CRITICAL LIEB-THIRRING BOUNDS FOR
ONE-DIMENSIONAL SCHRODINGER OPERATORS
AND JACOBI MATRICES WITH REGULAR GROUND
STATES

BARRY SIMON*

ABSTRACT. Let Vj be a potential so that Hy = —j—; + Vb has
inf o(Hp) = Ep. Suppose there is a function u so that Hyu = Fou
and 0 < ¢; < u(x) < ¢y for constants ¢1,ce. Then we prove there
is a C so that

> (BB e [Vl
E<Eq
Eco(H)

for H = Hy + V. We prove a similar result for Jacobi matrices
above or below their spectrum.

1. INTRODUCTION

While Lieb—Thirring [14] developed their bounds for their proof of
stability of matter, they realized that power law bounds on eigenval-
ues were valid in any dimension over a natural range of powers. Their
method only worked for powers above the critical lower bound on possi-
ble powers. In dimension v > 3, the critical power is 0 and the resulting
inequality is the celebrated CLR bound [3, 13, 16]. Only recently has
the critical bound been found for v = 2 [12]. Here we want to focus
on the critical bound in one dimension, not only for its own sake but
because of its relevance in connection with variants of Szeg6’s theorem
(15, 11, 4, 2].

The one-dimensional result takes the form
o

> dist(E, 0(H))'? < o/ V()| dz (1.1)

E¢o(Ho) o
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where Hy = —% and the sum is over eigenvalues of H = Hy + V. It

was first proven by Weidl [21] with C' ~ 1.005. Hundertmark, Lieb, and

Thomas [6] then provided a proof with the optimal constant C' = 1.
We are interested in cases where

Hy = ) + Vo(z) (1.2)

and a Jacobi analog, especially where V; is periodic or finite gap almost
periodic (so-called algebraic-geometric potential [5]). We have proven
an analog of (1.1), alas not for all eigenvalues but for eigenvalues out-
side the gaps of o(Hy). One reason for this paper is to encourage work
on the gaps for suitable Vj’s such as the finite gap case. One reason
that I conjecture (1.1) also holds for internal edges (i.e., for eigenvalues
in gaps) is that, for periodic Jacobi matrices, it has been proven by
Damanik—Killip-Simon [4] by a mapping to block Jacobi matrices.
For technical simplicity, we will suppose V} is bounded, although it
is clear one can handle uniformly L. _ Vy’s and probably as well any

loc
locally L' limit point case where Hy is bounded below.

Definition. We say Hj has a reqular ground state if
Ey = inf o(H,) (1.3)
and there is a function ug obeying
—ug + Voug = Egug
0<c <up(z) <co (1.5)
for finite positive c1, cs.
Our main result is the following:

Theorem 1.1. Let Hy have a reqular ground state and let Ey be given
by (1.3). Then for a suitable constant C,

Y (By-E)< c/ V(z)| dz (1.6)
Eeo(Ho+W) -
E<Ey

Remarks. 1. In the usual way [1], one can go from (1.6) to bounds on
the sum of (Ey — E)? by C' [* |V (z)|P*1/2 dx.

2. We have not tried to optimize C, but by following the proof, one
gets a bound C' = 2¢2/v/3 ¢2, which is not much worse than optimal if
C1 = Co.

The proof of [6] is elegant and powerful but rigid in that it requires a
strong monotonicity of the Green’s function as energy varies. We can
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prove monotonicity on the rate of decay in finite gap almost periodic
cases but not on the edge terms, which are 1 in the free case.

Thus, we will follow the proof of Weidl [21]. Indeed, since we are
not seeking optimal constants, we will only need half his proof since
the second half of his proof can replace the first half with nonoptimal
constants. Indeed, this led to a surprise: When I began, I assumed
I would need some kind of strong assumption about the resolvent of
(Hy— E +¢)tase | 0toapply a Birman-Schwinger-type estimate.
Precisely because I didn’t need the first half of Weidl’s proof, I didn’t
need such a bound. If Weidl had followed this strategy, his constant
would have been 2/v/3 ~ 1.155.

The key to our proof is what to take for Neumann decoupling. This is
discussed in Section 2. In Section 3, we make explicit a bound in Weidl
that he only has if fog f(x)dxz = 0. In Section 4, we put these together
with Weidl’s tactics to prove Theorem 1.1. Sections 5—7 repeat this
pattern for Jacobi matrices where we find, in particular, a Dirichlet
form that may be useful in other contexts.

It is a pleasure to thank F. Gesztesy and Y. Pinchover for useful
comments.

2. SCHRODINGER OPERATORS: DIRICHLET FORMS AND NEUMANN
B.C.

We begin by recalling the Dirichlet form way of writing Schrodinger
operators, a notion going back to Jacobi [9].

Theorem 2.1. Let Hy be (1.2) with Vi bounded. Suppose that (1.3),
(1.4), and (1.5) hold. Then

(i)

Q(Ho) = {guo | g € L*(R); Vg € L*(R)} (2.1)
(ii) For g € Q(Hy),
(g, (Ho ~ Eo)guo) = [ (V9)u d (22)
Proof. By a formal calculation,
l9, g9, Hol] = —2(Vg)? (2.3)
Replace Hy by (Hy — E) and take “expectation values” in uy and get

(2.2).

For g € C§°, (2.3) applied to uyg is an integration by parts, proving
(2.2) in this case. The general result follows by taking limits and using
the easy fact that {guy | g € C§°} is a form core for Hy; see, for
example, Simon [19]. O



4 B. SIMON

Our goal is to pick Neumann boundary conditions so ug remains in
D(HY) and so that HY < Hy. That will ensure that HY > Ejy but
Neumann decoupling provides lower bounds on the spectrum of Hy+ V.
We will define it in terms of the quadratic form (2.2).

Definition. Let a,b € R with a < b. We define Hé\_f(a p to be the
operator with quadratic form

QUHY ) = {gm | g € L*(a.b). Vg € L@ b)) (24)
with quadratic form given by (2.2).

Remark. Here and in (2.1), by g € L? Vg € L? we mean g € L?
and its distributional derivative lies in L2. This is equivalent to g
being absolutely continuous with derivative in L?, or equivalently, to g
continuous and g(z) — g(a) = [ h(y) dy for some h € L2,

Theorem 2.2. Let x, 1 < T, < Tpy1 (—00 < n < 00) be a two-sided
sequence in R with x,, — oo as n — +oo. Associate L*(R) with
B L2 ((xn, Tny1)) and let HY be the direct sum @Hé\_f( Then

(T, Tny1)”
(i)

Hy' < Hy (2.5)

(i) f=guy € D(Hé;v(a,b)) if and only if g and g' are absolutely contin-

uous and obey the boundary conditions ¢'(a) = ¢'(b) = 0; equiva-
lently, if and only if f obeys the boundary conditions

f(a)uo(a) = fla)ug(a) =0
F'(b)uo(b) = f(b)uy(b) =0
(iii) uo [ (a,b) € D(Hgy,,,) and
Hfasyo = Ev =
(iv)
Yoy > B (2.9)

Remark. (2.5) is intended as shorthand for (HY +¢)™' > (Hy +¢)™!
for ¢ large. It is known [10, 17, 18] to be equivalent to

Q(Ho) C Q(Hy') and f e Q(Ho) = (f, Hof) < (f, Hy' f) (2.10)

Proof. (i) By construction, Q(Hy) C Q(H{'). They differ in that f €
Q(Hy) are continuous with f, f' € L? while f € Q(H(') is continuous
on each [z, T,41] but can be discontinuous at each x,. Thus, by (2.10),
we have (2.5).

(ii) For g which has both g, ¢’ absolutely continuous,
(Hy — E)guo = —29"ug — g"ug
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/ (¢')22 — [(guo) (Ho — E)guo)]] dz = / (g9'2) de

= g(b)g'(b)u3(b) - g(a)g'(a)ug(a)
By (2.2), the left side is zero. Given that () has vectors which
are nonvanishing at a and/or b, we see the boundary conditions
are ¢'(a) = ¢'(b) = 0, which is equivalent to (2.6) and (2.7) since
(fug') = ug*(f'uo — upf).

(ii) w [ (a,b) obeys the boundary conditions (2.6) and (2.7),
and (2.8) clearly holds by taking inner products with arbitrary f €
Cee(a,b).

(iv) is immediate from (2.2). O

As a final remark, we want to note that these Dirichlet form formulae
are powerful enough to prove the lowest eigenvalue gap for H(])\f(mb) is

O(L2):

Proposition 2.3. Let E{Z) be the second lowest eigenvalue for Hé;v(w).

Then
1 1 ) Co s
— ) =< (E;"—Ey)<|—=] = 2.11
<C2) 62_( 1 0)— (Cl) /2 ( )

g(z) = cos(%) —¢c (2.12)

Proof. Let

where ,
Jo (cos mx)ug da

N foguo T

Since gu is orthogonal to u, we have

E( ) EO < fO UO d[lf

fo g*ud dx
fo ') dz
fo 2dx

But fog g*dx =+ > 1 so the right inequality in (2.11) results.
On the other hand, let u; be the normalized eigenvector associated
to By and let g = uy/ug. First

(2.13)

¢
1= / g*ul < c3(max|g|)*¢ (2.14)
0
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Since f(f gu3 = 0, g must vanish somewhere. Suppose ¢, d are picked
so max|g(x)| = |g(c)| and ¢g(d) = 0. For notational simplicity, suppose

c < d. Then
[vw] a0 [wra

‘
< E(/ (¢)ul dx) o
0

=(c;%(B, — Ey) (2.15)
(2.14) and (2.15) imply the other half of (2.11). O

2
max(|g|)* =

3. SCHRODINGER OPERATORS: CONDITIONAL SOBOLEV
ESTIMATES

We need the following estimate which is essentially in Weidl [21] (he
states it only if f(f f(x)dz =0):

Proposition 3.1. For any C' function, f, on [0,¢] and any x € [0, ),

%/0 f(y)dy‘+\[(/ 1 (y |2dy) ? (3.1)

Proof. By an integration by parts,

)| <

r0f (w0) = /0 Y yr ) dy+ /O "ty dy (3.2)
and
¢ ¥/
(€ — 20) f(z0) = / (v— 07 ) + / £(4) dy (3.3)
So, adding
l o 4
sl <[5 [ rmal+ ] [Twrw+; [w-0rw)| e

By the Schwarz inequality,

<[t [rwa]scwmo( frwra) @

1 o 4
C($07€)2:£—2{/ y2dy+/(€—y)2dy}
0 te)

2 1 ¢ 2 £
s;lop C(xo, l) 26—2/0 y dy:g

where

Clearly,
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which implies (3.1). O
4. SCHRODINGER OPERATORS: PROOF OF THE MAIN THEOREM

Our goal here is to prove Theorem 1.1. Here is the key:

Theorem 4.1. Let (a,b) be an interval of length £. Let V > 0 (and
not a.e. 0). Then, if

1P 3¢
Z/{; V(Zlf) dx S @ (41)
then Héj(mb) — V has exactly one eigenvalue, E, below Ey, and if
/ 2 b
a= %/ Viz)de < 1 (4.2)
301 a
then , ,
1 1
Ey,—E< 2 4.
B %y [ Ve (4.3

Remark. The first-order perturbation theory term for E, — E is
fab u?(x)V(z)dz/ f; u?(x) dz = §; E which obeys
a1 1

b b
acz <O E<Z2Z
2 f/a V(z)de < §HE < 2 f/a V(x)dx

We know that the first excited state for Hé,v(a p) has energy Eo + O(%).

(4.1) is a condition that the first-order energy shift is also O(3%) and
so is a natural condition for only one state below FEj.

Because FE is concave in coupling constant with derivative given by
first-order perturbation theory, the first-order term alone cannot give
a lower bound on E, but we learn that if we scale by (1 —«)™!, it does.

Proof. By (3.1), we have that

(tog, Viteg) < 2 ( / Vi) dm) A+ BP? (4.4)

where

(4.5)

and
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v _
= \/; 51 1<u0.ga (Hé\;f(a,b) - Eo)uog>1/2 =C (46)

For later purposes, we note that by the Schwarz inequality,

IfA=0,

b
{
(uog, Vueg) < ¢ (/ V(x) dif) 32 (uog, (H(])\;[(a,b) — Eop)uog)

1
< (uog, (Hyy(a) — Eo)uog) (4.8)

if (4.1) holds.
Thus (Hy — V — Ep) > 0 on a space of codimension one, so there is
at most one eigenvalue below Ej if (4.1) holds.

For any (3,
(A+B)> < (D+C)?
< (14 pHD*+(1+p)C?
so if ) ,
Q= (Z—%%/ﬂ V(z) dz) (4.9)
then

RHSofMA)§(QBL+B*)/“wmﬁ%@dx
4 0) 5 (g, (Hoay — Bo)uiog)

= (1 + B)a(uog, (Hé\;f(a,b) — Ey)uog)
b
L@+ [(woP@ds (@0
Pick 5 so (1+ fB)a =1, that is, 8 = (1 — a)/a, so

1+p7 = (4.11)

l-«a
and get
Q

11—«

(uog, (Hp\apy — V — Eo)uog) > — (uog, uog) (4.12)
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which implies (4.3). O

Proof of Theorem 1.1. For simplicity of notation, we suppose V € L!
but is not supported on any half-line. Without loss, we can take V'
negative and then look instead at —V with V' > 0. Fix a € (0, 1) to be
picked later. Let xq = 0 and define x4, inductively with ¢,, = x,, 1 —x,
by requiring

2

Tn+1 3 2
En/ V(z)dr = Zla (4.13)
Tn 2

Since the left side is monotone in ¢, (setting x,,1 = x, + £, if n > 0
and z,, = x4 — £, if n < —1) and goes from 0 to infinity, (4.3) has a
unique solution. V' € L? implies initially that £, is uniformly bounded
below and then that ¢, — oco. In particular, z,, — 00 as n — +oc.

Let HYY be the direct sum of Hp, y and HY = HY — V. By
(2.5), it suffices to prove

Tn+Tn+1

> B —EY|'? < c/oo V(z) (4.14)

J,Ej<Eo >

since BN < E;. By o < 1, (4.1) holds on each interval, so there is one
eigenvalue below Ej on each interval, so we label the EJN by j € Z.
Since (4.3) says

. C% Tn+1
0, = V(x)dx (4.15)

- 2
3cla Tn

(4.3) implies

Ey,— EYN < L) ([M V(z) d:c)2 (4.16)

77 3cta(l —a ;

This is optimized by a = % and leads to

2¢2 o0
E—EN1/2<—2/ V(z) dx O
Zj:(o ) =sel . (z)

As an application, we note that if V' is a finite gap almost periodic
potential (as discussed, e.g., in Gesztesy—Holden [5]), then there is an
almost periodic ground state given in terms of those functions which
obey (1.5).

Of course, by Dirichlet decoupling, if we have a bound for whole-line
Vo, we also have a bound for the Dirichlet restriction to (0, c0).
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5. JACOBI MATRICES: DIRICHLET FORMS AND NEUMANN B.C.

Here we want to consider two-sided Jacobi matrices on ¢%(Z) given
by
bi ifthk=14¢
ap ifl=k+1
Qp—1 ifl=k—-1
0 if |k —¢]>2
where ay > 0, b, € R, and sup(|ag| + |bx]) < co. We denote this by
J{ar}e oo, {bk}2 ). Oneis also interested in semi-infinite matrices
obtained by restricting this to ¢2({1,2,...}). We will focus at what
happens above the top of the spectrum, but as we will in explain in

Section 7, one can easily also control the perturbed eigenvalues below
the bottom of the spectrum.

We are interested in J, = J({a,(fo)},{b,(fo)}) for which if E, =
sup o(Jy), there is a solution u of

CL,(CO)SL’]C_;_l + b,(fo)l’k + CL,(CO_)ISL’]C_l = E()S(Ik (52)

Jee = (5.1)

obeying
0<e < ugLO) < ¢ (53)
We will also need

inf a!” >0 (5.4)

J
In Section 7, we will prove:

Theorem 5.1. Let Jy be such that (5.4) holds and there is a so-
lution w9 of (5.2) obeying (5.3). Let J have Jacobi parameters

{a,&o) + day, b,(;)) + b 122 - Let {E;} label the eigenvalues of J above
Ey. Then, for a constant C', we have

S8 - B <O Slond +2ad)) 63
J 14
Remark. (5.5) is intended in the sense that if the right side is finite,
then o(J) is discrete above E (obvious by Weyl’s theorem) and the
inequality holds.

In this section, we will first reduce to the case day = 0, dby > 0, then
find a Dirichlet form formula for Jacobi matrices (something new here
and potentially useful in other contexts) and define Neumann boundary
conditions.

Proposition 5.2. It suffices to prove (5.5) when da; = 0 and §by, > 0.
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Proof. We follow Hundertmark—Simon [7] here. Since

O 56Lj 56Lj 0
(oo, )= (% ) o0

(the difference is rank one and positive), we have
J({ay” +8as} 0" +6b3) < T{a" 1 {0 +¢;})  (5.7)
where
cj = |6b;| + |da;| + |6a;_1|
Thus, the bound for the J on the right side of (5.7) implies it for the
J on the left side. O

Lemma 5.3. Let f be a bounded two-sided sequence and let My be the
diagonal matriz with elements f.. Then

[My, J({a;},{b;)] = J({a;(f; = fi+2)}, {b; = 0}) (5.8)
[My, [My, T({a;} A0 D] = T({an(f; = fi+1)*}{b; =0} (5.9)

Proof. (5.8) is an elementary calculation, and (5.8) implies (5.9). O

Theorem 5.4 (Dirichlet Form for Jacobi Matrices). If J has a solution
u® of (5.2) obeying (5.3), then for any f € (*(Z),

e}

(fu® (B = Jo) fu®) = 37 aululi(f; = fra) - (5.10)

j=—00

Proof. Tt suffices to prove it in case f has compact support, in which
case every term in [My, My, [Jo — E]] is finite rank and we can take
“expectations” in u. Since (Jy — E)u® = 0, we obtain (5.10) from
(5.9). O

Finally, we turn to Neumann boundary conditions.

Definition. Let n < m. Let Hj, ;) be the m —n + 1-dimensional space
Cm=t! with vectors labelled by j € {n,n + 1,...,m}. Define the
symmetric matrix Jé\;f[m,n} by

-1

0 0 0
(Ful® (B = ) fu®) = > alPuPul (5 = f10)7 (5.11)

n

3

<.
Il
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Theorem 5.5. (a) Jé\f[mm] has the following matriz elements

(a” (=k+1
a,i()zl l=k—1
b\ k=(e{n+1,...,m—1}
N —
(Josfmm )it = @ aﬁ?ﬂl(“’%) E—l—n (5.12)
O
b +al () k=(=m
0 Ik — 0] > 2
(b)
(S = Eo)[u'® T [n,m]] = 0 (5.13)

(c)

Ey = sup U(Jé;v[mm]) (5.14)

(d) If {n;} is a sequence in Z with nj,n;y; and JY = @J(ﬁnj’njﬂ_u,
then

Jo < Jg' (5.15)

Remark. Because we have defined a; > 0 and look above the spectrum,
directions are reversed relative to the differential operators.

Proof. (a) For notational simplicity, set ) = Jé\f[n’m}. By (5.11), Qe =0
if |k — ¢| > 2, and using symmetries of @,
2Qk k41 = 2Qkq1k = 26!;(@0)
yielding (5.12) for |k —¢| = 1. For the diagonal terms, take f = d; and
get
Que(w)’ = Ew?)’ = anlaXuuily] — aaa?yul) - (5.16)

where

1 k=n+1,....m-—1
ap —
0 kE=n,m
Since
Eul(go) = bu,io) + a,(go)u,(ﬂl + ak_lu,io_)l (5.17)
(5.12) for k = ¢ follows.
(b) Immediate from (5.17) and (5.12).

(c) This is true for any matrix which is positive off-diagonal and has
a positive eigenfunction.
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(d) By (5.10) and (5.11),

<fu(0 ( JO .fu Z anz 1UW 1UW (fng 1= fne)

{=—0c0

n is positive. ]

Remark. As in the continuum case, one sees O(£~2) upper and lower
bounds on the top gap in H2 Jif [n—m[ = L.

0;[n,m)]
6. JACOBI MATRICES: CONDITIONAL SOBOLEV ESTIMATES
We need a discrete analog of Proposition 3.1:

Proposition 6.1. For any { and any finite sequence {f]}] 1, we have

£ - /2
il < ‘%ka + \/; <Z | fr1 — fk|2) (6.1)
h=1 h=1

Proof. By cancelling terms, one sees that

7j—1
Fi=Y k(frer— )+ > i
k=1

k=1
-1
(C=5)f; =D (t=k)(fr— frer) + Z fi
k=j k=j+1

So, by the Schwarz inequality,
1/2

Y j—1 -1 1/2 , -1
‘gfj_ka < {Zk2+2(£—k)2} <Z|fk+1_fk|2) (6.2)
k=1 k=1 k=3 k=1

The extreme case of the first sum of the right occurs when j =1 or ¢
and is

-1

Z 6—16(26—1) I
j =

3
Thus (6.2) implies (6 1) O
7. JACOBI MATRICES: THE MAIN THEOREM

Here is the analog of Theorem 4.1:

Theorem 7.1. Let [n,m| be an interval of length ¢ (i.e., { = m—n+1).
If b > 0 and

m 0
1 .
- E ob; < ——J1 ~— 7.1
g J 6205 ( )
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then Jé\f[mm] + 0b has exactly one eigenvalue in (Ey,00) and if
o= < Z ob; ) (7.2)
3c2 mln(

then

E_B<_ - @ liab- (7.3)
0=1_a e €j:n J '

1

Proof. Let
A=Y 6b, (7.4)
j=m

and suppose Z;n:n g; = 0, then by (6.1),

(ug, (8b)u’g) < Acsup |g;|?

0 0
5 )u( )u]+1|g]+1 9j|2

As in the Schrédinger case, this implies that when (7.1) holds, J+ db—
Ey < 0 off a one-dimensional space and then implies (7.3) as in that
case. U

The discreteness of Jacobi matrices produces two potential problems
in extending Theorem 1.1 to Theorem 5.1:
(i) Individual 6b’s may be so large that (7.1) fails even for ¢ = 1.
(ii) We cannot arrange to pick £ so that equality holds in (7.2) for a
fixed a.
As we will see, neither difficulty is hard to overcome but each involves
increases in constants. It will be useful to define

D=1 (3—‘;1 mln(a(o))) (7.5)
&
Proof of Theorem 5.1. We suppose first that for all j,
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and that 0b is not supported on a half-line. We define ny = 0 and
{n;}2_ inductively with ¢; = n; — n;_y by requiring for j > 1 that

j=—00
n;—1
6 Y b <D (7.7)
k=nj_1
and N
(¢;+1) Y db>D (7.8)
k=nj_1

For j <0, we require (7.7) and

(6;+1) nz sb; > D (7.9)

k:’flj,1

By (7.6), we have (7.7) for ¢; =1, and for j > 1,

nj,1+éj—l

Gy by
k=nj_1

is monotone in ¢; going to infinity. So we can find ¢; inductively for
Jj > 1,50 (7.7) and (7.8). Similarly, we can find ¢; for j <0, so (7.7),
(7.9) hold.

(7.7) implies that (7.1) holds. Indeed, (7.2) holds with o < 3. Thus,
if we use n; for Neumann boundary conditions, each Jo,(n; ;) + 00
has exactly one eigenvalue in (Ep,00) and it obeys (7.3) with o = 1.

2
Since the eigenvalues E; for Jo,jn; ,n,_,) + 0b obeys

202 nj—l
(Bj—Eo)==3—+ > b
Cl J k‘:nj,1
For j <1, by (7.8),
1 2 i
< < 92D ! 5b
0=l +1 k:;l k

Thus

402 ad
<o | 2]

where we need to take 4 = 2 - 2 because some 0b; occur twice.
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A similar argument works for j < 0, and we find that if (7.6) holds,
then

[e.9]

(B - B < Y (o) (7.10)

7 k=0

where now Ej; are the eigenvalues for Jy + 0b without the Neumann
conditions.

For general 6b > 0 with ), 6b;, < oo, we single out the necessarily
finite number {dby, }_, of §b’s with 6b, > D ordered so that

Sbr, < Obg, < -+ < Sbyy, (7.11)

We consider sequences d°b, b, ..., 5b"™ so that §°b has none of the by,
turned on and 0"b has m turned on, that is,

Obe k¢ {kn})l,
(6™b) = < 6b, k€ {ko )™, (7.12)

0 ke {ka} i

By the first part of the proof, (7.10) holds for §°. §'b — 6% is rank
one, so all the eigenvalues of Jy + b, excluding the top 1, are bounded
above by eigenvalues of Jy + 0°b and that other eigenvalue is bounded
by Ey + by, since ||5lb|| = by, . Thus

> (B(8') — Eo)* < /b, + > (B( o)/

Proceeding inductively, using (7.11) to see ||<5mb|| = dby,, and using
5bkj > D and

402
e, D2
we see that (7.10) holds for any 6b with ) db < oo. O

dby, < D7Y25b;,, < Sby, (7.13)

While we have focused on eigenvalues below the spectrum of Jy, since

UJ({an} {bHU = =J({an}, {~0u})

with (Un), = (—1)"n,, we can obtain theorems below the spectrum of
Jo if By = inf o(Jp), and there is a solution of (Jy — E;)u™ = 0 where
0<c < (=1 <.

Using results of Sodin—Yuditskii [20], one can prove that the hypothe-
ses of Theorem 5.1 apply to finite gap almost periodic Jacobi matrices.
We are especially interested in extending % power bounds to the gap
in this case because of potential applications [2]. For slightly weaker %
power bounds in the gaps for this case, see [8].
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