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Several observations have recently renewed the interest for the classical topic of optimal
mass transportation, whose primary origin is attributed to Monge a few years before French
revolution. The framework is as follows. A space M is given, which in the present paper will
be a compact manifold, as well as a continuous cost function ¢(z,y) : M x M — R. Given two
probability measures pg and g on M, the mappings ¥ : M — M which transport pg into p
and minimize the total cost [, c(x, ¥(x))duo are studied. It turns out, and it was the core of
the investigations of Monge, that these mappings have very remarkable geometric properties, at
least at a formal level.

Only much more recently was the question of the existence of optimal objects rigorously
solved by Kantorovitch in a famous paper of 1942. Here we speak of optimal objects, and not of
optimal mappings, because the question of existence of an optimal mapping is ill-posed, so that
the notion of optimal objects has to be relaxed, in a way that nowadays seems very natural, and
that was discovered by Kantorovitch.

Our purpose here is to continue the work initiated by Monge, recently awakened by Brenier
and enriched by other authors, on the study of geometric properties of optimal objects. The
costs functions we consider are natural generalizations of the cost c(z,y) = d(z,y)? considered
by Brenier and many other authors. The book [34] gives some ideas of the applications expected
from this kind of questions. More precisely, we consider a Lagrangian function L(z,v,t) :
TM x R — R which is convex in v and satisfies standard hypotheses recalled later, and define
our cost by

1
clo.y) = min [ L6050, e

where the minimum is taken on the set of curves 7 : [0,1] — M satisfying v(0) = x and
~v(1) = y. Note that this class of costs does not contain the very natural cost c(z,y) = d(z,y).
We will study such costs in a second paper, but much weaker results are expected.

Our main result is that the optimal transports can be interpolated by measured Lipschitz
laminations, or geometric currents in the sense of Ruelle and Sullivan. Interpolations of transport
have already been considered by Brenier and McCann for less general cost functions, and with
different purposes. Our methods are inspired by the theory of Mather, Mané and Fathi on La-
grangian dynamics, and we will detail rigorously the relations between these theories. Roughly,
they are exactly similar except that mass transportation is a Dirichlet boundary value problem,
while Mather theory is a periodic boundary value Problem. We will also prove, extending works
of Brenier, Gangbo, Mc Cann, Carlier , and other authors, that the optimal transportation can
be performed by a Borel map with the additional assumption that the transported measure is
absolutely continuous.

Various connections between Mather-Fathi theory, optimal mass transportation and Hamilton-
Jacobi equations have recently been discussed, mainly at a formal level, in the literature, see for
exemple [34], or [17], where they are all presented as infinite dimensional linear programming
problems. This have motivated a lot of activity around the interface between Aubry-Mather
theory and optimal transportation, some of which overlap partly the present work. For exemple,



at the moment of submitting the paper, we have been informed of the existence of the recent
preprints of De Pascal, Stella and Granieri, [31], and of Granieri, [22]. We had also been aware
of a preprint by Wolansky [35] for a few weeks, which, independently, and by somewhat different
methods, studies questions very similar to the ones we are interested in.

This paper emanates from the collaboration of the Authors during the end of the stay of the
first author in EPFL for the academic year 2002-2003, granted by the Swiss National Fund for
Research.

1 Introduction

We present the main context and the main results of the paper.

1.1 Lagrangian, Hamiltonian and cost

In all the present paper, the space M will be a compact manifold without boundary. Some
standing notations are gathered in the appendix. Let us fix a positive real number T, and a
Lagrangian function

L€ C*(TM x [0,T],R).

A curve v € C?([0,T)], M) is called an extremal if it is a critical point of the action

T
/0 L(t), (1), t)dt

with fixed endpoints. It is called a minimizing extremal if it is minimizing the action. We
assume:

convexity For each (z,t) € M x [0,T], the function v — L(x,v,t) is convex with positive
definite Hessian at each point.

superlinearity For each (x,t) € M x [0,T], we have L(z,v,t)/|v| — oo as ||v| — 0.
completeness For each (z,v,t) € TM x [0,T], there exists one and only one extremal v €
C?([0,T), M) such that (y(t),%(t)) = (z,v).

Under these hypotheses, there exists a time-dependent vector-field F, on T'M, the Euler-
Lagrange vector-field, which is such that the extremals are the projection of the integral curves
of E. For 0 < s <t < T there exists a well defined flow 1/}2 : TM — TM which is such that
¢ = Id and Oppt = Eyopl, where as usual E; denotes the vector-field E(.,t) on TM. This flow
satisfies the relation

(o) (@, v,t) = Yy (,v). (1)
We associate to the Lagrangian L a Hamiltonian function H € C*(T*M x [0,T],R) given by

H(.’E,p, t) = maxp(v) - L(%, Uat)‘

We endow the cotangent bundle T*M with its canonical symplectic structure, and associate to
the Hamiltonian H the time-dependent vector-field Y on T*M, which is given by

Y = (8,H, —0,H)

in any canonical local trivialisation of 7*M. The hypotheses on L can be expressed in terms of
the function H:

convexity For each (z,t) € M x [0,T], the function p — H(x,p,t) is convex with positive
definite Hessian at each point.

superlinearity For each (x,t) € M x [0,T], we have H(x,p,t)/|p| — oo as ||p|| — oc.
completeness Each solution of the equation (z(t),p(t)) = Y (x(t),p(t),t) can be extended to



the interval [0, 7. We can then define, for each 0 < s < ¢ < T, the flow <pf; of Y from times s to
time ¢.
In addition, the mapping 0, L : TM x [0,T] — T*M x [0,T] is a C' diffeomorphism, whose
inverse is the mapping d,H. These diffeomorphisms conjugate E and Y, and the flows 9! and
¢
Ps-
For each 0 < s <t < T, we define the cost function

d(w.9) = min [ L3().5(0).0)do

where the minimum is taken on the set of curves v € C?([s,t], M) satisfying v(s) = x and
v(t) = y. That this minimum exists is a standard result under our hypotheses, see [28] or [18].

Proposition 1. Let us fiz a subinterval [s,t] C [0,T]. The set & C C?([s,t], M) of minimizing
extremals is compact for the C? topology.

Let us mention that, for each (zg,s) € M x [0,7T], the function (z,t) — c\(zg,z) is a
viscosity solution of the Hamilton-Jacobi equation

orct + H(x,0,c,t) =0

on M x [s,T]. This remark may help the reader in understanding the key role which will be
played by this equation in the sequel.

1.2 Monge-Kantorovitch theory

We recall the basics of Monge-Kantorovitch duality. The proofs are available in many texts on
the subjects, for example [1, 32, 34]. We assume that M is a compact manifold and that c¢(z,y)
is a continuous cost function on M x M, which will later be one of the costs ¢! defined above.
Given two Borel probability measures g and p; on M, a transport plan between pg and p is
a measure on M x M which satisfies

mog(1n) = po and miy(n) = p1,

where mg : M x M — M is the projection on the first factor, and m; is the projection on
the second factor. We denote by K(po, p1), after Kantorovitch, the set of transport plans.
Kantorovitch proved the existence of a minimum in the expression

C(po, 1) =  min / cdn
neK(o,11) J M x M

for each pair (i, 1) of probability measures on M. Here we will denote by

Ctluoy ) = min / ¢ (a, y)dn (e, y) 2)
nek(po,p1) J Mx M

the optimal value associated to our family of costs cf. The plans which realize this minimum

are called optimal transfer plans. A pair (¢, ¢1) of continuous functions is called an admissible
Kantorovitch pair if is satisfies the relations

61(@) = i do(y) + e(y. @) and do(w) = max o (y) (2. )

for all point x € M. Note that the admissible pairs are composed of Lipschitz functions if the
cost ¢ is Lipschitz, which is the case of the costs ¢! we are going to consider. Another discovery
of Kantorovitch is that

C (o, p1) = max (/M P1dpn — /M <Z>0duo) (3)

0,P1
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where the maximum is taken on the set of admissible Kantorovitch pairs (¢, ¢1). This maxi-
mization problem is called the dual Kantorovitch problem, the admissible pairs which reach this
maximum are called optimal Kantorovitch pairs. The direct problem (2) and dual problem (3)
are related as follows.

Proposition 2. If n is an optimal transfer plan, and if (¢o, 1) is a Kantorovitch optimal pair,
then the support of 1 is contained in the set

{(z,y) € M? such that ¢1(y) — ¢o(z) = c(x,y)} € M x M.

Let us remark that the knowledge of the set of Kantorovitch admissible pairs is equivalent
to the knowledge of the cost function c.

Lemma 3. We have

c(x,y) = Jnax, ¢1(y) — po(z)

where the mazximum is taken on the set of Kantorovitch admissible pairs.

PROOF. This maximum is clearly less that ¢(z,y). For the other inequality, let us fix points zg
and yo in M, and consider the functions ¢1(y) = c(xo,y) and ¢o(x) = maxyen ¢1(y) — c(x,y).
We have ¢4 (yo) — do(x0) = c(x0,y0) —0 = c(xo, yo). So it is enough to prove that the pair (¢g, ¢1)
is an admissible Kantorovitch pair, and more precisely that ¢1(y) = mingens ¢po(z) +c(x,y). We
have

do(x) + c(z,y) = C(%O,y) — c(z, y) +c(z,y) 2 C(.’L‘o,y) = ¢1(z)

which gives the inequality ¢1(y) < mingeps ¢o(x) + ¢(x,y). On the other hand, we have

3121%1]\141[ do(z) + c(z,y) < po(zo) + c(x0,y) = c(z0,y) = ¢1(y).

1.3 Interpolations

In this section, the Lagrangian L and time 7" > 0 are fixed. It is not hard to see that, if py, us
and ps are three probability measures on M, and if ¢; < ta < t3 € [0,7] are three times, then
we have the inequality

Cff (1““17 M3) < lef (“17 /'52) + 02523 (M?a /L3)

The family p,t € [0,7T] of probability measures on M is called an interpolation between 1y and
pr if it satisfies the equality

Cff (:ut1 ) :U't3) = 0:12 (:ut1 ) :U'tz) + 0:23 (:th ) ,u't3)

for all 0 < t1 < to < t3 < T. Our main result is the following:
Theorem A. For each pair g, pr of probability measures, there exist interpolations between pig
and pp. Moreover, each interpolation (u),t € [0,T] is given by a Lipschitz measured lamination
in the following sense:
Eulerian description : There exists a locally Lipschitz vector-field X (x,t) : M x]|0, T[— TM
such that, if Wi, (s,t) €]0,T[* is the flow of X from time s to time t, then (V)sus = pt for each
(s,t) €]0,T[2.
Lagrangian description : There exists a family F C C?([0,T), M) of minimizing extremals
v of L, which is such that the relation %(t) = X (v(t),t) holds for each t €]0,T[ and for each
v € F. The set

T = {(y(t),4(t),t),t €0, T,y € F} € TMx]0,T]|



is invariant under the Euler-Lagrange flow 1. The measure u; is supported on Ty = {~v(t),v €
F}. In addition, there exists a continuous family my,t € [0, T] of probability measures on T M
such that my is concentrated on Ty = {(v(t),5(t)),y € F} for each t €]0,T|, such that mym; =
for each t € [0,T], and such that

my = (Y)gms

for all (s,t) € [0,T]%.
Hamilton-Jacobi equation : There exists a C! function v(x,t) : Mx]0,T[— R which
satisfies the inequation

O + H(x,0pv,t) <0,

with equality if and only if (z,t) € T = {(y(¢),t),y € F,t €]0,T[}, and such that X (z,t) =
OpH (x,0,v(x,t),t) for each (x,t) € T.

Uniqueness : There may exist several different interpolations. Howewver, it is possible to choose
the vector-field X, the family F and the sub-solution v in such a way that the statements above
hold for all interpolations p; with these fized X, F and v. For each s <t €]0,T[, the measure
(Id x Wi)yps is the only optimal transport plan in K(us, pit) for the cost .. This implies that

[ i W@ ) = Clps ).
M

Let us comment a bit the preceding statement. The set 7 C TMx]0,T[ is the image
by the Lipschitz vector-field X of the set 7 C TMx]0,T[. We shall not take X(z,t) =
OpH (x,0zu(x,t),t) outside of 7 because we do not prove that this vector-field is Lipschitz
outside of 7. The data of the vector-field X outside of 7 is immaterial: any Lipschitz extension
of X7 will fit. Note also that the relation

UL = ol o X,

holds on 7, where Xs(.) = X(., s).
The vector-field X in the statement depends on the transported measures pg and pp. The
Lipschitz constant of X, however, can be fixed independently of these measures, as we now state:

Addendum There exists a decreasing function K (¢) :]0,T/2[—]0, oo, which depends only on
the time T and on the Lagrangian L, and such that, for each pair g, pr of probability measures,
one can choose the vector-field X in Theorem A in such a way that X is K(€)-Lipschitz on
le, T — €] for each € €]0,T/2].

Proving Theorem A is the main goal of the present paper. We will present in section 2
some direct variational problems which are well-posed and of which the transport interpolations
are in some sense the solutions. We believe that these variational problems are interesting in
themselves. In order to describe the solutions of the variational problem, we will rely on a dual
approach based on the Hamilton-Jacobi equation, inspired from Fathi’s approach to Mather
theory, as detailed in section 3. The solutions of the problems of section 2, as well as the
transport interpolations, are then described in section 4, which ends the proof of Theorem A.

1.4 Case of an absolutely continuous measure [

Additional conclusions concerning optimal transport can usually be obtained when the initial
measure pg is absolutely continuous. For example a standard question is whether the optimal
transport can be realized by an optimal mapping.



A transport map is a Borel map ¥ : M — M which satisfies Wypuo = p1. To any transport
map ¥ is naturally associated the transport plan (Id x W)/, called the induced transport plan.
An optimal map is a transport map ¥ : M — M such that

/ er (o, U())dp < / er(z, F(x))duo

M M

for any transport map F. It turns out that, under the assumption that pg has no atoms, a
transport map is optimal if and only if the induced transport plan is an optimal transport plan,
see [1], Theorem 2.1. In other words, we have

inf /M e(w, W () dpo () = Clpuo, ),

where the minimum is taken on the set of transport maps from pg to py. This is a general
result which holds for any continuous cost c. It is a standard question, which turns out to be
very hard for certain cost functions, whether the infimum above is reached, or in other words
whether there exists an optimal transport plan which is induced from a transport map. Part of
the result below is that this holds true in the case of the cost ¢ . The method we use to prove
this is an elaboration on ideas due to Brenier, see [10] and developed for instance in [21], (see
also [20]) and [13], which is certainly the closest to our needs.

Theorem B. Assume that pg is absolutely continuous with respect to the Lebesgque class on M.
Then for each final measure pr, there exists one and only one interpolation p,t € [0,T], and
each interpolating measure p,t < T is absolutely continuous. In addition, there exists a family
i, t €[0,T] of Borel maps such that (Id x W§)spo is the only optimal transfer plan in K (o, f1¢)
for the cost function cfy. Consequently, we have

[ bt h(w)duale) = oo ).
M

If pr, instead of po, is assumed absolutely continuous, then there exists one and only one inter-
polation, and each interpolating measure py,t €)0,T] is absolutely continuous.

This theorem will be proved and commented in section 5.

1.5 Mather theory

Let us now assume that the Lagrangian function is defined for all times, L € C?(TM x R,R)
and, in addition to the standing hypotheses, satisfies the periodicity condition

L(z,v,t+ 1) = L(z,v,t)

for all (z,v,t) € TM x R. A Mather measure, see [28], is a compactly supported probability
measure mg on T'M which is invariant in the sense that (@Dé)ﬁmo = myg and is minimizing the
action

Al(mg) = / L(b(z,v), t)dmodt.
TMx[0,1]

The major discovery of [28] is that Mather measures are supported on the graph of a Lipschitz
vector-field. Let us call a the action of Mather measures —this number is the value at zero of the
a function defined by Mather in [28]. Let us now explain how this theory of Mather is related
to, and can be recovered from, the content of our paper.



Theorem C. We have
o = min C§ (i, 1),
o

where the minimum is taken on the set of probability measures on M. The mapping my —
(m)gmo is a bijection between the set of Mather measures mo and the set of probability measures
w on M satisfying Ct(u, ) = . There exists a Lipschitz vector-field Xo on M such that all the
Mather measures are supported on the graph of Xo.

This theorem will be proved in section 6, where the bijection between Mather measures and
measures minimizing Cg (i, ) will be precised.

2 Direct variational problems

We state two different variational problems whose solutions are the interpolated transports.
We believe that these problems are interesting on their own. They will also be used to prove
Theorem A.

2.1 Measures

This formulation parallels Mather’s theory. Let g and pr be two probability Borel measures
on M. Let mg € B1(T'M) be a Borel probability measure on the tangent bundle TM. We say
that mg is an initial transport measure if the measure n on M x M given by

17:(7T><7ro¢g)ﬁm0

is a transport plan, where 7 : TM — M is the canonical projection. We call Z (g, 1) the set
of initial transport measures. To an initial transport measure mg, we associate the continuous

family of measures
me = (¥h)gmo, t € [0, 7

on TM, and the measure m on T'M x [0,T] given by

T T
m:/ mtdt:/ (¥h)gmeo dt.
0 0

Note that the linear mapping mg — m = fOT(qﬁg)ﬁmo dt is continuous from B(T'M) to B(T M x
[0,T]) endowed with the weak topology, see appendix.

Lemma 4. The measure m satisfies the relation

/ 8tf—|—8xf(v)dm :/ de,uT —/ foduo (4)
TMx[0,T] M M

for each function f € C1(M x [0,T],R), where f; denotes the function x — f(z,t).

PROOF. We have
T
/ Of + Opf(v)dm = / / (Ouf + Opf) o Yhdmydt.
TM x[0,T] 0o JTM

Noticing that, in view of equation (1), we have

Ou(f o motpy) = Ouf oW+ Ouf o



we obtain that
/ Ouf + 00 f (v)dm = / (form— fomoyl)dmo = / frdur — / Joduo
TMx[0,T] ™ M M

as desired. O

Definition 5. A finite Borel measure on TM x [0,T] which satisfies (4) is called a transport
measure. We denote by M(po, p11) the set of transport measures. A transport measure which is
induced from an initial measure mg s called an invariant transport measure. The action of the
transport measure m is defined by

A(m) = / L(z,v,t)dm € RU {oco}
TMx[0,T]

The action A(mg) of an initial transport measure is defined as the action of the associated
transport measure m. We will also denote this action by Al (mg) when we want to insist on the
time interval. We have

AL (mo) = / L(§(z,v), t)dmodt.
TMx[0,T]

Although we are going to build minimizers by other means, we believe the following result
is worth being mentioned.

Lemma 6. For each real number a, the set M®(uo, u1) of transport measures m which satisfy
A(m) < a, as well as the set T%(uo, p1) of initial transport measures mo which satisfy AL (mg) <
a, are compact. As a consequence, there exist optimal initial transport measures, and optimal
transport measures.

PrOOF. This is an easy application of the Prohorov theorem, see [8]. 0

Now we have seen that the problem of finding optimal transport measures is well-posed, let
us describe its solutions.

Theorem 1. We have

T (1o, = min  A(m)=  min  A(mg).
0 (ho, i) meM (po,pr) (m) mo€Z(po,pT) (mo)

The mapping
T
mo — m = / (¥ )gmo dt
0

between the set OT of optimal initial measures and the set OM of optimal transport measures
is a bijection. There exists a locally Lipschitz vector-field X (z,t) : M x]0,T[— TM such that,
for each optimal initial measure mg € O, the measure m; = W(t))ﬁmo 1s supported on the graph
of Xy for each t €]0,T].

The proof will be given in section 4.3. Let us just notice now that the inequalities

cT(po, > min  A(mg) > min  A(m
0 (o, ur) mo€Z(po,uT) (mo) meM (po,pT) (m)

\

hold in view of:



Proposition 7. The mapping (m x wo¥d )y : T(po, 1) — K(po, 1) is surjective. In addition,
for each transport plan n, there exists a compactly supported initial transport measure mgy such
that (m x mo)ymo = n and such that

A(mo) = /MxMcE? (2, y)dn.

PRrROOF. There exists a compact set K € TM such that if v(¢) : [0,7] — M is a minimizing
extremal, then the lifting (y(t),~(t)) is contained in K for each t € [0,7]. We shall prove that,
for each probability measure n € B(M x M), there exists a probability measure mg € B(K) such
that (7 x 7o ¢ )ymo = n and such that

A(mo) = /MxMcE (2, y)dn.

Observing that

e the mappings mo — (7 X 7o 13 )ymo and mo — A(myg) are linear and continuous on
the space B (K) of probability measures supported on K,

e the set Bi(K) is compact for the weak topology, and the action A is continuous on this
set,

e the set of probability measures on M x M is the compact convex closure of the set of Dirac
probability measures (probability measures supported in one point), see e. g. [8], p. 73,

it is enough to prove the result when 7 is a Dirac probability measure (or equivalently when pg
and pp are Dirac probability measures). Let 1 be the Dirac probability measure supported at
(xo, 1) € M x M. Let y(t) : [0,7] — M be a minimizing extremal with boundary conditions
v(0) = zp and y(T') = z1. In view of the choice of K, we have (7(0),7(0)) € K. Let mg be the
Dirac probability measure supported at (v(0),7(0)). It is straightforward that m; is then the
Dirac measure supported at (y(¢),7(t)), so that

T T
Almo) = / Ldmydt = / Ly(t),4(8), t)dt = & (20, 21) = / Fn
0 0 MxM

and
(r x 70 U )ymo = 1.

2.2 Currents

This formulation finds its roots on one hand in the works of Benamou and Brenier, see [4], and
then Brenier, see [11], and on the other hand in the work of Bangert [3]. Let Q°(M x [0,T]) be
the set of continuous one-forms on M x [0,T], endowed with the uniform norm. We will often
decompose forms w € Q°(M x [0,T]) as

w=w® + wldt,

where w” is a time-dependent form on M and w' is a continuous function on M x [0,7T]. To
each continuous linear form y on Q°(M x [0,77]), we associate its time component p,,, which is
the measure on M x [0, 7] defined by

/ fdpy = x(fdt)
Mx[0,T]

9



for each continuous function f on M x [0,7]. A Transport current between po and p; is a
continuous linear form x on Q°(M x [0,T]) which satisfies the two conditions:

1. The measure u, is a non-negative.

2. dx = u1 ® o1 — o ® dg, which means that

x(df) = /M frdp — /M fodpo

for each smooth (or equivalently C!) function f: M x [0,7] — R.

We call C(ug, 111) the set of transport currents from pg to 1. The set C(uo, 1) is a closed affine
subspace of [Q0(M x [0,1])]". We will endow C(pg, p1) with the weak topology obtained as the
restriction of the weak-* topology of [Q%(M x [0,1])] *. Transport currents should be thought of
as vector-fields whose components are measures. If Z is a bounded measurable vector-field on
M x [0,T], and if p is a non-negative measure on M x [0,7], we define the current Z A u by

Z A p(w) = / w(Z)dpu.
Mx[0,T]

Every transport current can be written this way, but we shall neither prove nore use this fact.
Here are some examples.
Regular transport currents. If X is a bounded measurable section of the projection T'M x
[0,T] — M x [0,T], and if p is a non-negative measure on M x [0, 7], the current (X,1) A u
is called a regular transport current. The time component of the current (X,1) A pis . In
addition, if (X,1)Ap = (X', 1) Ap for two vector-fields X and X', then X and X’ agree u-almost
everywhere.
Smooth transport currents. A current is said smooth if it can be written on the form
(X,1) A A with a vector-field X which is smooth on M x]0,7[ and a smooth measure A on
M x]0,T| equivalent to the Lebesgue measure (this means that the measure A has a positive
smooth density in any chart). By standard regularisation arguments, we see that the set of
smooth transport currents is dense in C(uo, p1).
Lipschitz regular transport currents. A transport current is said Lipschitz regular if it can
be written on the form (X, 1) A p with a vector-field X which is locally Lipschitz on M x]0,T.
Smooth currents are Lipschitz regular. Lipschitz regular transport currents have a remarkable
structure: If x = (X, 1) A py is a Lipschitz regular transport current with X locally Lipschitz on
M x]0, T, there exists a unique continuous path ,u;t( : [0, T) — B(M) of measures on M, such

that u, = fOT pt.dt, or in details

/Mx[o,T} Tix = /OT (/M ftdu;) o

for each continuous function f : M x [0,7] — R, where f; denotes the function x — f(z,t).
In addition, If ¢ (s,t) €]0,T[2, denotes the flow of the Lipschitz vector-field X from time s to
time ¢, then W is a bi-Lipschitz homeomorphism of M, and we have

(Wh)sps = pil,

for all (s,t) €]0, T2
Transport current induced from a transport measure. To a transport measure m, we
associate the transport current ., defined by

Xm(w) = / W+ whdm
TMx[0,T]

10



where the form w is decomposed as w = w®+w'dt, with w” considered as a function on "M x [0, T']
and w! as a function on M x [0,7T], and then as a fiberwise constant function on TM x [0,T].
Note that the time component of the current x,, is mym. We will see that

A(xm) < A(m)

with the following definition of the action A(x) of a current, with equality if m is concentrated
on the graph of a continuous vector-field.

Definition 8. We define the action of the transport current x by the formulas

weNo

() = sup (x(w.0) - /MX[O | B ) 0

= sup (X(w) - /Mx[o,T] (H(z,w"(z,t),t) + wt)dux)

weNo

= sup (X(w) T sup (H(z,w"(z,t),t)+ wt))
weNo (z,t) M x[0,7]

= sup x(w)
weNOwt+H(xz,w®,t)<0

= sup X (w).

weNOwt+H(z,w®,t)=0

PROOF. Let us prove that these expressions are equal. We denote for the moment by A,
Ay, Az, A4 and As these a priori different actions. It is straightforward that A; = As, this
just amounts to simplify the term [ w'du,. Since u, is a non-negative measure which satisfies
fo[O,T] ldu, =T, we have

/ (H(z,w"(z,t),t) +w") <T  sup (H(z,w"(z,t),t) + ')
Mx1[0,T] (z,t)e M x[0,T7]

so that As(x) < A2(x). In addition, we obviously have As(x) < A4(x) < As(x). Now notice, in
Aj, that the quantity

x(w) — / (H(z,w"(z,t),t) + w")dpy
M x[0,T]

does not depend on w!. Let us consider the form & = (w®, —H(z,w®,t)), which satisfies the

equality H(z,o%t) + &' = 0. We get, for each form w,
@0 - [ Hw (@), Oy = x(@) < As(0)
M x[0,T]

Hence A;(x) < As5(x). 0
Although we are going to provide explicitly a minimum of A, we believe the following Lemma
is worth being mentioned.

Lemma 9. The functional A : C(ug, 1) — R is convezx, lower semi-continuous and coercive,
hence it has a minimum.

PROOF. Let us define the continuous convex function H : Q°(M x [0,7]) — R by

H(w)=T sup H(z,w"(x,t),t) + '
() €M X[0,T]

Then the action is the restriction to C(uo, ur) of the Fenchel conjugate A = H* : [Q°(M x
[0,7])]* — R. O
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Theorem 2. We have

CO (o, 1) = min  A(x)
XEC (1o, pT)

where the minimum is taken on all transport currents from pg to ur. Every optimal transport
current is Lipschitz reqular. Let x = (X, 1) A p be an optimal transport current, with X locally
Lipschitz on M x]0,T[. The measure m = (X X 1)y € B4-(T'M x]0,T]) is an optimal transport
measure, and x is the transport current induced from m. Here T : TM x [0,T] — [0,T] is the
projection on the second factor, see appendiz. We have

G (10, 1) = A(m) = A(x) = /MX[O L X0, 0

This result will be proved in 4.1 after some essential results on the dual approach have been
established. Let us continue here with some useful related remarks.

Lemma 10. We have
A YA = [ L X (), 0
Mx[0,T]

for each current (X, 1) A p with X continuous. If m is a transport measure, and if X, is the
associated transport current, then A(xm) < A(m), with equality if m is supported on a continuous
graph. As a consequence, we have the inequalities

cr , > min A(mg) = min A(m)> min A(y).
0 (o, 1) mo€Z(po,uT) (mo) meM (uo,pT) (m) X€EC (10,1t1) %)

PROOF. For each continuous form w, we have
/ w(X) — H(z,w"(z,t),t)du < / L(z, X (z,t),t)dpu,
Mx[0,T] Mx[0,T]
so that

A((X, 1) Ap) < /Mx[o . L(z, X (z,t),t)du.

On the other hand, taking the form wf(z,t) = 0,L(x, X(x,t),t) ~which is continuous because
X is continuous— we obtain the pointwise equality

L(z, X (x,t),t) = wy(X) — H(z,wj(x,t),t)

and by integration

/ L(z, X (z,t),t)dpu = / wy (X) — H(z,wy(z,t),t)dp < A(X, 1) A p).
M x[0,T) M x[0,T]

This ends the proof of the equality of the two forms of the action ”continuous” currents. Now if
Xm 1s the current associated to a transport measure m, then we have, for each continuous form
w € QM x [0,T)),

)= [ Hew @ = [ w) - Hw ),
M x[0,T] TMx[0,T]
by definition of m, so that
Awn) < [ L(av.tydm = A(m)
M x[0,T]

by the Legendre inequality. In addition, if there exists a vector-field X : M x [0,T] — TM
such that the graph of X x 7 supports m, then we can consider the form wfj associated to X as
above, and we get the equality for this form. 0
For completeness, we state the following result, which can be proved in the line of [3].
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Proposition 11. Let x be a transport current of finite action. Then, there exists a Borel
measure ¥ on C°([0,T], M), which is concentrated on the set of absolutely continuous curves,

and such that -
= [ ([ e+t axe)
Co([0,T),M) 0

or each w € Q°, and
J )

a=[ ([ oa0.0) i)

If, in addition, the current x is optimal, then the measure X is concentrated on the set of
manimizing extremals, and (evo)yX s an optimal initial measure, where evy is the evaluation

map  — (0).

PrROOF. We only give a sketch, since this Proposition will not be used. By a regularisation
procedure, one can build a sequence Y, of smooth transport currents such that x, — x and
A(xn) — A(x). For the smooth current y,,, we can use the structure of Lipschitz currents above
to see that there exists a probability measure ¥, on C°([0,T], M), concentrated on the set of
smooth curves, such that the desired conclusion holds. Let K (a) be the subset of C°([0,T], M)
formed by the absolutely continuous curves 7(¢) which satisfy

T
/0 L(t),4(8), )t < a.

It is standard that the set K (a) is compact in C°([0, 7], M) for all a, see [28] or [18]. Since

T
A= [ [ row Ao nad)

we conclude that
X (CO[0,T], M) — K(a)) < AQxi)/a < 2A(x)/a

when ¢ is large enough. Hence the sequence Yy, is a tight sequence of probability measures on
CY([0,T], M), see [8] for the definition of tight sequences of measures. By the Prohorov theorem,
the sequence y, has an accumulation point x for the weak topology. It is not hard to see that
the measure y satisfies the desired conclusions. 0

3 Hamilton-Jacobi equation

Most of the results stated so far can be proved by direct approaches using Mather’s shortening
Lemma, which in a sense is an improvement of the initial observation of Monge, see [28] and
[3]. We shall however base our proofs on the use of the Hamilton-Jacobi equation, in the spirit
of Fathi’s approach to Mather theory, see [18], which should be associated to Kantorovitch dual
approach of the transportation problem.

3.1 Viscosity solutions and semi-concave functions

It is certainly useful to recall the main properties of viscosity solutions in connection with semi-
concave functions. We will not give proofs, and instead refer to [18], [19], [12], as well as the
appendix in [6]. We will consider the Hamilton-Jacobi equation

Owu + H(x, 0zu,t) =0 (HJ)
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as well as the backward Hamilton-Jacobi equation
—0u — H(z,0pu,t) =0 (HJ)

which are different in the sense of viscosity solutions. The function v : M x [0,T] — M is
called K-semi-concave if, for each chart § € © (see appendix), the function

(z,1) = u(0(z),t) — K(|l]]* +*)

is concave on By x [0,T]. The function u is called semi-concave if it is K-semi-concave for some
K. A function u : Mx]0,T[— M is called locally semi-concave if it is semi-concave on each
M x [s,t], for 0 < s <t <T. The following regularity result follows from Fathi’s work, see [18]
and also [6].

Proposition 12. Let uy and ug be two K-semi-concave functions. Let A be the set of minima
of the function uy + ug. Then the functions u; and uy are differentiable on A, and du;(z,t) +
dus(z,t) = 0 at each point of (z,t) € A. In addition, the mapping duy : M x [0,T] — T*M s
CK -Lipschitz continuous on A, where C' is a universal constant.

Viscosity sub-solutions. Let u : M x [0,7] — R be a continuous function. The following
properties are equivalent:

1. The function w is a viscosity sub-solution of (HJ), i.e. each smooth function f : M x
[0,7] — R satisfies the inequality 0;f(x,t) + H(z,0,f(x,t),t) < 0 at each point of
minimum (x,t) of the difference f — w.

2. The function w is a viscosity super-solution of (Pf J), i.e. each smooth function f : M X
[0,7] — R, satisfies the inequality —0;f(x,t) — H(z,0,f(x,t),t) > 0 at each point of
maximum (x,t) of the difference f — u.

3. The function u is locally Lipschitz on M x]0,T| and satisfies the equation (H.J) at almost
every point.

4. We have the inequalities u(x,t) < u(y,s) + ci(y,z) for all 0 < s < ¢ < T and all x and y
in M.

Viscosity solutions. Let u : M x [0,7] — R be a continuous function. The following
properties are equivalent:

1. The function u is a viscosity solution of (H.J), i.e. it is a viscosity sub-solution of (HJ) and
it is a viscosity super-solution, which means that each smooth function f : M x[0,7] — R
satisfies the inequality 0;f + H(z, 0, f(x,t),t) > 0 at each point of maximum (z,¢) of the
difference f — u.

2. The function u is the maximum of all viscosity sub-solutions v of (HJ) which satisfy the
initial condition vy = uyg.

3. We have the relation u(z,t) = mingepn u(y, s) + ci(y,x) for all 0 < s < ¢ < T

4. The function u is locally semi-concave on M x]0,T] and it solves (H.J) at almost every
point.

As a consequence, for each function ug on M, there exists one and only one viscosity solution u
of (HJ) on M x [0,T] with ug as initial condition, it is locally semi-concave on M x]0, 7| and
given explicitly by u(z,t) = minyen uo(y) + b (y, z). There exists a decreasing function K (€),
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which depends only on the Hamiltonian H (and not on the initial condition wug), such that the
function u is K (€)-semi-concave on M x [, T].

Backward viscosity solutions. Let @ : M x [0,7] — R be a continuous function. The
following are equivalent:

1. The function i is a viscosity solution of (H.J), i.e. it is a viscosity super-solution of
(HJ) and it is a viscosity sub-solution of (H.J), which means that each smooth function
f: M x[0,T] — R satisfies the inequality —0,f — H(x, 0, f(z,t),t) < 0 at each point of
minimum (x,t) of the difference f — w.

2. The function @ is the minimum of all viscosity sub-solutions v of (H.J) (or equivalently all
viscosity super-solutions of (H.J) ) which satisfy the final condition vy = ur.

3. We have the relation u(z, s) = maxyen U(y, t) — ci(z,y) for all 0 < s <t < T.

4. The function @ is locally semi-convex on M x [0,T] and it solves (HJ) (or equivalently
(HJ)) at almost every point.

As a consequence, for each continuous function %y on M, there exists one and only one viscosity
solution % of (HJ) on M x [0, T] with iip as final condition, it is locally semi-convex on M x [0, T
and given explicitly by t(z,t) = maxyen ur(y) — ¢f (z,y). There exists a decreasing function
K (€), which depends only on the Hamiltonian H (and not on the final condition @), such that
the function @ is K (€)-semi-convex on M x [0,T — €.

Proximal super-differentials of viscosity solutions. Let u € C'(M x[0,T],R) be a viscosity
solution of (HJ). We have the expression

t
) = minw(1(0) + [ L6949, 5)ds

where the minimum is taken on the set of curves v € C?([0,¢], M) which satisfy the final
condition 7(t) = xz. Let us denote by I'(z,t) the set of minimizing curves in this expression,
which are obviously minimizing extremals of L.

On the other hand, let 9} u(t,z) C T#M be the set of differentials 9, f(x,t) at the point
(x,t) of smooth functions f such that (z,¢) is a minimum of the difference f — u. The set
dfu(t,x) C TFM is the proximal super-differential of the function u; at point x. Let us state
from [12], Theorem 6.4.12.

Proposition 13. Let us firx a point (z,t) € Mx]0,T)|. The set dfu(z,t) C TFM is a convex
and compact, hence it is the closed convex envelop of the set E(x,t) of its extremal points. We
have

E(z,t) = {0,L(x,7(t),t),y € (=, 1)}.
In particular, the function uy is differentiable at x if and only T'(x,t) contains a single element
v, and then Ogu(z,t) = 0, L(z,5(t),t).
3.2 Viscosity solutions and Kantorovitch optimal pairs

Given a Kantorovitch optimal pair (¢g, ¢1), we define the viscosity solution

u(t,z) := ;reu]\r/} bo(x) + ch(y, )
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and the backward viscosity solution

it x) = max éu(y) - ct (z,y)

which satisfy ug = 1y = ¢g, and up = U = ¢1.

Proposition 14. We have

Co (1o, 1) = max (/

UTdMI_/ uod/m)’ (5)
M M

where the minimum is taken on the set of viscosity solutions u : M x [0,T] — R of the
Hamilton-Jacobi equation (HJ). The same conclusion holds if the mazimum is taken on the set
of backward viscosity solutions. The same conclusion also holds if the maximum is taken on the
set of wviscosity sub-solutions of (HJ).

PRrROOF. If u(x,t) is a viscosity sub-solution of (H.J), then it satisfies
ur(z) —uo(y) < ¢ (y, @)

for each x and y € M, and so, by Kantorovitch duality,

(/ updpin —/ uod/m) < C (1o, ).
M M

The converse inequality is obtained by using the functions u and 1. 0

Definition 15. If (¢g, 1) is a Kantorovitch optimal pair, then we denote by F(¢po,p1) C
C%([0,T], M) the set of curves ~(t) such that

T
H6(T) = 0 + [ LG50,
We denote by T (¢, p1) C M x]0,T[ the set

T<¢07¢1) = {(V(t)ﬂt%t E]O7T[7’V S ‘7:((2507(251)}
and by T (¢o, ¢1) C TM x]0, T the set

T (do,¢1)) = {(v(1),%(t),), ¢ €]0, T[,y € F(¢o, 61)},

which is obviously invariant under the Fuler-Lagrange flow.

Proposition 16. Let (¢o,¢1) be a Kantorovitch optimal pair, and let w and @ be the associated
viscosity and backward viscosity solutions.

1. We have u < u, and

T (¢o, 1) = {(z,t) € Mx]0,T[ such that u(x,t) = u(x,t)}.
2. At each point (x,t) € T (¢po,P1), the functions u and u are differentiable, and satisfy

du(z,t) = du(xz,t). In addition, the mapping (x,t) — du(x,t) is locally Lipschitz on
T (9o, ¢1).
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3. If y(t) € F(o, 1), then dpu(vy(t),t) = Oy L(y(t),%(t),t). As a consequence, the set
T*(po, ¢1) := {(z,p,t) € T*M x]0,T[ such that (z,t) € T and p = dyu(z,t) = Oyu(x,t)}

is invariant under the Hamiltonian flow, and the restriction to T(qﬁg, @1) of the projection
7 1s a bi-locally-Lipschitz homeomorphism onto its image T (¢, ¢1).

PROOF. In order to see that u > u, just observe that u is the maximum of all viscosity sub-
solutions of (H J) which satisfy ug = ¢¢ and up = ¢, while @ is the minimum of the same family
of viscosity sub-solutions. Here is another proof. Let us fix a point (x,t) € M x]0,T[. There
exist points y and z in M such that u(t,z) = ¢o(y) + ci(y, z) and u(t,z) = ¢1(2) — ¢f (, 2), so
that

ult, @) —a(t,z) = ¢o(y) — d1(2) + gy, x) + ¢/ (x, 2)

> ¢y (y,2) — (61(2) — do(y)) > 0.

In case of equality, we must have cf (y,2) = ¢} (y,z) + ¢f (z,2). Let v1(s) € C%([0,t], M) satisfy
v (0) =y, y1(t) = x and fot L(v1(5),71(s),8)ds = cb(y,x), and let yo(s) € C%([t, T], M) satisfy
Y2(t) = z, v2(T) = z and fg L(v2(5),42(s),8)ds = ¢l (x,z). The curve v : [0, T] — M obtained
by pasting 1 and 7y, clearly satisfies fOT L(v(s),%(s),8)ds = L (y, 2), it is thus a C? minimizer,
and belongs to F(¢o, ¢1). As a consequence, we have (z,t) € T (¢o, ¢1)-

Conversely, we have:

Lemma 17. If v is a viscosity sub-solution of (HJ) satisfying vo = ¢o and vy = ¢1, and if
(z,t) € T (o, P1), then v(x,t) = u(x,t).

PROOF. It is enough to prove that v(y(t),t) = u(y(t),t) for each curve v € F (o, p1). If v(s) is
such a curve, then we have

Adding with the inequality

u(y(T),T) < u(y(t),t) +¢f (4(t),¥(T))
we obtain
w(y(T),T) < v(7(0),0) + c5 (v(0),~(t))

which is an equality because v € F(¢o, ¢1). Hence all the inequalities involved are equalities,
and we have v(y(t),t) = v(7(0),0) + ¢ (7(0),7(¢)). The same could have been done with u
instead of v, so that uw has the same value, and we have proved that

v(7(0),0) + ¢(7(0),7(1)).
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The end of the proof of the proposition is straightforward. Point 2 follows from Proposition 12

applied to the locally semi-concave functions u and —. Point 3 follows from Proposition 13.
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3.3 Optimal C! sub-solution

The following result, on which a large part of the present paper is based, is inspired from [19],
but seems new in the present context.

Proposition 18. We have

C¢ (1o, p1) = max (/ vrdpy — / Uod,lm),
v M M

where the mazimum is taken on the set of continuous functions v : M x [0,T] — R which are
Cl on M x]0,T[ and satisfy the inequality

Ow(z,t) + H(t,x,0,v(x,t)) <0 (6)
at each point (x,t) € Mx]0,T1.

PRrROOF. First, let v(t,z) be a continuous function of M x [0,7] which is differentiable on
M x]0,T[, where it satisfies (6). We then have, for each C! curve v(t) : [0,T] — M, the
inequality

T T
/0 L(y(#),5(t), t)dt > /O a0y (), (V) = H(Y (1), ()09, 1) dl

T
_ /0 a0y (H (1)) + Brvo 1.y = w(3(T), T) — v(7(0), 0).

As a consequence, we get v(y,T) — v(z,0) < ¢! (z,y) for each z and y, so that

/UTdm - /Uodﬂo < Cj (po, i)

The converse follows directly from the next theorem, which is an analog in our context of the
main result of [19]. 0

Theorem 3. For each Kantorovitch optimal pair (¢o,P1), there exists a continuous function
v: M x[0,T] — R which is C* on M x)0,T|, which coincides with u on M x {0, T}UT (¢, ¢1),
and which satisfies the inequality (6) strictly at each point of M x]0,T[—T (¢o, ¢1).

PROOF. The proof of [19] can’t be translated to our context in a straightforward way. Our
proof is different, and, we believe, simpler. It is based on:

Proposition 19. There exists a function V € C*(M x [0,T],R) which is null on T (¢o, ¢1) and
which is positive on M x]0,T[—T (¢o, ¢1), and such that

T
o1(0) = min n(1(0)+ [ LGEL0.0 = V0.0t @

PROOF. Let us define the norm

lullz = llwo Ollca(s, xjo.11.8)
=)

of functions u € C%(M x [0,T],R), where © is the atlas of M defined in the appendix. If u,, €
C?(M x[0,T)],R) is a sequence of functions such that ||u, —uljo — 0 then u € C*(M x [0, T],R).
Let us denote by U the open set M x]0, T[—7 (¢0, ¢1). We need a Lemma.
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Lemma 20. Let U; C U be an open set whose closure Uy is compact and contained in U, and let
€>0 be given. There exists a function Vi € C?(M x [0,T[,R), which is positive on Uy and null
outside of Uy which is such that the equality (7) holds with V = Vi, and such that ||V1]|2 < €.

PROOF. Let us fix the open set U; and the pair (¢o, ¢1). We claim that the conclusion of the
Lemma holds for all fuctions V; which are supported in U; and are sufficiently small in the C°
topology. In order to prove the claim, let us denote by F(V}) the set of curves v € C?([0,T], M)
which minimize

T
¢awm»+A LOy(8),4(t), ) — Vi(y(t), £)dt

for fixed endpoint v(T'). It is not hard to see that the set F(V;) depends semi-continuously of
the function V] in the following sense: For each fixed open set ¢ in C°([0, T], M) which contains
F(0), we have F(V1) C U when ||Vi]|o is sufficiently small. Let us choose the open set U in such
a way that, for each v € U and for each t € [0, T}, the point ((t),t) does not belong to U;. Now
if V is so small that F(V7) C U, we obtain

T
i an(O)+ [ LA = Vi) Dt

T
= emin a0)+ [ L60460.0 = i, o

T
= emin oGO+ [ LG, 0d = 61(a)

~YEUNC? ~(T)=x

_ U
Let U, C U,n € N be a countable sequence of open sets covering U and whose closures U,, are

contained in U. There exists a sequence V;, of functions of C?(M x [0,T],R) such that, for each
neN:

e The function V,, is positive in U,, and null outside of U,,.
e We have [|[V,[l2 <27
e The equality (7) holds for the function V" =" | V..

Such a sequence can be build inductively by applying the lemma to the Lagrangian L — V"1

with € = 27" Since ||V,,| < 27", the sequence V" is converging in C? norm to a limit
V € C?>(M x [0,T],R). This function V satisfies the desired properties. The proposition is
proved. O

In order to finish the proof of the theorem, we shall consider the new Lagrangian L=L-V,
and the associated Hamiltonian H = H + V, as well as the associated cost functions ¢.. Let

(2, 1) := min do(y) + & (y, ),

be the viscosity solution of the Hamilton-Jacobi equation
i+ H(x,0u,t) = =V (x,t) (HJ)

emanating from ¢g. The equality (7) says that ar = ¢1 = urp.

The function % is semi-concave as a viscosity solution of (ﬁ J). Tt is obviously a viscosity
sub-solution of the equation (H.J), which is strict outside of M x {0, T} U7 (¢o, ¢1) (where V is
positive). We have @ < @ < u, this relation being satisfied by each viscosity sub-solution of (H.J)
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which satisfies ug = ¢ and up = ¢1. As a consequence, we have & = 4 = u on 7 (¢, ¢1), and
the function @ is differentiable at each point of 7 (¢g, ¢1). Furthermore, we have du = da = du
on this set.

We then obtain the desired function v of the theorem from the function % by regularisation,
applying Theorem 9.2 of [19]. 0

4 Optimal objects of the direct problems

We prove Theorem A as well as the results of section 2. The following lemma generalizes a result
of Benamou and Brenier, see [4].

Lemma 21. We have the equality

CT (o, = min  A(mg) = min A(m)= min A(y).
0 (Ko, 1) mo€Z(po k) (mo) meM (po, 1) (m) XEC(1o,11) %)

PRrROOF. In view of Lemma 10, it is enough to prove that, for each transport current xy €
C(po, pr), we have A(x) = CI (uo, p11). Let v be a sub-solution of (HJ) which is C* on M x]0, T7,
and such that (vg,vr) is a Kantorovitch optimal pair. For each current x € C(uo, pi7), we have
A(x) = x(dv) = CT (uo, p11), which ends the proof. 0

Let us choose an optimal pair (¢g, 1) of the Kantorovitch dual problem, and fix it for
then end of this section. Let us choose a sub-solution v : M x [0,7] — R of the Hamilton-
Jacobi equation which satisfies vg = ¢g and vy = ¢; and which is C' on M x]0,T[, and fix it.
Let us choose a vector-field X (x,t) : M x]0,T[— T'M which is locally Lipschitz and satisfies
X(z,t) = 0pH(x,0,v(x,t),t) on T (¢, $1). The existence of such a vector-field follows from the
fact that the vector-field 0,H (x, 0yv(x,t),t) is locally Lipschitz on 7 (¢, ¢1) and for standard
extension results, see appendix. We denote by W the flow of X. All these objects are fixed once
and for all in this section.

4.1 Characterization of optimal currents.
FEach optimal transport current x can be written
X = (X, 1) A iy,

with a measure 1, concentrated on T (po, $1). The current x is then Lipschitz regular, so that

there exists a transport interpolation p,t € [0,T] such that p, = fOT wedt and such that py =
(UL)4ps for each s and t in |0, T7.

PROOF. Let x be an optimal transport current, that is a transport current x € C(ug, ) such
that A(x) = CZ (10, pr). Let us recall the definition of the action A(x) that will be used here:

A = s (x@" 0 = [ Hlew (w0, 0.
weN0 M x[0,T]
Since H(x,0,v,t) 4+ 0w < 0, we have
A = x(de) < x(do) = [ H(w,0,0(2.0),0) + Ouvdpy = x(0,0,0) — [ Hw,v(a,t), ).
The other inequality holds by the definition of A, so that

A(x) = x(dv) — /H(az, Opv(z,t),t) + Opudpy, = x(0,v,0) — /H(m, Opv(z,t), t)dpty,
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and we conclude that the function H(x,0v(x,t),t) + O;v vanishes on the support of y,, or in
other words that the measure p, is concentrated on the set 7 (¢g, ¢1). In addition, for all form
w = w® + wldt, we have

X(0xv 4 w”,0) — /H(:r, Opv +w", t)dpy < x(05v,0) — /H(w,&w,t)dux = A(x).

Hence the equality
x(w®,0) = /8pH(x,8xv,t)(wI)duX

holds for each form w. This equality can be rewritten

X(w) = /ﬁpH(:U, Opv, ) (W*) + widpy
which is precisely saying that
X = (8pH(x76$v(xat)7t)> 1) Ny = (Xa 1) N -

The last equality following from the fact that the vector-fields X and 0,H (x,0v(x,t),t) are
equal on the support of u,. By the structure of Lipschitz regular transport currents, we obtain
the existence of a continuous family 1, t € [0, 7] of probability measures such that p, = fOT pedt
and such that p; = (P)yus for each s and ¢ in ]0,T[. Since the restriction to a subinterval
[s,t] C [0,T] of an optimal transport current Y is clearly an optimal transport current for the
transportation problem between ps and p; with cost ¢, we obtain that the path y is a transport
interpolation. 0

4.2 Characterization of transport interpolations.
Each transport interpolation p; satisfies

pe = (U4 )31t
for each (s,t) €]0,T[?. The mapping

T
Ht (X7 1) /\/ /'Ltdt
0

is a bijection between the set of transport interpolations and the set of optimal transport currents.

PROOF. We fix a transport interpolation u; and two time s < s’ in |0, T[. Let x;1 be a transport
current on M x [0, s] between the measures po and s which is optimal for the cost ¢f, let x2 be
a transport current on M x [s, s'] between the measures us and g which is optimal for the cost
¢ and let x3 be a transport current on M x [, T] between the measures py and g7 which is
optimal for the cost c¢’,. Then the current y on M x [0, T] which coincides with x1 on M x [0, s],
with y2 on M x [s,s'] and with x3 on [¢',T] belongs to C(uo, ur). In addition, since p; is a
transport interpolation, we have

A(x) = Cipo, ps) + CF (s, o) + CH(pgr, ) = C (b0, pr)-

Hence x is an optimal transport current for the cost COT. In view of the characterisation of
optimal currents, this implies that x = (X, 1) A uy, and that

T T
MX:/O (‘l’i)nusdtz/o (W5 )y dt.
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By uniqueness of the continuous desintegration of p,, we obtain that, for each t €]0,T7,
(Wh)sps = (P!, )gus, and since this holds for all s and s', that (U)yus = u for all (s,t) €]0, T[>
It follows that y = (X, 1) A fOT uedt. We have proved that the mapping

T
pe = (X, 1)/\/ pdt
0

associates an optimal transport current to each transport interpolation. This mapping is obvi-
ously injective, and it is surjective in view of the characterization of optimal currents. 0

4.3 Characterization of optimal measures.

The mapping
X — (X X T)gpy

18 a bijection between the set of optimal transport currents and the set of optimal transport
measures. Each optimal transport measure is thus invariant. The mapping

mo +— g = (7 0 1 )ymo

is a bijection between the set of optimal initial measures mgy and the set of interpolations. An
invariant measure m is optimal if and only if it is supported on the set T (¢g, ¢1).

Proor. If m is an optimal transport measure, then the associated current y,, is an optimal
transport current, and A(m) = A(xm). Let p,, be the times component of y,,, which is also the
measure mym. In view of the characterization of optimal currents, we have x,, = (X, 1) A .
We claim that the equality A(x,,) = A(m) implies that m is supported on the graph of X.
Indeed, we have the pointwise inequality

Oyv(z,t) -V — H(z,0yv(x,t),t) < L(x, V,t) (8)

for each (z,V,t) € TMx]0,T|. Integrating with respect to m, we get the equality

A(Xm) =/ Opv(V)—H(x,0y(x, 1), t)dm(z, V, t) =/ L(z,V,t)dm(z,V,t) = A(m),
TMx[0,T] Mx[0,T]

which means that m is concentrated on the set where the inequality (8) is an equality, that is
on the graph of the vectorfield 0,H (z, 0,v(x,t),t). Since pu, is supported on 7, the measure m
is supported on 7 and satisfies m = (X X T)guy,. Let py be the transport interpolation such

that p, = fOT pedt. Setting my = (Xy)gpue, we have m = fOT mydt. Observing that the relation
X oW =9l o X
holds on 75, we conclude, since us is supported on 7, that
W’i)ﬁms = Ty,

which means that the measure m is invariant.
Conversely, let m = fOT m¢dt be an invariant measure supported on 7 (¢, ¢1). We have

T T
A(m) :/0 /TML(ar,v,t)dmt(a:,v)dt:/o /TML((wO(a:,v),t)dmo(:c,v)dt,
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and by Fubini,
T
Am) = [ [ (@), dtdmo(,0) = [ r(m0 i w,0) = o(a)dmoz,v)
™™ Jo ™
and since my is an initial transport measure, we get

A(m) = r prdpr — o dodpo = C§ (1o, it ).

5 Absolute continuity

In this section, we make the additional assumption that the initial measure pg is absolutely

continuous, and prove Theorem B. The following lemma answers a question asked to us by
Cedric Villani.

Lemma 22. If ug or pur is absolutely continuous with respect to the Lebesgue class, then each
interpolating measure p,t €]0,T[, is absolutely continuous.

PRrROOF. If p,t € [0,7] is a transport interpolation, we have proved that

pe = (m ol o Xo)aps

for each s €]0,7T[, and ¢ € [0,T]. Since the function 7 o ¢y o X; is Lipschitz, it maps Lebesgue
zero measure sets into Lebesgue zero measure sets, and so it transport singular measures into
singular measures. It follows that if, for some s €]0,T'[, the measure s is not absolutely con-
tinuous, then none of the measures p, ¢ € [0, 7] are absolutely continuous. 0

In order to continue the investigation of the specific properties satisfied when g is absolutely
continuous, we first need some more general results. Let (¢g, 1) be an optimal Kantorovitch
pair for the measures pg and pr and for the cost cg. Recall that we have defined F(¢o, ¢1) C
C?([0,T], M) as the the set of curves ~(t) such that

T
H6(T) = a0 + [ LG50,
Let Fo(¢o, ¢1) be the set of initial velocities (z,v) € TM such that the curve t — 7 o ¥f(z, v)
belongs to F(¢o, ¢1). Note that there is a natural bijection between Fy(¢o, ¢1) and F(¢o, $1).

Lemma 23. The set Fo(¢o, ¢1) is compact. The maps © and wo L : Fo(go, ¢1) — M are
surjective. If x is a point of differentiability of ¢o, then the set 71 (x) N Fo(do, $1) contains one
and only one point. There exists a Borel measurable set X C M of full measure, whose points
are points of differentiability of ¢o, and such that the map

x+— S(x) = 7r71(x) N Fol(po, P1)
1s Borel measurable on 3.

PROOF. The compactness of Fy(¢o, ¢1) follows from the fact, already mentioned, that the set
of minimizing extremals 7 : [0,7] — M is compact for the C2- topology.
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It is equivalent to say that the projection 7 restricted to Fo(¢o, ¢1) is surjective, and to say
that, for each point x € M, there exists a curve emanating from x in F(¢g, ¢1). In order to
build such curves, recall that

T
@) = maxr (7)) = [ L300

where the maximum is taken on the set of curves which satisfy (0) = z. Any maximizing curve
is then a curve of F(e, ¢1) which satisfies 7(0) = x. In order to prove that the map 7 o ¢)f
restricted to Fo(¢o, ¢1) is surjective, it is sufficient to build, for each point z € M, a curve in
F(¢o, 1) which ends at x. Such a curve is obtained as a minimizer in the expression

T
¢1(x) :rrgn¢o(v(0))+ /O L(~(t, 4(t), t)dt.

Now let us consider a point x of differentiability of ¢y. Applying the general result on the
differentiability of viscosity solutions to the Backward viscosity solution #, we get thet there
exists a unique maximizer to the problem

T
@) = maxin(4(T) = [ LA,

and that this maximizer is the extremal with initial condition (z,d,H (x,d¢po(z),0)). As a
consequence, there exists one and only one point S(x) in Fy(¢o, ¢1) above z, and in addition we
have the explicit expression

S(x) = 0pH (z,dpo(x),0).

Since the set of points of differentiability of ¢y has total Lebesgue measure —because ¢q is
Lipschitz— there exists a sequence K,, of compact sets such that ¢q is differentiable at each point
of K, and such that the Lebesgue measure of M — K,, is converging to zero. For each n, the
set 7 1(K,,) N Fo(¢o, ¢1) is compact, and the restriction to this set of the canonical projection
m is injective and continuous. It follows that the inverse function S is continuous on K,. As a
consequence, the map S is Borel measurable on ¥ := U, K,. 0

Lemma 24. The initial transport measure mq is optimal if and only if it is an initial transport
measure supported on Fo(po, P1).

PROOF. This statement is a reformulation of the result in 4.3 stating that the optimal transport
measures are the invariant measures supported on 7 (g, ¢1). 0

Proposition 25. If ug is absolutely continuous, then there exists a unique optimal initial
measure mg. There exists a Borel section S : M — TM of the canonical projection such
that mo = Syuo, this section is unique po-almost everywhere. For each t € [0,T], the map
moboS: M — M is then an optimal transport map between o and ;.

PROOF. Let S : ¥ — TM be the Borel map constructed in Lemma 23. For convenience, we
shall also denote by S the same map extended by zero outside of 3, which is a Borel section
S : M — TM. Since the set X is of full Lebesgue measure, and since the measure pg is ab-
solutely continuous, we have 1i9(X) = 1. Let us consider the measure mo = S;(jo)x). This is a
probability measure on 7'M, which is concentrated on Fo(¢o, ¢1), and which satisfies mymg = po.
We claim that it is the only measure with these properties. Indeed, if mg is a measure with
these properties, then mymo = o, hence the measure my is concentrated on 7T_1(E) NFo(bo, ¢1).
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But then, since 7 induces a Borel isomorphism from 7=1(X) N Fo(do, ¢1) onto its image ¥, of
inverse S, we must have 1o = Syuo. As a consequence, the measure mg = Syig is the only can-
didate to be an optimal initial transport measure. Since we have already proved the existence
of an optimal initial transport measure, it implies that mq is the only optimal initial transport
measure. Of course, we could prove directly that mg is an initial transport measure, but as we
have seen, it is not necessary. 0

5.1 Remark

That there exists an optimal transport map if pg is continuous could be proved directly as a
consequence of the following properties of the cost function.

Lemma 26. The cost function COT(a:,y) is semi-concave on M x M. In addition, we have the
following injectivity property for each x € M: If the differentials dycl (x,y) and Oyl (z,y') exist
and are equal, then y =1v/'.

In view of these properties of the cost function, it is not hard to prove the following lemma
using a Kantorovitch optimal pair in the spirit of works of Brenier[10] and Carlier [13].

Lemma 27. There exists a compact subset K € M x M, such that the fiber K, = K N 71'61(56)
contains one and only one point for Lebesgue almost every x, and which contains the support of
all optimal plans.

The proof of the existence of an optimal map for an absolutely continuous measure pg can
then be terminated using the following result, see [1], Proposition 2.1.

Proposition 28. A transport plan n is induced from a transport map if and only if it is con-
centrated on a n-measurable graph.

5.2 Remark

Assuming only that po vanishes on (d—1)-rectifiable sets, we can conclude that the same property
holds for all interpolating measures u;,t < T, and that Proposition 25 hold. This is proved
almost identically. The first refinement needed is that the set of singular points of the semi-
convex function ¢g is a (d — 1)-rectifiable, see [12]. The second refinement needed is that there
exists a Borel section S : M — TM of the canonical projection such that S(z) € Fo(¢o, ¢1)
for each x € M. This follows from general statements of set-valued analysis, see for example
[14] or the appendix in [12].

6 Aubry-Mather theory

We explain the relations between the results obtained so far and Mather theory, and prove
Theorem C. Up to now, we have worked with fixed measures pg and pp. Let us study the
optimal value C{ (uo, i) as a function of the measures po and pir.

Lemma 29. The function
(po, pr) — Cg(ﬂmﬂT)

is convex and lower semi-continuous on the set of pairs of probability measures on M.

Proor. It follows directly from the expression
C{ (o, pr) = max / prdpr — / Podpo
(do,¢1) J M M
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as a maximum of continuous linear functions. 0

From now on, we consider that the Lagrangian L is defined for all times, L € C%(T'M xR, R),
and satisfies
L(z,v,t+1) = L(z,v,t)

in addition to the standing hypotheses. Let us restate Theorem C with more details.

Theorem C’. There exists a Lipschitz vector-field Xo on M such that all the Mather measures
are supported on the graph of Xog. We have

o = min C§ (i, 1),
m

where the minimum is taken on the set of probability measures on M. The mapping mg —
(m)gmo is a bijection between the set of Mather measures mg and the set of probability measures
w on M satisfying C& (1, ) = . More precisely, if i is such a probability measure, then there
exists one and only one initial transport measure mg for the transport problem between pg = p
and py = p with cost ¢}, this measure is mo = (Xo)sp, and it is a Mather measure.

The proof, and related digressions, occupy the end of the section.

Lemma 30. The following minima

1
ar:= min —CI(u,p), T €N
T e () T o (1, 1)

exist and are all equal.

PRrROOF. The existence of the minima follows from the compactness of the set of probability
measures and from the semi-continuity of the function C{{ .
Let p!' be a minimizing measure for a;. We have CF (u!, p') < 2L, G (!, ) = Tau,
which implies the inequality
ar < a1.

Let us now prove that ar > a1. In order to do so, we consider an optimal measure p’
for ar, and consider a transport interpolation py,t € [0,7] between the measures pg = p! and
pur = pT. Let us then consider, for ¢ € [0, 1], the measure

1 T-1
Ia? = T Z Mg+iv
1=0

and note that Tl = pul + ZZT:_ll pl =k + Z;TF:_ll pl = TiT. In view of the convexity of the
function C’é, we have

T-1
o 1 4 1
Colig 1) < o Y CF (i pan) = €5 (u", ") = o
=0

Since [LOT = jif', this implies that oy < a7, as desired. 0

Lemma 31. We have a1 < a.
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Proor. If mg is a Mather measure, then it is an initial measure for the transport prob-
lem between po = (m)ymo and i = (m)gmo for the cost ¢}. As a consequence, we have

a = Al(mo) = C(uo, o) = . 0

Lemma 32. Let p! be a probability measure on M such that Ci(u',ut) = a1. Then there
exists a unique initial transport measure mq for the transportation problem between pg = p' and
p1 = pt for the cost cf. This measure satisfies (¥4)ymo = mo. We have oy = A}(mg) = «, so
that o = a1 and mq is a Mather measure. There exists a constant K, which depends only on L,
such that the measure mg is supported on the Graph of a K-Lipschitz vector-field.

PROOF. Let u! be a probability measure on M such that Cg(ut, u') = a1, and let mgy be an
optimal initial transport measure for the transportation problem between ug = p! and py = pt
for the cost c(l]. Let puy = (mo wé)ﬁmo,t € [0,1] be the associated transport interpolation. Let
us define the 1-periodic continuous path fi; : R — By (M) by fit = it mod 1- We claim that the
relation
Cgf (ﬂ51 ) /7’53) = Cssf (ﬂ51 ) /152) + C;S (ﬂszvﬂ&a)

holds for all s1 < so < s3 in R. Observe that the claim obviously follows from the fact that
e, t € [0,1] is a transport interpolation if the three times s1, s9 and s3 lie in a same interval of
the form [n,n + 1] with n € Z. The claim also obviously holds if s; € Z, since then

C3(fisy, flsg) = (53 — s1)a1 = (s2 — s1)a1 + (83 — s2)ar = C52(fisy s flsy) + C52 (fsy, flss)-

Let us assume that there exists an integer between s; and so and an integer between s, and s3,
so that
[s1] < s1 < [s1] 4+ 1 < [s2] <sp < [s2] +1 < [s3] < s3< [s3]+ 1.

In order to shorten the expressions, we shall denote by C? the quantity C%(jis, fiz). We have the

equalities
[ss]+1 _ ~s1]+1 [s2] [s2]+1 (s3] [s3]+1
Clorl =Gl T 0 T Ol + Gl + 0y
and then
[5 ]+1 _ S s1|+1 [S ] S so|+1 [S ] S s3|+1
0[313] - C[slﬂ + C‘Lll] + C[sfPrl + 0[322] + C£22} + C[SS]+1 + 0[533} + C£33] :

This implies, on the one hand that

0[83}4‘1 — Csl

[51] [s1]

+C53 + Ol
and on the other hand that

Ot = oy v o v O3 ORI
The claim follows. The cases where there does not exist any integer between s; and ss or
between so and s3 are treated similarly.

As a consequence of the claim, the restriction to the interval [—2,3] of the path f; is a
transport interpolation. It follows from our main results that there exists a constant K which
depends only on L, and a K-Lipschitz vector-field X : M x [-1,2] — TM whose flow ¥’
satisfies (U!)yus = py for all (s,t) € [—1,2]%. In view of the bijection between the optimal initial
measures and the interpolations, there exists one and only one optimal initial measure mg for
the transport problem between u! and itself on the time interval [0,1], this initial transport
measure is given by mg = (Xo)su'. We have, for this measure,

Ab(mo) = Ci(p' ') = a1 < au
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Let us now consider the measure m; = (18)ymo. We have (7 o ¢§)ym1 = (7 0 93)ymo = pl,
so that m; is an initial transport measure for the transportation problem between g = '
and py = p! for the cost ¢f. Since mg is also an optimal initial transport measure for the
transportation problem on the time interval [0,2] between pg = p! and pg = u! for the cost ¢,
we get A3(mg) = 2a;. But then we have

Ag(ma) = Af(mo) = Aj(mo) — Ag(mo) = a1

so that the initial measure m; is optimal for the transport problem between g = p' and puq = pt

for the cost cé. By uniqueness of such an optimal initial measure, we must have m; = mg. As
a consequence, A(l)(mg) > «a. Since we have already obtained the other inequality, we have
A{(mp) = a, so that mg is a Mather measure. 0

PROOF OF THE THEOREM. Let mg be a Mather measure, and let jig = mymg. Note that we also
have pog = (7o ¢5)ﬁm0- As a consequence, myg is an initial transport measure for the transport
between p and pg for the cost ¢, and we have

a = Aj(mo) = Cj(po, o) = .

Since a1 = «, all these inequalities are equalities, so that mg is an optimal initial transport, and
Cé(po, o) = 1. Tt follows from Lemma 32 that my is supported on the graph of a K-Lipschitz
vector-field.

Up to now, we have proved that each Mather measure is supported on the graph of a K-
Lipschitz vector-field. There remains to prove that all Mather measures are supported on a
single K-Lipschitz graph. In order to prove this, let us denote by M C TM the union of the
supports of Mather measures. If (z,v) and (2/,v") are two points of M, then there exists a
Mather measure mgy whose support contains (z,v) and a measure m6 whose support contains
(2/,v"). But then the measure (mg+my()/2 is clearly a Mather measure whose support contains
both (z,v) and (2/,v"). Since the support of the Mather measure (mg + mg)/2 is contained on
the graph of a K-Lipschitz vector-field. Assuming that z and 2’ lie in the image 6(B;) of a
common chart, see appendix, so that (x,v) = df(X,V) and (2/,v") = dO(X’, V'), we obtain

IV =Vl < Kz - 2.

It follows that the restriction to M of the canonical projection TM — M is a bi-Lipschitz
homeomorphism, or equivalently that the set M is contained in the graph of a Lipschitz vector-
field. 0

A Notations and standing conventions

e M is a compact manifold of dimension d, and 7 : TM — M is the canonical projection.

e We denote by 7 : TM x [0,T] — [0,T] or M x [0,T] — [0,T] the projection on the
second factor.

e If N is any manifold (for exemple M,M x [0,T], TM or TM x [0,T])) the sets B(N) C
B4 (N) C Bi(N) are respectively the set of finite Borel signed measures, non-negative
Borel finite measures, and Borel probability measures. If C.(N) is the set of continuous
compactly supported functions on N, endowed with the topology of uniform convergence,
then the space B(N) is identified with the set of continuous linear forms on C.(M) by the
Rietz theorem. We will always endow the space B(N) with the weak-* topology, which
will sometimes be called weak topology. Note that the set By (N) is compact if N is.
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e Given two manifolds N and N’, a Borel application F' : N — N’, and a measure u €
B(N), we define the push-forward Fyu of p by F' as the unique measure on N’ which
satisfies

Fyu(B) = p(F~'(B))
for all Borel set B € N, or equivalently

| saEn = [ roFa

for all continuous function f: N' — R.
e The set K(ug, pr) of transport plans is defined in section 1.2.
e The set Z(po, pr) of initial transport measures is defined in section 2.1.
e The set M (o, i) of transport measures is defined in section 2.1.
e The set C(ug, ) of transport currents is defined in section 2.2.

e We fix, once and for all, a finite atlas © of M, formed by charts 6 : B3 — M, where B,
is the open ball of radius r centered at zero in R?. We assume in addition that the sets

6(B1),6 € © cover M.

e We say that a vector-field X : M — TM is K-Lipschitz if, for each chart 8 € O, the
mapping ITo (df)™' o X 0§ : B3 — R? is K-Lipschitz on By, where II is the projection
B3 x R — RY,

e We mention the following results which are used through the paper : There exists a
universal constant C such that, if A is a subset of M, and X4 : A — T'M is a K-Lipschitz
vector-field, then there exists a C'K-Lipschitz vector-field X on M which extends X 4. In
addition, if A is a subset of M x [0,7] and X4 : A — TM is a K-Lipschitz vector-field,
then there exists a C'K-Lipschitz vector-field X on M x [0,T] which extends X 4. If A
is a compact subset of M x [0,7] and X4 : AN Mx]0,T[— TM is a locallyLipschitz
vector-field (which is K(e)-Lipschitz on A N M x [e,T — ¢€]), then there exists a locally
Lipschitz (which is C K (e)-Lipschitz on M X [¢,T — ¢€]) vector-field X on M x]0,T[ which
extends X 4,
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