KAM FOR THE NON-LINEAR SCHRODINGER
EQUATION

L. H. ELIASSON AND S. B. KUKSIN

ABSTRACT. We consider the d-dimensional nonlinear Schréodinger
equation under periodic boundary conditions:
oF
—iu=Au+V(x)*u+ EF(%U’@)’ u=u(t,z), €T’
U
where V(z) = 3.V (a)e"®® is an analytic function with V real
and F is a real analytic function in Ru, Su and . (This equation
is a popular model for the ‘real’ NLS equation, where instead of
the convolution term V * u we have the potential term Vu.) For
e = 0 the equation is linear and has time—quasi-periodic solutions

u,

ult,z) = 3 ig(a)e I+ @teies o < Jig(a)] < 1,
seA
where A is any finite subset of Z?. We shall treat w, = |a|?+V (a),
a € A, as free parameters in some domain U C R4,

This is a Hamiltonian system in infinite degrees of freedom, de-
generate but with external parameters, and we shall describe a
KAM-theory which, in particular, will have the following conse-
quence:

If || is sufficiently small, then there is a large subset U’ of U
such that for all w € U’ the solution u persists as a time—quasi-
periodic solution which has all Lyapounov exponents equal to zero
and whose linearized equation is reducible to constant coefficients.
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under the periodic boundary condition # € T¢. The convolution po-
tential V : T — C must have real Fourier coefficients V(a), a € Z¢,
and we shall suppose it is analytic. F' is an analytic function in Ru,
Su and x.
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The non-linear Schrodinger as an oco-dimensional Hamiltonian sys-

tem. If we write .

U(ZE) — Zand Uaei<a,x>7

o= (5)- (20

then, in the symplectic space

{(€arm) sa € 2% = € x €%, Y~ d&, N,

acZ4

and let

the equation becomes a real Hamiltonian system with an integrable
part

1 ~
5 > (al* + V()& +n7)
a€cZd
plus a perturbation.
Let A be a finite subset of Z¢ and fix

0<p.(0), a€A
The (#.A)-dimensional torus
56 +n7) =pa(0) a€A
&a=1n.=0 a€L=17%A,

is invariant for the Hamiltonian flow when € = 0. In a neighborhood
of this torus we introduce action-angle variables (¢4, 74)

o = V/2(ra(0) + 1a) cos(pa)
Na = /2(r4(0) + 7r4) sin(p,).

The integrable Hamiltonian now becomes

h= Y+ S 0E ),

acA acl
where
we = la?+V(a), acA,
are the basic frequencies, and

Q, = |a* + V(a), a€ L,

are the normal frequencies (of the invariant torus). The perturbation
ef(e,r, & n) will be a function of all variables.

This is a standard form for the perturbation theory of lower-dimensio-
nal (isotropic) tori with one exception: it is strongly degenerate. We
therefore need external parameters to control the basic frequencies and
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the simplest choice is to let the basic frequencies (i.e. the potential
itself) be our free parameters.
The parameters will belong to a set

Uc{weRA: || <CY.
The normal frequencies will be assumed to verify

Q] > C" Vabe L,
1+ Q| >C" VabeLl,
Q0 — Q| > C" Va,be L]l #bl.

We define the complex domain
<1l = /Sace(al? + naf2) (@) el < o

ONa,p, 1) =1 (S| < p
Il <,

(a) = max(|al,1) and m, > £. In this space the Hamitonian equations
have a well-defined local flow.

Theorem A. Under the above assumptions, for ¢ sufficiently small
there exist a subset U' C U, which is large in the sense that

Leb (U \ U’) < cte.e®" |
and for each w € U’, a real analytic symplectic diffeomorphism ®
opp 09 12 P 12 M 1/2
o=t . O = /2 E /2 2 /
.08 » G+ Ly e By o
and a vectro w' such that (hy +ef) o ® equals

1 1
c+ <w,r> +§<§, Q16> + <€, Qo> o<, Q> +ef’,

where
2 3
fre ol Irilicly <o)
and QQ = Q1+1iQ2 is a Hermitian and block-diagonal matriz with finite-
dimensional blocks.

The consequences of the theorem are well-known. The dynamics of
the Hamiltonian vector field of h, + ef on ®({0} x T¢ x {0}) is the
same as that of

1 1
<w,r> +§<5,Q1£> + <€, Qan> +§<n,62m> :

The torus {¢ = r = 0} is invariant, since the Hamiltonian vector field
on it is

¢=0
p=w
=0,
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and the flow on the torus is linear
t— p+tw.

Moreover, the linearized equation on this torus becomes

= (B0 B )erater o
gé zéa(go + tw,w), (> +c(p + tw,w)r

where a = Jed,0:f" and b = 02 f'. Since @1 + Q2 is Hermitian and
block diagonal the eigenvalues of the (-linear part are purely imaginary

+iQ, a€L.

The linearized equation is reducible to constant coefficients if the
eigenvalues 2/ are non-resonant with respect to w, something which
can be assumed of we restrict the set U’ arbitrarily little. Then the
¢-component (and of course also the r-component) will have only quasi-
periodic (in particular bounded) solutions. The @-component may have
a linear growth in ¢, the growth factor (the “twist”) being linear in 7.

Reducibility. Reducibility is not only an important outcome of KAM
but also an essential ingredient in the proof. It simplifies the iteration
since it makes possible to reduce all approximate linear equations to
constant coefficients. But it does not come for free. It requires a lower
bound on small divisors of the form

(%) |<k,w>+Q, —Q|, keZ* abeL.

The basic frequencies w will be keept fixed during the iteration — that’s
what the parameters are there for — but the normal frequencies will
vary. Indeed €/ (w) and €2} (w) are perturbations of €2, and €2, which are
not known a priori but are determined by the approximation process.
1

This is a lot of conditions for a few parameters w. It is usually
possible to make a (scale dependent) restriction of (%) to

k|, la—b < A=A,

which improves the situation a bit. Indeed, in one space-dimension (d =
1) it improves a lot, and (%) reduces to only finitely many conditions.
Not so however when d > 2, in which case the number of conditions in
(*#) remains infinite.

A lower bound on (¥%), often known as the second Melnikov condition, is strictly
speaking not necessary at all for reducibility. It is necessary, however, or reducibility
with a reducing transformation close to the identity.
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To cope with this problem we shall exploit the T&plitz-Lipschitz-
property which allows for a sort of compactification of the dimensions
and reduces the infinitely many conditions (%) to finitely many. These
can then be controlled by an appropriate choice of w.

The Toplitz-Lipschitz property. The Toplitz-Lipschitz property is
defined for infinite-dimensional matrices with exponential decay. We
say that a matrix

A: LxL—C
is Toplitz at oo if, for all a, b, c € Z? the limit
R (C]
The Toplitz-limit A(c) is a new matrix which is c-invariant
AV (e) = Ae).
So it is a simpler object because it is “more constant”.

The approach to the Toplitz-limit in direction c¢ is controlled by a
Lipschitz-condition. This control does not take place everywhere but
on a certain subset

DA(C) eL XL
— the Lipschitz domain. A is a parameter which, together with |c|,
determines the size of the domain.

The Toplitz-Lipschitz property permits us to verify certain bounds
of the matrix-coefficients or functions of these, like determinants of
sub-matrices, in the Toplitz-limit and then recover these bounds for
the matrix restricted to the Lipschitz domain.

The matrices we shall consider will not be scalar-valued but gi(2, C)-
valued

A:Lx L — gl(2,C)

and we shall define a Toplitz-Lipschitz property for such matrices also.
These matrices constitute an algebra: one can multiply them and solve
linear differential equations. A function f is said to the have the
T6plitz-Lipschitz property if its Hessian (with respect to ¢) is Toplitz-
Lipschitz. If this is the case, as it is for the perturbation f of the
non-linear Schrodinger, then this is also true of the linear part of our
KAM-transformations and for the transformed Hamiltonian. This will
permit us to formulate an inductive statement which, as usual in KAM,
gives Theorem A.

Some references. For finite dimensional Hamiltonian systems the
first proof of persistence of stable (i.e. vanishing of all Lyapunov expo-
nents) lower dimensional invariant tori was obtained in [Eli85, Eli88]
and there are now many works on this subjects. There are also many
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works on reducibility (see for example [Kri99, Eli01]) and the situation
in finite dimension is now pretty well understood. Not so, however, in
infinite dimension.

If d =1 and the space-variable x belongs to a finite segment supple-
mented by Dirichlet or Neumann boundary conditions, this result was
obtained in [Kuk88] (also see [Kuk93, P6s96]). The case of periodic
boundary conditions was treated in [Bou96|, using another multi—scale
scheme, suggested by Frohlich—Spencer in their work on the Anderson
localization [FS83]. This approach, often referred to as the Craig-
Wayne scheme, is different from KAM. It avoids the, sometimes, cum-
bersome condition (xx) but to a high cost: the approximate linear
equations are not of constant coefficients. Moreover, it gives persis-
tence of the invariant tori but no reducibility and no information on
the linear stability. A KAM-theorem for periodic boundary conditions
has recently been proved in [GY05] (with a perturbation F' indepen-
dent of ) and the perturbation theory for quasi-periodic solutions of
one-dimensional Hamiltonian PDE is now sufficiently well developed
(see for example [Kuk93, Cra00, Kuk00]).

The study of the corresponding problems for d > 2 is at its early
stage. Developing further the scheme, suggested by Frohlich—Spencer,
Bourgain proved persistence for the case d = 2 [Bou98]. More recently,
the new techniques developped by him and collaborators in their work
on the linear problem has allowed him to prove persistence in any
dimension d[Bou04]. (In this work he also treats the wave equation.)

Description of the paper. The paper is divided into three parts. The
first part deals with linear algebra of Toplitz-Lipschitz matrices and the
analysis of functions with the Toplitz-Lipschitz property. In Section 2
we introduce Toplitz-Lipschitz matrices and prove a product formula.
This part is treated in greater generality in [EKO05]. In Section 3 we
analyze functions with the Toplitz-Lipschitz property.

The second part deals with the small divisor condition (**) which
occurs in the solution of the homological equation. In Section 4 we
analyze the block decomposition of the lattice Z? and in Section 4
we study the small divisors. In Section 6 we solve the homological
equations. This part is independent of the first part except for basic
definitions and properties given in Sections 2.3 and 2.4.

The third part treats KAM-theory with To6plitz-Lipschitz property
and contains a general KAM-theorem, Theorem 7.1. This theorem is
applied to the non-linear Schrodinger to give Theorem 7.2 of which the
theorem above is a variant.
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Notations. <, > is the standard scalar product in R?. | || is an
operator or [2-norm. | | will in general denote a supremum norm, with
a notable exception: for a lattice vector a € Z* we use |a| for the
[2-norm.

L and A are subsets of Z¢, A being finite. A matrix on £ is just
a mapping A : L x L — C or ¢l(2,C). Its components will be
denoted A°.

The dimension d will be fixed and m, will be a fixed constant > g.

< means < modulo a multiplicative constant that only, unless oth-
erwise specified, depends on d, m, and #A.

The points in the lattice Z? will be denoted a,b,c,.... Also d will
sometimes be used, without confusion we hope.

For a vector ¢ € Z¢, ¢+ will denote the L complement of ¢ in Z¢ or
in R?, depending on the context. If ¢ # 0, for any a € Z% we let

a. € (a+Re)nZ*

be the lattice point b on the line a + Re with smallest norm, i.e. that
minimizes

|<b, >
— if there are two such b’s we choose the one with <b,c¢>> 0. It is
the“L projection of a to c¢*”.
Greek letter a, (3, ... will mostly be used for bounds. Exceptions are

¢ which will denote an element in the torus — an angle — and w, 2.
For two subsets X and Y of a metric space,
dist(X,Y) = inf d(z,vy).

rzeX,yeY
(This is not a metric.) X. is the e-neighborhood of X, i.e.
{y : dist(y, X) < e}

Let B.(x) be the ball {y : d(z,y) < €}. Then X, is the union, over
z € X, of all B.(x).

Acknowledgment. This work started a few years ago during the Con-
ference on Dynamical Systems in Oberwolfach as an attempt to try
to understand if a KAM-scheme could be applied to multidimensional
Hamiltonian PDE’s and in particular to the non-linear Schrodinger.
This has gone on at different place and we are grateful for support
form ETH, TAS, IHP and from the Fields Institute in Toronto, where
these ideas were presented for the first time in May 2004 at the work-
shop on Hamiltonian dynamical systems. The first author also want
to acknowledge the hospitality of the Chinese University of Hong-Kong
and the second author the support of EPSRC, grant S68712/01.
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PART I. THE TOPLITZ-LIPSCHITZ PROPERTY

In this part we consider

Lcz?
and matrices A : £ x £ — gl(2,C). We define: the sup-norms | - | ;
the notion of being Téplitz at oo; the Lipschitz-domains DX (c); the
Lipschitz- norm < - >, and the notion of being Toplitz-Lipschitz.
(For a more general exposition see [EK05].) We define the Toplitz-

Lipschitz property for functions and the norms [ - | .-

2. TOPLITZ-LIPSCHITZ MATRICES

2.1. Spaces and matrices.
We denote by li(ﬁ, C), v > 0, the following weighted lo-spaces:
B(L,C)={¢=(&mn) € CFx CF 1 ¢, < oo},
where
ICI2 = (1€l + Inal ) (@)>™ . (a) = max(|al, 1).
acl
We provide 2(£, C) with the symplectic form
> " déa A dn.
acl
Using the pairing
<C,¢>=") (&l + narll)

acl
we can write the symplectic form as

<S>

where J : I2(£,C)y — I2(£, C) is the standard involution.
We consider the space gl(2, C) of all complex 2 x 2-matrices provided
with the scalar product
Tr(*AB).

0 1
J= < ol ) |
and consider the orthogonal projection 7 of gl(2,C) onto the subspace

M =CI+ClJ.

Let

It is easy to verify that

MxM,M+x M-cM
M x M+ M+ x Mc M+
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and
(I —7)(AB) = (I — m)ArB + 7 A(I — 7)B.
If A= (A))?._, B=(B})?,_; we define
[A] = (14]));

ij=1>

{ m(AB) =nAnB+ (I —n)A(l — m)B

and . .
A< B < |A]|<B], Vij
Since any euclidean space FE is naturally isomorphic to its dual E*,
the canonical relations

EQFE~FE"®FE"~Hom(E,E*) ~ Hom(E, E)
permits the identification of the tensor product (®(’ with a 2 x 2-matrix
(C®C) =G
2.2. Matrices with exponential decay.
Consider now an infinite-dimensional gl(2, C)-valued matrix
A:LxL—gl(2,C), (a,b)— AL

We define matrix multiplication through
(AB), =) AiB;,
d
and, for any subset D of £ x L, the semi-norms

|A‘D = sup ‘AZ‘ .
(a,b)eD
We define 7 A through

(rA = AL Va,b.
Clearly we have
7(A+ B)=n1A+ B
(1) m(AB) =mAnB+ (I —m)A(l —7)B
(I —7)(AB) = (I — 7)AnB + 7A(I — 7)B.
We define
A< B < A" < B’ Va,b,
and
(E24); = (AT, va,b,
All operators £ commute and we have
{ ENA+B)<EA+EB, we{+ —}
EFY(AB) < (E5A)(EYB), w,ye{+, —}.
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We define the norm
|Al, = max(|EF A | exe, [€7 (1 — ™) Aglexc)-
We have, by Young’s inequality (see [Fol76]), that

1
) (RS (W)Hm* AL Icly s VY <

It follows that if |A| ., <00, then A defines a bounded operator on any
2,(L,C), v <.

Truncations. Let

Ab iflaF bl <A
+\ A0 a —
(Ta)A. = { 0  if not,
and
TAA=TiTA+ T (I —7)A.
It is clear that
(3) ITAAl < |Al, and  [A—TaA], <e 20714

Tensor products. For any two elements ¢, (" € I2(£, C), their tensor
product ¢ ® (" is a matrix on £ x £, and it is easy to verify that

!
(4) @] Sl I, -
Multiplication. We have

5)  |ABL +1BAL S (- ! VAL 1Bl v <
Linear differential equation. Consider the linear system
{ X' =At)X
X(0)=1.
It follows from (5) that the series

/ / / L A(ty)db, . diydty,

as well as its derlvatlve with respect to ¢y, converges to a solution which
verifies, for 7/ < 7,

6) X1, < (=) (eXp(Cte-(7

1 -
_7,) tla(t)) — 1),

2We use the sign convention that 2y = + whenever z and y are equal and zy = —
whenever they are different.
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where
of) = sup |A(s)].
0<]s|<[t]
2.3. Toplitz-Lipschitz matrices (d = 2).
A matrix
A:Lx L — gl(2,C)
is said to be Toplitz at oo if, for all a, b, ¢, the two limits

lim Agi‘é 3 =A%+, 0).

t——+

It is easy to verify that if [A| < oo and |B], < oo, then
(rA)(—,¢) = (I —m)A(+,¢) =0

and
T(AB)(+,¢) =
(7) ErA(Jr )c() )(+,c)) (I — m)A(=,c)(I — m)B(—, —c)
(I —m)A(—,c)mB(+, —¢) + TA(+,¢)(I — 7)B(—, ¢).
We define

(M.AY, = (ma <% %Hl)[m] Va,b

The operators M. and &3 * all commute and
M (AB) < (MA)(M.B).
Lipschitz domains. For a non-negative constant A, let
Di(c)c Lx L
be the set of all (a,b) such that there exist a’, ¥ € Z¢ and t > 0 such

that
{ la=a +te] > A(ld]|+]]) ||
b="b +tc] > A(|t)|+|c|)]|c|
and
M, 1ol > 2A%
][]
Lemma 2.1. Let t > 0.
(i) For A >1,
t>Ale| > A

if la=d +te| = A(la'] +[e]) ||
(ii) For A > 1,
0| < 555 —lel if la=a'+tc[ = A(la’] + |c]) [¢]
'] > 155 — le| if not.
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(iii) For A > 1,

|al | < g5 | t
| T A-1 e TA-T
if la=d +te| > A(|d| + |]) |¢].
(iv) For Q > (A+1)(Ja —b| + 1),
[b] = A(la"+ b —al + |c]) |c]
if la=d +te| > Q|d| +|]) |¢|.
Proof. This is a direct computation. U

Corollary 2.2. Let A > 3.

(i)
b b
(@b) € Di(e) — A LM <> by
el el e ]
(i)
(a,b) € Df(c) = (a +te,b+tc) € Di(c) Vt>0.
(iii)
(a,b) € Di(c) = (@,b) € D§(c),
where
Q=A—max(|la—al, |b—>5|)—2.
(iv)
1
(@.6) € DEy(0) (0:d) ¢ DY) = la—dl, p—d 2 3510

Proof. (i) follows from Lemma 2.1 (i)+(iii) if we just observe that
t=t+ L ~1— L
A-1 A-1
In order to see (ii) we write a = a’ + s¢, s > 0, with |a] > A(]d/| +
lc]) |¢|. Then
la + te” = |a|? + t3|c]> + 2t <a,c>= |a)® + t2|c|* + 2ts|c|> + 2t <d', > .

By Lemma 2.1(ii)

1
2ts|c|® + 2t <a’,c>> 2ts(1 — 1

—)le* > 0.

Hence
ja +tc|* = [al* + e > |al* > A(la’| + |]) |c] .
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Moreover, for all t > 0

The same argument applies to b.
To see (iii), let A = max(|a — al, |b —b|) + 2 and write a = o’ + tc
with |a| > A(|a’| 4+ |c|)|c|- Then @ = a’ + a — a + tc, and if

la| < Qla" +a —a| +|c])]|c|
then by Lemma 2.1(ii)

tA
la —a| > )
Q+1)(A-1)
This implies that ¢ < (Q + 1)(A — 1) and, hence,
lal gz
]

which is impossible. Therefore
la| > Q(la" +a — al + |¢|)|c|.

Moreover
>M—é>2A2—AZQQ2.

lef = lel el

lal

The same argument applies to b.

To see (iv), assume that |‘d‘| < 2A% As ‘b| > 2(A + 3)? it follows that

b—d
| | > 12A
||
and we are done unless
b
| | | | > A3| ’
lel = Jel ™
In this case we must have
L
le] ™ Alel[c|
which implies that
b—d 1] 1 |al
> (1 — cte. —)— > —
|c| Ale]”|e| = AZ[ef? |c]

and we are done again.
Therefore we can assume that % > 2A%. Now the assumption that

(a,d) ¢ Dy (c) leads to the conclusion by Lemma 2.1 (i)+(ii). O
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Lipschitz constants and norms. Define the Lipschitz-constants
Lip} ,A = sup |[ETM (A — A(z,¢))|pz(e), = € {+,—},

(see the notations of Section 2.2) and the Lipschitz-norm
< A>p = max(Lipy 7A, Lipy (1 —m)A) + Al
Here we have used
(a,b) € Dy (c) < (a,—b) € D} (c).

The matrix A is Toplitz-Lipschitzif it is Toplitz at oo and <A >, < oo
for some A, 7.
Truncations. 1t is easy to see that

(8) <TAA>A77 < <A>A,fy
<A—TaA>p, < e 2077 < A>, .
Tensor products. It is easy to verify that
(9) <CR ¢ >an S IS 1K -

Multiplications and differential equations are more delicate and we
shall need the following proposition.

Proposition 2.3. For all x,y € {+,—} and all ¥ <~

(1)

|2/ M.(AB) evp|, .+

D%, ~ A=y ‘

A2(71 d+1‘ A‘cxc‘

where one of y1,7v2 is = v and the other one is = ~'. The same
bound holds for BA.
(i)
‘Ei,yzj\/l (ABC)

B‘Ex[l’

Dwyz N (’Yl—y/>2d} A}Lxﬁ‘ M |DX‘ C‘EXL
AQ(»yl 2d+1‘ A‘Exﬁ‘ B‘Exﬁ‘ C‘LZXL’

/

where two of v1,7Y2,73 are =~ and the third one is = ~'.

Proof. To prove (i), let first x = y = +. We shall only prove the
estimate for AB — the estimate for BA being the same. Notice that
for (a,b) € D} 5(c) we have, by Corollary 2.2(i), that
la] 0] la|
M.(a,b) = max (— —)+1l~—=+1
] |c] el "

Now
<€$MC<AB>> < 3 Me(a, b)[Adn fevletl
Z(a,d)eD+( -t Z a,d)¢ D} (c) = (1) + (11).
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In the domain of (I) we have, by Corollary 2.2(i), that
M.(a,b) ~ |ﬁ| + 1~ M.(d,b),
c
SO

(1) S |ELMA i |ELB 0 Do e Orm etz it
d

Since one of v; — 4" and v — 4" is v — 7/ the sum is

<o)
7=
In the domain of (II) we have, by Corollary 2.2(iv), that
1 |a|
—d|, [b—d| 2 =
‘a/ |7 | ’ ~ A2 |C|7

so (I1) is
S JEiAlec 2
a —(m—")a—d|—(v2—+")|d—b
Zla—dl,\d—b|2$%(ﬂ +1e (m—=)la—d|=(y2—")ld—b|
Since one of 73 — " and v — 7' is v — 7/ the sum is
< AQ(;
7=
The three other cases of (i) are treated in the same way.
To prove (ii), let first 2 = y = z = +. Notice that for (a,b) € Dy 4(c)
we have, by Corollary 2.2(i), that
lal [0l

a
Mc(a, b) = max(ﬁ, H) +1~

)d—i—l.

lal

+1.
]

Now
(E5MAABO)), < 3, M (a,b)[AZ[Bg[CYle <
ZIdlzle\ et Z\e\2|d| s

We shall only consider the first of these sums — the second one being
analogous. We decompose this sum as

o+ D o+ D) =M+ D+ )

(a,d)GD/J\r+3(c) (a,d)GDX_'_g(c) (a,d)¢D7\L+3(c)
(d.e)eD} () (d.e)¢D} (o)

In the domain of (I) we have, by Corollary 2.2(i), that
M.(d,e) ~ M.(a,b),
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so (I) is
S [ Al [ Mol ) |50 e >
Z e~ 'Yl 7)|a dl (72 '7)|d €| ('73 7)'6 b‘

Since two of 4 — 7/, 72 — 4/ and 3 — 4 are v — 7/ the sum is

S (=
v
By Corollary 2.2(iv) we have, in the domain of (II),
1 |a]
—dl. |d—
o= 4=l 2 510
and, in the domain of (III),

1

o —dl, 148 2 1o

Hence in both these domains we have
1 |al

S(da 6) :maX(‘a_d|7’d e‘ |€_b|> A_| |

o (II)+ (II1) is

S ’ A’Lxﬁ’ B’Lxﬁ‘ C|L><£x
) (o3 \al(‘ﬁ' +1)e~n- v’)Ia—dl—(72—v’)ld—el—(“fs—v/)le—b\'

~AZ el

Since two of 71 — 4/, 72 — " and 3 — ' are v — 7/ the sum is
< A2(;

7=

The seven other cases of (ii) are treated in the same way. U

)2d+1.

We give a more compact and slightly weaker formulation of this
result.

Corollary 2.4. For all z,y € {+,—} and all v <~
(i)

£V M.(AB) -

A2< d+1 ‘
&M

where one of v1,7v2 is = 7y and the other one is = ~'. The same

bound holds for BA.

DY ., A‘[,Xﬁ

A+3




18 L. H. ELIASSON AND S. B. KUKSIN

(i)
&5 M(ABC)

A2(L )21 |g§1A|£X£ [‘S%Mc(B)}D% +

7=

‘&sz‘ﬁxL] |5§30|£><£ ’

Dzyz ~J

/

where two of v1,7v2,73 are =y and the third one is = ~'.

Multiplication. Using the relation (1) and (7) we obtain immediately
from Proposition 2.3(i) that a product of two T6plitz-Lipschitz matrices
is again Toplitz-Lipschitz and for all 4" <

<AB > A+3,4 <

[

10
B0 () < Ay, |BL, 1AL, <B>as)
where one of 71,72 is = v and the other one is = «/.

This formula cannot be iterated without consecutive loss of the Lip-
schitz domain. However Proposition 2.3(ii) together with (5) gives for
all v < v

< Al U An >A+6,'y’§
(11) (cte.)”/\Z(ﬁ)("_l)dJrl 2 1<k<n H1§i%n |A; |»yj <Ar>Am;
J
where all 71,...,7, are = v except one which is = ~/.
Linear differential equation. Consider the linear system
4X =At)X
X(0)=1.

where A(t) is Toplitz-Lipschitz with exponential decay. The solution
verifies

oo to t1 tn—1
X%ﬁJ+ZJ:A.XA A(t)A(ty) . .. A(ty)dt, . . . dtydt.
n=1

Using (11) we get for 7/ < v

(12) <X(t) = I>p64S
A?(—) [t exp(cte. (=) [t|a(t)) sup|g < <A(5) >ax,
where

1
Y= =

a(t) = sup |A(s)|
0<|s| <

2.4. Toplitz-Lipschitz matrices (d > 2).
Let

v

A:Lx L — gl(2,C)
be a matrix. We say that A is 1-Toplitz if all Toplitz-limits A(+, ¢)

exist, and we define, inductively, that A is n-Toplitz if all Toplitz-limits
A(%, ¢) are (n-1)-Toplitz. We say that A is Toplitzif it is (d-1)-Toplitz.
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In Section 2.3 we have defined < A >, , which we shall now denote
by
< A>y, .

We define, inductively,

"< A>p = sup("TI< A+, €) >a ., TTI<A(—, ) >a L)

and we denote

d

<A>p,=T<A>), .

The matrix A is Toplitz-Lipschitzif it is Toplitz at oo and <A >, < o0
for some A, 7.

Proposition 2.3, Corollary 2.4 and (9-12) remain valid with this norm
in any dimension d.

3. FuNcTIONS WITH TOPLITZ-LIPSCHITZ PROPERTY

3.1. Toplitz-Lipschitz property.
Let O7(0) be the set of vectors in the complex space I2(£, C) of norm
less than o, i.e.

0'(0) = {¢ € € x C° - ¢]], < o},

Our functions f : 0% o) — C will be defined and real analytic on the
domain 0%). ®
Its first differential

lg(ﬁ, C) > CA '_><<Av a(f(§>>
defines a unique vector 9, f(¢) in 13(£L, C), and its second differential
[B(£.C) 3 ¢ —=<(, B F (6>

defines a unique symmetric matrix 9 f(¢) £ x £ — gl(2,C). A matrix
A: L x L — gl(2,C) is symmetric if

‘AL = A3

We say that f is Toplitz at oo if the matrix 8§f(§') is Toplitz at oo
for all ¢ € 0% ). We define the norm

[f]/\,%a

3The space I2(L,C) is the complexification of the space I2(L, R) of real sequences.

“real analytic” means that it is a holomorphic function which is real on O°(c) N
2(L,R).
’Y b
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to be the smallest C such that

| f(C )|<C V¢ € 0°(a)
10 F (O, V¢ € 07 (o), VY <7,
<5’2f(<’)>w< LC V(e O (o), vy <.

Proposition 3.1. (i)

[fg]A,'y,a S [f]A,’y,a[g]A,’y,a-
(i) 1f 9(C) =<c, 0cf(()>, then

9lamor & ——— llell, [flae

foro <o.

(it}) If 9(C) =<CC, O f(C)>, then

[9]a+3r00 S (( - )(ﬁ)“m* cl,
+A (= 1 )d+1<0>/\7)[f]/\,%0

for o <o and~ <.
Proof. We have

f9(¢) = f(Q)g(Q)
9cf9(C) = f(€)0:9(¢) + I f(¢)g(C)
D2 fg(¢) = f(€)I29(C) + A2 f()g(C) 4+ 2(0c f(¢) @ Dcg(C))-

(i) now follows from (9).
For ¢ € 0%¢’) we have

1
9= llello 19¢£ (g < llello e

where a = [f]r .0
Let ¢ € OV (0') and h(2) = O f(C + zc). h is a holomorphic function
(with values in the Hilbert-space I2,(£,C)) in the disk [2] < T and

% ||
1
/ < — Ck.
1Rl < ~a

Since 0:¢(¢) = 0.h(0), we get by a Cauchy estimate that
1 o 1

0, , < —=(—

0@l < (T2

Let ¢ € O (0') and k(z) = 92 f(C+zc). k is a holomorphic function

(with values in the Banach-space of matrices with the norm <->./ 5)

lell, a).

1
< k(Z) >A,'y’§ ;Oz.
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Since 8?9((’) = 0:k(0), we get by a Cauchy estimate that

1 ' 1
<0cg(Q) >y < (;)2((%)20 I

el ).

This proves (ii).
To see (iii) we replace ¢ by C¢ and notice that

0cg(¢) = 0:h(0) +'COf(C)
and
029(¢) = 0:k(0) +"CRf(C) + 'L f(C)C.
9.h(0) and 9.k(0) are estimated as above and |[[C(||,, with Young’s
inequality (2). The matrix products are estimated by (10). O

3.2. Truncations.
Let T'f be the Taylor polynomial of order 2 of f at ( = 0.

Proposition 3.2. (1)
[Tf]/\,%a S [f]A,’y,cf-
(i)

o’ o

[f = Tflame S ()P ———=flane
o o0—0

Proof. Let ¢ € O%o0’) and let g(z) = f(2¢). Then g is a real holo-
morphic function in the disk of radius % and bounded by a = [f]s 0.
Since T'f(2¢) = g(0) + ¢'(0)z + 3¢”(0)z* we get by a Cauchy estimate
that

o’ o

_ T / < _ 3

(7 -Trol < (22

Let ¢ € OV (0') and let h(z) = 9;f(2¢). Then h is a holomorphic
function in the disk of radius % and bounded by 2. Since 9;Tf({) =

h(0) + 1'(0)z we get by a Cauchy estimate that

o’ o«

— < ()2 :

jo(f ~ TN < (Zp-T°

Let ¢ € O (¢') and let k(z) = 92f(2¢). Then k is a holomorphic
function in the disk of radius % and bounded by 5. Since 0§T f(¢) =

k(0) we get by a Cauchy estimate that

/Oé.

o. o «

<O =THO)>rr< (=)

oc’o—o o?

This gives (ii).

The first statement is obtained by taking o' = %a. Since f is a
quadratic polynomial it satisfies the same (modulo a constant) estimate
on o as on %O’. U
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3.3. Poisson brackets.
The Poisson bracket of two functions f and ¢ is defined by

{f,93(C) =<0 f(C), JOcg(C)>

Proposition 3.3. (i) If g is a quadratic polynomial, then
1
, L, < AQ 2
(.M nssrar S L+ A sl

for0<oy—o~oy, 0<o0y—0=oy and vy <.
(ii) If g is a quadratic polynomial and f(() =<(, AC>, then

/
I g, ©

9o S (=)™ g+ A=) ™ )l

forO0<oy—o=xo, 0<oy—0 =09 andy <.
Proof. We have
O f,93(C) = OZF(Q)JDcg(C) + 02g(C) TIf(C)

and

O1.9)(Q) = 02F(0)0:9() + BglC) JOS(O)+
o2/ <<>Ja§g<c> {GEF(()I029(C).

For ¢ € (90( ") we get, by Cauchy-Schwartz, that
93O < 19l 100l < (22

0102

),

where o = [f|A .0, and 8= [g]a 0,

For ¢ € O7(0), let h(z) = cf(C + 2J0¢9(Q))- For |¢] < poicer

we have

«
1A ()], < —

Since 0,h(0) = 8§f(C)J8<g(C), we get by a Cauchy estimate that

l27()T09(0)]].

The same estimate holds with f and ¢ interchanged.
For ¢ € O (0"), let k(z) = 92 f(C+2J0cg(C)). By a Cauchy-estimate
we get as above that

<OF(C)TDeg(C) >nmr< 01 o,

102

1
, < ——af.

The same estimate holds with f and ¢ interchanged.
Finally, for ¢ € O (¢') we get by (10) that

<OLF(Q)JOEg(C) >assr S A2 (v = 7)™ <OF(C) >2<OZ9(Q) >y -
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By hypothesis we have

p

<OBg()>ans oy

2

for ¢ only in O7(¢”’). But since g is quadratic, 97g(¢) is independent of
¢ and, hence, this also holds in the larger domain ¢ € O (¢”).

The second part follows directly from Proposition 3.1(iii). O

3.4. The flow map.
Consider the linear system

é = Jo, fi(€)
where f,(¢) =<(, a;> + <(, A;(>, and let

a(t) = sup |As|, and B(t) = sup |as,, .
[s|<]¢] s|<[¢]

Consider the non-linear system

2=y9(¢2)
where g(, ) is real analytic in O°(a) x D(p). D(p) is the disk of radius
pin C.

Proposition 3.4. (i) The flow map of the linear system has the
form

G :C—C+b+ B,
and for ~" <~
L I6:() = ¢ll,, < )
(ﬁ)m [ecte.(w,wl) \tla(t)’t‘ﬁ(t) i [€Cte.(wf,yl) ltla(t) 1] HCH’y/]

and
<Bi>n46,4' S
AQ(ﬁ)\tleCte‘(ﬁ)dMa(w SUP|g<pe| < As>Any -
(ii) For |z| < i, the flow of the non-linear system is defined for
t] < 555 and

[Zt('v Z) - Z]A,v,a ,S

where
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Proof. (i) We have

> t tn—1
b= / / JA, .. JA,, Jay, dtydt,_ ... dt
n=1"0 0
and

oo t tn—1
n=1

By (5) we have

1Bel,, S (v =) 0(t) = 1), 6(t) = exp(cte.(y — ')~ Jt[e(t))
and by (2) we have

1
t / < T 5 - 7 .
1By S (7_7,) () =<l

By (2+45) we have

.
leell,y S (C—==3)" 0@ IEIB(2).
By (12) we have
<Bi>arer S Ay — o) H(t) sup < Ag>p .

~ sl<l
The proof of (ii) easier. We have
(9;2} = 8(9(. . ) + 8Zg(. . .)8<Zt
which implies that

t
aCZt = / efs 62g(<7ZT)dr8Cg<C’ Zs)ds
0

This is easy to estimate.
We also have

ng’t = 8?9(. )+ 0.009(...) ® Ocze + 09(. . .)8?2,5
which is treated in the same way. U

Remark. The same result holds for z = (z1,...,2,) € D(u)" and g =
(917 s 7gn)

Remark. If |t| < 1 and

sup A, < (v =7)%
[s|<|t|
then

1 m 1 m
16:(¢) =<l (7_7,) * sup [las[., +(ﬁ) sup Al €I,

[sI<[¢] -7 IsI<[t]
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and
<Bi>nye S N -) sup <Ag>a, .
T sI<]t]
If |t| <1 and
e= sup [9(;, 2)|ane S —H,
zeD(p)
then

[ 2) = 2]ane S &
3.5. Compositions.
Let f(¢,2) be a real analytic function on O°(¢) x D(u) and

sup [f(':z)]A,'y,a < 0.
z€D(p)

Let
O(¢,2) = b(2) + C + B(2)¢
with
[b() + B, < 0 — o', V(G2) € 07 (') x D)
for all v/ < ~. This implies that
D0 (0) - O (o), Y+ <, VzeD().
Let g((, z) be a real holomorphic function on O°(¢”) x D(y') such that

1
9l < 5 = 1).
Proposition 3.5. For all z € D(y') and v <~

F@0).2+ (D asorrar S

maX(1> «, AQ(W__’Y/)OCQ) SUDPep(u) [f(> z)]/\,%ﬂ

where

a= 9ane + (=)™ <B>a,.

p—= =7
Proof. Let &€ = sup,ep,, [f(-,2)]an0 and = supzeD(u,)[g(~, 2)| A ryor-
Let h(C, 2) = F(B(C,2), 2 + (¢, ). Then
Och=0.f(...)0cg+"Bo:f(...)

and
O¢h = 02f(...)(0cg ® Ocg) + 0-f(...)0zg+
tB(ﬁcazf( L) ® 8<g) + tB&?f( ..)B.

For ((,z) € O°%d’) x D(/) we get: |h(¢)| < e.
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For ((,2) € O (') x D(i') we get:

10-£(. gl = 18- £ )] Ioegll., < %—1

]' m
< (_/)d—l— *

vy

B|, =

|'Bocf(...) po— Ve

by Young’s inequality (2).
For (¢, 2) € O (0') x D(p') we get:

<O2f(.)0cg ® Deg>an S (u —

by (9);

1 B
<aZf( : )a?g >A7'Y/§ (,u _ IU//)E< (O,/>2>’
1

)d+1 <B>A;y (

1 g

_/>€/
p—p oo

<'B(0c0:f(...) ® 0cg) >3 S A
by (9-10);

v=7

1 3
< BRf(..)B>p60 S N(—=)"" <B>%, 5
T o
by (11). O
Remark. The same result holds for z = (z1,...,2,) € D(u)" and g =
(917 B 7gn)‘

Remark. If, for z € D(u'),
90): Ao S (1= @)y min(L, /5 —7)A?

and
<B(2) >0, S (v = 7)™ A2,
then
[f((I)(-, 2)7 zZ+ g('? Z)]A+6,’Y’7U’ 5 ASe.

PART II. THE HOMOLOGICAL EQUATIONS

In this part we consider scalar-valued matrices @) : L x L — C
which we consider as a sub-class of gl(2,C)-valued matrices through
the identification

Qo =Qal.
We will only consider the Lipschitz domains D} (¢) which we denote
by Dj(c).

We define the block decomposition Ea together with the blocks [ - |a
and the bound da of the block diameter.
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We consider parameters U C R4, A = Z¢\ L, and define the norms
’ . ’{?]} and < - >{3,7}.

4. DECOMPOSITION OF L

In this section d > 2. For a non-negative integer A we define an
equivalence relation on L generated by the pre-equivalence relation

jaf* = [bf?

a~b = { a—b| <A

Let [a]a denote the equivalence class (block) of a, and let En be the
set of equivalence classes. It is trivial that each block [a] is finite with
cardinality

S lal™?

that depends on a. But there is also a uniform A-dependent bound.
Indeed, let da be the supremum of all block diameters. We will see
(Proposition 4.1)

(d+1)!

da <A

A will be fixed in this section and we will write | - | for [ - |a.

4.1. Blocks.
For any X C Z% we define its rank to be the dimension of the smallest
affine subspace in R? containing X.

Proposition 4.1. Let ¢ € Z* and rank|c] = k, k =1,...,d. Then the

diameter of [c] is
(k+1)!

< AMF

Proof. Let A;, j > 1 be an increasing sequence of numbers.
Assume that for any 1 <[ < k

(%), rank(Ba,(c) N[¢]) > 1 Ve € ],

where B, (c) is the ball of radius r centered at ¢. This means that for
any ¢ € [c|, there exist linearly independent vectors ay,...,a; in Z¢
such that

c+a; €lcand |a;| <A, 1<j5<L
(*); implies that the L projection ¢ of ¢ onto ) Ra; verifies

. A I=1
<



28 L. H. ELIASSON AND S. B. KUKSIN

Proof. In order to see this we observe that, since |c¢ + a;]|* = |¢|* for
each j, the (row) vector ¢ verifies
1
cM = —§(|a1|2 ),

where M is the d x [-matrix whose columns are ‘a;,...%;. Now there
exists an orthogonal matrix () such that

QM:(f),

where B is an invertible [ x [-matrix. We have
(det B)?* = det(*BB) = det(*M M) > 1,

and (the absolute values of) the entires of B are bounded by < A.
Define now x by

{ (x1...27) = %(|a1|2 . a)B!

Ty = =xq =0,

and y = 2Q). Then ¢ —y L Y Ray, so |¢| < |y|. An easy computation
gives

ly| = || S AT and <A (ifl=1).
This is < A;. O

We shall now determine A; so that (x); holds. This will be done by
induction on [. For [ =1 A; = A works, so let us assume that (x);
holds for some 1 <1 < k. If (x);41 does not hold, it is violated for some
c. Let us fix this ¢ € [¢], and let X be the real subspace generated by
(Ba,,.(c)) Nc]) —c. X has rank = [.

For any b € [c] with [b —¢| < A1 — A; we have

Ba, () N]e] € Bay,,(¢) N[d.

By the induction assumption the L projection b of b onto X verifies
Take now b € [¢] such that Ajyy — A — A < |b—c¢] < (A1 — 4A))

— such a b exists since rank of [c] is > [ 4 1. Since b — ¢ is parallel to

X we have

A l=1

At 1> 2.

So if we take Aj4q ~ the RHS, then the assumption that (x);y; does
not hold leads to a contradiction. Hence with this choice (x); hold for
all [ < k.

To conclude we observe now that [¢] C ¢+ X where X is a subspace
of dimension k. Clearly the diameter of [¢] is the same as the diameter

AlH—Al—Ag\b—c]:ﬁ)—ag{
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of its L projection onto X, and, by (*x), the diameter of the projection

We say that [a] and [b] have the same block-type if there are a’ € [a]
and b' € [b] such that

l[a] —a' = [b] =¥
It follows from the proposition that there are only finitely many block-
types. We say that the block-type of [a] is orthogonal to c if
la] —a L c.
Description of blocks when d = 2,3. For d = 2, we have outside
{la] :< da ~ A3}
* rank[a]=1 if, and only if, a € 2 4 b* for some 0 < [b] < A -
then [a] = {a,a — b} ;
* rank[a]=0 — then [a] = {a}.
For d = 3, we have outside {|a| :< da ~ A'?}
* rank[a]=2 if, and only if, a € % + b+ N £ + ¢+ for some 0 <
1], || < Ay linearly independent — then [a] D {a,a — b, a — c};
* rank[a]=1 if, and only if, a € 3+b* for a unique(!) 0 < [b], < A
— then [a] = {a,a — b};
* rank[a]=0 — then [a] = {a}.
4.2. Neighborhood at oc.
Proposition 4.2. For any |a| = A**~!, there exist ¢ € 79,
el S AT,
such that
la| > A(|ac] + |¢]) ||, <a,e>>0.

(a. is the lattice element on a + Rc closest to the origin.)

Proof. For all K > 0 there is a ¢ € Z¢ N {]z| < K} such that

1

§ = dist(c,Ra) < Cl(%)dl

where C; only depends on d.
To see this we consider the segment I' = [0, ‘%'a] in R? and a tubular

neighborhood I'. of radius e:
vol(T',) ~ Ke®'.

The projection of R? onto T? is locally injective and locally volume-
1
preserving. If ¢ 2 (%)ﬁ, then the projection of I'. cannot be injective
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(for volume reasons), so there are two different points x, 2’ € I'. such
that

r—a2 =ce Z%\0.

Then
la.| < M(S.
]
Now
A
Alac| + Ie]) le] < 2AK? + Cr———la].
K&
If we choose K = (2C;A)4!, then this is < |a]. O

Corollary 4.3. For any N, the subset
{la| + o] Z A** "} {la—b| < N} C 2% x Z¢

U Dalo)

le[ <A1

18 contained in

for any

< —— -1
T N+1

Proof. Let |a] 2 A%=1. Then there exists |c| < A1 such that |a| >
A(lac| + |¢]) |¢]. Clearly (because d > 2)

%’ > 2A% > 20°.
¢

If we write a = a.+ tc then b = a.+ b — a+ tc. According to Lemma
2.1(iv)
0] = Q(Jac + b — a| + —c)|d],

and moreover

> N> A2 N >202%

Remark. This corollary is essential. It says that any neighborhood
{(a,b) : |la—b] < N} c Z* x Z°

of the diagonal, outside some finite set, is covered by finitely many
Lipschitz domains.



KAM FOR NLS 31

4.3. Lines (a + Re) N Z4.

Proposition 4.4. (i) If [a + tc] = [b+ tc] for all t > 1, then
la + tc] = [b+tc] for all t.
(ii) [a + tc] — (a + te) is constant and L to ¢ for all t such that

la+ te| > di(lac| + e]) |e].
Proof. To prove (i) we observe that
la+tc| = |b+te| YVt > 1,
which clearly implies that
la +tc| = |b+te| Vit

If |a — b] < A then this implies that [a+tc|] = [b+tc] for all t. Otherwise,
for all t >> 1 there is a d; ¢ {a, b} such that

[d; + tc] = [a + tc].

Since the diameter of each block is < da, it follows that |d; — a| < da.
Since there are infinitely many ¢:s and only finitely many d;:s, there is
some d such that d = d; for at least three different ¢:s. Then

|d+tc| = |a+tc| Vit

If now |a —d| < A and |d —b| < A, then [a + tc] = [b+ tc] for all ¢t.
Otherwise, for all ¢ >> 1 there is a e; ¢ {a, b, d} such that

le; + tc] = [a + tc],
and the statement follows by a finite induction.

To prove (ii) it is enough to consider a = a.. Let b € [a + tc] —
(a + tc) for some t = ty, such that |a + tc| > di(Jac| + |c|)|c¢|- Then
la + tc+b]> = |a + tc?, ie.

2t <b, > +2 <b,a> + |b]* = 0.

If <b,c>+# 0, then

1
la + tc| < |a| + |t <b,c>]||c| < |a] + (|<b, a>| + 5 10]*) |¢|
which, in view of Proposition 4.1 is less than
1
(s +1) la] + 5d) el

But this is impossible under the assumption on a + tc. Therefore <
b,c>=0, i.e. [a+tc] — (a+tc) L toc.

Moreover it follows that |a + tc 4+ b| = |a + tc| for all t. If [b] < A'it
follows that [a + b+ tc] = [a+tc] for all ¢. If not, there is a sequence of
points 0 = by, by, ..., by = bin [a+tc]—(a+tc) such that |bj 1 — bj| <A
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for all j. By a finite induction it follows that [a + b + tc] = [a + tc] for
all t. Hence

[a+tc] = (t —to)c+ [a + toc]
for all t > t,. [

More on Toplitz-Lipschitz matrices. For a matrix Q) : L X L — C we
denote by Q(tc) the matrix whose elements are

Qq(te) =: Q(te), = Qole.
4 Clearly for any subset I,.J of £

Q7 (te) = Q(te); = Qs
in an obvious sense.
Corollary 4.5. Let A > dA. If (a,b) € Da(c), then

b]a [b-+c]
Qa]A( ) Q[a-‘,—tc]i

for allt > 0. In particular, if Q is Toplitz at oo, then

hm HQ b]A Q[b]i(ooc)

o] =0

Proof. This follows immediately from Proposition 4.4(ii). O

5. SMALL DIVISOR ESTIMATES
Let w € U C R4 be a set in
(13) {lw] < €1}
If A: L x L — gl(2,C) depends on the parameters w € U we define
Ay = sA@, AW

where the derivative should be understood in the sense of Whitney. °
If the matrices A(w) and 0, A(w) are Toplitz at oo for all w € U, then
we can define

<A>{M}— sup(< A(w) >4 4, <OuA(W) >a ).
wel

It is clear that if < A > (A is finite, then the convergence to the
U

Toplitz-limits takes place in the C'-norm in w.

4Notice the abuse of notation. In order to avoid confusion we shall in this section
denote the Toplitz-limit in the direction ¢ by Q(coc).
5This implies that < A >{A,7} bounds a C!-extension of A(w) to the full ball
U

{lof < G}
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5.1. Normal form matrices.
A matrix A : £ x L — gl(2,C) is on normal form — denoted N Fp — if

(i) A is real valued;
(ii) A is symmetric, i.e. A? =(A%);
(i) mA = A;
(iv) A is block-diagonal over Ea, i.e. A =0 for all [a]a # [b]a.

For a normal form matrix A the quadratic form %<C , AC> takes the
form

1 1
5 <€7 A1€> + <£7 A277> +§ <777 A177>

where A; 4+ 1A, is a Hermitian (scalar-valued) matrix.

Let
o= (3)-e(8) o
(% Na

and define 'CAC : £ x £ — ¢l(2,C) through
(fcACY ='cAbC.

SIS
SIS
N———

Then A is on normal form if, and only if,
1 1
3 <w,'CACw>= 3 <u, Qu>,

where

(i) @ is Hermitian;
(ii) @ is block-diagonal over over Ex.

We denote for any subset I of £
QI = Q§ = Q‘IXI'

We say that a scalar-valued matrix with this propetries () is on
normal form, denoted N'Fa. Notice that scalar valued normal form
matrix ¢ will in general not become a ¢l(2,R)-valued normal form
matrix through the identification Q? = Q1.

5.2. Small divisor estimates. Let () = Q(w) : £L x L — R be a real
scalar valued diagonal matrix with diagonal elements

Qo (w).
Assume that foralla € L and all w €¢ U
(14) 104(Q(w) — |a]?)] < Coem @l C3 >0, v=0,1,
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and for all k € Z"\ 0

|0, (<k,w> +Q4(w))| > Cy
(15) |0, (<k,w> +Q,(w) + W(w))] > Cy
|0 (<k, w> +Q0 (W) = Qo(w))| = Cy - a] 7 [b].
Let H = H(w) : L x L — C be NFx for w € U and assume that
Cy
(16) |0.H (w)|| < o we U.
Here || - || is the operator norm.

Let us first formulate and prove the easy case.

Proposition 5.1. Let A’ > 0 and k > 0. Assume that U verifies
(13), that Q(w) is real diagonal and verifies (14)+(15) and that H(w)
is NFa and verify (16) for allw € U.

Then there exists a closed set U' C U,

Leb(U \ U) < cte.(max(A, d})) T # A1 k0241
such that for allw € U', all 0 < |k| < A" and for all

(17) [a]a, [b]a

we have

(18) |<k7w>| > K,

(19) |<k,w>ta(w)| >k, Vaw)ea(+ H(W)),)
and

(20) |<k,w> ta(w) + B(w)| > & V{ gézg Eggggiggézﬁjg

Moreover the k-neighborhood of U C U satisfies the same estimate.
The constant cte. depends on the dimensions d and #A and on Cy.

Proof. Tt is enough to prove the statement for A’ > d%. Let us prove
the estimate (20), the other two being the same, but easier.

Since |k| < A/, |<k,w>| < C1A’. ® If the block I intersects {|c| =
VC1 A}, then any eigenvalue « of (2 + H) (w) verifies

|Oé‘ Z ClA/.

Hence
< k,w>+a+p6 21

5Tn this proof < depends on d, #.A and on Cj.
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So it suffices to consider pair of eigenvalues a € o((Q2+ H)(w)) and
B e€ao((Q+ H);(w)) with blocks

I,J C{le s VOiA}
(Here we used that A’ > d%.) These are at most
< (G
many possibilities.

Now, (<k,w> +a + () is an eigenvalue of the Hermitian operator
<k,w> +H(w),

Hw): X — Q4+ H)j(w)X +(Q+ H) (w)X
which extends C! to {|w| < C;}. Assumption (16) shows that

o) <

and (15), via Proposition 9.3 (Appendix), now implies that the inverse
of H(w) is bounded from above by % — this gives a lower bound for its
eigenvalues — outside a set of Lebesgue measure

K
< v Cd_l.
Summing now over all these blocks I, J and all |k| < A’ gives the
result. O

We now turn to the main problem.

Proposition 5.2. Let A’ > 0 and k > 0. Assume that U verifies (13),
that Q(w) s real diagonal and verifies (14)+(15) and that H(w) and
OH (w) are Toplitz at oo and N'Fa and verify (16) for allw € U.
Then there exists a subset U' C U,
Leb(U\U") <
cte. max(A/, d&, A)“PH#A-L (14 <H>{(1}})d/€56’f*1,

such that, for allw € U’, 0 < |k| < A" and all
(21) dist([a]a, [b]a) < A'

we have

(22) |<k,w> +a(w) — Bw)| > K V{ §E§§ 2 ZEE% j: gm{m}f;

Moreover the k-neighborhood of U \ U’ satisfies the same estimate.

The exponent exp depends only on d. The constant cte. depends on
the dimensions d and #A and on Cy, C5, Cy.
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Proof. The proof goes in the following way: first we prove an estimate
in a large finite part of £ (this requires parameter restriction); then we
assume an estimate “at oo” of £ and we prove, using the Lipschitz-
property, that this estimate propagate from “occ0” down to the finite
part (this requires no parameter restriction); in a third step we have
to prove the assumption at oo. This will be done by reducing it to an
estimate in dimension d — 1. In order to carry out the induction we
must carry out the argument for a full rank lattice in Z? and not only
for Z® itself.

So L is a lattice in Z? minus a finite part.

Let us notice that it is enough to prove the statement for A’ >
max (A, d4). We let [ ] denote [ |a. Let Q ~ (A")3.

1. Finite part. For the finite part, let us suppose a belongs to
L g 2d—1
(23) {CLEﬁ: ’CL| 5(1+EdA <H>{%})Q },

7 where &/ = @ . These are finitely many possibilities and (22), is
fulfilled, for all [a] satisfying (23), all [b] with |a —b] < A’ and all
|k| < A’ outside a set of Lebesgue measure

(24) < (1 4d4 <H>{%})dQ2(2d—1)(A/)d+n—150{1_1‘

(This is the same argument as in Proposition 5.1.)

Let us now get rid of the diagonal terms V(a,w) = Qu(w) — |al?
which, by (14), are

,S 6’26*\‘403'

We include them into H. Since they are diagonal, H will remain on
normal form. Due to the exponential decay, H and 0,H will remain
Toplitz at co. The estimate of the Lipschitz norm gets worse but this
is innocent in view of the estimates. Also the estimate of the Lipschitz
norm gets worse, but if a is outside (23) then condition (16) remains
true with a slightly worse bound, say

3C
lo.HW)| <=5 wel.

So from now on, a is outside (23) and
Q. = |al?.

2. Condition at co. For each vector ¢ € Z? such that |¢] < Q471 we
suppose that the Toplitz limit H(c,w) verifies (22), for (21) and for
(25) (la]ja) — [blja) L c.

In this proof < depends on d, #.A and on Cy, Cs, Cy.
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It will become clear in the next part why we only need (22),, + (21)
under the supplementary restriction (25).

3. Propagation of the condition at co. We must now prove that for
|b—al < A" and an a € £ outside (23), (22), is always fulfilled.
By the Corollary 4.3 we get

la] x [a] and [b] x ] € | ) Dal(o), NN
el S

and by Proposition 4.4 — notice that ' > d% -
[a+tc] =[a]+tc and [b+ tc] = [b] + tc
for ¢ > 0 and
la| —a, [b] —b L ¢
It follows that
tliglo Hig1q(w) = Hyg(c,w) and tlgglo Hipiyq(w) = Hpy (¢, w).
The matrices Q,14) and Q44 do not have limits as ¢ — oo. How-
ever, for any (#[a| x #[b])-matrix X,
Q[a+tc]X — XQ[b+tc] = Q[a]X — XQ[b} +2t <a—b,c> X

for t > 0, and we must discuss two different cases according to if
< ¢,b—a >= 0 or not.
Consider for t > 0 a pair of eigenvalues

{ a € o((Q+ H(W))attq)
Br € o((Q+ H(w))prec)

Case I: <¢,b — a>= 0. Here
(Q+ H(W))artg X — X(Q+ H(w))preq
equals
(la]* + H(@))areg X = X(b]* + H(w))ps1q

— the linear and quadratic terms in ¢ cancel!
By continuity of eigenvalues,

tlifilo(at - ﬂt) = (aoo - 500);
where

{awedwf+Hmwmm
ﬂoo € U((’b‘ + H<C> w))U’])

Since [a] and [b] verify (25), our assumption on H(c,w) implies that
(oo — Poo) verifies (22),..
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For any two a,a’ € [a] we have, since a violates (23) and |a—d'| < da,
||

_la
ol ]

Hence o
a d
HH[G}(W)_H[aKC’w)”H 5 dA <H>{Zl}},

and the same for [b]. Recalling that a and, hence, b violates (23) this
implies

K//

) - Hale. )| < 5 d=a.

By Lipschitz-dependence of eigenvalues (of Hermitian operators) on
parameters, this implies that

H//
(a0 = fo) = (oo = Bo)| < 5
and we are done.
Case II: <¢,b — a># 0. We write a = a. + Tc. Since
lal > Q(lac| + [e]) |e]

it follows that
< 1laf

lac| < §|_c]
Now, ag — [ is close to |a|* — [b]* and
la)® = |b)° = =27 <¢,b—a> =2 <ae,b—a> — |b—al’.
Since | <¢,b—a> | > 1 it follows that
7 S lao = ol + lac| A"+ (A')?.
If now |ag — fBo| S A’ then
laf < lacl + |7 ¢ < lac] A'fe] + (A)*[e] S (A")?|c].

Since ' 2 (A’)? this is impossible.

Therefore |y — Fo| 2 A’ and (22), holds.

4.  Condition at oo — Reduction of dimension. We consider the
T6plitz limit H(c). This matrix is, by the assumption on H, T6plitz
at oo and, by construction, Toplitz in the direction c, i.e.

HIe(e) = Hb(c), Va,bya+te,b+tce L.

Moreover, it is Hermitian and, by Proposition 4.4(ii), block diagonal
over Ea. The same is true for its first order w-derivatives.

We want to prove that for each ¢ € L, |¢| < Q%! H(c,w) verifies
(22),s for (21) and (25) with w € U \ U’. This last condition implies
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that both [a] —a and [b] — b are L ¢ and therefore [a] and [b] belongs
to one and the same affine sub-lattice
f+L° L°Lcand feL.
It is clear that it suffices to consider only primitive vectors c.

4.1 Special case. Let us first consider the case when c is one of the
standard basis vectors, for example

c=e=:(0,...,0,1).

In this case £¢ C Z9 ' and we can chose f to be parallell to c, i.e.
orthogonal to £°.
For a matrix Q on £ x £ we define a matrix Q/ on £¢ x L¢ by

/ b/7
(Qf)l:z’ - an/g))ij}-
If OF + HY(c) verifies (21) + (22), for all f, then Q + H(c) verifies
(21) + (22), + (25).
Q/ is diagonal with diagonal elements
Q) =la'* + |f,
and H/(c) is independent of f since H(c) is Toplitz in the direction c.
Therefore (21) + (22),+ holds for all f if and only if it holds for one f.
Let us take f = 0.
The diagonal elements of )/ (w) verify (14)+(15) for all w € U. The
matrices H/ (c,w) and 9,H’(c,w) are N Fa for all w € U because
[@]a = [t']a = [(d',0) + fla = [(t',0) + f]a.
They are T6plitz at oo, (16) remains true and
! <
<H (C)>{(/}} < <H(C)>{l1}} .

So we can, by induction, apply the Proposition to Q/ + H/(c) which
implies that, outside a set of Lebesgue measure

(2600 S Q)AL <H(e) > ppy) " (W) T
(21) + (22),» + (25) holds.
4.2 General Case. Let ct,c?,...,c% be an orthogonal set of vectors

in Z? such that ¢? is parallel to ¢ and all ¢; have the same length
DS 1ol < (),
Let
C = ( ... ),
ie. C € GL(Z?Y) is an orthogonal matrix multiplied by the positive
integer I'.
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Now we make the linear transformation
1
T='Cr <= =z= ﬁCﬁc.

It takes the lattice £ C Z to a lattice £ C Z?. (Notice that £ is only a
lattice in Z? even if £ = Z%.) The transformation takes ¢ to ¢ = |c|[l'e?
and, hence, £¢ to £& C 2% x {0}. The quadratic form | - |3 on Z¢
will verify
2 <12
af = 5 lal2.
and when restricted to the affine sub-lattice f + £ it becomes

SR+ ), a= @)

The equivalence classes o N L are mapped to the equivalence classes
Ex N E A = I'A, which have diameter < dx = I'dx. The Lipschitz

domain D, (c) is mapped to the Lipschitz domain Dj(¢), A =TA.
For a matrix Q(w), w € U, on L x L we define

where . .
w = FQW cUCcC {|(ZJ| S Cl = F201}.

Since

it follows that
o((Q+ H(c,@))a, = Po(Q+ H(c,w))(a),-

Therefore H(c,w) verifies

(2D aa +(22)aw + (25)ac
if H(& &) verifies

CDaa+ 22z p + (2540
where A’ = TA/, &/ = I?x/.

H(c,&) and 8 H(c,®) are Toplitz at oo and N'Fa and verifies
|ost1(e,0)|| = 0. H (e )]

for all & € U. Moreover H(c) is T6plitz in direction &. We are therefore
back in in previous case. Hence, outside a set of @ of Lebesgue measure

< (A)oPHA- (1 < (c) {A} CoE=teims

~
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the matrix H(¢,&) verifies (2D ax a + (22)3 & + (25)5, To conclude
we just observe that

H < I?<H .
<H(c)> [1}}_ < (c)>{[/}}

This finishes the induction step, and to conclude we must only verify
the first step d = 1.

5. Case d = 1. Consider

o€ U((Q + H)[a]) and (3 € 0((Q + H)[b])
with |a — b| < A'. a — f differs from
la]* = [b]* = (a = b)(a +b)

by at most 2 |H|. If “(I|2 — |b|2} is 2 A’ we are done (here we use that
|<k,w>| < C1A"), so therefore we only need to consider

((a=b)(a+b)] S A
If [b] = [a] = {a}, then a = [ and condition (22) reduces to
|<k,w>| > R,

i.e. only one possibility (for each k). If not, there will always be a pair
a € [a] and b € [b] such that a — b # 0 and (Ja — b] < A’) hence

ol S A

This gives finitely many possibilities so (22) will hold outside at set of
measure

5 (A/)d(A/)d+#A_1/€.

6. THE HOMOLOGICAL EQUATIONS

6.1. A first equation.
For k € Z" consider the equation

(27) i <k,w> S +i(Qw) + Hw))S = F(w),
where F(w) : L x L — C and 9, F(w) are elements in l?{(ﬁ, C)={¢=
(ba)acc = €1l = €]l < oo}, where

H§H7 = Z ’fa’Q e2vlal (g )2m-

acLl

({a) = max(1, |a|)). Denote
17l = sup(lF@I, P
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Let U" C U be a set such that for all w € U the small divisor
condition (19) holds, i.e. for all a
|<k,w>ta(w)| >k, Vaw)eo(Q+ H)(W)a,)-

Proposition 6.1. Assume that Q(w) is real diagonal and verifies (14)
and that H(w) and 0,H (w) are NFa for allw € U. Then the equation
(27) has for allw € U’ a unique solution S(w) such that

1
2d L
ISl < cted(1+ k] + [Hlo) 5 [ Flgy,y
The constant cte. only depends on d,#.A and Cy, C3.

Proof. This is a standard results. There exists a ' ~ x ® such that
(27)s holds on U),. Let x be a cut off function which is 1 on U’ and
0 outside (U’),s. We now first solve the equation on (U’). to get a
solution S and then we define S = yS. O

6.2. Truncations.
For a matrix @) : £ x £ — C consider three truncations (defined in
terms of the block-decomposition Ea)

T5Q = Q restricted to {(a,b) : dist([a]a, [b]a) < A’}
PAQ = Q restricted to {(a,b) : ([a]a — [b]a) L ¢}
DR,Q = Q restricted to {(a,b) : dist([a]a, [b]a) < A’ and |a| = |b|}.

These truncations all commute. Moreover,

Lemma 6.2. (i)
{ Tl Q)

<
<THQ >{A,7} < <Q>{A,7}a
U U
for any A > d%. Moreover

(T3 Q)(c) = T (Q(0))

for all c.
(ii) The same result holds for P2.
(i)
A
|§A/Q\{Ag} < @l
/ <
< AQ>{/{>77} ~ <Q>{/(>,’y}7

for any A > (dar)?. Moreover

(DR Q)(c) = Da(Q(c))
for all c.

8< depends in this proof on d, #A and Cs, Cs.
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Proof. By Proposition 4.4(ii)
l[a + tc]a = [a]a + tc and [b+ tc]a = [b]a + tc

for all ¢ > 0if (a,b) € Da(c) C Dgg (c). Therefore either
b+tc b+tc
(TRQ) s = Quis Yt =0,
or

(TAQ)PTs — o wi > 0.

[a+tca
(ii) follows by exactly the same argument and (iii) is similar. Indeed,
for (a,b) such that dist([a]a, [b]a) < A’ we have

lal = [b] <= [a]ar = [b]a-

6.3. A second equation, k # 0.
For k € Z" \ {0} consider the equation

(28) i <k,w> S +i[(Qw) + H(w)),S] = TS F(w)

where F(w) : L x L — C and 0,F (w) are Toplitz at oco.
Let U’ C U be a set such that for all w € U the small divisor
condition (21) + (22) holds, i.e.

a(w) e o((2+ H;(W)MA)

|<k,w> +a(w) = B(w)| > & v{ Bw) € o((Q+ H)(w)p,)

for

dist([a]a, [b]a) < A

These conditions depend on x and A’, and in order to simplify the
estimate a little we shall assume that x < 1.

Proposition 6.3. Assume that U verifies (13), that Q(w) is real diag-
onal and verifies (14) and that H(w) and OH (w) are Tédplitz at oo and
NFa for allw € U. Then the equation

(28) and S=THS
has for all w € U" a unique solution S(w) verifying
(1)
1Sl < cte. e s (14 k] + |H,) [Fl gy y
(ii) S(w) and 0,S(w) are Toplitz at oo and the Toplitz-limits verify

i <k,w> S +i[(Qw) + H(c,w)),S] = TAPF(c,w)
S =T8S,
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(i)
A
<S> Nda+2) < cte.
Ul

1
—SdideQVdA(1+|k|+<H>{A ) <F> Vo)
K

for any

A > max(A, di, A’,sgp | H (w)]])

The constant cte. only depends on the dimensions d and #A and on

Cl; C27 C37 C4-

Proof. Let us first get rid of the diagonal terms V (a,w) = Qq(w) — |af?
which by (14) are

S 026_“1'03.
9 We include them into H — in view of the estimates of the proposition
this is innocent. Let us also notice that it is enough to prove the
statement for A > d3. We first assume that F' = T8 F.

So from now on we assume ), = |a|* and A > d%. We shall denote
the blocks [ ]a by [ |.

Block decompose the operator H(w) : S — [(Q(w) + H(w)), S] over
SA:

(H(W)S) = (Q + H)(w) St — SI(Q + H) (w)py-

Then the equation becomes

29) { i <k,w> S\ +iH(w)Sl) = Filif dist([al, [b]) < A’

[a]
S, [[ﬂ 0 if not.

Since Q + H is Hermitian, under condition (21) + (22) equation (29)
has a unique solution which is C! in w and verifies

st < e

hence

1
(30) S, < EddAeMA Fl,.

1. Toplitz at co. Let @ be a matrix on £ and denote by Q(tc) the
matrix whose elements are

Qb (tc) = QUL

9n this proof < depends on d, #.A and on Cs, Cs, C.
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10
By Proposition 4.4, for (a,b) € Dy/(c) — notice that A’ > d4 —
[a+tc] =[a] +tc and [b+tc] = [b] +tc
for ¢ > 0 and
la| —a, [b] =0 L ¢
It follows that
(31) i <k, w; SiA(te) + (2 + H)jy (te) Sp (to)—
S te) (2 + H)py(te)) = Fi(te)

for all ¢ > 0.

Moreover H,(tc), Hy(tc) and F, [[(f]] (tc) have limits as t — oo. Qg (tc)
and Qp)(tc) do not have limits, and we must analyze two different cases
according to if <c,a — b>= 0 or not.

Case I: <c,a — b>= 0. We have that Q(tc)X — XQp(tc) (for any
(#]a] x #[b])-matrix X) equals

jaf* X — X [b]?
— the linear and quadratic terms in ¢ cancel! Therefore equation (31)
has a limit as t — oo:

i <k,w> X +i(Q + Hig)(000)) X — X (4 + Hy(c0c)) = F)(c0c).
Since eigenvalues are continuous in parameters we have
a € o(|a)® + Hiy(ooc))

B € o(|bf? + Hy(ooc)).
Therefore the limit equation has a unique solution X which is C! in w
and verifies

|<k,w>+a— 0| >k ‘v’{

Ll
111 < - [[F¥oce) |
Since S[[g (tc) is bounded, it follows from uniqueness that
Si(te) — Sph(coc) = X

as t — oo.

Case II: <c,a —b># 0. We have that Q,(tc)X — XQp(tc) equals
(2t <a,c> + |a]’) X — X (2t <b,c> |b]?)
— only the quadratic terms in t cancel! Dividing (31) by ¢ and letting
t — 00, the limit equation becomes
2 <c,a—b>X =0.

1011 order to avoid confusion we shall denote the Téplitz-limit in the direction ¢
by Q(ccc).
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It has the unique solution X = 0. For the same reason as in the
previous case we have that
Si(te) — Sp(coc) =0
as t — oo.
We have thus shown that the solution S is Toplitz at oo, and that
its Toplitz limits S(ococ) verify

(i <k,w> S(ococ) + iH(C,w)S(OOC))E]]

= F}(c0c) if dist([a], [b]) < A, and
[a] = [b] Lc
S(ooc)% =0 if not
and .
(S, < —dae? ™ |[F(c)],

2. Estimate of Lipschitz norm. Consider the ”derivative” 0,:

2.0 (1) = (@1 (te) ~ QU (ooc) mas 17

a la] d=ab |c|

(Notice that the definition does not depend on the choice of represen-

tatives @ and b in [a] and [b] respectively.) We shall “differentiate”

equation (31) and estimate the solution of the “differentiated” equa-

tion over [a] x [b] C Dy(c) C Da(c). By Corollary 2.2(iii) this will

provide us with an estimate of the Lipschitz constant Lipy, g4, 1o.-
Since S is 0 at distances 2 A’ + da from the diagonal we only need

to treat |a — b| < A’ + da. Again we must consider two cases.

Case I: <c,a — b>= 0. Subtracting the equation for S[[Z%(ooc) from
the equation for S[ Iand multiplying by max(‘l || ‘I ‘I) gives
i <k,w> 0,5 + z’(Q + H) (0.5 — 0cSi(Q + H)y,

— (6] (6]
= Ocly) = 0, H[a]S[a] Sia0cHp,

where the argument in all matrices is tc with ¢ = 0. Now we get as for
equation (31) that

1
<
< (o

+ (lowEul) + 110:H ) || 5

Since
[a] x [b] C Da(c)
and A’ 2 A + d it follows by Corollary 2.2 (iii) that

[a] x [a], [b] x [b] C Da(c)
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and therefore
”aCH[a]H + HacH[b}H < d‘i <H>\
and
(0]
Jo-sti]
Case II: <c,a — b># 0. Then

: 1
emmmm:§_<F>MVMZ<H>MﬂT
K

b
||a|2—|b|2|%M| <c,a—b>|%H| <c,a—b> |2 N
c

]
Indeed |a|® — |b]* | can be written
ld' + 7c|> = | +7¢)* = |d)” = |V + 27 <¢,a — b>,
and (recalling Lemma 2.1(ii))

[0 = 0P| < la— Bl (1] + ¥]) < cte.(&' +da)

and this is < %7’, since A’ > 2cte.(A’ + da). Moreover

Since A’ > ||H||, assuring that ||H|| is small compared with |a|* —
b]* |, we have

a€d$Q+HmO
Bea(z(2+ H)p)-

Since S[[ab%(ooc) = 0, equation (31) can be written

la— B = 2|<a—b,c>| >2 V{

L <k, w> 0.8 + L(Q+ H)@deSy) — 0eSiyH(Q + H)y

la] t
(o] 1 (0]
= F [a] 7 TAXdE[a]U[b] ||c|| ~ F [a]

where the argument in all matrices is t¢, ¢ = 0 Since A’ 2 A’/ then
the absolute value of the eigenvalues of the LHS-operator is 2 2 and it
follows as in (31) that

Adding the estimate (30) and taklng the supremum over all ¢, we
get in both cases

1 1
(32) <S>A’+dA+2'yN d2d 2dA( <F>A/,7 —l—? <H >\ |F”Y)
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3. Estimate of w-derivatives. In order to estimate the derivatives in
w we just differentiate (31) with respect to w:
(i <k,w> +i(Q + H(w))) S}y — 105 (Q + H(w))y =
b b b
= 0,F —i(k + 0,H(w)wSly) — Sij0uH (w))
where the argument in all matrices is tc with ¢ = 0.
Let GF;]] be the matrix on RHS. Then

HG“’] < ‘a F+
(33) il = 17 b
(1] + 0. Hia| + [0 Hiy ) || 051
and
(34)
lo.cti| = [ocd.mi]| + Ukl + l[0sHia| + 0 Eull) 0058

(6]

+ (|00 Hia || + |00 Hi | ‘

&US[[Z% is now estimated like S[[ﬂ and 80(9w5[[ﬂ is now estimated like
865[[3 but with G instead of F. Combining these estimates now gives
the result in d = 2 when F' = TS F. By Lemma 6.2(i) we get the result

for d = 2.
By (ii) the Toplitz limits of S verifies the same equation as S, with F
replaced by P2 F, and we get the result for d > 3 by Lemma 6.2(i)+(ii).
O

6.4. A second equation, k = 0.
Consider the equation

(35) il(Qw) + H(w)), 8] = (I3 = DY) F(w)

where F(w) : £L x L — C and 0, F(w) are Toplitz at co.
Let U' € U be a set such that for all w € U the small divisor
condition
Q4+ H)(w)al,)
_ >yl alw)ea(( o)
(@) = flw)] 2 & { B(w) € o((2+ H)(w))
dist([a]a, [b]a) < A" and |a| # |b|.

holds. As before we shall assume that x < 1.

(36)

Proposition 6.4. Assume that U verifies (13), that Q(w) is real diag-
onal and verifies (14) and that H(w) and OH (w) are Toplitz at co and
NFn for allw e U. Then the equation

(35) and S—TES=DXRS=0
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has for all w € U’ a unique solution S(w) verifying
(1) ,
< L — 2d 2"{A .
[Slgz,y < cte. —dXe™ 1+ [H|p) [Floy v
(ii) S(w) and 0,5 (w) are Toplitz at oo and the Toplitz-limits verify
i <k,w> S +i[(Qw) + H(c,w)),S] = (TH — DY)PAF (c,w)
S —THS =DRS =0;
(ii)
<S>{Af+dﬁ+27} < cte. H—d% A (1+ <H>{A ) <F > V)
for any

A2 max(A, dj, (da)?, Sup [H (W)])-

The constant cte. only depends on the dimensions d and #A and on

Clv 027 037 C(4-

Proof. We first assume that F' = (75 — DX/)F(w). The proof is the
same as in Proposition 6.3, with k£ = 0, and gives a
N 2 max(A, &4, A, | H])).

In order to get the result we need to estimate (75 —D2) F(w) in terms
of F. This is done by Lemma 6.2(iii) and requires a larger A’. O

6.5. A third equation.
Consider the equation
(37) i <k,w> S +i(Qw) + H(w))S +iSZT(Qw) +H(w)) = F(w)
where F(w) : L x L — C and 0,F(w) are Toplitz at co and ZQ is
defined by

(ZQ), =
(This equation will be motivated in the proof of Proposition 6.7.)

Let U" € U be a set such that for all w € U the small divisor
condition (20) holds, i.e. for all a,b

<k, w> +a(w) + Bw)| > & v{ e

As before we shall assume that k < 1.

Proposition 6.5. Assume that U wverifies (13), that Q(w) is real di-
agonal and verifies (14) and that H(w) and OH(w) are Toplitz at oo
and N'Fp for allw € U. Then the equation (37) has for allw € U’ a

unique solution S(w) verifying
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(i)
1
S < cte. —dX e (1 + k| + |H|, )| F :
| |{g,}_06 dae (L+ [kl +H|,) | |{7],},

(ii) S(w) and 0,S(w) are Téplitz at oo and all Toplitz-limits S(c,w), ¢ #

0, are = 0;
(iii)
<S>{A/+dA+27}<cte de 27A(1+|k|+<H>{A ) <F > Vo

for any

A 2 max(A, dj, A’,Sgp 1H (@)]])-

The constant cte. only depends on the dimensions d and #A and on

Cla 027 037 04-

Proof. As before we reduce to 2, = |a|* and we block decompose the
equation over Ea:

i <k,w> S +i(Q+ H) S +iSpl(Q+"H)_py = F.

We then repeat the proof as for Proposition 6.3. There is a difference
in the computation of the Téplitz limits. The equation (31) becomes

i <k,w> +z((Q+H)[a](tc)S[[a]( c)+ S[b](tC)(Q+tH)[fb](—tC)) = F[[f]](tc)

and now
Q[a] (te) X + XQ[,(,] (—tc)
equals
(£ |e|” + 2t <a,c> +]a|) X + X (£ |c|* — 2t <b,c> +|b]*)

— the quadratic terms in ¢ do not cancel! Dividing the equation by t?
and letting ¢t — oo, the limit equation becomes

2|e)*> X =0,
which has the unique solution X = 0. Therefore
b b
Sii(te) — Sp(coc) =0

as t — oo, i.e. the Toplitz limits are always 0.

In order to estimate the Lipschitz-norm we only need to consider
the analogue of Case II (even when <c,a — b>= 0). We have for
(a, b) € DA/(C)

lal |2

]

0]

]

22

jal* + b]* 2 (7)) = (72 2 ()™
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To avoid any problems with <k,w> and H it is sufficient that (A’)? is
2 Aand 2 ||H||. O

6.6. The homological equations.
Let Q(w) : L x L — gl(2,C) be a real diagonal matrix, i.e.

% () :{ Qu(w) a=b

0 a#b
Assume that for all @ € £ and all w € U (14)+(15) holds and
[Qa(w)] = Cy
(38) [€20(w) + Qb( )| = Cy
[Qa(w) = (w)| = Cy a] # 0]

Assume H(w) and 9, H (w) are Toplitz at co and N Fa for all w € U
and

W) <
(39) \|3wH(W)H<§ T

<H>{$}N 1
(Here || || is the operator norm.)

Proposition 6.6. Let A’ > 0 and k > 0. Assume that U verifies (13),
that Q(w) is real diagonal and verifies (14) + (15) + (38) and H(w) and
O.H(w) are NFa and verify (39) for allw € U.

Then there is a subset U' C U,

Leb(U\ U') < cte.(A))sH#A- 1,
such that for all w € U’ the following hold:
(i) for any |k| < A’
|<k,w>| > k.

(ii) for any |k| < A" and for any vector F(w) € I2(L,C?) there
exists a unique vector S(w) € I2(L,C?) such that

i <k,w>S+JQ+H)S=F
and satisfying

”SH{’Y } < cte. dzd Q’YdA A/ HFH{WUI}

The constants cte. only depend on d, #.A, my and on C4,...,Cs.

Proof. Let
-(43)

SIS
SIS
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and define 'CAC : L x £ — ¢l(2,C) through
(fcAC)Y: ='CcAbC.

To see (ii) we change to complex coordinates S=C1'S and F=
C~'F. Then the equation becomes

i <k,w>S—+iJQ+H)S=F

S 0 Q+Q
(@+H) = ( Q+Q 0 )
where @ and Q) are (scalar-valued) normal form matrices.
This equation decouples into two equations for (scalar-valued) ma-

trices of the type

with

i <k,w> R+i(Q+ Q)R =G.

We get the results from Proposition 5.1, the first part of condition (38)
and Proposition (6.1). O

Proposition 6.7. Let A’ > 0 and k > 0. Assume that U verifies (13),

that Q(w) is real diagonal and verifies (14) + (15) + (27) and H(w) and

O.H(w) are Toplitz at oo and N Fa and verify (28) for allw € U.
Then there is a subset U' C U,

Leb(U —=U’) < cte.max(A, A, A" )*P(1+ <H>{A,})/ﬁ,
such that for all w € U’ the following hold:
for any |k| < A" and for any symmetric gl(2, C)-matriz F(w),
(F)2 =0 when dist([a]a, [bla) > A,

there exist symmetric matrices S(w) and H'(w) such that
i <k,w>S+(Q+H)JS—SIQ+H)=F—H
and satisfying — for any
A > cte.max(A, da, (da)?) —
()
<S>AA/ deto < cte.iA’dide%dA <F>yvn,
{U/+ N ,v} K3 Uﬂ}

(ii) for k #0 H =0 and for k=0 H' and 0,H' are NFar and
<H' >y igien < ctedy <F>ppn .
{grar?) i
The exponent exp only depends on d,#.A and the constants cte. also
depend on C1, ..., Cs.
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Proof. Consider first k£ # 0. We change to complex coordinates S =
C~1SC and F = C~'FC. Then the equation becomes

i <k,w>S+i(Q+ H)JS —iSJQ+ H)=F

S 0 Q+Q
(2+H) = ( Q+Q 0 )
where @ and Q) are (scalar-valued) normal form matrices.
This equation decouples into four (scalar-valued) matrices of the

types

with

i <k,w>R+i(Q+QR—-R+Q)) =G
and
i <k,w>R+i((Q+ Q)R+ R(Q+'Q)) =G.
By the assumption on F we have 70G = G and the first type follows
from Propositions 5.2 and 6.3.
To treat the second type let us consider the operators

(RQ)q = Q" and (ZQ), = Q.
With T'= R R the equation takes the form
i <k,w>T+i(Q+Q)T+TZ(Q+Q)) =RG.

Then the result follows from Propositions 5.1 and 6.5.
It is clear that the solution .S is unique if we impose that

(w92 =0 when dist([a]a, [b]a) > A,

[a]a
The symmetry follows from this.
For k = 0 the argument is similar, using the second and third part
of condition (27) and Proposition 6.4. O

PART III. KAM

7. A KAM THEOREM

7.1. Statement of the theorem.
Let
(0. p.11) = O(0) T x D)
be the set of all (, ¢, r such that
C=(&n) € O(0), [Sed <p, |ral <p Vae A
Let

ho(z,r) = h((,rw) =<w,r> +%<C, (Qw) + H(w))>
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where Q(w) is a real diagonal matrix with diagonal elements §2,(w)I
and H(w) and 0,H (w) are Toplitz at co and N Fy for all w € U. We
recall (section 5.1) that a matrix H : LyimesC — gl(2,C) is N Fa if it
is real, symmetric and can be written

Q1 Q2
H p—
(&8
with Q = @)1 + 1Q)> Hermitian and block-diagonal over the decomposi-

tion Ea of L.
We assume (13-15)+(38), i.e.

U is an open subset of {|w| < Cy} € R#4,

|0%(Qa(w) — |a\2)} < Coe™ %l 0y >0, v=0,1,

|Qa<w)| 2 C4
€2(w) + Qp(w)| = Cy
Q(w) — Q(w)| > Cy al # (0],
and, for all k € Z™\ 0,
|0, (<k,w> +Q,(w))| > Cs
|0, (<k,w> +Q,(w) + W(w))] > Cs

10 (<k, w> +Qu(w) — (W) = C5 |a| £ 0]

Remark. These conditions are quite generic. Indeed for any family
{Q, : a € L} of analytic functions on U verifying (14) the following
hold. For any 0 > 0 there is a set Us C U, Leb(U \ Us) < 6, and
constants C3 = C3(9), Cy = Cy4(9), such that (15)+(38) hold for each
a unless Q,(w) £ Q(w)— < k,w> is a constant function (on some
connected component of U) for some b and k.

We also assume (39), i.e.

[H@)| <G
[0L.H(W)|| <
<H>{A}§ 1

U

for some A. Here ||| is the operator norm.

Remark. For simplicity we shall assume that v, o, p, 0 are < 1 and that
A, A are > 3.

Let
00, p ) x U —C
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be real analytic in ¢, ¢,r and C! in w € U and let

f] Aoy = Sup [f(» 2k ')]{Ama}'

reD(u)A

Theorem 7.1. Assume that U verifies (13), that Q(w) is real diagonal
and verifies (14) 4+ (15) + (38) and H(w) and 0,H (w) are Téplitz at oo
and NFa and verify (39) for allw € U.

Then there is a constant C (only depending on d, #A, m.,C1,...,Cs)
and an exponent exp (only depending on d,#.A, m,) such that, if

1
[f] é}zz} =¢ < Cmin(y,p, © A A)eXp min(o 27#)2

then there is a U’ C U with
Leb(U \ U’) < cte.e™®

such that for all w € U’ the following hold: there is an analytic sym-
plectic diffeomorphism

P 00(5 1 5) — O%o, p, 1)

and a vector w' such that (hy + f) o ® equals

o+ <, r> +%<C, (Q+ H)(w)(> +f(¢, 0.1 w)

where

Of =0 f' =8f =0 for (=r=0

(o
H‘(t@i Q’f)

with Q' = Q) +iQYy Hermitian and block diagonal matriz (with finite-
dimensional blocks).
Moreover

and

P 00(5 5 5) OO( +€2 g‘f‘f‘:% 5"‘5%)
The exponent exp’ only depend on d, #.A, m, while the constant cte.

also depends on all Cy,...,Cs.

Remark. TIf ()% # 0 then |a| = |b|. This gives a trivial bound on the
block-dimension which is not uniform — they may be of arbitrarily large
dimension. Due to this lack of uniformity we loose, in our estimates,
all exponential decay in the space modes. However, if there were a
uniform bound — as happens in some cases [GY06] — we would retain
some exponential decay.
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The consequences of the theorem are well-known and discussed in
the introduction.

7.2. Application to the Schrodinger equation.
Consider a non-linear Schrodinger equation

= Aut V() w e (), w=ulta), 2 €T ()
u

where V(z) = 3. V(a)e'®® is an analytic function with V real and
where F is real analytic in Ru, Su and in o € T
Consider a function

i(p,x) = Y pac’e T, py >0,
acA

where A € Z? is a finite set. Let £ be the complement of A and let

w={w, = a2+ V(a) :a € A}

Q={w,=a*+V(a):a €L}
Then

u(t,z) = u(e + tw, )

is a solution of (x) for e = 0.

Let V depend C! on a parameter w € W C R#4 and assume that it
satisfies conditions analogous to (13- 15 )+(38), i.e.

W is an open subset of {|w| < C;} € R#A,

|0 (Qa(w) — |af?)] < Che3ldl Cy >0, v=0,1,

0
|€2a(w) + Qy(w)| = Cy
|Q(w) — Qp(w)| = Cy |a] # (0],

and, for all k € Z™\ 0,

10w (<k, w(w)> +Q(w))| > Cs
|0 (<k, w(w)> 48 (w) + Dy (w))] > Cs
|0 (<k, w(w)> +Q(w) = Qyp(w))| = Cs - af #[b].

We also assume that the mapping
W s w— ww) ={w, = |a)* + V(a,w);a € Ay €U
is a diffeomorphism whose inverse is bounded in the C'-norm, i.e.

(40) ‘w_l‘cl S CG'
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Let f(u,u) = [p. F(z,u(z)u(z))dz. Then one verifies easily that
there exists 7, o, p, u such that f is real analytic on O7(o, p, u) and
that f has the Toplitz-Lipschitz-property:

(41) Flppmor < Cr

Pob
for some constant Cf.
Theorem 7.2. For ¢ sufficiently small, there is a subset W' C W,
Leb(W \ W') < cte.e™P,
such that on W’ there is an U'(p,x), analytic in ¢ € ']I“é and C™~% in
x € T¢, with
sup i (p, ) =i, )l < €7,

[Spl<f
and there is a W' : W' — U,
o —w| <7,

such that

u'(t,z) = (o + tw'(w), z)
is a solution of (%) for any w € W',

Moreover, the linearized equation
—it = Av+ V() * v+ e ZE (w0 (t, ), u/(t, )T+

el (! (t,x), 0/, 2))v

is reducible to constant coefficients and has only time-quasi-periodic

solutions — except for a (#.A)-dimensional subspace where solutions
may increase at most linearly in t.

Proof. We write

U(ZE) — Zand Uaei<a,x>,

<:<§7>:< (ua+va)>'

(Uq — Va)
In the symplectic space

{(€sma) 1a € 27 =R¥ x R¥' N " de, Adn,,

a€Zd

and let

SIS

the equation becomes a Hamiltonian equation in infinite degrees of
freedom. The Hamiltonian function has an integrable part

53 (ol + V(@)(E + )

a€Zd
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plus a perturbation.
In a neighborhood of the unperturbed solution

1
5(52 + 772) =Pa, @€ A,

we introduce the action angle variables (¢,,7,) (notice that each p, > 0
by assumption), defined through the relations

§a = /2(ra — pa) cos(¢a)
Na = \/2(Ta — Pa) Sin(a).-
The integrable part of the Hamﬂtonian becomes

h(¢,rw) =<w,r> += ZQ (&2 +n2),

aEL

while the perturbation ¢f will be a function of ¢, i, r.
The assumptions of Theorem 7.1 are now fulfilled and gives the re-
sult. U

8. PROOF OF THEOREM

8.1. Preliminaries.
Let
00, p ) x U —C

" he real analytic in ¢, p,r and C' in w € U and consider

Mz
Notation. We let
_ (v O
B ( P > ’
and we write this norm as
ey

Cauchy estimates. It follows by Cauchy estimates that
O flinat S 5 p[ lepa)

(42 [0: f]{A NS ealf lipar-

Truncation. We obtain 7o f from f by: 1) truncating the Taylor
expansion in ¢ at order 2; 2) truncating the Taylor expansion in r at
order 0 for the first and the second order term in ¢ and at order 1 for
the zero’th order term in (; 3) truncating the Fourier modes at order

HWe shall assume that all ~v,0,p, 1 are < 1, and that 0 < 0 — o' =~ 0, 0 <
B R
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A; 4) truncating the space modes of the second order term in ¢ at order
A. Formally 7A f is

Z|k|§A[f(0’ k? 07 w) + &’fA(Oa ka 07 W)T+ <a€f(07 kv Oa W)a C>
+3<C, TaAOZf(0,k, 0, w)(>e .

We have

(43) Taflpa) S A#A[f]{/&a}

and

(44) Lf — TAf]{/[}a/} S Ala, o, A)[f]{i\]a},

where A(a, o/, A) is
Z/ i/ ﬂ/ 'Li/ 1 Ap—Alp=p") —A(v=)
GV + G+ ) T e + A0,

This follows from Proposition 3.2, from Cauchy estimates in r and
¢, and from formula (8).
Poisson brackets. The Poisson bracket is defined by

{fa g} :<8Cfa Ja(:g> +aapfarg - arfatpg'

If g is a quadratic polynomial in (, then
< RV N
(45)  [{fsotpesay S BO =7 000 =0 M ia oy 9gaay

where
1

1 1 1
B=N 5= i
o= pP—pH
If also f is a quadratic polynomial in ( and, moreover, independent
of ¢ and of the form

)d—l—m* +

<a,r> +%<C,AC>,
then
(46) [{f, 9}}{#3&/} SB(Y -9, 01,p— Pl,ul,A)[f]{gal}[g]{/&az,},

%:<7W>,¢:Lz
P Hi

and 7 = min(y1,72), f=min(py, pa). 2
In both cases, the first term to the right is estimated by Proposition
3.3 and the other two terms by Cauchy estimates.

1211 the expression for B we have assumed that 0 < oj—o' mo 0<pj—p =~ pu;,
j=12.
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We shall use both these estimates. Notice that (46) is much better
than (45) when o9, i are much smaller than oy, p1;.
Flow maps. Let

1
s = TAS = 80(907 7n7w)+ <C7 Sl(%w)> +§ <C7 52(907W)C>

and notice that Sy is first order in r. Consider the vector field

¢ Jos TSi(p,w) + ISa(p,w)C
pr o | = 0,5 = 0 So(p, 0,w)
¢ r —0,8 —0,5(¢C, p, 1, W)
and let

G _ ( C+bi(z,w) + By(z,w)( >

z+ gt<C7 Z,W)
Tt

be the flow. Here we have denoted ¢ and r by z.
Assume that

(47) [slfa ey =& Smin((p— o, (v =) 0%).
Then for |t| < 1 we have:
OV (o 0 i) = O (0,0, 1), VY <A

g

(48) 9t fpyon S = Or
Yoz S o

depending on if g is an p-component or a r—component'
1 1

49 be+ Bl 1 S (( K )d+m* ¢ )
49 ok Blllgy v S (=™ + G S,
(50) <B,> < A(—1 )<
e
and ®; has an extension, for 1 > > o’ and 1 > g > 1/, to
O (5 + cte.(5 7)“’”*;(%“) pau+cte( et +1))
for all " < +/.

Proof. We have ¢, = ¢ + a;(¢,w) and since

|87«S(](Q0, 07w>| S ) VQO € Tf?

Ju
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¢ remains in ']I‘;j‘ for [t| < 1if =3 (p— p'). The w-derivative verifies

d
21 (0upr) = 0.0:50(, 0, w) + 0,0, 50(0, 0, w) (0.t

and can be solved explicitly by an integral formula. This gives (48) for
z = ¢ and the g-part of (51).

For a fixed w (49) follows from the first part of Proposition 3.4(i) if
TS|, < (v —9)% ie. if e £ (v —7/)%? This also gives the (-part
of (51). In order to get [|(; — (||, < o — o' =~ o for ||(||,, < o we need
e < (v — ) mo? (50) follows from the second part of Proposition
3.4(ii). The w-derivative of (; satisfies

d
E(awct) = an81<g0, 07 CU) + anS2(()07 07 W)Ct + JSQ(907 07 w)<awgt)

which is solved in the same way.

re =1+ (¢, o,w) + di (¢, p,w)r and for a fixed w (48) follows from
Proposition 3.4(ii) ife < (p—p ) (u—p') =< (p—p')p. The w-derivative
satisfies a similar equation which is solved in the same way. The r-part
of (51) follows from these estimates and since r; is linear in r. O

Composition. Consider now the composition f(®;,w). If

(52) e Smin((p — p)u, (v — )™ o)y —

then
(53) Lf (Ds, ')]{#18&/} S Al4[f]{A o}

U

Proof. Consider first a fixed w. We have
16(¢,2) = Cllyy <o = 0" V(¢ 2) € 07 (o) x Ty x D(u')*
by (49)4(52) and we have

0G0 < 5= 1) or (o= ) V(G 2) € O°(o) x T x D),

depending on if ¢ is an r-component or a p-component, by (48)+(52).
By Proposition 3.5 we get
[f(q)t(7 W)7 w)]AJrI/Q,’);”,U’ S A {f(u w)]AJrG,'y’,cﬂ

T st

where
1

A = max(1,a, A? —
Y=

a?)
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and ) )
Q= m[spt]{AJrG,'y’,o’} + m[’rt]{AJr&’y/,cr'}
L s o o
+(v’ v”) F<B> A+6;‘Y/}
P
If we choose v/ — 4" = v —+/, then (48)+(50) and the bound (52) gives
A< AS.

Consider now the dependence on w. We have

8w<f(q)t)) = awf(cl)t)+ <8zf(q)t)v awgt> + <8Cf(q)t); ath> .

The first term is a composition and we get the same estimate as
above but  with f replaced by 0, f.

The second term is a finite sum of products, each of which is esti-
mated by Proposition 3.1(i), i.e.

[<azf<q)t7 W), 8wgt>]A+12,7’/,a’ 5 [azf(q)ta w)]A+12,'y”,o’ [awgt]A+12,'y”,o’-

P o' o

The first factor is a composition which is estimated as above: if we
take p' — p" = p—p and ' — p” = p— i/, then we get
S A0S (@) a0 gt a2 00
P P
Using Cauchy estimates for the first factor and (48)+(50) for the second
factor gives

N AG[f(',W)]AJrGﬂ’,U'
st

The third term is a composition of the function
f=<0cf,(0,9;) 0 d_i>

with ®,. Evaluating f we find that it has the form <0cf, by + B>
where

Bf = 0ubi(p—t) + 00 Bi(p_)b_y
By = 0,Bi(¢—+) + 0,Bi(p—¢) B+

For ¢ € T4, we get by (48)+(52) that
o=l <p =p"=p—1r,
so b, and B, are defined on T;‘},. By (49)+(52)

by

é 0_0/7
,y/

and by (50)+(52) and the product formula (10)

1 €
/)_27

g 6
<Bi>ppoy S A
o' Y=
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[f]A-‘rQ,v’,U’ 5 Ag[f]/\-i-ﬁ,’y,a-

/1 / /1 !

AT T

Finally by the same argument as above we get
[f(cbt(-, w), W)|A+15,4707 S A6[J?('7W)]A+9n’,a’a
p///”u// p”,/.LI

if we choose p/ —p" =p —p' 0/ —0c"=0c—c"and y — ' =p— .
This completes the proof. l

8.2. A finite induction.
Let

(G, 1, 0) =<w, 1> +3<C, () + H(w))C>
satisfy (13-15)+(38-39) and let H(w) and 9, H(w) be NFa. Let

M= 2=( 1)

Besides the assumption that all constants v, o, p, u are < 1 and that
A, A are > 3 and we shall also assume that

,u:UQ and day <1.

The first assumption is just for convenience, but the second is forced
upon us by the occurrence of a factor e?2” in the estimates which we
must control.
Fix p’ < p and 7/ < v and let
1 1

A, — 1 )2
(lo(2)) min(y —v',p — o)’

Define for 1 < j <n

n = llog(2)].

g1 = (m)e; €1=¢,
AjJrl = A] + dA + 2?7 Al = cte. maX(A, di], (dA/)Q)
v=v—0 D55 p=p-0G-1EE

041 = (525)30; o1 =0
ti+1 = (55.5) 3 1 = fi.

13

We have the following proposition.

13The constant in the definition of A; is the one in Proposition 6.7.
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Proposition 8.1. Under the above assumptions there exist a constant
C and an exponent exp, such that if

11 1

e < KCmin(y—~",p—p,—,—,

)1 min(o?, u),

then there is a subset U' C U,
Leb(U \ U') < cte.e™P2
such that for all w € U’ the following holds for 1 < j < n: there is an
analytic symplectic diffeomorphism
;2 OV (0511, pyens 1) — OV (05,05 115), VY < s
such that
(fi = f) with
(1) )
hj = ct+ <xj(w),r> +5 <, Hj(w)¢>
with Hj(w) and 0,H;(w) in NFa and
[ J]{U/ o) j
(i)
[fjﬂ]{gj}“ o} < Fejra,
where
1 1 1\
B S cte. max(——, ——, A, A log(=)) ™.
S A €
Moreover, ®; extends to an analytic symplectic diffeomorphism

7 _ ", S E45 _ S E5
OV (7, pj1, 1) — OV (0 + =55, pj, i+ F = [a)
for all v" < 7vj41.
The exponents exp,, expy, exps only depend on d,#.A, m. while the
constants C and cte. also depend on all Cy,...,Cs.

Proof. We start by solving inductively
{h, Sj} = _TA’fj + hj
using Propositions 6.6 and 6.7. To see how this works, write

sj = So+ <(, S1> +3<(, 5>
T fj = Fot <C, Fi> +4 <C, Fh(>
h; = c+ <x;(w),r> —l—% <(, Hy(> .
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The equation written in Fourier modes becomes
—i <k,w> So(k) = —Fy(k) + 6F (c+ <x;(w),r>)
—i <hyw> $y(k) + J(Ow) + Hw))S:(h) = ~F(k)
—1 <k:,w>A So(k) + (Qw) + H(w))JS2 (k) — So(k)J(Qw) + H(w))
= —Iy(k) + 0 Ho.
Using Propositions 6.6 and 6.7 and (43) these equations can be solved
for w in a set U; with

Leb(U;_1 \ U;) < cte.e™ (Uy =U).
This gives, after summing up the (finite) Fourier series,

s vasn, ) S ce(NAPPEe =,
; J
J

[hj]{Aj+dA+2 o

Uj

} < cte.(A'A)=PFI7 e,

If the solutions s; and h; were non-real (they are not because the
construction gives really real functions) then their real parts would
give real solutions.

In a second step, for 0 <t < 1 we estimate

fi—hj+{h+hi+...+hj1+ (1 —-t)h;+1tf;, s}
which is equal
(fi—Tafj)+t{fj, s} +{h+...+hj1+(1—=t)hj,s;} =t g1+ g2+ gs.
According to (44) we have

[91]{Aj+dA+2 &j+1} 5 A(Oéj, 55]‘4—1, A’)ﬁj—leja

J

where

V=i
J - Pi—Pj+1
P — "5 2t
By our choice of constants and the assumption on € we have

1
A<
N<O'2/{/3+<,0_,0/

1 €
#A
) JEBS A_}‘*ﬁm'

According to (45) we have

ex 1 | —
[92]{Aj+dﬁ5 ) } < Bj(A'A) P?ﬁ% %2,

J

j+1
where
Bj = B(Vj = Vj+1,05,P5 — pj+1nuj>Aj)‘
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0 takes care of this when 7 = 1 and when j > 2 we have the factor i—i
that controls everything, and we get the bound

~ A146

0/13]

According to (46) we have

J

/ exp Qi— ex 1 i
[93]{Aj+dA+5 &j+1} 5 Z Bz‘(A A) pg 1€icte.(A/A) pﬁﬁj 1€j,

1<i<n
where
Bi = B(; = Yj+1: 0, pj — Pjs1s s Ag)-

The same argument applies again: ( takes care of this when ¢ = 1 and
when ¢ > 2 we have the factor=* that controls everything. We get as
before the bound

~ A14ﬁ /€3 ]

In a third step we construct the time-t-map, |t| < 1, @, for the vector
field J0s. Condition (47),

& Smin((fj41 — i) ibier, Fiar — V1) ™55 1),

is fulfilled for all 7 by assumption on €, so

11

O, 0 OV (0541, pisrs 1) — OV (611, Pjos flisn)

for all v < 7,41, and it will verify conditions (48-51) with a, o/, A
replaced by &;i1, i1, Aj + da + 2.
Finally we define

1
fir1 = / (91 + g2 + g3) o Pdt.
0

Then the time-1-map ®; will be our ®; and do what we want — this is
a well-known relation. It only remains to verify the estimate for f;;.
Condition (52),

&; Smin((j41 — pjr0) it Fiar — 10600V A1 — Vi1
is fulfilled for all j by assumption on ¢, so we get by (53)

[fj+1]{?]j+1aj+1} S A}4[9]{Aj+dA+5 &j+1}’
j

Uj

and we are done. O
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Corollary 8.2. There exist a constant C and an exponent exp such
that, if
1 1 1 1

e < Cmin(v—y',p—p,z K)e"pmln( ) o LI

4 then there is a subset U' C U,
Leb(U \ U’) < cte.g®P1,

such that for all w € U’ the following hold: there is an analytic sym-

plectic diffeomorphism
OO0 (o p i) = O (o), VY <A,

and a vector ' such that
(ho + f)o®=n+f
with
(i) ,
B =<w,r> +5 <, (Qw) + H'(w))¢>
with H'(w) and 8,H'(w) in NFar and
(W' — h]a Aol < cte.e

and .
lw' — w| < cte.—,

[f] K } < g/ < efT(lOg(é))Q
Ul
A= (log(2))? ﬁ
A = cte. max(A, d%, (dar)?) + log()(da + 23)
o — (E:l)%—l-T
M/ _ (5/)%4-27‘
Moreover, ® extends to an analytic symplectic diffeomorphism
"o, _ _ ", _ g _ _ g _
o7 (07 P,n“) — 07 (0- + 6;@@# + ﬁ;y’)
for all " < ~', where
11
T=7"p-

1
B < cte. max( - A A log( )P,

4The bound on ¢ in Proposition 8.1 is implicit due to x and log(1)). Here we
have an explicit bound, but the price for taking x equal to a fractional power of ¢
is that the bound must depend on max(c?, i) to a power larger than 1.
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The exponents exp, expy, exp, only depend on d,#A, m, while the
constants C and cte. also depend on all C1,...,Cs.

Proof. Take k® = 7. Then

1 2
Ent1 = 6,7 On+1 Z (6,)3+T7 Hnt1 2 (6/)3+277

and
g < e~ T(log(2))?
if .
51—27’ SJ 0.
15}

The result is an immediate consequence of Proposition 8.1 if we take
w' = w and

h' =<w + x(w), r> —{—%<C, (Qw) + H' (w))¢> .

By the bound on the derivative of x, which is part of (ii), the image
of U’ under the mapping w — w + x(w) covers a subset U"” of U of the
same complementary Lebesgue measure, and we can replace w + y(w)
by w if we take w’' = (Id + x) H(w).

Since |x(w)| < cte.£ we get the estimate for [’ — wl. O

8.3. The infinite induction.
Let
f:O0%o,p,u) xU —C

be real analytic in ¢, ¢, r and C' in w € U and consider

R

Choice of constants. We define

—7(log(L1))?
Vi = (C{Aj)i ) 1= mln(dA77)
crj:e?szQ o1 =0
%+2T .
Hi=el > 2 p = p
pi=lats)e )
Ajpr = (085 smmmryy A=A

15

With this choice of constants we prove

15The constant in the definition of A; is the one in Proposition 6.7.
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Lemma 8.3. There exist a constant C' and an exponent exp’ such that

if
1

Za

)= min(o?, ) 5,

==

e < C'min(v, p,

then for all j > 1

) 11 . . 1
gj < Cmin(y; = 541,05 = Pt 3> 1) min(o7, )
J J

and |
Z (dAi)QEi S 4_1 min(C'4,C5),
1<i<;

where C,exp are those of Corollary 8.2.

The exponents exp’ only depend on d,#.A, m, while the constant C’
also depend on all Cy, ..., Cs.

Remark. Notice that A; increases much faster than quadratically at
(d+1)!

each step — Aji1 > A, *  due to its coupling with 7;. This is the

reason why we cannot grant the convergence by a quadratic iteration

but need a much faster iteration scheme, as the one provided by Propo-

sition 8.1 and Corollary 8.2.

The proof is an exercise on the theme “superexponential growth
beats (almost) everything”.

Proposition 8.4. There exist a constant C and an exponent exp such
that if

e < Cmin(y —9',p—p, %, %)‘”‘p min(o?, p) =,

then there is a subset U' C U,
Leb(U \ U') < cte.e™P1
such that for all w € U’ the following hold: for all 1 < j there is an
analytic symplectic diffeomorphism
®; 0 O (01, pysns 1) = OV (0, o pg), - YY" < 1,

and a vector w; such that

(hj-1+ f) o ®; =hj+ fixr (ho = hu;, f1 =)
and satisfying:

(i)
hj = c+ <w,r> +% <(, (Uw) + Hj(w))C>
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with Hj(w) and 0,H;(w) in NFa,,, and
hiit1 — hi]oa, < cte.g;
[ j+1 J] /l}g,ajﬂ} = J
and
&j
|wj+1 — wj| S Cte.f,
j

(i)

[fj+1]{/(>]/'+1 aj+1} < €j41-

Moreover, ® o --- 0 ®; converges to an analytic symplectic diffeo-
morphism

O°( K

o Lp 1 1
O (= 2, = 2, = 2).
) — (2—|—5 5 e ,2+5)
The exponents exp,exp, only depend on d,#.A, m, while the con-

stants C and cte. also depend on all Cy, ..., Cs.

? )

(RS
N =

(IS

Proof. The proof is an immediate consequence of Corollary 8.2 and
Lemma 8.3. The first part of the lemma implies that the smallness
assumption in the proposition is fulfilled for every 7 > 1, and the second
part implies that assumption (39) for every j > 1. The remaining
assumptions are only on §2. 0

Theorem 7.1 now follows from this proposition. Indeed,
wj — w'
and we have

(he + f) o ® = lim (hy, + f) o ®y0--- 0 ®; = lim (h; + fj11),

: 0(c
and since thg sequence h; cleaﬂy converges on O°(Z, 5, 5), also f; con-
verges on this set — to a function f.
Moreover, for ( = r = 0 and |[3¢| < § we have, as j — oo,

| fil5 10:£51 5110 fillg — O
and, by Young’s inequality,

Jozric], s ezl |, — o

8¢f':87nf':(3§f’20 for (=r=0.

Therefore
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9. APPENDIX A - SOME ESTIMATES
Lemma 9.1. Let f: 1 =] —1,1[— R be of class C" and
M) =1, vtel
Then, Ve > 0, the Lebesgue measure of {t € I : |f(t)| < e} is
< cte.es%,
where the constant only depends on n.

Proof. We have | f™(t)| > en for all t € I. Since
t
FODE) = 50 t0) = [ 1),
to

we get that ’f("_l)(t)} > ew for all t outside an interval of length < 2en.
By induction we get that | f("=7)(¢)| > en for all ¢ outside 277! intervals
of length < 2. Jj = n gives the result. U

Remark. The same is true if

max ‘f(j)(t)} >1, Vtel

0<j<n
and f € C"*!. In this case the constant will depend on | f|ans:.

Let B(t) be a Hermitian N x N-matrix of class C! in I =] —1,1]
with X
|B'(t)] < 3 vt e I

Lemma 9.2. The Lebesgue measure of the set
tel: min [t+ A1) <e
{ A(t)eo(B(t)) | ( )| }
18
< cte.Ne,

where the constant is independent of N.

Proof. Assume first that B(t) is analytic in ¢. Then the eigenvalue
Aj(t), j=1,..., N, are analytic in ¢ with

A @) < [B@)]l

X6 < [1B" @)1
Lemma 9.1 applied to each f(t) =t + \;(t) gives the result.

If B is non-analytic we get the same result by analytic approxima-
tion. 0
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Proposition 9.3.

1

|1+ B(t)H| < .

outside a set of t € I of Lebesque measure

< cte.Ne.

Proof. The exists an orthogonal matrix U(t) such that

Now
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