in the de-
composition of the Wiener process W.. By [17, 23] a stationary measure is
unique if (2.35) holds and b, # 0 for j < N,. The constant N = N, should
be so big that the assumptions (A.1) and (A.2) of Proposition A.1 in [17] imply
the estimate (A.3). This can be achieved with help of the following proposition
(which is an analog of Proposition A.1[17] for the case considered).

Proposition 2.8 Let u;, i = 1,2 be solutions to the (deterministic) problems
u +vAcu+ Bo(Gou,u) = n;(t), i=1,2.

Assume that

t
/Hu1(7)||g78d7'§p+K(t—s), O<s<t<s+T,  (2.37)
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where p, K and T are nonnegative constants. Let P = P, ; be the spectral
orthoprojector on the subspace

Span{eA].,eAf 1 <5 <n, 1§i§ﬁ}7 n>1, n>0

(if i = 0, then the subspace equals Span{ey, : 1 < j <n}), and Q =1— P. If
Puy(t) = Pug(t) and Qni(t) = Qna(t) for allt € [s,s + T, then

lur (t) — u2(t)|oe < efm"'ﬁ(tfs)+p"|u1 (s) —u2(s)oe, tels,s+T], (2.38)

where

14 . C()K
M., = 3 mm{)\nH,A%+1 e

)

&+ A1), o= %(52 + 0.

We prove this proposition in Section 4.5.

The structure of the constant m, ; and the fact that A > e~2 for all k
imply the third assertion of the theorem by the same argument as in [17]. O

Let u2(t), t > 0, be a stationary solution of (2.31), corresponding to the
stationary measure pu%. Then P® = Du2(-) is a stationary statistical solution
of (2.31) in the space Z¢. For the same reason as in the 2D case (see Corol-
lary 2.5), under the assumptions of item 2) of the theorem this equation has a
unique stationary statistical solution. Other properties of PY are collected in

g
the following assertion.

Theorem 2.9 1) Let P* = Du(-) be a stationary statistical solution of (2.31)
in the space Z° given by (2.9). Then for any fixred € > 0 the set of measures
{P* 0 < o < 1} is tight in the space of Borel measures on Z° and the corre-
sponding trace-measures ug are tight in H..

2) Let P. be any limiting measure for this family as o — 0.2 Then the
measure P. is a stationary statistical solution of the 3D NSE (1.1) in the space
Z=. Its trace-measure p. (i) satisfies estimates (2.34), (ii) is a limiting points
for p2 in H, as « — 0, and (i1i) is a weakly stationary measure for (1.1) (see
Section 2.3 for the corresponding definitions).

Proof. 1) The tightness of the set {P* 0 < a < 1} follows by repeating the
argument from [25, Chap. IV]. Moreover, in the same way as in [25, Chap. IV]
we can derive from (2.34) the estimate

[ ulypean) < € (2.39)

for every T > 0 and for some x > 0, where | - |r is given by (2.11) and the
constant C7 does not depend on . The tightness of 2 follows from (2.34).

. (e N
2this means that P.? — P. in the space of Borel measures on Z¢ for some sequence
a; — 0.
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2) By the Skorokhod representation theorem (see [13]), there exists a new
probability space and on this space there are random processes g’ (t) € H.,
t >0, and 4.(t) € H., t > 0, such that D(ic’) = P, D(.) = P. and

W% —a. in 2Z° (2.40)

almost surely. Since P2 s a statistical solution, then a.s. u = 427 satisfies
t
u(t) — u(0) +/ (VAcu + Bo(Gou,u) — f)ds = W2i(t), Vt>0, (2.41)
0

where W (t) is a Wiener process, distributed as W.(t). The validity of equa-
tion (2.41) is understood in the same way as that of (2.12).
Let e be any basis vector ey, or e ASs and b, be the corresponding coefficient

b5 or Bj Let us denote by &7 (t) the H.-scalar product of the Lh.s. of (2.41)
with e~ 'e, where u = @¢’ and we replace b(Go,u,u,e) with —b(Go,u, e, u).
Then (2.41) implies that &2 (¢) is a scalar Wiener process with the dispersion
E(£7(t))? = b2t. The convergence (2.40) and estimate (2.39) imply that

€9() — &(t) as.,

uniformly for ¢ in finite segments, where the process £2(¢) is obtained by replac-
ing 47 (t) by 1. (t). Therefore £2(¢) also is a Wiener process with the dispersion
b2t.

Now let us take any two basis vectors €’ # e”. Since the Wiener processes
€57 (t) and €57 (t) are independent, then the limiting processes €9 (t) and &2, (¢)
are independent as well. Therefore we see that the process 4. (¢) satisfies (2.41),
where the Wiener process W:7(t) is replaced by an equidistributed process
W2(t). So P is a statistical solution.

The estimates on the measure . follows from the estimates (2.34) on the
measures p2, the convergence (2.40) and the Fatout lemma. The theorem is
proved. O

2.6 Leray a-approximation of stochastic 2D NSE
We may also consider the a-approximation for the 2D NSE (2.18):

v+ vAgu + Bo(Gov,v) = F+W, v(0) = v, (2.42)

where GY = (1 + ady)~!, @ > 0. This equation possesses the same properties
as the 2D NSE: given a suitable initial condition it has a unique solution, and
under the assumptions of Theorem 2.4 it has a unique stationary measure in
the space H. However we cannot guarantee bounds (2.22), (2.23) and (2.28)
for exponential moments in the case when a > 0. The point is that in the
case a = 0 the proof of these estimates in [3] involves essentially the fact that
bo(u,u, Agu) = 0. If a > 0, then bo(G2u, u, Agu) may be not zero and thus the
argument of [3] will not apply. In the case & > 0 we can only use the relation
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bo(G%u,u,u) = 0. This leads to the following analogies of Theorem 2.1 and
Proposition 2.3 which provide us with the boundedness of exponential moments
involving weaker norms.

Theorem 2.10 If f € H and ug = ug is a random variable in H independent

from the process W (t) and such that Elug|? < oo, then eq. (2.42) has a unique
(up to equivalence) solution u(t), t > 0. If, in addition,

Ep, (uo) = Eexp(fBouol?) < oo (2.43)

for some By € <O,V\K0 Z(lﬁ))\fl), where A1 > 0 is the first eigenvalue of the

2D Stokes operator, then for every 31 < % - Bo (V - ,60)\1|K0|£(I~{)> we have

Eexp <ﬁ0|u(t)|2 + 61 /0 ||u(7’)|2d7') < et Ego (uo) (2.44)

for allt > 0, where v = 25?\1 <| f|2 +r\ trKo). Furthermore for any positive
A there exists a constant Dg, » > 0 such that

E exp(folu(t)|?) < Dgyx + e 279 - Eexp(Bolu(s)|?), t>s5>0. (2.45)

Moreover, if u. is solution to

v+ vAgu + By(Gou,v) = fo+ W., v(0) = vg,
then there exists a constant t, = t.(a) > 0, independent from ug, such that

Egla)]c lu(t) — ue(t)[? (2.46)
it

< L [Blu(0) - w1 + 3005 - 892 +1F - 2P,

J
where C' depends on t., a and Ego (uo).

Proof. This is a slight modification of argument given in [3] and in the proof
of Proposition 2.3. To obtain (2.44) and (2.45) we apply the Ito formula to the

process F'(t) = exp (ﬁo|u(t)\2 + 6 fg ||u(7')||2d7). To establish (2.46) we use
the estimate

[bo(@, u,@)| < vl|al)® + Cla)|uPlaf®, wueV,

which makes it possible, via the corresponding analog of Corollary 2.2, to derive
(2.46) from (2.44) (cf. the proof of Proposition 2.3). O
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3 Main results

In the theorem below M, u stands for the image of a measure p under the map
M, defined in (1.3).

Theorem 3.1 Assume that
o the assumptions of Theorem 2.4 hold;

e there exist constants ¢; independent of € such that

e lr K. < ¢y, £_1|f5|§ < ey (3.1)
e we have that
lim > [0 051> =0 and lim |f — M.f.| = 0. (3.2)

J

Let u2 be a stationary measure for eq. (2.31), given by Theorem 2.7. Then the
following assertions hold for the measures & = Mopg :

o % — % in H ase — 0, where u® is a unique stationary measure for the
corresponding 2D a-model (2.42), and p® — p as « — 0, where p is a
unique stationary measure for the 2D NSE (2.18).

o If a = ae) is such that

lim a(e) =0 and Ell_r% {ea(e)™?} =0, (3.3)

e—0

~a(e)

then fie 4/Jinlivlass—>0.

We note that in Theorem 3.1 we do not assume that the stationary measure
pe is unique for a, e > 0. However under condition (3.1) we can use the third
statement of Theorem 2.7 to claim this uniqueness for £ < go(a) by increasing
the parameter N in the hypotheses of Theorem 2.4.

We also note that an assertion similar to Theorem 3.1 can be easily estab-
lished for stationary statistical solutions P¢.

The following assertion give a result concerning another iterated limit: first
a — 0, then ¢ — 0.

Theorem 3.2 Let {P.} be the family of stationary statistical solutions con-
structed in Theorem 2.9. Then under conditions (3.1) the family {M_.P.} is
tight in the space LY¢(Ry; H) N C(Ry; VN\/fl), where W= is the completion of
H with respect to the norm |Ag ! |12, Moreover, if (3.2) holds and the assump-
tions of Theorem 2.4 are in force, then the only limit point of the family { M. P}
as € — 0 is the stationary statistical solution P of the 2D NSE (2.18). Accord-
ingly, the only limit point of the family { M u.} is the unique stationary measure
w of (2.18). Here p. is the trace measure for P. (which is weakly stationary
measure for eq. (1.1)).
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Under the conditions of the both Theorems 3.1 and 3.2 we obviously have re-
lation (1.5) claimed in the Introduction. Moreover, using (2.34) one can see
that

lir% |Nou)? _p&(du) =0  uniformly in a,
e— H. ’

where N. is the "vertical’ projection defined in Section 2.4 (see eq.2.14), and that
the averaged mean energy E(u) = % fH |U‘%,sl‘? (du) possesses the property

g iy B(x2) = £0) = 5 [ fulfep(d)
a—0e—0 2 H

In contrast with the kick model considered in [4] we are not able to establish
similar convergence of averaged enstrophy and enstrophy production. However
it should be noted that for a fired @ > 0 the convergence properties of the
measures 12 can be improved and the hypotheses concerning f. and W, can be
relaxed. This claim is based on the fact that using additional regularity provided
by a-approximation, in contrast with (2.33), we can estimate the projections
M.u and N.u separately. We do not discuss this issue in details.

4 Proofs

In this section we provide the proofs of Theorem 3.1, Theorem 3.2 and Propo-
sition 2.8 which we need to complete the proof of Theorem 2.7.

4.1 Preliminaries

We define the operators ME and 1\75 =1- Ma as in Section 2.4 (see relations
(2.13) and (2.14)). The most important property (see, e.g., [24]) of these op-
erators is that M. and N, are spectral (orthogonal) projectors for the Stokes
operator A.. In particular, these operators map V. to itself, are orthogonal
in both spaces H. and V., and commute with A.. Other properties of these
operators which we use in the further considerations are listed below (we refer

to [24] for the proofs):
(i) M.8,, = d,,M. and N.8,, = 8,,N., i =1,2.

(ii) If one of the vector fields u, w, v lies in N.V. and two others belong to
M.V, then b.(u,w,v) = 0. In particular, for all u,w,v € V. we have

be (u, w, Mgv) = bE(Mgu, M_w, MEU) + bE(Ngu, N.w, Mav). (4.1)

(iii) There exist positive constants ¢y and ¢y such that for all € € (0,¢), the
following inequalities hold true.

|N5u\5 <e ’83]\7€u

for all u € V,, (4.2)

€

3/4
for all u € D(A.). (4.3)
g

|NEU|(LQO(OE))3 S CO‘N€U|;/4 ’AENEU

We use all these relations in the considerations below.
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4.2 Proof of Theorem 3.2

We start with the proof of the second main result because it does not require
an additional analysis of a-approximation (2.31) and thus is simpler than the
proof of Theorem 3.1.

The tightness follows from estimates (2.34), which are uniform in « and e,
in the same way as in Theorem 2.9, see also arguments in [25].

Let us denote by Z the space LY(Ry; V) N C(Ry; VN\/*l) and denote by P
any limiting measure as in the theorem. Then

M P, — P

in the space of Borel measures in Z, for some sequence £; — 0. Using the
Skorokhod representation theorem (see, e.g., [13]), we construct on a new prob-
ability space random processes ., (t) € H.,, t > 0, and (t) € H, t >0, such
that Di, (-) = P.,, Do(-) = P, and

M. i, — v in Z, as. (4.4)

(cf. Lemma 5.9 in [4]). Since P.; is a stationary statistical solution, then ., (t)

is a stationary process, satisfying (2.12) with a suitable Wiener process /ng.
Let us denote M, 1., (t) = U, (t). Applying the operator M, to (2.12) we get
that v = 9., a.s. satisfies

t
o(t) - v(0) + / (vAgv + M, B, (d,, i,) — M., f.,)ds = M., W, (1), (4.5)
0

for any ¢t > 0. Let us take any vector e = €y, multiply (4.5) by e in H, and
denote the corresponding Lh.s. &7 (t). Consider the 3-linear term

b, (t) := (M., B, (4, 0), e)p> = € 'be, (41, G, M e),

where 4 = d.,. Due to (4.1),

be,(t) = &5 "be, (M, @i, M. 1, M7 €) + €5 "be, (Ne
= bo(0e,, Ve, €) + €5 "be, (N, 1, N i, M e).

Using (4.2) we have that

t = €

e Y. (Noii, Noit, M¥e). < e 'C max {|Ve(z')[} IN.a|? < Cee||Noii?.
z'e
Therefore
|be; (t) = bo (e, Oe; €)] < Cegjllle, (t)HSJ (4.6)

Passing to the limit in (4.5), using (4.4) and the last estimate, and arguing as
when proving Theorem 2.9, we get that P = D(0) is a stationary statistical
solution of the 2D NSE. The assertion on convergence of M pu. follows from
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the uniqueness of the measure P (see Corollary 2.5) and the fact that p is a
trace-measure for P. This completes the proof of Theorem 3.2.

We note that using relation (4.6) on the support of the measure M., P.; and
also the corresponding Kolmogorov equation (see [25]) we can suggest a more
direct proof of the theorem which avoids the Skorokhod theorem and statements
like Lemma 5.9 in [4].

4.3 Preparations for the proof of Theorem 3.1

The following assertion on the convergence of M.u(t;ug) is important in our
argument.

Theorem 4.1 Under the assumptions of Theorem 3.1, let u® be a solution for
the 8D a-approzimation (2.31). Then

o there exist t. = t.(a) > 0 such that
lim E sup |M.u2(t) — u®(t)[22 =0 (4.7

€20 o,t.]

for every fived o > 0, provided that lim._o E|M.u®(0) — u®(0)[3. = 0,
where u®(t) solves the 2D a-approximation (2.42);

o if a = a(e) satisfies (3.3), then there exist t. > 0 such that

lim E sup |M.u®® (t) — u(t)|2; =0, (4.8)
e—0 [0,t.]

provided lim_ E|M€u?(s) (0) — uplt, = 0, where u(t) is a solution to the
2D NSE (2.18).

In the argument below we mainly will concentrate on the proof of the second
part of Theorem 4.1 (the case o = a(€)). The case of the fixed « is simpler.
Since

| M2 (1) = ut)] < [Meug©(t) = o*(6)] + [0°() — u(?)], (4.9)
where v° solves the 2D problem
¥+ vAgb + By(9,0) = M.f + M.W.,

with initial data v°(0) = M.u(0), then in view of Proposition 2.3 to obtain (4.8)
it remains to estimate the first term in (4.9). For this end, due to estimates
(2.24) and (2.33), it is sufficient to prove the following assertion.

Proposition 4.2 Let u solves (2.31), ¥ satisfies the 2D NSE above and z =
M.u—v € H. Then for a.a. w we have

t
lz(H)[2. < |z(0)|%2E(17;t,0)+%1a9/0 |AY25(7) | B (53 t, 7)dr

C2

1/2 [t
2I5]" [ B s nar, (410)
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where FE(0;t,7) = exp{—y)\l(t -7)+ %’f: |Aé/26(s)|%2ds}, Here 0 € (0,1)
and the constants ¢; are independent of €, a and v.

Proof. The function z = M.u — v satisfies
7 +vAoz + M.B.(Gyu,u) — Bo(9,0) = 0,

Multiplying this relation in H by z we get that
1d
2dt

where F(u,9,z2) = —(M.B:(Gqu,u) — By(0,0),2)r2. We rewrite F(u,?,z) in

the form

|22 + V] Ay %22 = Fu,, 2), (4.11)

1
F(u,v,2) = —gbg(Gau,u, MXz) + bo(0,9, 2).

By (4.1) we have that

ébE(Gau, u, M¥z) = %bE(NEGau, N.u, MZ2) + bo(MGou, Mou, M 2)
and the symmetry by (M:Gu, z,z) = 0 yields
%bg(Gau, u, Ml z) = ébE(NsGau, N.u, MZz) 4+ bo(M:Gqu, 0, 2).
Therefore using the fact that M.G, = GY M. we obtain
F(u,9,2) = —ébg(NEGau, Neu, M?z) + bo(0, 8, 2) — bo(M.Gou, 0, 2)
= —ébg(NEGau, New, M 2) + bo(6 — M.Gou, 9, 2)
= by + bo + b3, (4.12)
where
by = %bs(NEGau,NEU,M;z),
by = —bo(Go2,0,2), by =0bo([I—Go5,7,2).

Estimate for b;: Using the symmetry of the trilinear form b. we obtain
that R . R A
eby = —bo(N.Gou, Nou, M} z) = b (N.Gou, Mz, Nou).

Thus by (4.3) we have that

elbil < VM max {|N.Gou()| | |Neul.

< Ve AN 2|p2 | AcN.Gou) ¥/ 4| Noul3/*
< evElAy 2l | AcGal| Gy | Neul?.
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Since |A:Gallz(m.) < ot and by (4.2)
|NEU|,§ = \N8u|g’/4|N5u|§/4 < 53/4||N6U||§/4|N8“‘§/47

we obtain that

e 11/4 . .
bil < | S5] 1Ay e | N2 N2
1/2 2 cre vz . 3/2\x7 ,,15/2
< oA e+ 5 [ S5 IRl N
for every § > 0.
Estimate for by: It is clear that
1/2~
1ba] < el Ag 0112 G2 1y, (12121 Loy (72,
where pl_1 +p2_1 =1and 1 < p1,p2 < co. Since
s ; 2
D(AY?) c [HY(TH)]® C [Ly(T)]? for s=1-=, ¢>2,
q

we obtain that

IN

| AY2 GO 2|2 | AL 2 2 e

| A2 2| g2 | AL 02 2 e,

1G22 Loy, 22y 1211 L c22)

IA

where @ =1 — p;' = p;* € (0,1). Thus by interpolation we have that
1/2
16221 Loy () 121 £y 72y < el A" 2221
Therefore
. c ~

ba] < el Ao o= Ay 2|l < 314y *2[Re + Szl Ay "3

for every § > 0.
Estimate for b3: We obviously have that

bs = bo([I — G2 9,5,2) = —bo([I — G2] ¥, 2, D).

(4.13)

Let p{l —|—p51 =1and 1< py,p2 < 0c0. As above, using the embedding in (4.14)

we obtain

|b3]

IN

1/2 ~ ~
c| Ay *2lw2 18|, (r2) | [T — GO B, (72)

| Ay 2|2 | AY 252 | AS O [1 = GO

IN

T2

—6/2 1/2 0/2 ~ 1/2~
< A" 1= G|, 1A 2ol 4G P A ke,
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where @ = 1 — p;* = p; ' € (0,1). One can see that

a)\l—&/?
<max — < «

‘ 0/2
L(H) = \<o 14+aX — '

A2 [1 - 62
Therefore
lbs| < ca®/2| ALY 2 2|2 | AL 25|22, < 8| AL 22 20 + ae\A1/2v|Tz

for every 6 > 0 and 0 € (0,1).

Final step: Substituting the estimates for by, by and b3 in (4.12) and choos-
ing appropriative 6 > 0 from (4.11) we obtain that

1/2

f\z|T2+u|A ARe < ||T2|A”2v\w (4.15)

/2 .
+ 2014 0l + 2 S| Nl 22 N2,
v la
Since |A(1)/2z|12r2 > A1]z|22 we can apply Gronwall’s lemma to obtain (4.10) and
complete the proof of Proposition 4.2. O

For the proof the first statement of Theorem 4.1 instead of Proposition 4.2 we
use the following assertion.

Proposition 4.3 Let u solves (2.31) and ¥ solves the 2D a-approxzimation
¥ 4 vAgb + Bo(G%0,0) = M. f + M.W., u(0) = uo. (4.16)
Then the difference z = M.u — v satisfy the relation

2(t)F < [2(0)[7E°(3,0)

o 2t o
>l / lu(r) 122 [u(r) 22 B (38, 7)dr - (4.17)
v la 0

for a.a. w, where E*(0;t,T) = exp{—u)\l (t—1) f |o(s |T2ds} Here the

constants c¢; are independent of €, a and v.

Proof. The same argument as in Proposition 4.2 shows that relation (4.11)
holds with

1 N .
F(u,v,2) = —gbe(NEGau,Nsu, MZz) — bo(G22, 0, 2) = by + by.
We note that b; and bs have the same structure as in the proof of Proposi-

tion 4.2. However to apply exponential estimates from Theorem 2.10 we need
some modification in the estimating of bs.
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Since |[|z||z.(r2) < C|z|11ré2|Aoz\11ré2 (see, e.g., [6]) and |A0Gg|£(g) < a

one can see that

‘bQ‘ = |b0(G2¢Z71~)72)‘ = ‘bO(GgZ,Zaﬁ”
< C sup (|G} 9l Ag 2l
x' €
< OGS A0GR 21 Bl | A 2 e
C . (O
< eltlmlelrelAg 2l < 01452l + o 4l

for any 6 > 0. Therefore using (4.11) and (4.13) for the case considered we
obtain that

d co . c1 [ e 11/2
ol + Ml < S foalefe + [ S| 22l

Therefore Gronwall’s lemma implies (4.17). This completes the proof of Propo-
sition 4.3. O

Now we are in position to complete the proof of Theorem 4.1.

Completion of the proof of Theorem 4.1: It follows from Proposi-

tion 4.2 that
Bma |=(0)f: < [Bl=(0)/%:]"* [BE@; )7

t 1/2
+%a9 U E|A(1)/217(T)|%2d7'} [tLEE®;t.)2]"?
0

3/4

cy [ eVl [t . . 1/4

L2 [S) | Bt ey
«@ 0

where we denote FE(0;t) = exp (%0 fg |A(1)/217(s)|%2d8>. Therefore Proposi-

tion 2.3 and estimates (2.24) and (2.33) allow us to conclude the proof of the

second part of Theorem 4.1.

As for the first part of this theorem, arguments are based on Theorem 2.10
and Proposition 4.3 and involve the same ideas.

4.4 Proof of Theorem 3.1

We restrict ourselves to the second assertion of the theorem since a proof of the
first one is similar and a bit simpler. By (2.34) with n = 1 and the Prokhorov
theorem the family of measures {ﬂ?(g)} is tight in P(H). Let us take any
converging subsequence

i = ﬂ?(gf) —~ 4 in H.

J

To prove the assertion we have to show that g = pu.
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By the Skorokhod representation theorem (see [13]), on a new probability
space for which we take the segment [0,1], given the Borel sigma-algebra and
the Lebesgue measure, we can construct H-valued random variables & and {v;}
such that

D(v;) = pj, D@)=f and v; — o as. in H.

Moreover, Eg,(0) < oo, where Eg, is defined in (2.21) and, due to (2.34), we
have that E|v; — 0|* — 0 as j — oc.

We will view ¥ and {v; } as random variables in the probability space Qe =
[0,1]x [0, 1], depending only on the first factor. For each j we find an H. -valued
random variable u; on ey, satisfying

Mcuj =v; and Duj = ,u?j(ej) ,

see Lemma 5.9 in [4]. Next on the space ¢, We construct independent stan-
dard Wiener processes {8} new, Bj new I, independent from the random variables
uj,v; and ¥, and consider equations (2.31) and (2.18), where the processes 3;
and ﬂAj are replaced by their ‘new’ replicas. Let uc,(t;u;) and ug(t;7) be so-
lutions for these equations with the initial data u; and o, respectively. These
processes have the same distributions as solutions for the equations with the
non-modified forces and with the initial data, distributed as p; and ji, respec-
tively. In particular,
B} ji = Duo(t; ),

where {B;,t > 0}, is the Markov semigroup in measures, corresponding to the
2D NSE, see [8, 15]. Let g be any bounded Lipschitz function on H. Then

(g, B} 1) — Bg(M.,uc, (t;u;))| < E|g(uo(t;vy)) — g(Me,ue, (t;u;))] -

Since M. u; = vj, then choosing ¢ < ¢, and applying Theorem 4.1 we get that
the r.h.s. goes to zero with ¢;. Since Du; is a stationary measure, then

Eg(M.,uc, (t;u;)) = (g, Mz, o p2'9) = (g, 115) -

That is, |<g,8§uj> — <97,Uj>| — 0. Since p; — [t and the linear operators B;
are continuous in the x-weak topology in the space of measures, then passing to
the limit in the last relation we get that (g, B; i) = (g, i) for arbitrary bounded
Lipschitz function g. Hence, B i = fi for any 0 <t < t*. So p is a stationary
measure for (2.18), and & = p by the uniqueness. The theorem is proved.

4.5 Proof of Proposition 2.8

Now we complete the proof of Theorem 2.7 on the uniqueness of the stationary
measure for the 3D a-approximation (2.31). To do this we need to establish
Proposition 2.8 only.

For ©w = u; — ug we have that

v + vAcu+ Bo(Gou,ur) + Be(Goua,u) =11 — 1.
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Since u = Qu, we obtain that

1d

5 Qul -+ VAP Qu .+ a7 b (Gonun, Qu) = 0. (418)

The projector P can be written in the form P = P! + P2, where P! and P?
are the spectral orthoprojectors on the subspaces Span {e;v :1<5< n} and
Span {eAls, :1<i < ﬁ} Therefore

|AY2Qul3 . > min {A\ny1, A5y, } Qulf .. (4.19)
Now we estimate the nonlinear term in (4.18). Since
w=Qu=(1—-PYMu+ (1- P}N.u=Q.Mu+ Q2N.u,
we have that
be (Gott, u1, Qu) = be(NeGoQ2u, ur, Qu) + be (M.GoQLu, uy, Qu).  (4.20)
To estimate the first term in r.h.s. of (4.20) we use the relation
|be (New, w, 0)| < e[ AcNeulo e - [wlloe - [v]o.e,

see [24] and Lemma 6.3 in [4]. Since |A;/2GQ\L(HE) < a~ /2] this inequality
implies that

|b5(N5GaQ%u, Ui, Qu)‘ < 052|A5NEGQQ%U|O,EHU1| 0,5|QU|0,5
< C2|AY2Ga o) | Qaullo.clua llo, | Qulo.-
0553
< bel|lQullf . + [ur |15 | Qulf -

for any 6 > 0. To estimate the second term in r.h.s. of (4.20) we note that
|bs(MsG(yQ»}Lua Ui, Qu)l < Ce Eleaﬂ)é {‘(MEGQQ'}LU)('I,)‘} ||u1||0,5|Qu|0,57

where

max {|(M.GoQLu)(2')|} < CIM.GoQlLull?|AgM.GoQlulll? . (4.21)

$/€T2
Since |M.GnQlulyz < C)\;i/12|A(1)/2Q,11u|1-2 and
Ao M. GoQlulr> < A2 GO 7 - |AY > Qhule,

then the r.h.s. in (4.21) is < C()\ifloz)flﬂﬂQ}LuHo,s . Therefore

058
(2),5 + THU1||8,€|QU’|3,E
« n+1

[be (M. GaQpu, ur, Qu)| < bel|Qul
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for every 6 > 0. Thus

3
v € €
|b6(Gau7 u, Qu)| < 55‘A;/2Qu|876 +ce | —+ 1/2 ”ul' 3,5|Qu|8,e
« a)\n+1
and we get from (4.18) an (4.19) that

d 2 . e 2 e 1 2 2
7|Qu|0,€+ym1n{>‘n+1v[xﬁ+l} ‘Qu‘o,s <c | —+ 1/2 Hu1||0,s|Qu|O,s'
dt @ O‘/\n/Jrl

Now the desired relation in (2.38) follows from Gronwall’s lemma.

5 Appendix: spectral problem for the Stokes
operator

The spectral boundary value problem which corresponds to operator A. has the
form

—Aw = w, divw=0 inO.=T2?x (0,¢),
w(z’, x3) is (I1,lz)-periodic with respect to 2/,

:Oa j:1727
0, j=1,2

w3| = O, 83wj|

O, 83wj\

r3=¢ xr3=¢
U/3|

z3=0 — z3=0

fOE wijder =0, j=1,2.

Using the spectral decomposition (2.14) one can see that the spectrum consists
of two branches. Recalling estimate (4.2) we find that these branches are: (i) the
spectrum of the 2D Stokes operator Ag, 0 < A1 < Ao < ..., and (ii) series of
eigenvalues 0 < A < A5 < ..., depending on ¢ and greater than £72 . We
denote the corresponding eigenfunctions ey, and eA:- We have

Mecey; = ey, , MEeA; =0,

where the (spectral) projector M. is defined by (2.13). One can also see that
ex;, = (€x,;0), where €y, = M.e,, is the eigenfunction for the 2D Stokes oper-
ator on T? which correspond the to the eigenvalue );. The eigenvalues ); are

2 2
properly ordered numbers (51 %) + (82%) , 8 = (s1,82) € Z%\ {0}, so that

C~1j < \; < Cj for all j, with some C > 1 (see, e.g., [6]). We normalise the
eigenfunctions as follows:

lex;le = leasle =ve Vi

It is also obvious that |ey,|r> = 1 and ||ey, [l2 = \/A; for all j.
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