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SPECTRAL GAP OF SEGMENTS OF PERIODIC WAVEGUIDES
SYLWIA KONDEJ1,2 AND IVAN VESELIĆ2

Dedicated to Pavel Exner on the occasion of his 60th birthday.
Abstract. The lowest spectral gap of segments of a periodic waveguide in R2
is proportional to the square of the inverse length.

The aim of this letter is a brief presentation of some results concerning spectral
gaps in periodic waveguides. They are a representative example of the type of
results derived in the forthcoming paper [5], see also the Closing Remark.
Let γ : R → R2 be a C 4 -function parameterised by arc-length and denote by
Γ = γ(R) the curve which is its range. Assume that the curve is periodic in the
following sense: there is a p > 0 such that γ(s + p) = γ(s) + (1, 0) for all s ∈ R.
Define a periodic strip of width ρ > 0 by Ω := {(x, y) | dist (x, y), Γ < ρ}. Denote
the normal vector (−γ˙2 , γ˙1 ) to γ by ν and the curvature of γ by κ. Define the
mapping F : Λ:= R × (−ρ, ρ) → Ω by F(s, u) = γ(s) + u ν(s) and assume that γ
and F satisfy the following conditions
(1)

ρkκk∞ < 1

and

F is an embedding .

Denote by ΛL the segment (−pL/2, pL/2)×(−ρ, ρ) and by ΩL its image F(ΛL ) ⊂ Ω.
Let −∆Ω be the Dirichlet Laplace operator in L2 (Ω) and −∆Ω,L the Laplacian in
L2 (ΩL ) with Dirichlet b.c. on ∂ΩL ∩ ∂Ω and periodic b.c. on ∂ΩL \ ∂Ω. Of course,
−∆Ω,L has purely discrete spectrum.
The main result of this note estimates the distance between the lowest E1,L
(non-degenerate) and the second E2,L eigenvalue of −∆Ω,L .
Theorem
1. There is a constant C > 0 such that for all L ∈ N satisfying pL ≥
√
4ρ/ 3:
C
1
≤ E2,L − E1,L ≤ 2 .
2
CL
L
If the curve Γ is reflection symmetric with respect to the y-coordinate axis, the
same estimate holds if we replace the periodic part of the b.c. by Neumann b.c.
An analogous result was derived by Kirsch and Simon in [4] for Neumann Laplacians with periodic potential, restricted to cubes. This paper was the motivation of
the present letter. Note that due to the bound (6) and the different behaviour of
ground states near the boundary, Dirichlet b.c. are harder to treat than Neumann
ones. The remainder of this letter explains the strategy of proof of Theorem 1
leaving out the technical details.
To analyse the waveguide Laplacian it is convenient to introduce a straightening
transformation, see for instance [6]. The mapping F induces the unitary operator
U : L2 (Λ) → L2 (Ω) given by Uφ = |G|−1/4 φ ◦ F, where |G| = det G, G = diag(h2 , 1)
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and h(s, u) = 1 − uκ(s). Denote by FL and UL the restrictions of F to ΛL , respectively of U to L2 (ΛL ). Then the unitarily transformed operator HL := −UL∗ ∆Ω,L UL
on L2 (ΛL ) is given by the differential expression
∂s2 h 5(∂s h)2
κ2
+
−
.
4h2
2h3
4h4
2,2
The domain WDir,per
(ΛL ) of HL consists of W 2,2 -functions having Dirichlet b.c. on
the part of the boundary where u = ±ρ and periodic b.c. on the part of the boundary
where s = ± pL
2 . Of course, the spectrum of HL , coincides with the one of −∆Ω,L .
Denote by EL the quadratic form corresponding to HL .
The normalised eigenfunction ψ1,L of HL corresponding to E1,L can be chosen
to be positive everywhere. Denote by Ψ the periodic continuation of ψ1,1 along the
s-coordinate axis. It follows that E1,L = E1,1 and ψ1,L = (pL)1/2 Ψ for all L ∈ N.
In the sequel we use the abbreviation q := (s, u). By means of the unitary ground
state transformation
(2)

HL = H̃L + V ,

where

H̃L = −∇G∇ ,

2
U : L2 (ΛL ) → L2 (ΛL , ψ1,L
dq) ,

V =−

−1
U f := ψ1,L
f

we define the quadratic form
(3)

ηL [φ] := EL [U −1 φ] − E1,L kU −1 φk2 ,

1,2
2
φ ∈ D(ηL ) = WDir,per
(ΛL , ψ1,L
dq) .

Here k·k denotes the norm in L2 (ΛL ). The following result about the representation
of a waveguide operator by a suitable Dirichlet form is an analog of Theorem 4.4
(and C.1) in [3].
Theorem 2. The quadratic form ηL admits the following representation
Z
2
(4)
ηL [φ] =
(G∇φ) · (∇φ)ψ1,L
dq , for φ ∈ D(ηL ) .
ΛL

From the above theorem we directly obtain
(5) E2,L − E1,L =
Z
n
= inf ηL [φ] φ ∈ D(ηL ) ,

2

|φ|

2
ψ1,L
dq

Z

o
2
φψ1,L
dq = 0 .

=1,

ΛL

ΛL

Following the reasoning of [4], equality (4) allows us to bound the gap E2,L −E1,L in
terms of the first two eigenvalues Ẽ2,L , Ẽ1,L of the comparison operator H̃L defined
in (2) and its ground state ψ̃1,L . For L ∈ N set aL
+ = maxq
L
1
and note that by periodicity we have a± = a± =: a± .

ψ̃1,L (q)
ψ1,L (q)

, aL
− = minq

ψ̃1,L (q)
ψ1,L (q)

Theorem 3. For all L ∈ N we have
 2
 2
a−
a+
(6)
(Ẽ2,L − Ẽ1,L ) ≤ E2,L − E1,L ≤
(Ẽ2,L − Ẽ1,L ) .
a+
a−
To apply the theorem, it is necessary to know how the ground states of the two
operators behave near the boundary of Λ1 . Using Theorem 9.2 from [3] one can
show that a+ and a− are finite and positive. The quoted Theorem applies only to
Dirichlet b.c. on smooth domains in Rd , whereas Λ1 has a boundary with corners
and H1 , H̃1 have boundary segments equipped with periodic b.c. This problem is
eliminated by mapping Λ1 to an annulus in R2 .
It remains to estimate the distance Ẽ2,L − Ẽ1,L . To this aim we compare it with
the first spectral
gap of the Laplacian −∆Λ,L in L2 (ΛL ). Due to the assumption
√
pL ≥ 4ρ/ 3, this gap equals 4π 2 (pL)−2 . The operators H̃L and −∆Λ,L have the
1/2
same ground state, namely ψ̃1,L (s, u) = 2 ρπp L
cos πu
2ρ .

Formula (5) holds for H̃L if we replace ψ1,L by ψ̃1,L and for −∆Λ,L if we replace

ψ1,L by ψ̃1,L and G by 10 01 . To obtain uniform pointwise bounds on G, note that
h has uniform positive upper and lower bounds, due to assumption (1). Thus there
exists c > 0 such that
c−1 L−2 ≤ Ẽ2,L − Ẽ1,L ≤ cL−2 .
Combining the above inequality with (6) we complete the proof of Theorem 1.
Closing Remark 4. In the forthcoming paper [5] we give all details of the proofs
in this note, discuss the relation to other results obtained in the literature, and
address the extension to the following more general periodic operators:
- waveguides in three or more dimensions,
- layers in three or more dimensions,
- presence of a (periodic) potential in the original operator,
- waveguides and layers with Neumann b.c., and
- waveguides and layers with relaxed regularity and symmetry conditions.
Furthermore, we prove general, abstract analogs of Theorems 2 and 3 for divergence
form operators on waveguides. These results are applied to derive estimates on the
asymptotics of the density of states at the minimum of the spectrum of a periodic
waveguide or layer.
We close this letter by noting that related estimates on eigenvalues of waveguides
were obtained in [7] and [2, 1]. In [7] the Floquet-Bloch spectrum of thin periodic
waveguides was analysed, whereas [2, 1] consider a pair of straight waveguides with
coupling through windows in the common boundary.
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